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Multi‐Stable Morphing Cellular Structures (FA9550‐11‐1‐0159) 

Final Report, May 14, 2015 

 

Farhan Gandhi 
Professor, and Rosalind and John J. Redfern Jr. ‘33 Endowed Chair in Aerospace Engineering 
Department of Mechanical, Aerospace and Nuclear Engineering, JEC Building, Room 5002 

Rensselaer Polytechnic Institute, Troy, NY 12180, USA 
Tel: (518) 276‐3244, E‐mail: fgandhi@rpi.edu 

 
Over a period of 42 months (Aug 15, 2011 – Feb 14, 2015), a number of specific tasks were undertaken 
during the execution of this project.  Broadly, they are categorized in the list below: 
 
1. Experiments and numerical models toward a fundamental understanding of snap‐through behavior 

of “cosine” arches. 
2. Demonstration  of  use  of  bi‐stable  elements  in  chord morphing  and  span morphing  applications, 

through modeling and experiments. 
3. Actuation of bi‐stable von‐Mises trusses using Shape Memory Alloys – modeling and experimental 

validation. 
4. Stiffness variation of cellular structures using pneumatic artificial muscle  inclusions –  fundamental 

analysis, experiments and parametric design studies to understand the possible changes in modulus 
in a specific direction and the impact of unit cell parameters and muscle states. 

 
The results are presented in detail in the following papers: 
 
Conference Proceedings: 
 
C1. Pontecorvo,  M.,  Barbarino,  S.,  Murray,  G.,  and  Gandhi,  F.,  “Bi‐Stable  Arches  for  Morphing 

Applications,”  22nd  International  Conf.  on  Adaptive  Structures  and  Technologies,  Corfu,  Greece, 
October 10‐12, 2011. 

C2. Moser, P., Barbarino, S., and Gandhi, F., “Helicopter Rotor Blade Chord Extension Morphing using a 
Centrifugally  Actuated  von‐Mises  Truss,”    Proceedings  of  the  ASME  2012  Conference  on  Smart 
Materials,  Adaptive  Structures  and  Intelligent  Systems,  SMASIS2012,  Sept.  19‐21,  2012,  Stone 
Mountain, Georgia, SMASIS2012‐8053. 

C3. Barbarino, S., Gandhi, F., and Visdeloup, R., “A Bi‐Stable von‐Mises Truss for Morphing Applications 
actuated  using  Shape  Memory  Alloys,”    Proceedings  of  the  ASME  2013  Conference  on  Smart 
Materials, Adaptive Structures and  Intelligent Systems, SMASIS2013, Sept. 16‐18, 2013, Snowbird, 
Utah, SMASIS2013‐3062. 

C4. Barbarino,  S.,  and Gandhi,  F.,  “Shape Memory Alloy Actuated Morphing  Cellular  Frame  using Bi‐
stable  von‐Mises  Trusses with  Variable  Length  Links,”  22nd  AIAA/ASME/AHS  Adaptive  Structures 
Conference at SciTech2014, Jan. 13‐17, 2014, National Harbor, Maryland. 

C5. Pontecorvo, M., Niemiec, R., and Gandhi, F., “Variable modulus cellular structures using pneumatic 
artificial muscles,” Proceedings of the 2009 SPIE Conference on Smart Structures and Materials, San 
Diego, California, Mar. 9‐13, 2014. 
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C6. Pontecorvo, M., Niemiec, R., and Gandhi, F., “Design studies on cellular structures with pneumatic 
artificial muscles  for modulus variation,” 25th  Int. Conf. on Adaptive Structures and Technologies, 
Den Haag, The Netherlands, Oct. 6‐8, 2014. 

C7. Misiorowski, M., Pontecorvo, M., and Gandhi, F., “A Bi‐Stable System  for Rotor Span Extension  in 
Rotary‐Wing Micro  Aerial  Vehicles,”  23rd  AIAA/ASME/AHS  Adaptive  Structures  Conference,  AIAA 
Science and Technology Forum 2015, Jan 5‐9, 2015, Kissimmee, Florida. 

C8. Pontecorvo, M.,  Niemiec,  R.,  and  Gandhi,  F.,  “Stiffness  Control with  Pneumatic  Artificial Muscle 
Inclusions  in  a  Cellular  Honeycomb Unit,”  23rd  AIAA/ASME/AHS  Adaptive  Structures  Conference, 
AIAA Science and Technology Forum 2015, Jan 5‐9, 2015, Kissimmee, Florida. 

 
Journal Papers: 
 
J1.  Pontecorvo,  M.,  Barbarino,  S.,  Murray,  G.,  and  Gandhi,  F.,  “Bi‐Stable  Arches  for  Morphing 

Applications" Journal of  Intelligent Material Systems and Structures, Vol. 24, No. 3, Feb 2013, DOI: 
10.1177/ 1045389X12457252. 

J2.  Moser, P., Barbarino, S., and Gandhi, F., “Helicopter Rotor Blade Chord Extension Morphing using a 
Centrifugally Actuated  von‐Mises Truss,”  Journal of Aircraft, Vol. 51, No. 5 (2014), pp. 1422‐1431. 
doi: 10.2514/1.C032299. 

 
In addition, extended versions of papers C3, C6 and C7 were submitted to Journal of Intelligent Material 
Systems and Structures.  Reviews have been received and the manuscripts revisions are being made for 
resubmission to the journal. 
 
The articles J1, J2, C3, C6 and C7 are appended, and adequately describe the efforts under categories 1–
4 (listed in the first paragraph) for this final report. 
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Bistable arches for morphing
applications

Michael E Pontecorvo, Silvestro Barbarino,
Gabriel J Murray and Farhan S Gandhi

Abstract
This article examines the bistable behavior of an arch for morphing applications. The arch has a cosine profile, is clamped
at both ends, and is restrained axially by a spring at one end. Fabrication and testing of several Delrin and NiTiNOL arch
specimens (with varying arch height, thickness, and spring stiffness) were followed by ANSYS finite element modeling,
and the ANSYS simulation results showed good overall agreement with the test results. A parametric study was con-
ducted using the ANSYS model to assess the influence of arch thickness, height, and spring stiffness on the bistable beha-
vior. The results indicated that lower arch thickness, larger arch height, and higher spring stiffness tend to promote
bistability; lower arch thickness and height reduce peak strains as the arch moves between equilibrium states, but
increasing spring stiffness has a smaller effect; and higher arch thickness, height, and spring stiffness increase the snap-
through force, which in turn increases the actuation force requirement as well as load carrying capability of the bistable
morphing arch. If the arch slenderness ratio is unchanged, change in arch span (size) does not change the maximum
stress while increasing the peak snap-through force proportionally.

Keywords
Morphing, bistable arches, snap-through, finite elements, shape memory alloy, Delrin

Introduction

Bistable or multistable structures, which can undergo
large deformation as they transition between two or
more stable equilibrium positions, are of significant
interest in morphing applications. A very attractive fea-
ture of such structures is that the equilibrium positions
require neither any power nor any locking mechanisms
to hold (Dano and Hyer, 2001). By coupling bistable
structural elements to actuators to induce shape change,
morphing systems or subsystems can be synthesized.

Elastic arches are classic examples of structures that
can exhibit bistability. The buckling and/or bistable
behavior of elastic arches has been extensively studied.
The stability of elastic arches under static loading was
first investigated by Timoshenko (1936). Timoshenko
developed equations for the critical snap-through load
of elastic arches for both symmetric and asymmetric
buckling modes. Other researchers (Cheung and
Babock, 1970; Fung and Kaplan, 1952; Gjeslvik and
Bodner, 1962; Hoff and Bruce, 1953; Lock, 1966) also
developed equations to predict the critical snap-
through load and force–displacement behavior of
arches. The arches investigated have been either circu-
lar or sinusoidal in shape and either clamped or pinned
at their endpoints.

Gjeslvik and Bodner (1962), Fung and Kaplan
(1952), and Cheung and Babock (1970) all conducted
knife-edge loading experiments on elastic arches.
However, Gjeslvik and Bodner were the only research-
ers to experimentally obtain force–displacement data
for the arches in the negative stiffness region of the
curve. Fung and Kaplan also performed a design study
testing the effects of thickness to height ratio and
spring stiffness on critical buckling load and arch stres-
ses. It should be noted that although the arches in these
studies snapped-through, they did not exhibit bistabil-
ity. The primary focus of the researchers was accurately
predicting the critical buckling load of the arches.

In addition to analytical studies and experiments,
finite element simulations have also been used in the
study of elastic arches. One of the earliest such studies
was by Walker (1969). Pi and Trahair (1998) compare
their finite element results to those from other
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researchers and in doing so provide a good summary of
the computational work relating to elastic arches.
Again, these studies generally focused on estimating
the critical snap-through loads for pinned or clamped
circular and sinusoidal arches.

Over the last decade, researchers have started to
focus on the use of bistable structures for morphing
applications. Schultz and Hyer (2004) examined
morphing of unsymmetric composite laminates under
piezoelectric actuation and later followed it up with
experimental verification (Schultz et al., 2006). Schultz
(2008) also developed a bistable device for potential
application to wing twist morphing. At the University
of Bristol, Diaconu et al. (2007) considered various
approaches to using bistability for morphing airfoil
and wing sections. Figure 1 shows a concept proposed
in their study for wing chord morphing. Their efforts
were continued by Daynes et al. (2009), Panesar and
Weaver (2010), who focused on the development of a
bistable trailing-edge flap, and Daynes et al. (2011),
who focused on multistable engine air inlets.

Bistable elastic arches have also been considered for
helicopter rotor blade morphing in recent studies by
Johnson et al. (2009, 2010). In these studies, the
researchers envisioned using a single bistable elastic
arch to effectively extend the chord of a rotor blade.
Figure 2 is a schematic of the concept. In this study,
the arch was clamped at both ends, and much effort
was devoted to the design of flexures to avoid high
strains leading to failure when the arch transitioned
from one stable equilibrium condition to the other.

Furthermore, the designed arch with flexures was fabri-
cated, and its force versus displacement behavior was
experimentally determined and used to validate the
ABAQUS finite element results.

As with Johnson et al. (2009, 2010), the present study
focuses on bistable arches for morphing applications.
However, rather than elaborately designing flexures, a
novel cosine profile is considered, which can reduce
peak stresses in the arch. Such bistable arches could be
used either as individual morphing elements (e.g. simi-
lar to Figure 2) or as elements in multistable morphing
honeycomb-like cellular structures. An example of a
multistable cellular honeycomb-like structure with the
cosine bistable arches is shown in Figure 3(a) config-
ured for chord extension morphing of a helicopter rotor
blade. Figure 3(b) is a top view of the same concept.
The top illustration shows the cellular honeycomb in
the retracted, first equilibrium state, while the bottom
illustration depicts it in the extended alternate equili-
brium state. In the present article, arches based on this
cosine profile are fabricated, and their bistable behavior
is examined under a quasi-static controlled displace-
ment input. The experimental data are used to validate
ANSYS finite element simulation results, and the vali-
dated finite element model is further used in a para-
metric design study to assess the impact of the arch’s
geometric parameters on its bistable behavior.

Modeling

The elastic arch considered in this article is defined by
the cosine profile in equation (1), depicted schematically
in Figure 4

y=
ul

2
1� cos

2px

l � 2ll

� �� �
ð1Þ

A cosine profile is chosen because it creates an arch
whose endpoints have zero slope, which reduces maxi-
mum local stresses in the arch as it transitions from one
stable equilibrium position to the other; y is the vertical
coordinate of the arch, x is the horizontal coordinate, l
is the span of the arch, and ul defines the height of the
arch. To further reduce maximum local stresses in the

Figure 1. Bistable composite plate used for chord extension
(a) retracted (b) extended (Diaconu et al., 2007).

Figure 2. Top view of bistable arch used for chord extension
(Johnson et al., 2010).
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arch, a horizontal section of material of length ll is
added to either side of the cosine curve. It should be
noted that introduction of the section of length ll is
also beneficial to the convergence of the ANSYS finite
element model. Throughout the analysis, l has a con-
stant value of 0.05. The thickness of the arch is t, and
the width of the arch is b. The left-hand side of the arch

is clamped. The right-hand side of the arch is allowed
to move in the x direction, while being restrained by a
spring of stiffness K. A sufficiently stiff spring ensures
bistability, while a spring that is too soft (vis-à-vis the
arch) does not provide enough of an energy barrier to
prevent the arch from springing back to the initial state
on removal of the load.

Bistable behavior of cosine elastic arch

Figure 5 depicts the progression of arch deformation
from one stable equilibrium position to the other.
The scale in the figure represents strain level, with
light gray corresponding to the lowest strains and
black to the largest strains. Flexural bending, rather
than axial compression, is the dominant mode of
deformation in the arch. One of the main challenges
associated with the arch is avoiding the large strains
caused by bending.

Figure 6(a) illustrates the typical force versus displa-
cement behavior of the bistable cosine elastic arch. The
x-axis of the figure corresponds to the vertical displace-
ment of the midpoint of the arch, positive downward.
The y-axis corresponds to the vertical force required to
hold the midpoint of the arch at that position. Figure
6(b) shows the corresponding strain energy in the sys-
tem versus arch position. The lettered positions in
Figure 5 correspond to the labeled points in Figure 6,

Figure 3. (a) Isometric view of bistable arches used for chord
extension and (b) top view of bistable arches used for chord
extension.

Figure 5. Symmetrical deformation of the arch (surface
bending strains).

Figure 4. Schematic of the elastic arch model.
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with the origin and the point e on Figure 6 correspond-
ing to the two stable equilibrium positions.

The arch can be moved between equilibrium posi-
tions in two ways. One way is to apply an increasing
force to the midpoint of the arch. When force con-
trolled, the curve in Figure 6(a) begins in its first equili-
brium state and travels up the positive slope region
around point a, to a maximum at point b. Once the
force reaches point b, the arch snaps-through to point
g at a constant force (along the straight line a–g). At
this point, the force can be released and the arch will
settle in its second equilibrium position at point e.

The second way to move the arch between equili-
brium positions is to control the displacement of the
midpoint of the arch. Under displacement control, the
arch does not snap from point b to point g. Instead,
the curve enters the region around point c. Here, the
slope of the curve becomes negative, with the force
required for increasing levels of deformation actually
decreasing. At point d, the arch reaches an unstable

equilibrium state, and immediately beyond point d, the
force required is negative, indicating that the arch must
actually be held back from naturally rushing toward
the second stable equilibrium point e. It is in this nega-
tive force part of the curve that the stored energy in the
spring and in the bending of the arch is being released.
To move the arch beyond the point e into the region
marked by point f would again require an increasing
positive force. The experiments and simulations in this
article only consider the elastic arch under displace-
ment control inputs. Even though the arch does not
snap-through per se, but rather travels along the nega-
tive stiffness portion of the force/displacement curve,
the term ‘‘snap-through force’’ may still be used as a
metric, since it provides an indication of both the load
carrying capability of the arch at the equilibrium posi-
tion and the magnitude of the actuation force required
to morph the arch from one state to the other.

It should also be noted that while Figure 6(a)
and (b) represents the behavior of a bistable arch, if the
restraining spring stiffness is lower than a certain
threshold (vis-à-vis the arch stiffness), the arch may
snap-through but may not be bistable. In such a case,
the negative stiffness portion in Figure 6(a) would still
be present, but the region of the curve between points d
and e would be above the x-axis, and there would be no
energy minima corresponding to point e in Figure 6(b).
Under force control, such an arch would snap-through
but then return to the undeformed state on removal of
the load. Further reduction in spring stiffness would
eliminate snap-through behavior as well.

ANSYS model

The arch shown in Figure 4 is modeled using the finite
element software ANSYS. The arch geometry is defined
by 100 evenly spaced points, known as keypoints in
ANSYS, that satisfy equation (1). This is equivalent to
using 100 elements to model the arch. In the current
study, BEAM3 elements were used. Although the
cosine arch is represented in a piecewise linear manner
with the BEAM3 elements, it was ascertained that the
simulation results were very similar to those obtained
using SHELL181 elements, at a lower computational
cost and greater ease of convergence. The comparisons
between results with BEAM3 and SHELL181 elements
were carried out for three different geometries—a thin
(0.8 mm) low (u = 0.1) arch, and two thick (3.2 mm)
high arches (u = 0.3 and 0.4). For all three cases, the
spring stiffness was held constant at 28,020 N/m, and
Young’s modulus of 200 GPa was used. A comparison
between the maximum strains in the arch during snap-
through showed a less than 5% difference in all cases.
Thus, over the range of arch parameters studied,
BEAM3 elements and SHELL181 elements produced
very comparable results.

Figure 6. (a) Force versus displacement behavior of the cosine
bistable elastic arch and (b) energy versus displacement behavior
of the cosine bistable elastic arch.
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A convergence study was also conducted to ensure
that an adequate mesh size was used in the simulations.
For an arch with Young’s modulus of 200 GPa, spring
stiffness of 28,020 N/m, thickness of 0.8 mm, and height
of u = 0.4, Figure 7 shows the maximum bending strain
as the arch snaps-through from one equilibrium condi-
tion to the other, versus the number of keypoints (or
BEAM3 elements) used in the simulation. Clearly, the
results have converged when 100 keypoints are used.

The BEAM3 elements require the initial Young’s mod-
ulus, E, of the material of the arch as an input. The spring
is modeled as a COMBIN14 element. All degrees of free-
dom of the leftmost keypoint on the arch and the right-
most keypoint on the spring are constrained to be zero.
In-plane rotation and y displacement of the rightmost key-
point on the arch are also set to zero. The midpoint of the
arch is constrained to move 22ul. The arch model with
boundary conditions applied is shown in Figure 8.

A static, nonlinear solution with 100 substeps is
used. ANSYS is provided the stress–strain curve for the
arch material as an input. Initially, ANSYS calculates
the stiffness of the arch based on the constant Young’s
modulus given to the BEAM3 elements. Then, itera-
tions are made on the calculated local strains using the
nonlinear stress–strain curve for the material to deter-
mine the correct stiffness and stress level at each point
on the arch, until the program converges to a solution
whereupon the force–displacement curve for the mid-
point of the arch, as well as the maximum surface stress
and strain at every point on the arch, is examined.

Experimental procedure

Arch fabrication

Preliminary simulations predicted that for reasonable
values of arch thickness and height, the arch would eas-
ily undergo local strains well in excess of 0.2% as it
deformed from one equilibrium state to the other.
With typical metals such as steel and aluminum plas-
tically deforming at strains greater than 0.2%, they
were not considered suitable for experiments in this
study. For most cases and geometries considered in
this study, the maximum strains remained below 7%–
8%. This led to the choice of superelastic NiTiNOL
(which exhibits up to 7%–8% strain when undergoing
austenite to martensite phase transformation) as a
material for arch fabrication. An additional material
used in the experiments in this study was Delrin
because it is a polymer that has high elastic strain
capability (substantially higher than NiTiNOL) and
is easy to work with.

Delrin arches of varying thickness and height were
waterjet cut from a 0.02-m-thick sheet of DuPont Delrin
II 150SA NC010 (see Figure 9). The waterjet cut through
the thickness of the sheet such that the width of every
arch was the thickness of the sheet. This way, Delrin
arches were produced in a one-step process. The arches
had zero stress in their initial state and required no mold-
ing or heating to generate their shape. In addition, a
Delrin dogbone specimen conforming to American
Society for Testing Materials (ASTM) standard D638-10
was cut from the same sheet.

The superelastic NiTiNOL arches originated from
strips cut from a NiTiNOL sheet on the waterjet
machine. Based on the availability, the superelastic,
56.1% nickel NDC SE 508 alloy was chosen. Unlike
the Delrin sheet, the NiTiNOL sheet had a much lower
5.08e24 m thickness. Therefore, the arches were fabri-
cated such that their thickness was the thickness of the
strips cut from the NiTiNOL sheet.

After being cut, the NiTiNOL strips were bent into
steel arch-shaped molds of two different geometries
(arch heights) and annealed (see Figure 10 for the
NiTiNOL arch specimens). A dogbone specimen con-
forming to ASTM standard E8/E8M-09 was also heat

Figure 7. Convergence study of ANSYS model.

Figure 9. Delrin arches.

Figure 8. ANSYS arch model with boundary conditions
applied.
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treated along with each arch. The arches were heated
to approximately 500�C for between 3 and 4 min and
then water quenched. The NiTiNOL arches were sepa-
rately annealed, and because the process was not
exactly the same both times, they exhibit different
material properties.

Material characterization

In order to accurately predict the behavior of the arches
using ANSYS simulation, one must input the initial
Young’s modulus of the arch material as well as a table of
values representing the stress–strain curve for the material.
To characterize these properties for Delrin and NiTiNOL,
the dogbone specimens were tensile tested on an Instron
Model 5866 following their respective ASTM standards.

Arch testing

The displacement-controlled bistable behavior of the
Delrin and NiTiNOL arches was tested by placing them
in a fixture that mimicked the boundary conditions of
the model. A picture of the fixture is seen in Figure 11.

The fixture consists of a steel plate that is designed to
be bolted to the base of an Instron machine. A fixed sup-
port clamps the left side of the arch in place. The right
side of the arch is clamped in a similar manner to a sec-
ond support. This second support is mounted on two
steel rods by a set of linear ball bearings such that it is free
to slide in the horizontal direction. Through the middle
of the right support runs a fixed threaded rod. Threaded
onto that rod is a spring. One end of the spring is fixed to
the rod, while the other end is bolted to the right support.
As the right support slides in the horizontal direction, the
spring deforms exactly like the spring in the model.

The midpoint displacement of the arch is controlled
by an Instron Model 5811 machine. Figure 12 shows a
schematic representation of the setup. The fixture

holding the arch is bolted to the base of the Instron
machine. A 445-N load cell is bolted to the moving
head of the Instron. The load cell is connected via a
bolt to the midpoint of the arch. The double-headed
arrow in the diagram indicates the motion of the
Instron head.

One limitation of this setup is that it does not allow
the midpoint of the arch to move in the horizontal
direction as it would in the model. The springs used in
the test, however, are very stiff compared to the arch,
minimizing rightward motion of the midpoint of the
arch. Observations during testing reveal that constrain-
ing motion of the midpoint in the horizontal direction
does not adversely affect the symmetric deformation of
the arch. This observation is confirmed by the conclu-
sions reached in the parametric study (section
‘‘Parametric study’’), which show that the springs used
in the test were stiff enough that they approached the
condition of a rigid boundary.

Another possible source of error in this setup is the
presence of small initial stresses in the arch. For every
test, the two supports were placed exactly 0.2032 m
apart. Although the arches were all designed to have
that span, small imperfections in the arch fabrication,
as well as spring-back after heat treatment in the
NiTiNOL arches, may have altered the unstressed span
of the arches. When placed in the fixture, it is possible
that the difference between actual and intended spans
slightly prestressed the arches. Arch height was mea-
sured after each arch was placed in the fixture.

The arch test matrix is presented in Table 1. The
parameter combinations chosen for testing were
intended to help validate the ANSYS simulation over a
range of values. Nominal arch heights of u = 0.1 and
u = 0.2 were tested. Most specimens were tested with
a spring stiffness of 140,101 N/m, but one Delrin
specimen was also tested at a lower spring stiffness of
28,020 N/m. Each cell in the matrix contains the
specimen designation followed by the thickness of the
specimen in millimeter.

Figure 12. Diagram of the arch test setup.

Figure 11. Arch testing fixture.

Figure 10. NiTiNOL arches.
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Each arch was moved from 0 to approximately 2ulm
of vertical midpoint deflection, with the test repeated
up to four times. For all cases, the Instron head was
moved at low, constant rate of 0.0508 m/min so as to
minimize inertial effects and maintain the quasi-static
loading condition. Data were collected at a frequency
of 2 Hz.

Experimental results and validation

Material characterization results

Tensile test results on the Delrin dogbone specimen are
presented in Figure 13. The x-axis is percent strain and
the y-axis is stress in megapascal. Three curves are
plotted in this figure. The dashed and dotted curves rep-
resent loading and unloading up to 3% strain, whereas
the solid curve represents loading to 8% strain.

Delrin, being a polymer, has a nonlinear stress–
strain curve. For small strains (up to 1.5%–2%), how-
ever, the curve is relatively linear. It is from this portion
of the curve that the slope is measured. The calculated
slope of 3.17 GPa is the initial Young’s modulus of the
material input to the ANSYS finite element model.
ANSYS is also given the loading and unloading curves
for 3% strain. This way, ANSYS can correctly predict
the stress–strain behavior of the arch when both load-
ing and unloading.

Figures 14 and 15 display tensile test results from the
two NiTiNOL dogbone specimens, denoted as HT-1

and HT-2, respectively. For NiTiNOL, only the loading
curve to 8% strain is used in ANSYS. Both specimens
(which differ slightly in terms of the heat treatment
used) start in the austenite phase, transition to the mar-
tensite phase at nearly zero slope, and then recover
stiffness in the martensite phase (although this stiffness
is somewhat lower than the austenite stiffness).

Arch testing and simulation results

The experimental and simulation results for the bistable
behavior of the Delrin arches under controlled displa-
cement are presented in Figure 16. Each plot presents
data for a single arch. The symbols correspond to
experimental data from different cycles. For any cycle,
only a fraction of the experimental data points are
shown on the figure for improved clarity. The ANSYS
finite element simulation results are plotted as solid or
dashed lines.

In all cases, the experimental data show a hysteretic
behavior, with variation between the loading and
unloading paths in a single cycle. The loading and
unloading curves converge near the beginning and end
of the cycle, but diverge around the negative stiffness
portion of the curve. The ANSYS simulation shows a
similar trend. This hysteresis is caused by the fact that

Figure 14. NiTiNOL HT-1 tensile test results.

Figure 15. NiTiNOL HT-2 tensile test results.

Figure 13. Delrin tensile test results.

Table 1. Arch test matrix

u Arch material and spring stiffness

Delrin NiTiNOL

140,101 N/m 28,020 N/m 140,101 N/m

0.1 D4: 1.6 — HT-2: 0.5
0.2 D2: 2.5 D1: 1.4 HT-1: 0.5

D3: 2.2 — —

Specimen designation: thickness in millimeter.
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the loading and unloading stress–strain curves of the
material differ. Similar results where the experiment
showed hysteresis can be found in the work of Johnson
et al. (2010) and Schioler and Pellegrino (2004).
Schioler and Pellegrino too attribute the hysteresis to
the material they used (like the Delrin and NiTiNOL in
the present study) not being perfectly elastic.

Another point to note about the Delrin arch tests is
that the first experimental cycle always has the highest
maximum (snap-through) force. Later cycles show a
reduction in maximum force, suggesting perhaps the
influence of stress relaxation in the clamped arch.

In Figure 16(a) to (c), the arches all show a bistable
behavior, and even though ANSYS overpredicts the
location of the second stable equilibrium position by
up to 7.7%, there is good overall correlation between
simulation and experiment in terms of load levels.
The location of the second equilibrium position
mainly depends on the arch geometry and shape.
Therefore, the small discrepancy can be attributed to
fabrication or the test setup not exactly reproducing
the boundary conditions of the simulations. For the
arch in Figure 16(d), however, the finite element

simulation predicts a bistable behavior, while the
experiment indicates that the arch would not exhibit
bistability. Agreement in peak snap-through force
between simulation and experiment and general
agreement in the force–displacement behavior in the
negative stiffness region at under 0.025 m displace-
ment in Figure 16(d) suggest the possibility that the
arch deformation in the experiment may not have
been symmetric beyond 0.025 m. Moreover, this case
corresponds to a very shallow arch, which is very sen-
sitive to geometric or fabrication imperfections.

The experimental and simulation results for the
NiTiNOL arches are plotted in Figure 17. The results
for specimen HT-1 (Figure 17(a)) display similar trends
to those observed in the Delrin arch results in Figure
16, with the second equilibrium position again overpre-
dicted, in this case by 10.3%. The absence of any hys-
teresis in the simulation results is due to the fact that
for NiTiNOL, only the experimental loading curves of
the material (Figures 13 and 14) were measured and
used as inputs to ANSYS. The simulation shows good
overall agreement with the experimental data for the
NiTiNOL HT-1 arch.

Figure 16. Delrin arch test results: (a) D1 (u = 0.179, K = 28,020 N/m, t = 1.4 mm), (b) D2 (u = 0.199, K = 140,101 N/m, t = 2.5 mm),
(c) D3 (u = 0.187, K = 140,101 N/m, t = 2.2 mm), and (d) D4 (u = 0.097, K = 140,101 N/m, t = 1.57 mm).
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For the second NiTiNOL arch (HT-2), the correla-
tion between test and ANSYS simulation (Figure 17(b))
is much poorer. The minimum and maximum values of
force predicted by the simulation and measured by
experiment differ by 86.5%. It appears likely that the
source of error lies with the experiment in this case. The
arch height in Figure 17(b) is lower than that in Figure
17(a), and with other parameters (spring stiffness and
arch thickness) being equal, a reduction in peak snap-
through force would be expected. While this is seen to
be true with the ANSYS simulation results, the experi-
mentally measured peak forces in Figure 17(b) are sur-
prisingly higher and comparable to those for a higher

arch in Figure 17(a). Possible sources of error in the
experiment include imperfect alignment between the
arch midpoint and the Instron head or significant pres-
tress in the arch.

Overall, the Delrin and NiTiNOL arch experiments
indicate that the ANSYS model and simulations can
provide an adequate predictive capability for the bis-
table behavior of the cosine arch over a wide range of
parameter variations (such as arch height, thickness,
material, and restraining spring stiffness).

Parametric study

Using the validated ANSYS simulation, a parametric
study is conducted. Given an arch material of steel and
a fixed span of 0.2032 m, the three main parameters
that can be varied are the arch height (defined by the
parameter u), the arch thickness, t, and the spring stiff-
ness, K. In all the results presented in this section, the
midpoint displacement of the arch is normalized by the
height of the arch. At a normalized displacement of 1,
the arch midpoint is at the same vertical position as its
endpoints. At a normalized displacement of 2, the arch
midpoint is exactly twice the arch height from the first
equilibrium position and a little beyond the second sta-
ble equilibrium position.

In the first set of parameter variations, the spring
stiffness, K, is held constant at 28,020 N/m, and arch
thickness, t, and height, u, are varied. Table 2 encapsu-
lates the three different thicknesses and four different
arch heights considered, and the force–displacement
behavior for these arches is presented in Figure 18. The
value in each cell in Table 2 is the maximum strain in
the arch as it moves from its first equilibrium position
to a normalized displacement of 2. In this table, cells
with a light-gray background indicate arch configura-
tions that exhibit bistability, cells with clear back-
ground correspond to arches that exhibit snap-through
behavior but not bistability, and cells with a hatched
background correspond to configurations that exhibit
neither snap-through behavior nor bistability. In addi-
tion to the desire for bistability for morphing applica-
tions, it is desirable for the arch to have low maximum
strain as this would increase fatigue life as well as allow
greater flexibility in the choice of materials for arch
fabrication.

Of the three arch thickness values considered, the
thickest arch does not show any bistability (Figure
18(c)). The two thinner arches (Figure 18(a) and (b))
display a bistable behavior for sufficient arch height.
Based on the results in Figure 18, the thicker the arch,
the greater the required arch height for it to exhibit
bistability. From Figure 18(a) and (b), it is observed
that the critical snap-through force increases as the arch
height increases, eventually tapering off. Comparing
Figure 18(a) and (b) reveals that critical snap-through

Table 2. Arch parameter variations (constant spring stiffness)

Maximum strain (%) θ

0.4 0.3 0.2 0.1

Thickness (mm) 0.8 2.89 2.62 1.99 0.92
1.6 5.48 4.68 3.32 1.84
3.2 10.60 8.84 6.66 3.68

Figure 17. NiTiNOL arch test results: (a) HT-1 (u = 0.199, K =
140,101 N/m, t = 0.5 mm) and (b) HT-2 (u = 0.109, K = 140,101,
N/m t = 0.5 mm).
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force also increases as the arch thickness increases. An
increase in snap-through force with increasing arch
height or thickness implies a higher actuation force
requirement to move the arch from one equilibrium
state to the other, but the stiffness and the load carrying
capability in either equilibrium position also increase.

It can be seen from Table 2 that among the arches
that are bistable (cells with a light-gray background),
increasing thickness and arch height also increases the
maximum strains in the arch. Thus, shallower, more
slender arches would then be preferable from a strain
and actuation force standpoint, provided they can meet
the actuation stroke (shallower arches would have a
smaller actuation stroke) and load carrying capability
requirements.

In the second set of parameter variations, the arch
thickness is held constant at 0.8 mm, while the spring
stiffness, K, and arch height, u, are varied. Table 3
encapsulates the range of stiffness values and arch
heights considered, and the force–displacement beha-
vior for these arches is presented in Figure 19.

As with Table 2, the value in each cell in Table 3
represents the maximum strain in the arch, and the fill
indicates the exhibition of bistability (light-gray),

snap-through behavior (clear), or neither (hatched).
A comparison of Figure 19(a) to (d) indicates that the
arches are more likely to exhibit bistability as the
spring stiffness increases. Thus, with a soft spring in
Figure 19(a), only the high arches (u = 0.2 and 0.3)
are bistable, but with increasing spring stiffness (see
Figure 19(c) and (d)), even the shallow arches exhibit
bistability. Increasing spring stiffness shows a large
increase in snap-through force for the shallower
arches and a smaller increase in snap-through force
for higher arches (compare Figure 19(a) to (d)). An
examination of the bistable configurations in Table 3
indicates that increasing the spring stiffness has a rel-
atively small effect on increasing the arch strains,

Maximum strain (%) θ

0.4 0.3 0.2 0.1

K (N/m) ∞ 2.99 2.70 2.15 1.21
28,020 2.89 2.62 1.99 0.92
10,533 2.80 2.47 1.69 0.92
4,424 2.71 2.22 1.66 0.92

Table 3. Arch parameter variations (constant thickness)

Figure 18. Behavior of cosine arches for variations in arch height and thickness (spring stiffness constant): (a) arch thickness = 0.8 mm,
(b) arch thickness = 1.6 mm, and (c) arch thickness = 3.2 mm.
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much less so than increasing arch height or arch
thickness do.

In a third set of parameter variations, the span of the
arch is varied from 0.2032 to 1.6362 m, while the arch
thickness is held constant at 0.8 mm, the arch height, u,
is held constant at 0.4, and the spring is modeled as infi-
nitely stiff (rigid boundary). Figure 20 shows the force
versus normalized displacement curves for the four
span lengths. While all four cases are bistable, the snap-
through force for each arch decreases by a factor of 4
each time the arch span is doubled. Also, as seen in
Table 4, the maximum strain in the arch decreases by a
factor of 2 when the span is doubled.

Finally, the arch span was again varied, but this
time, the arch thickness was also modified such that
the slenderness ratio remained unchanged. The result-
ing force versus normalized displacement curves are
displayed in Figure 21. Again, all four cases are bis-
table, but each time the span doubles, the snap-through
force also doubles, while the maximum strain in the
arch (listed in Table 5) remains unchanged as expected.

Based on the observations reported in the previous
two paragraphs, as long as the restraining spring is

sufficiently stiff (so as to effectively act as a rigid bound-
ary), the results in Table 2 hold for an arch of any span
as long as the slenderness ratio is the same, and the peak
snap-through forces in Figure 18 would scale directly
with the change in span. It was verified that these obser-
vations hold for arches of various heights.

Conclusion

This article examines the bistable behavior of an arch
for morphing applications. The arch has a cosine pro-
file, is clamped at both ends, and is restrained axially by
a spring at one end. Several Delrin and NiTiNOL arch

Figure 19. Behavior of cosine arches for variations in arch height and spring stiffness (arch thickness constant): (a) K = 4424 N/m,
(b) K = 10,533 N/m, (c) K = 28,020 N/m, and (d) K = rigid boundary.

Table 4. Span variation (constant thickness)

Strain (%) l (m)

l = 0.2032 2l 4l 8l

Thickness (mm) t = 0.8 2.95
t 1.48
t 0.74
t 0.37
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specimens were fabricated and tested under a con-
trolled displacement input in an Instron machine. The
specimens tested varied in height and thickness and
used two different spring stiffnesses. An ANSYS finite
element model of the arch was set up, and the simula-
tion results showed good overall agreement with the
experimental results. The validated ANSYS model

was subsequently used to conduct parametric studies
to assess the influence of arch thickness, height, span,
and spring stiffness on the bistable behavior. From
the simulation results, the following observations
could be made:

1. Slender arches tend to show bistability, but as
the arch thickness increases, a larger arch height
is generally required for bistability.

2. Larger spring stiffness tends to lead to bistabil-
ity, but as the restraining spring softens, a larger
arch height is required for bistability.

3. Increasing arch height, thickness, and spring
stiffness increases the snap-through force, not
only indicating larger actuation force require-
ment to morph but also providing higher stiff-
ness and load carrying capability in the two
equilibrium states.

4. Increasing arch height and thickness also
increases the maximum strains in the arches as
they transition from one equilibrium position to
the other. In comparison, increasing spring stiff-
ness results in relatively small increases in maxi-
mum strain.

5. Thus, of the arches that do exhibit bistability,
lower arch height and thickness would be pre-
ferable to reduce strain (increasing the range of
usable materials and improving fatigue life) and
morphing actuation force requirement. If
required, higher spring stiffness could be used
to increase the load carrying capability of the
arch, although this would increase the morph-
ing actuation force requirement as well.

6. While lower arch height leads to lower maxi-
mum strains and actuation force, it results in a
smaller morphing stroke for a given arch length.

7. For a stiff spring restraint, increasing arch span
while holding the slenderness ratio constant
results in no change in maximum stress, while
the peak snap-through force increases directly.

8. An understanding of the influence of parameter
variations on the different metrics allows for the
design of a bistable arch to meet morphing
requirement specifications.
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Previous studies have shown that chord extensionmorphing over a spanwise section of helicopter rotor blades can

reduce main rotor power requirements in stall-dominant flight conditions while being able to increase the maximum

gross weight, altitude, and flight speed capability of the aircraft. This study examines a centrifugally driven, fully

passive chord morphing mechanism for helicopter rotor blades. It is based on a vonMises truss connected to a rigid

extensionplate that deploys througha slit in the trailing edge.When the rotor revolutions perminute increasesbeyond

a critical value, the chordwise component of centrifugal force on the assembly results in the deployment of the plate

beyond the slit in the trailing edge, effectively increasing chord length. On reducing the revolutions per minute, a

retraction spring pulls the plate back within the confines of the blade. This study presents the design process,

iterations, and final design solution for a configuration that undergoes 20% chord extension. A prototype was

fabricated and tested on the bench top as well as on a rotor test stand at rotational speeds simulating more than 60%

full-scale centrifugal loads. The test results demonstrate that the concept works.However, effects such as friction lead

to revolutions-per-minute requirements different from those predicted by simulation.

Nomenclature

C = viscous damping coefficient
CF = centrifugal force
COR = center of rotation
c = chord
dt = time step
F = force applied at the von Mises truss vertex
Ksystem = spring at the base of the von Mises truss
Kretract = spring at the vertex of the von Mises truss
L = von Mises truss link length or Lagrange operator
m = mass concentrated at the von Mises truss vertex
Q = generalized force
q, _q = generalized coordinate and its derivative
T = kinetic energy
V = elastic potential energy
x, _x, �x = von Mises truss vertex degree of freedom and

its derivatives
θ0 = von Mises truss initial angle

I. Introduction

H ELICOPTER rotor blades are susceptible to stall when
operating at high speed, high altitude, or high gross weight.

Recent studies [1–3] suggest that chord extensionmorphing is highly
effective in alleviating stall and can expand the flight envelope
boundaries (allowing the aircraft to fly higher, heavier, and faster) as

well as reduce power requirement and vibration levels near the
envelope boundaries.
Rotor-blade chord extension can itself be realized in a number of

different ways. One approach is to elastically deform the blade
structure in the chordwise direction as examined in [4]. Alternatively,
a thin splitting plate can be extended through a slit in the blade’s
trailing edge over a certain spanwise section, as illustrated in Fig. 1.
The deployment and retraction can be achieved by a motor that
actuates a morphing truss. Although the first approach would, in
principle, lead to an aerodynamically cleaner profile, the energy
requirement associated with elastically deforming the structure, as
well as the requirement for flexible or sliding skins that can extend in-
plane while carrying pressure out-of-plane, make it more challeng-
ing. The second alternative, using an extendable trailing-edge plate
(TEP), first suggested in [1] and further examined in [2,3,5], appears
to be a lower-risk technology.
Khoshlahjeh et al. [2,3] considered a TEP deployed between 63

and 83% span on aUH-60ABlackhawkhelicopter, resulting in a 20%
chord increase relative to the baseline blade. The simulation results in
[3] show reductions of up to nearly 17% in rotor power requirement
for operation at high gross weight and altitude as well as increases of
around 20 kt in aircraft maximum speed capability, 1500 lb in
maximum gross weight capability, and 1800 ft in maximum altitude.
As an alternative to the morphing truss in Fig. 1, Johnson [6]

proposed using the snap-through action of a bistable elastic arch to
move the TEP in the chordwise direction, from a retracted position
within the confines of the blade to a deployed position extending
beyond the baseline trailing edge. However, the very high strains in
the bistable arches during snap-through presented a great challenge,
both significantly limiting the materials that can be used and increas-
ing the likelihood of structural failure. Also, Johnson’s study had
difficulty identifying an actuation mechanism (with required stroke
and force capability) suitable for the bistable arch.
Recognizing the challenges associated with the use of motors for

actuation in the large centrifugal fields that the helicopter blades
experience, Prabhakar et al. [7] proposed exploiting the change in
centrifugal force associated with revolutions-per-minute change for
rotor span morphing. In their work, they demonstrated, on the hover
stand, a telescoping rotor with a fixed inner portion and a sliding
spring-restrained outer portion increasing its span by over 25% with
revolutions-per-minute increase.
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Based on an assessment of the prior work in rotor morphing
discussed previously, the present study focuses on achieving chord
extension morphing through the deployment/retraction of a trailing-
edge plate (TEP) enabled by a von Mises truss in conjunction with a
change in rotor revolutions per minute. The von Mises truss replaces
the bistable elastic arch in [6] as a device that deploys/retracts the
TEP, while the change in centrifugal force associated with change in
revolutions perminute is used as the enabler. Because no actuators are
used, the system is completely passive and eliminates the need to
transfer actuation power into the rotating system. The paper presents
analytical modeling and conceptual design of the system, followed
by fabrication, and culminating in bench-top test and validation and
preliminary rotor testing on the hover stand.

II. Concept and Analysis

The vonMises truss is amechanical system first introduced by von
Mises in 1923 [8] tomodel the stability of a shallowarch.As shown in
Fig. 2, it consists of two pinned–pinned rigid members whose
independent ends can slide laterally against the springs denoted as
ksystem. In the absence of the retraction spring kretract, when the force
F at the vertex exceeds a critical value, the truss “snaps through”
and assumes the configuration shown in the dashed lines. This is
another stable equilibrium position of the truss, and so if the force is
removed, it remains in this configurationwithout any requirement for
locking. The absence of any locking requirement alongwith the large
possible “stroke” makes a von Mises truss attractive for morphing
applications.

Figure 3 represents the force versus vertex displacement behavior
of a “bistable” von Mises truss under the conditions of displacement
control (solid line) and force control (dashed line). Note that, in the
current study, the origin of the forceF is the chordwise component of
the centrifugal force. If the revolutions per minute, and correspond-
ingly the chordwise component of centrifugal (CF) force, were to
exceed a critical value, then the von Mises truss would snap through
along the horizontal dashed line in Fig. 3. Return to the original
configuration, however, requires a negative force. Although a reduc-
tion in revolutions per minute would reduce the chordwise CF force,
it would not make it negative, which makes retraction problematic.
The retraction spring kretract is introduced to pull the von Mises truss
back to the original configuration when the revolutions per minute
(and correspondingly the chordwise component of CF force) reduce.
Figure 4 shows the modified force versus vertex displacement

behavior of the von Mises truss with a retraction spring (shown in
Fig. 2). As in Fig. 3, the solid and the dashed lines represent behavior
under displacement and force control, respectively. In Fig. 4, al-
though the system snaps through, it no longer exhibits bistable behav-
ior (unlike Fig. 3, the curves do not cross zero force at nonzero
displacement). Thus, if the force Fwas reduced or removed after the
system snapped through, it would simply snap back and return to the
original equilibrium position. This is very attractive in the present
application because an increment in revolutions per minute and
chordwise component of CF force can snap the von Mises truss and
deploy the TEP, and a reduction in revolutions per minute can
conversely snap back the truss and retract the TEP.

Fig. 1 Chord extension morphing with extendable TEP [1].

Fig. 2 Schematic representation of a von Mises truss, with additional
retraction spring and damper. Fig. 3 Bistable behavior of a von Mises truss.
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The governing equation of motion for the von Mises truss with
retracting spring and dashpot, depicted in Fig. 2, are obtained by
deriving expressions of the kinetic energy T and elastic potential
energyV of the system and introducing them in Lagrange’s equation:

Q � d

dt

�
∂L
∂ _q

�
−
∂L
∂q

with L � T − V (1)

The generalized coordinate q corresponds to the vertex truss degree
of freedom, x, and the generalized forceQ corresponds to the forceF
at the vertex. After substitutions and simplifications, the equation of
motion can be obtained, as given next:

F�m �x�C _x� kretractx

�
2ksystem�−x�L sin�θ0���−cos�θ0��

�����������������������������������������������
1− �−�x∕L�� sin�θ0��2

p
������������������������������������������������

1− �−�x∕L�� sin�θ0��2
p

(2)

In addition to ksystem, kretract, and F, which have been previously
defined, L and θ0 are the geometric parameters describing the von
Mises truss (see Fig. 2), m represents the effective mass (lumped at
the vertex), and C represents any damping in the system. x and its
derivatives represent the vertex vertical displacement, velocity, and
acceleration, respectively, of the truss vertex. If the time derivatives
are ignored, then the equation describes the static behavior of the von
Mises truss with a retracting spring.

To verify the accuracy of the analytical model, the static behavior
of the vonMises truss was validated against nonlinear finite-element
simulation results using ANSYS 13.0, and the two sets of predictions
were found to be in excellent agreement for several combinations of
the truss parameters (see Fig. 5).
The curves shown in Figs. 3 and 4 are from a static analysis. For a

controlled displacement input, the truss is seen to exhibit negative
stiffness behavior over a portion of the total stroke but does not
experience snap-through. Static and dynamic simulations at low to
moderate rates and dampingwill appear fairly similar. However, for a
controlled force input, a static analysis does not yield the points on the
horizontal portion of the curve representative of snap-through. As the
force increases beyond the critical value, the displacement becomes
very large (system jumps branches), and the horizontal portion of the
curve is filled in by deduction. A dynamic simulation, on the other
hand, would not only capture the snap-through portion of the curve
but would also result in transient oscillations at the end of the event.
The transient oscillations can be dissipated through the presence of
damping [9]. It should be noted, as explained in [10], that a vonMises
truss would display snap-through but no negative stiffness under
force control (while the reverse is true under displacement control).
Figures 3 and 4, showing results for specific values of geometric

parameters (L � 0.1 m, θ0 � 45 deg) and spring stiffnesses
(ksystem � 2000 N∕m, kretract � 0 and 1000 N∕m), were primarily
meant to highlight the difference between force and displacement
control as well as the difference between a von Mises truss without a
retracting spring that displays bistability and one with a retracting
spring that displays snap-through but not bistability. Variation in
spring stiffness parameters would result in changes in behavior as
shown in Figs. 6 and 7. FromFig. 6, for kretract � 0, it can be observed
that increasing ksystem leads to increase in stiffness of the von Mises
truss at the equilibrium positions and higher critical snap-through
force, but the behavior always remains symmetric about zero force.
Figure 7 shows the effect of increasing the retraction spring stiffness
for a constant ksystem � 2000 N∕m. The main effect is on the
symmetry of the curves about zero force. It is observed that, for low
values of kretract, the system is still bistable, but the critical force to
retract is lower than the force to deploy. As kretract increases further,
the curves move above the force axis, and the system will exhibit
snap-through but not bistability. The combination of values ksystem
and kretract determine the force levels at which snap-through and
snapback occur and are important design parameters in the present
study. Finally, if kretract increased even further, the system would no
longer display snap-through, displaying instead a nonlinear force
versus displacement behavior.

III. System Design

Because the final goal was to experimentally demonstrate
centrifugally induced chord extension and retraction in a rotor test,

Fig. 4 Snap-through behavior of a von Mises truss.

Fig. 5 Matlab vs ANSYS simulation of a von Mises truss for two diverse sets of parameters: a) bistable, and b) snap-through behavior.
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the geometric and operational limits of the chosen Pennsylvania State
University rotor test facility (also known as theAdverse Environment
Rotor Test Stand, or AERTS) were taken into consideration from the
onset. Active rotor tests at the Penn State rotor test facility are
frequently conducted using the boom and paddle setup schematically
represented in Fig. 8. The overall diameter is 2.73 m, as indicated in
the figure. The paddle can accommodate various types of active or
morphing rotor sections and test these prototypes in the presence of
realistic, near-full-scale centrifugal accelerations.
The paddle frame, illustrated in Fig. 9, has a 30.5 cm span, 40.6 cm

chord, and with a NACA 0015 airfoil, has a maximum thickness of
6.1 cm. The space from the leading edge to 25% chord is for the main
rotor spar, and the region aft is available for the chord morphing
section. Because the objective was to increase effective chord by
20%, the trailing-edge plate (TEP) has to have a chord length greater

than 20%. A plate with 40% chord length was used, and because it
should be fully contained in the airfoil in the retracted state, this
limited the space available to the morphing von Mises truss (see
Fig. 10). Leaving a little room for fixtures and a bumper at the rear of
the spar, the vonMises truss, whose vertex connects to the TEP, could
occupy the space between 32.75 and 60.25% chord, placing the
spanwise axis of symmetry at 46.5% chord. The overall stroke of the
vonMises truss is 27.5% chord. However, some space is allocated at
the trailing edge (7.5% chord) to accommodate the initial motion of
the TEP before reaching the snap-through condition. Therefore, only
20%chord is effectively available past the trailing edge. At the 46.5%
chord line, space is allocated in the spanwise direction to the system
springs, based on availability and consideration of their length and
stroke. This sets the von Mises truss link lengths L and the angle θ0.
The retraction spring is situated in the spar.
The system and retraction springs, in addition to fitting within

the available space constraints, must provide the required stiffness
for deployment and retraction of the extension plate at desired
rotor revolutions-per-minute values. In [2,3], the benefits of chord
extension morphing were examined based on a UH-60A Blackhawk
helicopter. The rotor radius of the Blackhawk is 8.18 m, and its
nominal rotor speed is 27 rad∕s [11]. To replicate the spanwise
centrifugal accelerations on a morphing system situated between 63
and 83% span on the UH-60A would require the Penn State rotor
stand to operate at a speed of around 568 rpm. However, test-section

Fig. 6 Effect of system spring stiffness on force/displacement behavior
of von Mises truss (kretract � 0).

Fig. 7 Effect of retraction spring stiffness on force/displacement
behavior of von Mises truss (ksystem � 2000 N∕m).

Fig. 8 Schematic topviewof theboomandpaddle setupused in thePenn
State hover test facility.

Fig. 9 Paddle frame (test section) for chord morphing mechanism.

Fig. 10 Schematic showing the layout and geometric constraints in the
design of the chord morphing mechanism within the test paddle.
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mass and safety considerations dictated that it was not possible to
exceed an operational speed of 500 rpm. Accounting for the mass
of the morphing system, the system and retraction spring stiffnesses
were selected with the following design goals in mind: nominal
revolutions per minute: 451.13 (100.0%); deployment revolutions per
minute: 484.97 (107.5%); maximum revolutions per minute: 496.25
(110.0%); and retraction revolutions per minute: 462.41 (102.5%).
In [2,3], the effect of a trailing-edge plate, extending from 63 to

83% span on the UH-60Awas considered. The CF acceleration at the
midspan location of the prototype (radial location of 1.2125 m from
center of rotation) and at the nominal design revolutions per minute
(451.13 rpm) was determined to be 62.15% of the CF acceleration on
theUH-60A at 73% span (midspan of the chord-extension section). A
successful testwould thus demonstrate operation of themechanism at
roughly 62% full-scale CF loads. This is important because
survivability and operability of mechanisms in high-g environments
is always a challenge.
As stated earlier, the actuation force comes from the chordwise

component of the centrifugal (CF) force on the section. At a given
rotational speed, any mass m within the rotor blade at a distance r
from the center of rotation (COR) experiences a CF force normal to
the velocity vector, as depicted in Fig. 11. Althoughmass on the 25%
chord line would experience only a spanwise CF force, any
chordwise offset results in both spanwise and chordwise components
of the CF force, as given next:

CF � mrω2 � mr
�
RPM ×

2π

60

�
2

(3)

CFspan � CF cos

�
arctan

�
−yc:g:
xc:g:

��
(4)

CFchord � CF sin

�
arctan

�
−yc:g:
xc:g:

��
(5)

One of the complicating factors associated with CF-force-based
actuation is that, as the vonMises truss and plate deploy, the CF force
on the assembly increases due to the increased aft chordwise offset of
the assembly. In other words, the CF force on the system is greater in
the deployed position than in the retracted position. This, in turn,
requires a stronger retraction spring to pull the systemback at reduced
revolutions per minute. And the increased stiffness of the retraction
spring changes the system behavior from one that exhibits snap-
through (as shown in Fig. 4) to one that no longer does so (see
Fig. 12). Even so, the von Mises truss can undergo the desired very
large stroke and deploy/retract the extension plate (TEP).
Another factor is that an iterative procedure has to be used to

calculate the deflection. The solid curve in Fig. 12 corresponds to an
independently applied force, whereas the dashed curve corresponds
to the deformation of thevonMises truss vertex (and correspondingly
the deployment position of the TEP) with increase in revolutions per
minute. The issue with the dashed curve is that the CF force itself

depends on the deformed position, hence the need for an iterative
solution scheme and the identification of spring stiffnesses and mass
tuning through iteration.
The analytical model used in the simulations and design had a few

simplifications. To calculate the centrifugal force that actuates the
system, the mass of each of the components (such as the von Mises
truss links, the extension plate, etc.) was assumed to be concentrated
at its c.g. In reality, the centrifugal acceleration varies with position,
for example from the inboard end to the outboard end of the extension
plate. To verify the validity of this approximation, a finite-element
model was created and spun in ANSYS 13.0. Likewise to the static
analysis (Fig. 5), the two approaches produced similar predictions
with negligible discrepancies. In addition, all springs are assumed to
behave linearly and in accordance with manufacturer-provided
specifications, and friction effects have been neglected.
The quasi-static response of the proposed chord morphing

mechanism, obtained by neglecting the velocity and acceleration
terms in Eq. (2), over full revolutions-per-minute operation cycle is
shown in Fig. 13.Deployment is predicted at 481 rpm, and the system
is observed to retract at 463 rpm.
The quasi-static response not only is affected by the system and

retraction spring stiffnesses but also depends on the mass of the
components of the assembly. An increase in plate mass shifts the
response toward lower revolutions per minute, and vice versa, as
illustrated in Fig. 14. The masses of the links of the von Mises truss
also affect the response. Increasing mass on the outboard link at the
“base” of the von Mises truss reduces the required revolutions-per-

Fig. 11 CF force and its spanwise and chordwise components.

Fig. 12 Static curve for a vonMises trusswith a stiff retracting spring in
parallel.

Fig. 13 Static response of themorphingmechanismunder a full cycle in
revolutions-per-minute variation.
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minute variation for complete two-way actuation, and vice versa (see
Fig. 15). The opposite is true on the inboard link; reducing themass at
the base of the vonMises truss also reduces the required revolutions-
per-minute variation for two-way actuation.
The dynamic response, with the inclusion of the velocity and

acceleration terms, is shown in Fig. 16. At the ends of the deployment
and retraction portions of the cycle, transient oscillation in response is
observed. If the damping coefficient were increased (C � 1 N · s∕m
used in Fig. 16), the transients would settle much quicker [9]. It
should be noted that the salient features of the response (deployment
and retraction revolutions per minute, the stroke, etc.) are well
captured even with the quasi-static analysis.

IV. Prototype Design and Fabrication

The design of the prototype involved an iterative process. Based
on geometric considerations (Figs. 9 and 10), desired deployment
and retraction rotational speeds specified in the previous section,
and estimated component masses, system and retraction spring stiff-
nesses were selected. Using these stiffnesses, the deployment and
retraction behaviors were simulated, and then the component masses
and spring stiffnesses were again readjusted until the predicted
deployment and retraction behavior closely matched the target
behavior. During this process, only commercial off-the-shelf springs
were considered. Linear miniature slide bearings were used at the

ends of the extension plate, the ends of the vonMises truss, and along
the rail under the connection element linking the von Mises truss
vertex to the extension plate, to guide the motion of the system. A

Fig. 14 Effect of plate mass variation on the static response of the morphing mechanism.

Fig. 15 Effect of von Mises truss link mass variation on the static response of the morphing mechanism.

Fig. 16 Dynamic response of the morphing mechanism under a full
cycle in revolutions-per-minute variation.
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CAD drawing of the prototype is shown in Figs. 17 and 18, and a
summary of themain features of the prototype are reported in Table 1.
A picture of the fabricated prototype is shown in Fig. 19.
Additional components introduced to ensure smooth functioning

included internal guides for the springs to prevent buckling and shock
absorbers at both ends to absorb and dissipate energy on completion
of TEP deployment and retraction. To measure the deformation,
rulers as well as a linear potentiometer from SpectraSymbol (SoftPot
150 mm) connected to a V-Link wireless voltage node from
MicroStrain were used.
The predicted c.g. of the entire test section, based on the CAD

model, was in good agreement with experimental measurement. The
two-dimensional c.g. was determined bymeasuring theweight of the
test section at three distinct points independently and using a
weighted average to find the center. Its position is at 39.6% chord
(0.161m from the leading edge) when the extension plate is retracted
and at 43.8% (0.178m from the leading edge) when deployed.When
the von Mises truss and the extension plate transition from the
retracted to the deployed positions, the aft chordwise motion of the
c.g. is about 17 mm. The dummy mass used in the second paddle to
balance the rotor was built to match the c.g. of the test section in the
retracted state.
A safety factor of 2 was used for dimensioning all the structural

components of the prototype due to design loads. All components
were analyzed after creating a finite-element model in ANSYS 13.0
of themain structural load-carrying elements. Two-dimensional shell
elements were used to model the structural components, and body
forces were applied to the structure by means of the OMEGA com-
mand, which simulates the rotational environment and accelerations.

Fig. 17 CAD drawing of prototype with various components shown (top view, skin removed).

Fig. 18 CAD drawing of prototype in a) retracted, and b) deployed state (isometric view, translucent skin).

Fig. 19 Fabricated experimental prototype in its retracted configura-
tion (skin removed).
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Loads from the von Mises truss mechanism were applied locally on
the rails of the bearings where the loads are actually transferred into
the surrounding structure. The stress distribution for the main
structural elements is shown in Fig. 20. All components satisfied the
safety factor. Local peak stresses are due to the nodal application of
distributed forces and are not critical. Additionally, the safety of all
load-carrying bolts has been verified to guarantee a safe operation,
and the bearings have been chosen to withstand twice the present
loads at 500 rpm.
Finally, some considerations can be made regarding the weight

penalty associated with the chord morphing device. The fabricated
prototype is only one possible implementation of the proposed
design, limited by the volume within the rotor test section and the
fabrication capabilities and materials readily available. Most of its
components have been designed with quite large safety factors, thus
introducing some weight penalties.
A full-scale system could use the larger blade volume (in particular,

span) to reposition some of the components (e.g., the retraction spring)
and reduce the complexity of the final design (e.g., elimination of the
pulley). An operational systemwould alsomake use ofmore advanced
fabrication techniques andmaterials (e.g., composites) to limit the total
weight. Changes in the mass of the different parts should then be
accounted for when considering the available centrifugal chordwise
accelerations of the full-scale system and tailoring the system to
deploy/retract to the desired revolutions per minute. The design
procedure discussed in this paper demonstrates that the designer has
several degrees of freedom to act on the behavior of the system.
Therefore, the weight impact of the proposed structural configura-

tion on a full-scale operational system is difficult to estimate.
Considering only the main components of the proposed system, the
weight penalty that the chord morphing device introduces on a full-
scale blade can be roughly estimated in 1–2%of the total weight, with
the heaviest element of the prototype being the rigid plate. In an
operational environment, this could be replaced with a much lighter
composite plate.

V. Experimental Testing and Results

Bench-top and rotor-stand tests were carried out to verify the
performance of the proposed morphing mechanism.

Figure 21 shows the prototype clamped to a bench with weights
applied in conjunction with a pulley to introduce a force at the vertex
of the von Mises truss. This simulates the actuation force F, which
induces the system to snap. Force was increased in 0.9 kg (8.9 N)
steps up to 22.2 kg (218 N), and the displacement was measured at
each step by the potentiometer. A similar procedure was followed
upon unloading. The test was repeated three times, and the experi-
mental data along with analytical prediction results are shown
in Fig. 22.
The measurements show good repeatability, but two observations

can be made. First, the test data exhibits hysteresis around the
analytical predictions, and this could be attributed to frictional ef-
fects. Second, the analytical prediction curve is not placed quite in the
center of this hysteresis loop. This suggests that the effective stiffness
of the retraction spring may be a little higher than assumed.
Next, themechanismwas tested on the Penn State rotor test facility

to demonstrate the chord extension and retraction induced by revo-
lutions per minute and CF force change. The prototype was mounted
at the end of one of the booms by bolting the rib to the boom at three
points. A second paddlewith a dummymasswas attached to the other
boom for mass balancing purposes. Figure 23 shows the setup ready
to test on the Penn State rotor test facility. The deployment of the
mechanism and the resulting chord extension shifts the c.g. aft and

Table 1 Summary of the main features of
the experimental prototype

Parameter Value

System truss link length L 92.7 mm
Initial truss angle θ0 44.5 deg
System spring ksystem 2399.24 N∕m
Retraction spring kretract 7145.17 N∕m
System stroke 111.7 mm
Chord extension 20% c
Test section mass 3.09 kg
Mechanism mass 1.65 kg
Extension plate mass 0.40 kg

Fig. 20 ANSYS finite-element stress analysis on the main structural
components.

Fig. 21 Bench-top test setup.

Fig. 22 Bench-top test results.
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could have been expected to induce large vibratory loads due to rotor
imbalance. However, this was found not to be the case, and no
excessive vibratory loads were measured in several tests.
Starting from zero, the rotor speed was increased in steps up to

a value above the predicted deployment revolutions per minute. In
the first set of tests, the system did not deploy within the desired
revolutions-per-minute range. The weight of the extension plate was
then increased by attaching a 325 g mass to achieve deployment
within the operating revolutions-per-minute range. Figure 24 shows
the experimental as well as the analytical prediction results. With the
increased extension platemass, the predicted deployment revolutions
per minute dropped to 346 rpm, while the test results show the plate
deploying at 434 rpm.A comparable discrepancywas observed in the
rotational speeds corresponding to plate retraction (the analytical
prediction was 323 rpm, whereas the plate actually retracted at
230 rpm in the rotor test).
These discrepancies may be attributed to a couple of possible

factors. First, the friction effects, especially at the pin joints at the
ends of the links of the von Mises truss. Additionally, imperfections
in alignment and symmetry could make it more difficult for the
chordwise component of the CF force to deploy the extension plate
and the retraction spring tomove it back. For example, the differences
in the spanwise components of the CF force on the two links of the
von Mises truss could lead to asymmetric loads on the system that
resist the truss’s motion. Although these discrepancies should drive
new efforts to overcome them, the results of the rotor test demonstrate
that the idea of using a von Mises truss connected to an extension
plate and having a change in rotor revolutions per minute deploy and
retract the plate has been experimentally shown to be achievable.
Figure 25 shows photographs from the rotor test with the extension

plate in retracted configuration at low revolutions per minute and in
the deployed configuration at 434 rpm. These images were taken

using stroboscopic lamps in the rotor test facility. The deployment of
the plate results in a 20% increase in effective chord, as expected.

VI. Friction Effects and Model Refinements

Experimental data from the bench-top test (Fig. 22) show presence
of hysteresis not being modeled. This suggests that some sort of
friction in the prototype opposes motion, increasing linearly with the
vertex displacement. It should be noted that this hysteresis proved to
be repeatable and roughly symmetric with respect to the estimated
static behavior (Fig. 22). Possible sources of this type of friction
could be the pulley–cable system connected to the retracting spring
or small misalignments in the three rails that support the rigid plate
and make its motion more and more difficult as the plate deploys.
Limitations in the fabrication process and precision of the technology
demonstrator and design choices made to keep costs low are deemed
to be contributing factors. The authors envision that friction could be
reduced significantly with design improvements and manufacturing
precision on a full-scale production blade.
Nonetheless, the model was updated to account for this effect. An

empirically fit friction factor Ffriction was added to the basic static
behavior (positive or negative depending on the direction of motion)
of the vonMises truss as a function of the displacement x of its vertex,
as reported in Eq. (6):

Ffriction �
x · Fmax

friction

xmax

(6)

where xmax is the maximum displacement of the vertex, and
Fmax
friction � 40 N is the maximum value of correction added to the

system for x � xmax.
Additionally, the static curve predicted by the model does not lie

perfectly in the middle of the hysteresis loop. The retracting spring
kretract was identified as the main contributor for this discrepancy.
Experimental testing of the adopted spring alone in an Instron
machine measured a stiffness constant of 7680.55 N∕m, versus the
nominal value of 7145.17 N∕m considered in Table 1. Therefore, this
was accounted for in the improved model.
Figure 26 shows a much improved correlation between the bench-

top test data and the updated model, which takes into account the
real spring constant for the kretract and a suitably estimated amount
of friction linearly increasing with the von Mises truss vertex
displacement.
The dynamic analysis of the proposed morphing mechanism was

updated similarly. The same correction for kretract and the amount of
friction was used. The dynamic model was also refined to consider
the presence of mechanical stops in the prototype due to the presence
of shock absorbers at both ends. These reduce the overall stroke (and,
therefore, the initial angle θ0) and introduce a preload in the system
springs ksystem of the vonMises trussmechanism. The introduction of
these correctionswithin themodel produces amuch better correlation
with the experimental data (Fig. 27), illustrating the necessity of
a much wider range of revolutions-per-minute variation for full
two-way actuation, as measured in the experiments. However, the
reader is reminded that displacement versus revolutions-per-minute
behavior can be tailored by minimizing friction and adjusting the

Fig. 23 Setup on the Penn State rotor test facility.

Fig. 24 Rotor test results.

Fig. 25 Images of trailing-edge plate during the rotor test taken with
synchronized stroboscopic lamps a) retracted at low revolutions per
minute, and b) deployed at high revolutions per minute.
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plate and especially the link mass. The necessity to fine-tune each
available feature of the proposed design and account early at the
modeling stage for additional effects, such as friction, is of great
importancewhen scaling up to theUH-60. In this case, a combination
of larger spanwise CF load (that could produce higher friction loads)
and lower chordwise loads (to actuate the von Mises truss) could
impact negatively on the working of the entire device if not properly
accounted for.

VII. Conclusions

Helicopter rotor-blade chord morphing can alleviate stall and
improve the rotor craft performance when flying close to the flight
envelope boundaries. In this paper, the authors have presented a novel
approach to realize a passive, revolutions-per-minute-controlled
chord morphing mechanism. Emphasis has been put on the actuation
concept, the analytical model of the system, based on a von Mises
truss, the design and fabrication of a prototype, and the experimental
verification of the system behavior in both quasi-static bench-top test
and rotor test.
The following conclusions can be drawn.

Analytical simulation: Passive, revolutions-per-minute-controlled
actuation of the chord morphing mechanism can be realized by

exploiting the unique properties of the vonMises truss, coupled with
a retracting spring.
System design: 20% chord increase can be achieved using the von
Mises truss, but this requires a good management of the limited
available volume within the blade. Also, the mechanical realization
of the prototype produced a complex mechanism, with many
moving parts.
Experimental verification: Successful deployment and retraction of
the rigid plate was achieved in both bench-top as well as rotor tests.
Friction and alignment issues appear to have had a significant
influence on system response, affecting the revolutions-per-minute
range of actuation.
The design presented in this paper is a first attempt to validate the

conceptual approach to passive chord morphing for a rotor blade
using revolutions-per-minute variation. The overall analysis has been
qualitatively verified. Further efforts should include a lockingmecha-
nism to prevent vibrations and a feasibility study on full-scale rotor-
blade prototype. The addition of a balancingmass in the leading edge
and a sealing system (to avoid unwanted intrusion of sand,water, etc.)
should also be taken into account.
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ABSTRACT 
The present study focuses on a bi-stable von-Mises truss 

(VMT), with integrated Shape Memory Alloy (SMA) wires 

which are resistively heated to provide the actuation force to 

transition the VMT from one stable equilibrium condition to the 

other, and back. This coupled VMT-SMA system can 

potentially be used in structural morphing applications.  The 

paper considers in detail the design of the system, equilibrium 

between the VMT and the SMA wires, the initial pre-stress 

required in the two SMA wires, explains how the active 

(heated) SMA wire drives the VMT beyond the unstable 

equilibrium state, and the VMT in moving to the second stable 

equilibrium state pre-stresses the passive (unheated) SMA wire. 

The two SMA wires switch roles in moving the VMT back 

from the second to the first stable equilibrium state. A prototype 

is designed and fabricated and the transition of the VMT from 

one equilibrium state to the other, and back, is experimentally 

demonstrated. The governing differential equation representing 

the VMT behavior is coupled with equations representing the 

SMA behavior based on the Brinson thermo-mechanical model. 

The numerical predictions of system displacements versus 

temperature and time show good correlation with experimental 

results. 

INTRODUCTION 

 Bi-stable or multi-stable structures, which can undergo 

large deformation as they transition between two or more stable 

equilibrium positions, are of significant interest in morphing 

applications. A very attractive feature of such structures is that 

the equilibrium positions require neither any power nor any 

locking mechanisms to hold. A morphing structure based on a 

bi-stable system can be designed to have its initial and final 

configurations corresponding to the first and second 

equilibrium stable positions. Transitioning between these two 

stable states, the system passes thru an unstable equilibrium 

point and undergoes a phenomenon known as snap-through. 

Bi-stable and multi-stable systems are of particular interest 

for morphing applications. Hyer [1] and Cerami and Weaver [2] 

have investigated using unsymmetric composite laminates to 

create multi-stable shapes for morphing. The same concept was 

then adopted by Daynes et al. [3] to create a multi-stable air 

inlet, and by Diaconu et al. [4] to create a bi-stable plate used to 

extend the chord of an airfoil. In a similar application of bi-

stable unsymmetric composite laminates, Schultz [5] developed 

a bi-stable airfoil-like device for wing twist morphing. Schultz 

also found that his device could be bi-stable without the help of 

unsymmetric laminates, and created a steel version of the same 

device.    

Bi-stable elastic arches have also been considered for 

helicopter rotor blade morphing in a recent study by Johnson et 

al. [6,7]. Johnson envisioned that a single bi-stable elastic arch 

could be used to effectively extend the chord of a rotor blade. 

Figure 1 shows a schematic of the concept. That study used an 

arch clamped at both ends, and focused on the design of 

flexures to avoid high strains, leading to failure, when the arch 

transitioned from one stable equilibrium condition to the other. 

Another solution to limit high local strains was presented by 

Pontecorvo et al. [8], which envisioned a novel cosine profile 

for the arch to reduce peak stresses. One example of application 

of their concept for rotor blade chord morphing is shown in 

Figure 2. 

In the present study, a bi-stable system known as a von-

Mises truss (VMT) is adopted as replacement for the elastic 

arch to avoid the build-up of high strains leading to failure. 

Introduced by von-Mises [9] in 1923, a VMT is dynamically 

equivalent to a one-term Galerkin expansion of a continuous 

arch [10]. The VMT has been integrated with Shape Memory 

Alloys (SMAs) [11] to be used as actuators, exploiting the 

Shape Memory/Constrained Recovery effect [12]. Shape 

Memory Alloys have demonstrated their suitability for many 
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quasi-static applications [13] due to their high structural 

integration potential and energy density. By coupling the bi-

stable von-Mises truss with Shape Memory Alloy actuators to 

command the snap through, a morphing structural assembly is 

created with the potential to be incorporated into more complex 

structures. 

 

 
Figure 1. Schematics of bi-stable arch used for chord extension 

by Johnson et al. [7]. 

 

 
Figure 2. Isometric CAD view of a cellular structure with bi-

stable arches (red) used for helicopter rotor blade chord 

morphing. 

 

This paper focuses on two-way actuation (snap-through 

and snap-back) of the von-Mises truss. The proposed 

configuration uses two Shape Memory Alloy wires positioned 

to take advantage of the symmetric behavior of the von-Mises 

truss with respect to the unstable equilibrium. These wires are 

pre-strained by the von-Mises truss in either equilibrium state 

to achieve cyclic working. 

Both numerical and experimental investigations are carried 

out. A semi-analytical model is developed in Matlab based on 

the numerical integration of the VMT governing equations 

capable of predicting the static and dynamic behavior of the 

VMT. This was then coupled with the Brinson thermo-

mechanical model for the Shape Memory Alloys [12], to 

estimate the activation temperature and stress levels within the 

alloy required for actuation of the von-Mises truss. A prototype 

was built and tested. Experiments showed the cyclic, two-way 

actuation of the device and provided good correlation with the 

analysis. 

CONCEPT 

Von-Mises truss 
A von-Mises truss bi-stable system is shown in Figure 3. 

The two planar, pin-jointed truss elements of length 𝐿𝑉 are 

assumed to be rigid. All mass can be concentrated at the vertex 

of the truss to simplify the analysis. The truss elements are 

connected at the vertex, which can slide vertically in the 𝑥 

direction, and their free ends are allowed to slide in the 

horizontal direction 𝑧. A spring 𝐾𝑉 inter-connects the free ends 

and provides stiffness for the truss. The initial angle of the truss 

elements is denoted by 𝜃0, positive counterclockwise, with the 

displacement defined positive clockwise and denoted θ. 

Barbarino et al. [14] derived the equation of motion by writing 

the kinetic and elastic potential energies of the system and 

using them in Lagrange’s equation. The model was also 

statically and dynamically validated using ANSYS Finite 

Element analysis. 

 

 
Figure 3. Diagram of a von-Mises truss system. 

 

The static equation for such system is reported in Eq.1: 

 

{2𝐾𝑉 [𝑠𝑖𝑛(𝜃0) −
𝑥
𝐿𝑉
] [2𝐿𝑉√1− (𝑠𝑖𝑛(𝜃0) −

𝑥
𝐿𝑉
)
 

− 2𝐿𝑉𝑐𝑜𝑠(𝜃0)]}

√1 − (𝑠𝑖𝑛(𝜃0) −
𝑥
𝐿𝑉
)
 

= 𝐹 (1) 

 

The typical static behavior of a von-Mises truss is shown in 

Figure 4. The full displacement (stroke) of the VMT is defined 

by its geometry (2𝐿𝑉 𝑠𝑖𝑛 𝜃0), that is the amount of 

displacement corresponding to vertex travel from the first 

stable equilibrium position to the second one. The structure 

exhibits an initial positive stiffness up to a critical load (called 

𝐹𝑆𝑁𝐴𝑃). Thereafter, a region with negative stiffness is 

encountered, in which snap-through can occur. To have bi-

stability, the force has to cross the zero level for a non-zero 

displacement, which always occurs for the von-Mises truss due 

to its symmetric behavior. In the last portion, the structure again 

exhibits positive stiffness. The slope of the initial portion of the 

curve (up to the critical force to induce snap-through) is 

representative of the stiffness of the VMT system. The initial 

stiffness of the VMT is useful to carry a static load with 

relatively small displacements. If a stiffer structure is needed, 

some parameters of the von-Mises truss such as the spring 

stiffness 𝐾𝑉 or the initial angle 𝜃0 (or a combination of both) 

can be increased. 

Figure 5 illustrates the force versus vertex displacement 

behavior of a “bi-stable” von-Mises truss under the conditions 
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of displacement control (solid line) and force control (dashed 

line). Under displacement input, it is possible to reproduce the 

negative stiffness behavior but not the snap-through, as the 

vertex position is hold during loading. On the other hand, under 

force input, it is possible to reproduce the snap-through but not 

the negative stiffness. Snap-through occurs in force control as 

soon as 𝐹𝑆𝑁𝐴𝑃 is exceeded and only if the vertex of the VMT is 

not held. Snap-through will be used in this study to induce large 

displacements with relatively small force and displacements in 

the Shape Memory Alloys wires. 

 

 
Figure 4. Static behavior of a VMT: markers individuate the 

force 𝐹𝑆𝑁𝐴𝑃 required to snap-through and the two stable 

equilibrium positions. 

 
Figure 5. Displacement vs. force input on a bi-stable VMT 

system. 

Shape Memory Alloys 
Shape Memory Alloys, first discovered in 1932, are metal 

alloys (commonly nickel-titanium) that exhibit both the unique 

characteristics of large recoverable strains and large induced 

internal forces when exploiting the Shape Memory/Constrained 

Recovery effect [15].  

 

 
Figure 6. Typical stress-strain-temperature behavior of Shape 

Memory Alloys. 

 

Aforementioned thermo-mechanical properties of SMAs 

are due to a crystallographic phase transformation from a body-

centered cubic structure (austenite/parent phase, present at high 

temperatures) to a face-centered cubic structure 

(martensite/product phase, present at low temperatures), or vice 

versa. If the austenite temperature is lower than the 

environmental temperature, the so-called Super-elastic effect is 

exhibited upon changes in the internal stress state. Otherwise, 

the high residual strain may be recovered by a temperature 

change and the Shape Memory effect takes place (Figure 6). 

SMAs are ideal for their favorable actuation performance-

per-weight ratio, but are limited to low actuation frequencies 

(quasi-static) due to the thermal inertia. One of the major 

current drawbacks in engineering applications is the difficulty 

of fully characterizing their behavior, which is highly non-

linear and load history dependent. In this study, the 

phenomenological model developed by Brinson et al. [12] is 

used. The basic assumption, inherited from Tanaka [16] and 

Liang & Rogers’ [17] models, is that the thermo-mechanical 

process is fully described by three state variables: strain 𝜀, 
temperature 𝑇 and martensite volume fraction 𝜉. The martensite 

volume fraction is intended as a measure of the phase 

transformation and differentiated into stress induced 𝜉𝑆 and 

temperature induced 𝜉𝑇, with 𝜉 = 𝜉𝑆 + 𝜉𝑇 and 0 < 𝜉 < 1. 

Relations for the two terms are derived by the phase kinetics. 

The constitutive relation for Brinson model is expressed in Eq.2 

 
(𝜎 − 𝜎0) = 𝐷(𝜉)(𝜀 − 𝜀0) + 𝛩(𝑇 − 𝑇0) + 𝛺(𝜉)(𝜉 − 𝜉𝑆0) (2) 

 

where the subscript 0 represents the initial condition, 𝜎 is the 

stress, 𝐷 is the modulus of elasticity, 𝛩 is the thermal expansion 

coefficient and 𝛺 is the transformation tensor. This equation 

shows that the stress consists of three parts (in the order): 

mechanical, thermal and induced by phase transformation. 
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Table 1. Selected SMA material properties. 
Martensite Young modulus, EM [GPa] 17 

Austenite Young modulus, EA [GPa] 50 

Martensite start temperature, MS (°C) 50 

Martensite finish temperature, MF (°C) 45 

Austenite start temperature, AS (°C) 60 

Austenite finish temperature, AF (°C) 70 

Critical stress de-twinned martensite start [MPa] 75 

Critical stress de-twinned martensite finish [MPa] 260 

Thermal expansion coefficient 𝛩 [MPa/°C] 0.55 

Variation of austenite critical temperatures 𝐶𝐴 with 

stress [MPa/°C] 

12 

Variation of martensite critical temperatures 𝐶  with 

stress [MPa/°C] 

12 

Limit strain 𝜀  [%] 5.7 

Ultimate elongation [%] 8 

 

In this study, SmartFlex05 Ni-Ti wires with 480 𝜇𝑚 

diameter were provided by SAES Getters and used. The 

thermo-mechanical properties of the SMA necessary for the 

Brinson model are reported in Table 1. Some were provided by 

the manufacturer while others were measured experimentally 

performing mechanical tests in an Instron 4444 testing 

machine. Correlation between the Matlab implementation of 

the Brinson model and the characterization experiments was 

verified (not reported).  

Combined VMT and SMA system 
The coupling of the bi-stable von-Mises truss with Shape 

Memory Alloys as actuators has the potential to create a 

morphing structural assembly capable of undergoing large 

displacements with commanded changes in state and not 

requiring any locking mechanism. This could then be integrated 

into more complex structures. 

Two-way actuation (snap-through and snap-back) was 

deemed of primary importance for such morphing mechanism. 

To achieve this goal, the ideal configuration would use heating 

of a set of pre-strained SMA wires (one or multiple) to actuate 

the VMT and induce snap-through in one direction. During the 

transition of the VMT from the first stable position to the other, 

the heated (martensite to austenite phase transformation) SMA 

wires can recover their initial pre-strain 𝜀𝑖𝑛𝑖𝑡. This is possible 

because the SMA wires only need to apply sufficient force to 

reach the peak 𝐹𝑆𝑁𝐴𝑃 to initiate snap-through in the VMT. At 

this point no further action is required from the SMAs, which 

can be cooled down (austenite to martensite phase 

transformation). In the meanwhile, the VMT will cross the 

zero-force level for a non-zero displacement (corresponding to 

the unstable equilibrium position), and move towards the 

second stable equilibrium. While approaching this second 

position, the same SMA wires (or a different set) can be pre-

strained again by the von-Mises truss due to its positive 

stiffness around the stable positions. If the SMA wires are 

positioned to take advantage of the symmetric behavior of the 

von-Mises truss with respect to the unstable equilibrium, the 

process can be inverted and snap-back induced. 

This type of solution allows for cyclic, two-way actuation. 

However, it implies that the SMA wires must be initially 

attached to the VMT with the desired initial pre-strain. In 

addition, the VMT must be designed to be able to induce the 

desired amount of pre-strain in the SMAs. In this study, the 

VMT is designed to be able to pre-strain the SMAs in 

correspondence of its peak force 𝐹𝑆𝑁𝐴𝑃. This is because after 

the first cycle the VMT will be able to apply a maximum pre-

strain in the SMA wires in correspondence of its peak force. 

The two stable positions of the overall assembly will differ 

from the ones of the VMT alone, must be determined, and will 

be in the surroundings of 𝐹𝑆𝑁𝐴𝑃. 

For practical purposes, another critical feature of the 

selected design would include relatively short SMA wires 

capable of amplifying their recoverable strain to induce much 

larger displacements in the von-Mises truss. A value of 

recoverable strain of 3% in length for the SMAs is chosen in 

this study as a compromise between actuation performance, 

stability with cycles and fatigue life [18]. 

Several configurations were considered and then discarded 

because didn’t meet the aforementioned requirements. Initially 

a configuration with two SMA wires aligned with the vertical 

motion of the vertex of the VMT, each pulling in one direction, 

was considered. The length required for this case was several 

times larger than the length of the links of the VMT and 

suitable only for very small values of the initial angle 𝜃0, and 

therefore was discarded. Another configuration considered 

SMA wires attached to the vertex and positioned to replicate 

the geometry of the links of the VMT. In this case, the SMA 

wires would completely recover their pre-strain upon reaching 

the horizontal position of the VMT. However, this position 

corresponds to an unstable equilibrium with zero force to hold, 

and therefore a source of bifurcation.  

 

 
a) Initial state (first stable position) 

 
b) Temporary state (SMA 1 complete activation, unstable 

position) 

 
c) Final state (second stable position) 

Figure 7. Schematics of the proposed combined configuration. 
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The final proposed solution is shown in Figure 7. It uses 

two Shape Memory Alloy wires positioned to take advantage of 

the symmetric behavior of the von-Mises truss with respect to 

the unstable equilibrium while minimizing their overall length. 

The SMA wires are constrained at both ends separately from 

the VMT, whose ends can instead slide horizontally. 

Connection to the vertex of the VMT is accomplished by means 

of a positive and negative offset, respectively (Figure 7a). This 

offset is the key feature allowing for two-way actuation. The 

SMA wires are heated independently (and not simultaneously) 

to induce snap-through motion in either direction. When the 

first (red) SMA wire is heated, the second (blue) stays at its 

low-temperature state (martensite) and behaves as a passive 

SMA to be pre-strained. Motion from the first to the second 

stable position is induced. As the first SMA wire approaches its 

complete strain recovery, the unstable equilibrium position of 

the VMT is crossed and the configuration shown in Figure 7b is 

reached. The presence of the offset allows moving the VMT 

beyond the unstable position, therefore guiding its motion 

towards the second stable position in a transient where the first 

SMA wire has no additional actuation authority. At this point 

heating of the first SMA is terminated. Both SMA wires are 

now “passive” and the spring 𝐾𝑉 allows the VMT to reach the 

second stable position (Figure 7c). The process can then be 

inverted (heating of the second blue SMA wire only) for the 

snap-back motion. 

The stiffness of the VMT must be tailored to the adopted 

SMA wires. For the two-way actuation to be possible, the VMT 

must be able to pre-strain both wires to the desired level by 

applying the required force along the longitudinal direction of 

each wire. It should be noted that the initial (Figure 7a) and 

final (Figure 7c) case must be symmetric, with the first and 

second SMA wires swapping their pre-strain levels in these two 

configurations. In each state the two wires have different pre-

strain levels due to the geometry of the system. This is 

beneficial to the working of the assembly, as the active SMA 

possesses larger pre-strain (and actuation authority) than the 

passive one (which must be passively deformed).  

Analysis of the geometry of the combined system allows 

deriving some useful relationships among the several 

parameters. Only the snap-through motion is described, as the 

snap-back is similar and requires inverting the first and second 

SMA wires as the passive and active one, respectively. One 

assumption made in the following is that the active SMA wire 

is expected to be able to fully recover its pre-strain (set to 

𝜀𝑖𝑛𝑖𝑡 = 3% in length) thus reaching the horizontal position and 

length 𝐿𝑆 𝐴
𝑟𝑒𝑐𝑜𝑣𝑒𝑟 , as shown in Figure 7b and reported in Eq.3: 

 

𝐿𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖  = (1 + 𝜀𝑖𝑛𝑖𝑡)𝐿𝑆 𝐴

𝑟𝑒𝑐𝑜𝑣𝑒𝑟. (3) 

 

This is due to the VMT exhibiting zero stiffness when 

approaching the unstable position, which also corresponds to 

the state of complete actuation for the heated SMA. It should 

also be noted that 𝐿𝑆 𝐴
𝑟𝑒𝑐𝑜𝑣𝑒𝑟  is the same for both SMA wires once 

the completely horizontal position is reached. 

The geometry of the VMT (𝐿𝑉, 𝜃0) is defined first in the 

design process of the combined system. This would be set 

according to the requirements of the morphing structure to be 

actuated. Note that 𝐾𝑉 is not defined at this point. As previously 

mentioned, the choice of the common working point between 

the von-Mises truss and the two SMA wires is crucial to the 

two-way cycling. The VMT must be able to pre-strain cycle 

after cycle both SMA wires. Therefore, the initial pre-strain in 

the wires (and associated stress levels) must be compatible with 

the force and displacement of the vertex of the von-Mises truss. 

In this study, a clear working point has been identified in the 

peak force 𝐹𝑆𝑁𝐴𝑃 of the VMT. This is representative of the 

maximum force that the VMT can exert on the SMA wires and 

must be sufficient to pre-strain both. Since the static equation of 

the VMT is known (Eq.1), the displacement at which this 

condition of maximum force occurs can be analytically 

determined (Eq.4) 

𝑥     = 𝐿𝑉𝑠𝑖𝑛(𝜃0) − √[1 − 𝑐𝑜𝑠(𝜃0)]
    . (4) 

Other quantities in the new equilibrium position are: 

𝐻𝑒 = 𝐿𝑉𝑠𝑖𝑛(𝜃0) − 𝑥      

𝜃0
𝑒 
= 𝑠𝑖𝑛  (

𝐻𝑒 

𝐿𝑉
) 

𝑦0 =
𝐿𝑆 𝐴
𝑟𝑒𝑐𝑜𝑣𝑒𝑟 − 2𝐿𝑉𝑐𝑜𝑠(𝜃0

𝑒 
)

2
 

(5) 

with 𝐻𝑒  the new vertical position of the vertex and 𝑦0 the 

distance between the free end of each link of the VMT and the 

grounding of the SMA wires. 

Having defined the new initial equilibrium position for the 

VMT, and having set the amount of offset (ℎ𝑆 𝐴  and ℎ𝑆 𝐴 ) 

for the two wires, the initial angles and lengths of both SMA 

wires can be found as 

 

𝜃𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖  = 𝑐𝑜𝑠  (

1

1 + 𝜀𝑖𝑛𝑖𝑡
) 

 

𝜃𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖  = 𝑡𝑎𝑛  (

𝐻𝑒 − ℎ𝑆 𝐴 
𝐿𝑆 𝐴
𝑟𝑒𝑐𝑜𝑣𝑒𝑟 ) 

 

𝐿𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖  =

𝐻𝑒 + ℎ𝑆 𝐴 

𝑠𝑖𝑛(𝜃𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖  )

 

 

𝐿𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖  =

𝐻𝑒 − ℎ𝑆 𝐴 

𝑠𝑖𝑛(𝜃𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖  )

 

(6) 

 

Other useful relationships include how the angles at which 

both SMA wires are mounted and their length changes with the 

vertical displacement 𝑥 of the vertex of the von-Mises truss 

(Eq.7). 

 

𝜃𝑆 𝐴 =
𝑠𝑖𝑛  [𝐿𝑉𝑠𝑖𝑛(𝜃0) + ℎ𝑆 𝐴 − 𝑥]

√[𝐿𝑉𝑠𝑖𝑛(𝜃0) + ℎ𝑆 𝐴 − 𝑥]
 + 𝐿𝑆 𝐴

𝑟𝑒𝑐𝑜𝑣𝑒𝑟 

 

 

(7) 
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𝜃𝑆 𝐴 =
𝑠𝑖𝑛  [𝐿𝑉𝑠𝑖𝑛(𝜃0) − ℎ𝑆 𝐴 − 𝑥]

√[𝐿𝑉𝑠𝑖𝑛(𝜃0) − ℎ𝑆 𝐴 − 𝑥]
 + 𝐿𝑆 𝐴

𝑟𝑒𝑐𝑜𝑣𝑒𝑟 

 

 

𝜀𝑆 𝐴 = √
[𝐿𝑉𝑠𝑖𝑛(𝜃0) + ℎ𝑆 𝐴 − 𝑥]

 + 𝐿𝑆 𝐴
𝑟𝑒𝑐𝑜𝑣𝑒𝑟 

𝐿𝑆 𝐴
𝑟𝑒𝑐𝑜𝑣𝑒𝑟 

− 1 

 

𝜀𝑆 𝐴 = √
[𝐿𝑉𝑠𝑖𝑛(𝜃0) − ℎ𝑆 𝐴 − 𝑥]

 + 𝐿𝑆 𝐴
𝑟𝑒𝑐𝑜𝑣𝑒𝑟 

𝐿𝑆 𝐴
𝑟𝑒𝑐𝑜𝑣𝑒𝑟 

− 1 

 

Therefore, the initial pre-strain values of both SMA wires 

are known (calculated for 𝑥 = 𝑥     ) and the correspondent 

necessary pre-stress levels (𝜎𝑆 𝐴  and 𝜎𝑆 𝐴 ) can be 

determined after characterizing the SMA material (or running 

the Brinson model with the set of parameters shown in Figure 

1). The stress in both SMA wires can then be converted into 

force along the vertical motion of the vertex of the VMT 

according to Eq.8 

 
𝐹 𝑆 𝐴 = 𝐹𝑆 𝐴 + 𝐹𝑆 𝐴 

= 2𝜎𝑆 𝐴 𝐴𝑆 𝐴 𝑠𝑖𝑛(𝜃𝑆 𝐴 )
+ 2𝜎𝑆 𝐴 𝐴𝑆 𝐴 𝑠𝑖𝑛(𝜃𝑆 𝐴 ) 

(8) 

 

where 𝐴𝑆 𝐴  and 𝐴𝑆 𝐴  are the cross sections of each SMA 

wire. 

Finally, the value of spring stiffness 𝐾𝑉 necessary to 

combine the VMT and the SMA wires so to achieve 𝐹𝑆𝑁𝐴𝑃 =
𝐹 𝑆 𝐴 can be determined from the static equation Eq.1 as 

 

𝐾𝑉 =
−𝐹 𝑆 𝐴√𝑐𝑜𝑠(𝜃0)

 

4𝐿𝑉⌊𝑐𝑜𝑠(𝜃0) − √𝑐𝑜𝑠(𝜃0)
 

⌋√1 − 𝑐𝑜𝑠(𝜃0)
   

 (9) 

ANALYSIS 
The static and dynamic behavior of the combined system 

comprising of a von-Mises truss and two SMA wires, and 

capable of two-way actuation, is investigated in this section. 

The geometry of the VMT system was defined first and the 

other quantities derived according to the design process 

exposed in the previous section. Table 2 summarizes the main 

parameters of the designed combined system.  

Numerical analysis of the combined system has been 

carried out using MathWorks MATLAB R2012a. A dynamic 

equation of motion (Eq.10) has been derived starting from 

Lagrange’s equation. The entire mass 𝑚 is concentrated at the 

vertex. The action of the two SMA wires on the VMT system is 

accounted for in terms of external forces along the vertical 

motion of the vertex of the von-Mises truss. In particular, the 

active SMA wire applies a force in the direction of the snap-

through motion while the passive one applies a resistive force 

(acts like a spring). The dynamic equation is numerically 

integrated using the ordinary differential equation solver 

ode23tb, based on an explicit Runge-Kutta formula [19]. The 

solution is obtained incrementally and at each step a function 

implementing the Brinson’s model is used to calculate the 

evolution in martensite volume fraction, strain and stress (due 

to increase in temperature) in the SMA wires.  

 

Table 2. Combined VMT and SMA system parameters. 
𝜃0 [deg] 30 

𝜃0
𝑒 

 [deg] 18.7 

𝐿𝑉 [mm] 100 

𝐾𝑉 [N/m] 2100 

𝑥      [mm] 18 

𝐹𝑆𝑁𝐴𝑃 [N] 22.2 

ℎ𝑆 𝐴 = ℎ𝑆 𝐴  [mm] 13 

𝐿𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖   [mm] 187.9 

𝐿𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖   [mm] 183.3 

𝐿𝑆 𝐴
𝑟𝑒𝑐𝑜𝑣𝑒𝑟 [mm] 182.4 

𝐴𝑆 𝐴 [m
2
]
 1.96e(-5) 

𝜃𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖   13.9 

𝜃𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖   5.8 

𝜀𝑆 𝐴 
𝑖𝑛𝑖𝑡  [%] 3.0 

𝜀𝑆 𝐴 
𝑖𝑛𝑖𝑡  [%] 0.5 

𝜎𝑆 𝐴 
𝑖𝑛𝑖𝑡  [MPa] 201 

𝜎𝑆 𝐴 
𝑖𝑛𝑖𝑡  [MPa] 82 

 

𝑚�̈� −

{2𝐾𝑉 [𝑠𝑖𝑛(𝜃0) −
𝑥
𝐿𝑉
] [2𝐿𝑉√1− (𝑠𝑖𝑛(𝜃0) −

𝑥
𝐿𝑉
)
 

− 2𝐿𝑉𝑐𝑜𝑠(𝜃0)]}

√1 − (𝑠𝑖𝑛(𝜃0) −
𝑥
𝐿𝑉
)
 

+ 𝐹𝑆 𝐴
    𝑖𝑣𝑒

+ 𝐹𝑆 𝐴
 𝑐𝑡𝑖𝑣𝑒 = 0 

(10) 

 

To distinguish between the snap-through and the snap-back 

motion, a boolean variable is introduced in the simulation to 

switch the SMA wire being heated while keeping the other 

passive (at low, martensitic temperature). Results for the snap-

through motion only (one way) are presented in this section, as 

the snap-back motion is perfectly symmetrical. A single cycle 

of heating-cooling for the active SMA wire is presented. 

Figure 8 shows the vertical displacement of the vertex of 

the VMT as a function of the activation temperature of the 

active SMA wire (the other wire is kept at a constant 

temperature of 20°C). The simulation finds the initial 

equilibrium position of the combined system to be at 18.3 mm 

(point A) displacement, close to the 0.018 m originally 

estimated in the design process (𝑥      in Table 2). As 

temperature in the active SMA wire is increased, the VMT 

snaps-through up to 48 mm (point B). This corresponds to the 

VMT being almost horizontal and close to its unstable position. 

In this position both passive and active SMA wires have 

roughly the same amount of strain and the active SMA has to 

start pre-straining the passive one. As temperature keeps 

increasing, the active SMA reaches its horizontal position (𝑥 = 

63 mm, point C) and has fully recovered its pre-strain, therefore 

it is not able to apply any additional force. Further increase in 

temperature does not produce any additional force or motion. 

Reducing the temperature, on the other hand, allows reaching 

the second equilibrium position for the combined system (𝑥 = 

83.4 mm, point D). 
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The presence of sudden jumps in the displacement of the 

vertex of the VMT is due to the crossing of the negative 

stiffness region of the VMT (Figure 9) and the SMA wires 

alternatively going slack or suddenly undergoing tension. These 

discontinuities cannot be eliminated and are part of the 

behavior of the designed system. 

 

 
Figure 8. VMT vertex displacement vs. activation temperature 

of active SMA wire. 

 

 
Figure 9. VMT vertex displacement vs. activation temperature 

of active SMA wire. 

 

Figure 10 shows the evolution of the strain within the SMA 

wires as a function of the displacement of the vertex of the 

VMT. The simulation estimates initial pre-strain values for both 

wires slightly larger than the predictions from the design 

process (𝜀𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖  = 0.032 and 𝜀𝑆 𝐴 

𝑖𝑛𝑖𝑡𝑖  = 0.006). The active SMA 

wire (solid red curve) recovers its pre-strain completely 

corresponding to 63 mm (point C) vertex vertical displacement, 

at which point the wire is perfectly horizontal. When the 

horizontal position is overcome, its strain increases again up to 

the initial pre-strain value for the passive SMA wire. On the 

other hand, the passive SMA wire (dashed blue curve) follows 

a different evolution. As the VMT moves, it becomes loose and 

its pre-strain does not change. After snap-through occurs, the 

VMT deforms the passive wire up to the pre-strain level 

necessary for the snap-back motion. 

 

 
Figure 10. Strain in the SMA wires vs. VMT vertex 

displacement. 

 

 
Figure 11. Stress in the SMA wires vs. VMT vertex 

displacement. 

 

The presence of slack in the SMA wires can be appreciated 

in Figure 11. Initial stress values in both SMA wires are very 

close to the ones estimated in the design phase. The passive 

SMA wire has a straightforward behavior. As soon as the snap-

through motion begins, the passive wire becomes loose and its 

stress level drops. After the horizontal position is crossed and 

the slack is removed, the stress increases. The active SMA, on 

the other hand, reduces its stress level from the initial value due 

to the snap-through behavior of the VMT, which enters the 
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negative stiffness region and exhibits a reducing resisting force. 

This terminates around 𝑥 = 48 mm (point B), when the VMT 

has reached its unstable position but the active SMA must 

overcome the resistance of the passive wire and start stretching 

it. At 𝑥 = 63 mm (point C) the active SMA wire is completely 

horizontal and cannot influence the motion of the VMT any 

further. Its internal stress levels are close to null as only the 

passive SMA wire is offering some resistance. From this point 

and up to 𝑥 = 83.4 mm (point D), the VMT alone is able to 

stretch both SMA wires, increasing their internal stress level. It 

should be noted that the final values of internal stress of both 

SMA wires are similar (and inverted) to their initial stress 

levels. The stress levels within the active and passive SMA 

wires can also be converted into the vertical active and resistive 

force, respectively, acting on the vertex of the von-Mises truss 

(Figure 12). 

 

 
 

Figure 12. Vertical force in the SMA wires vs. VMT vertex 

displacement. 

 

As a final note for this section, the Brinson 

phenomenological model presents some shortcomings when 

temperature and stress of the SMA wire change simultaneously, 

as discussed by Elahinia [20]. In the proposed configuration, 

this occurs when the VMT system transitions between the 

positive and negative stiffness regions. During heating, the 

SMA wire actuates the VMT by applying an increasing vertical 

force to the vertex of the VMT up to 𝐹𝑆𝑁𝐴𝑃. As soon as snap-

through is induced, the VMT tends to reach the second stable 

equilibrium and the SMA wire becomes slack, therefore 

experiencing a drop in internal stress. At the same time, cooling 

of the SMA begins. The Brinson model is not able to correctly 

estimate what happens during this phase (between points A and 

B). However, due to the very fast occurrence of snap-through 

combined with the SMA wires going alternatively slack during 

this motion, and the interest in this preliminary study in 

achieving and demonstrating two-way actuation, this 

shortcoming has been neglected. 

 

EXPERIMENTS 

Prototype 
An experimental prototype for the proposed combined 

VMT and SMA system was built to validate the numerical 

simulations. The use of commercial off-the-shelf components 

for ease of use affected the design of the final prototype (Figure 

13) and its main parameters are summarized in Table 3. 

 

Table 3. Main parameters of the experimental prototype. 
𝜃0 [deg] 12 

𝐿𝑉 [mm] 100 

𝐾𝑉 [N/m] 2086 

ℎ𝑆 𝐴 = ℎ𝑆 𝐴  [mm] 13 

𝐿𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖   [mm] 178.5 

𝐿𝑆 𝐴 
𝑖𝑛𝑖𝑡𝑖   [mm] 174.8 

𝐿𝑆 𝐴
𝑟𝑒𝑐𝑜𝑣𝑒𝑟 [mm] 174.1 

𝜀𝑆 𝐴 
𝑖𝑛𝑖𝑡  [%] 2.5 

𝜀𝑆 𝐴 
𝑖𝑛𝑖𝑡  [%] 0.4 

 

 
Figure 13. Experimental prototype. 

 

The rigid links of the VMT have built-in pin-joints at both 

ends. One end of each link can move horizontally on sliders. 

The other converges in the vertex of the VMT. As opposed to 

the model, the links don’t merge in a single pin-joint but are 

positioned as close as possible, thus allowing keeping both 

links in the same plane. The vertex of the VMT is therefore 
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constituted of a plate which can slide vertically on a rail, 

connects to the rigid links of the VMT and hosts also the 

supports for the SMA wires. These supports are bolts with holes 

that allow the wire to pass-through. Electrical insulation is used 

when connecting the SMA wires to the rest of the prototype as 

the heating is achieved by means of Joule effect. Convective 

cooling is then used to induce the opposite phase 

transformation. The SMA wires are connected to fixed 

boundaries at the extreme ends. The stiffness of the VMT is due 

to a tension spring located underneath the rigid links and 

connected to their sliding ends by means of a spacer. 

Two separate electric circuits are connected to each SMA 

wire and commanded by an external switch. A Tektronix 

PWS4000 DC power supply is used as source of electrical 

current to heat the SMA wires alternatively. The power output 

and the reading from a K-type thermocouple are sent to a NI 

DAQ 6212 acquisition system commanded by LabView 

software. Also, measurements from a linear potentiometer 

attached to the sliding base of one of the VMT links records the 

horizontal displacement 𝑧. This motion is then related to the 

vertical displacement of the vertex of the VMT using Eq.11 

𝑥 = 𝐿𝑉𝑠𝑖𝑛(𝜃0) − 𝐿𝑉𝑠𝑖𝑛 [𝑐𝑜𝑠
  (𝑐𝑜𝑠(𝜃0) +

 

  
)]. (11) 

A 1.3 A electrical current was used during the experiments. 

This value was chosen as a trade-off between (1) the 

achievement of the complete activation temperature and (2) 

actuation time, and (3) the time needed by the thermocouple to 

read increments in temperature (due to thermal inertia).  

Tests and correlations 
Experiments showed the occurrence of commanded snap-

through and snap-back motion by alternating the Joule heating 

of the two SMA wires. Two sets of data will be presented in 

this paper. The first shows the experimental occurrence of the 

two-way actuation.  

 

 
Figure 14. Commanded activation of the SMA wires for two-

way actuation. 

 

 
Figure 15. Two-way actuation: potentiometer. 

 

 
Figure 16. Two-way actuation: VMT vertex displacement. 

 

 
Figure 17. Two-way actuation: VMT vertex motion vs. 

temperature. 
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Figure 14 illustrates the commanded activation of the SMA 

wires, and Figure 15 and 16 the measured horizontal and 

vertical displacement of the VMT as a function of time, 

respectively. From these figures it is possible to infer that the 

experimental snap-back motion is faster than the snap-through 

one. During the forward motion, the prototype takes roughly 25 

seconds (roughly between 15 and 40 seconds in Figure 15) to 

reach the unstable equilibrium and then snaps-through. It was 

established that minor fabrication asymmetries led to the 

prototype not exhibiting a completely symmetrical behavior in 

the two directions of motion. Figure 17 shows the displacement 

of the vertex of the VMT as a function of the temperature of the 

active SMA wire. Note that when the first SMA wire starts 

cooling, the other SMA wire is heated to induce snap-back. 

 

 
Figure 18. Temperature profile for the active SMA. 

 

 
Figure 19. One-way actuation: displacement vs. time. 

 

The second set of data focuses on the one way actuation, 

which is correlated with the numerical simulation. Figure 18 

illustrates the experimental temperature profile for the active 

SMA wire, as measured by the thermo-couple, and the one 

modeled in the simulation. Figure 19 and 20 show a good 

correlation between the model and the experiments in terms of 

transition temperatures and displacement of the VMT. 

Discrepancies in the profiles of the initial motion, up to the 

unstable equilibrium point, are attributed to the asymmetric 

behavior of the prototype already established in the previous set 

of tests, and not implemented in the modeling. 

 

 
Figure 20. One-way actuation: displacement vs. temperature. 

CONCLUSIONS 
This paper examines the bi-stable behavior of a von-Mises 

truss (VMT) combined with Shape Memory Alloys (SMAs) for 

morphing applications. Shape Memory Alloys command the 

changes in state of the bi-stable von-Mises truss, inducing snap 

through in both directions. A morphing structural assembly is 

created with the potential to be incorporated into more complex 

structures. 

The proposed configuration is a first example in literature 

of a bi-stable mechanism controlled by SMAs and capable of 

amplifying their actuation performance. The limited 

recoverable strain of the SMA is used to induce the snap-

through motion of the VMT which produces relatively large 

displacements. Once in either equilibrium position, the 

prototype can hold it without a locking mechanism. A working 

prototype has been built and tested, which showed the 

occurrence of commanded snap-through and snap-back motion 

by alternating the activation of two SMA wires. Experiments 

correlated well with the model and validated the concept 

presented herein. Further developments will try to optimize the 

geometry and design of the system to further amplify its overall 

stroke. 
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Abstract 

This paper presents a novel variable modulus cellular structure based on a hexagonal unit cell with 

pneumatic artificial muscle (PAM) inclusions. The cell considered is pin-jointed, loaded in the horizontal 

direction, with three PAMs (one vertical PAM and two horizontal PAMs) oriented in an “H” configuration 

between the vertices of the cell. A method for calculation of the hexagonal cell modulus is introduced, as 

is an expression for the balance of tensile forces between the horizontal and vertical PAMs. An aluminum 

hexagonal unit cell is fabricated and simulation of the hexagonal cell with PAM inclusions is then 

compared to experimental measurement of the unit cell modulus in the horizontal direction over a pressure 

range up to 682 kPa. An increase in cell modulus of 200% is demonstrated experimentally, with a 

minimum change in cell geometry. A design study via simulation predicts that differential pressurization 

of the PAMs up to 1992 kPa can increase the cell modulus in the horizontal direction by a factor of 6.66. 

A design study considering parametric variation in cell angle, vertical to inclined wall length ratio, and 

PAM contraction ratios showed that changes in modulus of over 1000% were possible by differential 

pressurization of the PAMs. Both experiment and simulation show that this concept provides a way to 

decouple the length change of a PAM from the change in modulus to create a structural unit cell whose in-

plane modulus in a given direction can be tuned based on the orientation of PAMs within the cell and the 

pressure supplied to the individual muscles. 

1. INTRODUCTION  

A recent study by Pontecorvo et al.
1
 proposed a framework in which rigid-link, pin-jointed hexagonal 

unit cells can be supported internally by a variety of passive inclusions – such as springs
1
, buckling 

beams
2
, or dampers

2,3
 – in order to tailor the in-plane behavior of the cells to specific functions. It was 

found that three inclusions between the vertices were necessary for the cell to be statically determinate. In 

the case of linear spring inclusions, expressions for the modulus of the cell in the vertical and horizontal 

directions were derived based on the stiffness of the springs
1
. 

This work builds on the concept proposed by Pontecorvo et al. by including pneumatic artificial 

muscles (PAMs) as semi-active, variable stiffness springs within the unit cell. PAMs were first patented 

by Gaylord
4
 in 1958 and used by McKibben as orthotic devices in the 1950s

5
. Each PAM consists of a 

cylindrical flexible rubber bladder surrounded by a braided mesh of fibers that are connected to end 

                                                 
*
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fittings. When the bladder is inflated with pressure from a fluid (usually air), the radial expansion tensions 

the braided fibers and causes the muscle to contract axially. A characteristic of PAMs is that the stiffness 

of the actuator is directly proportional to pressure. Several researchers have explored using this property to 

vary the stiffness or elastic modulus of structures. Philen
6-10

, for example, has demonstrated 

experimentally that flexible fluidic matrix composite (F
2
MC) tubes can change modulus by a factor of 50. 

F
2
MCs are similar to PAMs but with fibers embedded in the bladder (in place of the external braided 

mesh) to form a composite cylinder. They are typically filled with high bulk modulus fluid rather than air. 

Philen
8
 and Chen et al.

11
 have investigated using F

2
MC tubes embedded within an elastomeric matrix to 

create variable stiffness panels. Kim et al.
12

 applied the F
2
MC in a similar way to create a variable bending 

stiffness composite beam. 

The current study presents a novel variable modulus structural element by incorporating PAMs within a 

hexagonal unit cell. Using an orthogonal arrangement of PAMs provides a way to largely decouple the 

length change of a PAM from the change in modulus to create a structural unit cell whose in-plane 

modulus in a given direction can be tuned based on the orientation of PAMs within the cell and the 

pressure supplied to the individual muscles. These unit cells can then be repeated in-plane or stacked in 

layers to create a composite structure whose modulus and load-deformation coupling can be actively tuned 

using fluid pressure. The paper describes the fabrication of a pin-jointed hexagonal unit cell with two 

horizontal PAMs and one vertical PAM arranged in an “H” configuration, as seen in Figure 1.  The cell is 

loaded in the horizontal (x) direction and its modulus (Ex) is measured for increasing values of pressure in 

the PAMs. The measurements are compared to simulation results and the model is further used to predict 

the largest changes in modulus that could be achieved through differential pressurization of the horizontal 

and vertical PAMs. The paper provides an understanding of the mechanisms by which cell modulus 

change is achieved, and also presents a design study examining achievable modulus change in various cell 

geometries. 

 

 
 

(a) (b) 

Figure 1. (a) Top view and (b) isometric view of the prototype hexagonal cell with one vertical PAM and 

two horizontal PAMs 
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2. ANALYSIS 

2.1 PAM model 

The constitutive behavior of an individual PAM was modeled based on the modeling approach for 

PAMs developed by Kothera et al.
13

 A schematic on which their model is based is shown in Figure 2. The 

PAM comprises a tubular elastomeric bladder of active length L, outer radius R, wall thickness t, and 

elastic modulus E, over which a single fiber of length b is wrapped N times at an angle θb. Kothera et al. 

assume that the volume of the bladder material, Vb, does not change from its original volume, Vb0, as 

described in Equation 1, and use this relationship to find the bladder wall thickness t at any muscle length 

L. When pressurized to a pressure P, stresses in the bladder develop in the circumferential direction, σc, 

and in the axial direction, σz. The corresponding axial force in the bladder and tension, T, in the fiber are in 

equilibrium with the applied axial force, F, at the free end of the PAM. The result is Equation 2, which 

relates the applied axial force to the length of the PAM for a given pressure. This equation is used 

throughout the current work to simulate the force-displacement behavior of the individual PAMs and is 

integrated into the hexagonal unit cell to calculate its modulus. A non-cylindrical tip-shape correction was 

not applied to Equation 2 because it was not found to improve the correlation of the simulation with 

experiment, nor was friction included in the model. 

 𝑉𝑏 = 𝐿(𝜋𝑅2 − 𝜋(𝑅 − 𝑡)2) = 𝑉𝑏0 = 𝐿0(𝜋𝑅0
2 − 𝜋(𝑅0 − 𝑡0)

2) (1) 

 𝐹 =
𝑃(3𝐿2−𝑏2)

4𝑁2𝜋
+ 𝐸𝑉𝑏 (

1

𝐿0
−

1

𝐿
) + 𝑃 (

𝑉𝑏

𝐿
−

𝑡𝐿2

2𝜋𝑅𝑁2) +
𝐸𝐿

2𝜋𝑅𝑁2
(𝑡𝐿 − 𝑡0𝐿0) (2) 

Before introducing the PAMs into the hexagonal cells, tensile load versus contraction ratio (CR = 𝐿/
𝐿0) measurements for individual PAMs were obtained and compared to simulation results based on 

Equation 2. For the simulation, the two muscle parameters that were measured most precisely – the muscle 

active length and bladder wall thickness – were directly used as input parameters. Starting with initial 

estimates, the muscle braid length, b, initial radius, R0, and bladder elastic modulus, E, were adjusted to 

best match the experimental results. The values of bladder elastic modulus and initial radius were taken to 

be the same for both the horizontal muscles and the vertical muscle (since they were fabricated from the 

same tube). The final values chosen for the simulation are listed with the measured values in Table 1. 

Owing to the geometry of a regular hexagonal cell, the horizontal PAMs’ initial active length, L0, and 

braid length, b, are shorter than those of the vertical PAM. The values of b used in the simulation 

correspond to a braid angle of 53.58
o
 for the vertical PAM and 52.39

o
 for the horizontal PAMs. 

 
Figure 2. Schematic of Kothera et al.'s PAM force-balance model

13
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Table 1. PAM parameters 

Parameter 
Vertical PAM Horizontal PAMs 

Measured Simulation Measured Simulation 

L0 (m) 0.0909 0.0909 0.0507 0.0507 

b (m) - 0.1130 - 0.0640 

t0 (m) 0.0008 0.0008 0.0008 0.0008 

R0 (m) 0.0043 0.0048 0.0043 0.0048 

E (MPa) - 3 - 3 

 

 

Figure 3. Tensile force versus contraction ratio over a range of pressures for the vertical PAM. Dotted 

lines represent simulation, solid lines represent measured data. 

 

Figure 3 is a plot of the tensile force as a function of contraction ratio for the vertical PAM over a range 

of pressures up to 1992 kPa. The solid lines represent measured experimental data obtained from tests 

conducted in an Instron 4204 machine, and the dotted lines represent the simulation results based on the 

parameters listed in Table 1. The vertical muscle was tested at pressures from 131 to 1992 kPa up to a 

contraction ratio of 103%. The simulation is plotted at the same pressures as the experiment with an 

additional curve at 0 kPa, and up to a contraction ratio of 115%. At pressures below 441 kPa, the 

simulation slightly overpredicts the tensile force of the actuator vis-à-vis the experimental results. Above 

441 kPa the simulations slightly underpredict the experimental curves until the final pressure of 1992 kPa. 

This spread of the simulation results are sensitive to the chosen simulation parameters and the results 

presented in Figure 3 reflect the best fit of the simulation to the experiment over the range of pressures. 

For clarity, Figure 4 shows a comparison of the vertical PAM experimental and simulation results at a 

single pressure of 682 kPa. Overall, the slope of the simulated curve compares well with the experiment, 

but the predicted free length (corresponding to zero tensile force) is slightly higher than the experiment, 

and the simulation shows less nonlinearity (stiffening behavior) at higher contraction ratios. In the current 

study the PAMs never enter compression when arranged in the hexagonal cell for the range of pressures 

and displacements investigated. 

Results similar to those seen in Figure 3 are presented in Figure 5 for the horizontal PAMs. The 

experimental data (solid curves) represents the average of the two horizontal PAMs while the simulation 

results are presented by the dashed curves. The PAM blocked force and free length for increasing 

pressures (obtained from Figure 3 and 5) are summarized in Figure 6a and 6b, respectively. In Figure 6a, 
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the blocked force of the vertical PAM is larger than the blocked force of the horizontal PAMs in both 

simulation (by 11.4% at 1992 kPa) and experiment (by 9.9% at 1992 kPa). Likewise, in Figure 6b, the free 

length of the vertical PAM is always lower than the free length of the horizontal PAMs. If the initial braid 

angle, θb0, of the PAMs were equal, the simulation curves of the vertical and horizontal PAMs would lie 

on top of each other. The difference then corresponds to the difference in initial braid angle (53.58
o
 for the 

vertical muscle, and 52.39
o
 for the horizontal PAMs), which increases the blocked force and decreases the 

free length for the vertical PAM over the horizontal PAMs. The braid angle of the prototype PAMs is 

difficult to measure accurately, but the fact that this same trend is present in the experimental results 

indicates that the initial braid angle of the vertical PAM as fabricated is likely about a degree higher than 

the initial braid angle of the horizontal PAMs.   

 

 
Figure 4. Tensile force versus contraction ratio for the vertical PAM at 682 kPa. 

2.2 Hexagonal unit cell analysis and modulus calculation 

The pin-jointed hexagonal unit cell used in this study is based on the cell presented in Pontecorvo et 

al.
1
, a schematic of which is shown in Figure 7. The cell walls were rigid links and the pin-joints at the cell 

vertices highlighted the effects of the internal inclusions as these were not masked by the influence of cell 

wall bending. The basic unit cell is composed of inclined walls of length Llink that form an angle θ with the 

horizontal, vertical walls of length αLlink, and includes half the vertical wall, 𝛼𝐿𝑙𝑖𝑛𝑘 2⁄ , of the adjacent cells 

above and below the cell. The depth of the cell (into the page) is denoted as γ𝐿𝑙𝑖𝑛𝑘. Pontecorvo et al. 

showed that three spring elements connected between the vertices of the cell were necessary in order for 

the cell to be statically determinate and derived expressions for the modulus of the cell under both 

horizontal and vertical loading based on the stiffness of the three springs when arranged in the 

configuration shown in Figure 7. It was also demonstrated that the total modulus of the cell is given by the 

sum of the modulus due to the horizontal spring and the modulus due to the vertical spring.  
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Figure 5. Averaged tensile force versus contraction ratio over a range of pressures for the horizontal 

PAMs. Dashed lines represent simulation, solid lines represent measured data. 

 

 
 

  
(a) (b) 

Figure 6. Comparison of experimental and simulated (a) blocked force and (b) free length of the 

individual muscles. 
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Figure 7. A pin-jointed hexagonal unit cell with three linear spring inclusions (two horizontal and one 

vertical) oriented in an "H" pattern between the vertices of the cell.
1
 

 

The current study takes a similar approach to the calculation of the cell modulus, where the linear 

springs of the previous work are replaced by PAMs whose nonlinear behavior is represented by Equation 

2. Since the PAMs carry load in tension, they are sufficiently pre-tensioned such that even as the cell is 

subjected to tensile and compressive loading, the individual PAMs only operate in tension.   

To account for the introduction of the PAMs into the unit cell, consider the schematics of the unit cells 

loaded by an applied stress in the horizontal (x) direction depicted in Figure 8. The expressions for the 

stress applied in the horizontal direction, σx, and the strain in the horizontal direction, εx, are given by 

Equations 3 and 4, respectively. In Figure 8a where the two PAMs in the cell are oriented horizontally, 

𝐹𝑋 = 2𝐹𝐻, and similarly for Figure 8b where the PAM in the cell is oriented vertically, 𝐹𝑋 = −𝐹𝑉𝑐𝑜𝑡(𝜃), 
where 𝐹𝐻 and 𝐹𝑉 are the tensile forces produced by the horizontal and vertical PAMs calculated using 

Equation 2. The forces in the PAMs are a function of applied pressure and muscle contraction ratio. 𝐹𝐻 

and 𝐹𝑉 are functions of the active lengths of the horizontal and vertical muscles, which are related to the 

cell angle θ by Equations 5 and 6, respectively, where Lfitting is the length from the cell vertex to the active 

portion of the PAM. 

 𝜎𝑋 =
𝐹𝑋

𝐴𝑋
=

𝐹𝑋

2𝐿𝑙𝑖𝑛𝑘(𝑠𝑖𝑛(𝜃)+𝛼)𝛾𝐿𝑙𝑖𝑛𝑘
 (3) 

 𝜀𝑋 =
2𝐿𝑙𝑖𝑛𝑘(cos(𝜃)−cos(𝜃0))

2𝐿𝑙𝑖𝑛𝑘(cos(𝜃0))
=

(cos(𝜃)−cos(𝜃0))

(cos(𝜃0))
 (4) 

 𝐿𝐻 = 2𝐿𝑙𝑖𝑛𝑘𝑐𝑜𝑠(𝜃) − 2𝐿𝑓𝑖𝑡𝑡𝑖𝑛𝑔 (5) 

 𝐿𝑉 = 2𝐿𝑙𝑖𝑛𝑘𝑠𝑖𝑛(𝜃) + 𝛼𝐿𝑙𝑖𝑛𝑘 − 2𝐿𝑓𝑖𝑡𝑡𝑖𝑛𝑔 (6) 

 𝐹𝑋 = 2𝐹𝐻(P, 𝐶𝑅𝐻) − 𝐹𝑉(P, 𝐶𝑅𝑉)cot(𝜃) (7) 

If all three PAMs are arranged in the cell together, the total applied force in the x-direction is related to 

the force in the vertical and horizontal PAMs as given in Equation 7. The 2𝐹𝐻 term in Equation 7 

corresponds to the tensile force applied to the vertical cell walls by the horizontal PAMs which tends to 

pull the vertical walls together and increase the cell angle. This change in cell shape is resisted by the 

vertical PAM which applies a tensile force to the top and bottom cell vertices and acts to decrease the cell 

angle. The tensile force applied by the vertical PAM is transferred to the horizontal direction through the 

inclined cell walls and corresponds to the −𝐹𝑉𝑐𝑜𝑡(𝜃) term in Equation 7. 

The equilibrium angle of the cell (θ0) occurs when the magnitudes of these two opposing terms are 

equal and can be calculated by setting FX to zero in Equation 7. Figure 9 illustrates the balance between 

these two terms for different values of pressure in the horizontal and vertical PAMs from Figures 3 and 5 

(ratio of cell vertical to inclined wall length, α, is assumed to be 1). The solid experiment and dotted 
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simulation curves in Figure 9 labeled “Vertical PAM” are derived from the curves presented in Figure 3 

but have been converted to be functions of cell angle using Equation 6, and the force values have been 

multiplied by 𝑐𝑜𝑡(𝜃). As indicated by the left y-axis label, these curves represent the force applied by the 

vertical muscle in the horizontal direction. Similarly, the solid experiment and dashed simulation curves in 

Figure 9 labeled “Averaged Horizontal PAMs” are derived from the curves presented in Figure 5, but have 

also been converted to be functions of cell angle using Equation 5, and the force values have been scaled 

by a factor of 2. This set of curves, as indicated by the right y-axis label, represents the force applied by 

the horizontal muscles in the horizontal direction. For clarity, hysteresis has been removed from all the 

experimental curves in Figure 9 by averaging the upper and lower branches of each hysteresis loop to form 

a single curve. 

 

  
(a) (b) 

Figure 8. Schematic of a pin-jointed hexagonal unit cell with (a) two horizontal PAMs and (b) a vertical 

PAM, with a stress applied to the cell in the horizontal direction
1
. 

 

 
Figure 9. Tensile force versus cell angle in the horizontal direction for the vertical PAM and combined 

horizontal PAMs: solid curves are averaged experimental data and dashed curves are simulation. 
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The points in Figure 9 where the simulated curves for the vertical PAM cross those for the horizontal 

PAMs give the equilibrium angles for the cell (the experimental curves for individual PAMs outside the 

hexagonal cell were not measured to high enough contraction ratios to cross each other). From the figure it 

can be observed that when the vertical and horizontal PAMs are pressurized to the same level the change 

in cell angle is less than a degree with respect to the simulated zero-pressure equilibrium angle of 31.34
o
. 

Even when the vertical and horizontal PAMs are pressurized to unequal pressure levels, the equilibrium 

cell angles remain between 28
o
 and 34

o
. Consider as an example the case where the horizontal PAMs have 

zero pressure and the vertical PAM is pressurized to 682 kPa. The equilibrium cell angle is seen to be 

29.6
o
. Here, the vertical PAM has contracted as a result of being pressurized from an initial contraction 

ratio of 106.3% to 101.4%, while the horizontal PAMs extend to a high contraction ratio of 114.1% where 

the tension in the muscle rises rapidly. This nonlinear stiffening in the PAM at high contraction ratios 

prevents significant changes in equilibrium cell angle from the zero-pressure state even when there is a 

large difference is pressure between the horizontal and vertical PAMs. 

The slope of the force-displacement curve for the PAMs directly influences the modulus of the cell. In 

this study, cell modulus is calculated as a secant modulus, described by Equation 8, where the subscripts 

ΔF and -ΔF indicate a constant positive or negative increment in force applied to the cell about an 

equilibrium position (𝜃0). 

𝐸𝑥 =
𝜎𝑥𝛥𝐹 − 𝜎𝑥−𝛥𝐹
𝜀𝑥𝛥𝐹 − 𝜀𝑥−𝛥𝐹

=

𝐹𝑥𝛥𝐹
2𝛾𝐿𝑙𝑖𝑛𝑘

2(𝑠𝑖𝑛(𝜃𝛥𝐹) + 𝛼)
−

𝐹𝑥−𝛥𝐹
2𝛾𝐿𝑙𝑖𝑛𝑘

2(𝑠𝑖𝑛(𝜃−𝛥𝐹) + 𝛼)

(cos(𝜃𝛥𝐹) − cos(𝜃0))
(cos(𝜃0))

−
(cos(𝜃−𝛥𝐹) − cos(𝜃0))

(cos(𝜃0))

 (8) 

Equation 8 can be simplified to illustrate that the cell modulus is dominated by the slope of the PAM 

force versus contraction ratio curve, and is influenced secondarily by the equilibrium cell angle. The first 

step in the simplification is expressed as Equation 9.  

𝐸𝑥 =
𝐹𝑥𝛥𝐹(𝑠𝑖𝑛(𝜃−𝛥𝐹) + 𝛼) − 𝐹𝑥−𝛥𝐹(𝑠𝑖𝑛(𝜃𝛥𝐹) + 𝛼)

(cos(𝜃𝛥𝐹) − cos(𝜃−𝛥𝐹))

cos(𝜃0)

2𝛾𝐿𝑙𝑖𝑛𝑘
2(𝑠𝑖𝑛(𝜃𝛥𝐹) + 𝛼)(𝑠𝑖𝑛(𝜃−𝛥𝐹) + 𝛼)

 (9) 

𝐸𝑥 can be further simplified by redefining 𝑠𝑖𝑛(𝜃𝛥𝐹) and 𝑠𝑖𝑛(𝜃−𝛥𝐹) in terms of a small increment in cell 

angle Δθ  from the equilibrium position, and simplifying using the small angle assumption: 

𝑠𝑖𝑛(𝜃𝛥𝐹) = 𝑠𝑖𝑛(𝜃0 − 𝛥𝜃) = 𝑠𝑖𝑛(𝜃0) − 𝛥𝜃 cos(𝜃0)  (10) 

𝑠𝑖𝑛(𝜃−𝛥𝐹) = 𝑠𝑖𝑛(𝜃0 + 𝛥𝜃) = 𝑠𝑖𝑛(𝜃0) + 𝛥𝜃 cos(𝜃0) (11) 

Substitution of Equations 10 and 11 into Equation 9 yield 

𝐸𝑥

=
(𝐹𝑥𝛥𝐹−𝐹𝑥−𝛥𝐹)(𝑠𝑖𝑛(𝜃0) + 𝛼) + (𝐹𝑥𝛥𝐹+𝐹𝑥−𝛥𝐹)𝛥𝜃 cos(𝜃0)

(cos(𝜃𝛥𝐹) − cos(𝜃−𝛥𝐹))

cos(𝜃0)

2𝛾𝐿𝑙𝑖𝑛𝑘
2((𝑠𝑖𝑛(𝜃0) + 𝛼)2 − 𝛥𝜃2 cos2(𝜃0))

 
(12) 

Recognizing that (𝐹𝑥𝛥𝐹+𝐹𝑥−𝛥𝐹) = 0 and that 𝛥𝜃2 cos2(𝜃0) ≈ 0,  

𝐸𝑥 ≈
(𝐹𝑥𝛥𝐹−𝐹𝑥−𝛥𝐹)

(cos(𝜃𝛥𝐹) − cos(𝜃−𝛥𝐹))

cos(𝜃0)

2𝛾𝐿𝑙𝑖𝑛𝑘
2(𝑠𝑖𝑛(𝜃0) + 𝛼)

 (13) 

The corresponding trigonometric expressions using the small angle assumption for cosine are Equations 

14 and 15. 

𝑐𝑜𝑠(𝜃𝛥𝐹) = 𝑐𝑜𝑠(𝜃0 − 𝛥𝜃) = 𝑐𝑜𝑠(𝜃0) + 𝛥𝜃 sin(𝜃0) (14) 

𝑐𝑜𝑠(𝜃−𝛥𝐹) = 𝑐𝑜𝑠(𝜃0 + 𝛥𝜃) = 𝑐𝑜𝑠(𝜃0) − 𝛥𝜃 sin(𝜃0) (15) 

Substituting these expressions into the denominator in Equation 13, and defining 𝑑𝜃 = 2𝛥𝜃, Equation 13 

becomes 
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𝐸𝑥 ≈
𝐹𝑥𝛥𝐹−𝐹𝑥−𝛥𝐹

𝑑𝜃

cot(𝜃0)

2𝛾𝐿𝑙𝑖𝑛𝑘
2(𝑠𝑖𝑛(𝜃0) + 𝛼)

 (16) 

The numerator of the first term in Equation 16 is expanded by substitution of Equation 7. 

𝐹𝑥𝛥𝐹−𝐹𝑥−𝛥𝐹 = 2(𝐹𝐻𝛥𝐹 − 𝐹𝐻−𝛥𝐹) − (𝐹𝑉𝛥𝐹 cot(𝜃𝛥𝐹) − 𝐹𝑉−𝛥𝐹cot(𝜃−𝛥𝐹)) (17) 

Again, Equations 10, 11, 14, and 15 are used to simplify Equation 17 and higher order terms are discarded.  

𝐸𝑥 ≈
2(𝐹𝐻𝛥𝐹 −𝐹𝐻−𝛥𝐹)− (𝐹𝑉𝛥𝐹 −𝐹𝑉−𝛥𝐹) cot(𝜃0)

𝑑𝜃

cot(𝜃0)

2𝛾𝐿𝑙𝑖𝑛𝑘
2(𝑠𝑖𝑛(𝜃0) + 𝛼)

 (18) 

The differences in the numerator of the first term are defined as 𝑑𝐹𝐻 = 𝐹𝐻𝛥𝐹 − 𝐹𝐻−𝛥𝐹 and 𝑑𝐹𝑉 = 𝐹𝑉𝛥𝐹 −
𝐹𝑉−𝛥𝐹. Differentiating Equations 5 and 6 and denoting the initial horizontal and vertical muscle lengths 

𝐿𝐻0 and 𝐿𝑉0, 𝑑𝜃 can be expressed as: 

𝑑𝜃 = 
𝐿𝐻0𝑑𝐶𝑅𝐻

2𝐿𝑙𝑖𝑛𝑘𝑐𝑜𝑠(𝜃)
=

𝐿𝑉0𝑑𝐶𝑅𝑉
2𝐿𝑙𝑖𝑛𝑘𝑐𝑜𝑠(𝜃)

 (19) 

Equation 18 can thus be expressed in terms of the slope of the individual PAM force versus contraction 

ratios 𝑑𝐹𝐻/𝑑𝐶𝑅𝐻 and 𝑑𝐹𝑉/𝑑𝐶𝑅𝑉. 

𝐸𝑥 ≈ [
2

𝐿𝐻0

𝑑𝐹𝐻
𝑑𝐶𝑅𝐻

−
cot(𝜃0)

𝐿𝑉0

𝑑𝐹𝑉
𝑑𝐶𝑅𝑉

]
𝑐𝑜𝑠(𝜃) cot(𝜃0)

𝛾𝐿𝑙𝑖𝑛𝑘(𝑠𝑖𝑛(𝜃0) + 𝛼)
 (20) 

From Figures 3 and 5 it is observed that the slopes 𝑑𝐹𝐻/𝑑𝐶𝑅𝐻 and 𝑑𝐹𝑉/𝑑𝐶𝑅𝑉 assume high values with 

increasing pressure or at very high PAM contraction ratios. Furthermore, the modulus is dependent on the 

interplay between the horizontal and vertical PAMs. The term outside the brackets in Equation 20 shows 

that the cell modulus also has a dependence on the cell geometry.  

3. FABRICATION AND EXPERIMENTAL METHOD 

The PAMs are fabricated by bonding 1/8” NPT steel barbed hose fittings inside both ends of a length of 

6.35 mm outer diameter, 0.79 mm wall thickness latex tubing. A length of braided polyethylene 

terephthalate mesh sleeve, containing 120 0.19 mm diameter fibers, is then coated with epoxy at both ends 

and crimped over the latex tubing onto the end fittings using a 12.7 mm long, 9.34 mm inner diameter, 0.8 

mm wall thickness piece of 3003 aluminum tubing. 

The lengths of the muscles were designed such that for the same vertical and inclined wall lengths (α = 

1) the cell would have an equilibrium angle close to 30
o
, while pulling the muscles into a slightly pre-

tensioned state at zero pressure. This selection was made because hexagonal cellular structures with 30
o
 

cell angle and equal wall lengths are by far the most common. Measured values of the unpressurized 

active lengths of the muscles, L0, are given in Table 1. When assembled in the cell under no load, the 

vertical muscle was at a measured contraction ratio of 106.3%, and the two horizontal muscles were at a 

contraction ratio of 107.6%, giving the unit cell a measured equilibrium angle of 31.34
o
.  

The hexagonal cell itself is fabricated from dogbone-shaped aluminum links pinned together at their 

endpoints. Each link contains a ball bearing at both ends to decrease friction and further reduce 

contributions from sources other than the PAM stiffness to the modulus of the cell. Each wall of the 

hexagonal cell contains two links stacked in an order that allows the cell to be expanded to a multi-cell 

array if desired. The vertical walls of the cell also contain a third triangular-shaped link with a tab that can 

be gripped by an Instron machine for experimental testing, as seen in Figure 1. PAMs are connected 

between the vertices of the cell and supplied with air pressure by modified brass pressure fittings. The 

length from the pin to the active portion of each muscle (Lfitting) is listed in Table 2 along with the other 

cell parameters.     
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Table 2. Hexagonal unit cell parameters 

Llink (m) 0.1111 

Lfitting Horizontal (m) 0.0676 

Lfitting Vertical (m) 0.0650 

α 1 

γ 0.4140 

 

Figure 10 shows a photograph of the hexagonal cell with all three PAM inclusions fixed in an Instron 

model 4204 machine with a 5 kN load transducer. The cell is oriented such that the grips of the machine 

are holding the vertical walls of the cell to load it in the x-direction. Three sets of experiments were 

performed pressurizing only the two horizontal PAMs, only the vertical PAM, and pressurizing all three 

PAMs simultaneously. The PAMs were supplied industrial air from a 49L cylinder, pressurized to 17,237 

kPa, and regulated by a Harris model 721 pressure regulator. Pressure was measured after the regulator but 

before the PAMs using an Omega PX4100-1KGV pressure transducer and a National Instruments USB-

6212 data acquisition system. At each pressure, the Instron machine pulled the cell in tension to a load of 

200 N at a rate of 10 N/s, then reversed direction and applied a compressive load to -100 N, and finally 

returned to the initial equilibrium position of the cell. The maximum pressure for the experiments with all 

three PAMs in the cell was limited to 682 kPa to avoid PAM failure, but this limit was likely overly 

cautious as the individual PAMs performed at 1992 kPa without failure. Thus, high pressure simulation of 

the hexagonal cell presented in the following sections is plausible. 

 

 

Figure 10. Hexagonal cell with three PAM inclusions fixed in the Instron machine for loading in the 

horizontal direction. 
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Figure 11. Cell modulus in the horizontal direction as a function of pressure. 

 

 
Figure 12. Equilibrium cell angle. 

4. RESULTS 

Figure 11 shows the variation in the hexagonal cell modulus in the horizontal (x) direction with 

increasing pressure, where the data points are the measured values from experiment and the dashed curves 

represent the simulation results. There is good agreement between the experiment and simulation when all 

three PAMs are pressurized together, but the simulation overpredicts modulus by a maximum of 15% at 

682 kPa when only the horizontal PAMs are pressurized, and underpredicts modulus by 10% at 682 kPa 

when only the vertical PAMs are pressurized. As discussed in Section 2.2, the hexagonal cell’s initial 

geometry balances the forces generated by the vertical and horizontal PAMs. Therefore, increasing the 

pressure in all three PAMs equally is not an effective approach to increasing the modulus of the cell. The 

data shows that even when all three PAMs are pressurized to 1992 kPa, the increase in modulus is only 
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80%. Instead, the PAMs must be pressurized differentially to realize larger changes in modulus. The 

greatest change in modulus is achieved by pressurizing only the vertical PAM. Experimentally, an 

increase in modulus from 0.65 MPa to 1.95 MPa (a 200% increase) was measured at 682 kPa, and 

simulation indicates that at 1992 kPa the modulus would increase to 4.98 MPa (a 666% increase). The 

corresponding change in cell angle is 1.53
o
 for the experimental measurement at 682 kPa, and 2.75

o
 for the 

simulation at 1992 kPa, as shown in Figure 12. 

 

  
(a) (b) 

 
(c) 

Figure 13. Equilibrium contraction ratio as a function of pressure when (a) all three PAMs are pressurized 

(b) only the horizontal PAMs are pressurized and (c) only the vertical PAM is pressurized. 

Figure 13 shows a comparison of experimental measurements (symbols) and model predictions (dashed 

or dotted lines) for contraction ratios in the horizontal and vertical PAMs with increasing pressure. Recall 

from the discussion of Equation 20 that the modulus of the cell is determined by the slope of the individual 

PAM force versus contraction ratio curves. The highest slopes in Figure 3 and Figure 5 occur where the 

PAMs are unpressurized but at very high contraction ratios. Thus, the large increase in Ex seen in Figure 

11 by pressurizing the vertical PAM is achieved because this stretches the horizontal PAMs to very high 

contraction ratios. This reasoning is confirmed by Figure 13c, which shows that the highest contraction 

ratios occur in the horizontal PAMs when the vertical PAM is pressurized. This maximum modulus 

configuration depends heavily on the relative values of the muscle parameters, especially the initial 

contraction ratio of the muscles. 
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(a) (b) 

  
(c) (d) 

Figure 14. Simulated (a) Cell modulus in the horizontal direction in MPa (b) Equilibrium cell angle in 

degrees (c) Vertical PAM contraction ratio and (d) Horizontal PAM contraction ratio calculated over a 

range of differential pressures in the PAMs. 

Another point of note is that the simulation in Figure 13a captures the trend that as pressure is increased 

equally in all three PAMs, the horizontal PAMs produce slightly more force than the vertical PAM, 

causing the contraction ratio of the horizontal PAMs to decrease, the contraction ratio of the vertical PAM 

to increase, and the overall cell angle to increase slightly (Figure 12). Although the trends are captured by 

the simulation, in all pressurization cases there seems to be a vertical offset of approximately 250 kPa in 

the experiment compared with simulation. This may represent that the physical PAMs required some 

initial pressure to begin contracting. 

Consider Figure 14a, where the pressures in the vertical and horizontal PAMs vary independently from 

0 to 1992 kPa and the values of the contours are the cell modulus Ex in MPa. In the simulation and 

experiments discussed above, only data points along each of the Figure 14a axes and the y=x line were 

investigated. Figure 14a uses the simulation to fill in the operational space. As expected, the highest values 

of cell modulus fall far from the y=x line in the upper left and lower right corners of the plot where either 

the horizontal or the vertical PAMs are completely unpressurized, while the other is fully pressurized. The 

corresponding cell angles and contraction ratios in the horizontal and vertical muscles are plotted in Figure 

14b-d, respectively. In Figure 14b, pressurizing the vertical PAM is seen to decrease the cell angle while 

pressurizing the horizontal PAMs does the reverse. In Figures 14c and 14d, notice that the contraction 

ratios for a given muscle are never below 97% when the muscle is unpressurized, which means that the 
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muscles barely ever enter compression in the design space. In Figure 14c, moving along the x-axis, 

pressurizing the vertical PAM reduces its contraction ratio, but simultaneously pressurizing the horizontal 

PAM resists this contraction. In fact, high pressure in the horizontal PAMs with low-to-moderate pressure 

in the vertical PAM will force the vertical PAM to stretch. Similarly, in Figure 14d, moving up the y-axis, 

pressurizing the horizontal PAMs reduces their contraction ratios but simultaneously pressurizing the 

vertical PAMs resists this contraction. High pressure in the vertical PAMs with low-to-moderate pressure 

in the horizontal PAMs will force the horizontal PAMs to stretch. Figure 14a shows a maximum change in 

cell modulus (ΔEx) of 666% when the vertical PAM is pressurized to 1992 kPa and the horizontal PAM is 

left unpressurized. The cell angle reduces to 28.59
o
 from a zero-pressure equilibrium cell angle of 31.34

o
. 

The pressurized vertical PAM contraction ratio is 98.18% (down from a zero pressure contraction ratio of 

106.3%) and the unpressured horizontal PAM contraction ratio increases to 117.4% (up from a pressure of 

107.6% when no pressure was in the vertical PAMs). 

5. DESIGN STUDY 

In the previous section, the vertical and inclined walls of the cell had the same length (α=1), and the 

zero pressure equilibrium cell angle was held close to 30
o
. This section examines whether greater changes 

in modulus may be realized by pressurizing the PAMs in different cell geometries. The vertical to inclined 

wall length ratio is varied between α=0.5 to 2, and the zero pressure equilibrium cell angle is varied from 

θ=10
o
 to 50

o
. Further, for any given cell geometry, the PAM contraction ratios are varied as well. Four 

different values, a minimum of 100%, intermediate values of 104% and 107.6%, and a maximum value of 

108.3% are used for the vertical PAM. In comparison, the previous section considered only single values 

of 106.3% and 107.6% for the vertical and horizontal PAM contraction ratios, respectively. 

Figure 15 provides a flow chart of the process used to determine the maximum ΔEx achievable. For a 

selected value of cell geometry parameters, α and θ, the four different values of vertical PAM contraction 

ratio are considered. For each value, the horizontal PAM contraction ratio required for the cell to maintain 

the selected zero pressure equilibrium angle, θo, is calculated. This step assumes that the PAMs have the 

same initial fiber angles, unpressurized wall thickness, unpressurized radius, and bladder modulus used for 

simulation of the prototype (Table 1), but the active length changes based on the cell geometry. For a 

vertical PAM contraction ratio of 100%, the horizontal PAMs are at 100% contraction ratio, as well. But 

for vertical PAM contraction ratios greater than 100%, the horizontal PAMs need to be pre-stretched as 

well to balance the forces exerted on the cell by the vertical PAM, and to hold the cell in equilibrium at the 

desired angle. Figure 16 shows the horizontal PAM contraction ratio versus equilibrium cell angle for 

increasing values of vertical PAM contraction ratio (marked on the curves). For vertical PAM contraction 

ratios greater than 100%, the horizontal PAM contraction ratios are equal for cell angles ranging from 

30.59
o
 to 31.58

o
. For higher cell angles (steeper cells), the horizontal PAM contraction ratios are lower, 

while for lower cell angles (shallower cells), the horizontal PAMs are stretched to higher contraction 

ratios. Note that the results in Figure 16 are independent of α because force produced by a given muscle 

(which determines equilibrium angle) is dependent only on the contraction ratio, not the physical length of 

the muscle. 

For the current values of cell geometric parameters and PAM contraction ratios, the unstretched length 

of the vertical and horizontal PAMs is calculated assuming the prototype values of Lfitting and Llink. 
Provided the calculated PAM lengths are greater than a minimum threshold value, the cell modulus in the 

x-direction is calculated for the zero pressure and three maximum pressurization cases as described in 

Section 4 and listed in the 6
th
 step of Figure 15. For the maximum pressure cases a check was instituted to 

ensure that none of the PAMs within the cell were stretched beyond their physical limit. Equation 21, 

derived from Equation 1, describes the relationship between contraction ratio of the PAM and the bladder 

wall thickness. 

 



ICAST2014: 25
nd

 International Conference on Adaptive Structures and Technologies 
October 6-8th, 2014, The Hague, The Netherlands 

16 
 

 
Figure 15. Flow chart of the process used to determine the maximum achievable x-direction change 

in cell modulus over a range of contraction ratios, cell angles, and wall length ratios. 

 

𝑡 = 𝑅 − √𝑅2 −
1

𝐶𝑅
(𝑅0

2 − (𝑅0 − 𝑡0)
2)        (21) 

In order for t to be real, the quantity under the square root in Equation 21, which depends on contraction 

ratio, must be greater than zero. This limits the maximum contraction ratio of the vertical muscle to 

118.05% and the maximum contraction ratio of the horizontal muscles to 119.68%. If in any of the 

pressurized equilibrium states of the cell the muscles exceed these limits, that case is eliminated from 

consideration. 

For the feasible cases, the maximum change in cell modulus between the zero pressure state and one of 

the pressurized states is recorded, and the process is repeated for the next vertical muscle contraction ratio. 

After all contraction ratios are evaluated, the overall greatest change in cell modulus is determined for that 

point in the design space. The results of this design study are presented in Figure 17, where the labeled 

contours represent the maximum percent change in cell modulus relative to the zero pressure case. The 

gray shaded region in Figure 17 represents areas where maximum change in modulus is realized by 

pressurizing only the horizontal PAMs. Elsewhere, the maximum change is realized by pressuring only the 

vertical PAMs. The blacked out region at the extreme bottom left represents an infeasible area of the 

design space where the vertical PAM length is below a minimum threshold. 

Figures 18a and 18b consider a couple of design points in greater detail. For α=1 and θ0=20.5
o
, (in the 

grey region in Figure 17), Figure 18a plots the cell modulus as a function of pressure.  Clearly, the 

increase in modulus is greater when the horizontal PAMs are pressurized. In comparison, Figure 18b for 

α=1 and θ0=41.5
o
 (in the unshaded region in Figure 17) shows the greatest increase in modulus is achieved 

by pressuring only the vertical PAM.  Another point to note is that although the percent change in modulus 

for the case in Figure 18b is larger than that in Figure 18a, the magnitude of the maximum modulus in 
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Figure 18a is over 2.5 times larger than that in Figure 18b. Evidently, the low zero pressure modulus is a 

strong contributor to a high change in modulus in Figure 18b. 

 

 
Figure 16. Unpressurized horizontal PAM contraction ratios corresponding to the labeled prescribed 

values of vertical PAM contraction ratio for a range of equilibrium cell angles. 

 

 
Figure 17. Maximum change in cell modulus (%) as a function of vertical wall length ratio (α) and 

equilibrium cell angle. 
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Figure 19a presents the zero pressure modulus with reference to which the maximum increase in 

modulus in Figure 17 is calculated, and Figure 19b shows the corresponding change in cell angle due to 

pressurization. These two plots, combined with Figure 17, serve as useful guides for selecting the best cell 

geometry in the design space that maximizes ΔEx, while considering other constraints. There are three 

regions in Figure 17 where ΔEx exceeds 1400%: the top left region, the top middle region, and the bottom 

left/middle region. Of those regions, Figure 19b shows that the top left of the plot has the highest changes 

in cell angle (exceeding 10
o
), which is generally undesirable unless active shape change is a design goal. 

Therefore, the bottom left/middle region and the top middle region are more ideal for generating large 

changes in cell modulus for low changes in cell angle. Figure 19a shows that of these two regions, the top 

middle has a lower zero pressure cell modulus of less than 0.2 MPa and therefore also a lower pressurized 

cell modulus. Thus, the region that achieves the highest absolute cell modulus while also allowing for 

large ΔEx and low changes in cell angle is the region below α=0.7 between zero pressure equilibrium cell 

angles of 20
o
 and 30

o
. The maximum modulus in this region of 414 MPa is achieved at α=0.5 and θ0=20

o
, 

where the cross-sectional area of the cell in the x-direction is at the minimum possible value and the 

horizontal PAMs are fully pressurized to resist loading in the x-direction. In this region, however, the 

length of the vertical PAM is very short. A more reasonable design point with a feasible muscle length in 

the same region is α=0.7 and θ0=25
o
. The system parameters associated with this design point are listed in 

Table 3. 

The reason for the distinct regions evident in Figure 19 is the discrete choices for starting vertical PAM 

contraction ratio used in the iterative loop of the design study. Figure 20a shows the initial contraction 

ratio of the vertical PAM corresponding to the results presented in Figures 17 and 19. Recall that within 

the loop, a check was made to eliminate any cell configurations where the pressurization of the PAMs 

caused the contraction ratio of the orthogonal PAMs to exceed the maximum limit. At high starting 

contraction ratios of the vertical PAM, all the PAMs within the cell were pre-strained before 

pressurization and therefore exceeded the contraction ratio limit when pressurized more easily. When this 

limit was exceeded, the pressurization case was eliminated from consideration. Therefore, the majority of 

maximum ΔEx cases occurred at low starting vertical PAM contraction ratios (100% and 104%) because 

the higher starting contraction ratio cases (107.6% and 108.3%) had exceeded the limits of the muscles. 

 

  
(a) (b) 

Figure 18. Cell modulus as a function of pressure for (a) α=1 and θ0=20.5 and (b) α=1 and θ0=41.5. 
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(a) (b) 

Figure 19. (a) Zero pressure cell modulus corresponding to the maximum change in cell modulus (MPa) 

and (b) change in cell angle corresponding to maximum change in cell modulus (deg). 

 

Table 3. System parameters at the design point where α=0.7 and θ0=25
o
. 

PAM Parameters 

LH 66.2 mm 

LV 42.7 mm 

Horizontal θb0 52.39
o
 

Vertical θb0 53.58
o
 

t0 0.8 mm 

R0 4.8 mm 

E 3 MPa 

Cell Parameters 

Llink 111.1 mm 

LHfit 67.6 mm 

LVfit 64.5 mm 

α 0.7 

γ 0.4140 

θ0 25
o
 

Resulting System Parameters 

Horizontal PAMs Eq. CR 100% 

Vertical PAM Eq. CR 100% 

Modulus, 0 kPa 0.81 MPa 

Max. Modulus, 1992 kPa (Only 

Horizontal PAMs Pressurized) 
11.00 MPa 

Change in Cell Angle 1.96
o
 

Max. Change in Modulus 1258% 
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(a) (b) 

Figure 20. (a) Unpressurized equilibrium contraction ratio of the vertical PAM corresponding to the 

maximum change in cell modulus and (b) maximum pressurized equilibrium contraction ratio (%) of 

any PAM within the cell. 

 
Figure 20b plots the maximum contraction ratio of any PAM within the cell in the pressurized 

equilibrium state corresponding to the maximum ΔEx. This figure shows that at the borders of the regions 

in Figure 20a, the contraction ratio of the PAMs have been pushed to the limit. At the borders of the gray 

region in Figure 20b, which corresponds to the region where the horizontal PAMs are pressurized to 

achieve a maximum ΔEx, the maximum contraction ratio in the vertical PAM does not exceed the 118% 

limit. In the region where the vertical PAMs are fully pressurized, maximum ΔEx is achieved by pre-

straining the horizontal PAMs as much as possible. Again, at the borders where the zero-pressure vertical 

PAM contraction ratio changes in Figure 20a, the maximum horizontal PAM contraction ratio has been 

pushed nearly to its limit of 119.68%. If the parametric study for maximum ΔEx were performed using 

smaller increments in vertical PAM contraction ratio values, every value in Figure 20b would be nearly 

equal to either the horizontal or the vertical PAM contraction ratio limit. 

6. SUMMARY AND CONCLUSIONS 

This work has presented a novel variable modulus cellular structure comprised of hexagonal unit cells 

with PAM inclusions. The cell considered is a pin-jointed hexagonal unit cell, loaded in the horizontal 

direction, with three PAMs oriented in an “H” pattern between the vertices of the cell: one vertical PAM 

and two horizontal PAMs. A model of the PAMs assuming a constant volume of bladder material was 

shown to compare well with force-displacement measurements of the individual PAMs used within the 

cell. A method for calculation of the hexagonal cell modulus based on an approach used for linear springs 

within the cell was introduced, as was an expression for the balance of tensile forces between the 

horizontal and vertical PAMs. 

An aluminum hexagonal unit cell was fabricated and simulation of the hexagonal cell with PAM 

inclusions was then compared to experimental measurement of the unit cell modulus in the horizontal 

direction with the PAMs pressurized over a pressure range up to 682 kPa. An increase in cell modulus by 

a factor of 2 and a corresponding change in cell angle of only 1.53
o
 were demonstrated experimentally. A 

design study via simulation predicts that differential pressurization of the PAMs up to 1992 kPa can 

increase the cell modulus in the horizontal direction by a factor of 6.66 with a change in cell angle of only 

2.75
o
, and that by varying the cell geometry changes in modulus greater than 1000% are possible while 
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maintaining changes in cell angle below 3
o
. The experiment and simulation show that this concept 

provides a way to largely decouple the length change of a PAM from the change in modulus to create a 

structural unit cell whose in-plane modulus in a given direction can be tuned based on the orientation of 

PAMs within the cell and the pressure supplied to the individual muscles. 
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Previous studies have shown that rotary-wing micro air vehicles have limited range and endurance due to the 

high power loading associated with small rotors.  A span morphing rotor could provide performance 

improvements associated with a larger rotor diameter while maintaining the small vehicle footprint in 

constrained environments.  This paper presents a concept where increase in centrifugal force with increasing 

rotor RPM causes snap-through of a bi-stable mechanism within the blade, resulting in rotor span 

extension.  The design and analysis of such a system is presented and initial rotor tests showed asynchronous 

extension of the two blades due to dissimilarity.  A cable-pulley mechanism was designed and integrated into 

the prototype to ensure synchronous extension of the two blades.  Using high-speed camera footage for 

measurement of rotor span extension and RPM, the prototype rotor was observed to snap-through at about 

950 RPM, over about ¼ rotor revolution (0.015 sec).  The snap-through RPM calculated from the high-speed 

camera was verified using data from a Hall Effect sensor on the rotor hub.  Model simulation results of rotor 

extension versus RPM showed excellent correlation with measurement. 

I. Introduction 

Hover-capable Micro Aerial Vehicles (MAVs) potentially offer the soldier tremendously improved situational 

awareness in zones of conflict. However, they are limited by low endurance, range and payload capability. One 

approach to improving these attributes is through improving the rotor aerodynamic efficiency. The small rotors 

operating at low Reynolds numbers are known to have a significantly lower Figure of Merit compared to rotors on 

larger helicopters operating at much higher Reynolds numbers (Refs. 1–5). The rotary-wing MAVs being considered 

by the US Army for the applications discussed above have a rotor diameter nominally of around 6-9 inches. The 

small size allows the MAV to maneuver in confined spaces and to be easily stored in the soldier’s pack.  However, 

the MAV may not always face the most stringent space constraints during operation. A span-morphing rotor whose 

diameter can increase when flying in less confined spaces, will operate at a much reduced disk loading, which would 

in turn significantly improve Power Loading, Figure of Merit and endurance/range/payload capability. While span-

extension morphing has been previously considered for large rotors (Refs. 6–9), rotary-wing MAVs have not yet 

exploited this concept. The key lies in the simple (low-weight, preferably passive) implementation of concept. 

 

The present study focuses on centrifugally enabled micro-rotor span extension based on the use of a bi-stable 

mechanism. While centrifugally enabled span morphing has previously been considered for large rotors (Ref. 8), 

coupling with bi-stability has not been previously examined. Bi-stable structures are of interest for morphing 

applications because they allow a large morphing stroke and do not require a locking mechanism in either 

configuration since they correspond to stable equilibrium states (Ref. 10).  Examples of bi-stable structures for 

aerospace morphing applications include the work by Weaver et al., (Ref. 11) and Schultz (Ref. 12) on fixed-wing 

applications, and by Gandhi et al. (Refs. 13-15) on helicopter rotor chord extension morphing. The study in Ref. 15 

is particularly relevant as chord extension due to the snap-through of bi-stable elements is centrifugally enabled. 
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The following sections describe the design, analysis and fabrication of the mechanism of a variable-span micro-rotor 

in which increase in centrifugal force with increase in RPM produces snap-through of a bi-stable element and results 

in span extension.  Designed for a two-bladed rotor, a system is developed to synchronize the deployment on both 

blades to prevent imbalance problems associated with one blade deploying first.  The prototype is tested on a hover 

stand, span extension with increase in RPM is experimentally demonstrated, and analysis results are validated 

against test. 

II. Concept and Analytical Model 

The bi-stable mechanism on which rotor blade span extension in the present study is based is the von-Mises truss 

(VMT), a mechanical system first introduced in 1923 (Ref. 16) to model the stability of a shallow arch. As indicated 

in Fig. 1a, it consists of two pinned-pinned rigid members whose independent ends slide laterally against a spring 

restraint when a force is applied to the vertex to transition the VMT from one stable equilibrium condition to the 

other.  Alternatively, variable length links may be used with the restraining springs contained within these links, as 

indicated in Fig. 1b.  This arrangement is particularly useful if motion in the lateral direction is not permissible.  

Figure 2 (from Ref. 15) shows the implementation of a rotor chord extension morphing system using a VMT.  The 

vertex of the VMT connects to a plate that can retract within the chord of the blade or extend to increase the 

effective chord length.  Such a system, if rotated 90 deg, could be adapted to produce span extension. 

 

To realize span extension in the present study, two changes are introduced to the conceptual design in Ref. 15 in 

addition to the 90 deg rotation.  As indicated in the schematic sketch in Fig. 3, the bi-stable mechanism uses only 

one-half of the VMT shown in Figs. 1 and 2, or a single link of the truss.  Additionally, a variable length link with 

an internal spring is used.  One end is pivoted as indicated in the figure and the other end constrained so motion is 

purely along the spanwise direction, and the span extension mechanism operates between two parallel tracks.   

 

In Fig. 3 when the bi-stable mechanism is in the first equilibrium state, the uncompressed link length is Lo, and its 

pinned end forms the angle o.  The free end of the link that slides in the spanwise direction is connected to an insert 

that is contained within the inner fixed section.  As the centrifugal force on the insert increases, the link compresses, 

its free end begins to slide along the spanwise direction (displacement variable, x, is shown on Fig. 3).  After going 

through the unstable equilibrium condition where the link has maximum compression, the link begins to expand 

again.  If the force at the free end is removed, the bi-stable mechanism would settle in its second equilibrium state.  

In a micro-rotor the centrifugal force persists during operation, and a mechanical stop prevents further extension of 

the mechanism beyond the geometry corresponding to the second equilibrium state.  The stiffness of the 

compression spring within the variable length link is denoted by k, and the mass of the insert attached to the free end 

of the link is m. 

 

The equation of motion governing this bi-stable system is derived using Lagrange’s equation, as described below. 

 
𝜕

𝜕𝑡
(

∂L

𝜕�̇�
) −

∂L

𝜕𝑥
= 𝐹               [1] 

 

𝐿 = 𝑇 − 𝑉               [2] 

 

Kinetic energy of the system          𝑇 =
1

2
𝑚�̇�2                [3] 

 

Potential energy of the system     𝑉 =
1

2
𝑘(∆𝐿)2 = 𝑘 [𝐿0 −

𝐿0𝑐𝑜𝑠(𝜃0)

𝑐𝑜𝑠(𝑡𝑎𝑛−1(
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𝑚�̈� + 𝑘(𝑥 − 𝐿0𝑠𝑖𝑛(𝜃0)) −
𝑘(𝑥−𝐿0𝑠𝑖𝑛(𝜃0))

𝑐𝑜𝑠(𝜃0)√
(𝑥−𝐿0𝑠𝑖𝑛(𝜃0))

2

(𝐿0𝑐𝑜𝑠(𝜃0))
2 +1

= 𝐹    [7] 

 

In Eq. 7, F represents the centrifugal force (𝐶𝐹), and its mathematical representation is provided in section III. 

 

III. Prototype Design and Fabrication 

A prototype is designed to demonstrate the bi-stable mechanism described in the previous section transitioning 

under centrifugal load and resulting in span extension.  The present study is focused on the operation of the 

mechanism, and not the aerodynamic behavior of a variable span rotor.  Consequently, a simplified system is 

designed and fabricated with all the functional components, but without aerodynamic profiles.  Instead of designing 

a variable span rotor blade, per se, the bi-stable mechanisms are contained in an aluminum C-channel, and the 

inserts representing the extending portions of the blades slide within this channel. 

 

Figure 4 shows one half of the channel on one side of the rotor hub, with the bi-stable mechanism and the attached 

insert in the compact as well as the extended span configurations.  Based on the parameters shown in the figure 

(offsets 1 and 2, uncompressed link length, Lo, corresponding angle, o, insert length of Le, and an overlap length 

of Le in the extended configuration), the radius in the compact configuration can be expressed as: 

 

𝑅𝑐 = 𝛿1 + 𝐿0𝑠𝑖𝑛𝜃0 + 𝛿2 + 𝐿𝑒 = 𝛿1 + 3𝐿0𝑠𝑖𝑛𝜃0 + 𝛿2 + 𝛽𝐿𝑒         [8] 

 

From the above, the increase in span can be shown to be mathematically equal to the “stroke length” of the bi-stable 

device. 

Span extension = (1 − 𝛽)𝐿𝑒 =  2𝐿0𝑠𝑖𝑛𝜃0 =  bi-stable mechanism stroke length        [9] 

 

And the radius in the extended configuration is: 

 

𝑅𝑒 = 𝑅𝑐 + (1 − 𝛽)𝐿𝑒             [10] 

 

Based on the capability of the in-house micro-rotor test facility, the value of 𝑅𝑐 was selected to be 139 and the value 

of 𝑅𝑒 was 197 mm (a 40% increase), with an overlap parameter of 𝛽 =  0.1, in the extended configuration.  From 

Eq. 9 it appears that the span extension can be maximized by increasing 𝐿0𝑠𝑖𝑛𝜃0. However, there are practical limits 

that constrain the maximum extension that can be achieved using a single bi-stable mechanism of the type shown in 

Figs. 3 and 4.  Consider, for example, the case in Fig. 5a where a large stroke length is desired but the width of the 

channel is relatively small (corresponding to realistic blade aspect ratios).  The minimum link length during 

transition is 𝐿0𝑐𝑜𝑠𝜃0 and the compression ratio of the internal spring would be greater than 𝐿0(1 − 𝑐𝑜𝑠𝜃0).  

However, springs with significant stiffness generally have limits on maximum achievable compression ratios.  

Alternatively, Fig. 5b shows a schematic where the same stroke (as in Fig. 5a) is realized using a smaller link angle, 

𝜃0, but a larger link length, 𝐿0.  While the required reduction in link length and internal spring compression are 

smaller, the channel width becomes too large with negative implications on blade aspect ratio (resulting in a very 

stubby blade).  The link initial angle, 𝜃0, as well as the spring stiffness, k, also have a strong impact on the force 

required to transition the mechanism from the “retracted” to “extended” states.  For a specific mass, m, of the insert, 

this determines the rotational speed at which the mechanism deploys. 

 

Reasonable initial approximations are made on the mass of the insert, and deployment is targeted at just a little over 

750 RPM (the switch-on RPM of the motor).  This was done to avoid the excessive vibration and potential safety 

issues in the test associated with high RPM deployment.   The analytical model in Section II is used to predict the 

span extension as a function of RPM, with the centrifugal force in Eq. 11 defined as: 

 

𝐶𝐹 = 𝑚 ∙ (𝑥𝑐𝑚 + 𝑥) ∙ Ω2           [11] 

 

Here 𝑥𝑐𝑚  is an offset along the insert where the center of mass is located.  
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An iterative procedure is used to select parameters such as channel width, the offsets, and spring stiffness, while 

considering constraints such as those discussed above as well as availability of commercial off-the-shelf components 

such as compression springs.  The system parameters from the design process are listed in Table 1.   

 

Table 1:  Rotor dimensions and component characteristics used to describe contracted and extended radius as well as 

centrifugal force acting on inserts. 

 

Extended Radius (𝑅𝑒) 197 mm 

Retracted Radius (𝑅𝑟) 139 mm 

Chord Length 45 mm 

θ0 40
o
 

L0 44.5 mm 

𝛿1 16 mm 

𝛿2 30 mm 

𝐿𝑒 64 mm 

𝛽 ∙ 𝐿𝑒  6.4 mm 

Spring Stiffness (𝑘) 4.92 N/mm 

Blade Mass 0.019 kg 

Spanwise Location of CG (𝑥𝑐𝑚) 78.7 mm 

 

Based on the specified design, a micro-scale span morphing prototype, pictured in Fig. 6 was fabricated. The system 

uses a rigid aluminum C-channel, which spins about the central large-diameter bolt, with extendable Delrin inserts 

attached to variable length links. One end of each link is pinned to the C-channel, and the other is pinned to the 

Delrin insert. Housed within the variable length links are compression springs responsible for the bi-stability of the 

mechanism. Although this system cannot generate lift due to the absence of an aerodynamic outer profile, it is 

adequate to demonstrate span extension achieved through the transition of the bi-stable mechanism due to the 

centrifugal force acting on the Delrin inserts.   

 

An important design feature of the prototype rotor is the slot that is cut in each of the Delrin inserts, which allows 

the insert to slide around a pin that is grounded to the c-channel. Contact between the end of the slot and the pin in 

the fully extended state provides a mechanical stop that prevents the insert from extending past the second stable 

equilibrium position of the bi-stable mechanism.  

IV. Experimental Procedure 

Centrifugally enabled span extension in conjunction with the bi-stable mechanism is demonstrated experimentally 

on the micro-rotor test facility at Rensselaer Polytechnic Institute’s Rotorcraft, Adaptive and Morphing Structures 

(RAMS) Lab.  The rotor test stand is powered by a Rimfire 1.20 450 kV electric motor that has been geared down 

by a ratio of 4:1 using a planetary gearbox (Fig. 7). The prototype is rigidly attached to the output shaft of the 

gearbox within which is embedded a permanent magnet. The RPM of the rotor is measured by a Hall Effect sensor 

which detects each rotation of the magnet, and is calculated using a NI USB-6212 data acquisition system. A 

Phantom V4.3 high speed camera is used to visually detect the occurrence of snap-through, verify the RPM 

measurements and measure the prototype extension.  The high-speed camera software allows stepping through 

individual frames, and Fig. 8 shows how extension measurements are made by determining the position of the insert 

in successive frames.  The high-speed camera is operated, nominally, at 1000 frames/sec.  At a rotational speed of 

1000 RPM, the camera would therefore record 60 images over one rotor revolution (at lower rotational speeds of 

around 900 RPM where snap-through occurs, the number of frames per revolution is even greater).   

 

While the high-speed camera images are excellent for measurement of prototype extension, and the frames can be 

used to calculate rotor RPM, the Hall Effect sensor provides real-time RPM measurements as well as an indication 

of snap-through during the test.  When snap-through occurs and the prototype very quickly extends, the rapid 

increase in rotor radius results in a significantly higher rotor rotational moment of inertia.  The rotor is observed to 

momentarily lose speed (as indicated by the Hall Effect sensor and verified by the measurements of the high speed 

camera).  However, the rotor stand is equipped with an RPM governor, and after the initial drop in RPM to conserve 

momentum, the governor restores RPM to the rate prior to snap-through. 
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In addition to the procedures described above with regards to the rotor stand experiments, the bi-stable mechanism 

was tested in an Instron model 4204 material testing machine with a 1 kN load transducer to verify the friction 

coefficients on the prototype. 

V. Friction Measurements, First Rotor Test, and Model Refinement 

The bi-stable mechanisms on each half of the channel were tested in the Instron machine under input displacement 

conditions.  In the absence of any friction, the predicted force is symmetric about zero, as shown in Fig. 9.  The 

predicted force is obtained by solving Eq. 7 quasi-statically for F, for a prescribed input, x.  The measured curves for 

both the bi-stable mechanisms show a higher critical force required for transition to the second equilibrium position, 

effectively an upward offset of the force/displacement curve.  This is attributed primarily to friction.  It can be 

observed in Fig. 9 that the critical force (snap-through force) differs somewhat for the two mechanisms on either 

side of the channel.   

 

Removing the internal spring from the variable length link, the friction coefficient is measured using an “incline 

test” (the inclination of the C-channel relative to horizontal is increased incrementally, and the angle at which the 

insert begins to slide is determined).  This is done for both inserts, and the test is repeated several times for each 

insert and averaged.  The experimentally measured friction coefficient values are determined to be 0.254 and 0.372 

respectively.  It should be noted that these measurements “bundle” friction between the Delrin insert and the 

Aluminum channel, as well as friction in the variable length link (which also involves Delrin sliding against 

Aluminum), and at the pin-joints. 

 

The friction force is introduced into the quasi-static governing equation for the bi-stable mechanism, as shown. 

 

𝑘(𝑥 − 𝐿0𝑠𝑖𝑛(𝜃0)) −
𝑘(𝑥−𝐿0𝑠𝑖𝑛(𝜃0))

𝑐𝑜𝑠(𝜃0)√
(𝑥−𝐿0𝑠𝑖𝑛(𝜃0))

2

(𝐿0𝑐𝑜𝑠(𝜃0))
2 +1

= 𝐹 − 𝐹𝐹𝑅      [12] 

 

where  𝐹𝐹𝑅 = 𝜇𝑁                  [13] 

 

Using the experimentally derived values of friction coefficient, 𝜇, the simulated force versus displacement curves 

are shown on Fig. 9.  The normal force, 𝑁, in the simulation comes from the component in the force in the 

compression spring in the variable length link acting normal to the span, and is calculated as 

 

𝑁 = 𝑘Δ𝐿cos (𝜃0 − 𝜃)         [14] 

 
A comparison of the simulated curves in Fig. 9 with the experimental data from the Instron test shows excellent 

correlation of the critical snap-through force, and of the overall behavior prior to the mechanism passing the 

unstable equilibrium position.  Thereafter, the correlation is weaker with the measured force deviating from the 

simulation results.  This is partly attributed to poorer alignment of the insert within the C-channel in the Instron test 

as the insert emerges from the channel and the overlap region decreases.  A better correlation can be achieved using 

a non-constant friction coefficient model in the simulation, where the coefficient is increased beyond the unstable 

equilibrium state. 

 

Based on the difference in snap-through force seen in Fig. 9 for the two mechanisms, it can be expected that in a 

rotor test one of the inserts will extend first and the other one will follow at an increased RPM when the increased 

centrifugal force is large enough for the second mechanism to snap-through.  Introducing friction force on the right 

hand side of Eq. 7, the dynamic simulation indicates an expected difference of 42 RPM between deployments of the 

two inserts (Fig. 10).  A first rotor test was conducted and using the high-speed camera this event of extension on 

one side occurring before the other was captured, as shown in still frame Fig. 11.  The asynchronous extension 

results in a highly imbalanced rotor, and power to the motor was immediately cut in the test. 

 

To eliminate the possibility of asynchronous extension, a cable system was designed and introduced into the 

prototype that ensured synchronous extension of both inserts.  Figure 12 shows the prototype rotor with the 

synchronizing cable mechanism.  As seen in the figure a small pulley is introduced coincident to the mechanical stop 

on each blade section.  Cable 1-2-3 connects the inboard ends of the two inserts going around the pulley on the right 
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blade (at point 2), and cable 3-4-1 connects the inboard ends of the two inserts going around the pulley on the left 

blade (at point 4).  If the section on the left blade starts to deploy first at a lower RPM, cable 1-2-3 (in red on Fig. 

12b) is put in tension.  This has the effect of holding back the insert on the left blade and preventing it from 

deploying, while simultaneously pulling forward on the insert on the right blade and assisting its deployment.  

During this process the cable 3-4-1 goes slack and plays no role, but if the section on the right was to deploy first the 

roles of the two cables would be reversed. 

 

Denoting 𝑥1 as the direction the leading blade travels and 𝑥2 as the direction of motion for the lagging blade, the 

simulation model solves the governing equation simultaneously for each blade.  If 𝑇𝑐 is the cable tension, then the 

equation for the lagging blade is  

 

𝑚�̈�2 + 𝑘(𝑥2 − 𝐿0𝑠𝑖𝑛(𝜃0)) −
𝑘(𝑥2−𝐿0𝑠𝑖𝑛(𝜃0))

𝑐𝑜𝑠(𝜃0)√
(𝑥2−𝐿0𝑠𝑖𝑛(𝜃0))

2

(𝐿0𝑐𝑜𝑠(𝜃0))
2 +1

= 𝐹𝐶𝐹(𝑥2) − 𝐹𝐹𝑅 + 𝑇𝑐cos 𝜃𝑑  [15] 

 

and that for the leading blade is  

 

𝑚�̈�1 + 𝑘(𝑥1 − 𝐿0𝑠𝑖𝑛(𝜃0)) −
𝑘(𝑥1−𝐿0𝑠𝑖𝑛(𝜃0))

𝑐𝑜𝑠(𝜃0)√
(𝑥1−𝐿0𝑠𝑖𝑛(𝜃0))

2

(𝐿0𝑐𝑜𝑠(𝜃0))
2 +1

= 𝐹𝐶𝐹(𝑥1) − 𝐹𝐹𝑅 − 𝑇𝑐cos 𝜃𝑟  [16] 

 

The angles 𝜃𝑑 and 𝜃𝑟 are shown on Fig. 12b.  The appropriate values of friction coefficient are used for the two 

blades, and the normal force is adjusted to include the effect of cable tension in addition to the force exerted by the 

compression spring in the link.  For the lagging blade,  

 

𝐹𝐹𝑅 = 𝜇(𝑥2)[𝑘Δ𝐿2𝑐𝑜𝑠(𝜃0 − 𝜃2) − 𝑇𝑐sin (𝜃𝑑)]    [17] 

 and for the leading blade, 

𝐹𝐹𝑅 = 𝜇(𝑥1)[𝑘Δ𝐿1𝑐𝑜𝑠(𝜃0 − 𝜃1) − 𝑇𝑐sin (𝜃𝑟)]    [18] 

 

The instantaneous compression in the spring is calculated as 

 

Δ𝐿1,2 = 𝐿0 −
𝐿0𝑐𝑜𝑠𝜃0

𝑐𝑜𝑠(atan(
𝐿0𝑠𝑖𝑛𝜃0−𝑥1,2

𝐿0𝑐𝑜𝑠𝜃0
))

         [19] 

Where the instantaneous link angle is 

𝜃1,2 = 𝜃0 − acos (
𝐿0𝑐𝑜𝑠𝜃0

𝐿0−𝛥𝐿1,2
)           [20] 

 

If 𝑘𝑐 is the axial stiffness of the cable, and Δ𝐿𝑐  is the extension in the cable, the cable tension is calculated as 

𝑇𝑐 = 𝑘𝑐 ∙ Δ𝐿𝑐(𝑥1, 𝑥2)                [21] 

 

The extension in the cable is calculated using 

 

Δ𝐿𝑐 = 𝐿𝑐(𝑥1, 𝑥2) − 𝐿𝑐0          [22] 

 

where the cable initial length, 𝐿𝑐0, and instantaneous length, 𝐿𝑐(𝑥1, 𝑥2), during deformation, are calculated using 

Fig. 13, as 

 

𝐿𝑐0 = √(𝛿𝑝 − 𝛿1)
2
+ ℎ𝑝

2 − 𝑟𝑝
2 + 𝑟𝑝 (

𝜃𝑤

2𝜋
) + √(𝛿𝑝 + 𝛿1)

2
+ (𝐿0𝑐𝑜𝑠𝜃0 − ℎ𝑝)

2
− 𝑟𝑝

2               [23] 
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𝜃𝑤(𝑥1, 𝑥2) = 2𝜋 −

[
 
 
 

cos−1

(

 
𝑟𝑝

√(𝛿𝑝 − 𝛿1)
2
+ ℎ𝑝

2
)

 + cos−1

(

 
𝑟𝑝

√(𝛿𝑝 + 𝛿1)
2
+ (𝐿0𝑐𝑜𝑠𝜃0 − ℎ𝑝)

2

)

 

+ cos−1

(

 
(𝛿𝑝 + 𝛿1)(𝛿𝑝 − 𝛿1) + (𝐿0𝑐𝑜𝑠𝜃0 − ℎ𝑝)ℎ𝑝

√(𝛿𝑝 + 𝛿1)
2
+ (𝐿0𝑐𝑜𝑠𝜃0 − ℎ𝑝)

2
∙ √(𝛿𝑝 − 𝛿1)

2
+ ℎ𝑝

2
)

 

]
 
 
 

  

[24] 
 

 

 

𝐿𝑐(𝑥1, 𝑥2) = √(𝛿𝑝 − 𝛿1 − 𝑥2)
2
+ ℎ𝑝

2 − 𝑟𝑝
2 + 𝑟𝑝𝜃𝑤(𝑥1, 𝑥2) + √(𝛿𝑝 + 𝛿1 + 𝑥1)

2
+ (𝐿0𝑐𝑜𝑠𝜃0 − ℎ𝑝)

2
− 𝑟𝑝

2   [25] 

 

𝜃𝑤(𝑥1, 𝑥2) = 2𝜋 −

[
 
 
 

cos−1

(

 
𝑟𝑝

√(𝛿𝑝 − 𝛿1 − 𝑥2)
2
+ ℎ𝑝

2
)

 + cos−1

(

 
𝑟𝑝

√(𝛿𝑝 + 𝛿1 + 𝑥1)
2
+ (𝐿0𝑐𝑜𝑠𝜃0 − ℎ𝑝)

2

)

 

+ cos−1

(

 
(𝛿𝑝 + 𝛿1 + 𝑥1)(𝛿𝑝 − 𝛿1 − 𝑥2) + (𝐿0𝑐𝑜𝑠𝜃0 − ℎ𝑝)ℎ𝑝

√(𝛿𝑝 + 𝛿1 + 𝑥1)
2
+ (𝐿0𝑐𝑜𝑠𝜃0 − ℎ𝑝)

2
∙ √(𝛿𝑝 − 𝛿1 − 𝑥2)

2
+ ℎ𝑝

2
)

 

]
 
 
 

  

[26] 
 

Using the simulation model described above and solving for extension of both blades simultaneously, the blades 

were observed to deploy synchronously, as seen in Fig. 14.  Figure 15 shows the strain in the two cables as a 

function of extension.  While one of the cables goes slack (negative Δ𝐿𝑐/𝐿𝑐0, the other is in tension and produces the 

synchronized extension of the two blades seen in Fig. 14).  The maximum tensile strain in the cable for the current 

configuration is seen to be 6E-4. 

VI. Synchronous Extension Test 

With the prototype refitted with the cable and pulley mechanisms to ensure synchronous extension another rotor test 

was carried out.  The motor turn on RPM was 750 RPM, and the rotational speed was ramped up at 450 RPM/sec.  

With a predicted snap-through RPM of around 950, this ensured that the snap-through event and the extension of the 

rotor would be captured by the high-speed camera recording for 1 second.  Using the frames from the high-speed 

camera, both the extension of the blade as well as the rotor RPM could be calculated.  Figure 16 shows the 

experimentally measured extension versus RPM data, from several tests.  Also included on the figure are simulation 

results for synchronous extension corresponding to a 450 RPM/sec ramp.  The simulation results are seen to 

correlate very well with the high-speed camera data, with snap-through and extension occurring at around 950 RPM. 

 

Figure 17 shows frames from the high-speed camera, and snap-through can be seen to be occurring over about 

quarter revolution (or 0.015 sec at 950 RPM).  Importantly, both blades are seen to be extending in a synchronous 

manner.  Figure 18 shows RPM readings from the Hall Effect sensor.  When snap-through occurs, the increase in 

rotor inertia leads to an instantaneous reduction in rotor RPM.  However, the RPM governor compensates and the 

RPM is quickly restored.  The instantaneous reduction in RPM, as captured by the Hall effect sensor between 920 

and 950 RPM (in 4 separate runs), corroborates the data obtained from the high-speed camera (presented in Fig. 17).  

Although not presented, it should be noted that the high-speed camera too recorded an instantaneous dip in RPM, 

followed by a quick recovery, when snap-through occurred. 

VII. Summary and Concluding Remarks 

This paper presents the concept of a span morphing blade for rotary-wing micro-aerial vehicle applications.  The 

blades use a bi-stable mechanism that snaps-through when the RPM and centrifugal force increase beyond a critical 

value.  The snap-through of the bi-stable mechanism results in rotor span extension when inserts connected to it and 

contained within the blade are deployed.  The design and analysis of such a mechanism was presented in detail, and 
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a prototype was fabricated capable of span increase from 139 mm to 197 mm.  Due to dissimilarity in friction 

between the two blades, one of the blades was predicted to extended earlier (about 40 RPM lower) than the other, 

and rotor test results verified this asynchronous extension. 

  

To avoid imbalance problems associated with asynchronous extension of the two blades, a cable-pulley mechanism 

was designed and introduced into the prototype, and the simulation model was updated to account for it.  The 

analytical model predicted that the cable-pulley mechanism would ensure synchronous extension of the two blades, 

with maximum tensile strains in the cable of 6E-4. 

  

A second rotor test was conducted with the cable-pulley mechanism installed, and blade extension measurements 

were obtained using high-speed camera footage.  RPM measurements were obtained from both high-speed camera 

data as well as from a Hall Effect sensor on the rotor shaft.  Rotor test results showed synchronous extension of the 

two blades at around 950 RPM.  From the high-speed camera data it was observed that snap-through occurred over 

about a ¼ revolution, or about 0.015 sec.  The simulation results of rotor extension versus RPM compared well with 

test data.  An instantaneous drop in RPM due to increase in rotor inertia was noted when snap-through occurred, but 

the RPM governor quickly restored the rotor speed. 

  

A second generation prototype with aerodynamic surfaces and an improved mechanism design (Fig. 19) is currently 

under fabrication, with plans for testing on the rotor stand. 
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Figures 

 

     
 

         A         B 

 

Fig. 1:  Von Mises Truss with (A) rigid links, and (B) variable length links showing the first and second stable 

equilibrium positions.  
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Fig. 2:  Bi-stable chord morphing mechanism using Von Mises truss with rigid links (Ref. 15). 

 

 
 

Fig.3:  Schematic of bi-stable span morphing mechanism with half VMT. 
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Fig. 4:  Prototype rotor schematic with dimensions specified to describe the (A) retracted and (B) extended 

configurations. 

 

 
        (A)                       (B) 

 

Fig. 5:  Relation of bi-stable mechanism stroke length to (A) internal spring strain and (B) channel width. 

 

 
 

Fig. 6:  Prototype rotor with inserts in the (A) retracted and (B) extended configuration. 
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Fig. 7:  Rotor test stand with motor, gearbox, RPM sensor, and prototype in compact configuration. 

 

 
 

Fig. 8:  Span extension measurements from position of insert in specific frames. 

 

 
 

Fig. 9:  Quasi-static force versus displacement behavior of the bi-stable mechanisms under displacement input. 
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Fig. 10: Predicted extension of the two “blades” as a function of rotor RPM. 

 

 
 

Fig. 11: High speed camera footage capturing asynchronous deployment.  
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Fig. 12:  Prototype with synchronizing cable in (a) retracted, (b) intermediate, and  (c) extended configurations. 

 

 
Fig. 13:  Prototype rotor schematic with dimensions specified to calculate synchronizing cable length. 
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Fig. 14: Model prediction of synchronous extension of the two “blades” as a function of rotor RPM. 

 

 
 

Fig. 15: Strain in the cables, as a function of blade extension. 
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Fig. 16:  High speed camera measurements of extension versus RPM, compared with simulation results. 

 

 
 

 

Fig. 17:  Images of high-speed camera frames showing synchronous extension occurring over a ¼ revolution. 

1          2                 3 
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Fig. 18:  Hall Effect sensor RPM data showing instantaneous change at snap-through. 

 

Fig. 19:  Generation two span morphing rotor with aerodynamic surfaces 
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