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1. Introduction

Every introductory calculus student solves the problem of a projectile trajectory in a gravitational
field for the case when there are no drag forces on the projectile. For that simplified case, the
trajectory traces out a parabolic path in the atmosphere over time, while the horizontal component
of velocity remains undiminished. In the real world, however, the projectile is subject to drag
forces, which, at high Reynolds number, are estimated to be proportional to the square of the
velocity. This drag force complicates the solution of the trajectory. Nonetheless, for certain

special cases, an analytical solution by way of the calculus is still achievable.

An analytical study was conducted to determine the distance a hyper velocity projectile would
travel in air. The projectile could be the tip particle of a shaped charge jet, an explosively formed
penetrator, a bullet, or a similar device. Four cases were considered, namely, firing the projectile
vertically upward, firing it horizontally under the restriction of “very small o (where « is the
time-dependent trajectory angle), firing it horizontally under a small « restriction, and finally,
firing the projectile at a shallow trajectory (i.e., a small positive or negative launch angle). The
model is based on Newton’s Law and the forces acting on the projectile are drag and gravity.
Erosion, ablation, and strength of the projectile are not considered. This study is useful for

experimental-range safety considerations and possibly jet-particle recovery.

2. Flight Retardation Equations

Consider a projectile of mass m (kg) launched at an initial velocity V' = V (m/s), at an angle «y
with respect to the horizon, subject to the initial (time ¢ = 0 s) conditions that the horizontal
position z = 0 m, and with the vertical position y taking on a value of H, representing the height
above ground (m) of the launch.

The velocity components at any given moment are given as
vy =2 =V cosa (D

and

vy =y ="Vsina . 2)



where « is the time-dependent trajectory angle with respect to the horizon, and the overdot
denotes time differentiation. The aerodynamic drag force on the projectile is pAC;V?2/2, where
p is the density of air at sea level (1.293 kg/m?), g is the acceleration due to gravity (9.806 m/s?),
C, is the drag coefficient, and A is the effective cross-sectional area (m?). The governing
equations, accounting for the effects of aerodynamic drag and gravity and neglecting ablation,

according to Newton’s 2nd Law, are:

. pACyV? pACy .
mi = ————— cosa == T\ 22 + 72 3)
and AC,V? AC
my:—pTd sina—mg:—%y 2+ 9?2 —mg . 4)

By lumping the term, B = pAC,/2m, we may restate the governing set of equations as
T = —Bx\/i? + y? 5)
j=—-ByJi*+y?P—g . (6)

The grouping within B, given by m /A, represents the areal density along the flight axis of the
projectile, and may be alternately expressed as p, L,,, where p, is the projectile density and L,, is
the characteristic length of the projectile. Thus, an alternative expression for B is given by

B = pCqy/2p,L,.

We do not propose here to solve this full set of highly nonlinear governing equations for arbitrary
launch angle ory. However, we will use equations 5 and 6 to generate simplified governing

equations for various special cases of the general problem.

3. The Vertical Model

For the case where the projectile is fired in the vertical direction, o remains at 90° throughout the

projectile ascent. Equation 5 becomes trivial, and the governing equation 6 becomes

j=—(pACq/2m)y* — g = —(By* +g) , (7)

From straightforward integration, references (/—3), we may obtain the vertical velocity ¥ as a

i(0) = [ Ltan [ oB = 1)] ®)

2

function of time ¢:



For this special case, the subscript f denotes the extremum condition when the projectile reaches

maximum altitude. The time to reach the peak altitude is determined from equation 8 by the

_ ! -1 B
tf—\/g_Btan <V0\/;> . )

Assuming the projectile is launched from ground level, the altitude as a function of time is given

y(t) = ; {ln cos [@(tf - t)] — Incos (@U)} : (10)

The projectile’s peak altitude, which is reached at ¢ = ¢, is therefore

v =3 {meos (VoBes)} (1

condition y(0) = Vj:

as

Upon the projectile’s return trip to the ground, the sense of y (and thus ¥ and ¥) is reversed in
equation 7. The terminal velocity of the downward falling projectile is achieved when 3 = 0.

This condition allows for the well-known algebraic solution for the terminal velocity as

. _[2mg 4
yterm - pACd - g/B . (12)

4. The “Very Small o Horizontal-Launch Model

Consider a projectile fired parallel to the x-axis as another special case of the governing
equations, where the initial height y(0) = H of the launch is very small, such that, over the
duration of the flight, the vertical velocity y and, thus, the angle of attack o remain very small.
Specifically, we require constraints that both §7 < & and BV?sina < g. Under the first
constraint, the velocity V = /22 + 32 may be approximated as 2. Employing this
approximation, the second constraint may be restated as Biy < g, which effectively discards the
first term on the right-hand side of equation 6 (the vertical component of aerodynamic drag) as

insignificant relative to the second term (gravity g).

For this simplified case, in which the vertical component of aerodynamic drag is insignificant

with respect to the projectile weight, the governing equations (equations 5 and 6) become

i = —Bi? (13)



ji=-g . (14)

From equation 14, y = —gt and
y=—gt*/2+H . (15)

Here, we denote the terminal condition with a subscript f when the projectile reaches the ground

(i.e., the z-axis), we have, as y — 0, that
tr=14/2H/g . (16)

In the x direction, we may integrate equation 13 once to obtain

i =Vo/(BVot +1) . (17)
Separate the variables and integrate again:

x=In[BVyt+1]/B . (18)

Finally, as y — 0 at ¢ = ¢; from equation 16, we obtain the velocity as
iy = Vo/(BVoy/2H/g + 1) and the position as

z; = In[BVy/2H/g + 1]/B . (19)

The term z; represents the horizontal distance the projectile is anticipated to travel prior to
reaching the ground. As it reaches the ground, its horizontal velocity is not zero, but will be

given by equation 17 evaluated at ¢ = ¢;.



5. The Small o Horizontal-Launch Model

While the “very small o horizontal-launch model allows for a closed-form solution of all terms,
it is overly restrictive to assume that the vertical component of aerodynamic drag force is
negligible relative to the projectile weight. As the projectile velocity becomes hypersonic, this
restrictive assumption becomes even less applicable. A more general solution to the governing

equations 5 and 6 may be obtained by relaxing this constraint.

With this revised approach, we still assume a small-angle constraint, o ~ 0, which is equivalent
to y < x. However, we enforce no restrictions on the magnitude of the drag force relative to the
projectile weight. In this revised approach to the horizontal-launch model, the governing

equations become

i = —Bi? (20)
y=—-Biy—g . (21)

Equation 20 is the same as equation 13, which, in turn, will lead to the same results for = and =,
governing the horizontal motion of the projectile. Thus, equations 17 and 18 likewise apply to

this more general horizontal-launch model, which we restate here for convenience:
r=Vy/(BVpt + 1) (22)

x=I[BVyt+1]/B . (23)

Turning to the equation 21, we use the chain rule to express §j as dy/dx - dx/dt, or & dy/dx. This
equation may then be re-expressed as

.9

dx x

However, from equations 22 and 23, we observe that 1/3 = eBr /Vo. Thus, substituting into

equation 24,

dy . 9 B
2 4+ By =—=2¢B% 25
<m+ Y %e (25)

While equation 25 reveals that ¢ will clearly be exponential in x, it must also satisfy the initial

horizontal-launch condition that y = 0 at ¢ = 0 (which also coincides with x = 0).



A solution is found in the expression

j = _BgVo sinh(Bz) . (26)

Since P = BVt + 1, equation 26 may be integrated again for y, as

2

gx gt gt

T 2BV 4 2BV,

y +H . 27)
Note that the term x has been used to replace a logarithmic expression, which arises in the
integration, In(BVyt + 1)/ B, in equation 27. A Taylor expansion of this first term of equation 27
can be shown (to three terms) to be

gt gt’

SR - <1) .
54T (-1 < BVt < 1) (28)

g g
_ In(BVpt +1) = 0
2BvE ~ apyp MBI D =0+

If only the first three terms of the expansion are taken, then equation 27 becomes

y = —gt*/2 + H, which is precisely the “very small o’ horizontal-launch model of section 4.
Seeing that the “very small o’ model uses only three expansion terms of the more accurate
logarithmic form and that it can be inadvertently applied when BVt > 1, outside the zone of
convergence, provides additional emphasis on just how limited the “very small o’ model is in its
utility. In contrast, the logarithmic form of z, as part of the full solution given by equation 27,

plays a significant role at later values of ¢, as the projectile travels downrange (i.e., at larger x).

Unlike the “very small o” horizontal-launch model of section 4, we cannot solve, in closed form,
for the time, ¢, at which the projectile strikes the ground (i.e., when y = 0). However, a rapidly
converging iteration may be set up to obtain ¢¢. Start with = 0 and quadratically solve
equation 27 for a trial value of ¢ for which y = 0. This trial value of time may be substituted into
equation 23 to obtain an updated value of projectile travel distance x. The updated value of z
may be employed as the iteration alternately employs equation 27 and equation 23. Convergence
is achieved rapidly, because of the logarithmic response of equation 23 is relatively insensitive to

large changes in .



6. The Shallow-Trajectory Model

We consider now the case where the projectile is fired essentially in the horizontal direction,
except for a slight perturbation in the initial elevation angle at launch, «ay, such that oy < 1.
Because o remains small, we retain the “small o assumption (cos « =~ 1, sin & ~ «) and thus the
simplifications to the governing equations employed for the small « horizontal-launch model, as

given by equations 20 and 21.

Therefore, the solution to equation 20 remains unchanged, and the expressions given in
equations 22 and 23 remain in force for the shallow-trajectory model. The difference between
this case and the small a horizontal-launch model is in the initial condition on yy. Whereas

9(0) = 0 identically in the horizontal-launch case, here we have
9(0) = Vysinag ~ Voag . (29)

The solution, in this case, is generalized from the approach of section 5 and amounts to resolving

equation 25 under a different initial condition. The solution is given as

-

j = —ggvo sinh(Bx — ) (30)
where )
1 2B
7:2ln<1+voao> . G31)
g

When oy is zero, v = 0 and equation 30 returns to the horizontal-launch form of equation 26.
With y known through equation 30, the angle of attack o may also be expressed. Itis given as

_g_ g 2y _ 2Bz
tana_d:_fBVO? (e e ) i (32)

Knowledge of « can be used to gauge when the governing constraint of the “small o’ assumption

no longer applies.

Likewise, equation 30 may be integrated to obtain y as

g gt* gt
— (2 T H .
Yy <2BV02 + Oéo) X 1 2BV, + (33)



Analogous to the small « horizontal-launch model, the solution for impact time ¢ in the
shallow-trajectory model may be obtained through iteration of ¢ and x, by initially assuming
x; = 0. This technique will converge when (g/2BV? + «) is nonnegative. The form of

equation 33 that quadratically solves for ¢ when y = 0 is given by

t 1 -+ (1 )2 + A H + 9 + (34)
- _ = ag | x :
f BV, BV, g oBVZ )
Thus, the iteration is performed on equations 34 and
xy = In[BVyty + 1]/B (35)

to obtain ¢ and z 7, respectively (since the projectile range will be obtained as x; = z(¢) through
equation 23). For all the equations presented in this section, when oy = 0, the small «

horizontal-launch model is recovered.

For negative-«y cases where (g/2BV? + ay) is negative, other techniques may be used to solve
for x ¢ and t; if the iteration described above fails. For example, ¢ may be progressively advanced
by small increments, with the corresponding x being calculated via equation 23. These
incremental values for £ and = may be substituted into equation 33 until such time is reached
where y becomes negative. A suitably small time increment may be used to achieve the desired

resolution. The values of ¢ and = when y changes sign are, in fact, ¢ and s, respectively.

7. Computational Results

The cases studied in this section are based on reported drag coefficients for various shaped-
charge jet particles (4) or else constitute particles of a hypothetical construct. In all cases, the
particles considered are projected in air at or near the surface of the Earth. While cases 1 through
4 are based on the experimental data of Chou et al. (4), case 5 is hypothetically constructed as a

representative explosively formed penetrator (EFP) particle.

Results for the vertical-launch model are given in table 1. The particulate projectiles are
imagined to have been launched vertically from the surface of the Earth (Note: the drag
coefficients are based on the given “particle profile” figures, as if flying from left to right across
the page). The third column of the table denotes the particles’ areal density along their flight

axis. It can be obtained as mass per unit cross-sectional area or alternately as projectile density



times effective length, depending on which data were measured/estimated. In the table, the

columns y; and ¢, respectively, indicate the maximum altitude reached by the particle, and the

time to reach that altitude. The e, column indicates the maximum (terminal) velocity with

which the particle returns back to the Earth’s surface.

Table 1. Cases studied using the vertical model (section 3).

Case | Vo | m/A=p,L,| Cq B Liner Shape Particle yr tf | Yterm
(m/s) (kg/mQ) (m™1) Profile (m) (s) | (m/s)

1 | 4650 27.0 0.68 | 0.0163 38 mm hemi <O | 321.8 |39 245

2 4250 156.8 2.11 | 0.0087 127 mm hemi Q 556.3 | 54| 33.6

3 | 4230 146.3 2.31 | 0.0102 | 127 mm hemi(P) p 481.5 | 49| 31.0
7670 88.2 2.29 | 0.0168 81.3 mm cone d 343.1 |39 | 242

2000 445.0 1.00 | 0.00145 | Hypothetical EFP 21979 | 13. | 82.2

Results for the “very small o’ horizontal-launch model are given in table 2 and may be compared

to those results for the small o horizontal-launch model, given in table 3. The parameter B is

constructed, in part, using the areal density along the flight axis of the projectile. The axial areal

density can be given as either m /A or p,L,, which accounts for the two formulae for calculating

B, as mentioned in section 2. This also accounts for why cases 1-4 provide m and A, whereas

case 5 provides L,, and p,,.

Table 2. Cases studied using the “very small o horizontal-launch model (section 4).

Case| H | W A m Cy B Liner Shape Particle | zy ty
(m) | (m/s) (m?) (kg) (m™1) (P=Precision) | Profile | (m) | (s)
1 1 4650 |0.152x10~4|0.00041 | 0.68 | 0.0163 | 38.1 mmhemi | <=2 [218.5|0.45
2 1 4250 |1.094x10~%10.01715[2.11| 0.0087 | 127 mm hemi O 330.20.45
3 1 |4230]1.150x10%[0.01682 | 2.31 | 0.0102 | 127 mm hemi(P) p 295.8 | 0.45
4 1 |7670]0.322x10~%|0.00284 [ 2.29 | 0.0168 | 81.3 mm cone Cﬁ 243.110.45
Ly Pp
(m) (kg/m?)
5 1 | 2000 0.05 8900 | 1.0 | 0.00145 | Hypothetical EFP 577.010.45




Table 3. Cases studied using the small « horizontal-launch model (section 5).

Case| H | Vp A m Cq B Liner Shape | Particle | =y | iy
(m) | (m/s) (m?) (kg) (m~1) | (P=Precision) | Profile | (m) | (s)
1 1 |4650]0.152x10~*|0.00041 [0.68 | 0.0163 | 38.1 mmhemi | <=2 [238.20.63
2 | 1 |4250|1.094x107*|0.01715|2.11| 0.0087 | 127 mm hemi Q 364.1 | 0.62
3 | 1 |4230(1.150x1074{0.01682 |2.31 | 0.0102 | 127 mm hemi(P) p 325.410.62
4 | 1 [7670]0.322x107%|0.00284 |2.29 | 0.0168 | 81.3 mm cone Cﬁ 262.7 | 0.63
Ly Pp
(m) (kg/m?)
5 | 1 |2000 0.05 8900 | 1.0 | 0.00145 | Hypothetical EFP 632.40.52

For all horizontal cases studied here, the particles were imagined to have been launched
(horizontally) from an elevation of 1 m above the Earth. For the particles whose characteristics
were drawn from Chou et al. (4), the shape of the particle (as projected upon an x-ray) is shown in
the “Particle Profile” column. As before, the orientation of the particle used to calculate the drag
coefficient assumes the given particle shapes are travelling across the page from left to right. The
column listed as xy shows the predicted travel range of the particle, while the ¢; column gives the
time at which the particle impacts the Earth’s surface. In the “very small o” horizontal-launch
model, all impact times are identical at 0.45 s, because they are all launched at 1 m of altitude
and, in the vertical direction, are subject only to downward gravitational forces. The more
general small o horizontal-launch model reveals longer times and larger distances traveled, by
comparison. This extension of the flight duration is because the downward motion of the particle

towards the Earth is retarded by a component of the particle’s drag force.

Finally, the case of shallow trajectory was studied for these five cases. Initial launch angle ()
was varied from —0.5° to 2°, and the resulting horizontal travel range was calculated. The results
are presented in figure 1, for the five particles already studied. For positive launch elevations, the
range increases rapidly as elevation increases. However, the range eventually flattens out, with
increasing elevation, in a manner more severe than would be expected from a drag-free parabolic
trajectory. In essence, the range is being saturated as a result of horizontal deceleration rate,
despite the additional vertical boost provided by an increase in elevation angle. Nonetheless, for
particles with a high length-to-diameter ratio, which remain aerodynamically stable in flight (for
example, case 5), drag plays a lesser role in the projectile’s flight. In such cases, travel range can

be significantly increased by even small changes in the initial elevation angle.

10



2000 - .
1500 A ~ -
<~ 1000 - / -

-0.5 0.0 0.5 1.0 15 2.0
o, (°)

Figure 1. Influence of small elevation angle upon projectile
range for projectiles fired from 1 m in elevation.

The figure also shows the effect of negative launch elevation, down to —0.5°. As launch
elevation becomes more negative, all cases converge toward the same curve. Such behavior is
also expected, since for negative elevations, the range is increasingly determined by launch
orientation and less by drag. In the limit, for high-speed launches at negative elevation, the range
will approach x; — H cot(—ay). This result is independent of the specific characteristics of
particle geometry, drag, efc., and will depend upon only the initial launch height A and the launch
angle ), if the launch velocity is sufficiently large to overwhelm the effects of gravity.

8. Summary and Conclusions

It is of interest to know how far a jet particle from a shaped charge or similar device will travel if
fired into air. This interest stems from the fact that some test ranges are located near bodies of
water, highways, or structures and the possibility exists that the projectile may miss or perforate
the intended target. Toward this end, models were constructed to predict projectile travel in a
horizontal, vertical, or shallow angle trajectory based on the measured particle characteristics and

calculated drag coefficients from Chou et al. (4). For the five particular cases studied, a projectile

11



could travel from 320 to 2200 m in the vertical direction with a terminal velocity of 24 to 82 m/s.
Under horizontal launch, according to the small o model, the projectile could travel from 238 to
632 m in the horizontal direction. Using the less accurate “very small o’ model, the estimated
ranges are 217 to 577 m, which, for the test cases studied, is about a 10% underprediction as
compared to the more accurate small &« model. When the shallow-trajectory model was
employed, these same test cases studied could travel from 314 to 1880 m for shallow launch

trajectories of 2°.

12
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