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ANALYSIS AND DESIGN OF R-C PHASE-SHIFT OSCILLATOR NETWORKS 

INTRODUCTION 

The phase-shift oscillator is a resistance-capacitance tuned oscillator normally em­
ploying three or more L-sections in cascade. The frequency of oscillation may be uniquely 
determined and expressed as a function of the network parameters. 

In recent years various papers have been published concerning resistance-capacitance 
phase-shift oscillators, most of which discussed rather specific or novel circuits. Among 
the first papers only the basic circuit was discussed; its simplicity as a stable low­
frequency sine-wave oscillator using only one tube was indicated. other points brought out 
were compactness, lightness, and low expense of building such oscillators, since they con­
tained no transformers and only a few resistors and capacitors. As time passed, the re­
quirements for oscillators of this type increased and innovations of the basic network were 
investigated. 

The purpose of this report is to analyze more generally the oscillator networks, 
specifically for use in designing frequency-modulated subcarrier oscillators (as used m 
FM/FM telemetering systems) and in general to correlate various scattered material for 
a better understanding of design procedure. 

From general equations of the complex transfer characteristics (attenuation and phase 
shift) of the oscillator networks, important facts are uncovered governing oscillator stabil­
ity, wave form, amplitude-modulation effects, and linearity of frequency deviation when 
resistance legs of the network are varied to cause frequency modulation. The effects of 
network "tapering," defined as the geometric increase or decrease of the impedance of 
each successive L-section with respect to its preceding section, are shown in families 
of curves for specific cases. 

CRITERIA FOR OSCILLATION 

If an oscillator is composed of a µ path and {3 path as shown in Figure 1, where µ 
denotes the amplification factor of the amplifier and (3 denotes the fraction of the amplifier's 
output that is fed back to its input, then for oscillations to occur: 

If 

and 

> 
µ{3 = 1 . (1) 

µ =a+ jb 

(3 = C + jd, 

1 



2 NAVAL RESEARCH LABORATORY 

then (a + jb) ( c + jd) ~ 1 

.!. > 
or the absolute value {(ac - bd)2 +(ad+ be )2 ]2 = 1 

and ad+ be 
arctan bd = 0 or 1T. ac -

Figure l In practice, the imaginary part of the amplification 
can be considered equal to zero, owing to the negligible 

effect of electrode and interelectrode impedances at low frequencies. Thus the criterion 
for oscillation reduces to: 

but since 

d arctan - = 0 or 1r, 
C 

d arctan - = Oor 1T, 
C 

d = 0 

Equation (2) may be further reduced to: 

> 1 
a=-. 

C 

(2) 

(3) 

(4) 

Equations (3) and ( 4) show that for oscillation to take place, the amplifier must have 
enough gain to overcome the loss through the feedback network and the network must be 
purely real. In order for the gain to be sufficient, feedback voltage must be additive in 
nature or the phase shift around the µ-(3 loop must be zero. 

Thus if the amplifier produces 180 degrees phase shift, then the network must also 
shift the phase by 180 degrees. If the amplifier produces zero degree phase shift, so 
must the network. Since these two cases are the only ones, there can be only two types 
of phase-shifting networks, namely, the 180-degree phase-shift type and the zero-degree 
phase- shift type. The networks analyzed in this report are those shown below in Figures 
2 to 6. 

3·SECTION LOW PASS 

o>------+-I-I~T~o 
ISO· DEGREE PHASE SHIFT 180· DEGREE PHASE SHIFT 

Figure 2 Figure 3 
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4- SECTION HIGH PASS 4- SECTION LOW PASS 

~ 1--<..---1 .... __ --- 1--.... --0 

I I I I 
ISO-DEGREE PHASE SHIFT ISO-DEGREE PHASE SHIFT 

Figure 4 Figure 5 

2 - SECTION LOW PASS a 2 - SECTION HIGH PASS 

o----1 i-----.NV'---...--vvv-~ ----0 

ZERO-DEGREE PHASE SHIFT 

Figure 6 

THE BASIC OSCILLATOR 

0 

Figure 7a shows the basic circuit of a resistance-capacitance phase-shift oscillator 
in which a three-section high-pass filter is used in conjunction with a single tube. 

3 

Figure 7b is the same oscillator as 7a except that the first fixed resistor in the phase­
shifting network has been replaced by a variable resistor, thus making the frequency of 
oscillation variable according to mechanical position. Figure 7c is the same oscillator as 
7a except that the first fixed resistor has been replaced by the resistance of a vacuum tube, 
thus making the frequency of oscillation variable according to electric potential. 

Any one, any combination, or all the resistors or capacitors may be varied to change 
the frequency, and the linearity of the frequency deviation will be different depending on 
which circuit element or elements are varied. A linear change in any of the circuit ele­
ments will not produce a linear change in frequency, since frequ:mcy is inversely propor­
tional to the resistance and capacitance of the network. This is not of great consequence, 
however, since most variable elements are not linearly variable with mechanical position 
or electric potential unless specifically so designed. This means that the frequency­
controlling element may be designed to compensate for the nonlinearity in frequency 
deviation if desired. 

The network used in a phase-shift oscillator serves not only to supply a return voltage 
of the correct phase relationship but also as a filter to reduce the amplitude of harmonics 
generated in the tube. In the high-pass filter or shunt resistance network, harmorics 
occur at frequencies where the network attenuation is very low, and a reduced amplifier 
gain results, due to a large amount of feedback. In the low-pass filter or shunt capacitance 
network the harmonic voltages are attenuated much more than the fundamental, and a 
harmonic improvement at the filter output terminals results. 
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C C C 

R 

a - Fixed frequency oscillator 

b - Mechanically variable frequency 
oscillator 

c - Electronically variable frequency 
oscillator 

Figure 7 

The decision between using a low-pass 
filter and a high-pass filter is sometimes 
settled by necessity rather than choice. At 
very low frequencies it is desirable to use a 
shunt R network because the series C of the 
network isolates the plate supply voltage from 
the grid without the insertion of extra circuit 
elements. At higher frequencies where an 
isolating circuit may be added without affect­
ing the frequency determining network, a shunt 
C network may be used, and to advantage, be­
cause the input capacitance of the tube (which 
is sometimes high due to Miller effect) may 
be added to the last capacitor of the network. 

THE TAPERED OSCILLATOR 

It is known that by progressively increas­
ing the impedance of the sections along a net­
work, a sharper attenuation curve may be had, 
in that the loading imposed by any one section 
on the previous section is reduced. This also 
results in a sharper phase-shift curve (assum­
ing the curve to be a frequency plot). "Tapered­
network" is a term that has been coined by 
other authors to describe such a network. 
Figure 8 shows the oscillator of Figure 7a 
again using a tapered network rather than the 
basic three-section high-pass filter. 

It may be said that the network of Figure 
8 has a taper factor of ten. It should be noted 
that the r-c time constants of each section of 
Figure 8 are still equal thereby retaining the 
simplicity of the design equations. The merits 
of such a design are investigated under the 
section of this report entitled "The Three­
Section Low-Pass Filter." 

METHOD OF ANALYSIS 

In the analysis of any passive network, it 
is needless to say that the dependency of the 

network transfer characteristics upon its driving and terminating impedances cannot be 
overlooked. However, if the driving impedance can be assumed nearly equal to zero and 
the terminating impedance infinitely high, conditions which can usually be closely approxi­
mated in practice, the complexity of the network design is considerably reduced. This 
simplification is made use of throughout the network analysis of this report. 

A great deal of information may be obtained from the transfer characteristics of a 
network in the normalized form. The easiest method of obtaining equations expressing 
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attenuation and phase shut through cascaded 
networks is through the aid of matrix alge­
bra.* After obtaining the expressions by this 
method, they are normalized with respect to 
a reference frequency that is closely related 
to the network parameters. t With the equa­
tions in this form, the networks may easily be 
analyzed to determine their relative merits. 

THE THREE-SECTION LOW-PASS FILTER 

Harmonic-Transfer Characteristics 

Using the methods of network analysis 

5 

Figure 8 

outlined in the previous section, the general equations for attenuation and phase shift 
through a three-section low-pass filter (Figure 9) are derived in Appendix ill (Equations 
(217) and (218)), and are given below: 

2 

( \ {[ 2n(KM KN KM MN KN)] An;db = - l0 log l - 2 \LT+ LT+ LS + ST + ST 

where 

2n = .J!!._ 
Wo 

KR MR NR 

C C 

IL I s I GI 

Figure 9 

f:ln = arctan 

* Refer to Appendix I 

t Refer to Appendix II 

and 

C 
T 

0 

(5) 

(6) 

1 
Wo = RC • 

On reducing Equations (5) and (6) for taper 
factors of 0.1, 1, 10, and infinity, where taper 
factor equals M/K, N/M, S/L, and T/S, the follow­
ing equations result: 

Taper Factor = 0.1 

2311 - 123·2n 
(8) 
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Taper Factor = 1 

Taper Factor = 10 

NAVAL RIIIARCH LABORATORY 

(An)db = - 10 log (2t1n + 13·2.n + 26·220 + 1 ), 

2sn - 6·2n 
13n = arctan 

1 
_ 

5
_
2

2n 

(9) 

(10) 

(An)db = - 10 log (2en + 3.82·240 + 3.9041·2~ + 1), (11) 

2311 - 3.21 ·2n 
fln = arctan 

1 
_ 

3
_
2

_220 
(12) 

Taper Factor = oo 

(An)db = - 10 log (2en + 3·240 + 3·220 + 1), 

2sn - 3·2n 
/3n = arctan 2n 

1 - 3·2 

(13) 

(14) 

A plot of attenuation, in decibels, on a logarithmic normalized frequency scale for 

these four different taper factors is shown in Figure 10 and its corresponding phase-shift 

curves in Figure 11. Since oscillation occurs when the phase shift through the network is 

180 degrees, it is possible to locate the value of n on Figure 12 corresponding to this point 

and then find the value of attenuation corresponding to this value of n on the curve of Figure 

11. Since the divisions of n are linear on the logarithmic paper, it is easier to use the 

ruling of the paper which actually represents 2n, or by definition of the octave notation, 

w/wo. Values of attenuation and phase shift corresponding to multiples of the value of w ,{i,0 

at 180 degrees are the values of attenuation and phase shift of the harmonics of the oscil­

lation frequency. If a vector diagram were drawn showing the relation between the output 

voltage of the fundamental, and second and third harmonic, assuming equal input voltages 

of zero phase angle, it would appear as shown in Figures 12 and 13 for taper factors of 

1.0 and 10 respectively. 

Figures 13 and 14 show the absolute magnitudes and phase angles of the harmonic 

voltages, neglecting the action of feedback to the input of the amplifier. The voltage gain 

of an amplifier with complex feedback is: 

where: 

A' - µ 
-(1+ lµ13l 2 -2lµ.Blcosq,)½ 

A' = amplifier gain with complex feedback 

µ = voltage amplification of amplifier without feedback 

,8 = fraction of the amplifier output fed back to its input 

(/> = phase shift of the amplifier and feedback circuit at a 
given frequency. 

(15) 

A definite value of harmonic voltage is not known until a specific circuit is designed, 

but by comparing the change of gain due to feedback of various network types, plus the 
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difference between attenuation of the fundamental and the harmonic under consideration for 
these networks, an indication of the network's merits will be brought out. 

2 

Figure 14 

Consider Figure 14 first with switch x open. U a 
voltage of a certain frequency is applied at point 1, it 
appears also at point 2 changed in magnitude by a fac­
tor µ , where µ is taken as the voltage amplification of 
a vacuum-tube amplifier. Also at point 2 there would 
be voltages of harmonics of this frequency due to the 
nonlinearity in the characteristics of the vacuum tube. 
Now if switch x is closed, the harmonic voltages at 
point 2 would be changed by the amount: 

(16) 

If the harmonic voltages were measured at point 1 rather than point 2, they would 
differ by the amount of attenuation inserted by f3 at the harmonic frequency. 

As an example, using a three-section low-pass filter with a taper factor of 1.0 for f3 
of Figure 14 and a single tube amplifier having a voltage amplification µ, the circuit would 
be in an oscillatory condition if µ is equal to or greater than 29.24 decibels, as this is the 
attenuation through the filter at the fundamental frequency. Since µ is considered to be the 
same at all frequencies, it is also 29.24 decibels at the second and third harmonic frequen­
cies. The attenuation through the filter at the second harmonic is 43.4 decibels as taken 
from Figure 10. The product µf3 is -14.16 decibels or a voltage ratio of 0.196. The phase 
shift through µ is 180 degrees and the phase shift through the network at the second har­
monic is 216.5 degrees (Figure 11). The sum of these phase shifts (180° + 216.5°) is q, of 
Equation (16) for this particular case. On substituting the values obtained for µ f3 and cos q, 
in Equation (16), it is found that the change of gain of the second harmonic due to feedback 
is: 1/[1 + (0.196)2 -2 (0.196) (0.804)]'12 or 1.175times what it would be without feedback. 
Expressing Equation (16) in units of decibels: 

Change of Gain = 10 log 

(17) 
= 10 log l 

1 + (0.196)2 +·2 {0.196) {0.804) 

or 1.41 decibels increase. 

The difference in attenuation, through the filter alone, between the fundamental and 
second harmonic was taken from Figure 10 as -14.16 decibels; thus the over-all second 
harmonic improvement at point 1 of Figure 14 is 1.41 minus 14.16 or -12.75 decibels over 
the second harmonic voltage produced by µ. Figure 15 shows the change of gain that would 
appear at point 2 of Figure 14 as a function of taper factor for a three-section low-pass 
filter for the second and third harmonic voltages. Figure 16 shows the harmonic improve­
ment due to the filter alone and the over-all improvement at point 1 due to change in ampli­
fier gain and filter attenuation. 

Stability of Oscillation 

The degree of oscillator stability is determined mostly by the characteristics of the 
frequency-determining network, specifically its amplitude or phase characteristics. 



tJ) 
...J 
IIJ 
!!! 
0 
IIJ 
0 
I 

~ 
<[ 
C) 

z 
w 
C) 
z 

2 

0 

<t - I 
X 
0 

.03 

NAVAL ltlSIARCH LABORATORY 

.. .. - ~ ....... '- .... 
.3 3 

TAPER FACTOR 

Figure 15 - Change in harmonic gain due to feedback - three- section low-pass filter 

0 

-5 
Ill 
...J 
II.I 
ID 

~ 
o -10 
I 
z 
<[ 
C) 

o -15 
z 
0 
::IE 
a: 
<[ 
X 

-20 

-25 

.03 

I - HARMONIC IMPROVEMENT DUE TO THREE-SECTION LOW­
PASS FILTER NETWORK ALONE 

.. 2- COMPOSITE OF CURVE (I) AND CHANGE OF HARMONIC 
GAIN IN AMPLIFIER DUE TO FEEDBACK 

. I .3 3 

TAPER FACTOR 

Figure 16 - Harmonic transfer characteristics - three- section low-pass filter 

11 
C: 
~ 
~ 
<i< 
~ 
=\, 

"' ... ... 
.... 
"" " ~I 



12 

27 

Figure 17 

NAV.lL RIIIAIICH LABORATORY 

B 

Compare the phase characteristics A and B of 
Figure 17 for use in a phase-shift oscillator. 

If a network of curve B characteristic were 
used, a slight variation in f3 would mean a much 
greater frequency change than that which would 
occur were a network of characteristic A used. 
Thus, it is only necessary to take the deriva­
tive with respect to frequency of a set of phase 
curves to compare them as factors of stability. 
With this in mind, the stability characteristics 
offered by a three-section low-pass filter may 

be investigated from Equation (218) of Appendix m by taking the derivative of (3 with re­
spect ton and obtaining relative stability in degrees per octave. A curve may be plotted 
from points obtained by varying any one or combination of the network parameters and 
taking the derivative at the point where (3 equals 180 degrees. Figure 18 shows stability as 
a function of K for taper factors of 0.1, 1, and 10, 

~ 
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0 
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.0 3 .I .3 3 10 30 

.!5.. 
Ko 

Figure 18 - Frequency-stability characteristics - three-section low-pass filter 

The equations from which the curves of Figure 18 are plotted are determined as follows: 

1. The phase shift fl through the network is a function of frequency (n) and the 
resistance and capacitance parameters K, M, N, L, S, and T, as determined in 
Appendix ill: 
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2sn KMN _ 2n (N + K + M + K + M + K ) 
LST T L S S T T 

{3 = arctan --=2n""""'"'(..,..K--M---'""'fili'------K--M------M--N-=-KN-)-=--
l - 2 LT + LT + LS + ST + ST 

(18) 

The derivative of {3 with respect to frequency (n) is also a function of frequency and 
the parameters ( see Appendix III) : 

where 
X=KMN 

LST 

N K M K M K y = -+- +-+-+-+­T L S S T T 

KM KN KM MN KN 
z = LT + LT + LS + ST + ST 

(20) 

(21} 

(22) 

For {3 equal to 180 degrees, frequency is a function of the resistance and capacitance 
parameters [Appendix III, Equation (240)] : 

(23) 

where X and Y are the same as above. 

Therefore the derivative of {3 with respect to frequency may be made a function of 
the parameters only, for {3 equal to 180 degrees [Appendix III, Equation (241)]: 

~= -79.44YviY°" 
dn YZ - X (24) 

This equation may be reduced for any taper factor in terms of any one or combination 
of parameters. 

2. The following equations result when Equation (24) is reduced for taper factors of 
0.1, 1, and 10 in terms of the resistance parameter K: 

Taper Factor = 0.1 

M = 
dn 

Taper Factor = 1 

a l 

-79.44 [111fo + 12] [ 111(jJ + 12 f ]2 
2 

[ 2442(/J + 374 :0 + 12] 

-79.44 c3 fo + 3) [3(f S + 3 t J ½ 

12([J
2 

+ 14(lJ + 3 

(25) 

(26) 
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Taper Factor = 10 
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~-dn -

-79.44(1.ufo + 2.1) [1.11(-fo-i + 2.1 fa]½ 
2.442(1J

2 

+ 4.73(:J + 2.1 

(27) 

The parameter Ko is a point around which K is varied and it is taken equal to its cor­
responding capacitance parameter L. An example of reducing the equations is given in 
Appendix m. 

Amplitude-Modulation Effects 

If all the network resistors or capacitor.s of Figure 9 were varied simultaneously to 
vary the network corner frequency, and therefore the frequency of oscillation, so that the 
corner frequencies of each section remained equal, no change in attenuation through the 
network would resµlt. (Zero generator impedance and infinite load impedance areassumed.) 
Since this report deals with the variation of one- and two-resistor legs to vary frequency 
it is desirable to investigate the corresponding variations in network attenuation. The 
complex attenuation through a three-section low-pass filter at any frequency is (see Appen­
dix m for derivation): 

1 
(I!=---

a - jb 
(28) 

where 

a= [1-(wCR)
2
(~+~+~+~ +~)] (29) 

and b = [<weR) 3 KMN - (wCR/~+K+ M + K + M +K)]· (30) 
LST \T L S S T T 

For oscillation to occur (3 equals 180 degrees, the imaginary part of the attenuation 
must be zero, and Equation (28) reduces to the following: 

Ci = 
1 

2/_KM KN KM MN KN) 
l - (ct.CR) \LT+ LT+ LS + ST + ST 

(31) 

Since at/J equal to 180 degrees, frequency is a function of the parameters K, M, N, L, 
S, and T, Equation (31) is reduced to attenuation (in decibels) as a function of the param­
eters (as given by Equation (248), Appendix ill): 

\T + L + S + S + T + T LT +LT+ LS + ST + ST (_N K M K M K )(KM KN KM, MN KN) f 
Adb = -20 log 1 - -----------------~ (32) 

KMN 
LST 

Further reduction of Equation (32) in terms of the resistance parameter K for taper 
factors of 0.1, 1, and 10 result in the following equations: 

Taper Factor = 0.1 

Adb = -20 log (2442 :
0 

+ 374 + 12 W) (33) 
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Taper Factor = 1 

( K 3K) Adb = -20 log 12K
0 

+ 14 + T (34) 

Taper Factor' = 10 

Adb = -20 log(2.442 t + 4. 73 + \~Ko). (35) 

A plot of Equations 33-35 is shown in Figure 19. The attenuation at K equal to 1 has 
been taken equal to zero decibels or a voltage ratio of 1; the values of attenuation for other 
values of Kare relative. The curves indicate the best point of operation for the least 
amount of amplitude modulation when the frequency of oscillation is varied by va,;ying the 
resistance parameter K. It can be seen that the network tapering has little effect on the 
sharpness of the curves but has a marked effect on the best point of operation. The opera­
ting points for the least amount of amplitude modulation are seen to be at K equals 0.3, 
0.5, and 1 for taper factors of 0.1, 1, and 10 respectively. The plotting of these curves 
with Mor N as variable would result in curves similiar to those of Figure 19. If two of 
the resistance parameters were varied simultaneously, the resulting curves would be 
flatter than those for a single resistance variation. 

iii ..... 
0 

II.I 

w 
> 
I­
< 
..J 
w a: 

Figure 19 - Amplitude-modulation characteristics - three-section low-pass filter 

Frequency-Deviation Characteristics 

The equation of frequency in terms of the parameters K, M, N, L, S, and Tis obtained 
by setting the network phase shift {3 equal to 180 degrees and solving for frequency: 

(36) 
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where 
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X = KMN 
LST 

For taper factors of 0.1, 1, and 10, expressing frequency (2n) as a function of the 
resistance parameter, K, the following equations result: 

Taper Factor = 0.1 

(liKo + ll~ 
l 

2n 2 = 

Taper Factor = 1 

(3:o + ~ 
l 

2n = 2 

Taper Factor ::a 10 

2n = (2}to + 1.11} ½ • 

(37) 

{38) 

{39) 

(40) 

(41) 

A plot of frequency (2°) vs. K is shown in Figure 20 for Equations (34), (40), and (41). 
Since w is a known quantity, RC equals the value taken from the curve, divided by w. 
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Figure 20 - Frequency -deviation characteristic s- t h r e e-section low-pa s s filte r 
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Theoretically, an infinite number of R and C combinations would work, but practical limita­
tions prohibit this. Some of these are: 

(1) Availability of precision capacitors (Mica, etc.) in large values 

(2) Grid-resistance limitations of vacuum tubes 

(3) Limit in approaching a zero-impedance driving source. 

THE THREE-SECTION ffiGH-PASS FILTER 

Harmonic-Transfer Characteristics 

The diagram of the three-section high­
pass filter is shown in Figure 21. 

The general equations for attenuation 
and phase shift through this network are de­
rived in Appendix IV, and are given by: • 

F igure 21 

2 

+ 2 n - + - + - + - + - + - - 2 -- (42) [ _ (L S L T S L) -3n LST ] } 
K MMNNN KMN' 

where 2n = w /wo 

and Wo = 1/ RC. 

/3 n = arctan 
l _ 2-20 ( LS + ST +LT+ LT +LS) 

KM MN KN MN KN 

(43) 

On reducing Equations (42) and (43) for taper factor of0.1, 1, 10, and infinity the follow­
ing equations result: 

Taper Factor = 0.1 

Taper Factor = 1 

(An)db = -10 log (2-11n + 283·2-4n + 15083•r20 + 1), 

123•2-n - 2-30 

/3 n = arctan 1 - 23.2-2n 

(An)db = -10 log (2-11n + 13•2-4n + 26·2-2n + 1), 

- 6-rn - 2-sn 
f3 n -arctan 1 _ 5.2-2n 

(44) 

(45) 

(46) 

(47) 

i 
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Taper Factor = 10 

Taper Factor = co 
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(An)db = -10 log (2-&n + 3. 82·2-"n + 3.9041·2-20 + 1), 

3.21-2-n - 2-3n 
l3n = arctan 1 - 3.2-2::an 

(A0 )db = -10 log (2-en + 3·2-4n + 3.2-2n + 1), 

3·i-0 - 2-3tl • 
f3n = arctan 20 • 

1 - 3.2-

(48) 

(49) 

(50) 

(51) 

A plot of Equations (44) through (49) inclusive is shown in Figures 22 and 23. In the 

same manner as discussed in the preceding section, Figure 24 is obtained for the three­

section high-pass filter for taper factor = 1, and shows the relation of phase shift and 

voltage transmission between the funQamental and second and third harmonics. On compar­

ing Figure 24 with Figure 12, it is noted that the second and third harmonic components 

lag the fundamental for both the three-section low- and high-pass filters by about the same 

amount but their magnitude relationship is much different. In the low-pass filter the 

fundamental is much larger than the harmonics while in the high-pass network the har­

monics are passed with much less attenuation than the fundamental. Because of this, the 

amount of feedback at harmonic frequencies is quite large for the high-pass network, thus 

producing a decrease of harmonic gain in the amplifier as shown in Figure 25. 

Stability of Oscillation 

The general equation relating frequency stability in terms of phase-shift curve slope 

in units of degrees per octave is as follows (see Appendix IV for derivation) : 

where 

!W 
dn 

t 
-79.44 Y (XY)2 degrees 

YZ - X octave 

LST 
X = KMN 

LS ST LT LT LS 
Z=-+-+-+-+-· 

KM MN KN MN KN 

(52) 

(53) 

(54) 

(55) 

Reduction of Equation (52) for taper factors of 0.1, 1, and 10 in terms of the resistance 

par ameter K results in the following equations: 

Taper Factor = 0.1 

!!§::: 
dn 

(56) 



(/) 
..J 
~ 
ID 
(.) 
~ 
C 

~ 
~ 
:::> z 
&,J 

5 
lll: 
0:: 

i .... 
LLI z 

f::t::!::::t:t-

100 

eol 

60 

40 

20 

0 
E=l 

~efT:Fl@f+4ffl:l~?.f Wfttt..Jfilllil!Hlf:Wl1ffiMtl!!!:JITTfM'.llHID I r&Hmmmw Wl&J+++FJ rrrr.,;rn 

t 
I 

~\ 

t 
ti 
l, 

f 
I/ 
1, 0 

KRi MR~ NRi 

0 ~ ~ ~ 0 K=t M=S N=T , , I 
• 2"=...!H_ wo=--wo RC 

~l-· # I :mtffllifflf!ffll~l1l i@1 f I dllh·tfi■lffl!llit:Elijjj 
-5 -4 -3 -2 -, 0 I 2 3 4 5. 6 

n - OCTAVES 
Figure 22 - Attenuation characteristics - three-section high-pass filter 

:l z 
> 
< 
> ,.. 
a 
"' .. 
1111 
> 
a 
n 
:z: 
r­
> 
• 
0 
a 
> ... 
0 
a 
-c 

.... 
co 

="11!1J!l1(f~~llf) 



0 

"' l&J 
.J 

(/) 
l&J 
l&J 
a:: 
(.:> 

~ 
t­

"" 
l: 
(/) 

l&J 
(/) 

"' :J: 
~ 

:ic: 
a:: 
0 
~ 
t­
l&J z 

250 

225 

200 

175 

150 

125 

100 

0 

t i r 
' ,___..,_,_ ·o o-~f • If I 

KR MR NR 

K=L M=S N=T 
t ' I 

2"= ~ wo=--
tdo RC 

- 5 -4 -3 -2 - I 0 2 3 4 5 6 

n - OCTAVES 

Figure 23 - Phase-shift characteristics - three-section high-pass filter 

NI 
0 

z ,. 
< ,. ,. 
:a 
"' "' "' ,. 
:a 
n 
:r; 
,. ,. 
ID 
0 
:a ,. 
-4 
0 
:a 
-c 



., .., 
I 
~ 

I 

z 
~ 
0 
i 
0 
ll 

!:i :c 

! 

"' "' z 
C 
:c 
0 

NAVAL IIIIIAIICH LABOIIATOIIY 

K• L 
M• S 
N•T 

¾· ~- 1.0 

t 1 • E0 ot fo • I 00 /+II0• 

t 1 • !2.!!.!k.. 3.341/+l4t• 
E1 

[ •~ •5.tl/+IU• 
I t 1 

2 • 

Figure 24 - Harmonic transfer of three-section high-pass network 

0 

-s-

-IO 

-IS 

-20 

-2s 

.03 .I .3 3 

TAPER FACTOft 

Figure 25 - Change in harmonic gain due to feedback - three-section high-pass filter 

21 



22 NAVAL RESEARCH LABORATORY 

Taper Factor = 1 

( 
K ) 3/2 

d/3 -79,44, 5 i; + l 

dn = 1~j + 16(.l)r 3 
(57) 

Taper Factor = 10 3/ 2 

d/3 -79.44 (2.21-fo + 1) 

dn = 2.431(10 + 4.741QJ+ 2.1 
(58) 

The curves of Equations 56, 57, and 58 are shown plotted in Figure 26 as slope in 
degrees per octave as a function of K. This family of curves indicates that the greatest 
stability occurs at a taper factor of 10 and that the best stability for any taper factor is 
at the value of K = 1, whereas in the low-pass filter the value of K for best stability varied 
with taper factor. However, the values at K = 1 for the low-pass filter are equal to those 
of the high-pass filter at the same ta~r factor . 
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Figure 26 - Frequency-stability characteristics - three-section high-pass filter 

Amplitude-Modulation Effects 

The general equation for determining the variation of network attenuation when the 
network parameters are varied to change frequency is as follows (see Appendix IV for 
derivation): 

(A)db = -20 log I (1 -V: )I (59) 
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where X, Y, and Z are the same as in Equations (53), (54), and (55) respectively. On re­
ducing Equation (59) in terms of the resistance parameter K for taper factors of 0.1, 1, 
and 10, the following equations result: 

Taper Factor = 0.1 

( 
K 12K) (A)db = -20 log 1342 Ko + 1474 + y (60) 

Taper Factor = 1 

(A) db = -20 log (10:
0 

+ 16 + ~
0

) (61) 

Taper Factor = 10 

(, K 2.lK ) 
(A)db = -20 log \.2.431 Ko+ 4.741 + ~ • (62) 

Figure 27 shows a plot of Equations (60), (61), and (62) in terms of voltage ratio with 
the largest ratio taken as 1 for ease in examining the curves. The broadness of the curves 
seems to vary inversely with taper factor. The taper factor of 10 introduces more am­
plitude modulation than the taper factor of 1, etc. The value of Kat which the curves 
reach their maximum varies appreciably between the taper factor of 1 and taper factor of 
0.1 curves. 
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Figure 27 - Amplitude-modulation characteristics - three-section high-pass filter 
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Frequency-Deviation Characteristics 

The general equation expressing the frequency of oscillation as a function of the net­
work parameters is as follows (see Appendix IV for derivation): 

(X) .!. or 2n = y 2 
(63) 

where X and Y are the same as in Equations (53) and (54) respectively. 

On reducing Equation (63) in terms of the resistance parameters K, M, and N for 
taper factors of 0.1, 1, and 10 the following equations result: 

Frequency as a Function of K 

Taper Factor = 0.1 

( 
K )-½ 2n = 122- + 1 
Ko , 

(64) 

Taper Factor = 1 

2n = ~ K )-½ 
5Ko + 1 (65) 

Taper Factor = 10 

2n ( 
K )-½ . 

= 2.21 Ko + 1 (66) 

Frequency as a Function of M 

Taper Factor = 0.1 

2n = 
l 

~ M )-2 
112 Mo + 11 (67) 

Taper Factor = 1 
1 

2n = (4 :0 + 2) - z (68) 

Taper Factor = 10 

2n = ( M )-½ 
2.11 Mo + 1.1 • (69) 

Frequency as a Function of N 

Taper Factor = 0.1 
1 

2n = (12 :0 + 111)-
2 

(70) 
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Taper Factor = 1 

Taper Factor = 10 

( 
N )-½ 2n == 2.1 No + 1.11 • 

Figure 28 shows a plot of Equations (64), (65) , and (66). 
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Figure 28 - Frequency-deviation characteristics - three-section high-pass filter 

THE FOUR-SECTIONLOW-PASSFILTER 

Harmonic-Transfer Characteristics 

The diagram of the four-section low­
pass filter is shown in Figure 29. 

The general equations for gain and 
phase shift through this network are de­
rived in Appendix V, and are given by 
Equations (73) and (74) respectively: 

0-

Figure 29 
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where 
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2
111 X - t'o 

/3n = uctan 2mx - 2•n z + 1 

X 
_ KLMN 
- PQST 

KLN KLN KLM KLM LMN KMN KMN 
y = PST + PQT + PQS + PQT + QST + PST + QST 

z LN+ LM+KM+KN KN+ KL+ KM KN+ LN + MN 
= QT + PT + ST 

LM+KM KM+KL KL 
+ QS + PS + PQ 

6 K K+L K+L+M K+L+M+N 
= -+-- + s + T p Q 

(74) 

(75) 

(76) 

(77) 

(78) 

(79) 

On reducing Equations (73) and (74) for taper factors of 0.1, 1, 10, and infinity, the 

following equations result: 

Taper Factor = 0.1 

Taper Factor = 1 

Taper Factor = 10 

Taper Factor = «> 

(An)db = -10 log[(24Il- 366·2 2n+ 1)2+ (34·2 311
- 1234.2n)3J, (80) 

34·2 3Jl - 1234·2n 
/3n = arctan 24n - 366,22n + 1 (81) 

(An)bd = -10 log [(2 4n -15·22n + 1)2 + (7,2 3n _ 10-2n)2], 

7·23n - 10·2n 
/3n = arctan 24n - 15-22n + 1 

(82) 

(83) 

(An)qb = -10 log ((24n - 6.63·22n + 1)2 + (4.3·2 3n - 4.321·2n) 2 ] , (84) 

4.3•23n - 4.321 ·2n (85) 
/3n = arctan -------

2m - 6.63•22n + 1 

(86) 

(87) 

A plot of Equations (80) through (85) is given in Figures 30 and 31 for the four-section 

low-pass filter with taper factors of 0.1, 1, and 10. The curves show the variation with 
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Figure 32 - Ha rmonic transfer c haracteristics - four-section low-pass filter 

frequency of absolute attenuation in decibels and the phase shift in degrees through the 
network. From the curves of Figures 30 and 31, the curves of Figure 32 were obtained 
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in the same manner as were the curves of Figure 16 obtained from the three-section. low­
pass filter . On comparing curves 2 of Figures 32 and 16 it is noted that the attenuation 
of second and third harmonics for the four- section network is about the same as for the 
three-section network. This means that one offers little or nothing over the other from 
the standpoint of passing harmonics into the output. 

Stability of Oscillation 

The general equation relating frequency stability and phase-shift curve slope in units 
of degrees per octave is derived in Appendix V: 

!!§ _ -79.44 (oY) 312 

dn - oYZ - Xo2 
- Y 2 (88) 

where X, Y, Z, and o are the same as in Equations (75), (76), (77), and (78) respectively. 

On reducing Equation (88) in terms of K for taper factors of 0.1, 1, and 10, the follow­
ing equations result: 

Taper Factor = 0.1 

~1,341,08a(:J + 2,342,1s4(;J + 145,904(:J + 2,82a] 
(89) 
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Taper Factor = 1 

d{3 = 
dn 

Taper Factor = 10 

g§_ = 
dn 
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(90) 

[ ( 
K 2 ( K , ] s/2 

- 3.6663 Ko + 11. 704 Ko + 3.21 (79.44) 

[ 
( K \

3 
(K 

2 
(K' ] 11.341088\ Ko ) + 33.8546\ Ko + 31.559 Ko/ + 9.272 

{91) 

The curves of Equations (89), (90), and (91) are shown plotted in Figure 33 with sta­
bility, in degrees per octave, as a function of the resistance parameter K for taper factors 
of 0.1, 1, and 10. 

It is noted from the curves that the stability is highest at K equal to 1 for taper factors 
of 1 and 10 and that it is practically constant for taper factor equal to 0.1. Also, it is seen 
from the curves that stability increases with tap~r factor and that the greatest rate of 
increase is for values of taper factor between 1 and 10. 
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Figure 33 - Frequency-stability characteristics - four-section low- pass filter 
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Amplitude-Modulation Effects 

The general equation for determining the variation of network attenuation when the 
network resistance or capacitance parameters are varied to change frequency is derived 
in Appendix V: 

(A)db = -20 log [ ( ~ y X - ( ~) Z + 1] (92) 

where X, Y, Z, and 6 are given by Equations (75), (76), (77), and (78). 

On reducing Equation (92) in terms of the resistance parameter K for taper factors 
of 0.1, 1, and 10, the following equations result: 

Taper Factor = 0.1 

~( 
K J

2 

1111 K+ 123 
{A)db = -20 log .; 

. 33 Ko + 1 ( 
K ) ~ 1111-+ 123 

~ - KKo ( 343 ~ + 23) + 1 (93) 
33 Ko+ 1 o 

Taper Factor = 1 

~( 
K ~

2 

4- + 6 
(A)db = -20 log ~o K 

6-+1 Ko 
, Ko 

Taper Factor = 10 

( 
K ) ] 

4-+6 
- ~o ( 10 ~ + 5) + 1 

6-+ 1 ° Ko 

(94) 

~(

1.111~ +3.2)
2 

K 
(A)db = -20 log ~ - -

3 Ko 
.3 Ko+ 1 ~ K ) j 1.111 K+ 3.21 K 

K O (3.43 Ko+ 3.2) + 1 • (95) 
3.3 Ko+ 1 

Reduction of Equation (92) in terms of the resistance parameters L, M, and N for 
taper factor = 1 results in the following equations: 

As a Function of L: 

(A)db = -20 log 
( 

L ) ~ 3-+ 7 
- to (7 t +8)+1 

5-+ 2 ° Lo 

As a Function of M: 

~[ M )
2 

(M) j 2M+8 M 2M+8 
(A)db =- 20 log Mo M - MO ( 7 M... + 8) + 1 

5 - + 2 ° 5 - + 2 Mo Mo Mo 

(96) 

(97) 
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As a Function of N: 

(A)db = -20 log~~%+ 

9

)

2 

N 
5-+ 2 No 

No 

(98) 

Figure 34 shows a plot of Equations (94), (96), (97), and (98) where the relative network 
attenuation is given as a function of the resistance parameters with the network phase shift 
equal to 180 degrees. In Figures (35) and (36) similar curves are found with K plotted for 
taper factors of 0.1 and 10. 

Frequency-Deviation Characteristics 

The general equation expressing the frequency of oscillation as a function of the net­
work parameters for the four-section low-pass filter is derived in Appendix V: 

w (6)½ 2n =- = wCR = -
Wo y 

(99} 

where Y and 6 are the same as in Equations (76) and (78) respectively. 

On reducing Equation (99) in terms of the resistance parameters K, L, M, and N for 
taper factors of 0.1, 1, and 10, the following equations result: 

Taper Factor = 0.1 

Taper Factor = 1 

Taper Factor = 10 

Frequency as a Function of K: 

(

llllK~o + 123)½ 
2n = 

33 Ko+ 1 

2n = Ko 
(

4!L+6)½ 

6 K_ + 1 
Ko 

(100) 

(101) 

(102) 
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Figure 35 - Amplitude-modulation and frequency-deviation characteristics -
four-section low-pass filter 
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Figure 36 - Amplitude-modulation and frequency-deviation c haracteristics -
four- section low-pass filter 

3 

d!i! Jf J r -Et !Y-i' f!i'I',.,, 

z ,. 
< ,. 
I'" 

a 
Ill 
VI 
Ill .. 
a 
n 
:I: 

I'" ,. 
m 
0 
:11 
> ... 
0 
:II 
-< 

c., 
C1I 



36 

Taper Factor = 0.1 

Taper Factor = 1 

Taper Factor = 10 

Taper Factor = 0.1 

Taper Factor = 1 

Taper Factor = 10 

Taper Factor = 0.1 

NAVAL IIISIAIICH LABOIIATOltY 

Frequency as a Function of L: 

2n = --'o'----

(

111t + 1123 )½ 

23 to+ 11 

2
n = 1.11 [° + 3.211 

( 

L )½ 

3.2 Lo+ 1.1 

Frequency as a Function of M: 

2n = ( ~2:0_+ 8) ½ 
5-M-+2 

Mo 

Frequency as a Function of N: 

(

.li. + 1233 j ½ 
2

n _ .;;.N;.:,o,_.,....--
- N 

23 No+ 11 

(103) 

(104) 

(105) 

(106) 

(107) 

(108) 

(109) 
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Taper Factor = 1 

(110} 

Taper Factor = 10 

2n : ___a..O __ _ 

(

: + 3.321 ) ½ 

3.2 ~o + 1.1 
(111) 

A plot of Equations (101), (104), (107), and (110) is given in Figure 37 where the 
variation of frequency due to variations of the resistance para'lleters K, L, M, and Nfor 
taper factor= 1 is shown. Similar curves where K is varied for taper factors of 0.1, and 
10 are given in Figures 35 and 36. 

THE FOUR-SECTION HIGH-PASS FILTER 

Harmonic-Transfer Characteristics 

The diagram of the four-section high-pass filter is shown in Figure 38. 

The general equations for attenuation and phase shift through this ne~work are given 
by Equations (112) and (113) respectively: 

where 

(An)db = -10 log [(2-•nx - r 2n Z + 1) 2 + (2-no - 2-3n Y)2
] , 

2-ni5 - 2-sny 
(3 = arctan -------n 2-'nx - 2-2nz + 1 

X = PQST 
KLMN 

Y _ PQT PQT PQS PQS QST PST PST 
-KMN + KLN + KLM + KLN + LMN + KMN + LMN 

Z _ QT + QS + PS + PT PQ + PS + PT PT + QT + ST 
- LN + KN + MN 

QS + PS PS + PQ PQ 
+ LM + KM +KL 

"_ P ~ P
0

+Q+S P+Q+S+T 
v-K+ L + M + N 

2n =~=wCR 
Wo • 

(112) 

(113) 

(114) 

(115) 

(116) 

(117) 
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Figure 37 - Frequency-deviation characteristics - four-section low-pass filter 
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39 

On reducing Equations (112) and (113) for taper factors of 0.1 , 1, and 10, the follow­
ing equations result: 

Taper Factor= 0.1 

2 2 
(A0 )db = -10 log [(i-40 - 366•2-20 + 1) + (123-1•2-n - 34.2-sn) J, (118) 

1234.2-n - 34.2-30 
/3n = arctan 

2
_4n _ 

366
_
2

_20 + 
1 

(119) 

Taper Factor = 1 

(An)db = -10 log[(r411 -15·r2n + 1)
2 

+ (l0·rn - 7·2-3n)
2
], (120) 

10-rn - 7.2-sn 
/3n = arctan 2_40 _ 15_2_2n + 1 (121) 

Taper Factor = 10 
2 2 

(An)db = -10 log[(2-4n - 6.63•2-2n + 1) + (4.321·2-n - 4.3•2-3n) 1, (122) 

4.321,rn - 4.3•2-3n 
/3n = arctan rm_ 6_63_r2n+ 1 (123) 

A plot of Equations (118) through (123) is given in Figures 39 and 40 for the four­
section high-pass filter with taper factors of 0.1, 1, and 10, and shows the variation with 
frequency of absolute attenuation in decibels and the phase shift in degrees through the 
network. From the curves of Figures 39 and 40, the curves of Figure 41 were obtained 
in the same manner as were the curves of Figure 16 obtained for the three-section low-pass filter. 
On comparing the curves of Figure 41 with those of Figure 25 (corresponding curves of 
the three-section high-pass filter), it is noted that the four- section network offers less 
harmonic attenuation than the three-section network. The reason 'for this is that the 
operating point of the four-section network (for oscillation) is on a flatter portion of its 
attenuation curve and therefore the difference in attenuation between fundamental and 
harmonics is less than for the three-section network. 

Stability of Oscillation 

The general equatidn relating frequency stability and phase-shift curve slope in units 
of degrees per octave is derived in Appendix VI: 

~ _ - 79.44 (oY) 312 

dn - oYZ - Xo2 - T (124) 

where X, Y, Z, and o are the same as in Equations (114), (115), (116), and (117) respectively. 



- ~-
C C C C 

100 Ettttttmt~ttttmtlifil~l:J:rnl~fj I I I I I I I I I lmlH!ltiMl~illi!~!!:1-RTfll, Hllffi e-f Q s '"f 

·+ ITT " ,lii11. UL.JU....:.~ KR½ LR~ MR! NR: 

80 + ·• . :~: ·:: . ' •,1 0 • • 
Cl) K= P,L=Q,M= S, N= T 
...J 

~➔ •• ~I ~ • 

w . ·~ 2"= J!L_ WO= I 
CD • ! 1 ·:~ ;· ·::;j :·. :t: ., ·:b., WO RC 
0 

i ~- .. : : :(~Ltt! ~ :!: ~~ •••. -t r.•r,~ I :a: 
w 

60 ~ 

. . ..... .. .. ,, rl . 1:, ; ifil 1ic: .. 
C 

• ,,, 1,♦ ,, ,,11, .. Cl- r.t < 
.. jJ :t "' I 

1, .. .. 
I 

.,: ,~•- -- • n : r~'.: ;~~ 

, •· ~- ,. 
z I ::;1i1:i:::- :!L;. ... dr, • ~ •_t ·~ • " ~~ ~' ··• ••. : 

0 ' - lD 

~ 
•:iH~: :: 

. .. .. ., . 
.. Ja. ':!:' .. : : : • "' ... .. • ••• ... 1, ...... •-' (II 

:::, '"• i: -~!l ::: ~ .. , 
.. . + . . ···"" "' ... 

z 40 
. ...,;, .. +, .. 

UJ 

~:.: mm::11·:. 

• -1 ~ '. :. -: ,. ' ': : '': ':i: t:i.,, : I .. i! tf.::!: 1'' . ,:i:. • 
t-

... 
~ 

~':',utm .ll!!I 
: ::: r.~ l: •• ~ •• n 

~ 
• -r-< '1 .UUIUJ 

... : 
!.. H, .. " ...... ..i. . .... ., • •• ♦ I :tt:::. ' ... ... • •. t z!tl!il'.IHHI ,. 

:lll:: I:. ~iHl· " ·;:r ·L-::. : : : . :. ·:~ :~: . • Q: l!l: 
:;.i:r.. .. 

0 "'.;:;·;· ;t" .. ID 

~ 20 ... :~ • • ·:. r· - . ·• ., ... 0 

t- :mn11n-: "' 
--~: : ~~:i 

...... lD 
+. 

.. 1· . ,, • 

w 
.. 

z tt-
-4 

.... 
I -

• I':: 0 
:II 

0 
WJfflYfillilllllillffilllllflHin , Mltl i I I ITI111BlfllllflmmJfflJllilllntD1BIJ 

,( 

.. . . 

-5 -4 -3 -2 -1 0 2 3 4 5 6 

n- OCTAVES 

Figure 39 - Attenuation characteristics - four - section high-pass filter 



C 
300 l+l+!:ti~liffilli!flli!illfitlfN 1111 i !.rMllliliill:;n:iJillllJJ~ ! l l ! I'. I! I lflil o..-f 

-------, " I MR~ - · ···· · KR~ LR~ NR ,. ' . . ..,. 
. . . 

"· . ;~., • •Of • • 
~ . . . . ... .. . ·* ' 

0 
250 

K•P, L=Q, M=S, N=T c:c 
I 

.... 
2n : .J1L WO = -..J 

WO RC z 
Cl) 

,. "" 
< 

IIJ 

,. Cl: 200 

,.. 
~ 

~ 
:II 

"' 
I .. t: 

"' ,. :c 
Cl) 150 

:II 
n LIJ .. Cl) 
z 
I"' 

c:c 
,. % 

:il 
ID 

Q. 
-···+ 

'""'!'. ::iic 
0 
:II 

Cl: 100 ,. 0 

-t 
:e 

0 
I-

:II "' 
-c 

z 
• • • 11 I !T!!lt!!:~f!'!!l!!l!ll!:11±1 1 1 111111ll'Lllillm'.~l""!:;11~l!!IIIIIIIIIWUH Elll11 l I I lllllllllllll'l~l!t'.J!'rtt:l:mtt~II' El!I' 'I I 111111 lii.Jffiffiif!l!F.IHl!I.if!=ll1Pm!l11ir!11=U I I i I 111111: ill 1 1, 

50 

-5 -4 -3 -2 - I 0 2 3 4 5 6 

n - OCTAVES 

f igure 40 - Phase-shift characteristics - four-section high-pass filter 

~ 

1':H .ntt:-F1!~•~ 



42 NAVAL RESEARCH LA801tATOltY 

a 
~ - 10 ~~+:.:e:+-14-i:.i-+44-t+---l-'"-,-j..'-!-~.:..+++-4!~+-;--l-'-I-...J...4--l,..ie!-;:-l-.,I....I--A 
~ 

.. .. ........... 
I 

TAPEA FACR>II 

Figure 41 - Change in harmonic gain due to feedback -
four-section high-pass filter 

Reduction of Equation (124) in terms of K for taper factors of 0.1, 1, and 10 result in 
the· following equations: 

Taper Factor= 0.1 

~ 
dn 

Taper Factor = 1 

~ 
dn 

Taper Factor = 10 

~ 
dn 

282~~0)3 + 3492104( ~) + 7041364(!0
) + 3295688 

[ (Ko)2 (Ko) l 3
/2 = -79.44 3.2K + 11. 73 K + 3.65J 

9.272(~0 )3 + 31.706(~0 )2 + 33.764(~) + 11.284 

(125) 

(126) 

(127) 

The curves of Equations (125), (126) and (127) are shown plotted in Figure 42 with 
stability, in degrees per octave, as a function of the resistance parameter K for taper 
factors of 0.1, 1, and 10. 

It is noted from the curves that the stability is highest at K equal to 1 for all three 
taper factors and that the stability increases with taper factor, with the greatest rate of 
increase occurring for values of taper factor between 1 and 10. 
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Figure 42 - Frequency-stability characteristics - four-section high-pass filter 

Amplitude-Modulation Effects 

43 

The general equation for determining the variation of network attenuation when the 
network resistance or capacitance parameters are varied to change frequency is derived 
in Appendix VI: 

(128) 

where X, Y, Z, and 6 are given by Equations (114), (115), (116), and (117). 

On reducing Equation (128), in terms of the resistance parameter K for taper factors 
of 0.1, 1, and 10, the following equations result: 

Taper Factor - 0.1 

~r 1233 ~ + 1)

2 

K (1233 ~ + 1) (An)db - -20 log O _o _ o 
K K K 

11 Ko + 23 11 Ko + 23 

Taper Factor - 1 

[ 
K )

2 

( K ) 
9-+1 9-+1 

= -20 log Ko Ko - ___ K_o _ _ 
21£.+5 K 2li.+5 

Ko Ko 

(130) 
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Taper Factor = 10 

~(

3.321fo + 1)

2 

Ko (3.321 ~o + 1 ) 
(An)db = -20 log K K - K 

1.1 Ko + 3.2 1.1 Ko+ 3.2 

Figure 43 shows a relative plot of Equations (129), (130), and (131) as a voltage ratio 
vs. K/Ko. • 

Frequency-Deviation Characteristics 

The general equation expressing the frequency of oscillation as a function of the net­
work parameters for the four-section high-pass filter is derived in Appendix VI: 

(132) 

where Y and o are given by Equations ( 115) and ( 117) respectively. 

On reducing Equation ( 132) in terms of the resistance parameters K, L, M, and N for 
taper factors of 0.1, 1, and 1 O, the following equations result: 

Frequency as a Function of K 

Taper Factor = 0.1 

Taper Factor = 1 

Taper Factor = 10 

Frequency as a Function of L 

Taper Factor = 0.1 

2n a (::.~ :

3

11 r 

(133) 

(134) 

(135) 

(136) 
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Taper Factor = 1 

Taper Factor = 10 

( 

L )½ 1.1 L + 3.2 
2n = o • 

3.221 ta+ 1.1 

Frequency as a Function of M 

Taper Factor = 0.1 

( 11~+ 23) ½ 
2

n = \ 1123 ~: + 111 

Taper Factor = 1 

2n = Mo 
( 

2M.. + 5) ½ 
M 7-+3 
Mo 

Taper Factor = 10 

( 

M )½ 1.1 Mo+ 3.2 
2n = 

3.211 ~o + 1.11 

Frequency as a Function of N 

Taper Factor = 0.1 

1i. + 33 2 

( )

I 

12=~+ 111 

Taper Factor = 1 

(137) 

(138) 

(139) 

(140) 

(141) 

(142) 

(143) 
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Taper Factor = 10 

( 

N ) .!. -+ 3.3 2 

2n = ........;;;N.;.,o.__ __ _ 

3.21 :0 + 1.11 

(144) 

Figure 44 shows a plot of Equations (133), (134), and (135). 

THE ZERO-PHASE-SHIFT NETWORK 

Harmonic-Transfer Characteristics 

The diagram of the four-section zero-phase-shift .:-1etwork is shown in Figure 45. 

The general equations for attenuation and phase shift through this network are derived 
in Appendix VIl: 

(An)db = -10 log{(z - 2-2n I: - 220x) 2 + (r0 o - 2ny) 2
}, (145) 

where 

2-n o - 2°y 
f3n = arctan z _ 2 _20 I: _ 22nx 

M L LMT LM PLM PM L 
y = S + Q + NQS + QN + KQS + QS + S 

TM M PL PLTM PLM P PTM 
z = 1 + NS + N + KQ + KQNS + KQN + Q + NQS 

(146) 

(147) 

(148) 

PM LT PM LT L P PL 
+ QN + QN + KS + NS + N + S + KS (149) 

T P PTM PM PLT PT PLT PL PT P 
o - N + K + KNS + KN+ KQN + QN + KNS +KN+ NS+ N (l50) 

PT 
I: = KN (151) 

2n = ..!!!.. = wCR. 
Wo 

On reducing Equations (145) and (146) for taper factor of 1 and 10 the following equa­
tions result: 

Taper Factor = 1 

(152) 
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(153) 

Taper Factor = 10 

A plot of Equations (152) through (155) is given in Figures 46 and 47 for the zero­
phase-shift network with taper factors of 1 and 10, and shows the variation with frequency 
of absolute attenuation in decibels and the phase shift in degrees through the network. 
From the curves of Figures 46 and 47, the curves of Figure 48 were obtained in the same 
manner as were the curves of Figure 16 obtained for the three-section low-pass filter. 
Comparison of Figure 48 with like curves of any of the other filters shows that this net­
work has the least desirable characteristics in this respect. 

Stability of Oscillation 

The general equation relating frequency stability in terms of phase shift curve slope 
in units of degrees per octave is derived in Appendix VI: 

!!fi. _ -79.44 (oY) 312 

dn - 02 X - o YZ + Y2 I: 
(156) 

where X, Y, Z, o, and I: are given by Equations (147) through (151). The stability in 
degrees per octave is the same as for the other four-.section networks for any taper factor 
when the parameter against which stability is being plotted is equal to 1. 

Amplitude-Modulation Effects 

The general equation for determining the variation of network attenuation when the 
network parameters are varied to change frequency is derived in Appendix VI: 

(A)db = -20 log] (z - : I:-; x )\. (157) 

where X, Y, Z, 6 , and I: are given by Equations (147) through (151) respectively. On re­
ducing Equation (157) for taper factors of 1 and 10 in terms of K, the following equations 
result: 
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I· CHANG!. OIF GAIN IN AMPLi,lt:R DUE TO ,El!.DIACK 
2-

0

HARMONIC IMPROVEMENT DUI!. TO f!LTE:R NETWORK ALONE 

-10 

.................. 
3 10 

TAPE"R FACTOR 

Figure 48 - Harmonic transfer characteristics - zero-phase-shift network 

Taper Factor = 1 ~ ( K ) ( K ) j 
K 4 Ko+ 6 6K+ 1 K 

(A)db = -20 log (5 Ko+ 10) - K - Ko Ko 
6-+1 4-+6 

Ko Ko 

(158) 

Taper Factor = 10 

(A)db = -20 log l( 3.2 ~• + 3.43) 
(
1.lll ~o + 3.21) ( 3.3 ~o + 1 ) Koj n - ---=---- - ----=--- - -(15.,) 

K K K 
3.3 Ko + 1 1.111 Ko+ 3.21 

Equations (158) and (159) are shown plotted in Figure 49. This graph, unlike the 
similar graphs of the other filters, does not reach a maximum; thus there is no ideal point 
of operation to obtain the minimum amount of amplitude modulation. 

Frequency-Deviation Characteristics 

The general equation expressing the frequency of oscillation as a function of the net­
work parameters is derived in Appendix VI: 

where Y and o are given by Equations (148) and (150) respectively. 

Reduction of Equation (160) for taper factors of 1 and 10 in terms of the resistance 
parameter K gives the following equations: 

{160) 
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Taper Factor = 1 

Taper Factor = 10 

NAVAL RESEARCH LABORATORY 

( 

4~+ 6~½ 
2n = o 

K 
6- + 1 

Ko 

(161) 

(162) 

Equations (161) and (162) are found plotted in Figure 49. 

_I_ 
L 

Two Zero-Phase-Shift Networks Isolated 
by an Amplifier 

Figure 50 

The diagram of a two-section zero-phase­
shift network is shown in Figure 50. The charac­
teristics of two such networks isolated by an 
amplifier stage may be investigated by analyzing 
one of the networks by means of matrices. (See 
Appendix I for a description of this method. ) 

Letting R = 1 , 
1 

• Xe =u. 

a.la =1IK 

~ ~ · *o u 1 
p 

-i~-it-0 0 1 .1. 1 
L 

,(1+~) 1 K . 1•~&1 

a, = ( 1 + ~ ) ( 1 + Li ) + ~ 
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or substituting U = JwCR, 

a = (K) 1 jwCR - - j--p wCR 

1 (163) 

The absolute attenuation (when used as an oscillator network) is: 

since the imaginary quantities are zero. 

If K = P, Q = Lo, Q/K = 1, then 

A = 1 as a function of L. 
2 Lo+ 1 

L 

Considering two such sections and expressing attenuation in terms of L, 

( 
1 J2 

( Lo ) -
2 

A = L = 2L + 1 , 
2-0 + 1 L 

or expressed in decibels, 

A = + 20 log ( 2 ~o + 1 )-
2 

= -40 log (2 to + 1) . (164) 

The frequency of oscillation, when two such networks are used, occurs when the imaginary 
part of the complex attenuation equals zero, or: 

( )2 9£ 
wCR = KL 

9E) ½ wCR = (KL 

which, when expressed in the rationalized form becomes: 

2n = wCR = ~ = (~) ½, 
Wo LK 

or expressed as a function of L for taper factor = 1 , 

2n = (to)½ . 

Equations (164) and (165) are shown plotted in Figure 51. 

(165) 
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DESIGN EXAMPLE 

In order that the material of this report may be utilized more easily, the following 
example is given. Suppose it is desired to design an oscillator with center frequency of 
3000 cycles per second which may be linearly deviated plus and minus 7.5% with a de 
voltage. The characteristics to be considered in order of importance are: 

1. Frequency stability 
2. Amplitude modulation 
3. Linearity of frequency deviation 
4. Practicality of network in circuit 
5. Harmonic content 

Since stability is the prime factor, the three-section networks may be disregarded. Since 
amplitude modulation is of second importance, the zero-phase-shift network is eliminated. 
Therefore, the choice seems to be between the four-section low- and high-pass network. 
The frequency-deviation characteristics of the low- and high- pass networks are about the 
same and will be discussed later in the example. As for the practicality of the network in 
the circuit, the following items have to be considered: 

1. Network driving impedance 
2. DC isolation problems 
3. Network load impedance 
4. DC grid return problems 

_It is considered here that the network is driven and loaded by a vacuum-tube amplifier 
or cathode follower. The network driving source must have an impedance much lower than 
the input impedance of the network if it is not to affect the network design. 

It is also necessary in most cases to have de isolation between the driving source and 
the load. The high-pass network provides its own de isolation by means of its series capaci­
tors while the low-pass filter requires extra circuit elements. At high fr~uencies this 
isolating network can be made to have a negligible effect on the frequency-determining 
network by making its corner frequency much lower than that of the network. 

The load placed across the output of the network must have an impedance much higher 
than the output impedance of the network if it is not to affect it. High input capacity of 
vacuum tube amplifiers due to Miller effect loads the high-pass network at high frequencies 
because of the low values of resistance and capacitance in the network, whereas with the 
low-pass network the Miller effect capacity may be subtracted from the last network 
capacitor without affecting the network characteristics. 

The grid of the amplifier being driven by the network must have a de return path. The 
high-pass network can provide this with its last shunt resistor while the low-pass network 
makes it necessary to provide a separate grid return (which tends to load the network) 
or use either the network series resistances and isolating network resistance, or the resist­
ance of the driving source. 

The four-section high-pass network has been chosen for this example, although if the 
oscillation frequency had been much higher it would have seemed profitable to use the low­
pass network. Consider the block diagram of Figure 52. 

A cathode follower is used to drive the network and thereby offer it a low source 
impedance while the network is loaded by the grid circuit of the oscillator, a very high 
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OSCILLATOR CATHODE 
FOLLOWER 

Figure 52 

NETWORK 

MODULATOR 

impedance. The use of a network with a taper factor of 10 would provide the highest sta­

bility but would be impractical for this simple circuit, since the first network resistor 

would have to be too low or the last resistor too high. The same reasoning can be followed 

for the network capacitors. This drawback could be overcome by separating the first two 

sections of the network from the second two by means of another cathode follower. How­

ever, a network with taper factor of three was decided upon for the example, and the actual 

circuit is shown in Figure 53. From the general equations for amplitude modulation (130) 

and frequency deviation (134) of a four-section high-pass filter , the following equations 

are obtained for taper factor of three in terms of the resistor parameter L: 

--(1.33 LL\+ 3.67) ½ 
·wcR = 2n 

3.93 Lo+ 1.33 
(166) 

[

i-40 

Adb = -20 log L 

Lo 

(167) 

S0917A 
OSCILLATOR 

P•KtQ• Lo.S•M, T• N 

.!:2 • J!.. . .....!L. 3 
K Lo M 

20()1( 

200K 

,; 

Figure 53 
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A plot of t ese curves is shown in Figure 54. From the attenuation vs. L/L O curve an 
operating f equency point corresponding to L/Lo = 1.15 was chosen since the amplitude 
drops fast r for L less than L O than for L greater than Lo• Substituting this value of L/L0 
in Equatio (166) and solving for wCR: 

wCR = 0.9428 

since w = 2 TT (3000) 

CR= 0.9428/6000 TT = 5.002 x 10 - 5
, 

It is n w necessary to determine what values of C and R to use in the network. If the 
resistance f any one leg is decided upon, the rest of the network must take on values 
according taper factor. Since a linear variation of frequency with applied modulating 
voltage is esired, it is well to investigate the resistance characteristics of the modulator 
and deter • e the operating point around which linear deviation may be achieved. Artzt* 
gives a co plete analysis of this type of modulator, but a reasonably good method of 
determinin the operating point is to plot the modulator resistance vs. modulating voltage 
on log-log aper and operate on the linear portion of the curve. Since the frequency vs. 
resistance urve of Figure 54 is nearly linear on a log-log plot over the range being used, 
the outcom will be a linear variation of frequency with applied modulation voltage. 

f resistance vs. modulation voltage is shown in Figure 55 for the modulator of 
Figure 53. Over the resistance range of 10,000 ohms to 20,000 ohms, linear frequency 
characteri tics may be obtained for linear deviations in modulation voltage. In order to 
vary the os illator center frequency (3000 cps) by plus and minus 7.5% a resistance de­
viation of proximately 39% increase and 26% d.ecrease of the center resistance value 

LoR 

KR 

MR 

NR 

since: 

CR 

C/K 

C/L 0 

C/M 

C/N 

as estimated from Figure 54 or calculated from Equation (166). From Figure 
that this required deviation in resistance may easily be obtained. Using the 
ohms for the resistance leg LR: 

LR/1.15 = 15,000/l.15 = 13040 ohms 

3 LoR 

3MR 

5.002 (10-5
) 

5.002 (10-5 )/KR = 

5.002 (10-5 )/L0 R = 

5.002 (10-5 )/MR = 

5.002 (10-s )/NR = 

= 4348 ohms 

= 39130 ohms 

117400 ohms 

11500 µµf 

3835 µµf 

1278 µµf 

426.lµµf. 

* Referen e 5 in Bibliography 
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Figure 54 - Amplitude-modulation and frequency-deviation characteristics -
four-section high-pass tapered network 
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The cathode follower output impedance was calculated to be about 400 ohms and the oscil­
lator input capacitance due to Miller effect about 70 µ,µ,£. These values have to be sub­
tracted from the design values of KR and C/N respectively so that: 

KR - 400 = 4348 - 400 = 3948 ohms and C/N - 70 = 426.1 - 70 = 356.1 µ,µf 

are the actual circuit values of these components. 

Figure 56 shows the frequency vs. modulating voltage characteristics of the experi­
mental oscillator. The amplitude of the output, measured across the cathode follower 
cathode resistor, was flat within 0.1 decibel over the 15% frequency deviation due to a 
slight amount of limiting action in the oscillator tube. The frequency stability of the oscil­
lator shown in Figure 53 is not as good as can be expected due to the extremely sensitive 
effect of bias on the modulator resistance. By supplying self bias to the modulator with a 
cathode resistor, the sensitivity is reduced but a corresponding increase in oscillator 
frequency stability is obtained. The frequency stability of the experimental oscillator with 
cathode bias supply to the modulator is not worse than 0.2%. 

CONCLUSIONS 

Oscillator Harmonic Content 

It is seen from the harmonic curves of the different networks that the output point for 
the least amount of harmonic distortion is different for the low-pass filter networks than 
for the high-pass networks. The reason is that in the high-pass networks a large amount of 
feedback occurs with a resulting decrease in harmonic gain through the amplifier, while 
the oscillator using a low-pass filter achieves its decrease in harmonic content through 
the filter itself. This means that when a high-pass oscillator is used the output should 
be taken from the plate or cathode of a tube (a low impedance point) while with a low-pass 
oscillator the output should be taken from a grid or high impedance point. This may or 
may not result in a practical circuit depending upon the application. 

The difference in harmonic reduction between a three-section and a four-section net­
work for both the high- and low-pass networksisveryslightandwouldseldombesufficientcause 
for choosing one over the other. The zero-phase-shift network is least desirable in this 
respect, however, since it contributes only as a two-section high-pass network, or a two­
section low-pass network toward the reduction of harmonics and, as mentioned, these effects 
occur at different points in the circuit. Network tapering has little effect on the reduction 
of harmonics. 

Stability 

The deg ·ee of oscillator stability when various networks are used has been determined 
in this report by comparing the slopes of the phase-shift curves of the different networks 
at taper factors of one-tenth, one, and ten. The four-section networks offer a higher sta­
bility than the three-section networks, and for every network considered, the stability 
increases with an increase of taper factor. Stability is also dependent upon the quality of 
the parts used in the frequency-determining network and their temperature and humidity 
characteristics. Another factor affecting stability is the wave form produced by the oscil• 
lator, the greatest stability occurring when a pure sine wave is generated. This effect 
would be about the same for every filter network considered in this report since there is 
little difference in the harmonic filtering action of the networks. 
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64 N A V A L R III ARCH LABORA T ORY 

Amplitude-Modulation Effects 

Unless all of the r esistance legs of the phase-shift network ar e used to vary the 
frequency of oscillation, an accompanying variation of network attenuation occurs, result­
ing in amplitude modulation of the output. However, for the three- and four-section low­
and high-pass networks there are points of operation where the amplitude modulation can 
be kept at a minimum due to the network gain reaching a maximum. In other words, if 
one resistor in a network is used to vary the frequency, it should be operated around the 
point where it allows the network gain to be the highest so that when it is varied the net­
work gain can only decr ease , rather than increase one way and decrease the other . Ther e 
are no such points of operation for the zero-phase-shift network, and therefore it is less 
desirable in this respect. 

Bandwidth and Linearity of Frequency Deviation 

As discussed under the section "The Basic Oscillator," the linearity of frequency 
deviation is not only a function of the network elements but also the method by which they 
are varied. By matching the network frequency vs. resistance curves with an identical 
curve of resistance vs. some other function, i.e., mechanical position, de potential, etc., 
frequency can be made a linear function of the other function. 

The amount of frequency deviation or bandwidth obtainable (at the point where the 
least amplitude modulation occurs) by varying one resistance one decade is approximately 
two to one for the low- and high-pass filters at a taper factor of 1 or 10. This figure 
varies from 1.35, for the low-pass filters at a taper factor of 0.1, to 3 for the high-pass 
filters at a taper factor of 0.1. 
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APPENDIX I 
ANALYSIS OF FOUR-TERMINAL NETWORKS BY USE OF 

MATRIX ALGEBRA* 

In any linear four-terminal network, there is, by definition, a linear relationship 
between the input voltage and current and output voltage and current: 

a, .. <B, e, f:> 

Figure 57 

E1 =aE2 +63h, 

11 =CE2+BI2. 

(168) 

(169) 

This may be placed in matrix 
form as follows: 

The values of 0., f>, e, and 1::) 
for several simple circuits are given 
in Table 1. 

The advantage of this method appears when various networks are interconnected. In 
the case of cascade of several networks the rule is that the over-all matrix of the new net­
work is merely the matrix product of the matrices for the individual networks taken in the 
order of connection. A large collection of formulas for cascade and other types of con­
nections may be obtained. 1 ,

2 

The procedure for multiplying two matrices to obtain a single matrix is as follows: 

(171) 

Equation (171) is obtained in four steps: 

1. The first row of the first matrix is multiplied by the first column of the second 
matrix to obtain the upper left-hand square o.f the final matrix: 

O...• .t.+""· 't I (172) 

* Appendix I is derived, for the most part, from a paper entitled "Application of Matrix 
Algebra to Filter Theory," by Paul I. Richards, Proc. IRE, 34:145-150, March 1946. 

1 Pipes, L.A., "Matrix Theory of Four Terminal Networks," Phil. Mag., 30:370-395, 
November 1940 

2 Guillemin, E. A., Communication Networks, II:140, John Wiley and Sons, New York, N. Y., 
1935 

66 



NAVAL RESEARCH LABORATORY 

TABLE 1 
Matrices for Simple Four-Terminal Networks 

Network 

o,__-----1 z 1---------10 

SERIES IMPEDANCE 

:_------+--cp -~ 
SHUNT ADMITTANCE 

:=rE 
COUPLED CIRCUIT 

()TRANSMISSION LINE) 

CHARACTERISTIC IMPEDANCE= 2 0 

PROPAGATION CONSTANT = f 

/ 
/ 

/ 
/ 

c,,::::.. ___ _ 

Za 

LATTICE (SYMMETRIC) 

Matrix 

_1_ 
jwM 

cos 0 
. sin 0 
J-­

Zo 

Za + zb 
Zb - Za 

2 

Zb - Za 

L2 
M 

. 21rL 
= l -A-

·zosin 0 

cos 0 

2ZaZb 

Zb - Za 

Za + Zb 

Zb - Za 

67 

2. The first row of the first matrix is multiplied by the second column of the second 
matrix to obtain the upper right-hand square of the final matrix: 

(173) 
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3. The second row of the first matrix is multiplied by the first column of the second 
matrix to obtain the lower left-hand square of the final matrix: 

(174) 

4. The second row of the first matrix is multiplied by the second column of the second 
matrix to obtain the lower right-hand square of the final matrix: 

lc-f+d·h (175) 

If more than two matrices are to be multiplied together they can be taken two at a time 
in any order, but none may be interchanged. That is: 

but 
4-[~·~] =[~·!f-] · 4. 
~-!t--1~ -~-

(176) 

(177) 

As an illustration of the usefulness of matrices for determining propagation constants 
of cascaded filters and other four-terminal networks the complex transfer characteristic 
of the network shown in Figure 58 will be calculated. 

dJ 1,-0 

: --_in -=---M=R i=t-=-~ E, 

a = complex transfer characteristicofthenetwork 

A = I a I , or the gain through the network 

Figure 58 

(3 = phase shift through the network 

Repeating Equation (168) for the network of 
Figure 58: 

(178) 

Since Io equals zero, the following simplification is made: 

or 

and since 

Ein =a Eo 

E0 /Em = 1/ Q,, 

a= 1/a.. 

(179) 

(180) 

(181) 

(182) 

From Equation (182) both the absolute value of the network transfer characteristic A 
and phase shift {3 may be obtained in the usual manner. 

On separating the network of Figure 58 into parts and writing its matrix (as taken 
from Table 1) beneath it, the following results: 
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I I~ 

Figure 59 

Expanding the matrices of Figure 59 to obtain the network matrix: 

~= 
e Id 

= 

= 

Ci = 

~ ~ --W--2-
0 I 1 • YMRI 1 • Y *' 1 

N 

1 + ZRCYMR ZRC -~O 
YMR 1 y C 1 

N 

(1 + ZRCYMR) + ZRC y £ dJ 

1 
a, 

1 

1 + ZRCYMR + ZRC Y c 
N 

where 

ZRC 
R 

jwCR + i ' 

Ye jwC 
N = N 

Substituting Equations (185), (186), and (187) into Equation (184): 
1 

a = ( R ) 1 ( R '.\ ( ·we) 
l + jwCR + 1 MR + jwCR + 1/ ):.r 
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(183) 

(184) 

(185) 

(186) 

(167) 
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jwCR + 1 
(188) 

This may be rationali.zed into the form: 

a = a+ jb (189) 

and the absolute value of the transfer function a, which is the actual gain, and the phase 
shift f3 are obtained as: 

I a! = A = Y a2 
+ b2 

, 

b 
f3 = arctan- . a 

* * * 

(190) 

(191) 



APPENDIX Il 
ANALYSIS OF RESISTANCE-CAPACITANCE NETWORKS 

IN TERMS OF A REFERENCE FREQUENCY * 

Transfer characteristics of resistance-capacitance filter networks may be plotted 
advantageously on a logarithmic scale since plots of attenuation in decibels on such a 
frequency scale approach straight-line low- and high-frequency characteristics. These 
straight lines are asymptotes of the curve at its outer extremities and may be extended 
to intersect each other. The point at which these asymptotic lines intersect is importantly 
related to the parameters of the network being analyzed, and may be conveniently used as 
a frequency reference point. To illustrate the procedure used in obtaining this reference 
frequency the following example is given: 

The attenuation in decibels and phase shift in degrees through a single-section low­
pass filter (Figure 60) are: 

R 
(A)db = +10 log [ 1 + (wCR)2], 

{3 = arctan wCR. 

(192) 

(193) ~ 
At very high values of w, Equation (192) takes the form 

0 I 0 

(A)db = 20 log wCR. (194) 
Figure 60 

At very low values of w, Equation (192) takes the form 

(A)db = +10 log 1 = 0. (195) 

If these lines are extended so that they intersect, the point of intersection must lie 
on the zero-attenuation axis or: 

20 log wCR = 0, 

wCR = 1, 

From this relationship a reference frequency, w O, may be conveniently defined as 
the reciprocal of product of network resistance and capacitance or: 

1 
% = RC • (196) 

Since a reference frequency has been defined, Equations (192) and (193) may be re­
written as follows: 

* Appendix II is derived, for the most part, from an NRL Report R-2587 entitled 
"Resistance-Capacitance Low- and High-Pass Filters," by Charles F. White 
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(A)db = +10 log [ 1 +(~
0 
y ] , 

w /3 = arctan -
Wo 

Using w/wo in units of octaves where 

w = Wri = 2nw 0 

Equations (197) and (198) may be rewritten in octave form as: 

(An)db = +10 log (1 + 2 2n), 

f3n = arctan 2°. 

At very high frequencies Equation (199) takes the form: 

(An)db = 20 log 2°. 

One octave below this, the attenuation may be expressed as: 

(An-1'db = 20 log 2(n-i) . 

The difference in attenuation per octave at high frequencies is therefore: 

( An - A(n-i))= 20 log 21 = 6 db/ octave. 

(197) 

(198) 

(199) 

(200) 

(201) 

(202) 

(203) 

In the same manner the attenuation at low frequencies may be found to be zero deci­
bels per octave. A graph showing these asymptotic lines is given in Figure 6t. 

An 
u, 
..J 
l&I 
CD 
0 
l&I 
o Odb/OCTAVE 

2n.,...!!!.._ 
Wo 

w" wo at n•O 

-oo+- o -.oo+ 
n(OCTAVES) 

Figure 61 

For the case of a filter with a number of like sections in cascade, the "corner fre­
quency" of the filter is the geometric mean of the corner frequencies of each individual 
section taken separately. For a multisection low-pass filter such as shown in Figure 62, 
the attenuation at very.high frequencies through each section is: 
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Rn 

-C-3-~ 

0--0 _____.__._ ____ I____ I 
0 

Figure 62 

The attenuation in decibels through the complete network at very high frequencies is 
the sum of the attenuations of the sections composing the network, or: 

At very low frequencies the attenuation in decibels through a low-pass filter section 
is zero by Equation (195). Since this is so, the attenuation at very low frequencies through 
n low-pass sections in cascade is also zero. The intersection of the two asymptotic lines 
occurs, therefore, when: 

20 log (wC1R1) (wC2RJ (wC,Rs)--- (c.i.CnRn) = 0, 

(wC1Rd (wC2R:i) (wC,R,)--- (c.i.CnRn) = 1, 

cJ1 
C1R1 C2~ CsRs .... .. . CnRn ' 

1 

w = (C1R1 C2R2 C,Rs . ..... CnRnfl/n. 

(205) 

(206) 

(207) 

Since l/C1R1, l/C2R2, 1/CsR,, ---, 1/CnRu are the corner frequencies of the first, 
second, third, and nth sections respectively or (wo1, Wo2, Wos, .... , Won), the corner frequency, 
w o, of the complete network is: 

(208) 

or the geometric mean of the individual section corner frequencies. 

* * • 



Figure 63 

APPENDIX ill 
THREE-SEeTION·LOW- PASS FILTER 

Derivation of General Equations 

Using the methods described in Appendix I the matrix of 
Figure 63 is written down and expanded: 

1 +~jweR KR 

1 +1::LjweR 

.we 
JT 

ZR = KR, MR, NR, 

Y 
. C jw C jw e jw C 

C = JW ; -,:- , -S- , ~ • 

1 +JjwCR MR 1 + ¥jwCR 

.we l .we 
1s 1T 

= [ ( 1 +~ jwCR )(1 +W jwcR)+f jwCR] [1 + ¥ jwcR] + [ MR(1 +f jwcR) + KR] [ l~f] '6 ·(
209

) 

C ~ 

Since the complex transfer characteristic, a, equals 1/a, 

Let 

where 

1 
a= ::---TI:" a -JU 

[ 
2 (KM KN KM MN KN)] 

a = 1 - (wCR) LT + LT+ LS + ST + ST ' 

74 

(210) 

(211) 
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and 

Then 
a= a+ ib a b 

a2 + b2 = a2 + b2 + j a2 + b2 

The absolute gain, I al, and phase shift are immediately found as: 

(A) 

b 
{3 = arctan a . 

The absolute gain in decibels is: 

(A)db = 20 log (A) = -10 log ( a2 + b2 
). 

75 

(212) 

(213) 

(214) 

(215) 

(216) 

On expressing Equations (215) and (216) in terms of a reference frequency w0 
where Wo = 1/RC and rewriting in octave form as described in Appendix II the following 
equations result: 

(217) 

f3n = arctan (218) 

Equations (217) and (218)are reduced for taper factors of 0.1, 1, 10, and infinity: 

Taper Factor= 0.1, K = 1, M = 0.1, N = 0.01, 
L = 1, S = 0.1, T = 0.0l. 

(An)ab= -10 log [28n + 283·24n + 15083·22n + 1] , 

f3n = arctan [
23n - 123.2n ] . 
1 - 23·22n 

Taper Factor = 1, K = M = N = L = S = T = 1. 

(An)db= -10 log [211n + 1a·24n + 26·22n + 1], 

f3n = arctan 

(219) 

(220) 

(221) 

(222) 
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Taper Factor= 10, K = 1, M = 10, N = 100, 
L = 1, S = 10, T = 100. 

(An)db = -10 log [2°n + 3.82·2•n + 3.9041·220 + 1], 

l23n - 3.21·2~ 
/3n = arctanc 1 - 3.2·2211 j 

Taper Factor =oo, M/K = N/M = oo , 
S/L = T /S = oo . 

(An)db = -10 log [2°n + 3·2•n + 3·22n + 1] , 

[2311 - 3.2nl 
/3n = arc tan L 1 - 3· 22nJ 

Establishment of General Equations for Determining Oscillator Stability 

(223) 

(224) 

(225) 

(226) 

Since the stability of an oscillator is a function of the phase-shift slope of its 
frequency-determining network, it is only necessary to take the derivative of /3 in Equation 
(218), and obtain a relative stability in degrees per octave. The following substitutions 
are made in Equation (218) before taking the derivative: 

KMN 
X = LST 

N K M K M K 
Y = T + L + s + s+ T + T • 

U = 23nx - 2°y, 

V = 1 - 22n Z, 

u 
I:::,.=-· 

V 

Equation (218) is now rewritten as: 

(3 = arctan t::,,. 

and the derivative ·of f3 with respect to n is: 

M 1 d~ 
= = 

1 
1 + t::,,.2 dn dn u2 

1 +-2 
V 

~ 
vdU - udV 

dn dn 
= 

dn v2 + u2 

v:7- u: 
y2 

• 

(227) 

(228) 

(229) 

(230) 

(231) 

(232) 

(233) 

(234) 
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JW_ == (1-22n,z) (3Xln2·23n -Yln2·2n) -(23n,x-2n,y) (-2Zln2•22n) 
dn (23n·x - 2n.y)2 + (1-22n.z)2 

~ = -(2'n(XZ) + 22n (YZ -3X) + Y] 2nln2 
dn 211n,x2 + 2m(z2 

- 2xv) + 220 (Y2 
- 2Z) + 1 

(235) 

Since this result is in units of radians per octave, it is necessary to multiply it by 
57.3 to convert to degrees per octave. The 1n 2 is a constant equal to 0.69315 and it may 
be combined with the 57.3 to give the following result: 

To reduce Equations (227), (228), and (229) for any taper factor in terms of any one 
parameter the following procedure is followed: 

Taper Factor= M/K = N/M = S/L = T/S. 

In general K = L, M = S; N = T, but the separate symbols are retained for each param­
eter so that any one parameter may be varied independently. 

The parameter in terms of which the equation is being reduced is given a zero sub­
script for an operating point around which it is to be varied, with the other parameters 
taking on relative values according to taper factor. 

As an example, Equation (228) is reduced for a taper factor of 2 in terms of K where 
Ko= L, M = S, N = T, and M/Ko = N/M = 2: 

Y = N/T + K/ L + M/S + K/S + M/T + K/T 

Y = 1 + K/Ko+ 1 +K/2Ko+ 2/4 + K/4Ko 

Y = 1. 75 K/Ko + 2.5. 

As a second example Equation (229) is reduced for an infinite taper factor in terms 
of M where K = L, Mo= S, N = T, and Mo/K = N/Mo = oo: 

Z =KM/LT+ KN/LT+ KM/LS+ MN/ST+ KN/ST 

Z = 0 + 1 + M/Mo + M/Mo + 0 

Z = 2M/Mo + 1. 

Equation (236) gives the slope of the /3 vs . n curve for any value of f3. Since it is 
desirable to solve for the slope only at the value of /3 equal to 180 degrees, 

or 

and 

f3 = 180 degrees when arctan .6. = 7' 

2sn,x - 2n.y 
.6,.= -o 

1 - 220.z -
23n.x - 2n.y = o, 

(237) 

(238) 

(239) 
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(240) 

Substituting this value of 2° into Equation (236) gives the 180-degree phase-shift slope 
for any values of the parameters K, M, N, L, S, and T: 

_!Yi = - [ (Y/X)2 ·XZ + (Y/X) (YZ - 3X) + Y] J/Y7X (39. 72) 

dn (Y/X'f ·X2 + (Y/X)2 (Z2 
- 2XY) + (Y/X) (Y2 -2Z) + 1 

df3 _ - [(XY2 Z - X2 Y}] l"Y?'x(79.42) 
dn - (Y2 Z2 

- 2XYZ + X2
) 

-YYXY (79.44) 

YZ - X 
(241) 

Equation (241) is reduced for taper factors of 0.1, 1.0, 10, and infinity in terms of the 
resistance parameter, K (Table 2 gives the values of X, Y, and Z): 

Taper Factor = 0.1 

d{3 
dn = 

Taper Factor = 1.0 

Taper Factor = 10 

.J!1L = 
dn 

Taper Factor = ex> 

~ 
dn = 

-79.44( 111~ + 12) V1u(~J
2 

+ 12 ~ 
2442(~J + 374 ~o + 12 

-79.44(1.11 t + 2.1) (1.115- + 2.1 ~) ½ 

2.44~~J
2 

+ 4.73 ~o + 2.1 

(K.. ) (~ ...K.) ½ -79.44 Ko+ 2 Ko2 + 2 Ko 

(
K )

2 
K 2 - +4-+2 

Ko Ko 

(242) 

(243) 

(244) 

(245) 

The functions X, Y, and Z of Equations (227), (228), and (229), tabulated at taper 
factors of 0.1, 1.0, 10 and infinity in terms of the resistance parameters K, M, and N,are 
shown in Table 2. 
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* X = KMN/LST 
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• TABLE 2 

X, Y, and Z as a Function of K 

0.1 1.0 10.0 

.K.. K... .K... 
Ko Ko Ko 

111 K K 
3 K -+ 12 3 -+ 1.11 Ko+ 2.1 Ko Ko 

22 K K 
2.2 K -+ 1 4 -+ 1 -+ 1 Ko Ko Ko 

X Y, and Z as a Function of M ' 

0.1 1.0 10.0 

M_ M.. .M.. 
Mo Mo Mo 

11 M M 
1.1 

M 
Mo+ 112 2-+4 Mo+ 2.11 Mo 

12 M M 
2.1 M -+11 3-+2 Mo+ 1.l Mo Mo 

X, Y, and Z as a Function of N 

0.1 1.0 10.0 

1L l'L li. 
No No No 

:0 + 122 li. + 5 lL 
No No+ 2.21 

12 1L + 11 3R. + 2 2.1 1L 
No No No+ 1.l 

Y = N/T + K/L + M/S + K/S + M/T + K/T 

Z = KM/LT + KN/ LT + KM/LS + MN/ST + KN/ST 

79 

CX) 

K 
Ko 

K 
- +2 Ko 

K 
2 - + 1 

Ko 

CX) 

M.. 
Mo 

M -+2 
Mo 

2 M.. + 1 
Mo 

CX) 

l'L. 
No 

li.. +2 
No 

2 R. 
No + 1 
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Establishment of General Equations for 
Determining Amplitude-Modulation Effects 

The oscillator output voltage is dependent on the attenuation through the frequency­
determining network; thus, it is necessary to find the network attenuation as a function of 
the resistance parameters since they are used to vary the oscillator frequency. 

The second bracketed term of Equation (217) drops out, because it is the imaginary 
part of the complex gain (Equation (210)), leaving: 

(A)db = -10 log (1-22n.z)2 

where Z is the same as in Equation (229). 

Since oscillations occur when 

(A)db = -20 log\( 1 - ~) I 
where X, Y, and Z aregivenbyEquations (227), (228), and (229). 

(246) 

(247) 

(248) 

Equation (248) is reduced for taper factors of 0.1, 1.0, 10, and infinity in terms of the 
resistance parameter K (values of X, Y, and Z taken from Table 2): 

Taper Factor = 0.1 

(A)db = -20 log( 2442 t + 374 + 12 ~o ) 

Taper Factor = 1.0 

(A)db = -20 log ( 12 ~o + 14 + 3 ~) 

Taper Factor = 10 

{A)db -20 log( 2.442 ~o + 4. 73 + 2.1 ~o) 

Taper Factor = oo 

(A)db = -20 log ( 2 ~o + 4 + 2 ~o ) , 

Establishment of Equations for Frequency in Terms of 
the Resistance Parameters K, M, and N 

(249) 

(250) 

(251) 

(252) 

The relation between frequency of oscillation and the resistance parameters has already 
been given by Equation (240) in the octave form, as: 

2n= - 2=- = wCR. (
y).!. w 
X Wo 

(253) 

This equation is reduced for taper factors of 0.1, 1.0, 10, and infinity in terms of the 
resistance parameters K, M, and N (values of X and Y are taken from Table 2). 
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<; 

Frequency in Terms of K r• .,.. 
r;i 

Taper Factor = 0.1 ~ 
...... 

(12 ~o +111) ½ 
.. 

2n _,, 
== (254) "" 'l"'J' 

Taper Factor = 1. 0 ~ 
c:: 

2n = ( 3 ~o + 3) ½ (255) 
Taper Factor = 10 

2n = (2.1 ~o + 1.11)½ (256) 

Taper Factor = ex:, 
1 

2n = ( 2 ~o + 1) 
2 

. (257) 

Frequency in Terms of M 

Taper Factor = 0.1 

2n = (112 : 0 
+ 11)½ (258) 

Taper Factor= 1.0 

2n = (4 : 0 
+ 2) ½ (259) 

Taper Factor = 10 

2n = (2.11 : 0 
+ 1.1) ½ (260) 

Taper Factor = ex:, 

l 

2n = ( 2 : 0 
+ 1) 2 

. (261) 

Frequency in Terms of N 

Taper Factor = 0.1 

2n = (122 : 0 
+ 1 )½ (262) 

Taper Factor = 1.0 

2n = ( 5 : 0 
+ 1) ½ (263) 

Taper Factor = 10 

2n = (2.21 : 0 
+ 1)½ (264) 

Taper Factor = ex:, 
l 

2n = ( 2 :o + 1 ) 2 (265) 

* * * 



APPENDIX IV 
THREE-SECTION HIGH-PASS FILTER 

Derivation of General Equations 

Using the methods described in Appendix I the matrix of Figure 64 is written down 
and expanded: 

Figure 64 

= $·~-~o. 
0 1 . .L 1 

KR 

L _1_ .k.. 1 + -
K "wCR 

= _l_ 
KR 

1 

L _§___ L 
Xe = jwC ' jwC ' jwC 

1 1 1 
y R = KR ' MR ' NR • 

S 1 S 
l+M]c£R ;c 

MR 
1 NR 

T 
jwC 

1 

= [( l+ jwek)( l+ i«eiM) + jweiM] ~+ jwCTRN] +[(1+~)~+ ~] ~ £_(266) 

e b 

Since the complex transfer characteristic a = 1/~ 

1 a . b 
a = a - jb = a2 + b2 + l ... rf....-+....,b __ 2,.... (267) 

where 

a = [i-(· .r-R)-2 ( LS ST LT LT LS )] 
U/\., KM + MN + KN + MN + KN , 

(268) 

(269) 

82 
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The absolute gain and phase shift are immediately found as: 

A=v 
~ ~ I _ + _,......._........,_.. = (a2 + b2 )-2, 

( a2 + b2) 2 ( a2 + b2 )2 

b 
J3 = arctan - • 

a 

The absolute gain in decibels is: 

83 

(270) 

(271) 

(272) 

Expressing Equations (271) and (272) in te rms of a reference frequency Wo where w 0 = 
1/RC, and rewriting in octave form as described in Appendix II, the following equations 
result: 

_2 -:?,n LSTJ
2

} 

KMN 

= arctan 

(273) 

(274) 

Equations (273) and (274) are reduced for taper factors of 0.1, 1, 10, and infinity: 

Taper Factor= 0.1, K = 1, M = 0.1, N = 0.01 , 
L= 1, S = 0.1, T = 0.01. 

(A
0

)db = -10 log[2-en + 283·2-4n + 15083·2-20 + 1] , 

123·2-n - 2-3n 
/3n = arctan 1 - 23•r2n 

Taper Factor = 1. 0 , K = M = N = L = S = T = 1. 

(An)db = -10 log[2-en + 13•r4n + 26·2-2n + 1 J , 
6-2-n - 2-3n 

f3n = arctan ..::.....:::.....____::;___ • 
1 - 5·r20 

Taper Factor = 10, K = 1, M = 10, N = 100, 
L = 1, S = 10, T = 100. 

(An)db = -10 log [ren + 3.82·2-40 + 3.9041·r20 + 1], 

3.21 ·2-n - 2-3n 
f3n = arctan 

1 - 3.2-2-2n 

(275 ) 

(276) 

(277) 

(278) 

(279) 

(280) 

C 
::; 
~ 
r-
::, 
(. 

(. 

.. 
r-
c:: 
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Taper Factor• oo,M/K "'N/M • co 
S/L • T/S • co. 

(An)db = -10 log[2-en + 3•r•n + 3,2-an + 1], 

3-2-n-rsn 
f3n = arctan 1 - 3.r2n 

Establishment of General Equations for 
Determining Oscillator stability 

Since the stability of an oscillator is a function of the phase-shift slope of its fre­
quency-determining network it is only necessary to take the derivative of {3 in Equation 
(274) and obtain a relative stability in degrees per octave. 

(281) 

(282) 

The following substitutions are made in Equation (274) before taking the derivative: 

X = LST/KMN, 

Y = S/M + L/K + L/M + T /N + S/N + L/N, 

Z =LS/KM+ ST/MN+ LT/KN+ LT/MN+ LS/KN, 

A = U/V. 

Equation (274) is now rewritten as: 

(3 = arctan t:,,. 

and the derivative of (3 with respect to n is: 

d{3 
ctn 

1 dA 1 
= 1 +t:,,.2

• ctn= (U)2 

1+ -V 

vdU - udV 
dn dn 

v2 = 
v2 + u2 

~ _ {1-r2nz) {-Yln2·2-0 +3Xln2·2-3n) -(rnY-r30X) ( 2Zln2·2-2n) 
dn - (1-2-2nz)2+(2-ny_rsnx)2 

_ - [r4nxz + r 2 n (YZ - 3X) + Y] 2-n1n2 
- renx2 + r4n(z2 - 2XY) + 2-2n (Y2 - 2Z) + 1 

(283) 

(284) 

(285) 

(286) 

(287) 

(288) 

(289) 

(290) 

(291) 

Since this result is in units of radians per octave, it is necessary to multiply it by 
57.3 to convert to degrees per octave. The 1n 2 is a constant equal to 0.69315 alid it may 
be combined with the 57.3 to give the following result: 

~ _ -[r•nxz + 2-2n (YZ - 3X) + Y] 2-n (39.72) 
dn - 2-enx2 + ran(z2 _ 2XY) + 2-2n (Y2 _ 2Z) + 1 degrees/octave. (292) 
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To reduce Equations (283), (284), and (285) for any taper factor in terms of any one 
parameter, the following procedure is followed: 

Taper Factor = M/K = N/ M = S/L = T /S. 

In general K = L, M = S, N = T, but the separate symbols are retained for each param­
eter so that any one parameter may be varied independently. 

The parameter in terms of which the equation is being reduced is given a zero sub­
script for an operating point around which it is to be varied with the other parameters 
taking on relative values, according to taper factor. 

As an example, Equation (284) is reduced for a taper factor of 2 in terms of K where 
Ko= L, M = S, N = T, and M/Ko = N/M = 2: 

Y = S/M + L/K + L/M + T /N + S/N + L/N 

Y = 1 + ~o + .5 + 1 + .5 + .25 = ~o + 3.25. 

As a second example, Equation (285) is reduced for an infinite taper factor in terms 
of M where K = L, Mo= S, N = T, and Mo/K = N/Mo = 00 : 

Z =LS/KM+ ST/MN+ LT/KN+ LT/MN+ LS/KN 

Equation (292) gives the slope of the fj vs. n curve for any value of fl. Since it is 
desirable to solve for the slope only at the value of fJ equal to 180 degrees, 

fj = 180 degrees when arctan .1 = 'Tr 

,1 = 
2-ny - r3nX 

=0 
1 - 2-2nz 

2-ny - r 30x =0 • 

2-2n y 
= X 

rn 
=\ff· 

Substituting this value of rn in Equation (292) gives the 180-degree phase-shift 
slope for any values of the parameters K, L, M, N, S, and T. 

~--[( f)2 
XZ +(f) (YZ - 3X) + Y] ~ (39.72) 

dn - ( i )3 x 2 + ( i )2 ( z 2 
- 2XY ) +( i ) ( y 2 

- 2z) + 1 

-(XY2 Z - X2Y) ~( 79.44) 
= 

Y2 Z2 - 2XYZ + X2 

(293) 

c. 

C­
r­
:, .. .. 
,. 
I:: 



86 NAVAL IIIIIAIICH LA ■ OIIATOIIY 

• -YYXY (79.44) 
YZ - X • (294) 

Equation (294) is reduced for taper factors of 0.1, 1.0, 10, and infinity in terms of 
the resistance parameter K (Table 3 gives the values of X, Y, and Z): 

Taper Factor = 0.1 

.Eli._ -79.44 (122f + 1) s/2 

dn - K2 K 

Taper Factor= 1.0 

df3 
dn 

Taper Factor = 10 

Taper Factor = CX) 

1342~ + 1474 Ko + 12 

-79.44( 5!0 + 1) 
312 

= ---;....._--=----=----
.K:.. K_ 

10 KJ + 16 Ko + 3 

( 
K ) ~/2 

-79.44 2.21 K + 1 

( K )
2 

K 2.431 Ko + 4.741 Ko+ 2.1 

.!!Q_ = -79.44(2 ~ + 1 )312 

dn 2(!0 + 1 r 

(295) 

(296) 

(297) 

(298) 

Th.e functions X, Y, and Z of Equations (283), (284), and (285) tabulated at taper factors 
of 0.1, 1, 10, and infinity in terms of the resistance parameters K, M, and N are shown in 
Table 3. 

Establishment of General Equations for 
Determining Amplitude-Modulation Effects 

The oscillator output voltage is dependent on the gain through the frequency-deter­
mining network; thus, it is necessary to find· the network gain as a function of the resistance 
parameters since they a,re used to vary the oscillator frequency. 

The second bracketed term of Equation (273) drops out because it is the imaginary 
part of the complex gain ( Equation (267)) leaving: 

(An)db = - 10 log ( 1 - r 2n Z )2 (299) 

where Z is the same as in Equation (285) . Since by Equation (293) oscillation occurs when 
2-n = VY/X, 
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TABLE 3 • 

X, Y, and Z as a Function of K 

Taper 
Factor 0.1 1 10 00 

X Ko Ko Ko Ko 
K K K K 

y ~o + 122 Ko ~ 5 
K 

Ko l K+ 2.2 
Ko 2 K + 

z 12 Ko+ 
K 

11 3 ~+ 2 
K 

2.1 Ko 
K + 1.1 

2 Ko l 
K+ 

-

X, Y, and Z as a Function of M 

Taper 
Factor 0.1 1 10 00 

X 
Mo Mo .& Mo 
M M M M 

y 11 :
0 

+ 112 2 Mo+ 4 
M 

1.1 Mo 2 v+ .11 M o+ 2 
M 

z 12 M o+ 
M 11 3 Mo+ 2 

M 
2.1 ~ o + 1.1 2 M2.1 M + 

X, Y, and Z as a Function of N 

Taper I 

Factor 0.1 1 10 00 

X 1k. .fu. fu.. No 
N N N N 

y 111~+12 3 &+ S 
N 

1.11 t +2.1 &.+2 
N 

z 22 & 1 4 .,& + 1 2.2 &+1 2 No l 
N + N N v+ 

* X "'LST/KMN 

Y = S/M + L/K + L/M + T / N + S/N + L/N 

Z =LS/KM+ ST/MN+ LT/KN+ LT/MN+ LS/ KN. 
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(An)db = -20 log / 1 - ~ I· (300) 

Equation (300) is reduced for taper factors of 0.1, 1, 10, and infinity in terms of the 
resistance parameter K (values of X, Y, and Z are taken from Table 3): 

Taper Factor = 0.1 

(An)db = -20 log( 1342 ~o + 1474 + 12 ~o ) 

Taper Factor = 1. 0 

(An)db = -20 log (10 _!l + 16 + 3 Ko) 
Ko K 

Taper Factor = 10 

(An)db = -20 log ( 2.431 ~o + 4. 741 + 2.1 ~o ) 

Taper Factor = oo 

(301) 

(302) 

(303) 

(304) 

Reduction of Equation (300) in terms of the resistance parameters, L, M, and N at a 
taper factor of 1 results in the following equations: 

As a Function of L: 

~(

L j2 

L) 
3 

Lo+ 7 L (
3 

Lo+ 
7 

(An)db ::: -20 log L Lo - -L.---
5 - + 2 5-+2 Lo Lo 

(305) 

As a Function of M: 

2-+8 

~ M )

2 

(An)db ::: -20 log ( ~ 9 

5-+2 
Mo 

M... 
Mo ( M ) ~ 2-+8 

_ : 0 (7 : + 8) + 1 . (306) 
5-+2 ° 

Mo 

As a Function of N: 

(An)db - -20 log 
No+ 

9 
N No+ 

9 
N ) 

[( 
N j2 

( N j ~ 5 ~ + 2 No 5l + 2 ( 6 No + 9 + 1 • (307) 

Establishment of Equations for Frequency in Terms of 
the Resistance Parameters K, M, and N 

The relation between frequency of oscillation and the resistance parameters has 
already been given by Equation (293) in the octave form as: 
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2-n =S!L = wCR; - 2
• ( y) .!. 

Wo X 

This equation is reduced for taper factors of 0.1, 1.0, 10, and infinity in terms of the 
resistance parameters K, M, and N (values of X and Y are taken from Table 3) : 

Frequency in Terms of K 

Taper Factor ; 0.1 

K )-½ 
2n = (122 Ko + 1 (308) 

Taper Factor = 1. 0 

(309) 

Taper Factor = 10 

( 

K )-½ 
2.21 Ko + 1 (310) 

Taper Factor = co 

K ) _.!. 
2n = ( 2 Ko+ 1 2 (311) 

Frequency in Terms of M 

Taper Factor = 0.1 

(312) 

Taper Factor = 1. 0 

M ) _.!. 
2n ; ( 4 Mo + 2 2 (313) 

Taper Factor = 10 

( M ) -½ 2.11 Mo+ 1.1 (314) 

Taper Factor = co 

( 
M ) -½ 2n = 2 Mo+ 1 (315) 

Frequency in T,erms of N 

Taper Factor = 0.1 

(316) 
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Taper Factor = 1.0 

(317) 

Taper Factor = 10 

(318) 

Taper Factor = cxi 

(319) 

* * * 



APPENDIX V 
FOUR-SECTION LOW-PASS FILTER 

Derivation of General Equations 

Using the methods described in Appendix I, the matrix of Figure 65 is written down 
and expanded: 

Xe= 1/jwC = 1/ pC = R/ pCR =R/U. 

Letting R equal 1.0, 

Xe = 1/ U; P/ U, Q/U, S/U, T/ U 

Ye= U/ P, U/ Q, U/ S, U/ T 

ZR = K , L, M, N. 

KR 

~
u :ff *'u 

= . 1 + - L . 1 + - M . 1 +- N 

U 1 ~ 1 ~ 1 
Q S T 

= 

Figure 65 

a = [ ( l + ~U )( l + LQU) + ~] [ ( l + ~U) ( l + NTU) + ~U ] 

+ [( 1 + ~) L + K] [ ( t + NTU) ~ + ~ ] • 

Since the complex attenuation a = 1/ a, 

a = 

where 

KLMN 
X = PQST 

91 

NU+ l 
s 

(320) 

(321) 

(322) 
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Y KLN KLN KLM LKM LMN KMN KMN 
=m--+PQT+~+ PQT+~+~+~ 

Z __ LN + LM + KM + KN KN + KL + KM KN + LN + MN LM + KM 
--------+------+-----+----

QT 

KM+ KL KL 
+ PS + PQ 

PT 

6 
K K+L K+L+M K+L+M+N 

=p+ -Q-+ S + T 

Since U = jwCR, 

1 
a=-----------------

(wCR)4 X - j(wCR)' Y - (wCRf Z + j(c.tCR) 6 + 1 

a= 
1 a . b 

a - jb = a2 + b2 + l a2 + b2 

where a= (wCR)4 X - (wCR)2 Z + 1 

b = (c.£R)3 Y - (c.tCR) 6 • 

ST 

The absolute gain and phase shift are immediately found as: 

Vt 
a2 b2 1 

(A) = --- + ---- = (a2 + b2 ) -2, 
(a2 + b2)2 (a2 + b2)2 

b 
{3 = arctan - • a 

The absolute gain in decibels is: 

1 

(A)db = 20 log (a2 + b2) - 2 = -10 log (a2 + b2) 

where a and b are given by Equations (328) and (329). 

QS 

(323) 

(324) 

(325) 

(326) 

(327) 

(328) 

(329) 

(330) 

(331) 

(332) 

On expressing Equations (331) and (332) in terms of a reference frequency Wo (where 

wo = 1/RC) and rewritfng in octave form as de&cribed in Appendix Il, the following equations 

result: 

(333) 

2sny -2n6 
f3n = arctan 2•nx _ 22nz + l (334) 

Equations (333) and (334) are reduced for taper factors of 0.1, 1, 10, and infinity: 

Taper Factor = 0,1 

(335) 
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34·23n - 1234·2n 
/3n = arctan -------

24n - 366·22n + 1 

Taper Factor = 1. 0 

(An)db= - 10 log [( 24n - 15·220 + 1) 2 + ( 7·23n - 10•2°) 2 ], 

7·230 - 10·2° 
f3n = arctan 2m - 15 · 22n + 1 

Taper Factor = 10 

(A0 )db = -10 log [(240 - 6.63·220 + 1) 2 + (4.3·230 - 4.321·2n) 2
], 

4.3·230 - 4.321•2° 
f3o = arctan 24n - 6.63·220 + 1 , 

Taper Factor = co 

(An)db = -10 log [(240 - 6·220 + 1) 2 +(4·23n - 4-2n) 2
], 

4.23n - 4·2n 
f3n = arctan 2in - 6·22n + 1 

Establishment of General Equations for 
Determining Oscillator Stability 

93 

(336) 

(337) 

(338) 

(339) 

(340) 

(341) 

(342) 

Since the stability of an oscillator is a function of the phase-shift slope of its frequency­
determining network it is only necessary to take the derivative of f3 in Equation (334) with 
respect to n and obtain a relative stability in degrees per octave: 

23ny - 2° o U 
(3 = arctan------ = arctan-

2•nx - 2mz + 1 V (343) 

vdU - udV 
dn dn 
u2 + v2 

(344) 

_ (2mX - 22Ilz + 1) ( 3Yln 2·2311 - 6 ln 2-2°) -(23ny - 2no) ( 4Xln 2•240 - 2Zln 2·22n) 
do - (2sny - 2no)2 + (2tnx - 22iiz + 1)2 

- [28°XY + 2•n (YZ - 3Xo) + 22n (Zo - 3Y) + o]2nln2 
= ....,,.---,,.......--,.--"--.,,..-------.--.,.....-----------,----,-------

28nx2 + 280 (Y2 - 2XZ) + 24n{ Z2 + 2X - 2Y o) + 22n(o 2 - 2Z) + 1 dn 
(345) 

Since this result is in units of radians per octave, it is necessary to multiply it by 
57.3 to convert to degrees per octave. The In 2 is a constant equal to 0.69315 and it may 
be combined with the 57.3 to give the following result: 

d{3 _ -[280(xY)+2'0 (YZ-3Xc5) +220 (zo-3Y)+c5]2°(39.71)degrees. 
dn - 280x 2 + 28n(y2 - 2XZ} + 24n(Z2 +2X-2Yc5) + 2:in (c5 2 -2Z) + 1 octave (346) 
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Equation (346) gives the slope of the f3 vs. n curve for any value of {3. Since it is 
desirable to solve for the slope only at the value or f3 equal to 180 degrees, 

f3 = 180° when arctan ~ = 1r 

u v= o 
U = 23 ny _2no = 0 

n / .! 2 = (o Y) 2 • (347) 

Substituting this value of 2n in Equation (346) gives the 180-degree phase-shift slope 
for any values of the parameters K, L, M, N, P, Q, S, and T. 

_M _ - [ ( t)3 

XY +( -v2 

(YZ - 3Xo) +( t) (oZ - 3Y) + o]( ~ i(39.72) 

dn (~)
4 

X
2 + (~)3 (Y 2 

- 2XZ) +( ~ y (Z
2 + 2X - 2Yo) +( ~) (o2 

- 2Z) + 1 

-79.44 (oY) s/2 
= ------'------'---

o YZ - Xo2 
- Y2 (348) 

Equation (348) is reduced for taper factors of 0.1, 1, 10, and infinity in terms of the 
resistance parameter K (Table 4 gives the values of X, Y, Z, and o): 

Taper Factor = 0.1 

~ = - [ 366e3(½o-) 
2 

+ 517o(fo) + 123] 
312 

(79.44) 

dn 11341088(~J + 2342164(~J + 1459o4(~J + 2828] 

Taper Factor = 1. 0 

Taper Factor = 10 

!W__ 
dn -

-[ 3.6663(~J
2 

+ 11.704(~J + 3.21] s/2 (79.44) 

( K )
3 

(K )
2 

(K ) 11.341088 Ko + 33.8546 Ko + 31.559 Ko + 9.272 

Taper Factor = ex:, 

~-
dn -

-[3(tr + 1o(I) + 3 J s/2 (79.44) 

s(~
0 

+ 1) 

(349) 

(350) 

(351) 

(352) 

The functions X, Y, Z, and o of Equations (322) through (325) tabulated at taper factors 
of 0.1, 1, 10, and infinity in terms of the resistance parameters K, L, M, and N are shown 
in Table 4. 
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C 

TABLE 4 <:; 
::r 

X, Y, Z, and o as a Function of K 
.,. 
~ 
~ 

Taper Factor 0.1 1.0 10 co <s. 
... ..., 

X K K K K 
Ko Ko Ko 

-
Ko 

... 

"' r,:, 
i; 

y K K 3.3 
K K 

33 Ko+ 1 6 Ko+ 1 -+ 1 3 - + 1 
Ko Ko 

K K 3.43 K K z 343 Ko+ 23 10 Ko+ 5 Ko+ 3.2 3- +3 
Ko 

0 
K K K K 

1111 Ko+ 123 4- +6 1.111 Ko+ 3.21 -+3 
Ko Ko 

X, Y, z, and o as a Function of L 

Taper Factor 0.1 1.0 10 co 

X 
L L L L 
Lo Lo Lo Lo 

23 ~o + 11 
L 3.2 L 3 L + 1 y 5-+2 Lo + 1.l Lo Lo 

z 133 t + 233 
L 3.31 L 3 .!:_ +3 7-+8 Lo + 3.32 Lo Lo 

0 111 t + 1123 3 .h +7 1.11 L L 
Lo + 3.211 -+3 

Lo Lo 

X, Y, Z, and o as a Function of M 

Taper Factor 0.1 1.0 10 co 

X .M.. M M M -
Mo Mo Mo Mo 

y 23:0 + 11 
M 3.2 

M M 5- +2 Mo+ 1.l 3-+ 1 
Mo Mo 

z M M 3.31 M M 
133 Mo+ 233 7-+8 Mo+ 3.32 3-+3 

Mo Mo 

0 11:0 + 1223 
M 1.1 M .M.. + 3 2-+8 Mo+ 3.221 Mo Mo 

X, Y, Z, and o as a Function of N 

Taper Factor 0.1 1.0 10 C() 

X 1i. N N N 
No No No No 

y 23~0 + 11 
N 3.2 N 3~ + 1 5- +2 No + 1.l No No 

123~0 + 243 61i.+9 3.21 N 3E.... + 3 z 
No No + 3.42 No 

0 N N N N 
No+ 1233 -+9 No + 3.321 - +3 No No 
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Establishment of Equations for Frequency in Terms 
of the Resistance Parameters K, L, M, and N 

The relation between frequency of oscillation and the resistance parameters has 
already been given by Equation (347) in the octave form as: 

This equation is reduced for taper factors of 0.1, 1, 10, and infinity in terms of the 
resistance parameters K, L, M, and N (values of Y and o are taken from Table 4): 

Frequency in Terms of K 

Taper Factor = 0.1 

2n = o 
(

1111~ +123)½ 

33 ~o + 1 

Taper Factor = 1. 0 

Taper Factor = 10 

Taper Factor = ro 

Frequency in Terms of L 

Taper Factor = 0.1 

Taper Factor = 1. 0 

(353) 

(354) 

(355) 

(356) 

(357) 

(358) 
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~ 
~ 

Taper Factor • 10 ... 
::i 

( 

L J½ 

..,., 
~ 

1.11 to+ 3.211 .. 
2n ;; (359) 

3.2 Lo+ 1.1 r 
"-

Taper Factor = 00 

( )

1 
L 

3 
2 

-+ 
2n = Lo • (360) 

3 t + 1 

Frequency in Terms of M 

Taper Factor = 0.1 

2n = 
(

11 :0 + 1223 )½ 

23 :0 + 11 
(361) 

Taper Factor = 1. 0 

(

2: +8 )½ 
2n = o (362) M 5-+2 

Mo 

Taper Factor = 10 

( 

M J½ • 1.1 M + 3.221 
2n = o (363) M 

3.2 Mo. + 1.1 

Taper Factor = oo 

( )

1 
M 3 2 

2n = M~+ (364) 
3-+ 1 

Mo 

Frequency in Terms of N 

Taper Factor = 0.1 

(365) 
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Taper Factor = 1. 0 

Taper Factor = 10 

Taper Factor = «l 

NAVAL WESEA"CH LABOltATOltY 

( 

N ) ½ ~+9 2n ., .....,,.,;o __ _ 
5-N +2 

No 

2n= _o ____ _ 

(

: + 3.321 ) ½ 

3.2 :0 + 1.1 

Establishment of General Equations for 
Determining Amplitude-Modulation Effects 

(366) 

(367) 

(368) 

The oscillator output voltage is dependent on the gain through the frequency-determining 
network; thus, it is necessary to find the network gain as a function of the resistance param­
eters, since they are used to vary the oscillator frequency. 

The second bracketed term of Equation ( 333) drops out because it is the imaginary 
part of the complex gain (EqU2tion (326)) leaving: 

where X and Z are the same as in Equations ( 322) and ( 324). 

Since oscillation occurs when 

2n = ,/6 rv, 
(An)db = -20 log l[( ~f X - ( ~ )z + 1 ]1 · 

(369) 

• 

(370) 

Equation ( 370) is reduced for taper factors of 0.1, 1, 10, and infinity in terms of the 
resistance parameter K ( values of X, Y, Z, and O are taken from Table 4): 

Taper Factor = 0.1 

(A)db = -20 log 
{

.!£.. ("" t, + 123) 

2 

_ 

Ko 33.!._ + 1 
Ko t111 ~ + 123 ) ( K ) } Ko 343K+23 +1 

33- + 1 ° 
Ko 

(371) 
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Taper Factor'"' 1.0 

~( 

K )

2 

4-+6 
(A)db = -20 log to 

6-+ 1 
Ko 

Taper Factor = 10 

K 
Ko - ( 

K ) } 
4-+6 

~o ( 10 ~ + 5) + 1 
6-+ 1 ° Ko 

99 

(372} 

[( 

K · ) 

2 

1.111 K + 3.21 K 
(A)db = -20 log K O 

( KJ -
3.3 Ko+ 1 ( 

K ) j 1.111 K + 3.21 K 
Ko (3.43 K + 3.2) + 1 (373) 

3.3 Ko + 1 o 

Taper Factor = c:JJ 

(374) 

* * * 

~ -
~ 
I:; 
c 
fr' .. 
:; 
I" 

t 



APPENDIX VI 
FOUR-SECTION HIGH-PASS FILTER 

Derivation of General Equations 

Using the methods described in Appendix I the matrix of Figure 66 is written down 
and expanded: 

c,P c10 c,s c1T ~-.... ----~--{) 

KR LR MR NR -

Figure 66 

1 1 R R 
Xe - jwC - PC - PCR - U • 

Letting R = 1 , 

Xe = ul ·, p Q s T 
U'U'U ' U 

_ ~t _ ito _ 
1

~u 
- 0 1 - 1-1 0 1 
L M * -

N 

p p _£_ g_ s s T T 
l + KU u l + LU u l +MU u l + NU u 

= 

K 
1 

L 
1 

M 
1 

N 1 

U -2 gg_ u-1 ( P E.. .Q.) 1 
KL+ K+ L + L + u-2 ~ + u-1 {P+Q) -2 ST -1( S T S j 

U MN+U M+N+N,+l 
= 

u-i(~) + ( ~ + ~ ) 

a= [ u-2 
;~ + u-

1
(: + t+ ~ ) + 1] [ u-2 ~ + u-1 

( ~ + ~ + ~) + 1] 

+ [ u-2 PKQ + u-i (P + Q)] [ u-i ~ + ( ~ + ~ ) ] • 

Since the complex gain {a) through the network is 1/ a , 
1 

where X _ PQST 
- KLMN ' 

_ ~ PQT PQS ~ ~ PST PST 
y - KMN + KLN + KLM + KLN + LMN + KMN + LMN ' 

100 

{375) 

(376) 

(377) 

(378) 
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Z _ QT + QS + PS + PT PT + PQ + PS PT + QT + ST QS + PS PS+ PQ ~-(379) - LN + KN + MN + LM + KM + KL 

~ P P+Q P+Q+S P+Q+S+T 
u=1c+-L-+ M + N 

Since U = jwCR 

1 
a = (wCR)-4X + j(wCRr3 Y - (wCRr2 Z- j(wCR)-10 + 1 

1 a . b 
a = a - jb = a2 + b2 + J a2 + b2 • 

The absolute gain and phase shift are: 

b f3 = arctan -a 

where a= (wCRr4 x - (wCR) - 2z + 1 

b = (wCR)- 1 o - (wCR) -sy-. 

.The absolute gain in decibels is: 

l 2 2 (A)db = 20 log (a2 + b2
) - 2 = - 10 log (a + b ). 

(380) 

(381) 

(382) 

(383) 

(384) 

(385) 

(386) 

(387) 

On expressing Equations (384) and (387) in terms of a reference frequency (wo) where 
wo equals 1/RC and rewriting in octave form as described in Appendix Il, the following 
equations result: 

(An)db = -10 log{ [(2-411X -2 - 2nz + 1) 2 ] + [(2-no - 2-sny)2 J}, 
2-n6 - 2-3ny 

/3n = arctan r•h X - 2 -2n z + 1 

Equations (388) and (389) are reduced for taper factors of 0.1, 1, 10, and infinity: . 
Taper Factor= 0.1, L/K = M/L = N/M = 0.1, 

Q/P = S/Q = T /S =0 .1. 

(An)db = -10 log [(2-m - 366•2-2n + 1)2 + (1234•2-n - 34•2-3n) 2 ] , 

1234.2-n - 34.r3n f3 = arctan ------------n 2-•n - 366·2-zn + 1 

Taper Factor= 1.0, L / K = M / L = N/M = 1.0, 
Q/P = S/ Q :a T/ S = 1.0. 

(388) 

(389) 

(390) 

(391) 

(392) 
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10-2-n - 7.2-sn 
f3n = arctan 2_,n _ 15.2_2fi + 1 

Tap.er Factor= 10,L/ K = M/L = N/M = io, 
Q/P = S/Q = T/S = 10. 

(An)db = -10 log[(2-m - 6.63•2-2 n + 1)2 + ( 4.321·rn - 4.3·2-3n) 2
], 

4.321·rn - 4.3·r3n 
/3n = arctan 2-4n - 6.63·r2n + 1 

Taper Factor = w, L/ K = M / L = N/M = w, 
Q/ P = S/ Q = T / S = w . 

(An)db = -10 log [(rm - 6·2-2 n + 1) 2 + ( 4.2-n - 4.2-3 n)2], 

4·2-n - 4.2-3n 
f3n = arc tan r4li - 6 ·2-2n + 1 • 

Establishment of General Equations for 
Determining Oscillator Stability 

(393) 

(394) 

(395) 

(396) 

(397) 

Since the stability of an oscillator is a function of the phase-shift slope of its frequency­

determining network, it is only necessary to take the derivative of f3n (Equation (389)) 

with respect to n and obtain a relative stability in degrees per octave. 

2-n o - 2-3n Y U 
/Jn = arctan 2-4n X _ 2-2n Z + 1 = arctan V ' 

df3 
= 

dn 

V dU UdV 
dn - dn 

u 2 + v 2 

(398) 

(399) 

df3 _ cr•nx - r 2 nz + 1) (-6 ·rn1n 2 + 3y-2-3 n1n2) - c2-n o - 2-3 ny) (-4X· 2-m1n2 +2z-r2 n1n2) 

dn - ( 2-2 no 2 -20Y•2- 4 n + 2-"ny2

) +(2-snx2 +2-•nz2 + 1-2xz·r0 n+ 2x-r•n-2z-r2 n) (400) 

_ -[2-0n XY + 2-•ncyz - 3oX) + 2-2n ( oz - 3Y) + o] rnln2 (40l) 

- 2-snx2 + ren (Y2 - 2XZ) + 2-◄n (z2 + 2X-26Y) +2-2n( o2 -2Z) + 1 

Since this result is in units of radians per octave it is necessary to multiply it by 

57.3 to convert to degrees per octave. The In 2 is a constant equal to 0.69315 and it may 

be combined with the 57.3 to give the following result: 

~ = 
dn 

-[r0nxy+r•n (YZ - 3oX) +2-2n( oz - 3Y) +0J2-n(39.72) degrees. (402) 

rsnX2 + 2-&n (Y2 

- 2XZ) + 2-m (Z 2 + 2X - 2 oY) + 2-2 n (02 

- 2Z) + 1 octave 

Equation ( 402) gives the slope of the f3 vs. n curve for any value of f3 . Since it is 

desirable to solve for the slope only at the value of (3 equal to 180 degrees: 

f3 = 180° when arctan ~ = 1T 
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JL = 0 
V 

103 

(403) 

Substituting this value of rn into Equation ( 402) gives the 180-degree phase-shift slope 

for any value of the parameters K, L, M, N, P, Q, S, and T. 

~=--~~(~~_r_x_Y_+~(~~~Y- ~_z_-_3_o_x_)_+(-~~)_(o_z_-_3_Y)_+~~Vf-~_(_39_.7_1_) __ 

dn ( ~/x2 +( ;y (Y2 -2XZ) +(f)\z
2 +2X - 26Y) +( ~)(6 2 -2Z) +1 

= -79.44(Y6) 
312 

6YZ -X62 -Y2 
(404) 

Equation ( 404 ) is reduced for taper factors of 0.1, 1, 10, and infinity in terms of the 

resistance parameter K (Table 5 gives the values of X, Y, Z, and 6): 

Taper Factor = 0.1 

~ = -79.44 [23(~)2 + 28370( ~) + 13563] 
312 

dn [2828(~0)3 + 34921o4(~0 )2 + 7041364 ~ 0 + 3295688] 

Taper Factor = 1.0 

dn 

-79.44 (5 ( ~Y +47(~)+iaJ 
312 

[29(~
0 )3 + 284(~

0 Y + 43~ ~of 158] 

Taper Factor = 10 

-79.44 [3.2(~
0 r + 11.73(~

0
) + 3.65] 

312 

Taper Factor = «> 

[ 
,,( K \2 ( K ) ] sh 

-79.44 '\ K 0 1 + 10\K O
 

+ 3 

(405) 

(406) 

(407) 

(408) 

The functions X, Y, Z, and o of Equations (377) through (380), tabulated at taper 

factors of 0.1, 1, 10, and infinity in terms of the resistance parameters K, L, M, and N 

are shown in Table 5. 
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TABLE 5 

X, Y, Z and 6 as a Function of K ' 
Taper Factor 0.1 1 10 00 

X Ko Ko Ko .& 
K K K K 

y 23 Ko+ 11 5 Ko +2 3.2 Ko+ 1.1 3 Ko+ 1 
K K K K 

z Ko 
243 6 

Ko 
+9 3.21 ~o + 3.42 3 Ko 3 1231(+ K r+ 

6 Ko+ 1233 
K 

Ko 
K + 9 ~o + 3.321 Ko+ 3 

K 

X, Y, Z, and o as a Function of L 

Taper Factor 0.1 1 10 CX) 

X Lo Lo Lo Lo 
L L L L 

y 23 Lo+ 11 5 
Lo 

+2 3.2 to+ 1.1 3 Lo+ l 
L L L 

z 133 Lo+ 233 7 Lo + 8 3.31 Lo+ 3.32 3 Lo+ 3 
L L L L 

6 11 Lo+ 1223 2 Lo + 8 1.1 Lo+ 3.221 Lo+ 3 
L L L L 

X , Y, Z, and o as a Function of M 

Taper Factor 0.1 1 10 00 

X Mo Mo Mo Mo 
M M M M 

y 23 Mo+ 11 5 Mo + 2 3.2 Mo+ l.l 3 Mo+ 1 
M M M M 

Mo 
233 7 

Mo 
+8 3.31 

Mo 3 Mo 3 z 133 M + M M+ 3.32 M+ 

6 111 : 0 + 1123 3 Mo +7 1.11 Mo+ 3.211 Mo+ 3 M M M 

X, Y, Z, and o as a Function of N 

Taper Factor 0.1 1 10 00 

X No No No No 
N N N N 

y 33 No+ 1 6 No + 1 3.3 No+ 1 3 No+ l 
N N N N 

z 343 ,lli + 23 10 No + 5 3.43 No+ 3.2 3 No+ 3 
N N N N 

0 1111:
0

+ 123 4 No + 6 1.111 ~o + 3.21 No+ 3 
N N 
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The relation between frequency of oscillation and the resistance parameters has already 

been given by Equation (403) in the octave form as : 

2 •
0 =; =w~R =vt • (409) 

Wo 

Equation (409) is reduced for taper factors of 0.1, 1.0, 10, and infinity in terms of the 

res istance parameters K, L, M, and N (values of Y and o are taken from Table 5) : 

Taper Factor "' 0.1 

Taper Factor = 1. 0 

Taper Factor = 10 

Taper Factor = co 

Taper "Factor = 0.1 

Taper Factor "' 1. 0 

Frequency in Terms of K 

( 

K ~ ½ 1.1 K + 3.2 
2n = o 

K 
3.321 Ko + 1 

Frequency in Terms of L 

2n = ( 11 f + 23 \ ½ 

\ 1223 to + 11/ 

(410) 

(411) 

(412) 

(413) 

(414) 

(415) 
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Taper Factor = 10 

Taper Factor = co 

Tape::.- Factor = 0.1 

Taper Factor = 1.0 

Taper Factor = 10 

Taper Fact9r = co 

Taper Factor = 0.1 

Taper Factor = 1. 0 

NAVAL ltlSIAltCH LABOltATOltY 

2n = __ o"'::---

~

1.1 t + 3.2 j ½ 
3_221 to+ 1.1 

Frequency in Terms of M 

( 

M 
1.1 M + 3.2 

2n = o 

3.211 :0 + 1.11 

( j 
I. 

M 
3 

2 

2n = ~ + . 
3-+ 1 

Mo 

1 
2 

Frequency in Terms of N 

(416) 

(417) 

(418) 

(419) 

(420) 

(421) 

(422) 

(423) 



Taper Factor = 10 

Taper Factor = o0 
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Establishment of General Equations for Determining 

Amplitude-Modulation Effects 

107 

(424) 

(425) 

The oscillator output voltage is dependent on the gain through the frequency-determining 

network; thus, it is necessary to find the network gain as a function of the resistance param­

eters since they are used to vary the oscillator frequency. 

The second bracketed term of Equation ( 388) dr ops out because it is the imaginary 

part of the complex gain ( Equation (381)) leaving: 

(An)db = -10 log (2-4nX - 2-rnz + 1) 2 (426) 

where X and Z are the same as in Equations (377) and ( 379). 

Since oscillation occurs when 

(427) 

(4.28) 

Equation (428) is reduced for taper factors of 0.1, 1.0, 10, and infinity in terms of 

the resistance parameter K ( values of X, Y, Z, and o are taken from Tabl e 5) . 

Taper Factor = 0.1 

(A)db = -20 log J/( ~ + 1233 \2 ! o 

~ 23~ + 11) 

Taper Factor= 1.0 

_(~ + 1233) 

\ 23~+ 11 

(A)db = -20 logtt : :)' ~ • -( ~ + . \ ) ( 6¥+ 9) + 1} 

(429} 

(430) 



108 NAVAL RESEARCH LABORATORY 

Taper Factor = 10 

, Ko + 3.321 

{

/ K \ 2 

= -20 log ( ·-----· ) 
\ 3.2 ~o + 1.1) 

Taper Factor = oo 

(A)ctb = -20 log ~ + ~~ Ko 3 )
2 

3-l!.+ 1 
K 

1$.g_ _ (~o + 3.321 ~ ( K j 3.21~K + 3.421,, + 1 (431) 
K 3.2 ~o + 1.1 

(432) 

* * * 



APPENDIX Vil 
ZERO-PHASE-SHIFT NETWORK 
Derivation of General Equations 

Using the methods described in Appendix I the matrix of Figure 67 is written down 
and expanded: 

Xe = 1/j we = 1/ pe = R/ peR = R/ U. 

Letting R = 1, 

c,P 
o-t~-/I.AAJV'-a-AAA/1,.....____,~----,() 

= 

1 p 
Xe =- u u 
Ye = U u 

Q 

ZR = L , M 

1 1 
YR = K ' N 

T 
' u 

u 
' s 

Figure 6 7 

$- i I : · : I : ~ I : : I 7 • ~I : · : I ~ · ~ I: 
~ 1+-t-UIL 1+-~-,M l+-Ju-1 ii 

----+--1 - • _Q_ 1 • .!l_ 1 • J.. 1 
K Q s N 

a = [ ( 1 + iu) ( 1 + tu ) + ~ ] [ ( 1 + ~u ) ( 1 + Ju) + ~ ] + [ ( 1 + iu) L + ~ ] 

[ ( 1 + ~) ~ + t ] . (433) 

Since the complex attenuation a. = 1/ a 
I 

(434) 

where 

x=l&'!.. 
QS 

(435) 

109 
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M L LMT LM PLM PM L 
Y =s+cr+ NQs + QN° + KQs .. QS""+ s 

TM M PL PLTM PLM P PTM PM 
z = l + NS + N + KQ + KQNS + KQN + Q + NQS + QN 

LT PM LT L P PL 
+ QN+ KS + NS+ N+ s+ KS 

Since U = jw CR , 

1 
a= 

{jwCR)2 X + (jwCR)Y + Z + j:CR + -(j---'w r:,=-C-R)2~ 

1 
a= -,[~z---(w_~_R_)_

2 
__ (w_C_R_)_2 _x=J-+-j=8-w_C_R-)Y---w~~~R-=-] 

(436) 

(437) 

(438) 

(439) 

(440) 

On expressing Equation (440) in terms of a reference frequency w0 (where w0 = 1/ RC) 
and rewriting in octave form as described in Appendix Il the following equation results: 

1 a a=--= 2 2 
+ . b 

J a2 + b2 a - jb a + b 

where 

a = (Z - 2-2 n.E-2 2n X) 

b = (2 -no - 2nY). 

(441) 

(442) 

(443) 

(444) 

The equations for phase shift and absolute attenuation are immediately found as: 

b 
~ = arctan - • a 

The absolute attenuation may be expressed in decibels as: 

(445) 

(446) 

(447) 

Replacing the values for a and b found in Equations (443) and (444) into the phase-shift and 
attenuation Equations (445) and (446), 
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(An)db = - 10 logf z - r 2n !: - 2mx) 2 + ( 2-n5 - 2ny)
2
}, 

2-no - 2+lly 

Equations ( 448) and ( 449) are reduced for taper factors of 1, 10, and infinity: 

Taper Factor = 1 

(An)db = - 10 log ( 24n + 19·22n + 87 + 70·r2n + 2-4n) , 

10-2-n - 7·2n 

Taper Factor = 10 

(An)db = -10 log (2m + 5.41·22n + 7.591 + 5.59104l·r2n + 2-m), 

4.321·2-n - 4.3·2n 
f3n = arctan _ ( r2n _ 6_ 54 + 22n) 

Taper Factor = co 

(An)db = -10 log (24n + 4"22n + 6 + 4·2-m + r 4n), 

4·rn - 4·2n 
/3n = arc tan -( 2211 - 6 + r2n) • 

Establishment of General Equations for Determining 
Oscillator Stability 

rno - 2ny u 
f3n = arctan Z _ 2-2n!: _ 22nx = arctan V 

d/3 = 
dn 

VdU - UdV 
u2 + v2 

2.§._ (z-r2n~ - 22nX) (-oln2·2-n-Yln2·2n)- (2.-no-2nY) (2!:ln2·2-2n -2x1n2·22n) 
dn - (2-no - 2ny)2 + (Z - 2-2n!: - 22nx)2 

~ _ - [23D(XY) + 2n(YZ - 3Xo) + rn(o Z- 3I:Y) +r3n (!:o)] ln2 (57.3) 
ctn - t01(x2 ) + 22n(y2 - 2xz) + (z2 + 2X!: - 2Yo) + 2-2n (o 2 

- 2Z!:) + r 4n (!:)2 

(448) 

(449) 

(450) 

(451) 

(452) 

(453) 

(454) 

(455) 

(456) 

(457) 

(458) 

The last equation has the factor (57. 3) in order that it be in units of degrees per octave 
rather than radians per octave. 

Equation ( 458) gives the slope of the f3 vs. n curve for any value of f3 . Since it is 
desirable to solve for the slope only at the value of f3 equal to 180 degrees, 

{3= 0° when arctan U/V = 0 

C 

f 
~ .. 
~ 
~ ... 
I; 

t. 
F 
I;, 
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u V = o 

U = 2-n o - 2° Y = 0 

(459) 

Substitution of this value of 2n in Equation (458) gives the zero-degree phase-shift 
slope for any values of the parameters K, L, M, N, P, Q, S, and T. 

Jr O 3/2 O ) 1/2 ( O )-1/2 ( O )-3/2 ] ~ = llY) (XY) + (y (Yz - 3xo) + Y (oz -3~}+ Y Eo (In 2) (57.3) (
460

) 

dn (t y X2 
+(~)(Y

2 
- 2XZ) +(Z2 + 2XE-2Yo) + ( ;r1 

(o 2 -2ZE) + (;r2 

E2 

Establishment of Equations for Frequency in Terms of the 
Resistance Parameters K, L, M, and N 

The relation between frequency of oscillation and the resistance parameters has 
already been established by Equation ( 459) in the octave form as: 

w ( o )½ 2n = - = wCR = - • 
Wo Y 

This equation is reduced for taper factors of 1 and 10 in terms of the resistance 
parameters K, L, M, and N (values of Y and o in terms of the resistance parameters are 
given in Table 6): 

Taper Factor = 1 

Taper Factor = 10 

Taper Factor = 1 

Frequency in Terms of K 

2n = _K____,o~_ 

(

4 K + 6 )½ 

6 _K_+l 
Ko 

( 

K ~½ 1.111 K + 3.21 
2n = o . 

K 
3.3 Ko+ 1 

Frequency in Terms of L 

(

3~ +7 )½ 
2n = _..........co __ 

5 L + 2 
Lo 

(461) 

(462) 

• (463) 



Taper Factor = 10 

Taper Factor = 1 

Taper Factor = 10 

Taper Factor = 1 

Taper Factor = 10 
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2
n = 1.11 f + 3.211 

( 

L ) ½ 

3.2 Lo + 1.1 

Frequency in Terms of M 

~ 
M ½ 

1.1 Mo+ 3.221 

M . 
3.2 Mo+ 1.1 

Frequency in Terms of N 

)

I 
N g 2 

2n =( ~ + 
5- + 2 

No 

)

1 
N 2 

N 
+ 3.321 

2n = o 

c.2 ~ •1.1 

113 

(464) 

(465) 

(466) 

(467) 

(468) 

The functions X, Y, z, o, and I:, of Equations ( 435) through (439), tabulated at taper 
factors of 1, 10, and infinity in terms of resistance parameters K, L, M, and N are shown 
in Table 6. 

Establishment of General Equations for Determining 
Amplitude-Modulation Effects 

The oscillator output voltage is dependent on the attenuation through the frequency­
determining network; thus, it is necessary to find the network attenuation as a function of 
the resistance parameters, since they are used to var y the oscillator frequency. 

The second bracketed term of Equation (448) drops out because it is the imaginary 
part of the complex attenuation, leaving: 

1 
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TABLE 6 

X, Y, Z, 6, and I: as a Function of K 

Taper Factor X y z 0 ~ 

1 1 Ko 6 K+ 5 Ko+ 10 
K 6 Ko 4 Ko 

if+ K 

10 1 Ko 3 3.2 Ko 3.43 3.21 Ko Ko 
K+ 3. K+ K+ 1.111 K 

co 1 Ko 3 3 Ko 3 3 Ko+ l Ko 
K+ r+ K K 

X, Y, Z, 15 , and & as a Function of L 

Taper Factor X y z 15 & 

1 
L 

5 
L 7 

L 
3 

L 1 - -+2 -+ 8 -+7 
Lo Lo Lo Lo 

10 
L L 
Lo 3.2 Lo+ 1.1 

L 
3.31 Lo+ 3.32 1.11 

L 
Lo+ 3.211 1 

L 3 
L 3 

L L 1 co Lo Lo+ 1 - +3 -+ 3 
Lo Lo 

X, Y, Z, 6 , and & as a Function of M 

Taper Factor X y z 15 & 

M 
5 

M 7 M 2 M 1 1 Mo 
-+2 Mo+ 8 -+8 
Mo Mo 

10 M M 
Mo 3.2M/ 1.1 

M 
3.31 Mo+ 3.32 1.1 M 

M/ 3.221 1 

M 3 
M 3 

M M 1 co 
Mo 

-+1 -+3 - +3 
Mo Mo Mo 

X, Y, Z, o , and ~ as a Function of N 

Taper Factor X y z 15 & 

1 1 2 No+ 5 9 No 6 9 No+ l No 
N N+ N N 

10 1 
No 

l.lN+ 3.2 3 
No 

3.321:
0 

+ 1 
No 

.42 N + 3.21 N 

co 1 
No 3 N+ 3 No 3 N+ 3 No l No 

N+ N 
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where X, Z, and~ are the same as in Equations (435), (437), and (439), Since oscillation 
occurs when: 

Adb = - 20 log I Z - i E - t X 1. (469) 

Equation (469) is reduced for taper factors of 1 and 10 in terms of the resistance parameter K (values of X, Y, Z, o, and E are taken from Table 6): 

Taper Factor = 1 

(A)db -= -20 log (470) 

Taper Factor = 10 

~ Ko ) 1.111 t + 3.21 ~3.3 ~o + 1 J ~~ (A)db = -20 log 3.2 K + 3.43 - K - K 1 K •(471) 
3.3 Ko+ 1 1.111 Ko+ 3.21 

* * * 




