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EXECUTIVE SUMMARY

Metal powder-based additive manufacturing (MPAM) methods typically produce microstructures with
a texture and columnar grain structure. The columnar grains can vary greatly in size and aspect ratio
throughout the microstructure, which can affect the mechanical properties of the resulting part significantly.
In an effort to link MPAM process parameters with the structural performance of the manufactured part, it
is necessary to determine the effects of the grain structure on the constitutive response of the material.

In this report, the development of a microstructure-informed constitutive model to describe the mechanical
behavior of the solidified material produced by the MPAM process is presented. The constitutive model
is based on crystal plasticity and accounts for the presence and variability of grain size and aspect ratio of
grain ensembles associated with the microstructural and poly-crystalline nature of metal alloys associated
with MPAM. The crystal plasticity-based constitutive model captures the grain boundary effect by using a
core-and-mantle grain configuration. This is done for the MPAM microstructure by considering a mapping
of the columnar grains into idealized ellipsoidal domains. The details of the implementation of this approach
are shown in this report. To apply the model, synthetic representative volume elements (RVEs) of MPAM
microstructures are generated, via a continuum diffuse interface model, and are then segmented digitally
into shape-preserving finite element models. Periodic boundary conditions are applied to the RVE and the
resulting predicted stress-strain behavior is extracted.

Simulation results show that both the size and the aspect ratio of the grains have significant effects on the
yield strength and the initial strain hardening modulus. By considering shape and aspect ratio effects, the
predicted stress-strain behavior can differ by as much as 30% when not considering any geometric effects.
Fitting statistical distributions to select results showed large stress concentrations in small and very elongated
grains, indicating potential regions with a high probability of failure. The effect of the computed grain AR
on yield strength and hardening modulus suggests that there is potential for tailoring the microstructure for
optimal performance in terms of improved yield strength and hardening moduli when compared with those
of conventionally manufactured materials.

E-1
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EFFECTS OF THE MICROSTRUCTURAL GRAIN SIZE AND ASPECT RATIO
ON THE MECHANICAL PROPERTIES OF ADDITIVELY MANUFACTURED

PARTS VIA COMPUTATIONAL ANALYSIS

1. INTRODUCTION AND LITERATURE REVIEW

The microstructure of a part manufactured with a metal powder-based additive manufacturing (MPAM) 
process, such as selective laser melting (SLM), can be very different from that of a part manufactured using 
a conventional manufacturing process, such as casting and forming, for the same material. MPAM processes 
involve continued melting and solidification of a small amount of metallic powder along with remelting and 
solidification of previously deposited layers. The rate at which material cools after solidification, primarily 
determined by the thermal gradient, influences drastically the evolution of local microstructure and grain 
morphology. Since grain morphology affects mechanical properties significantly, the computational models 
for the structural analysis of a part made by MPAM require a constitutive model that can capture accurately 
the microstructural dependence of the material behavior. The present work proposes an advancement to 
a grain-size dependent crystal plasticity finite element (CPFE) model [2] to account for the effect of the 
columnar morphology of the grain’s structure.

A brief literature review of columnar grains in MPAM and CPFE models is given first. Following that, 
the crystal plasticity constitutive model is presented, along with the methods used to homogenize and map 
the size and aspect ratio effects to the individual grains. Next, a continuum diffuse interface model is used 
to generate synthetic representative volume element (RVE) microstructures that represent features (e.g., 
columnar grains) seen in MPAM-produced microstructures. These microstructure RVEs then are segmented 
digitally and are converted to FE models with periodic boundary conditions, which are used to compute and 
study the effects of aspect ratio (AR) and grain size. The anisotropy introduced by the microstructure also is 
examined by considering loading in the longitudinal (i.e., along the dominant grain direction) and transverse 
(i.e., out of plane of the dominant grain direction) directions.

1.1 Literature Review

1.1.1 Columnar Grain Structures in MPAM

In the MPAM processes, the continued melting and solidification involved in MPAM greatly influence 
the local microstructure. Furthermore, the microstructure of a multilayer build also is affected by the overlap 
of multiple scan tracks within a single layer along with the partial or full remelting of previously deposited 
layers [3]. A defining characteristic of the microstructure formed from the MPAM process is the presence of 
epitaxially grown columnar grains with different grain sizes and aspect ratios [4–12]. This texture typically 
occurs in cubic materials, where the < 1 0 0 > crystal direction is the preferred growth direction. [13, 14] 
These microstructural morphologies have been observed with long vector scanning strategies and energy 
deposition beam power densities [3, 4, 6].

Manuscript approved April 22, 2021.
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The < 1 0 0 > crystal direction has been reported to align at various angles with respect to the build and
scan vectors of the AM part. For example, it has been reported [7] that a uniform < 1 0 0 > texture oriented
at an angle of 60𝑜 with the scan direction for unidirectional scanning is developed, and for bidirectional
scanning, a < 1 0 0 > texture that started at 45𝑜 with the scan direction in the first layer and then alternated
the direction of the primary dendrites by 90𝑜 between each layer. In some cases, a < 1 0 0 > cube texture
has been reported rather than a fiber texture [3, 8]. As a consequence of the texture morphologies, varying
mechanical properties have been observed in AM parts with strong fiber < 1 0 0 > textured microstructures,
with a decrease of Young’s modulus compared with non-textured AM microstructures [4]. Furthermore,
elastic properties of AM parts can vary significantly depending on the orientation of the build direction with
respect to the loading direction [14, 15]. AM materials with strong texture also are shown to have anisotropy
in failure processes, such as fatigue crack growth [5].

Sometimes, AM microstructures that do not feature multilayer columnar grains and strong textures
are characterized by grains that are elongated in the direction of the solid/liquid interface and the local
thermal gradient during solidification. Consequently, the effects of the energy beam and the scan pattern
used during manufacturing are apparent in the microstructure [16–18]. Occasionally, finer, more isotropic
microstructures are produced by lower power densities and shorter vector scan patterns that change directions,
such as in the case of island scanning [3, 19, 20]. Even when the whole microstructure does not have a
significant globally dominating texture, local microtextures can still be present because of the cyclic thermal
history seen during multilayer builds. Studies of several different scan patterns helped identify repeated
localized bands of elongated grains with < 1 0 0 > texture when a global texture was not present [3].

A significant amount of work toward determining the mechanical behavior of AM metals can be iden-
tified, including the use of crystal plasticity simulations to model the effects of AM microstructures on the
macroscopic properties and performance of the material. Several studies have utilized two-dimensional
experimental or idealized microstructures [18, 21]. Few computational studies have utilized realistic, three-
dimensional microstructures generated by simulations of the involved process. Examples of works that have
used idealized three-dimensional microstructures representing AM relevant elongated grain aspect ratios and
crystallographic textures can be found in [22, 23].

Another effort utilized 3D Cellular Automata to model the AM process and crystal plasticity simulations
to simulate the spatial variation of microstructure and mechanical properties within a rectangular AM build
[24]. In this study, the nucleation parameter used in the AM process simulation was varied to study the effect
of grain size on response. Several experimental investigations also have studied variations within an AM
build [25–28]. Finally, a recent study focuses on microstructure and property variation between disparate
AM processes rather than spatial variation within a single build [29].

1.1.2 Grain Morphology Effect in CPFE

The core of any CPFE model is a crystal plasticity based constitutive model that captures heterogeneous
deformation at a microscopic material length-scale by describing the elastic-plastic mechanical deformation
at the level of slip systems [30]. Crystal plasticity-based constitutive models do not inherently have an
intrinsic material length-scale in their classical formulation [30], and therefore cannot explain observed
grain size dependence of some materials. However, efforts to develop microstructural feature size-dependent
constitutive models have gained momentum over the past three decades due to the size-dependent material
behavior observed in many experimental studies. One of the major focus areas of this effort was on
introducing geometrically necessary dislocations (GNDs) into crystal plasticity constitutive models [31, 32].
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Such formulations primarily rely on a strain gradient parameter that effectively captures the contribution
of GNDs to the shear strength [33, 34]. A result of inclusion of the strain gradient parameter is that a
length scale parameter associated with the microstructural feature dimensions emerges. This formulation
also allows for the introduction of various mechanisms of material hardening by using Taylor’s relation and
expressing the plastic shear strain rate and shear strength relationships in terms of dislocation density.

The strain gradient-based formulation has taken a few different forms. In some studies, an approach
following the framework of Cosserat-Koiter-Mindlin theories of higher order elasticity was followed [35–
37]. While a number of strain gradient based models were phenomenological [33–35, 37–41], many directly
introduced the strain gradient effects into the evolutionary laws of the internal slip system state variables
[42–58].

Although the strain gradient-based size-dependent constitutive models have been successful in capturing
the overall influence of microstructural features on flow stress, they also exhibited serious limitations;
limitations that are fundamental and inherent to their formulation. One such limitation is the lack of
an inherent mechanism to capture the yield stress variation as a function of grain size, the Hall-Petch
relationship [59, 60]. In many models, this deficiency is addressed by enforcing a boundary region with
preexisting GNDs [45, 47, 49, 54], while in others, it is addressed by explicitly introducing Hall-Petch
models empirically into the formulations [61–63]. Another formulation by Lim et al. [60] used a two scale
method, in which a meso-scale simulation (MSS) was used to redistribute the mobile part of the dislocation
density within grains, consistent with the plastic strain. In addition to the inability to inherently capture
the influence of grain boundaries on yield strength, the strain gradient-based constitutive models are mesh
sensitive when implemented in a finite element framework [47]. Many models developed for ultragrain or
nanograin materials, where dislocations glides are less important than discrete dislocation emissions from
the grain boundary, do not rely on strain gradient formulations [64, 65]. Instead, these models follow various
approaches to derive intrinsic material length-scales. For instance, Khan et al. [64] implemented speific
deformation mechanisms explicitly in their model, while Yuan et al. followed a statistical approach [65].

Composite models are an alternative approach to strain gradient-based methods to introduce a charac-
teristic length scale into the crystal plasticity-based constitutive models. The composite models operate by
subdividing a grain into a core and a mantle [66–69]. The mantle, representing a region influenced by
grain boundary, deforms differently than the core, which represents the inner volume of the grain. The
characteristics of the core remain the same irrespective of the grain size. Therefore, in combination with
the mantle, an inherent length-scale naturally emerges in the constitutive model. The emerged length-scale
is a measure of the relative dominance of the grain boundary influence region on the overall behavior of
the material. The composite model postulates that plastic flow occurs in localized zones of shear, as in slip
bands, and these slip bands individually must generate an exceptional concentration of stress at the grain
boundaries to propagate plastic flow throughout the material [70]. Meyers et al. [67] predicted an initial
strengthening by using a work-hardened layer along the grain boundary in a polycrystalline aggregate. The
flow stress of the grain aggregate is obtained from the average of the flow stress in the dislocation free
grain interior region (core) and the grain boundary region (mantle). Fu et al. [71] advanced this model by
allowing for the evolution of dislocation density in the mantle, subsequently advancing to the nanocrystalline
regime [66] by accounting for the grain boundary rotation and slipping, thus capturing the reverse Hall-
Petch effect. Grain size-dependent constitutive models on the core-and-mantle configuration also have been
developed by coupling a single-crystal plasticity constitutive model with an appropriate cohesive interface
model [68, 69]. Moghaddam et al. [72, 73] advanced the composite model by explicitly accounting for the
increased resistance to dislocation nucleation and motion in grain boundary influence region. They used
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the same strain-hardening rule of the crystal plasticity constitutive model to determine the increase in yield
strength due to the grain boundary effect. Consequently, a change in the initial strain-hardening modulus also
occurs due to the grain boundary effect. The model is also general, in the sense that it can capture the effect
of any mechanisms of deformation arising from changes to the resistance (friction) to dislocation mobility
as long as that resistance manifests an increase or decrease in yield strength with a corresponding decrease
or increase in strain hardening. Unlike the strain gradient-based models, the core-and-mantle-based models
can inherently capture the dependence of yield strength on grain size, and are relatively easy to implement.

While a large volume of literature is available on the effect of grain size on material properties, only
a very few studies are reported on grain shape effects. This can be attributed to the fact that the grain
structure is largely equiaxial in most of the conventional manufacturing processes, except forming and
rolling. In the case of both of these exceptions, the literature available is focused on capturing the the
grain shape effect during reforming or reshaping through direction grain deformation in the plastic regime,
rather than in MPAM, where the directionality is primarily influenced by the thermal effects with little
or no mechanical strain hardening. The gradient and curl of strains in strain gradient formulations treat
elongated grains differently than equiaxed grains, thus producing a ‘grain geometry’ sensitivity [74]. To
the authors knowledge, the only study that has followed a systematic approach to investigate the effect on
columnar grain structures is Delannay et al. [48] for thin film application. However, with the wide use of
additive manufacturing processes, modeling the effect of columnar grain structures is vital. An improved
understanding of grain morphology effects on the properties of MPAM parts will aid in the development of
process-structure-property linkages for creating truly tailored parts from the microscale to the macroscale.

2. THEORETICAL CONSIDERATIONS

Moghadham et al. [72, 73] formulated a crystal plasticity-based constitutive model that can capture
grain boundary effect by using a core-and-mantle grain configuration. They captured grain size effect by
considering a mapping of the equiaxial grains into idealized spherical domains, thus capturing the grain size
effects. In the present work, this method is extened to MPAM microstructure by considering a mapping
of the columnar grains into idealized ellipsoidal domains. This section begins by briefly presenting the
basic formulation of the crystal plasticity constitutive model with grain boundary effect [72, 73]. Then, the
formulation behind the mapping of columnar grains into idealized ellipsoidal domains is presented.

2.1 Crystal Plasticity Model with Grain Boundary Effect

The incremental formulation of plasticity theory is based on: (1) the evolution of Cauchy stress, 𝜎𝜎𝜎,
defined on a Jaumann corotational frame of reference that rotates with the crystal lattice, 𝐽𝐽𝐽∗ (𝜎𝜎𝜎), (2) the
shear flow rate (slipping rate), ¤𝛾(𝛼), and (3) the strain hardening rate, ¤𝑔(𝛼). The Cauchy stress evolution in
the Jaumann corotational frame can be stated as

𝐽𝐽𝐽∗(𝜎𝜎𝜎) +𝜎𝜎𝜎(𝐼𝐼𝐼 : 𝐷𝐷𝐷∗) = 𝐶𝐶𝐶 : 𝐷𝐷𝐷∗, (1)

where 𝐼𝐼𝐼 is the second order identity tensor, 𝐷𝐷𝐷∗ is the elastic stretch rate tensor, and𝐶𝐶𝐶 is the tensor containing
the material elastic constants.

The rate of slipping on a given slip system, 𝛼, is defined by the flow rule as

(2)¤𝛾(𝛼)(𝑡) = ¤𝛾(𝛼)
(
𝜏(𝛼)(𝑡), 𝑔(𝛼)(𝑡)

)
,
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where ¤𝛾(𝛼)(𝑡) is the instantaneous rate of plastic shear strain on 𝛼 at time 𝑡, and 𝜏(𝛼)(𝑡) and 𝑔(𝛼)(𝑡) are the
resolved shear stress component and the shear strength, respectively, on 𝛼 at that instance.

The accumulated plastic shear strain on 𝛼 at time 𝑡 is represented by

(3)𝛾(𝛼)(𝑡) =
∫ 𝑡

0

�� ¤𝛾(𝛼)(𝑡 ′)
�� 𝑑𝑡 ′.

The cumulative shear flow strain 𝛾(𝑡), which is the total shear strain accumulated on all the slip systems at
the material point until time 𝑡, can be determined as

(4)𝛾(𝑡) = Σ(𝛼)

∫ 𝑡

0

�� ¤𝛾(𝛼)(𝑡 ′)
�� 𝑑𝑡 ′.

A general form of a strength evolution rule can be expressed by defining an instantaneous rate of shear
strength evolution, ¤𝑔(𝛼)(𝑡), on the slip system 𝛼 as

(5)¤𝑔(𝛼)(𝑡) = ¤𝑔(𝛼)(𝛾(𝑡), ¤𝛾(𝛽)(𝑡)),

where 𝛾 is the cumulative plastic shear strain on all the slip systems, and ¤𝛾(𝛽) represents the instantaneous
rates of shear flow in the individual slip systems, including 𝛼.

The increase in strength due to strain hardening as a result of mechanical loading of a slip system at the
material point described by a position vector 𝑟 can be stated as

(6)𝑔
(𝛼)
𝐿

(𝑟, 𝑡) =
∫ 𝑡

0
¤𝑔(𝛼)(𝑡 ′)𝑑𝑡 ′,

Therefore, the instantaneous shear strength of the 𝛼 slip system 𝑔(𝛼) can be expressed as

(7)𝑔(𝛼)(𝑟, 𝑡) = 𝑔0(𝑟) + 𝑔(𝛼)
𝐿

(𝑟, 𝑡),

where 𝑔0(𝑟) represents the initial shear strength of the material at 𝑟 before any plastic deformation due to
loading begins to accumulate.
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2.1.1 Grain Boundary Effect Formulation

The core-and-mantle configuration involves a grain that is considered to have two regions: a mantle region
near its boundaries that has a higher resistance to dislocation nucleation, that represents a manifestation of
the geometric constraint introduced by the grain boundary, and hence, called the grain boundary influence
region, and the remaining core region that is sufficiently far away from the boundaries and is not influenced
by them [72]. The resistance is maximum at the grain boundary, decreases with an increase in the distance
from the grain boundary, and fades away at the inner boundary of the region. The thickness of the grain
boundary influence region and the variation of resistance in this region are functions of interaction between
the grains in that neighborhood, and hence may vary along the grain boundary. Accordingly, considering
the annealed state of the material as the reference state, 𝑔0(𝑟) is a material constant, 𝜏0∞, independent of
the location in the core regions, while in the grain boundary influence region, it increases as the distance
of the material point from the grain boundary decreases. Therefore, the instantaneous shear strength of the
material points can be expressed as

(8)𝑔(𝛼)(𝑟, 𝑡) = 𝜏0∞ + 𝑔𝐺𝐵(𝑟) + 𝑔(𝛼)
𝐿

(𝑟, 𝑡),

where the second term 𝑔𝐺𝐵(𝑟) captures the increase in strength due to the grain boundary effect and assumes
a value in the grain boundary influence region that vanishes towards the core.

An increase in strength that is associated with an increased resistance to dislocation motion, 𝑔𝐺𝐵(𝑟),
can be determined following the principle of crystal plasticity by considering an equivalent shear strain in a
pre-processing step. To this end, a shear strain parameter, �̃�𝐺𝐵(𝑠, 𝜙), is introduced, where 𝑠 is the shortest
distance of the material point from the nearest grain boundary and 𝜙 characterizes the nearest grain boundary.
The symbol ˜( ) is used to indicate that this is a mathematical quantity that simply enables us to introduce the
physical quantity resistance in terms of a variation in strength and initial strain hardening modulus. With the
introduction of this parameter, 𝑔(𝛼)

𝐺𝐵
(𝑟), can be expressed as

(9)𝑔𝐺𝐵(𝑟) =
∫ �̃�𝐺𝐵(𝑟 )

0
¤𝑔(𝛼)(𝛾)𝑑𝛾.

For the numerical implementation, a linear form of the strain hardening equation is typically considered.

The special case of 𝑠𝑒𝑐ℎ2-type dependence between the strain-hardening modulus with total shear strain
is introduced as follows:

(10)ℎ𝛼𝛽 = 𝑞𝛼𝛽ℎ0∞𝑠𝑒𝑐ℎ
2
���� ℎ0∞𝛾

𝜏𝑠 − 𝜏0∞

���� ,
where 𝑞𝛼𝛽 differentiates latent hardening and self hardening, ℎ0∞ is the initial hardening modulus, and 𝜏𝑠 is
the maximum resistance to shear flow, 𝑔∗

𝐺𝐵
. The instantaneous rate of shear strength can be written as

(11)¤𝑔(𝛼)(𝑟, 𝑡) = Σ(𝛽)ℎ𝛼𝛽(𝛾)
�� ¤𝛾(𝛽)�� .
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Equation (10) can be combined with Eq. (11) to obtain

(12)¤𝑔(𝛼) = ℎ0∞𝑠𝑒𝑐ℎ
2 |𝐾𝛾 | Σ(𝛽)𝑞

𝛼𝛽
�� ¤𝛾(𝛽)�� ,

where 𝐾 = ℎ0∞
𝜏𝑠−𝜏0∞

. Likewise, Eq. (9) can be written as

(13)𝑔𝐺𝐵(𝑟) =
ℎ̃0∞
𝐾

(𝑡𝑎𝑛ℎ|𝐾�̃�𝐺𝐵 |),

where ℎ̃0∞ is given as

(14)ℎ̃0∞ = ℎ0∞
(𝑁𝑠𝑠 − 1)𝑞 + 1

𝑁𝑠𝑠

,

where 𝑁𝑠𝑠 is the number of slip systems, 𝑞 is the same as 𝑞𝛼𝛽 since it is the same for all the (𝑁𝑠𝑠 − 1) latent
hardening slip systems, and it is equal to one for the self-hardening slip systems.

2.1.2 Grain Boundary Effect Homogenization

The material point implementation of the grain boundary effect in a computational analysis requires a
precise spatial description of these parameters that is typically quite challenging for a realistic 3D crystallo-
graphic representation. An alternative approach is followed here to homogenize the grain boundary effect on
an individual grain basis with the aid of a domain mapping of the given arbitrary grain geometry to a simple
equivalent domain. A characteristic length scale parameter will emerge explicitly in the constitutive model
as a consequence of the homogenization. The homogenized properties determined using simple geometric
domains then are assigned to the corresponding grains of arbitrary geometry in the computational model.

The shear flow introduced to capture grain boundary effect can be homogenized by considering its
average over the grain volume. We define the grain average equivalent shear flow strain as

(15)�̃�𝐺𝐵 =

∫
𝑉𝐺𝐵

�̃�𝐺𝐵(𝑟∗)𝑑𝑉

𝑉
.

Accordingly, the total strength and its rate of change can be stated respectively as

(16)𝑔(𝛼)(𝑟, 𝑡) = 𝜏𝑜∞ + 𝑔𝐺𝐵 +
∫ 𝑡

0
¤𝑔(𝛼)𝑑𝑡
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and

(17)¤𝑔(𝛼) = ¤𝑔(𝛼)(𝛾 + �̃�𝐺𝐵, ¤𝛾(𝛽)),

where 𝑔𝐺𝐵 (homogenized equivalent of Eq. (13)) is

(18)𝑔𝐺𝐵 =
ℎ̃0∞
𝐾

(𝑡𝑎𝑛ℎ |𝐾�̃�𝐺𝐵 |).

2.1.3 Ellipsoidal Domain Mapping

In order to perform the integration given by Eq. (15) analytically, each grain has to be mapped into a simple
idealized geometry. Moghadham et al. [72] considered a spherical domain mapping, capturing the grain
size effect. However, the spherical domain mapping is not capable of capturing the grain aspect ratio effect,
and hence it is not appropriate for the columnar grains of the MPAM microstructure. Instead, we considered
an ellipsoidal domain mapping, which can capture the aspect ratios seen in MPAM microstructures. Details
of this mapping and integration are omitted here for brevity but can be found in Appendix A.

2.2 Microstructure Synthesis and Model

In this work, representative volume elements (RVEs) of microstructures that are based on those identified
experimentally via imaging in actual MPAM microstructures [12] are synthesized using a continuum diffuse
interface model [75, 76]. The details of the continuum diffuse interface model can be found in [76] and in
Appendix B.

2.2.1 Segmentation

The resulting synthetic microstructure generated by the continuum diffuse interface model is represented
in Fig. 1a. The data in the RVE is in the form of a 3D matrix with each (𝑖, 𝑗 , 𝑘) location containing a grain
label from 1 to 𝑁 , where 𝑁 is the total number of distinct grains in the microstructure. The structure of this
data is similar to the data structure used in grey-scale images such as those obtained from magnetic resonance
imaging (MRI) and computed tomography (CT) scans. As such, the voxel image data is imported into ScanIP,
a software developed by Simpleware (Synopsys, Mountain View, California, USA) to semi-automatically
segment medical image data.

The segmentation process creates a surface representation of each grain, which is then used to generate
a surface and a volume FE mesh. To eliminate the “stair stepping" effect inherent to the data structure, an
algorithm to anti-alias and smooth the data is applied to ensure smooth contours along the grain boundaries.
Following the smoothing of the surface data, the segmented boundaries are converted into a triangulated
surface representation, then a multi-part surface decimation algorithm followed by a Delaunay tessellation
with tetrahedral elements is applied [77]. A representative mesh used in this study is shown in Fig. 1b. A
tetrahedral mesh is used in this work following the conclusions of [1, 78], where the tetrahedral mesh was
shown to represent the grain geometries (and therefor overall RVE behavior) better at a similar or lower
computational cost compared with a hexahedral mesh.
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(a) RVE of synthetic microstructure generated by the
3-D continuum diffuse interface model

(b) Tetrahedral mesh of synthetic microstructure RVE
of Fig. 1a

Fig. 1—Smoothed surface representation and tetrahedral mesh of an RVE [1]

2.3 FE Model Implementation

The FE model in this work is implemented in Abaqus/Standard (Dassault Systems, Providence, Rhode
Island, USA) implicit FEA package [79], with the crystal plasticity constitutive model, implemented through
a user material subroutine (UMAT). The tetrahedral elements used in this work are 10-noded serendipity
tetrahedral elements (Abaqus designation C3D10) [80]. To test the model, we considered the uniaxial tensile
loading of the material using an RVE. Periodic boundary conditions are enforced on all the external faces
of the RVE. Applying periodic boundary conditions for unstructured mesh is not as straightforward as for
the structured mesh because in an unstructured mesh, the nodal locations on the opposite face do not have a
unique correspondence in terms of their relative locations on the faces. To circumvent the issue, we utilize
the element interpolation functions to define the displacement of a desired point. For a 4-noded tetrahedral
element, the element displacement, 𝑢, at any (𝑥, 𝑦, 𝑧) location is defined as

(19)𝑢 (𝑥, 𝑦, 𝑧) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑦 + 𝑎3𝑧.

Now for any face, we select a node and define the corresponding point (𝑥, 𝑦, 𝑧) on the opposite face using the
same interpolation functions under isoparametric formulation. Accordingly, the value of the interpolation
functions corresponding to the point on the opposite face can be determined by solving

(20)


1 𝑥1 𝑦1 𝑧1
1 𝑥2 𝑦2 𝑧2
1 𝑥3 𝑦3 𝑧3
1 𝑥4 𝑦4 𝑧4


𝑇 
𝑎0
𝑎1
𝑎2
𝑎3

 =


1
𝑥

𝑦

𝑧

 ,

where 𝑥𝑖 , 𝑦𝑖 , and 𝑧𝑖 are the coordinates of the four nodes of the current tetrahedral element. The solution to
this equation provides the barycentric coordinates of the desired point within each element in the set. As per
the definition of the interpolation functions, the solution to the preceding equation will only have all 𝑎𝑖 ≥ 0
if the point being searched for is contained within or on the surface of an element. It is possible that multiple
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solutions exist, which occurs when the desired point is aligned exactly with an existing node or lies on the
edge of two elements. When this occurs, any element with all 𝑎𝑖 ≥ 0 can be selected without any deleterious
consequence because the interpolation functions of both elements result in the same value at that point. The
process to apply this method to 10-node serendipity or 15-node quadratic tetrahedral elements is identical to
that of the 4-node tetrahedral element.

3. RESULTS AND DISCUSSION

To evaluate the model, the effect of grain size and aspect ratio on mechanical properties was studied
by comparing the predicted stress-strain behaviors under various loadings of samples with microstructures
consisting of different average grain aspect ratios. Three RVE microstructures with different average grain
aspect ratios were generated as shown in Fig. 2. Different aspect ratios were introduced by using three
combinations of ^0 and Δℎ in Eq. (B6). Three ^0 values of 1, 3, and 5.5 were chosen to simulate an equiaxial
grain structure such as that seen in the traditional manufacturing process, a slightly directionally biased
grain structure, and a highly elongated grain structure, respectively. The latter two are representative of
features that can be seen in MPAM microstructures. A convergence study on the number of grains and mesh
density in the RVE was conducted. Comparison of stress-strain results demonstrated that any number of
grains between 100 and ≈600 would be sufficient. The mesh density required to accurately represent 600
grains is what specified the upper limit. A middle ground was chosen such that each RVE has approximately
300 grains and dimensions of 0.15𝑚𝑚3. For convenience, each RVE will be referred to by the anisotropy
factor ^0 that controls the anisotropy associated with the grain aspect ratios. Crystallographic orientations
for each grain were specified to be aligned with the axis of the fitted ellipsoid described in the previous
section.

(a) ^0 = 1, Δℎ = 1 (b) ^0 = 3, Δℎ = 0.6 (c) ^0 = 5.5, Δℎ = 0.4

Fig. 2—Synthetic microstructure RVEs generated by the continuum diffuse interface model
with three combinations of ^0 and Δℎ. [1]

Effective diameters and aspect ratios of each grain are obtained using the ellipsoid approximation of the
grain geometry (Appendix A) for each of the generated RVEs and are shown in Fig. 3. From the figure, it
can be seen that there is no significant variation in the grain size distribution between the RVEs (Fig. 3a).
Having a nearly equal grain size distribution between the RVEs helps to isolate the aspect ratio effects during
later analysis. The effective aspect ratios (Fig. 3b) show expected behavior as ^0 values are changed. On
average, an increase in ^0 increases the aspect ratios seen. However, some higher aspect ratio grains are still
present in the lower ^0 cases. For instance, the highest grain aspect ratio in all the RVEs occurs in the ^0 = 3
case and not in the 5.5 case.
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(a) Grain effective diameter (size) distribution sorted
by size

(b) Effective grain aspect ratio (shape) compared to
the effective grain diameters (size)

Fig. 3—Synthetic microstructure RVE grain size and shape distributions

In this work, 316L stainless steel is chosen as the material of interest in this work. The elastic material
properties 𝐶11, 𝐶12, and 𝐶44 (Eq. (1)) are based on the work of [81, 82]. The following power law model
is considered for the plastic strain flow rule ¤𝛾(𝛼) = ¤𝑎

(
𝜏(𝛼)

𝑔(𝛼)

)𝑛
. The plastic material parameters ¤𝑎, 𝑛, and

𝑞 (Eq. (14)) were obtained from [82]. The material properties 𝜏0∞, 𝜏𝑠, ℎ0∞ (Eq. (10)), and �̃�∗
𝐺𝐵

(Eq. (A10))
were determined by matching the stress-strain behavior of a grain-size dependent simulation with the stress-
strain behavior reported in [83]. A simple trial-and-error approach along with a minimum mean square
error criterion was adopted to obtain a set of values for these parameters. A grain boundary thickness 𝛿𝐺𝐵

of 4.98 `𝑚 was chosen based on an average obtained using the experiment data of [84]. All the material
parameters used in this study are shown in Table 1.

Table 1—Material Parameters Used for the Numerical Simulation
Parameters Value

𝜏0∞ 75 MPa
𝜏𝑠 370 MPa
¤𝑎 0.001 /s
𝑛 55
𝑞 1

𝐶11 204.6 GPa
𝐶12 137.7 GPa
𝐶44 126.2 GPa
�̃�∗
𝐺𝐵

0.1
ℎ0∞ 330 MPa

3.0.1 MPAM Columnar Grain Effects on Initial Strength and Strain Hardening Modulii

The initial yield strength of individual grains as a function of grain size and grain aspect ratio can be
calculated using Eq. (16) and is bounded between 𝜏0∞ and 𝜏𝑠 (Fig. 4). As grain size increases and/or as grain
aspect ratio decreases to 1 (equiaxial), the grain boundary effect on yield strength diminishes and approaches
𝜏0∞. Conversely, the grain boundary effect in small and/or elongated grains causes the yield strength to
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increase, approaching 𝜏𝑠. In general, as ^0, and therefore average aspect ratio, increases, more grains with a
higher initial yield strength are seen as expected. These results indicate that elongated grains, such as those
seen in MPAM microstructures and parts, will have a higher yield strength than the equiaxial grains observed
in the traditionally manufactured parts.

(a) ^0 = 1 (b) ^0 = 3

(c) ^0 = 5.5

Fig. 4—Yield strength of every grain in each RVE with and without size and aspect ratio
effects of the grains considered

The initial strain hardening modulus (Eq. (10)) can be calculated in the same manner as the yield strength
to obtain the results shown in Fig. 5. In the case of initial strain hardening modulus, the maximum bound
is ℎ0∞, corresponding to large, equiaxial grains, and the minimum bound is zero, corresponding to smaller,
elongated grains. The effect of the grain size and aspect ratio of the individual grains on their initial strain
hardening modulus follows a similar trend as the grain yield strength. This is consistent with the strain
hardening principle, i.e., the strength and the strain hardening coefficients are inherently related to the
increased resistance to dislocation nucleation. The grain boundary effect (Eq. (9)) is responsible for the
relationship between the initial yield strength and the initial strain hardening coefficient.
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(a) ^0 = 1 (b) ^0 = 3

(c) ^0 = 5.5

Fig. 5—Initial strain hardening modulus of every grain in each RVE with and without size
and aspect ratio effects of the grains considered

3.0.2 Parametric Study on Mechanical Properties of Columnar Grains in MPAM

The stress-strain behaviors of the three synthetic MPAM RVEs were obtained under four different loading
conditions: tension in the dominant grain direction (𝑌 direction in Fig. 2), tension transverse to this direction
(𝑍 direction in Fig. 2), in-plane shear (𝑌 − 𝑍 direction in Fig. 2), and out-of-plane shear (𝑋 − 𝑍 direction
in Fig. 2). Here we have assumed that loading in the 𝑋 and 𝑍 directions and shear in the 𝑋 − 𝑌 and 𝑌 − 𝑍
planes produce nearly identical behavior. The loading is applied via a specified displacement to generate a
volume-averaged nominal strain in the direction of the load of approximately 40%. The analysis results were
post-processed by volume averaging the von Mises stress and equivalent plastic strain in the whole RVE and
in each grain within the RVE.

The average stress-strain behaviors of the whole RVEs for different loading conditions are shown in
Fig. 6. First, it is noted that utilizing no size or AR effects results in a behavior that is relatively constant
as ^0 is increased and the only significant differences in the behavior are due purely to the geometry and
meshing of the models. The inclusion of only the size effect resulted in approximately a 10% higher stress
at small strains with the difference diminishing as the plastic strain increased. These results were expected
based on Figs. 4 and 5 where including the size effect increased the yield strength and decreased the strain
hardening modulus slightly compared with the case without size or AR effects. Additionally, the inclusion of
the size effect has a relatively constant effect on all three microstructures because the grain size distribution
between the 3 RVEs is nearly identical, as mentioned earlier. Inclusion of aspect ratio (AR) into the model
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(a) ^0 = 1, Y (b) ^0 = 3, Y (c) ^0 = 5.5, Y

(d) ^0 = 1, Z (e) ^0 = 3, Z (f) ^0 = 5.5, Z

(g) ^0 = 1, X-Z (h) ^0 = 3, X-Z (i) ^0 = 5.5, X-Z

(j) ^0 = 1, Y-Z (k) ^0 = 3, Y-Z (l) ^0 = 5.5, Y-Z

Fig. 6—The average stress-strain behaviors of the whole RVEs for different loading
conditions. From left to right, ^ increases from 1 to 5.5. Each row corresponds to a
different loading condition. Shape effect considerations have a constant effect on mechanical
behavior in all cases, whereas a noticeable in increase can be seen for size and AR effects as
^ increases.
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amplified the effect, i.e., the strength increased and the strain hardening modulus decreased further. In the
most extreme instances (e.g., Fig. 6l), an increase in stress at a given strain by more than 30% can be seen.
It also can be seen that in the equiaxial (^0 = 1) microstructure the AR effect has almost no difference
from the size effect. However, as the grains become more elongated to the levels seen in MPAM, the AR
effect becomes very apparent and significantly alters the yield strength and the hardening behavior. These
results demonstrate the need for consideration of both size and AR effects in MPAM microstructures where
elongated grains, such as those in the ^0 = 5.5 case, are not unusual.

In addition to the determination of RVE volume-averaged stress-strain behavior, the crystal plasticity
models allow the accurate prediction of local stress and plastic strain fields within individual grains. By
volume averaging over individual grains, distributions of stress as a function of strain can be found1, which
can provide insight for failure prediction. In following this distribution fitting procedure, the information
in the 3D stress field quantities can be condensed into more interpretable stress-strain plots with quantile-
based prediction intervals. An additional outcome of this fitting procedure is that the statistical distribution
parameters (in this instance, the shape and scale of a gamma distribution) effectively become a function of
strain, which could be used as a reduced-order representation of the whole RVE. Applying this procedure to
a few cases of Fig. 6, using the gamma distribution median and interval containing 95% of the data, results
in Figs. 7 and 8. In Figs. 7 and 8, wider variations in the distribution of the stress-strain can be used as a
measure of the heterogeneity of stress-strain fields, and an indication of the interfacial stress concentrations
and strain localizations around the grain boundaries. Excessively large stress and strain gradients could be
an indication of early failure or reduced fatigue life.

For the case of loading in the Y direction (Fig. 7), the 95% intervals provide insight into the differences
seen in the volume-averaged RVE response (Fig. 6). First, it is noted that the inclusion of grain boundary
effects (SARE in the figure) results in a larger variance than the case without grain boundary effects (NE
in the figure). This difference tends to diminish at large strains when the majority of grains have become
saturated (i.e. reached 𝜏𝑠). Next, it can be noted that, in all cases, the variance increases with stress. This can
be thought of as the probability of stress concentrations increasing, leading to higher failure probabilities that
one would expect at large plastic strains. Examining the equiaxial (^0 = 1) case compared with the MPAM
elongated (^0 = 5.5) case, it can be seen that increase in variance with strain is greater in the equiaxial
case than in the elongated case. The observed difference in variance increase with strain is believed to be
due to the grain orientations, which are aligned with the elongated RVE, but have no preferred direction in
equiaxial RVE. These preferred orientations mean that, in the elongated RVE, there is less crystallographic
orientation mismatch between the grains, and therefore less heterogeneity locally. The heterogeneity, in turn,
is likely causing activation of additional slip systems at higher strains, and thus is leading to a higher variance
increase with strain in the equiaxial. Applying the principles stated, one could infer that a microstructure
with elongated grains may exhibit larger heterogeneity in the stress and plastic strain fields at lower strains,
while a microstructure with equiaxial grains is more likely to exhibit the heterogeneity at higher strains due
to activation of multiple slip systems. These findings support what has been found in the literature that
MPAM structures tend to have an increased yield strength but a higher probability of failing at lower strains
(i.e. lower ductility). [85] Furthermore, the findings could only be obtained using a constitutive model that
captured both the size and AR effects. Without such a model, the high variance at low strains would not be
predictable in MPAM microstructures.

1The grain volume-averaging process generates a histogram of all grain stresses at each discrete strain value. Each histogram at
each strain is then used to fit a statistical distribution using maximum likekihood estimation (MLE).
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(a) ^0 = 1 (b) ^0 = 5.5

Fig. 7—Comparison of the distribution of volume-averaged stress in each grain for the no
effect (NE) and size and aspect ratio effect (SARE) between the RVEs with ^0 values of 1
and 5.5, loaded in the Y direction.

Many of the features seen in the Y loading case are also seen in the X-Z loading case of Fig. 8. The main
difference here is that the MPAM elongated case appears to have a variance that increases more quickly than
in the equiaxial case. In this instance, the result implies that the elongated case under shear loading is more
likely to fail at low and high strains compared with the equiaxial case. This type of information can be utilized
when designing for a given application with AM. If the load is expected to be of primarily one type (e.g.,
shear, uniaxial, bending, etc.), then process parameters could be modified to produce a microstructure with
grains oriented in a preferred direction, thus giving a higher yield strength and potentially higher ductility
than conventional manufacturing processes.

(a) ^0 = 1 (b) ^0 = 5.5

Fig. 8—Comparison of the distribution of volume-averaged stress in each grain for the no
effect (NE) and size and aspect ratio effect (SARE) between the RVEs with ^0 values of 1
and 5.5, loaded in the X-Z direction.

The results shown in Figs. 7 and 8 also reveal some remarkable features of the heterogeneity of the
stress-strain behavior of individual grains. The median (dashed line) follows the RVE volume-averaged
stress (thick solid line, curves from Fig. 6) closely. This indicates that there may be some potential to predict
the RVE response from a smaller, but statistically equivalent domain. This approach would be similar to
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what is done in the literature in constructing statistical volume elements (SVEs) [86, 87]. Additionally, there
exists a potential to relate the gamma distribution parameters as a function of strain directly to the statistics of
the RVE using machine learning, which gives the potential for nearly instantaneous stress-strain estimation
and could link structure to properties during building of the MPAM part.

4. CONCLUSIONS

This paper has presented the development of a grain size- and aspect ratio-dependent crystal plasticity
model or the high aspect ratio grains characteristic of metal powder additive manufacturing (MPAM)
processes. The constitutive model was developed by applying a core-and-mantle approach in which the
grain boundary influence region in the grain is treated as the mantle. After providing the model details
in the most general form, we reduced it to a special case of a 𝑠𝑒𝑐ℎ2-type hardening, then further reduced
it to a homogenized form mapped to a simple ellipsoidal domain. Synthetic microstructure representative
volume elements (RVEs) were generated using a continuum diffuse interface model. RVEs of three different
aspect ratios were generated based on published literature data on microstructures from MPAM processes for
316L stainless steel, and then were segmented and converted to finite element meshes. The FE models were
analyzed in Abaqus/Standard with a crystal plasticity UMAT, periodic boundary conditions, and displacement
loading. A parametric study was undertaken for simulating the responses of the three synthetic RVEs for
four loading conditions with and without grain boundary effects. Grain boundary properties, such as the
thickness of the mantle region and the effect of different materials, were not considered in this paper, and
will be incorporated into this model in future research.

The results showed variations in stress-strain behavior as large as 30% for 316L stainless steel from
MPAM processes with and without a grain boundary effect. The largest differences were in the cases that,
on average, had the highest aspect ratios. Analysis of stress-strain behavior of the RVE using statistical
distributions showed large stress concentrations within an RVE and that they could be related to failure
probability. These results were consistent with those in the literature and predicted that microstructures
with elongated grains such as those seen in MPAM, are more likely to have higher yield strengths but lower
ductility and failure at lower strains.

The methodologies developed in this study are postulated to enable the construction of a machine learning
model to modify MPAM process parameters in situ, and generate an optimal microstructure, with varying
grain sizes and shapes, for a given application. Design of parts with an optimal microstructure could
exhibit superior yield strength while maintaining a higher hardening modulus compared with traditionally
manufactured microstructures. Likewise, process parameter optimization also could be carried out for
different MPAM materials using the techniques discussed in this paper.
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Appendix A

DOMAIN MAPPING AND SIMPLIFICATION

Let us consider a transformation of a grain with a given realistic geometry to a grain with a simple
idealized geometry described by a smooth, convex surface 𝜓(𝑥, 𝑦, 𝑧) = 𝑘 . Let 𝛿𝐺𝐵 be the constant thickness
of the grain boundary influence region and �̃�𝐺𝐵(𝑠) be the distribution of a plastic strain that would produce
a resistance equivalent to the grain boundary resistance from its strain-hardening effect. Here, 𝑠 is chosen
as the distance from inner boundary of the grain boundary influence region along a direction that gives the
shortest distance to the grain boundary (i.e., normal to the grain outer boundary) such that 0 ≤ 𝑠 ≤ 𝛿𝐺𝐵. A
schematic representation of this concept is depicted in Fig. A1 for a point A on the intersection of the line AP
with the circumference of an elliptical equivalent domain, representing the 2D cross-section of an ellipsoid
associated with the source grain of the mapping.

Fig. A1—2D illustration of the mapping of an arbitrary grain geometry to an ellipsoid.

Let us choose an arbitrary point with its position vector rb that defines a material point inside the grain
boundary influence region. Let 𝑃(𝑋,𝑌, 𝑍) be a point on the outer surface of the grain boundary influence
region along rb with the position vector r𝑃. Note that with 𝑃 being on the grain boundary, 𝑋 , 𝑌 , and 𝑍 are
not arbitrary, but must satisfy the boundary conditions defined in the previous section. Let r𝑖 be the position
vector of a point on the inner boundary of the grain boundary influence region along rb . The thickness of
the grain boundary layer along r𝑃 can be related to the grain boundary layer thickness 𝛿𝐺𝐵 by

(A1)(𝑡n𝑟 ) · n𝜓 = 𝛿𝐺𝐵,

where 𝑡 is the thickness of the grain boundary influence region at 𝑃 along r𝑃, which is equal to ‖r𝑃 − r𝑖 ‖,
n𝑟 is the normal vector along the position vector r𝑃 and can be determined as

(A2)n𝑟 =
1

√
𝑋2 + 𝑌2 + 𝑍2

(𝑋 i + 𝑌 j + 𝑍 k) ,
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and n𝜓 is a unit vector normal to 𝜓 at 𝑃 that can be defined as

(A3)n𝜓(r𝑃) =
∇𝜓𝑃

‖∇𝜓𝑃 ‖
.

Rearranging Eq. (A1), we obtain

(A4)𝑡 =
𝛿𝐺𝐵

n𝑟 · n𝜓

,

To determine �̃�𝐺𝐵(𝑠) at rb , the quantities b and 𝑠 are related in a similar manner to obtain

(A5)b =
𝑠

n𝑟 · n𝜓

.

The position vector rb now can be written in terms of r𝑃 and 𝛿𝐺𝐵 according to

(A6)
rb = r𝑖 + bn𝑟

= r𝑃 − (𝑡 − b) n𝑟

= r𝑃 − (𝛿𝐺𝐵 − 𝑠)n𝑟

n𝑟 · n𝜓

.

Therefore, 𝑠 corresponding to a location rb in terms of grain boundary description 𝜓 at 𝑃(𝑋,𝑌, 𝑍) can be
obtained as

(A7)𝑠 = 𝛿𝐺𝐵 −
r𝑃 − rb

n𝑟 · n𝜓 .

Thus, the distribution of �̃�𝐺𝐵(𝑠) for the range of b ∈ {0, 𝑡} defined by the position vector rb corresponding
to the location 𝑃(𝑋,𝑌, 𝑍) now can be determined by substituting the corresponding values of 𝑠 as

(A8)�̃�𝐺𝐵(𝑠) = �̃�𝐺𝐵(𝛿𝐺𝐵 −
r𝑃 − rb

n𝑟 · n𝜓)
= �̃�𝐺𝐵

( (rb

 − ‖r𝑖 ‖
)
n𝑟 · n𝜓

)
.

Integration over the mapped grain volume 𝑑𝑉 (Eq. (15)) is performed in two steps, first along radial
incremental length 𝑑𝑟 and then along tangential incremental surface 𝑟2 𝑠𝑖𝑛(𝜙) 𝑑\ 𝑑𝜙, according to

(A9)�̃�𝐺𝐵 =
8
𝑉

∫ 𝜋/2

0

∫ 𝜋/2

0

∫𝑟𝑃

𝑟𝑖

�̃�𝐺𝐵(𝑟, \, 𝜙)𝑟2𝑠𝑖𝑛(𝜙)𝑑𝑟𝑑\𝑑𝜙.
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The actual distribution of �̃�𝐺𝐵 should be known in order to obtain a closed-form analytical solution.
Here, we use a linear profile along the radial direction as an approximation to the actual distribution, allowing
the integration in the radial dimension �̃�𝐺𝐵(𝑠) = 𝐶𝑠, where 𝐶 = �̃�∗

𝐺𝐵

𝛿𝐺𝐵
, to be performed. This assumption

yields

(A10)
�̃�𝐺𝐵 = 𝐶𝑠

= 𝐶
(rb

 − ‖r𝑖 ‖
)
n𝑟 · n𝜓 .

Noting that
rb

 = 𝑟 enables expressing integration as

(A11)�̃�𝐺𝐵 =
8𝐶
𝑉

∫ 𝜋/2

0

∫ 𝜋/2

0

(
− ‖r𝑖 ‖

‖r𝑃 ‖3 − ‖r𝑖 ‖3

3
+
‖r𝑃 ‖4 − ‖r𝑖 ‖4

4

)
n𝑟 · n𝜓𝑠𝑖𝑛(𝜙)𝑑\𝑑𝜙.

Taking advantage of the relationships between 𝑟𝑃 and 𝑟𝑖 (Eq. (A6)) enables representing the homogenized
grain boundary shear flow strain as

(A12)�̃�𝐺𝐵 =
8𝐶
𝑉

(𝐼1 + 𝐼2 + 𝐼3) ,

where

𝐼1 =
1
2

∫ 𝜋/2

0

∫ 𝜋/2

0
‖r𝑃 ‖2

(
𝛿𝐺𝐵

n𝑟 · n𝜓

)2
𝑠𝑖𝑛(𝜙)𝑑\𝑑𝜙, (A13)

𝐼2 = −1
3

∫ 𝜋/2

0

∫ 𝜋/2

0
‖r𝑃 ‖

(
𝛿𝐺𝐵

n𝑟 · n𝜓

)3
𝑠𝑖𝑛(𝜙)𝑑\𝑑𝜙, (A14)

𝐼3 =
1
12

∫ 𝜋/2

0

∫ 𝜋/2

0

(
𝛿𝐺𝐵

n𝑟 · n𝜓

)4
𝑠𝑖𝑛(𝜙)𝑑\𝑑𝜙. (A15)

The above expressions can be simplified further by considering a general quadric surface with 𝜓(𝑥, 𝑦, 𝑧) =
0, where

(A16)𝜓(𝑥, 𝑦, 𝑧) = 𝐴1𝑥
2 + 𝐴2𝑦

2 + 𝐴3𝑧
2 + 𝐴4𝑥𝑦 + 𝐴5𝑦𝑧 + 𝐴6𝑥𝑧 + 𝐴7𝑥 + 𝐴8𝑦 + 𝐴9𝑧 + 𝐴10.

Individual grains then are mapped to a domain that is optimal in terms of minimum linear least square (llsq)
error, satisfying the volume equivalence constraint by enforcing ∑3

𝑖=1 𝐴𝑖 = 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. It should be noted
that the three radii of the ellipsoid correspond to 𝐴1, 𝐴2, and 𝐴3. The three radii of the ellipsoid also are used
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to determine the effective aspect ratio of the ellipsoid as 𝐴1/(𝐴2 + 𝐴3). For its implementation, Eq. (A16)
is first rearranged to the form

𝜓(𝑥, 𝑦, 𝑧) = 𝑥2 +𝑦2 +𝑧2−𝐵1

(
𝑥2 +𝑦2−2𝑧2

)
−𝐵2

(
𝑥2−2𝑦2 +𝑧2

)
−2𝐵3𝑥𝑦−2𝐵4𝑦𝑧−2𝐵5𝑥𝑧−𝐵6𝑥−𝐵7𝑦−𝐵8𝑧−𝐵9

= 0,
(A17)

where 𝐵𝑖 are simple linear combinations of 𝐴𝑖 . The solution to the llsq problem, which provides the
coefficients of Eq. (A17), is given as

(A18)𝐵𝑖 = (𝐶𝑖𝑘𝐶𝑘𝑚)−1𝐶𝑚𝑗𝑑 𝑗 ,

where 𝐵 is a [9 × 1] vector containing the coefficients, 𝑑 is an [𝑁 × 1] vector, and 𝑁 is the number of data
points corresponding to the locations describing the grain surface. Each component of the vector 𝑑 is equal
to 𝑥2 + 𝑦2 + 𝑧2 at a given location. 𝐶 is an [𝑁 × 9] matrix with each column corresponding to an individual
location defining the grain surface as

(A19)[
(
𝑥2 + 𝑦2 − 2𝑧2

)
,

(
𝑥2 − 2𝑦2 + 𝑧2

)
, 2𝑥𝑦, 2𝑦𝑧, 2𝑥𝑧, 𝑥, 𝑦, 𝑧, 1 ] .

From the definition of an ellipsoid, we know that for 𝑟 = 1, the magnitude of r𝑃 can be expressed as

(A20)‖r𝑃 ‖ =
1√︂(

𝐶\𝑆𝜙

𝐴1

)2
+
(
𝑆\𝑆𝜙

𝐴2

)2
+
(
𝐶𝜙

𝐴3

)2

and

(A21)r𝑃 = ‖r𝑃 ‖
(
𝐶\𝑆𝜙𝑖 + 𝑆\𝑆𝜙 𝑗 + 𝐶𝜙 �̂�

)
.

From this, we obtain the normal vector along r𝑃 (Eq. (A2)) as

(A22)n𝑟 =
r𝑃
‖r𝑃 ‖

= 𝐶\𝑆𝜙𝑖 + 𝑆\𝑆𝜙 𝑗 + 𝐶𝜙 �̂� .
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Likewise, n𝜓 is found using Eq. (A3) as

(A23)n𝜓 (r𝑃) =

𝐶\𝑆𝜙

𝐴2
1
𝑖 + 𝑆\𝑆𝜙

𝐴2
2
𝑗 + 𝐶𝜙

𝐴2
3
�̂�√︄(

𝐶\𝑆𝜙

𝐴2
1

)2
+
(
𝑆\𝑆𝜙

𝐴2
2

)2
+
(
𝐶𝜙

𝐴2
3

)2
.

The scalar product n𝑟 ·n𝜓 then is calculated by taking the inner product of the expressions in Eqs. (A22) and (A23)
as

(A24)n𝑟 · n𝜓 =

(
𝐶\𝑆𝜙

𝐴1

)2
+
(
𝑆\𝑆𝜙

𝐴2

)2
+
(
𝐶𝜙

𝐴3

)2√︄(
𝐶\𝑆𝜙

𝐴2
1

)2
+
(
𝑆\𝑆𝜙

𝐴2
2

)2
+
(
𝐶𝜙

𝐴2
3

)2
.

Equations (A20) and (A24) can be inserted into Eq. (A15) and integrated to establish �̃�𝐺𝐵. It is now
trivial to see that all the equations derived for the ellipsoidal domain mapping degenerate to the spherical
domain mapping under the conditions 𝐴1 = 𝐴2 = 𝐴3 = 𝑑/2, thus capturing only the grain-size effect of a
microstructure with equiaxial grains.
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Appendix B

CONTINUUM DIFFUSE INTERFACE MODEL

The continuum diffuse interface model for simulating grain evolution within 3D domains was first
introduced in [B75] for 2D domains and without aspect ratio control capability. In the present case, the
framework has been generalized for 3D domains and parameters for controlling the size and aspect ratio
variation distributions have been introduced. In the diffuse-interface field model, an arbitrary polycrystalline
microstructure is described by a set of continuous field variables [𝑖 (𝑖 = 1, ..., 𝑝) that are called orientation
field variables for distinguishing different orientations of grains with 𝑝 being the number of possible grain
orientations.

It is assumed that across the grain boundaries between the grain [1 and its neighbors, the value of [1
changes continuously from 1 to 0. The total free energy of an inhomogeneous system in terms of all the
orientation field variables and their gradients is expressed as

(B1)𝐹 =
∫

[ 𝑓0 ( [1(𝑟), [2(𝑟), ..., [𝑝(𝑟) ) +
𝑝∑︁

𝑖=𝑛

^̂̂ 𝑖

2
(∇[𝑖(𝑟))2 ] 𝑑3𝑟,

where 𝑓0 is the local free energy density, which is a function of field variables [𝑖 , and ^̂̂ 𝑖 are the gradient
energy coefficients that, in general, are tensors reflecting the crystal symmetry or gradient directional bias of
the [𝑖s. The main requirement for 𝑓0 is that it has 𝑝 degenerate minima with equal depth 𝑓𝑚𝑖𝑛 located at

(B2)( [1(𝑟), [2(𝑟), ..., [𝑝(𝑟) ) = (1, 0, ..., 0), (0, 1, ..., 0), ..., (0, 0, ..., 1)

in 𝑝-dimensional space.

Because the orientation field variables are non-conserved quantities, their local evolution rates can be
considered linearly proportional to the variational derivative of the total free energy with respect to the local
orientation field variable, and therefore, they are governed by the Ginzburg–Landau equations,

(B3)𝜕[𝑖(𝑟, 𝑡)
𝜕𝑡

= −𝐿𝑖
𝛿𝐹

𝛿[𝑖(𝑟, 𝑡)
, 𝑖

= 1, 2, ..., 𝑝,
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where 𝐿𝑖 are relaxation coefficients, t is time, and 𝐹 is total free energy. Substitution of the free energy form
in Eq. (B1) into Eq. (B3) leads to the form

(B4)𝜕[𝑖(𝑟, 𝑡)
𝜕𝑡

= −𝐿𝑖[
𝛿 𝑓0([𝑖)
[𝑖

− ^̂̂ 𝑖∇2[𝑖], 𝑖

= 1, 2, ..., 𝑝.

By following the process described in [B75] by specifying the initial free energy, we can finally derive
the system of equations that need to be solved for obtaining the evolution of all [𝑖 in the form

(B5)
𝜕[𝑖

𝜕𝑡
= −𝐿𝑖[−𝑎1[𝑖 + 𝑎2[

3
𝑖 + 2𝑎3[𝑖

𝑝∑︁
𝑗 6=𝑖
[2
𝑗 − ^̂̂ 𝑖∇2[𝑖],

for 𝑖 = 1, 2, ..., 𝑝 and for 𝑎𝑘 , (𝑘 = 1, 2, 3) being positive definite constants that can be defined as indicated in
[B75] to have the values 𝑎1 = 𝑎2 = 1, 𝑎3 = 𝑎1/2.

To simulate the grain growth evolution for the purpose of generating synthetic RVE microstructures, the
set of kinetic equations (Eq. (B5)) are to be solved numerically by discretizing them in space and time. Prior
to presenting the discrete forms, we present a simplification for the second-order diagonal tensors ^̂̂ 𝑖 . The
components of this coefficient can be thought of as expressing the proportion of discrepancy of the gradient
energy coefficients along directions 𝑥 and 𝑦 relative to those along 𝑧. This generalization can be expressed
by ^̂̂ 𝑖 = ((^0𝑥^𝑖 , 0, 0), (0, ^0𝑦^𝑖 , 0), (0, 0, ^𝑖)). For the case in which we want to allow the response to be the
same on both directions in the 𝑥 − 𝑦 plane, we can set ^0 = ^0𝑥 = ^0𝑦 , and this is the case that we will use
for our numerical analysis in this paper.

Based on these considerations, the Laplacian is discretized by the following finite difference discrete
form

(B6)∇2[𝑖 =
1

3(Δℎ)2 [ ^0 ( − [𝑖(𝑥, 𝑦, 𝑧) + [𝑖(𝑥 − Δℎ, 𝑦, 𝑧) + [𝑖(𝑥 + Δℎ, 𝑦, 𝑧)

+ [𝑖(𝑥, 𝑦 − Δℎ, 𝑧) + [𝑖(𝑥, 𝑦 + Δℎ, 𝑧) + [𝑖(𝑥, 𝑦, 𝑧 − Δℎ) + [𝑖(𝑥, 𝑦, 𝑧 + Δℎ) ) ] ,

where Δℎ is the size of the grid element and ^0 represents a factor representing the bias acting on the 𝑥 − 𝑦
plane such that we can tune a desired variation of grain anisotropy aspect ratio relative to the z-direction.

The discretization with respect to time, was implemented via a simple explicit integration Euler scheme
described by

(B7)[𝑖(𝑡 + Δ𝑡) = [𝑖(𝑡) +
𝑑[𝑖

𝑑𝑡
Δ𝑡,

where Δ𝑡 represents the integration time step. Thus, for a given initial distribution of [𝑖 , which describes the
initial grain structure, the temporal and spatial evolution of the microstructure can be obtained by solving
Eq. (B5) numerically via Eqs. (B6) and (B7).
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