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Abstract

A growing area of mathematics topological data analysis (TDA) uses
fundamental concepts of topology to analyze complex, high-dimensional
data. A topological network represents the data, and the TDA uses the
network to analyze the shape of the data and identify features in the
network that correspond to patterns in the data. These patterns extract
knowledge from the data. TDA provides a framework to advance machine
learning’s ability to understand and analyze large, complex data. This
paper provides background information about TDA, TDA applications for
large data sets, and details related to the investigation and implementation
of existing tools and environments.

DISCLAIMER: The contents of this report are not to be used for advertising, publication, or promotional purposes.
Citation of trade names does not constitute an official endorsement or approval of the use of such commercial products.
All product names and trademarks cited are the property of their respective owners. The findings of this report are not to
be construed as an official Department of the Army position unless so designated by other authorized documents.
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1.2

Introduction

Background

Topological data analysis (TDA) represents data with a topological
network that creates nodes, or groups of data, and edges, or relationships
between the data. TDA makes sense of large arrays, and the key feature of
TDA is the nature of the model or output it produces. Typically, methods
ask very specific questions about large data sets. However, TDA uses the
network to examine the shape of the data. This examination allows
researchers to identify features in the network that correspond to patterns
in the data, therefore extracting additional knowledge from the data. Thus,
TDA reduces the possibility of missing critical insights by reducing the
dependency on machine learning experts to choose the right algorithms,
because TDA advances machine learning’s native capability to analyze
these large, complex data sets. It uses current machine learning techniques
as input to find subtle patterns and insights.

Social networking sites, military vehicle maintenance, and even healthcare
records increasingly use large, multivariable data sets. The Army has both
a large amount and wide variety of data. Using TDA has a major
advantage: it minimizes initial bias. It gives data scientists the ability to
examine any raw data set and determine which factors actually influence
the data. Normally, a subject matter expert asks a specific question about a
data set, which can bias the data. TDA does not begin with a question.
Rather, it records patterns in the data set without any preconceived
notions. This approach provides testable hypotheses from the shape of the
data set alone.

Objective

This report will first describe TDA in more detail and will provide useful
definitions in topology to help the reader understand TDA techniques. The
report will then describe which practical applications have successfully
used TDA. Finally, the report will describe current technologies available
for TDA.
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Useful definitions in topology

Topology is the study of geometric properties and spatial relations
unaffected by the continuous change of shape or size of figures. Coordinate
invariance, deformation invariance, and compressed representation are
three important topological properties. Coordinate invariance means the
properties remain the same and do not depend on the coordinate system
used. Deformation invariance means properties remain the same as the
shape is stretched or deformed or both. Compressed representation means
that a shape with infinite points can be represented by a similar shape with
fewer points assuming some details can be overlooked. For example, a
circle can be represented by a hexagon.

Some definitions in topology that apply to TDA can help clarify concepts
described in some of the TDA applications but are not meant to be an all-
inclusive list of important topological or mathematical terms for TDA.
TDA divides the data into regions where we can easily notice features and
then classify those features in order to gain insights about the data.

Homology or Betti numbers help describe shapes. Betti numbers
distinguish connectivity of n-dimensional simplicial complexes. A
simplicial complex is a set of composed points, line segments, triangles,
and their n-dimensional counterparts. The Betti number counts the
independent loops for each n-dimensional space. The pth persistent
homology groups are the images of the homomorphisms induced by
inclusion, noted H:,’j for 0 < i <j < n— 1. The corresponding pth
persistent Betti numbers are the ranks of these groups, ﬁ;;j = rank(H;;j ).
Critical points are associated with the birth and death of persistent
homology groups and can be visually represented by a persistence
diagram. (Tierny, 2006, p. 22—23).

A Reeb Graph also shows important information about data. Let f: M - R
be a piecewise linear (PL) Morse scalar field defined on a compact PL
manifold M. Let f = (f (p;)),be the contour of f containing the point p €
M. The Reeb graph R(f) is a one-dimensional simplicial complex defined
as the quotient space on M X R by the equivalence relation

(P1f(@0) ~ (p2f (2)), which holds if
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1.4 Mapper algorithm

The mapper algorithm, developed by Gurjeet Singh, Facundo Memoli, and
Gunnar Carlsson (Singh, 1991, p. 1-2), creates a topological network as a
foundation for TDA analysis. The basic steps are

1. Choose a distance metric, like Euclidean, Hamming, or cosine. This
metric captures similarity between data points.

2. Compute the lens or filter functions. This computation maps data
points to single values on the real number line and is based on, for
example, raw features, statistics, geometry, and machine learning
algorithm outputs.

3. Apply cover and overlap to determine the connections for the network.
The cover is the resolution, which is a numeric value for how many
intervals (for example, 7 intervals, 20 intervals) should be used. The
overlap is the degree of overlap between intervals (for example, 20%).

4. Compute Cartesians to determine points in common. Perform
Cartesian products of the range intervals and assign the original data
points to the resulting two-dimensional regions according to their filter
values.

5. Perform clustering. Each cluster is a node, and if two nodes share a
point, then there is an edge between them. It doesn’t really matter
which kind of clustering used. It should be based on the type of data
being analyzed.

6. Build the TDA network by determining a color scheme to capture
localized behavior and derive hidden insights from the data (Singh,

1991, p. 1-2).

Few recommendations or best practices for choosing specific covers and
lenses for the data currently exist. Obviously, these choices will be based
on the specific data and the quantity of the data and is a trial-and-error
process. Liu, Xie, and Yi developed a faster algorithm to overcome this;
however, the algorithm is limited by storage in memory and computing
time.
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2.2

2.3

2.4

TDA Applications

The following section will provide an overview of some examples of TDA
used successfully in several different disciplines.

Breast cancer

TDA identified subgroups in breast cancer survival, relapse, and fatality
rates that point to future avenues of research. Lum et. al used TDA to
group patients in more detail than standard clustering methods. They also
identified small groups that may be “important for targeted therapy”
(Lum, 2013, p. 3). The researchers used two older data sets, NKI and
GSE2034, and applied two filter functions, L-infinity centrality and
survival.

Sports

Lum et al. also successfully used TDA to show 13 scoring positions in
basketball versus the normal 5 positions of point guard, shooting guard,
small forward, power forward, and center. They considered factors such
as minutes played, minutes played, number of rebounds, assists,
turnovers, steals, blocked shots, personal fouls, and points scored.

Voting trends in the House of Representatives

Lum et al. explored voting trends in the US House of Representatives from
1990 to 2011. The study showed that most members voted along party
lines. However, the data from 2009 to 2011 showed more diversity in
voting behavior. Principal component analysis did not show these trends.

Zebrafish

TDA has analyzed and predicted skin patterns on zebrafish. This enables
quantitative predictions in patterns that occur in wild-type and mutant
zebrafish. This work can be expanded for large-scale analysis of biological
data. McGuirl, Volkening, and Sandstede uses TDA methods and
“interpretable machine learning for quantifying both agent-level features
and global pattern attributes on a large scale” for zebrafish (McGuirl,
2020, p. 5113). Before the use of TDA, a researcher might use manual
inspection or smoothing algorithms to find patterns in a data set. These
methods take time and could accidentally discard relevant data. The
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2.6

researchers used persistent homology so that they would not have to use
labeled training data. As a result, the researchers were able to create

an automated, interpretable framework for counting stripes and spots,
detecting broken stripes, measuring stripe widths, quantifying stripe
straightness, calculating spot size and roundness, measuring spot
placement, and estimating the onset of stripe formation from pattern
data. (McGuirl, 2020, p. 5114)

Time-series and Internet of things

TDA has shown better results than single and multi-attribute techniques for
time series data. Diaz et. al showed TDA performed better on classifying
incomplete and noisy Internet-of-things (IOT) data. These data consisted of
audio speakers, video cameras, doorbells, fitbits, game controllers, IOT
hubs, lights, 3D printers, Roombas, routers, environmental sensors,
switches, tablets, televisions, television dongles, weather stations, and other
devices with a total of 183 devices studied over 9 months. This team used
government-owned software, Time Series Analysis Tool (TSAT), to perform
some of the analysis (Diaz, 2019, p. 1543, 1548).

Darknet

Coudriau used the Mapper algorithm to visualize network monitoring for
cybersecurity for darknet data. Security analysts quickly analyzed large
numbers of IP packets and showed patterns that were missed by Suricata,
a popular intrusion detection system (Coudriau, 2016, p. 1-6).
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3.1

3.2

3.3

3.4

Current Technologies

Many open-source technologies demonstrate TDA principals. Below are a
few investigated during the course of this project. Most of them focus on
using the Mapper algorithm.

Python Mapper

Python Mapper is an open-source software whose main focus is the
Mapper algorithm. It provides a graphical user interface (GUI), which
contains filter functions and visualization of the network, and is released
under the GNU’s not Unix! (GNU) General Public License version 3
(GPLv3) license. Python Mapper requires Python 2.6 or higher. The GUI
needs Python 2, which reached end of life January 2020. Python Mapper
has not been updated since April 19, 2017.

Topology ToolKit

The Topology ToolKit (TTK) is an open-source toolkit that aides in TDA
and provides visualization using ParaView as a front end. The developers
offer a virtual box consisting of TTK and ParaView preloaded with
examples from their website. The interface shows the topological graph
along with persistent graphs. The website was updated with a tutorial in
May 2020, and the code was updated March 2020. TTK is licensed under
the Berkeley Software Distribution (BSD).

Gudhi Library

Gudhi is an open-source library for computational topology and TDA with
the following capabilities: various types of simplicial complexes, topological
descriptors computation, manifold reconstruction, and topological
descriptors tools such as persistence diagrams and barcode. Gudhi is
licensed under Massachusetts Institute of Technology (MIT), but many of
the modules have dependencies licensed under GPLv3 and Lesser General
Public License (LGPL). This code was last updated September 2020.

KeplerMapper

KeplerMapper is an open-source library that shows the topological
network built using the mapper algorithm whose main Mapper workflow
is to “to project the data, group the image, apply clustering to the preimage
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of the groups, and then build a simplicial complex” (https://kepler-mapper.scikit-
tda.org/started.html). KeplerMapper is licensed under MIT and was last
updated September 2020.

Symphony Ayasdi

Symphony Ayasdi is a private company founded by Gunnar Carlsson who
was the lead investigator on the Defense Advanced Research Projects
Agency (DARPA) “Topological Data Analysis” project from 2005 to

2010. They have developed their own software and have used TDA in
several different areas from financial crime to healthcare. They have
partnered with several universities around the world including The
University of California, University of North Carolina Chapel Hill,
Karolinksa Institutet, and many others. (www.ayasdi.com)

International Business Machines (IBM) is conducting research in the field
of TDA, with a focus on persistent homology, and the Computation
Genomics Group is pursuing TDA in their genomics research. This group
has received a National Science Foundation award and written several
papers. They have not made clear what software they are using to calculate
the topology in the data

(https://researcher.watson.ibm.com/researcher/view_group.php?id=6585).
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4 Conclusions

TDA is a capability and technology that ERDC should continue to research
as part of ERDC’s data analytics capabilities. TDA allows examining large
data sets and is not constrained by choice of metrics. Topological networks
compress information in high-dimensional data. Thus, no information is
lost, which provides a way to make sure critical insights are not missed due
to researchers discarding data. I would like to thank ERS RDA for the
funding to perform this TDA research.
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