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Attorney Docket No. 108918

METHOD OF ESTIMATING MATERIAL PROPERTIES OF AN ELASTIC PLATE

STATEMENT OF GOVERNMENT INTEREST
[0001] The invention described herein may be manufactured and
used by or for the Government of the United States of America

for governmental purposes without the payment of any royalties

thereon or therefor.

CROSS REFERENCE TO OTHER PATENT APPLICATIONS

[0002] None.

BACKGROUND OF THE INVENTION

(1) Field of the Invention
[0003] The present invention relates to a method for

estimating the complex Young’s and shear moduli using an elastic

plate.
(2) Description of the Prior Art
[0004] One method to measure or estimate material properties

is dynamic mechanical analysis (DMA). In dynamic mechanical

analysis, a piece of material is clamped into a test machine and

then periodically oscillated in such a manner that displacement

and force can be measured. One or more mechanical properties
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are extracted from the measured displacement and force.
Frequency ranges for this analysis vary, but the TA Instruments
Q0800 DMA machine utilizes 0.01 to 200 Hz, the Metravib DMA25 and
DMA50 machines utilize 0.00001 to 200 Hz and the Bose
ElectroForcet 3100 Test Instrument operates at a maximum
frequency of 100 Hz. Low frequency data from DMA analyzers is
sometimes transformed to higher frequencies using a method
called the WLF shift, although it is noted that this shift can
be inaccurate.

[0005] Acoustic methods are sometimes used to estimate
mechanical properties of solid materials. Known methods measure
the phase speed and attenuation in a panel and use this data to
calculate the complex dilatational wave properties which are
then referred to as the “speed of sound.” This method has been
extended to estimate the shear properties of the tested
material. It is noted that acoustic methods usually do not
produce accurate results below about 15 kHz because of acoustic
diffraction.

[0006] Resonant techniques to identify and measure various
stiffness and loss properties have been used for many years.
These are typically based on measuring the eigenvalues of a
structure and comparing them to predicted eigenvalues from a
model of the same structure. Measurement of Young’s modulus and

loss factor have been accomplished using the bar wave equation
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of motion and a matching experimental apparatus. This method
was refined to torsional, longitudinal and flexural wave types
using electrodynamic transducers. These resonant techniques
require well defined eigenvalues and eigenvectors to properly
work. The resonant method was further extended to estimate
shear wave speeds by matching the theoretical frequency spectrum
of Rayleigh-Lamb equation to experimental data in the wave-
vector domain. The use of cantilever shaped beams to calculate
natural frequencies and corresponding material properties is
also known. There is also a known method to measure complex
Young’s modulus in a resonant bar using incident wave energy.

This method extended the available testing frequency range to

6500 Hz.
[0007] Wave based methods have also been used to estimate
mechanical parameters such as damping and loss. These methods

have been performed utilizing beams. A wave fitting method is
known to estimate frequency dependent material properties in
thin isotropic plates. These methods have been extended to
orthotropic plates in order to identify flexural stiffness
parameters and principal orthotropy directions.

[0008] There remains a need to characterize the properties of

panels at frequencies in the 4 kHz to 8 kHz range.
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SUMMARY OF THE INVENTION
[0009] Accordingly, it is a primary object and general
purpose of the present invention to provide a laboratory test
method to estimate the mechanical material properties of an
elastic plate.
[0010] Accordingly, there is provided a method for increasing
accuracy in measuring complex Young’s modulus and complex shear
modulus of a material using a processing system. The material
is tested to obtain an experimental frequency response transfer
function of normal velocity to input force and this is
subsequently converted to normal displacement divided by force.
A model panel is developed in the processing system as a modeled
frequency response transfer function. The modeled transfer
function is used at a range of fixed frequencies to calculate
displacements of the model panel divided by the input force
while varying material parameters. The modeled frequency
response transfer function is compared with the experimental
frequency response transfer function to compute error function
values. These values indicate the most accurate material
property values as those minimizing the computed error function

values.
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BRIEF DESCRIPTION OF THE DRAWINGS
[0011] Other objects, features and advantages of the present
invention will become apparent upon reference to the following
description of the preferred embodiments and to the drawings,
wherein corresponding reference characters indicate
corresponding parts throughout the drawings and wherein:
[0012] FIG. 1 is a schematic representation of a test system
used in the method of the present invention;
[0013] FIG. 2 is an illustration of the results of estimated
Young’s modulus versus frequency; and
[0014] FIG. 3 is an illustration of the results of estimated

shear modulus versus frequency.

DETAILED DESCRIPTION OF THE INVENTION
[0015] The ability to accurately measure material properties
is critical to the design, modeling and analysis of most
mechanical structures. These properties implicitly determine
how soft or stiff the resultant structural response is to an
applied force, and accurate measurements of these properties are
always sought. In this invention, an inverse method to
simultaneously estimate complex Young’s and shear moduli for an
elastic plate is formulated. It is specifically derived for the
frequency range of approximately 1 kHz to 10 kHz, which is an

area where the simultaneous direct measurement of Young’s and

5 of 15



Attorney Docket No. 108918

shear moduli has been relatively difficult. The method begins
by deriving the equations of motion for a fully elastic plate
subjected to a normal circular load that is harmonic in time.
An experiment is then conducted where the transfer function of
normal velocity divided by input force is measured at numerous
locations, which is converted into normal displacement divided
by input force so that it can be compared to the model. Once
this is done, an error function based on the residual between
the model displacement and the measured displacement is defined
and a search over real Young’s modulus, loss factor of Young’s
modulus, real shear modulus and loss factor of shear modulus is
conducted at each frequency bin. When the error function is
minimized, the parameters used to formulate the model are
considered the best estimate available.

[0016] FIG. 1 shows an embodiment of apparatus set up for
determining material properties of a test panel 10. Set up
includes a mechanical shaker 12 affixed to an indenter 14 that
can generate mechanical wave motion in panel 10 in a direction
primarily perpendicular to panel 10. Shaker 12 can have
controls allowing selection of amplitude and frequency. A
transducer 16 is provided between indenter 14 and shaker 12 to
give a more precise measurement of the force transmitted to
panel 10. Panel 10 is suspended by elastic cords 18 that are

attached to a stationary frame 20. A laser velocimeter 22 is
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utilized to measure the transverse velocity of panel 10 at a
plurality of positions on the opposite side of panel 10 from
indenter 14. Signals from the laser velocimeter 22 and force
transducer 16 are transmitted to a processor 24. Optionally,
mechanical shaker 12 can be joined to processor 24 for
controlling the input frequency and amplitude to indenter 14.
Processor 24 includes a spectrum analyzer routine that performs
a fast Fourier transform on the time domain point velocity data
from laser velocimeter 22 and force data from force transducer
16. Processor 24 can then provide a frequency response transfer
function between normal direction velocity divided by indenter
14 input force. These transfer functions are divided by iw to

convert them into normal displacement divided by force.

[0017] A cylindrical coordinate system is defined such that r
= 0 i1is at the center of indenter 14. The panel side where
indenter 14 is attached to is z = -h, where h is the thickness

of panel 10 and the side the laser velocimeter 22 interrogates
is z = 0. Panel 10 is modeled as an elastic solid and the
equation of the motion of normal displacement caused by an
indenter force Fp is given by

o [04 sin(hy k7 — k7 )+ cs sin(hk; — k7 )}FOJl(krR)JO(krr)

wr0) = { 2iATR

dk,.

where
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A=cy| cos(hk2 —k?)cos(hkZ —k2)—1|+cy sin(hy k2 — k? )sin(hykZ —k?)
1 d r K r 2 d r K r

¢, = —8Kk:[kZ — k2,JkZ — K2(2K% — k2)?, )

ey =2k — k)t +16k;! (k7 k) —k3) (4)

2:;2 /72 2,72 2
cq =8k ky\ky —ky (ky —k5) (5)

and

cs =2k k3 —kf Qkf —k$)* (6)
[0018] In equation (1), w(r,0) is the normal displacement of
the panel at any location r and z = 0, kr is the radial

wavenumber, J; is a first order, first kind Bessel function, Jo
is a zeroth order, first kind Bessel function, R is the radius
of indenter 14, p is the second Lamé parameter (also called the
shear modulus) and is sometimes denoted G, kg is the dilatational
wavenumber and ks is the shear wavenumber. R is preferably the
same as the thickness of the panel. The dilatational wavenumber

is calculated using

p—
cd (7)

and the shear wavenumber is calculated using
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where cqg is the dilatational wave speed given by

Cd:,i+2y
P (9)

and cs is the shear wave speed given by

e, = |2
P (10)

where A and p are Lamé parameters and p is the density of panel
10. The relationship between the Lamé parameters and Young'’s

and shear modulus is

ﬂ:(KE—ZG)

3G-F (11)
and
u=G (12)
where E is Young’s modulus. Equation (1) can be numerically

integrated to yield numerical results for specific values of
complex Young’s modulus E and complex shear modulus G. Implicit
in Equation (1) is multiplication by the time harmonic
exponential term exp(imt).

[0019] The parameter estimation method consists of testing
panel 10 utilizing the apparatus given in FIG. 1 and comparing
its experimental response to the theoretical model listed in

Equation (1). The model of the normal displacement is now
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calculated at a fixed frequency with four free parameters that
are allowed to vary: real part of Young’s modulus, imaginary
part of Young’s modulus, real part of the shear modulus and the
imaginary part of the shear modulus and compared to the data

using the error function

Ajjkm[Re(E;), Im(E ;),Re(Gy ), Im(G )] =

U & | [ arr ReCE), Tm(E ), Re(Gi) (G 1| = )] |
NS | warlr Re(ED), Im(E ), Re(Gy ), Im(G, )] |

| arg o [, Re(E;), Im(E ), Re(G), Im( G )1} —arg v (1)} |
| [argtwy D Re(E),Im(E ). Re(Gy ), (G, ) | s
where i, 7, k and m are indices of the free parameters, “Re”
denotes the real part, “Im” denotes the imaginary part, “arg”
denotes the argument of a complex function, the subscript M

denotes the model, the subscript E denotes the experimental
data, the counter n corresponds to the data or the model at
fixed radial location 7, and there are N total spatial points in
each frequency bin. To increase the accuracy of the analysis,
the argument, arg, of the function is the unwrapped phase angle
rather than the wrapped phase angle (or the principal value of
the function). (Phase angle can be depicted using a number of
limits as each one can have a multiple of 21 added or subtracted
to its value and retain all of the information. When it is
shown between -m and +mn, this is called the principle value.

Unwrapping the phase angle normally produces a smooth function
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that does not have discontinuities.) The term Ay, is the sum of

the absolute value of normalized residuals. When this term is
minimized, the parameters used to formulate the model are
considered the best estimate from the available data.

[0020] The following ranges of the search are placed on the

free parameters

Re(Gpyin ) S Re(Gy ) < Re(Gppax )

(14)
Togin < 1M(G)/Re(GE) <7rix (15)
Re(Epin ) SRe(E;) < Re(E ) (16)
and

Mo < 1(E )/ Re(E) < i (17)

where the subscript min denotes a minimum value, max denotes a

maximum value, U(E) is the structural loss factor of Young’s

modulus and U«D is the structural loss factor of the shear

modulus. Note that for this work, a positive sign is chosen for
the time harmonic exponential, which enforces the following sign

conventions:
G =Re(G) +iIm(G) = Re(G) [1+inD]
and

E =Re(E) +iIm(E) = Re(E) [1 +in'®)]
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where the values of Re(G) and Re(£) are greater than zero and the

values of Im(G), Im(E), U(G) and n(E) are greater than or equal to
Zero.

[0021] In addition to the ranges of the free parameters, the
search space has additional constraints that must be satisfied

to follow the governing laws of linear isotropic elasticity
theory. The real part of the Lamé parameter A has to be positive

definite, and this equation is

Re(1) = Re[w} >0
3G-E

(20)
and the imaginary part of the Lamé parameter A has to be non-

negative, written as

Im(@:hn[w}zo
3G-F

The real part of the dilatational parameter A+2u has to be

positive definite, and this equation is

Rdl+m0:R%é£Etﬁa}>O

and the imaginary part of the dilatational parameter A+2u has

to be non-negative, written as

Im(l+2y):lm[w}20

The real part of Poisson’s ratio has to be less than one half,

written as
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Re(v) = Re[E _ 26) <0.5
2G

(24)
[0022] An experiment was undertaken utilizing the set up
given in FIG. 1, except that processor 24 was not joined to
shaker 12. Panel 10 was Cytech Industries EN-6 measuring 0.780 m
by 0.755 m by 0.0254 m thick and having a mass of 16.6 kg. EN-6
is a two-part urethane that consists of a mixture of a
prepolymer and a curing agent. Laser vibrometer 22 was a
Polytec LDV PSV-400 Doppler scanning laser velocimeter, and the
shaker was a Wilcoxon Model F3/Z602WA. Indenter 14 had a radius
of 0.0254 m (1 in). A linear strip of data was collected
consisting of 79 measurement locations. The middle of the data
strip intersected the middle of indenter 14. The point-to-point
spacing of adjacent data points was 0.00954 m (0.375 in).
Vibrometer 22 was located 2.485 m from panel 10 and the room
temperature was 18.8° C. The data was collected from 4 kHz to 8
kHz in 250 Hz increments.

[0023] The data from panel 10 was processed using a search
algorithm with Equation (13) as the error function. Initially,

a wide range of minimum and maximum values were used to identify

the area of the local minimum. These were Gpp, = 106 Pa, Guux =
105 Pa, % = 0.01, () = 0.50, Emp = 107 Pa, Epg = 10° Pa,

ngﬁz = 0.01 and nﬁﬁ% = 0.50 and this search was conducted at 3

13 of 15



Attorney Docket No. 108918

and 4 kHz. These minima were used to define a narrower search
area where the refined estimates all have two significant digits

of precision. This smaller search area was Gy, = 4.0 x 107 Pa,
G G
Gmax = 5.5 x 107 Pa, 79 = 0.11, p{@k = 0.21, Epp = 1.2 x 10°

Pa, Epx = 1.6 x 108 Pa, ngﬁz = 0.12 and nﬁﬁ% = 0.22 and was

applied to all frequency bins from 4 kHz to 8 kHz.

[0024] FIG. 2 is a graph showing the real part (x markers)
and imaginary part (+ markers) of the estimated Young’s modulus
versus frequency for panel 10, and FIG. 3 is a graph showing the
real part (x markers) and imaginary part (+ markers) of the
estimated shear modulus versus frequency for the panel. These
plots illustrate that the method is producing stable estimates
of the material properties.

[0025] The foregoing description of the preferred embodiments
of the invention has been presented for purposes of illustration
and description only. It is not intended to be exhaustive nor
to limit the invention to the precise form disclosed; and
obviously many modifications and variations are possible in
light of the above teaching. Such modifications and variations
that may be apparent to a person skilled in the art are intended
to be included within the scope of this invention as defined by

the accompanying claims.
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METHOD OF ESTIMATING MATERIAL PROPERTIES OF AN ELASTIC PLATE

ABSTRACT OF THE DISCLOSURE

A method is provided for increasing accuracy in measuring
complex Young’s modulus and complex shear modulus of a material
using a processing system. The material is tested to obtain an
experimental frequency response transfer function of normal
displacement to input force. A model panel is developed in the
processing system as a modeled frequency response transfer
function. The modeled transfer function is used at a range of
fixed frequencies to calculate displacements of the model panel
divided by the input force while varying material parameters.
The modeled frequency response transfer function is compared
with the experimental frequency response transfer function to
compute error function values. These values indicate the most
accurate material property values as those minimizing the

computed error function wvalues.
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