arXiv:1810.12951v1 [math.PR] 30 Oct 2018

CLASSICAL AND GENERALIZED SOLUTIONS OF FRACTIONAL
STOCHASTIC DIFFERENTIAL EQUATIONS

S. V. LOTOTSKY AND B. L. ROZOVSKY

ABSTRACT. For stochastic evolution equations with fractional derivatives, classical
solutions exist when the order of the time derivative of the unknown function is
not too small compared to the order of the time derivative of the noise; otherwise,
there can be a generalized solution in suitable weighted chaos spaces. Presence
of fractional derivatives in time leads to various modifications of the stochastic
parabolicity condition. Interesting new effects appear when the order of the time
derivative in the noise term is less than or equal to one-half.

November 1, 2018

1. INTRODUCTION

Given a 8 € (0,1), and a smooth function f = f(¢), t > 0, the two most popular
definitions of the derivative of order [ are Riemann-Liouville

1 d

DLIO = mr=gr s | (=9 s

and Caputo

B10) = = [ =971 as

I(z) = /0+°° ol dt. (1.1)

The Riemann-Liouville derivative can be considered a true extension of the usual
derivative to fractional orders. For example, a function does not have to be continu-
ously differentiable to have Riemann-Liouville derivatives of order 8 < 1 [20]. On the
other hand, the Caputo derivative is more convenient in initial-value problems, with
no need for fractional-order initial conditions [19, Section 2.4.1].

The Kochubei extension of the Caputo derivative,

S [ =970~ roe) as

o f(t) =
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f(0+) = limy0450 f(t), seems to achieve the right balance between mathematical
utility and physical relevance [§] and has been recently used in the study of large
classes of stochastic partial differential equations [4] [11].

Let w = w(t), t > 0, be a standard Brownian motion on a stochastic basis
(Q, F,{Fi }+>0, P) satisfying the usual conditions. The objective of this paper is to ad-
dress fundamental questions about existence and regularity of solution for equations
of the type

PX(t) = aX(t) +0) /t (0X(s)+g(s)) dw(s), t >0, a,beR.  (1.2)

With a suitable choice of a and o, (I.2)) covers the time-fractional versions of the
Ornstein-Uhlenbeck process and the geometric Brownian motion, as well as certain
evolution equations in function spaces. The emphasis is on derivation and analysis of
explicit formulas for the solution, as opposed to the development of general theory.

Given the vast literature on the subject of fractional differential equations, Sec-
tion [2 provides the necessary background, to make the presentation reasonably self-
contained. Section [3] investigates the equation with a = o = 0, corresponding to
fractional derivatives or integrals of the Brownian motion, followed by the time frac-
tional Ornstein-Uhlenbeck process (o = 0) in Section [ and the geometric Brownian
motion in Section Bl Along the way we understand the origins of the condition
S —~ > —1/2 at a more basic level than in [4, [11] and discover that the fractional in
time Ornstein-Uhlenbeck process can exhibit the full range of sub-diffusive behaviors,
including super-slow logarithmic. Section [0 investigates an SPDE version of (2] by
replacing the numbers a, o with fractional powers of the Laplace operator. Then the
results of the previous sections lead to several versions of the stochastic parabolicity
condition.

Throughout the paper, C(G) denotes the space of real-valued continuous functions on
G and Cy,.(G) is the space of functions that are continuous on every compact sub-set
of G; I' =T'(2), is the Gamma function, defined for all complex z except for the poles
at 0,—1,—2,... and, for z in the right half-plane, having the representation (L.II).
Most of other notations, such as L[-] and & for the Laplace transform and its domain,
and Ej , for the two-parameter Mittag-Leffler function, are introduced in Section

2. BACKGROUND

2.1. Fractional Derivatives and Integrals. In this section we do not indicate the
time variable as a subscript in the notations of the derivatives: for g € (0,1),

Dﬁf(t):ﬁ%/o (t— 5)P f(s) ds, (2.1)
1 d

08 f(t) = / (t — )P (f(s) — (0)) ds. (2.2)

I(1—f)dt
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We also introduce the corresponding fractional integrals: for p > 0,

7f(t) = ﬁ / (t — ) f(s) ds, (2.3)
TP F(t) = ﬁ / (t — s (f(s) — F(04)) ds, (2.4)

where f(0+) = limy;_,o f(¢). In what follows, with all functions defined only for ¢ > 0,
we write f(0) instead of f(0+) By convention, I°f(t) = f(t), J°f = f(t) — £(0). In
particular, for the constant function f(t) =1, ¢ > 0,

tP t=h

PO = o PUO=0 D0 = g PH0=0. (25
Formulas (2.1)—(2.4) imply
Df(t) = S0 5(0) (2.6
0 56) = ST H) (27
Proposition 2.1. For all p,q > 0,
[P(I0f) = IPYaf, JP(JOf) = Jrtaf, (2.8)

Proof. For I,

L(p)T(q)IP(10f)(t // (t— 8P Hs—r) f(r)drds

_/0 (/ (t— s 1(5—7“)‘1_1(15) Fr)dr

— B(p.q) / (t — PP f(r)dr = D(p)T () 1P (1).

The same computation works for J after noticing that if p > 0 and f(¢) is bounded

near 0, then
lim [JPf(t)] < C lim t¥ = 0. (2.9)
t—0+

t—0+
O
Proposition 2.2. If f € Cjo.([0, +0)), then
If(t) = DPI°f(t) = f(t), "I f(t) = f(t) — f(0). (2.10)

Proof. Using (Z.6), (2.1, (Z8) and keeping in mind that, similar to (Z9), I° f(0) = 0,
the result follows from the fundamental theorem of calculus:
d
P10 = DI S0 = (PO (1) =5 [ 1)

Similarly,
I f(1) = 5 (TP 0) = (T () =
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Proposition 2.3. If

t
+/ f'(s)ds
0
then
f =1y
Pf=1""f.

Proof. For (2.12)), integrate by parts:

pr(p)pr(t):/ot (~a-9 )(/ oyr) s
(o)

and remember that p['(p) = I'(1 + p).
or (213), differentiate (Z12) taking p =1 — 5.
Corollary 2.4. If (211)) holds, then
P97 f(t) = f(t) - £(0).

Proof. By ([2.8) and (213,

1999 f(t) = P 1P /(1 / 7'(s - £(0).

2.2. The Laplace Transform. Recall that
+00

f=1®) = LIfIN) = f(t)e™™ dt

0
is a one-to-one mapping defined on

= {f € L10c((0,+00)) : sup | f(t)]e” < oo for some c € R}.
>0

We will use the following properties of the Laplace transform:

LILFIA) = A LIFI);
fle€ = ﬁ[f](A) ALLf] = f(0);

‘/ft—s s)ds = L) = LIV Llgl (V)

F =1 550 = o) =

F(v)
We now establish fractional versions of (2.I7) and (2.I8).

+/< SPS(s)ds = (14 pIF (D),

(2.14)
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Proposition 2.5. If f € €N Cp.([0,400)) and B € (0,1), then

LIIPFIA) = APLIFI(N), (2.21)
LID"fI(N) = NLIfI(N), (2.22)
LITPFI(A) = APLIfI(N) = AP f(0), (2.23)
L7 FI(N) = NLIfI(A) = N 71F(0). (2.24)

Proof. Equality (2.21)) is an immediate consequence of (ZI9)), and then (Z22]) follows
from (2I8) and (2.6). To establish (Z23), we write

L(p)L[JP f](A /+oo/t—sp1 f(s) = f(0))e M dt

_/0 (/ (t—sp? —”dt) (f(s) = £(0)) ds
_ /0 " ( /0 T e dt) e (f(s) = (0)) ds

= D(p) (VL) = V71 0).
Then (27) and ([ZI8) imply (224). O

Next, we compute the Laplace transform of the standard Brownian motion. Define

W(\) = /;Oo e M dw(t); (2.25)

for every A > 0, the random variable w(\) is Gaussian with mean zero and variance
1/(2X). Then the stochastic Fubini theorem shows that

Llw](n) = 22 (2.26)

2.3. The two parameter Mittag-Lefller function. The function is defined by the

power series
00 k

Egp(z) = ; m, (2.27)

and, in a sense, is the fractional version of the exponential function. If 5 > 0, then,
with the convention 1/T'(—n) =0, n =0, 1,2, ..., the series on the right-hand side of
2217) converges for all z and p. The particular case p =1 is

Epi(2) = Eg(z) = Z m. (2.28)
Note that Ey = 1/(1 — 2), |z] <1, Ey(z) = €*, and Es(z) = cosh(y/2).

Proposition 2.6 (The fractional Gronwall-Bellman inequality). If

y(t) < A(t)+ B /Ot(t — 5)771y(s) ds,
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where y(t) > 0, A(t) > 0 is non-decreasing, B > 0, 8 > 0, then
y(t) < AW E;(BL(9)1).

Proof. See |23, Corollary 2]. O

In general, Eg , cannot be expressed using elementary functions, but, for many pur-
poses, the following results suffice.

Proposition 2.7. Let § € (0,1) and p > 0.

(1) There exist numbers Cy,Coy > 0 such that, for allt > 0,

|Bs,(t)] < Cy(1+ 1) =087 4 —ﬁft. (2.29)
(2) There exists a number C so that, for allt > 0,
C
Egp(—t) < ——. 2.
B0 < 1oy (2.30)
(3) Moreover, if p € (0,1), then
1
tl}eroo tEg,(—t) = T(p—5) B # p; (2.31)
1

Proof. See [19, Theorem 1.5], [19, Theorem 1.6], and [19, Theorem 1.4], respectively.
0

Next, define
Yp,p(t) = tp_lEﬁvp(atB)-

Proposition 2.8. For every a € R, the family of functions yg,, 8 € (0,1), p > 0,
has the following properties:

2\B—»p
Llys.pl(A) = 35— (2.33)
ﬁ /0 (t— S>ﬁ/_1yﬁ,p(3) ds =Yg p4y(t), 7> 0; (2.34)
DYys0(t) = yp,p-~(t), 7 €(0,1), p>1. (2.35)

Proof. By (2:29), ygpegforallﬁe(() 1) p>0and a € R. Then

S [TEE oy
yﬁp /{Jﬁ—l—p

£>0 k>0
AP 23—
o l—a)\ P N -4
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proving (2.33]). Then, with (2.20) in mind, (234) and (235)) follow from (2.21]) and
([2.22)), respectively.

O

2.4. Time fractional linear deterministic equations. Consider the equation
07y(t) = ay(t) + f(t), t >0, y(0) = yo, (2.36)
with 8 € (0,1), a € R, f € ENCre([0,+00)).

Definition 2.9. A function y € Co.([0, +0)) is called a classical solution of (2.36)
if

JPy(t) = /Ot (ay(s) + f(s)) ds, t > 0. (2.37)

The following result is the analogue of [19, Example 4.3], where the Riemann-Liouville
derivative is considered.

Theorem 2.10. The unique solution of [2.36) in £ is
t
y(t) = yoEp(at?) + / (t —s)" 'Egg(alt — s)7) f(s) ds. (2.38)
0

Proof. Take the Laplace transform on both sides of (2.37) and use (2.23):
NLL[IN) = N2 = A7 (oLl () + £V

or 1
L)) = o+ S,

The conclusion of the theorem now follows from (2.19)), (2.33), and uniqueness of the
Laplace transform on &. O

2.5. Chaos Expansion and Generalized Processes. Below is a summary of the
construction of the weighted chaos spaces; for details, see [12] [13, [16].

Introduce the following objects:

{my, = my(¢t), t € [0,7]}, an orthonormal basis in Ly((0,7)),

j:{a:(ak,kZl):ozke{O,l,Q,...}, || ::Zak<oo},
k

=TT (228 b = cope e, 6= [ eyt

| n
. ayg! dx

If n € LY (), that is, a square-integrable functional of w(t), ¢ € [0,T], then, by the
Cameron-Martin theorem [3],

2

=Y Ea) e Bt = [E(néa)|

acg acd
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see also [15, Theorem 5.1.12]. For example,

wlt) = S etmi(t) = 6 ([ mits)ds). (2.39)

k>1 k>1

Let q = {qx, k > 1} be a sequence of positive numbers. We write
qa = H q]f:k
k>1

Definition 2.11. Let q = {qx, k > 1} be a sequence such that 0 < g < 1 for all k.
The space L q((0,T)) is the closure of LY (Q; Ly(0,T)) with respect to the norm

1/2
[ X l2,q = (Z HE(X%)HZ(((J,T))) '

acJ
An element of Ly 4((0,T)) is represented by an expression of the form
X(0) = Y ralt)ée
acJg
with non-random x4 € Lo((0,T)) satisfying

Z qa HxaH%a((O,T)) < 00,
acJ

and is called a q-generalized process.

For example, the white noise process

w(t) =D &)

k>1

is a g-generalized process for every q satisfying

qu < 0. (2.40)

3. FRACTIONAL DERIVATIVES OF THE BROWNIAN MOTION

Proposition 3.1. If v € (0,1), then

t 1 t
/ (t —s)w(s)ds = —— [ (t —s)"7 dw(s). (3.1)
0 IL—=7Jo
Proof. Integrate by parts on the right-hand side of (B.1]). O
Corollary 3.2. Given v € (0, 1), define
1 t
W.(t) = /t—sl—wws,wo. 3.2

Then
JTw(t) = W (t) = ' w(t), (3.3)
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and
d

W, (t). (3.4)

Proof. Equality (B3] follows from (B.]), keeping in mind that w(0) = 0. After that,
(270) implies (3.4]). O

Definition 3.3. A process V.= V(t), t € [0,T], is called a Gaussian Volterra
process with kernel K = K (t,s) if there exists a non-random function K = K(t, s)
such that K(t,s) =0,s >t, K € Ly((0,T)?), and

IP’(V(t) :/OtK(t, s)dw(s), t € [o,T]) —1.

Proposition 3.4. If

7 €(0,1/2), (3.5)
then 0] w is a Gaussian Volterra process with representation
1 t
dw(t) = 7/ (t —s) " dw(s). (3.6)
' I'(1—7) Jo

Proof. Similar to (Z.9)),

t
. o\ _
tl_l)r& i (t—s)w(s)ds=0

with probability one. Therefore, it is enough to show that

/Ot (/08(8 —r)7 dw(r)) ds = % Ot(t — ) duw(r),

which follows by the stochastic Fubini theorem; condition (B3] is necessary for the
application of the stochastic Fubini theorem. O

Next, for 5,7 € (0, 1), consider the equation

PX(t) = wt), t >0, X(0)= X, (3.7)
Using (Z7)), equation (3.7) becomes
d d |
ZJIYBX (1) = = J 5 w(t). .
dtJ (t) dtJ w(t) (3.8)

Together with (Z9), (B:8) implies that equation (B.7)) should be interpreted as the
integral equation

JITEX(t) = T w(t). (3.9)

Definition 3.5. A classical solution of [B1) on [0,T] is a continuous process X =
X(t) such that

P(Jl—ﬁX(t) — I (), te [O,T]) —1.
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Theorem 3.6. If

B—v> 5 (3.10)

then

is the unique classical solution of ([B.7).

Proof. Apply 8" to both sides of 33) and use (210), (), and @7):

d d
X(t)—Xo=0""T"w(t) = EJBJl_Vw(t) = —JHB (1)

y dt (3.12)
— _Jl_("/—ﬁ) t):
dt w( )7
note that 1+ 3 —~ > 0 for all 5,7 € (0,1). If vy — 8 > 0, then
d
%Jl—ﬁ—%(t) =8 Pw(t), (3.13)

and, under condition (B.10), equality (8.11) follows by Proposition 3.4l
If v — 8 <0, then the function ¢ — J'~0~w(t) is continuously differentiable in ¢:

1 t
g B)w(t) — NS /0 (t— s)lv Blw(g)ds
so that
=64 = ! / (= )P L(s)ds
dt [y =BT+ |y = B1) Jo
and (BII) follows after integration by parts. O

We now make the following observations;

e In an ordinary differential equation, § = v = 1, so that (8I0) holds.
e For every ¢t > 0, X (¢) is a Gaussian random variable with variance

t
o2 (t) o / s2 0= ds oc 2B+,
0

f o g means f is proportional to g. The solution of (1) can thus exhibit
the anomalous diffusion behavior o%(t) o t® for all a € (0, 3) [6], Section 1.2];
regular diffusion o%(t) o t corresponds to 8 = 7.

e The last equality in (B.12) suggests that the solution of ([B.1) can be written
as

X(t) — X(0) =8 "w(?), (3.14)

which makes perfect sense, but requires a justification. In particular, the
proof of Theorem [3.6] shows that ([3.10)) is necessary for the right-hand side of
(3:14) to define a continuous process, which in this case is a Gaussian Volterra
process.
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e Taking the Laplace transform on both sides of (B.7), with (2.26) in mind,

results in

MLIX]IA) — N X = V()
or

LIXTN) = A X + N1 (N),
which is consistent with (B.11I).

(3.15)

(3.16)

e Condition (3.1I0) is standard in the study of fractional stochastic evolution

equations [4, [11].

If condition (3I0) fails, so that v — 5 > 1/2, then the solution of (3.7)), as defined by
B39) or ([BI6)), is a generalized process, best described using weighted chaos spaces.

Theorem 3.7. If
1 2 tk—1
my (t) = JT my(t) =4/ T €08 (%) , k>2,

1
Y= 5 2 57
then [B9) defines a q-generalized process for every q satisfying
k

and

Proof. Using (2.39), equalities (3.9) and (3.12) lead to
X(t)=Xo+ Y &I 0 my(t).
k
By direct computation,
< Ck'y—ﬁ—l’

t
/ (t —5)~07P cos(ks) ds
0
cf. [I, Example 6.6.1], and then (B.19) follows.

Note that

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

e As a quick consistency check, the extreme case f = 0,7 = 1 in (3.7) corre-

sponds to X = w, and then (B19) becomes (2.40).

e The key step in the proof of Theorem [3.7] is asymptotic analysis, as k — oo,

of
/0 (t — s)"mg(s)ds, k€ (0,1),

which is made possible by assumption ([B.I7). The k~1**-asymptotic holds for
other trigonometric basis, and, while it might not hold in general, the main
constructions related to the chaos expansion, including the definition of the
g-generalized processes, are intrinsic and do not depend on the choice of the

bases, either in Ly((0,7)) or in LY (€); see [9} 12].
e Equality (3.20) also holds under (3.10).
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Remark 3.8. With obvious modifications, the results of this section extend to equa-
tions of the type

ox =0 [ " g(s) du(s).

where g € Ly((0,7T)). Under condition [B10Q), the function g can be random as long
as g is Fy-adapted and

T
E/ g*(t) dt < oo.
0

4. TIME FRACTIONAL ORNSTEIN-UHLENBECK PROCESS

4.1. Derivation of the equation. Consider the harmonic oscillator
mi(t) + c*x(t) = F(t), (4.1)
with a slight twist that the restoring force —c?x does not depend on the mass m.
The force F' has two components, damping F,; and external F:
F(t) = Fy(t) + Fe(t).

Traditional damping is
Fd(t) = —Cdl"(t), cqg > 0.

Instead, we assume that Fj; has memory:

t
Fy(t) = —/ fa(t — s)i(s) ds. (4.2)
0
A possible choice of the memory kernel in (£.2) is
fat)y =A™, A>0, B €(0,1),

which corresponds to a continuous time random walk model with a heavy-tailed jump
time distribution; cf. [17], Section 2.4].

If we also assume that the external force is the fractional derivative of the standard
Bronwian motion,

F. =9/ w(t), v € (0,1),
then, with (ZI3)) in mind, equation (€I)) becomes
mi(t) + b x(t) + Cx(t) = fw(t). (4.3)

Now take the Laplace transform on both sides of (4.3]), with (2.26]) in mind. Assuming
zero initial conditions, the result is

(mA? +bA7 + &%) L[z](A) = X7 Md(N) (4.4)

or

Ll () = — 2

ComAZ DA+ 2 (4.5)
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Finally, we pass to the limit m — 0 in (4.5); this procedure is known as the
Smoluchowski-Kramers approximation [5]. With X denoting the corresponding limit
of x, the result is

AR (N)
RN
which, back in the time domain, and with re-scaled constants, becomes the equation
describing the time fractional Ornstein-Uhlenbeck process:

X (t) = —aX(t) + [ w(t), a>0. (4.7)

LIX](A) (4.6)

4.2. Solution and its long-time behavior. Similar to Definition 3.5, we say that
a continuous process X = X (t) is a classical solution of (4.1) on [0, 7] if

P <J1_BX(t) =—a /OtX(s) ds+ J'"7Tw(t), t € [0,T]> =1

Theorem 4.1. If (3I0) holds, then, for everya € R, Xo € R, and T > 0, equation
([@T) has a unique solution in the class € and

X(t) = XoEg(—at’) + /0 (t—s)" " Egpri1(—alt — 5)°) dw(s). (4.8)

Proof. Take the Laplace transform on both sides of (A.7):

= Xl

If 5 —~ > —1/2, that is, (3.10) holds, then inverting (4.9) yields (4g). O

LIX](A)

Equality (A.8)) implies that, for every ¢ > 0, X (t) is a Gaussian random variable with
mean
u(t) = XoBs(—at”)

and variance

t
o?(t) = / sz(B_V)Eéﬁ_yH(—asB) ds. (4.10)
0
By 2.30),
lim wu(t) = 0.
t—+o00

To study o?(t), we use (2.31)) with p = 8 — v + 1:
. 1
Jm tEs o (—t) = A=~

Note that ([B.I0) is necessary and sufficient for the convergence of (4.10) at zero. On
the other hand, (A1) implies that, depending on the values of v, the integral in
(£10) can either converge or diverge at infinity:

(4.11)

SOy 57, 5 e (112

Using (£12), as well as the arguments similar to the proof of Theorem B.7, we get
the following characterization of the solution of (A7) for all values of ,v € (0, 1].
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Theorem 4.2. (1) If B —~v < —=1/2, then X is a q-generalized process for every

q satisfying (3.19);
(2) If 8 —~v > —1/2, then X is a Gaussian Volterra process (L.8) and
o [fy>1/2, then, ast — 400, X (t) converges in distribution to a Gauss-

1an random variable with mean zero and variance

“+oo

Rlap) = [ FIE (e ds (4.13)

o [fy =1/2, then, ast — oo, X(t) is a Gaussian random variable with
mean of order t=° and variance of order Int;

o If v < 1/2, then, ast — oo, X(t) is a Gaussian random variable with
mean of order t=? and variance of order t'=%7.

In particular, for g € (0,1] and v € (0,1/2), the long-time behavior of X corresponds
to that of a sub-diffusion; see, for example, [22] or [I8, Section 6]. For v = 1/2, the
result is an ultra-slow, or Sinai-type, diffusion [21].

Remark 4.3. Different physical considerations lead to alternative forms of the time-
fractional Ornstein-Uhlenbeck process: see, for example [10] and references therein.

5. TIME FRACTIONAL GEOMETRIC BROWNIAN MOTION

Similar to the geometric Brownian motion
dx(t) = ax(t)dt + ox(t)dw(t),
which is )
x(t) = z(0) exp ((a — %) t+ aw(t)) , (5.1)
define the time fractional geometric Brownian motion as the solution of the equation

FX(t)=aX(t)+ o0 /tX(s) dw(s), t >0, p,v€(0,1), (5.2)

with non-random initial condition X (0) = X.

By Theorem B0, if v — f < 1/2, then (&.2) is equivalent to the integral equation
a

t —5)" X (s) ds+ t — )P X (s) dw(s); (5.
F(ﬁ)/o(t ) X()d+r(1+5_7)/0(t VTIX () dw(s); (5.3)

using (4.8), we get a different, but equivalent, equation

X(t) = Xo+

X(t) = XoEs(at®) + o /0 (t = 8)° g gr (alt — )?) X (s) duw(s). (5.4)

Accordingly, we define a classical solution of (5.2]) on [0,7] as a continuous process
X = X(t) such that, for all ¢t € [0,T], EX?(t) < oo, X (t) is Fs-measurable, and (5.3)
holds with probability one.

Because a closed-form expression of the type (5.]) is currently not available for X (¢),
we will study (5.2]) using chaos expansion.
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To simplify the notations, let
O(t) =t Egprra(at?). (5.5)

Theorem 5.1. Under condition (3.10), equation (5.2) has a unique classical solution
for every T > 0 and Xy, a,0 € R, with chaos expansion

X(t) = Z Xa(t)gon

acJ
where
XaWea=Xoo" [ [ [
a|zzn ()& 00 /0 /0 /0 (5.6)
Dt — 5,)P(5, — 5p_1) ... D5y — 51)Eg(ast) dw(sy) ... dw(s,),
and

0 t  prsn 52
EX?(t) :X§<E§(atﬁ)+202”/o /0 /0
n=1

Pt — 5,)P%(5p — Sp_1) ... P (59 — sl)Eg(asf) dsy .. .dsn>.

(5.7)

Proof. Existence and uniqueness follow from (5.3]) by the standard fixed point argu-
ment. To derive (5.0, we use the general result about chaos expansion for linear
evolution equations [I2], Section 6]. In particular, the functions X, = X,(t), @ € J,
satisfy a system of equations, known as the propagator:

= 0: 97 X(0) = aX(0), X(0)(0) = Xo;
@ >0 O Xa(t) = aXalt) + 0> Var ' (Xa—cp m) (1), Xa(0)=0, OF

k>1

where €(k) is the multi-index with |e(k)| = 1 and the only non-zero element in position
k. By Theorem 2,10,

X(o) (t) = X()Eg(atﬁ),

Xa(t) =0 Z \/oTk/O (t—s)""'Eszp (a(t — S)B)II_V(XQ_E(k) my)(s) ds, (5.9)

k>1
la] > 0.

Changing the order of integration and using (2.34]),

/0 (t — S)ﬁ_lEg’ﬁ (a(t — S)B)II_V(XQ_E(k) my)(s)ds

:/0 (t =) Eg1ip(alt = 5)7) Xaery(s)mi(s) ds,

and then, iterating the result,

Xalt) = j% 2 /ot /osn"'/082q)(t ~ o) (5.10)

T wepn
X @(Sn — Sn—l) R @(82 — sl)X(O)(sl)miﬂ(n)(sn) R miﬂ(l) dSl e dSn,
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where P" is the permutations group of {1,...,n} and {iy,...,,} is the characteristic
set of a;; cf. [12, Corollary 6.6]. After that, (5.6) follows from the connection between
the Hermite polynomials and the iterated It6 integrals [7, Theorem 3.1]. Then (5.7)
follows from (5.6]) by It6 isometry.

It remains to show that the right-hand side of (5.7) is finite. To this end, we use

([2:29) to write
PXt)<Ct ™ r=2(-9)+1>0,

so that
t  psn 52
/ / . / Pt — 5,)P*(5p — Sn1) ... P (53 — 51)
0o Jo 0
c(T)
2¢. B
X Eﬁ(asl) dSl e d5n> S m,
and convergence follows by the Stirling formula. 0J

Note that condition (3.I0) is necessary and sufficient for the convergence of the in-
tegrals in (5.7), and once again we see that, without ([3.I0), no classical solution of

(52) can exist.

On the other hand, each X, is well-defined by (59)) for all 5,~ € (0,1]. Accordingly,
we call the resulting formal sum ., Xo(t){a the chaos solution of (2.2). By
construction, this solution exists and is unique.

Theorem 5.2. If f—~v < —1/2 and {my, k > 1} are given by (BI7), then the chaos
solution of (5.2)) is a q-generalized process for every q satisfying (3.19).

Proof. The objective is to show that (3.19]) implies

Y g% Xa(®)? < 00, t >0, (5.11)
aceJ

and analysis of the proof of Theorem 5.1 shows that (5.11I) will follow from

> (/OT O(T — s) my(s) d8)2 < 0. (5.12)

k>1

To prove (5.12)), define the operator @ on Lo((0,7)) by

Qmy = /g my, k> 1.
Then the operator () is symmetric on Ly((0,7)),

Q1) = ([ 76muts)as ) mac)

k>1

> (/OT<I>(T — 5) my(s) ds)2 = /OT (Q@(t))* dt,

k>1

and (5.12) follows from (B.21]). O
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6. STOCHASTIC FRACTIONAL PARABOLICITY CONDITIONS

Consider the stochastic equation
du(t, z) = bug,(t, 2)dt + (ouas(t, ) + ouy(t, ) + cu(t, ) dw(t), t >0, z € R, (6.1)
with real numbers b, g, 0, ¢ as parameters. It is well known that
e Equation (6.I)) is well-posed in Ly(R) if and only if o = 0 and 2b — 02 > 0;

see, for example, [I5 Section 2.3.1].
e Equation (6.)) is well-posed in a suitable chaos space if b > 0; cf. [14].

On other hand, a perturbation-type argument [4] shows that the following fractional

version of ([6.1]),
t
P u(t, x) = augy(t, ) + 8;’/ (0uza(s,x) + ous(s, z) + cu(s, z)) dw(s) (6.2)
0
is well-posed in Ls(R) if 8 € (0,1), |o| is sufficiently close to zero, and 0 < v < 1/2.
Note that if v < 1/2, then (BI0) holds for all § € (0,1).

The objective of this section is to establish more general sufficient conditions for
well-posedness of (6.2]) and similar equations.

Fix the numbers b > 0, 0 € R, 3,7 € (0,1], o, v € (0, 2], and let
A= (—A)?2
be the fractional Laplacian defined in the Fourier domain by

W /Rd e (Af)(x) do = (27‘T?J)L/2 /Rd e f(x) du.

Consider the equation

t
OPult, z) + DA (t,2) = 0 O] / Nu(s,z)dw(s), t>0, z RS, (63)
0

with non-random initial condition u(0,-) € Ly(RY).
Definition 6.1. An F;-adapted process u € Lo (Q;C([O,T]; Lg(]Rd))) is called a so-
lution of (63) if, for every ¢ € C°(RY),

t
P (Jl—ﬁ (u, @)LQ(Rd)(t) + b/o (u, Aa(p) Lg(Rd)(S) ds

=1 ([ 08 )9 ) 0. 1 e [M]) -1

0

Equation (63)) is called well-posed in Ly(RY) if, for every initial condition u(0,-) €
C°(RY), there exists a unique solution u and

E||ullZ, ray (t) < Cllu(0, )7 ey

with C' independent of the initial condition.
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The Lo-isometry of the Fourier transform implies that, in terms of well-posedness in
Lo, equation (6.3) with & = 2 and v = 1,2, is equivalent to (6.2); this equivalence
might no longer hold for well-posedness in L,, p > 2, see [2] when f =7 =1, a =
2, v=1.

In the rest of the section we show that, under (310),

(1) For v € (0,1/2), equation (6.3)) is well-posed in Ly(RY) if and only if o > v;

(2) For v = 1/2, equation (6.3)) is well-posed in Lo(RY) if and only if o > v;

(3) For v = (1/2) + B¢, € € (0,1), equation (6.3) is well-posed in Lo(RY) if
a > v/(1 —¢), and can be well-posed when o = v/(1 — ) under additional
conditions on b and o.

Theorem 6.2. Assume that (3.10) holds. Then ([6.3)) is well-posed in Ly(RY) in each
of the following cases:

e v € (0,1/2) and a > v;
e v=1/2 and a > v;
o v (1/2,1] and
v

EEEUDK
1 B

a > (6.4)

Proof. Denote by U = U(t,y) the Fourier transform of u in the space variable. Then,
by Fourier isometry, (6.3)) is well-posed in Ly(RY) if and only if

E[U(t,y)* < ClU©,y)]% t >0, (6.5)

for some C' independent of y. Accordingly, throughout the proof, C' denotes a positive
number independent of y.

Equation (6.3)) in Fourier domain is

t

OFU () = —bly|" U(t, ) + olyl? & / U(s. ) du(s). (6.6)

0

Notice that, for each y € RY, equation (6.6) is of the same type as (5.2)). Then (5.4)
implies

E[U(t,y)]* = U0, y)*E5( - bly|*t")

‘ (6.7)
+ 02|y|2”/0 (t— s VE; 5 (= blyl*(t —5)°) E|U(s,y)|* ds.

If |y| < 1, then (2.30) immediately implies

E|U(t,y)* < C(\U(O,y)|2 + /Ot(t — )"0 E\U(s,y)\2ds>,

and (G.3]) follows by Proposition
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If ly| > 1, and v € (0,1/2), then we use ([2.30) to write
Eé( — b|y|at5) <C,

C
o 8
N =
and then (6.7]) becomes
t
BUG)P <C(UO0)P+ [ (-9 P B Pds).  (69)
0

so that (6.5]) again follows by Proposition 2.6l
If v > 1/2, then the integral on the right-hand side of (6.9]) diverges. Accordingly,
we replace (6.8) with

. C
Ef o (= bly[*(t = 5)7) < (a2|y[2e(t — )29)'

takinge > 0if vy =1/2and ef > y—1/2if y € (1/2,1]. Note that ([B.10) is equivalent
to 1 —e > 0. Then, instead of (6.9]), we get

t
B < C(00.0F + [ (6= 9" D BUG. )P ds),
0

as long as a(1 — ¢) > v, and conclude the proof by applying Proposition 2.6l O

Note that

(1) If v > (B 4+ 1)/2, then (6.4) becomes a > 2v. For equation (6.2]), this means
o = 0 = 0, which is consistent with [4].

(2) The results of [14] suggest that (6.3)) is unlikely to have a g-generalized chaos
solution when v > a.

If v € (0,1/2), then condition o > v is also necessary: (Z.31]) shows that (6.5) is not
possible for large |y| when o« < v. If v = 8 = 1, then (6.4) becomes a > 2v. On
the other hand, similar to (G.1]), equation (6.3)) is well-posed in Ly(RY) if v = 8 =1,
a=2,v=1,and

2b > o (6.10)
This observation suggests that, more generally, (63]) could be well-posed if v —1/2 =
e, e € (0,1), and « = v/(1 — ¢), under an additional condition of the type
(EI0). Dimensional analysis implies that the condition should be of the form
b > C(B,7)|o|”0=9). We conclude this section by establishing an upper bound for
C(B,7), as well as addressing a similar question when v = 1/2.

Theorem 6.3. Assume that 310) holds. Then equation (G3]) is

o NOT well-posed in Ly(RY) if v =1/2 and o = v;
o well-posed in Ly(RY) if v = (1/2) +¢f, € € (0,1),

v 1/(2—2¢ e
—— b (0%(1,8,7) 7 o]0, (6.11)

with o2 (a, 8,7) defined in ([EI3).

o =
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Proof. Similar to the proof of the previous theorem, we need to study equality (6.7])
for |y| > 1, so we fix y with |y| sufficiently large and define

V(t) = E|U(t,y)]* — |U(0,y)EZ(~bly|*t").

Then V' is non-decreasing in ¢ and satisfies
t
VIO = o [ (= PO (<l - )V (s)ds
0

t
+U(0,9)? 02|y|2”/0 SOTVES 5 (= blyl*s”) E5 (= bly|*(t — )°) ds.
(6.12)

If v =1/2, we re-write (6.12)) as
t
V(t) = |U(0,y)\20'2\y\2”/0 S TVES gy (= Byl s”) BR (= bly[*(t — 5)7) ds.

Changing the variables T' = (b|ly|*)'/#t, 7 = (b|y|*)*/?s, and keeping in mind that
v =a,

T
V(t) > |U(0, y)\202()_2/0 Tzﬁ_lEéﬁ_wl( — Tﬁ)Eé((T — T)B) dr.

Because lim,|,oc T = 400 and, by (231]), the last integral diverges at infinity, we
conclude that (€3] cannot hold.

Next, consider the case v € (1/2,1] under the assumptions (6.11]). The same compu-
tations as in the case 7 = 1/2 show that now the second integral on the right-hand
side of (6.12) is uniformly bonded in |y|. To analyze the first integral, write

—(1/2)

— |qy|7E/B
e=—""" w=|y| ",

so that v = a(1 — ¢), and
t
o> / (t— sPBDE2, L (— Blyl°(t — 5)°)V(s) ds

T 2 (/ / ) (t— s)PEDER L (— byl (t — $)°)V(s) ds.
We use ([6.8)) and t —s > @ to bound the first integral on the right-hand side of (6.13))
by

21,,|2v t—w
%/ (t — ) ds<C’/ 2(6v V(s)ds,
(bly|*=?)” Jo

which, by ([B.10), allows an application of Proposition 2.6l For the second integral,
we use monotonicity of V' to get an upper bound

t
VIOl [ (= sPOE (- (e - o)) ds
t—w

V@ Pl [T (= Ul ds

(6.13)
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which, after the change of variable 7 = (b|y|*)!/?s becomes

2 bL/B|y|v/B 2
V(t) =] /0 TQ(B_V)EéB_Wl( — 7'5) dr <V (t) =) 030(1, B,7).
By assumption,
o?
s 0= (LB =1,
and then (6.5) follows from (6.12). O

As a final comment, note that, while the proof of Theorem suggests that (6.11))
might not be sharp, we do get the optimal bound (6.10) whena =2, v =1, =~v =1,
and € = 1/2, because, with E1(t) = €',

> 1
020(1,1,1):/ e 2dt = .
0 2
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