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Abstract. This work considers the application of the extended Kalman filter
(EKF) in systems with nonlinear state transition equations. We develop a
surrogate-based method to approximate the uncertainty bounds of the EKF using
only one trajectory, without the need to simulate many independent replicates.
This method is demonstrated in a target tracking problem in 3D space.

I. Introduction

Estimating locations and trajectories of mobile targets is a problem of key interest in many defense
systems. Typically, a target can only be partially observed via sensor or radar systems. As an aid in
target tracking, state-space models are built to describe both the motion of the target and the sensing
process. Furthermore, filtering (state estimation) algorithms such as the Kalman filter and its many
variants have long been used to recover real-time kinematic information on the state of the target from
the noisy sensor measurements collected to the current time point. Target tracking using the state
estimation framework has been widely applied in many defense and non-defense settings, such as
monitoring the motion of unmanned aerial vehicles (UAV), detecting illegal border-crossings, and
conducting the mission of battlefield surveillance (see ref. [1] for some examples and discussion). That
said, little is known about the statistical properties of the error in the state estimate in the presence of
nonlinearities in the state-space model and/or non-normality of the random noises. In this paper, we
present a method of calculating probabilistic bounds for the state estimation error in nonlinear target
tracking systems when some popular recursive filters, such as the constant gain Kalman filter (CGKF)
and extended Kalman filter (EKF), are applied.

Characterizing the uncertainty of the state estimation error is important and beneficial in several
respects: First, it demonstrates how well the target state and its trajectory is being monitored and
managed via the state estimation process. Second, probabilistic bounds for the tracking error transfer
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naturally to simultaneous confidence intervals (regions) of the target. Then, it becomes possible to
evaluate the probability of a moving target showing up in a specified region. Third, knowledge about
the tracking error facilitates the design and the comparison of efficient estimation algorithms and sensor
systems. Fourth, a proper characterization of the filter error may also be useful in calculating uncertainty
bounds for parameter estimates in system identification (see, e.g., [2] and [3], for aerospace examples).

Despite the importance of determining statistical bounds for the estimation error in the CGKF and
EKF, the problem remains largely unsolved, especially when the system is nonlinear. The technical
challenges are multifold. It is well-known that even a Gaussian random quantity is not guaranteed to
stay in the same distributional family after a nonlinear transformation. Because of the iterated nonlinear
transformations and non-decaying noises in the system across time points, the distribution of the target
estimate and its error are usually unknowable, and there is no guarantee that they will be a named
distribution such as Gaussian. In fact, even for linear systems where a Kalman filter is applied, the error
distribution is generally non-Gaussian when all or some of the noise terms in the state equation or
measurement equation are non-Gaussian. Moreover, as shown in refs. [4] and [5], the distribution
remains unknown even in large samples (i.e., there is no central limit effect). In particular, it has been
observed that the most recent noise terms have a larger impact on the error distribution than earlier noise
terms. Hence, the use of central limit theorem is, in general, invalid to obtain an approximate probability
distribution for the error in the asymptotic case. In addition, for the reasons above, the commonly
assumed N(0, P) distribution for the error, where P is the EKF analogue to the classical error-covariance
matrix in a linear filter, is also flawed.

Refs. [6] and [7] demonstrate the same principle of non-Gaussian state error in scalar nonlinear
systems. Although for some continuous systems, a Fokker-Planck equation can be built to describe the
transition of the distribution of the state estimation error in dynamical systems (see ref. [8]), there exists
no closed-form solution for the desired distribution. Finally, probability bounds such as the Chebyshev
inequality can sometimes be used to construct conservative confidence regions, but those regions are
often too large to be of practical value. Without knowledge of the probability distribution of the filtering
error, calculating uncertainty bounds can be very difficult. In this paper, we provide a means for a
rigorous and practical way to determine the uncertainty bounds (confidence regions) of the estimation
error in the EKF, and illustrate its application in a target-tracking problem.

I1. Motivating Application

While the method here is generic and applicable to a broad class of nonlinear systems, we will
illustrate the method via a target tracking problem. In this work, a discrete-time state-space model
modified from Sect. 6.3.3 in [9] is used to represent the target tracking problem with nonlinear
acceleration. In particular, let us consider the case when the dynamics of acceleration are controlled by
a nonlinear mapping, which models the situation where the motion of a target is “smoothly” maneuvered.
This is a generalization of the popular constant velocity motion model used in [10], the constant
acceleration motion model used in [11], or the nearly constant acceleration motion model used in [12].
Allowing the acceleration to change smoothly, the velocity and the trajectory of the target will have
more flexibility compared with the classic constant acceleration motion model.

For the measurement system, it is assumed in this paper that the target can only be partially observed
via a linear mapping with noise. For example, consider the case when the height of the target is
unavailable, but the information about the latitude and the longitude is available, or only the latitude is
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observed. Another example is tracking or surveilling objects within a fixed camera’s view so that the
received information is projected to a 2D screen.

To estimate the true state of the target from noisy observations in a tracking setting, nonlinear
recursive filters are applied (see ref. [13] for an example). That is, a target motion model and an
observation model are constructed to reflect the dynamics in the true physical process of the target
motion and the data acquisition. Given the previous target state estimate, the one-step ahead prediction
and the expected observation are computed according to the system model. Once the newest
measurement is observed, the residual (difference between the observed data and the expected
observation) can be calculated. Integrating the one-step-ahead prediction and the information in the
residual, the target state estimate is updated to the current time step. The illustrative application of thise
paper is the tracking error, i.e., the difference between the true target state and the filtering estimate. A
schematic of this state estimation process when the target is a UAV drone is given in Figure 1.

In this paper, our analysis will focus on the situation when the generic EKF or CGKF is used in the
tracking problem. As one of the most popular nonlinear filtering algorithms, the EKF is widely used in
the field of target tracking and collision avoidance (see ref. [ 14] for an example). Meanwhile, although
the CGKEF, as a constant-gain tracker, is not as adaptive as varying-gain algorithms such as the EKF, it
provides considerable computational savings when the dimension of the problem is high or when there
is a need for rapid data processing. Applications of constant-gain target trackers can be found in
problems like aircraft engine performance estimation [15], wireless sensor networks [16], and
prediction of reentry of risk objects [17].

Next

Target State Target State Iteration
Motion Model Prediction
Observation Expected Target State
Model Observation Estimate
Residual Estimation Error
Observed . Quantification
Data
==
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& Data Acquisition System Model Filtering Algorithm & Estimation Error

Figure 1. Schematic of the target tracking problem. A UAV drone is the target.

For linear systems with symmetric noise distributions and with the Kalman filter used for the state
estimation, it was shown in [5] that a surrogate process can be constructed that stochastically dominates
the unknown distribution of the tracking error. Then, the confidence regions of the surrogate will
automatically serve as the approximate confidence regions for the true error. In scalar nonlinear systems
with either the extended Kalman filter or the constant-gain filter, a similar analysis is presented in [6].
However, for nonlinear systems, the error distribution is not guaranteed to be symmetric or well-shaped,
so its confidence region can be ill-shaped. Consequently, it is not possible to use the same arguments as
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[5] or [6] to create a surrogate with the appropriate stochastic dominance relationships in the
multivariate nonlinear case.

II1. Overview of Analytical Approach and Extensions

A. State-Space Model and EKF

Given a time sampling interval AT, the discrete-time state-space model below is taken as the
mathematical representation of the evolution of the unknown target state x; and the associated
measurement process:

X = f(xp-q) +wy
Zy = ka + Vg,

where f is a (generally) nonlinear state transformation function, H is a linear measurement matrix,
and z; is the observed information at the time step k. Moreover, we assume that the noise terms wy
in the state transformation equation and v, in the measurement equation have mean zero and finite
magnitude covariance matrices. We further assume that the noise terms themselves are both
independent and identically distributed random variables, and that w; and v, are independent.

Then, given a trajectory of the noisy observations z; _z;, the EKF algorithm (ref. [18, Sect. 13.2])
generates the state estimate Xj of the unknown target state x; recursively by X, = f(Xx_1) +
K[z, — Hf (X;_1)], where K} is the EKF gain matrix computed at the time step k. Meanwhile, a
matrix P (sometimes erroncously called an error-covariance matrix) is computed in the algorithm
iterations to update the EKF gain matrix. Then, our goal in this work is to develop robust and effective
methods to compute the confidence intervals (regions) for the state estimation error of the EKF defined
as:

ey = Xg —:\\fk.

B. Motivation and Background

To calculate uncertainty bounds for the unknown distribution of the tracking error, a surrogate
process is constructed in a manner different from the method for linear systems in [5]. Under certain
conditions, it can be shown that the generalized method here provides an appropriate surrogate
probability distribution for nonlinear systems that is close to the unknown distribution for the true error;
see ref. [19] for analysis when the Kalman-like gain matrix (traditionally called K, as shown in Sect.
II1.A) is decaying to 0 across iterations (kK — o). Therefore, their regions of high confidence (probability)
are close, so we can use the confidence regions of the surrogate as the approximate confidence regions
for the actual tracking error. The approach is expected to be applicable for all common distributions of
additive system noises with finite second moment, such as Gaussian or z-distribution. The methods of
ref. [19], however, are inappropriate in a target tracking setting because tracking is not possible with a
gain matrix decaying to 0. Therefore, we need a new method applicable in the setting of a non-decaying
gain matrix.

As above, the estimation error is defined as the difference between the true state and the filter
estimate. To develop a new surrogate process that is applicable for tracking problems, we need to
develop a method that does not require that the gain matrix decays to 0. We first apply the multivariate
mean value theorem, leading to an error term that is an autoregressive (AR) process with random and
dependent coefficient matrices. We use ergodicity theory to construct another surrogate AR process with
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deterministic coefficients estimated from the ergodic averages, i.e., averages over one trajectory. The
characteristic functions of both the true error and the surrogate are analyzed to investigate how close
their distributions are. Under some conditions, an upper-bound is derived for the distance between two
distributions for each component of the error and the surrogate. Therefore, the probability that the
surrogate falls into a specified confidence region is close to the probability that the tracking error falls
into the region, so it is possible to calculate approximate uncertainty bounds for the error and eventually
for the target state. An illustration of the analytical approach is shown in Figure 2.

A Random-Coefficient
True Filtering Error AR Process
Distance Investigation
Surrogate Error Deterministic-Coefficient
Process AR Process

Approximate
Probabilistic Bounds

Figure 2. Illustration of the analytical approach.

For example, if a valid Gaussian surrogate is constructed, the approximate uncertainty regions for
the unknown tracking error will be hyper-ellipsoids. Consequently, we can calculate approximate
confidence regions of the target as hyper-ellipsoids centered at the current state estimate point.

The framework and the analysis in this work can also be extended to systems with nonlinear
measurement transformations or other variants of Kalman filters, as long as the ergodicity of the system
can be established (i.e., the system is able to reach a stochastic steady state). In that way, the method
here has potential in tracking problems as well as other DoD-related problems where it is important to
have some clear understanding of how close the state estimate is to the unknown true state.

C. Method Description
Given that the aforementioned state transformation function f is twice continuously differentiable,
we can express the error dynamic in the following AR form:

exr1 =T =K D[f(x) — f(Xy) + Wip1] — Kpey1Vkiq
= - Ky HFyiep + [T = K H)Wye g — Ky Vg4
= Bkek + Ert1-

where Fj,, is based on the first-order approximation inherent in the EKF. However, Fj,; is not
computable since (from the mean-value theorem of calculus) each row is evaluated at a point between
X, and the unknown true x;. Note that e, = Y'F_,Bnx& with By, =[5 B; for k <n, and
B,,=1.

As shown above, the error dynamics can be expressed as a multivariate AR process with random
(probabilistically) dependent coefficients Bj, that can not be computed directly as well as dependent
noise terms €, (due to the random EKF gain matrix K, being sequentially dependent in general).
Consequently, there are several technical challenges in computing its confidence regions. First, the
exact distribution of e, is usually unknown due to the iterated nonlinear transformation and persistent
noises. Even asymptotically, there is, in general, no central limit effect to guarantee a normally
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distributed error (see [4] and [5] for details in the linear case; [6] or [7] for the nonlinear case). Second,
despite the common assumption that P, in the EKF represents the error-covariance matrix (cov(ey))
(e.g. pp. 399 and 402 in [18]), the matrix P, may, in fact, be a poor estimate of cov(ey). (A dramatic
example of this phenomenon was shown in the oral presentation slides associated with this paper at the
AIAA Defense Forum in April 2023; the true 95% confidence interval in the example was over 10 times
wider than the interval predicted by the use of the commonly assumed N (O, P;) distribution.)

In order to address the challenges above, we propose a surrogate-based approximation method
similar to the constant-gain Kalman filter case in [20]. Specifically, we construct a surrogate process
e, whose distribution is close to the unknown true error distribution e, under certain conditions.
Meanwhile, the surrogate distribution itself must be computable or be easily simulated. As we assume
only one trajectory of observations zj, ..., Z,, note that the EKF error ey, k = 1,2, ...,n, demonstrates
a “settling down” or ergodic behavior for large » in some systems. To construct a surrogate process that
mimics the true error dynamics ey, as closely as possible, let us use the following AR surrogate process
ey:

€r+1 = Cr + Myyq,

with Cj being a particular deterministic matrix and 1., being an appropriate noise term.

First, if the system settles down after some transient phase, we expect that the Kalman gain will also
settle down, and we can approximate its value by some ergodic average (one-path average of dependent
terms). Consequently, we replace €, with 1, having the same distributionas (I — K*H)w; — K*v;,
where K* is the limiting value of K, = Y}_, K)/n. Second, since By, is not directly observable or
easily computable, we replace it with a computable quantity related to the Jacobian matrix. Specifically,
weuse Cp = (I — K*H)J*, where J* is the limiting (ergodic) average from J, = Y?_,J,/n, and Ji
is the Jacobian (matrix derivative) of f evaluated at X, for k = 1,---,n. Note that both J, and Fj
are from the first-order approximation but that only J; is computable since it is evaluated at a known
point. Therefore, the surrogate process €, is an AR process with deterministic coefficients and
independent noise terms, so its limiting or finite-sample distribution can be potentially computed. In
practice, we use the observed quantities K,, and J,, for large values of n as approximations to the
limiting values K* and J*. Using theory of Markov processes, the formal justification for the approach
above is given in [20] for the CGKF case; the corresponding justification in the EKF case is ongoing
research, but a numerical demonstration of the validity is given in Sect. IV below.

Note that in the important special case where the initial state and noise terms in the state-space model
are all Gaussian distributed, then the limiting distribution for &, is N(O0,P), where P =
lim,,_,., cov(€,). We can approximate P, the limiting surrogate covariance matrix by running n
iterations of the recursion cov(€y.1) = Cycov(€,)Cr + cov(ny41). Notethat J* and K*, as needed
in the recursion, are approximated by ergodic average values from a large number of iterations (which is
available). This approach based on N(0, P) is used in the calculation of probabilities and confidence
regions in Section IV below.

IV. Numerical Study

A. Kinematic State-Space Model
The following numerical study example is based on Section III and the kinematic models described
in [10] and [11]. Consider a maneuvering object in the xyz plane (3-dimensional space), and the EKF is
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used to track the kinematic state of the target. At each time step, the target state is described as the
following 9 x 1 vector:

T
X = [Pr Ve @ Dy, vy, Ay P2y Vs Ay

where py, p, and p, denote the position of the target along axis x, y and z, respectively. Furthermore,
Uy, vy and v, denote the corresponding velocities, and ay, a, and a, denote the corresponding
accelerations. A graphical illustration of the tracking problem is given in Figure 3.

Z4
2

(28 Dy Pz)

Py

Figure 3. Graphical illustration of the target tracking problem.

We follow the notation in the standard state-space model in Sect. III.A. Following ref. [9, Chap. 6],
we choose a specific form of the state transition function by setting f(x) = Ax + u(x), where the 9x9
matrix A is taken as a block diagonal matrix with each of the three 3 x 3 blocks in A being

1 ar

0 0 AT)p

0 o 1

and the control function u is as follows:

_0.1xk1
—O.lxkz

_0.5xk3 + O.SSin(xkg)
—0.05xk4

u(xk) = —0.05xk5

—0.5x1 + 0.5c0s(xye)
—0.05xk7
—0.05xk8

_—0.5xk9 + O.SSin(xkg)_

The covariance matrix Q of the state noise wy, is taken as a block diagonal matrix with each of the
three 3 x 3 blocks being:
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For the measurement model, we assume that the state can be partially observed through the
measurement matrix H below and the measurements have additive noise v; with a covariance matrix

as follows:
1000 0 0O0O0O AT 0 0
H=|0 0 0 1 0 0 0 0 0/land R=02|0 AT O
0000 O0OT1TUO0DO 0 0 AT

In this example, let us assume that for illustrative purpose AT = 0.05, o, = 4, o0, = 2, and all noises
(and initial state) are Gaussian.

B. Statistical Justification for Use of Surrogate Method with EKF

As mentioned in Sect. III.C, the surrogate method has been formally justified in the case of the
CGKF but not (yet) in the case of the EKF. However, in ongoing research, partial theoretical and
statistical (numerical) justification has been completed for the EKF. We now present some of the
statistical justification.

In particular, to provide partial statistical justification of the convergence of the error e, in
distribution, using the model in Sect. IV.A above, let us simulate one long trajectory of 10° samples of
the filtering error ej. Note that convergence in distribution is a critical part of justifying the above-
discussed stochastic steady-state behavior and ergodic averaging. Because the points along the same
trajectory are dependent, we use the method of batch means (see ref. [21, Chap. 4]) to create nearly
independent samples for use with standard statistical tests. We use a batch size of 250 and drop the first
10* samples for the “burn-in” (transient) period. Therefore, we have (10° — 10%)/250 = 360 batch mean
values for each of the nine components of the error.

Then, let us perform the following three statistical tests for the batch mean values. We use the
following tests:

(i) Runs test for randomness (independence), where the null hypothesis is that after batch mean
processing, the values are independent (see ref. [22, Sect. 4.5]).

(i) Matched-pair #-test for first 180 batch mean values against the last 180 batch mean values
(among the total of 360 batch means along one trajectory), where the null hypothesis is that the
mean values of the two divided groups are the same (see ref. [23, Appendix B]).

(iii) Kolmogorov-Smirnov (KS) goodness-of-fit test, where the null hypothesis is that the two
groups come from the same distribution.

Table 1 below shows the probability values (P-values) of all three tests using the batch means for
each of the nine components. The results show that at the level of 0.05 for each test, the individual tests
fail to reject the null hypothesis. Hence, there is no statistical indications of behavior that is contrary to
that predicted by the surrogate process method. Note that because we are testing multiple hypotheses
above, a multiple comparisons test (such as the Tukey-Kramer method) could also be applied (ref. [23,
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Chap. 12]). However, given that there was no rejection of any null hypothesis in Table 1, and given that
multiple comparisons tests widen the associated intervals for hypothesis testing, it appears that no
adjustment for multiple comparisons is needed here.

Table 1. P-values of statistical tests applied to batch mean values.

Comgf:;f)nt of Runs Test Pl\;[ii:;ctl_l;g; ¢ KS Test
1 Component p, 0.34 0.29 0.56
2" Component v 1.00 0.11 0.17
37 Component a, 0.09 0.14 0.40
4™ Component p,, 0.46 0.86 0.82
5" Component v, 0.17 0.85 0.82
6™ Component a,, 0.92 0.85 0.48
7% Component p, 0.92 0.68 0.89
8t Component v, 0.46 0.46 0.48
9% Component a, 0.21 0.42 0.56

C. Numerical Results

We now apply this surrogate-based method to the 3D tracking problem described above and compute
confidence intervals for each component of e;qo. Figure 4 shows the marginal density plots of the
surrogate overlaying those of the empirical terminal error density obtained from 10* independent
replicates, where the dashed curves are the marginal density of the surrogate €490 and the red solid
curves are the marginal empirical density of true e;q99. Note that the surrogate densities are the
Gaussian marginal densities derived from the N(0, P) distribution, as mentioned at the end of Section
II1.
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Although there are some discrepancies between the density curves of the nine components in Figure
4, the surrogate densities computed from one trajectory are close to the corresponding empirical error
density from the 10* independent replicates in all cases. This demonstrates the effectiveness of the
surrogate as an approximation.

The 95% confidence intervals of each component of the terminal error are summarized in Table 2
below. As shown, the surrogate confidence intervals are close to the corresponding empirical quantiles
of the true error. This result is in line with the density plots in Figure 4.
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Table 2. 95% confidence intervals from empirical quantiles of e 49, and
Gaussian-based quantiles for the surrogate €4¢¢.

Component of e;ggg

Empirical Quantiles

Surrogate Approximation

1t Component p,

(—0.344, 0.340)

(—0.373,0.373)

24 Component v

(—1.500, 1.535)

(—1.864,1.864)

34 Component a,

(-7.871,7.713)

(—8.906,8.906)

4™ Component p,

(—0.403,0.363)

(—0.375,0.375)

th
5% Component v,

(—1.745,1.534)

(—1.555,1.555)

th
6" Component a,,

(—8.303,7.420)

(—8.031,8.031)

7t Component p,

(—0.395, 0.386)

(—0.427,0.427)

8™ Component v,

(-1.734,1.711)

(—2.094,2.094)

9t Component a,

(—7.897,7.949)

(-8.915,8.915)

V. Conclusions

In this work, we consider the application of the EKF algorithm in target-tracking problems with

nonlinear discrete-time systems. We introduce a surrogate-based method to approximate the uncertainty

bounds for the state estimation error of the EKF error using one trajectory. The method is relatively

easy to use in that it relies on simple running (ergodic) averages of certain quantities in the EKF.

Ongoing work is extending the theoretical justification for the method from the CGKF setting in ref.

[20] to the EKF setting. This paper provides further support for the method through numerical tests in

a standard tracking setting. It is shown that the uncertainty bounds computed from the surrogate method

are close to the empirical confidence bounds of the error distribution.
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