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SUMMARY OF SOIL-STRUCTURE INTERACTION 

This report summarizes currently available knowledge of soil-structure 

interaction as it pertains to facilities that provide protection from nuclear 

weapons effects. The major subdivisions of the subject are discussed in suffi¬ 

cient detail to convey a general understanding of the subject and to provide 
key references. 

The recommended design methodology is illustrated for the horizontally 

oriented buried cylinder. A parallel approach is suggested for buried structures 

of other configurations. It is suggested that analysis of resulting designs be 

accomplished by the finite element method. Illustrations of two-dimensional 

and three-dimensional solutions by this method are given. 

Information on peripheral subjects, such as ground motions, stress wave 

fracturing, and system optimization, is included to the minimum extent neces¬ 

sary to convey an appreciation of the overall soil-structure interaction problem. 

Particular emphasis is given to methods for transferring load away from a buried 

structure to the soil, thereby, permitting economic design and a large increase 

in resistance. 

The summary represents work performed under DNA (formerly DASA) 
sponsorship over the past 10 years. 

Approved for public release, distribution unlimited. 

Copies available at the National Technical Information Service (NTIS), 

Sills Building, 5285 Port Royal Road, Springfield, Va. 22151 
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1.0 INTRODUCTION 

1.1 OBJECTIVES 

From about 1962 through 1968 extensive research was accomplished 

in an attempt to gain an understanding of soil-structure interaction phenom¬ 

enology. Most of this work was sponsored by the Defense Nuclear Agency 

(DNA). Subsequently, work was continued at a lesser level-of-effort but with 

more attention given to synthesizing the knowledge gained. This document 

summarizes the principal aspects of what has been learned about soil-structure 

interaction under the DNA program. 

1.2 ANALYSIS OF THE PROBLEM 

Understanding soil-structure interaction is necessary to effect 

adequate designs for buried structures that resist large static or blast loads. 

In the past, accurate design relations or sped?! procedures were not needed 

because most of the applications were for cu verts under low highway fills— 

or similar applications where the loads were nominal. This is evinced by the 

fact that practically all culvert failures were attributable to lack of control in 

soil placement or to unexpected causes such as undermining from water infil¬ 

tration or exfiltration.1-1 

The high fills of today's highways and railroads, the need for protective 

facilities to resist blast loads, and the rapidly developing need for underground 

urban development require improved design procedures and much better con¬ 

struction controls than has been common in the past. 

1.3 BACKGROUND 

DNA-sponsored work in the area of soil—structure interaction has 

been directed toward providing a means for designing, analyzing, and under¬ 

standing the behavior of protective systems subjected to blast loading. To 

solve the blast response problem, it was first necessary to gain a better 

understanding of the static problem. 
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Considerable work on the static problem, mostly on culverts, was 

accomplished prior to the DNA-sponsored research. Notable among culvert 

investigations were those of Marston12 and Spangler,13 which included 

development of a theory of behavior founded on an assumed load distribu¬ 

tion. Design methods based on seam strength, limiting ring compression, 

and minimum flexibility also have been proposed None of these methods 

are adequate to achieve efficient designs by themselves, principally because 

they do not properly account tor arching and do not consider all possible 

modes of failure. 

The state of the art of pipe culvert technology through 1970, 

including an extensive bibliography, is given in Reference 1.1. 

Unfortunately, very few of the soil -structure interaction experiments 

performed to date include adequate measurements of soil properties and soil 

behavior. Part of the reason for this is that good soil strain and stress instru¬ 

mentation has only become available in recent years. Also, until recently, 

adequate theories were not available to guide experimentalists in good 

experiment designs. 

The theory of elasticity solutions1-4' constituted the first major 

theoretical advance since the Marston theory. This was followed by a series 

of successively improved finite element computer programs1-6 that permit 

static or dynamic, linear or nonlinear solutions of two-dimensional systems 

(plain stress or plain strain). Programs for three-dimensional linear systems 

are also available.1-7 While not completely adequate, these analytical tools 

have vastly improved knowledge and capabilities in the area of soil-structure 

interaction. 

Extensive experimentation has been accomplished in an attempt to 

gain an understanding of static- and blast-loaded so il-structure systems. 

References 1.8 through 1.12 provide pertinent bibliographical information. 

Key references to recent work are cited in subsequent sections of this docu¬ 

ment. 

1.4 SCOPE AND APPROACH 

The plan of this report is to present general information on soil 

properties, loading, and ground motions followed by a more detailed treat¬ 

ment of the various aspects of soil—structure interaction. Thereafter, 

approximate procedures for designing specific configurations are given 

and, finally, soil-structure systems analysis is discussed. 

t 
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2.0 MEDIA 

2.1 INTRODUCTION 

This chapter provides background information on material properties 

osent,al to soil-structure system design. The material included is limited to 

the minimum considered essential to convey an appreciation of the soil prop¬ 

erties, test and relations needed for design and analysis of buried structures 

Sources of detailed background information are cited for those who wish to 
pursue the subject in greater depth. 

Unless otherwise stated, the discussion pertains tc soils that are prin¬ 

cipally granular as clays are not usually suitable for soil-structure systems 

t at must sustain high loads. There are exceptions, such as a clay layer to 

attenuate stress pulses or to create a water barrier; however, the higher 

moduli and shear strength of granular soils and their relative insusceptibility 

to plaüt'c flow are preferable to the corresponding characteristics of clays 

A desirable soil for protective construction is a granular soil with sufficient 

fines and moisture to have a significant cohesive strength. 

Approximate designs can often be achieved based upon one or more 

key soil parameters. For example, a reasonably good approximation of the 

peak vertical displacement of a homogeneous semi-infinite granular soil field 

subjected to a uniform surface load can be achieved with elastic theory by 

using the secant confined compression modulus corresponding to the applied 

pressure. This assumes that in the determination of the modulus in the lab- 

oratory, the initial density and other influential factors are the same as in the 

t. . VA.S.,S ^ommon|y known, the soil stress-strain curve corresponding to 
the initial loading is usually of principal interest in static applications For 

blast loads, the entire load-unload-reload characteristics are of interest 

especially for loads that are short with respect to the natural period of the 

801 /irjUCture SyStem- ComP|ete characteristics, including the geology of the 
soil field, are absolutely essential in defining late-time motions. One reason 

for this is that, when the loading is dynamic, portions of the field may be 

unloading while others are being reloaded. Thus, to adequately define 

behavior, relations are needed which determine the soil state at any phase 

of possible loadings. Such relations are called constitutive equations; more 
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will be said about them in a later section. Constitutive equations embody 

soil properties familiar to the soils engineer; principal properties from 

among these are reviewed in subsequent sections. 

2.2 BACKGROUND 

Whitman has summarized and assessed knowledge of the behavior of 

soils to dynamic loading, and has given information on testing methods for 

determining needed soil properties.2-1 Elasticity relations corresponding to 

standard soil tests are given in the Appendix. Analysis of laboratory data to 

derive soil constitutive properties has been discussed by Jackson.2-2 A variety 

of equations of state have been formulated for use in various computer pro¬ 

grams including those by DiMaggio,2-3 Isenberg and Lee,2-4 and Nelson.2-5'2,6 

Further research and development is needed to enhance understanding of the 

behavior of earth materials and to achieve an adequate analytical description; 

nonetheless, representations are sufficiently good that reasonable near-surface 

ground motion predictions are possible.2-7'2-16 

This treatise is predicated on the assumption that near-surface ground 

motions can be predicted sufficiently well for design purposes by one of the 

approximate methods or by one of the major codes, and that the resulting 

data will serve as input for a soil-structure analysis utilizing the methods of 

subsequent chapters. Thus, the principal interest for present purposes is in 

constitutive properties for the soil in the vicinity of structures buried near 

the surface. In most cases tne indicated limitation of scope simplifies mat¬ 

ters as the necessity of considering the thermo-dynamic properties is 

precluded. 

2.3 SOIL PROPERTIES 

Soil generally behaves as an anisotropic medium in that the application 

of hydrostatic stress does not produce equal strains in all directions. For most 

applications, however, it is sufficient to assume that soil is isotropic under 

pure compression. Naturally, soil properties are very sensitive to boundary 

conditions and to the nature of the deposit and the loading. This fact must 

be kept in mind when defining soil properties and relating laboratory measure¬ 

ments to corresponding field conditions. 

Commonly employed properties of granular materials are itemized and 

categorized in Table 2.1. Some of the parameters might logically be placed in 

other categories; however, the groupings given are convenient for discussion 

purposes. 



Table 2.1. Soil Properties* 

Symbol Parameter Index or Equation 

Natural Properties 

P 

Vr 

i 

angularity 

grain sizedistrit jtion 

mass density 

water content 

void ratio 

•max " •min 

•w - lOOW^W, 

I - v„/<v - vv) 

Placed Properties 

dr 

KP 

V 

k 

relative density 

at-rest coefficient of lateral 
earth pressure 

passive coefficient of lateral 
earth pressure 

active coeff icient of lateral 
earth pressure 

Poisson's ratio 

bulk modulus 

dr “ **max ” ®^*max " •min* 

K0 » 0.95 - sin0 

Kp - tan2(45° + 0/2l 

K, • tan2 (45° - ¢/2) 

V- <Mf-2G)/2(Ms-GI • Kp/d + Kp) 

k • 3AV/okk 

Intrinsic Properties 

c 

5 

u 

cohesion 

angle of friction 

pore pressure u * ui + Aucw + Audis 

Static Load Properties 

M, 

Mu 

s 

G 

confined compression modulus 
from oj j diagram 

unloading modulus 

shear strength 

shear modulus 

- 

Dynamic Load Properties 

Cd 

c, 

t 

dilatation wave velocity 

shear wave velocity 

damping 

- 

a Note See List of Symbols for definition of terms. 
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2.3.1 Natural Properties 

Inherent properties of a soil mass include particle angularity, grain 

size distribution, mass density, water content, and void ratio. These proper¬ 

ties influence other properties that are used in design but are of only indirect 

interest otherwise. Fortunately, the designer has the option of modifying the 

natural properties or even of using an imported soil in the vicinity of a buried 

structure. As a consequence, the backfill soil and its placement are subject 
tn rnntml J 

2.3.2 Placed Properties 

Placed ' properties means those properties that are most influenced 

by the manner in which the soil is placed in the neighborhood of a buried 

structure. They include the relative density (or some other measure of density) 

the at-rest coefficient of lateral earth pressure, Poisson's ratio, and the bulk 

modulus. Relative density is undoubtedly the most important of these for 

most applications as it is one of the principal determinants of stiffness and 
shear strength. 

In many field installations, particularly those with free-draining 

cohesionless soils, density, or some index of density, is the sole parameter 

employed in governing the degree of compaction. Density is principally 

dependent upon the soil type, the compaction effort employed during 

placement, and the water content. The influence of soil type and relative 

dc-sity on the angle of friction, is indicated in Figure 2.1.2-17 Initial void 

ratio also influences the angle of friction. 

Soils compact on loading from a given initial density after the manner 

indicated in Figure 2.2. Degree of compaction is conveniently expressed in 

terms of the void ratio or the relative density as indicated in Table 2.1. Two 

expected characteristics are evident in Figure 2.2: first, for high initial den¬ 

sities, the relative density does not change much with load, and second the 

curves for all initial densities converge toward a common value above 100 psi 

Curves giving the variation of density with water content for a given 
compactive effort for granular and cohesive soils are contrasted in Figure 2 3 

Many basically granular soils contain fines and moisture that given them some 

cohesion which would result in compaction curves intermediate to those shown 

m Figure 2.3. • Compactive effort, of course, is a major determinant of 

placed density. Detailed discussions of density and methods for determining 

density are given ,n References 2.1 and 2.19 through 2.27. AASHO and other 

test specifications are summarized in Reference 2.19. The influence of den¬ 

sity on soil moduli and other parameters is discussed in subsequent sections 

8 
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A-Mtdium uniform sand 

--n—Coarta uniform land 

-•—nrwatiy Mnd 

Hi 20% gravai; max. tiza, 3/4 in. 
(2) 20% gravai; max. tiza, 1-1/2 in. 
13) 35% gravel; max. tiza, 3/4 In. 
'«110% gravai; max. tiza, 3/4 in. 
(51 50% gravai; max. tiza, 3 in. 

8?% crushed rock; max. tiza, 3 in. 

Figure 2.1. Effect of relative demity on the friction factor for coarse-grained 

soils. (From Reference 2.17) 

Figure 2.2. Compressibility characteristics of a fine, uniform sand in 

relation to placement relative density. (From Reference 2.17). 
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Figure 2.3. Modified AASHO compaction curves. 

Hendron2-28 and others have shown that, above about 10 psi, the 

at-rest coefficient of lateral earth pressure, K0 (the ratio of horizontal to 

vertical stress), does not vary much on loading. As may be deduced from 

Figure 2.4, however, it progressively Increases on unloading to over twice its 

value when loaded. Tests have shown that the at-rest coefficient of lateral 

earth pressure is not greatly different for simiUlly placed subangular and 

subrounded dry sands.2-29 Clearly, K0 depends primarily on the process by 
which a soil is placed or deposited. 

According to Terzaghi,2-30 K0 varies from about 0.3 for loose sand 

to 0.5 for dense sand. Below the water table, K0 will be nearly 1.0. Tamping 

the soil in layers may increase the value of K0 to 0.8; or nlternately, for 

mounded installations or embankments where lateral expansion is possible, 

-.-.. 
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the effective value of K0 may be 0.2 or less. Where the sand-drop method is 

used, K0 is usually about 0.45. In a homogeneous soil field subjected to a 

uniform surface load, the magnitude of K0 may be estimated from tha rela¬ 

tionship2,31 
■ 1 - sin0 

0.96 - sin? 

(und) 

(clay) 
(2.1) 

where <j> = angle of internal friction under drained conditions (or under 

undrained conditions with effective stresses considered). Equation 2.1 

applies both to noncohesive and cohesive soils provided effective stresses 

are considered. The precision of the equation is within about ±0.15. 

Poisson's ratio (the ratio of horizontal strain to vertical strain) is the 

strain counterpart of K0. Strictly speaking, Poisson's ratio, v, has different 

values in each of the coordinate directions and varies with load; however, a 

unique value may be employed in design by defining it in terms of the secant 

moduli corresponding to a given applied stress. The resulting relation is given 

in the right column of Table 2.1. (A relation for v in terms of the at-rest 

coefficient of lateral earth pressure, K0, also is given in Table 2.1. Values 

of Poisson's ratio for various soils determined from a number of different 

investigators are summarized in Reference 2.32.) As with K0, Poisson's 

ratio will be influenced by the placement method. 
Placement method will also affect the bulk modulus, k, which is 

defined as the ratio of the mean principal stress to the volumetric strain. 

It is often chosen as an independent variable in constitutive relations2,2; 

consequently, it is one of the more important soil parameters. The range 

of variation of k is about the same as for the confined compression modu¬ 

lus which will be discussed after a review of the intrinsic soil properties. 
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2.3.3 Intrinsic Properties 

Intrinsic soil properties, as defined by Whitman,31 are those properties 

which are independent of the overall size of the soil mass or of the boundary 

conditions imposed upon the mass. They govern the shear strength of a soil. 

As indicated in Table 2.1, the intrinsic soil parameters are the cohesion, the 

angle of friction, and the excess pore pressure developed during shear at a 

constant water content. For most granular soils, the cohesion is expected to 

be less than 25 psi; the angle of friction varies from about 30 degrees to 45 

degrees depending on the angularity of the particles. 

Pore pressure changes can occur even in a dense, dry sand; however 

such changes are not significant below a few feet from the surface and aboJe 

t e water table, except in the unusual circumstance that the minor principal 

stress is very small compared to the major principal stress.2-1 

2.3.4 Load Properties 

The remaining prime design parameters are termed load properties— 

those resistance characteristics exhibited under load, usually in some type of 

laboratory or field test. These properties include the confined compression 

modulus, M„ the unloading modulus, Mu, the shear modulus, G, and the 

shear strength. In soil-structure interaction designs, one must be concerned 

with preventing failure of both the soil and the structure. Usually, the prin¬ 

ciple soil parameters affecting resistance are the soil moduli and ‘hr shear 
strength. 

Compressibility moduli commonly used in soil-structure interaction 
theory include: 

E$ - Young's modulus of elasticity 

M, - secant confined (constrained) compression modulus 

Mt = tangent modulus 

M8 = loading modulus, usually Ms or M, 

Mu = unloading modulus 

Mr = reloading modulus 

G = shear modulus 

k = bulk modulus 

12 



These moduli are usually determined nom confined compression, null, triaxial, 

or proportional loading tests. A typical test data sheet is shown in Figure 2.5. 

Certain soil moduli are selected to correspond to applied pressures, as indicated 

in Figure 2.5, and some are taken as variable moduli. 

In addition to the above list, there are various moduli associated with 

specific soil-structure configurations, such as the foundation modulus for 

footings and the modulus of elastic support for buried cylinders. The latter 

moduli are defined in the discussion of particular geometric configurations. 

Chapters 4 and 5. The moduli itemized above are defined and discussed next. 

2.3.5 Compression Moduli 

The term compression moduli, as used here, is intended to include the 

group Ms, E, and Mt. The confined compression modulus is the secant to the 

stress-strain diagram corresponding to the applied stress in a confined com¬ 

pression test. Approximate solutions for nonlineai systems are often 

achievable with the elastic theory where Young's modulus is obtained from 

the relation 

E 
(1 + ^)(1-2^,) 

1 - 

M, = tjM, (2.2) 

where M, is the confined compression modulus corresponding to the applied 

pressure, and vt is Poisson's ratio. 

As the name implies, the tangent modulus is the tangent to the stress- 

strain diagram—usually at a mean stress in the load increment of interest. 

Secant and tangent moduli are shown in the laboratory data sheet, Figure 2.5. 

Curing initial loading in a uniaxial strain test of a granular material, 

(for 0 < o < 100 psi) there is often an initial phase characterized by a concave 

downward portion of the stress-strain diagram. As loading progresses, a 

second phase begins as the voids close resulting in a concave upward portion 

of the stress—strain diagram. Only when the particles begin to break does the 

stress-strain diagram reverse curvature and become concave downward again. 

The variation of M, for a given sand and initial density is indicated in 

Figure 2.6a. In this plot the limits of variation of stress—strain measurements 

are shown for NCEL sand placed by the sand-drop technique in a 5-foot soil 

tank composed of 1/2-inch-thick steel rings. The at-rest coefficient of lateral 

earth pressure for the tests was 0.45. As may be observed, the variation of 

the data for a given type of test is quite large, even under the well-controlled 

conditions of these tests. 

13 
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Classification: gray silty, clayey sand 
(SM-SC) 

Remarks: LL * 21, PL - 14, PI - 7, 
e0 - 0.828, S0 - 25.9% 

Project: DISTANT PLAIN Event 6 

NCEL Project 3.11 

Area: Watching Hill site, DRES, Canada 

Boring No.: NCEL 1 Sample No.: 3 

Depth: 6.2 
El: 2,167.8 

Data: 10-9-67 

Figure 2.5. Uniaxial strain test results—dynamic test No. NCEL 1.3.2. (From 

Reference 2.33) 
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An indication of the variation of Mt with initial density, as determined 

from the cited tests, may be observed from Figure 2.6b.2 29 The two curves 

shown correspond to the maximum and minimum densities achievable by the 

sand-drop method. The most important observation to be made from 

Figure 2.6b is that there is a large (factor of 3 at 25 psi) difference in 

at low pressures and that this difference becomes larger with mcreasing 

pressure up to some maximum difference that is not determinable from 

the test result shown. 

O 0.002 0.004 0.006 0.006 

Soil Strain (in./in.) 

(a) Variation for a given initial density. 

0 0.004 0.006 0.012 

Soil Strain (in./in.) 

(b) Variation with densuy. 

Figure 2.6. Variation in soil stress-strain properties (Confined compression of NCEL 

sand in soil tank.) 



Variation of M, for a given initial rlensity has not been thoroughly 

documented. In one set of experiments, under well-controlled conditions, 

the variation was found to be 420%2 34; under field conditions, the variation 

would be expected to be greater than those limits. 
Caution must be exercised in attempting to determine M, from a 

consolidometer test. Results from consolidometer tests are seldom reliable 

unless the load is applied pneumatically or hydrostatically through a flexible 

diaphragm. If test results using such loading are not readily achievable, M, 

may be estimated for unsaturated, medium sand compacted to 95% AASHO 

T99-49 density from the relation 

M, « 1,000p°8 (2.3) 

where pa is the stress at which Mt is required. decreases rapidly from the 

value given by Equation 2.3 as the percentage of fines greater than about 

200 mm increases. Equation 2.3 was pr ^i^-ad by Luscher.2-36 

In multilinear analysis, the tangent modulus is normally used instead 

of the secant modulus. Naturally, the above discussion relative to the secant 

modulus also pertains to the tangent modulus. The unloading modulus is 

also normally taken as a tangent modulus. 

2.3.6 Unload and Reload Characteristics 

For blast-loaded fields, the unloading modulus, Mu, may be even 

more important than M, because most of the time elapses during the unload¬ 

ing phase of the motion. Unload characteristics of a silty sand are shown in 

Figure 2.5. The salient features of unload-reload behavior are: 

1. The unload-reload curves are much steeper than the initial 

loading. 

2. There is a permanent residual strain remaining after unloading. 

3. A hysteresis occurs with accompanying energy loss. 

For a virgin sand the energy loss during the initial load-unload cycle is of 

the order of 50%. On subsequent loadings, the energy loss per cycle 

decreases.21 

2.3.7 Shear Strength 

Shear strength, s, means the stress at which shear failure occurs. 

Typical shear stress-strain and volume change curves are indicated in 

Figure 2.7. As may be noted the curves are concave downward, and 
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Fiflure 2.7. Typical stress-strain and 

volume change curves in 

shear. (From Reference 2.1) 

successive load—unload cycles produce 

similar curves. For shear stress levels 

less than about one-half of the limiting 

stress, a relatively stable hysteresis loop 

is developed after many cycles of load¬ 

ing. Except for very soft soils there is 

usually an increase in volume with 

increase in shear load because the grains 

move apart in attempting to slide over 
each other. 

Shear strength is readily 

determined from triaxial shear tests, 

however, in the absence of such data, 

one may use the Mohr-Coulomb 

hypothesis as modified by Terzaghi 

to include pore pressure effects as 

follows: 

s = C + (o - u)tan0 (2.4) 

where s = shear strength 

c = cohesion 

= total stress normal to the plane a 

u 

Au, 

- Uj + Aucw - Au 
dis 

- initial pore pressure 

c" = the excess Pore pressure developed during 
shear at a constant water content 

Audj* = the excess pore water pressure negated by 

consolidation during loading 

0 = friction angle 

th art A,dTitted!V: Mohr-Coulor"b equation is an oversimplification of 
he actual strength behavior of soils; however, it provides a sufficiently accu¬ 

rate approximation for many applications and serves to indicate the dominant 

Sion 2.6 MOre SOphiS,ica,ed Options of strength are discussed 

strennthSU9huEqUa,i°n 2 4 "° lineamcr"al parameters, shear 
strength is dependent upon the shape, mass, and manner of loading. These 
factors influence o and u. a 



2.3.8 Shear and Bulk Moduli 

The shear modulus, G, is the slope of the shear stress—strain envelope 

at the extant state of strain. Concomitantly, the shear failure envelope is 

dependent on system geometry and will, in consequence, be dependent on 

the system stress ^variants. This is tantamount to stating that the initial 

shear modulus can be determined from a triaxial shear test but that the 
shear modular function cannot. 

Various analytical representations of the shear modulus have been 

formulated, including those of Farhoomand2 36 and Nelson.2-6-2-6 These 

formulations show that the shear modulus is highly dependent on the 

geometry and the state of stress in the media. The shear modulus or the 

bulk modulus are not necessarily expressed as explicit functions in consti¬ 
tutive models. 

The bulk modulus is defined as the ratio of the mean stress to the 

volumetric strain.2-37 It is, by definition, a function of the stress invariants. 

Dependence of the shear and bulk moduli, and of the shear strength on 

inertia and strain rate effects is not completely known. Analytical relations 
between the various soil moduli are given in Chapter 4. 

2.4 DYNAMIC EFFECTS 

Dynamic effects may be thought of as those associated with phenomena 

at or near the front of stress waves and as those characteristic of the mass action. 

Phenomena related to the wave front other than the pressure-density disconti¬ 

nuity include reflections, refractions, strain-rate effects, and energy attenuation. 

Wave propagation in solids is an extensive field of study that is beyond the 

scope of this discussion; it will be discussed in a later section to the minimum 

extent necessary to achieve the goals of this report. 

The effect of strain rate on the compressional properties of dry 

granular materials is generally negligible. There may, however, be a 10 to 

15% change in $ that can lead to large changes in bearing capacity. Just how 

and why the friction angle is affected by strain rate is not known. 

For moist sands the excess pore water pressure from consolidation 

(and, hence, the shear strength) is affected by the rate of straining; nonethe¬ 

less, limit shear resistance has only a weak dependence on strain rate. With 

saturated sands physical properties may he two or more times the static 

values due to differences in excess pore pressure generated at higher strain 

rates. Strain rate effects in cohesive soils also appear to be almost solely 

due to changes in the excess pore water pressure, Aucw. 



Mass-action phenomena are roughly analogous to the characteristics 

of the singlt-degree-of-freedom spring-mass system, viz: 

1. Load duration will not influence peak deflection, if the ratio 
of load duration to fundamental natural period is greater than 

about 6. 

2. Soil mass will not influence peak deflection, if the ratio of 
load duration to the fundamental natural period is greater 

than about 6. 

3. The loading will, in effect, be static, if the ratio of the rise 
time to the fundamental natural period is greater than 

about 6. 

The fundamental compression mode frequency (normal to the surface 

of a uniform soil field) may be approximated by the relation 

Mt/L = stiff**** M the soil field (lb/ft2/ft) 

acceleration o» ^jvity (ft/seca 

denwtv of soil (pcf) 

depth K* water table or to bedrock (feet) 

initial tangen» 'modulus from n confined compression 

test 

For a soil with an initial tangent modulus of 5,000 psi and the water table 
at a depth of 10 feet, the natural period will be about 12 msec. Then the 
approximate time which distinguishes long- from short-duration loads is 

about 72 msec. 
Soil is a dissipative medium; hence, short-duration loads decay 

rapidly with depth, as is well known from high-explosive field tests. For 
example, in 500-ton shots in Canada where the top 5 feet is a highly com¬ 
pressible silty-clay, it has been found that air-blast pulses of the order of 
500-psi peak pressure and 15-msec duration dissipate to 1/5th of their 

surface magnitude in a depth of 5 feet. 
As movement occurs in a soil mass because of volume expansion 

or other causes, inertia forces are generated. These inertia forces are 

usually more important than strain-rate effects. 

A 
where k = 

g = 

7 = 

L = 

Mt = 
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2.5 CONSTITUTIVE RELATIONS 

For isotropie elastic materials, stress and strain are related by the 

equation 

aij * Kkôu + 2Me,, (2.6) 

where o,. = tensor representing the six independent 

components of stress 

e,, = tensor representing the corresponding six 

components of strain 

ekk = the change of volume per unit volume 

6,, = Kronecker delta ( 1 if i = j; 0 if i # j) 

X, M = Lame's constants 

Equation 2.6 shows that only Lame's constants, X and /i, are necessary; 

however, the four parameters—Young's modulus of elasticity, E; Poisson's 

ratio, *»; the shear modulus, G; and the bulk modulus, k—are often used 

as they are measurable. 

Yield conditions for engineering materials are commonly expressed 

in the form 

fUv/Ç) = 0 (2.7) 

where Jj = 1/20,^0,, = second invariant of the Cauchy 

deviatoric stress tensor 

= °kk = 3 times mean normal stress = 3p 

o,', = a,, - pfij, = deviator stress tensor 

For example, the Prager-Drucker generalization of the three-dimensional 

Mohr-Coulomb yield criterion is 

v/jT = k, - ap (2.8) 

where k,,a = material constants 

p = mean normal stress 
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Equation 2.8 is adaptable to nonlinear materials, such as soil, by using 

incremental stress-strain relations and by incorporating the soil coefficients 

as functions of the stress or strain invariants. DiMaggio and Sandler have pro¬ 

posed a model for predicting observed laboratory and field behavior which 

satisfies continuity, stability, and uniqueness requirements.2 3 Jackson has 

demonstrated a method for obtaining a polynomial model that fits labora¬ 

tory data.2-2 Nelson and Baron have developed a variable modulus model 

that provides good agreement with measured ground motions,2'39 and 

Nelson has improved upon the latter model.2 B'2'8 
Hadala has performed ground motion calculations which show that 

the mitial peak vertical velocity and stress are relatively insensitive to the 

constitutive model used.2'40 By contrast, the peak horizontal motions are 

strongly affected by the character of the constitutive model. 
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3.0 GENERAL ASPECTS OF LOADING 
AND SOIL-STRUCTURE SYSTEM BEHAVIOR 

3.1 LOADING 

A typical blast load consists of an instantaneous rise to the peak 

pressure, p0, followed by an exponential decay of duration, t, as indicated in 

Figure 3.1. The parameters, p0 and t, depend on the characteristics of the 

weapon producing the pulse and on the height of burst. With these charac¬ 

teristics known, the blast parameters are readily determined from charts. • 

Under certain conditions, precursors and other irregularities in wave shape 

occur; however, worst-case loading consists of an instantaneous rise followed 

by the typical exponential decay. Such idealized blasts may be approximated 

by several analytical relations, one of which (for a surface burst) is3,2 

(3.1) 

where p(x,t) = overpressure at point x on the surface at 

time t after detonation of the weapon 

x = distance from ground zero (feet) 

t = time after detonation of the weapon 

(seconds) 

U = unit step function 

R = shock radius of blast at time t (feet) 

p# = ambient air pressure (psf) 

c = ambient sound velocity of air (fps) 

A, = 3 x 10’5 ft-lb per Mt, for a surface burst 

W = weapon yield (Mt) 
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Figure 3.1. Pressure-time signatures of typical explosions. 

For p0 > 100 psi, the peak surface overpressure may be determined from the 

relation33 

p0 = 3,450^pj3W (3.1a) 

where p0 = peak surface overpressure (psi) 

W = weapon yield (Mt) 

R = range (feet) 

The intercept of the initial tangent of Equation 3.1 is a measure of the 

effective load duration, t,. which is the duration of a triangularly shaped 

load that produces the same peak deflection of a system as the actual blast 

loading. Use of equivalent triangular loads materially aids computation. 

Selection of a suitable equivalent triangular load, t,, is accomplished 

by adhering to the guiding principle that the area under the actual pressure- 
time curve should equal the area under the equivalent triangular load to the 
time of peak or limit deflection. The term limit deflection mëans the maxi¬ 

mum initial peak deflection that an element or structure is designed to 

sustain without incurring collapse. The above statement accounts for the 

fact that it is the total energy to the time of peak deflection and not the 

total energy under the positive phase of the pressure-time curve that is of 

dominant importance in design. The difficulty in applying the above prin¬ 

ciple is that the time to maximum deflection is not known initially; however, 

it usually may be approximated with sufficient accuracy for initial design. 

Charts for determining air-blast parameters, including the impulse and the 

durations of equivalent triangular loads, are given in Reference 3.1. 

Witnin about three crater radii from ground zero, the air blast moves 

outward so rapidly that the air-blast loading on the surface is essentially a 

plane-wave loading. Further out, the induced stress wave tends to assume 
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an angle ß with the surface as indicated in Section 3.2.1. The angle ß will, of 

course depend on whether the location of interest is in the sub-seismic, the 
seismic, or the super-seismic region. The distinction between these regions 

is whether the velocity of the stress front in the ground is greater than, equal 

to, or less than the velocity of the air-blast front. 
As the air-blast-induced stress wave propagates downward from the 

surface, it attenuates and changes shape. Usually, the peak stress decreases 

and the rise time increases with depth. The pressure attenuation is given by 

the relation3-4 

Pi aiPo 
(3.2) 

where p0 

Pi 

a. 

= peak surface overpressure (psi) 

= peak stress at depth z (psi) 

= attenuation factor = 

L = 3.7 W1/3Cd p01'2 

^60 - 

W 

l60 

Cd 

z 

'd^o 

1 for p0 < 1,000 psi 

27.5/p° 48 for p0 > 1,000 psi 

weapon yield (Mt) 

effective duration of the applied overpressure 

(seconds) 

intercept on the time axis of a straight line 

drawn from the peak pressure through the 

point on the overpressure curve at which 

the pressure is 50% of its maximum value 

(seconds) 

velocity of stress front in the soil (fps) 

depth to point of interest (feet) 

Equation 3.2 is a twice modified equation for spatial dispersion.36 

The rise time is approximately one-half of the transit time of the 

stress front from the ground surface to depth z.3-6 
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(3.3) t « 
2Cd 

where ß = angle of stress front with the surface 

Cd = velocity of the stress front 

The stress wave may tend to produce a shock front in the first few feet near 

the surface in locking media. These shock fronts break down quickly at 

larger depths, however, because of the dissipative nature of unsaturated soils. 

Below the water table shocks may reappear. 

Approximate relations for predicting absolute values of displacement, 

velocity, and acceleration may be found elsewhere.11 Actually, absolute 

motions are of little interest in structural design and analysis except in the 

design of shock isolation systems; rather, concern is with stress and relative 

motions both of which result from passage of the wave front. 

Below the water table, it appears that two distinct compressional 

waves are propagated: ( 1 ) a wave that is transmitted through the water- 

solid system without change in the pore volume, and (2) a slower wave that 

only progresses when change in the pore volume takes place.17 Wave prop¬ 

agation is discussed more fully in the next section. 

3.2 WAVE PROPAGATION 

3.2.1 General Characteristics 

The purpose of this section is to convey a general understanding of 

wave propagation as it relates to or influences body motions, shock trans¬ 

mission, and soil-structure nteraction. Discussion is mostly limited to 

phenomenology governing survivability. 

In the material to follow, it is assumed that: 

1. The reader is familiar with the general aspects of nuclear and 

high-explosive detonations, air-blast propagation, and cratering. 

2. The realm of interest corresponds to the higher overpressure 

region: 200 psi < p0 < 3,000 psi, where p0 = peak surface 

side-on overpressure. 

A rationale for the lower overpressure limit is that virtually any 

closed structure that will withstand the backfill stresses will resist 200-psi 

overpressure. Three thousand psi occurs near the lip of the crater for 
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surface detonations and is, thus, a practical upper limit for most facilities 

in soil. Restricting attention to the 200-psi-to-3,000-psi region avoids, in 

most cases, the need for considering outrunning. 

The concatenation of events experienced by a structure buried in 

soil following a near surface explosion depends primarily on the range from 

ground zero, the free-field profile and properties, the height or depth of 

burst, and the weapons characteristics. Detailed treatment of the phenom¬ 

enology involved may be found in Reference 3.1. For present purposes it 

will suffice to give a general description of events in the higher overpressure 

regions and to discuss how they influence subsurface systems. 

Characteristic transpirations within a few crater radii from ground 

zero for a surface burst on a uniform soil field are as follows: a few milli¬ 

seconds after detonation the air blast arrives over a close-in structure 

inducing dilatation, P, and shear, S, waves that propagate downward at an 

angle with respect to the surface as indicated in Figure 3.2. For overpressures 

above a few hundred psi (depending on the type of weapon and the weapon 

yield), the gaseous detonation products spread very rapidly over the surface, 

producing what is essentially a plane-wave loading. Further from ground 

zero, the angle 0 increases to values that may exceed 90 degrees. The air- 

blast-induced stress wave causes downward and outward motions. 

Simultaneously with propagation of the air blast, a direct-induced 

stress front moves outward from the crater. Close to ground zero, the 

direct-induced wave travels slower than the shock front in air; however, 

the wave traveling through the basement rock may reach distant locations 

and be fed up through the overburden in advance of the air blast, producing 

a condition known as outrunning.3-1 Another characteristic of the direct- 

induced wave is that it attenuates rapidly with distance; consequently, 

stresses near the surface attributable to it are usually smaller than those 

from the air blast. The principal degrading effect of the direct-induced 

wave is the larger late-time motions that are initially upward and outward 

and then downward and inward as indicated by the particle paths shown 

in Figure 3.3. For short-duration loads and large bomb masses, as with 

high-explosive shots,18 these motions are very large because of the large 

kinetic energy imparted to the soil, and because of the lack of confinement 

of the soil surface from the air blast while the direct-induced wave is acting. 

Undoubtedly, the P- and S-waves and the late-time direct-induced 

waves are, from a structural design point-of-view, the principal causative 

effects at overpressures greater than about 200 psi, but they may not be 

the only ones. In non-ideal media, reflected waves from the water table, 

underlying strata, and basement interfaces; relief waves from the crater; 

and certain other waves19 combine to produce complex late-time particle 
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oaths Further from ground zero, Rayleigh and other waves comb.ne to 
produce even more complex particle paths and the added obfuscat.on that 

the amplitude of the initial wave is likely to be less than the amplitude of 
a.10 

subsequent waves. ,,,.. . , 
Fortunately, except for systems that are limited in the amount of 

rotation and other motions and for design of shock isolation systems, these 
motions do not greatly complicate design for the high overpressure region. 

The reason is that in nearly all cases, the maximum stresses result from the 
P-wave. The main effect of the direct-induced, late-time air-blast-induced, 

and extraneous waves is to move an inclusion with the free-field. Except 
for structures of extended lineament (for example, long tunnels) these 
motions are of little consequence. It is the early-time air-blast-induced 

stress waves that are of principal importance in design. 

-1 cd ‘'d 
.in" -¡j "if < 1 

n 
2 

♦or > 1 

Figure 3.2. Air-blast induced P and S waves. 
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Auspiciously, the analytics of air-induced stress waves are relatively 

tractable. Quite often one-dimensional elastic wave theory will suffice if one 

is careful to employ an appropriate effective soil modulus. For this reason 

it is worth reviewing the basic relations of elementary wave theory. 

3.2.2 Basic Wave Theory 

Consider one-dimensional wave propagation in an ideal media where 

the effects of lateral motion are negligible. For these conditions it is well 

known3,9 that: 

1. The velocity of a dilatational wave front is given by 

(3.4) 

where E = Young's modulus of elasticity of the material 

p = mass density of the media 

2 Stress is determined by the ratio of particle and wave front 

velocities 

or o = (p Cd)v 

where v = particle velocity 

p Cd = acoustic impedance 

3. A plane compression wave is reflected unchanged from a fixed- 

end or a rigid interface and as a tensile wave from a free-end or unconfined 

face. 

4. I ntersecting waves combine algebraically. 

5. In the interior of an elastic solid compression (dilatation), 

waves and shear waves occur that are propagated with different veloc¬ 

ities as follows: 

Cd * dilatational wave velocity 3 [(X + 2p)/p]1/2 

(3.6) 

Cf = shear wave velocity = (p/p)1/2 
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where X = Lame's first constant 

/i = G = Lame's second constant 

6. Where the force is negligible, the one-dimensional wave equation is: 

ÜÜ « C2 — (3.7) 
at2 af2 

where 5 = deflection at a point of interest 

t = time 

f = coordinate of position 

Solutions to this equation are of the form 

6 = f(f + Ct) + f,(f - C,t) 

Generalized wave equations and solutions for a variety of boundary conditions 

may be found in References 3.9 and 3.11. 

7. Closed form solutions to the wave equations are not available foi 

most "real world" situations; hence, on'' must resort to graphical3-12 or com¬ 

puter solutions.3-13 

8. In bounded solids, so-called Rayleigh and Love waves occur that 

are attributable to different E and p near the surface. Theoretically, these 

waves travel without change in form, and, consequently, they tend to dom¬ 

inate the motions at low overpressure, that is, at great dis«:nces from ground 

zero. 

3.2.3 Reflection and Refraction 

When an elastic wave impinges upon a slip-free interface, four waves 

result: refracted P and S waves and reflected P and S waves. The influence 

of soil nonlinearities on this process is not completely clear. These phenom¬ 

ena, the change in seismic impedance with depth, the occurrence of waves 

along stratum, and the development of relief waves, all tend to further 

complicate the ground motions from P, S, Rayleigh, and direct-induced 

waves.3-9 It is indeed fortunate that, in most instances, only the shock 

isolation system design and not the structural design is influenced by the 

late-time ground motions. 
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Situations where reflected or refracted waves might be important in 

structural design include configurations where the water table or a rock inter¬ 

face is close to the inclusion or where the structure extends beneath the water 

table. These situations require special analysis. 

In the next section, factors affecting structural behavior and design 

(but not the design of shock isolation systems) are discussed, followed by 

specific relations and procedures for treating particular configurations. 

3.2.4 Approximations to Ground Motions 

Beyond the region of influence of the direct-induced wave and out 

to about the range corresponding to a 200-psi overpressure (depending on 

the weapon yield), the peak vertical downward deflection of a point near 
the surface will be 

5rn = e.^t, (3.8) 

where e, = average unit strain over the loaded depth. Figure 3.4 

Cd = velocity of propagation of the stress front 

t, = equivalent triangular duration of the load 

DLF = dynamic load factor 

Recognizing that e, * DLF p0/2 E,, p Cd = E, and that the impulse of the load 
is I = p01/2, Equation 3.8 may be written as 

5rn = DLF —Jr" (3.9) 
P 

and the other terms are as previously defined. Where basement rock is within 

a few hundred feet of the surface, a better approach is to integrate over the 

depth of the upper layer to determine the average stress, then to calculate the 

total strain as the average stress divided by the effective soil modulus times 
the depth to bedrock. 

For dry soil fields, the product DLF in Equation 3.9 may be taken 

as 2. For nonhomogeneous soil fields, pC^ must be an effective value deter¬ 

mined from a seismic survey or from known values of M, of the various 
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Figure 3.4. Stress-depth relationships. 

iayers. Motions for saturated soil fields obviously will be different than for 

dry fields. One of the principal differences is that the horizontal motion' 

will be much larger. In the region under consideration (200 psi < P0 < 

3,000 psi), the horizontal displacement for dry soil fields may be taken as 

one-half of the vertica! displacement. 

It should be recognized that the peak displacements from Equation 

3.9 are the initial maximum displacements and that, in some circumstances, 

there will be late-time motions (attributable to energy being fed into a given 

station from locations closer to ground zero) that have larger amplitudes. 

Fortunately, the late-time motions have low velocities and, hence, generally 

do not govern the survivability of protective structures. 

The horizontally outward and vertically upward peak magnitudes 

of the direct-induced wave are nearly equal and may be approximated by 
the relation 

6r = 5,000 
W. 

(pCd)R 
(3.)0) 
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where 6r 

w. 
P 

R 

c„ 

peak amplitude of direct induced displacement 

(inches) 

equivalent yield (Kt)3,1 

mass density of soil (lb-sec2/ft4) 

range from ground zero (kft) 

velocity of the stress front (kft/sec) 

Superimposing the peak displacements from the air-blast and direct-induced 

waves gives a reasonable approximation of the total displacement. Again the 

reader is reminded that the amplitude of the late-time deflections may far 

exceed the values given by Equations 3.9 and 3.10. Only classified informa¬ 

tion is available on late-time motions at present (April 1972), and even that 

information is of questionable validity.3,14 

Relations for velocities and accelerations may be found in Reference 

3.15. 

3.3 INTERACTION 

3.3.1 Relative Displacement 

As a soil stress wave envelops an inclusion a stress wave is propagated 

through the walls to the underlying soil. If the velocity of the stress wave 

through the inclusion is different from that in the soil, then the stress front 

will be distorted immediately below the inclusion. 

Test results indicate that for inclusions in soil subjected to stress 

waves:3-16'317 

1. Shape of the inclusion has little influence on the peak acceleration 

and velocity induced. 

Z Mass has only a slight influence at overpressures less than 600 psi. 

(In one test, increasing the mass by a factor of 13 halved the peak 

acceleration and left the peak velocity unchanged.) 

3. At loads less than 600 psi, the differential displacement between 

an inclusion and the surrounding soil is principally due to distor¬ 

tion of the stress front resulting from differences in stiffness. 

4. At higher overpressures there is evidence that inertial effects may 

be important; however, no test data exist to check this. 
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pit) 
The influence of distortion 

of the stress front, Figure 3.5, may 

be estimated by noting that the 

difference in transit time over the 

height, H, is: 

At 
(ca 'C,)H 

Figure 3.5. Distortion of stress front 

below a stiff structure. 

where = 

C, = 

velocity of the stress 

front in the soil 

velocity of the stress 

front in the inclusion 

Thus, the length of the soil block, L, immediately below the inclusion that 

is strained by the transmitted stress is: 

L, = Cd At 

The total strain over this length is approximately equal to the peak relative 

displacement attributable to the stress wave: 

¢. = eL, (3.10) 

where e 

P 

a. 

V = 

E. = 

average unit strain in the soil block, SB, Figure 3.5 

peak surface overpressure 

stress attenuation to the depth of the midheight of 

the inclusion 

stress concentration factor 

soil modulus corresponding to the stress az p 

Equation 3.10 agrees well with experimental results3-8 at the lower 

overpressures. 
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An approximation of the relative deflection attributable to the 

inertia of a rock inclusion is obtained from an unpublished development 

by R. J. Odello of the NCEL staff. First, the inertia force on the rock is 

determined from the relation 

F, - (ar - af)mr 

where mr = mass of the rock (lb mass) 

ar = acceleration of the rock (g's) 

at = acceleration of the soil at the elevation of 

the rock (g’s) 

Using Newton's second law, the equations of motion for the rock a"d the 

displaced soil, each acting alone, are 

orAr = armr 

OtAr 3 8,0), 

(3.12) 

(3.13) 

where m, 

°r 

Ar 

mass of the soil displaced by the rock 

stress on the rock 

stress in the soil 

projected area of the rock in the 

direction of the stress front 

Dividing Equation 3.12 by Equation 3.13 gives 

o, a, mf 

From the theory of rigid inclusions by Coutinho3,3 it is known that the 

stress concentration factor for a rigid inclusion in a soil field is 2; thus 



Substituting Equation 3.15 into Equation 3.11 gives 

F, * (2mt - (3.16) 

Newmark gives an empirical dimensional equation for free-field soil 

acceleration as3,1 

a, = 1.500 -1 (3.17) 
''d 

where p = peak surface overpressure (psi) 

at = stress attenuation to depth z (dimensionless) 

Cd = velocity of the dilatational wave (fps) 

Equation 3.17 substituted into Equation 3.16 gives 

F. * 1,500(2 m, - mr) ^ (3.18) 
''d 

Assuming that the static and dynamic soil reaction are equal, the 

foundation reaction on the rock in terms of the relative deflection can be 

determined from a relation by Allgood and Carter3-18 that is based upon 

experimental results by White.3-19 

ob = 125(8626 (3.19) 

where = relative displacement between the rock and 

the soil (inches) 

ob = foundation reaction stress (psi) 

Dividing the inertia force, Equation 3.18, by the projected area of the rock 

gives the foundation stress which, when set equal to Equation 3.19, gives 

. P“* 
12(2 m, - mr) ^ 

11.6 

a r 

(3.20) 



where £, 

mr 

m, 

P 

Cd 

ar 

relative displacement due to inertia (inches) 

mass of rock (lb mass) 

mass of displaced soil (lb mass) 

peak overpressure (psi) 

attenuation factor at the depth of the rock 

(dimensionless) 

velocity of the dilatational stress front (fps) 

projected area of rock (in.2) 

The total relative displacement is 

a = + ¢. (3.21) 

Neglecting the interface shear, as was done in the above development, 

results in smaller relative displacements than is indicated by Equation 3.20. 

Estimates of relative displacement using Equation 3.20 indicate that, at the 

higher overpressures, the relative displacement attributable to the direct 

loading from the stress wave is larger than that due to the stress front dis¬ 

tortion. Actually, it remains to obtain an experimental check on Equation 

3.20. 

3.3.2 Interface Pressure 

Assuming that there is no significant reflection at the interface, the 

peak interface pressure from an air blast which reaches an inclusion may be 

expressed as 

P¡ = (p + 7d0)(1 - A)«, (3.22) 

where pt = equivalent uniform surface live load 

7 = density of the soil 

d0 = depth of burial of crown below surface 

A = arching = 1 - Pj/pv = that portion of the 

applied load that is transferred to or away from 

the structure 
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Py = ai Po s peak load in free field at elevation of 

crown 

a, = attenuation factor for dynamic loads from 

Equation 3.22 

Determination of arching is discussed in a later section. 

3.3.3 Interface Reflections 

One might expect wave reflections from a structure interface; 

however, they are not usually indicated in measurements except where 

flat tops of structures are close to the surface. The probable reason that 

reflections have not evinced themselves in field tests is that relatively small 

structures have been used wherein the duration of any reflected wave would 

be small. (Deviation of the reflected wave, if any, would depend on the 

time it takes a relief wave to reach the edges of the inclusion.) Such short- 

duration reflected pulses are damped out almost immediately by the soil 

which is highly dissipative. Diminution of reflected waves might also be 

enhanced by the tendency of structures to move away from the soil at 

the loaded interface. Reflections would also be minimized by structures 

that are less stiff than the enveloping soil. 

Structures with curved surfaces should be used in the high over¬ 

pressure regions to gain sufficient resistance. Curved surfaces tend to 

minimize the effect of reflected pressure, since the stress front impinges 

at different positions at different times. For these reasons, reflected 

pressure effects are usually neglected in determining the interface load. 

In those instances where a flat root is relatively close to the surface, 

or where saturated soil conditions exist, and a regular reflection normal to 

the surface occurs, the peak pressure will be 

Pi, “ »?iPi 1 + 
(pC)2 - (pC), 

(pC), + (pC)2 
Pi (pC)2 > (pC), (3.23) 

where (pC), = acoustic impedance of soil 

(pC)2 = acoustic impedance of inclusion 

In Equation 3.23 note that (pC)2 < (pC), would indicate reflection 

of a tensile wave. Because soils can resist little tension, such reflections 

would not be expected to occur, although temporary relief of compression 

in the vicinity of the inclusion would be possible. 
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3.3.4 Stress Concentration and Dynamic Load Factors 

Two stress related parameters that are often important in design 

are the stress concentration factor and the dynamic load factor. The stress 

concentration factor, as in classical elasticity,3 20 is the ratio of the peak 

stress at the interface to the stress which would exist at the same point in 

the field without the inclusion. Of course, the stress concentration factor 

is highly dependent on inclusion geometry and stiffness. 

Mow has shown that for cylinders and spheres in linearly elastic 

fields, the dynamic stress concentration factor is within 10% of correspond¬ 

ing static values.3-21 One would expect the difference to be even less in the 

case of a soil field because of the dissipative effects on rapid changes in stress. 

Thus, in practical situations, the stress concentration in the free field under 

blast loading is not expected to be significantly different from that tor the 

corresponding static loading. 
In elementary vibration theory the dynamic load factor is de lined 

for a simple spring-mass system as that factor which when multiplied by 

the peak applied load gives the peak spring reaction.3-22 Dynamic load 

factors corresponding to each mode of response are also defined for multi- 

degree-of-freedom systems. Thus, there is a natural and useful carryover 

to buried structures. 
To exemplify: from tests on thin 24-inch-diameter cylinders in dry 

sand with d0/D = 0.375, the arching was zero and the dynamic load factor 

for the first compression mode, as indicated by the thrust at the springline, 

was 1.2.3-23 By contrast, in vertical capsule tests the dynamic load factor 

for the first compression mode in the longitudinal direction was 2.3-24 

These and other data indicate that for stiff cylinders the dynamic load 

factor for the fundamental mode will be 2, but that lesser values might 

occur for very flexible cylinders. 

3.3.5 Stress Wave Fracturing 

Stress waves transmitted to structures travel through the walls and 

are reflected and refracted at discontinuities or boundaries. These reflected 

and refracted waves can cause catastrophic failures. One example of this is 

the model expansion chamber, Figure 3.6, shown after testing.3-26 Reflected 

tensile stress waves caused failure at every welded joint. The author has also 

seen control mechanisms fractured from the unexposed side of a blast valve 

by a reflected stress wave. Obviously, the designer must be aware of the 

potentialities of stress wave fracturing if he is to avoid unexpected failures. 
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An appreciation of the problem is gained by considering one¬ 

dimensional wave propagation through a concrete slab or other element 

of essentially uniform section normal to the direction of wave propagation. 

Referring to the stress wave diagram of Figure 3.7 and assuming 

a triangular load pulse with an instantaneous rise to a pressure p0 and a 

duration r, the stress after the first reflection from the bottom face can 

be expressed as 

o, (3.24) Z r 

h 2h 
^<t<—; h < z < 2h ; o^p,, 

for 

where a, = tensile stress after the first reflection of the shock 

wave from the bottom face of the element 

p0 = initial peak pressure 

t = time 

z = total distance h + d" 

C = velocity of stress front 

h = total depth of the element 

7 = duration of load pulse 

d" = distance from bottom face to the reflected wave 

front 

The first term on the right side of this equation gives the stress before it 

reaches the underside, and the second term gives the stress after reflection. 

It should be noted that the tensile stress produced by the reflection is equal 
to the decay in the pressure pulse to the time of intr-cst. Equation 3.24 may 

be reduced to 

(3.25) 

for h < z < 2h ; < p0 ; d" < Cdr 
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Figure 3.6. Stress wave fracture in modei expansion chamber.



^ The durat|°n corresponding to a given peak pressure that will result 

m the failure stress ot = ft' being produced at a distance d" from the bottom 
of the element (z * h + d") is. then, 

'cr 

2p0d” 

cdf; (3.26) 

and 2Po 

Cdr 
Crf T 2Po (3.27) 

ntt temion 

where d" = distance from bottom of slab 

f,' = static tensile strength of concrete 

The static tensile strength of concrete 

varies from about 1/8 to 1/30 of the 

compressive strength. Information 

from water-shock load tests on walls3-28 

indicates that the strain rate associated 

with a reflected tensile stress wave in 

concrete is of the order of 2 in./in./sec. 

Extrapolating slightly Cowell's curves3-27 

for increase in tensile strength of plain 

concrete versus strain rate indicates an 

increase in tensile strength from dynamic 

straining of about 100%. With this infor¬ 

mation Equation 3.26 can be employed 

to find the effective load duration 

corresponding to a given overpressure 

which would result in spalling. The 

value obtained can be compared with 

the actual effective load durations to 

determine whether or not spalling 
might be a problem. 

r „ e:'f’Ple;'« P. • mo» PS', d" - 6 inch«. *; = 500 psi, and c = 12 X 104 m./sec. Then 

Figure 3.7. Stress weve diagram. 

(2)(10,000)(6) 

(12 X 10^(500) 
2 msec (3.28) 
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In this case any weapon yield less than about 2.5 Mt would have a duration 

sufficiently short to produce spalling. From this calculation it appears that 

spalling will be a problem for high overpressures and small weapon yields. 

The principal danger of stress wave fracturing is for structures or 

components exposed to the air blast. This includes silos and air entrainment 

systems. Sharp-fronted short-duration shocks are not so apt to be transmitted 

to fully buried structures above the water table because of the tendency of 

soil to dissipate high frequency transients. 

3.3.6 Reducing Interface Pressure—Arching 

Arching is a convenient artifice defined as the percentage of load 

directly over a structure that is transmitted to or away from it. As is evident 

from the equations given below, the amount of load transferred to or away 

from a buried inclusion is primarily dependent upon its relative stiffness 

with respect to the surrounding media. Fortunately, the stiffness of the 

inclusion can be adjusted by the use of a low modulus, low strength material 

such as a polyurethane foam. Such a material used in the vicinity of a buried 

structure is commonly referred to as backpacking. The following sections 

give arching and backpacking relations. As presented here, the relations are 

only applicable to structures under deep fills or high surface overpressures. 

The methodology given below is based on an empirical equation for 

arching developed by Gill.3,28 He found that all available arching data for 

plates and cylinders in granular soil, when plotted as a function of a geometry- 

stiffness factor, w, could be fitted by the relation 

A - A0(1 - e'nw) (3.29) 

where A 

P¡ 

Pv 

e 

A0,n 

U) 

1 - (P¡/Pw) = arching 

interface pressure at crown 

uniform pressure in free field 

Naperian constant 

experimentally determined constants (A0 = 0.87 

and n = 0.135 for a sharp-grained sandblaster's 

sand.) 

A8{M,/Pi){ 

geometry factor to be further defined 
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Mt - secant modulus from a confined compression 
test 

{ = relative deflection between structure and free 
field 

For convenience, let co = Í2/(1 - A). Then Equation 1 may be rewritten as 

where 

(3.30) 

(3.30a) 

A nomograph for obtaining solutions from Equation 3.30a is given in 
Figure 3.8. 

Figure 3.8. Plot for determining the arching over structure* in granular soils. 
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For any inclusion in a soil field, the relative deflection may be 
expressed as 

È » (ec - e,)H (3.31) 

where ec = average strain over height of inclusion 

e, = average strain in free field over height of inclusion 

H = height of inclusion 

Assuming that et is adequately approximated by 

'• * T. 

Equations 3.31 and 3.32 substituted into Equation 3.30a give 

n = a,(£-i)h 

(3.32) 

(3.33) 

where 

and S 

A„ 

geometry factor 
Sdj, 
A* D 

perimeter of structure 

plan area of structure 

and d0 and D are as defined in Figure 3.9. 

(3.33a) 

^ I ^ 'wiw ^ 

T T—r-1-PES 
n 

When specialized to a 

particular geometry, Equation 3.33 

with Equation 3.30 permits one to 

determine the amount of arching 

that will be developed in the soil- I a A T wv/ III H IV/ OWI I 

d, a|¡ se Kp ^ provided the depth to the plane of 

-U 
backpacking 

inclusion . 

'//¿V////// 
-i equal settlement is known. 

r »b ^ p* 337 p|ane 0f Equal Settlement 

structure 

Figure 3.9. Inclusion in soil field. 

The plane of equal settlement 

is a horizontal plane above an inclu¬ 

sion at which the settlement is the 

same as in the adjacent soil fie'd. It 
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is the limit beyond which an inclusion does not influence the free-field stresses 

and deflections. The plane of equal settlement is identified by the letters PES 

in Figure 3.9. The location of the PES is estimated by writing the limit equi¬ 

librium equation of soil block SB. For an infinitely long inclusion 

l(p - p,)D| = 2rde (3.34) 

where r = the limit shear on the sides of SB 

D = width of the inclusion 

d, = depth from top of inclusion to the PES 

Using the approximation pv * p and the Coulomb expression for shear3-29 

T * c + pw K0 tan 0O (3.35) 

where c = cohesion 

K0 = at-rest coefficient of lateral earth pressure 

0O = angle M friction of the soil 

together with the definition of arching in Equation 3.34 gives 

2 ~ + Ktan0o 
KV 

A > 0 (3.36) 

The corresponding value of d# for a vertical cylinder is one-half of 
that given by Equation 3.36. 

Experimental evidence indicates that the maximum arching which 

can be developed by a dry, granular soil is A0 * tan0o; hence, for that case, 

d. _ j_ 
D * 2K 

The range of K for granular soils is usually about 0.3 to 0.5; consequently, 

the distance above an inclusion to the plane of equal settlement will be 1.0 

to 1.6 diameters. It is important to notice that maximum arching cannot be 

developed if the soil surface is below the plane of equal settlement. If the 

soil surface is appreciably above the plane of equal settlement, it may be 
possible to develop nearly 100% arching. 

With d# defined, it is possible to evaluate the geometry factor for 
structures of interest. 
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3.3.8 Arching in Soils With Cohesion 

Among the meager data on structures in cohesive soils are the 

horizontal cylinder tests of Dorris3,14 and the vertical spring-cylinder tests 

of Jester.3,30 All of these data were for buckshot clay which has a cohesive 

strength of about 15 psi at 26% water content, and a zero angle of friction. 

Dorris' data show that arching decreases with increase in load. Jester's 

results show that: 

1. Active and passive arching can be developed in a cohesive soil. 

2. There are two basically different ranges of behavior. In the 

first range, behavior is governed principally by the relative 

stiffness of the inclusion with respect to the stiffness of the 

soil. In the second range, the limiting load that a structure 

will attract is controlled by the bearing capacity of the soil 

below the structure. 

3. The majority of the arching action takes place within one 

diameter above an inclusion. 

4. For structure stiffnesses greater than that of the soil, the 

stiffness of the soil beneath the device dominates the 

behavior. 

The amount of active arching decreases when creep occurs; 

however, cohesive soils appear to have the capability of 

sustaining arching for long periods of time. 

The subject of creep in cohesive soils requires further investigation. 

For a soil with both intergranular friction and cohesion, a hypothesis 

regarding behavior can be deduced from what is known about the behavior 

of granular and cohesive soils and from available theory. As with purely 

cohesive soils, it should be expected that there will be at least two different 

modes of behavior: one at loads less than the cohesive resistance, and the 

other at greater loads. Research is presently underway to determine the 

variation of A0 with load, relative stiffness, and depth of cover. Once this 

is established, arching will be determinable from Equation 3.30. Thereafter, 

the interface pressure can be calculated, and a suitable design can be evolved. 

3.3.9 Backpacking 

From experiments and fundamental considerations, it has been 

deduced that for backpacking to be effective: 
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1. The depth-of-cover-to-diameter ratio must be large enough to 
permit formation of a soil arch over the inclusion. 

2. Unless it is inordinately thick, the backpacking must yield to 

transfer a large percentage of the applied load to the soil arch. 

3. A certain minimum stress must exist under the soil arch to 
maintain its integrity. 

4. If conditions 1 through 3 are met, the peak pressure on the 

structure will be the yield stress of the backpacking. 

In addition to these conditions, the soil over the top of a structure (tK in 

igure 3.9) must be sufficient to keep the buckling resistance greater than 
the yield stress of the backpacking. y 

to meet mp ï *t0 proportion and Pla™ the backpacking 

.heTs: oTnT ^,0 minimiM ,he lMd ,o ,he e - 

By Equation 3.33 with Si - il„ („r maximum arching 

Í2_ m 

AjT + 1 (3.37) 

aThl,he,S'rrain T ,he inC'l,Si0n iS ,r0m of the backpacking. Then, at strain hardening of the backpacking, 

— - — (hi\ 
e. \») (3.38) 

where ehL - hardening strain of the backpacking 

tL = thickness of the backpacking 

Combining Equations 3.37 and 3.38 

gives the required thickness of the 
backpacking as 

H (3.39) 

figure 3.10. Stress—strain diagrams. 

The minimum yield stress of 
the backpacking that will permit 

development of maximum arching 

in a granular soil is 
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— - — - ! - A0 * 1 - tan0o (3.40) 
Py Py 

This stress will be sufficient to maintain the integrity of the soil arch when 

d0 = dr It may be desirable to use a (ovL/pv) < 1 - tan^0 if d0 ► d#. 
Arching and interface stress for pv < Pj(1 - A) may be determined 

from Equation 3.30. 

3.4 SOIL LIQUEFACTION 

The possible occurrence of liquefaction should be considered for any 

facility in soil where water is present. This is particularly true of structures 

in granular soils which are saturated or may become saturated on initial load¬ 

ing. Liquefaction is manifested by an increase in pore pressure and subsequent 

loss or reduction of shear strength.3-31 

Liquefaction has developed during earthquakes, but has been consid¬ 

ered an unlikely occurrence in nuclear blasts. More recent evaluation views 

liquefaction as a potentially significant problem because of: ( 1 ) increase in 

pore pressure caused by compression from blast loading, and (2) the likelihood 

of multiple attack. Reportedly, loss of shear strength has occurred in field 

tests.3,32 Further, the increased pore pressure responsible for the loss of shear 

strength has evinced itself in the form of geysers in many field tests. 

A few test structures in high-explosive tests have extended below the 

water table; however, no enhanced relative displacement has been noted that 

could be attributed to liquefaction. This may have been due to the short 

duration and rapid attenuation of the load. Although there is no known 

instance of failure of structural systems in blast tests from liquefaction, it 

has been established that marked changes in soil properties occur and that 

these changes persist for days or even weeks after a blast.3,32 Thus, a system 

which resisted an attack of a given magnitude might fail under an identical 

subsequent attack. 

It is clear that: ( 1 ) the possibility of liquefaction should be a matter 

of serious concern to the system designer, and (2) further investigation of 

liquefaction is warranted. 
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4.0 BASICS OF SOIL-STRUCTURE INTERACTION 

4.1 INTRODUCTION 

The purpose of this chapter is to summarize what is known about the 

behavior, design, and analysis of the soil-structure configurations of principal 

interest in protective construction. To understand their behavior one should 

consider buried facilities primarily as soi I-structures. Often the only purpose 

of the structure per se is to provide confinement so that the soil can carry 
the load. 

Normally the best configuration is a system designed so that the soil 

carries most of the load. 3ince the soil is the principal component, it follows 

that the soil properties must be known. Further, the bedding, backfill, and 

overburden must be properly constructed.* 

Conditions which constitute proper bedding, backfill, and overburden 

are generally the same as for culverts,although there will be departures 

depending on the individual system geometry as indicated in later sections. 

Before launching on a disquisition of specific systems, it is advisable 

to examine general parameters common to essentially all soil-structure 

entities. This is readily accomplished through a dimensional analysis. 

4.2 DIMENSIONAL ANALYSIS 

Assume a blast loading with an instantaneous rise to the peak over¬ 

pressure and a linear decay that forms a triangular pulse acting uniformly 

over the surface above a closed, fully buried structure that is long with 

respect to its maximum lateral dimension. Assume further that gravity 

and other body forces are of negligible magnitude compared to the applied 

load. A dimensional analysis for this general class of systems is given in 

Table 4.1. Usually one is interested in determining the deflection, y, or 

stress, o, at some critical location. Here, deflection is used as the indepen 
dent variable. 

In Table 4.1, the number of nondimensional pi terms is 14 (the 

number of parameters minus the number of dimensions). It may be noted 

that T, M|( pt, and H are used as nondimensionalizing parameters. 

* Here, the terms bedding, backfill, and overburden refer, respectively, to 

the malarial below, at (he sides of, and above a buried structure. 
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Table 4.1. Dimensional Analysis of Fully Buried 

Two-Dimensional Structure 

Parameter 

No. 
Component Symbol Parameter Deacription Dimension 

Pi Terms 

»1 ■ 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

P 

“z 
load 

surface pressure 

attenuation 

any time 

duration of load 

soil 

M. 

K 

c 

♦o 

soil strain or modulus 

measure of lateral strain 

cohesion 

angle of friction 

porosity 

mass density of soil 

velocity of stress wave 

structure 

H 

D or 

L 

EA 

El 

Cf 

P| 

depth of inclusion 

width of inclusion 

any dimension 

compressional stiffness 

bending stiffness 

velocity of stress wave 

effective mass density 
of inclusion 

system depth of cover 

dependent 
variable 

y or o displacement or stress 

FL 

T 

T 

-2 

FL 

FL' 

-2 

FL 

ML' 

LT' 

-2 

L 

L 

L 

F 

FL2 

LT 

ML* 

-1 

L or F L' 

», ■ •* 1 H 

»3 " az 

t 
*4-7 

„5- K 

Z 
"e-«¡T 

"7 - to 

•a-jr 

Cd' 

L 
*10 - « 

Ms 
"11 " EA/H 

M. 

*12 
EI/HJ 

Cf T 
"13 ■ IT 

Pi 
*14 - 7. 

do 
"15 "“H 
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For static loading, »3, »4, jr9, jr13( and irM drop out leaving 10 terms. 

With unsaturated granular soils, »6, it9, n7l and r8 are negligible. Also, in 

many buried structures ir1t is negligible. Hence, for most statically loaded 
systems with granular soil 

= f(*2< *10' *12* *15) 

0r (4.1) 

1. f(±k u- d»\ 
H \m-'h'ei/h3'h/ 

The dimensional analysis of Table 4.1 is readily modified for 

structures with footings, backpacking, mounds, or other characteristics 

different from those assumed. In any case, the pi terms in Equation 4.1 

will usually constitute the dominant parameters; they are used repeatedly 
in the following sections. 

4.3 UNLINED TUNNELS 

Unlined underground openings are possible in most unsaturated 

soils possessing reasonable cohesive strength. Sokolovkii has derived rela¬ 

tions for the shape of stable underground openings;4-2 a typical stable 

opening is indicated in Figure 4.1. Such openings have a region on either 

side, indicated by the shaded area in the figure, where slip occurs. Theo¬ 

retically, stable openings in soil with an angle of friction of 45 degrees 

can resist static loads of up to five times the cohesive strength of the soil. 

Since cohesive strengths of 15 psi are not uncommon, it is evident that 

unlined tunnels in such soils should be capable of resting static loads on 
the order of 75 psi. 

Unlined openings are susceptible to spalling and even collapse if 

they are subjected to stress waves or ground motions; consequently, liners 

should be used in protective facilities that are expected to survive an attack. 

Even so, the consideration of unlined tunnels is important to the designer 

of protective facilities because ¡t permits him to gain an appreciation of the 

shape and resistance of stable arch forms. A properly installed liner that 

supports the underside of the arch would provide the confinement necessary 

to reduce the slip and would permit the soil to carry much more load. Hor¬ 

izontal circular cylinders fit well into the stable arch void and, therefore, 
are efficient buried structures. 



Pv ■ T«lo + p 

i > w r~i 

4.4 HORIZONTAL CYLINDER 

If a horizon♦<>! cylinder. Figure 4.2, is placed so that the strength of 

the soil is properly mLhi'ized, the resulting system has a truly fantastic load- 

carrying capacity. For example, 1-foot-diameter and 2-foot-diameter models 

a few thousandths of an inch thick have survived blast loads of 250 psi to 

800 psi in field tests.4-3 Indeed, near surface cylindrical shelters can be 

designed to resist blast loads of several thousand psi if shock isolation and 

other requirements can be met. 
Early research on soil— 

structure interaction was centered 

around the conduit. This resulted 

in the Iowa Formula4,4 and various 

other4-5 largely empirical method¬ 

ologies, plus a significant body of 

experience. The need to design 

protective facilities arose after the 

advent of nuclear weapons. The 

latter period resulted in approximate 

design relations,4-6 elastic theory 

solutions,4-7 and finite element 

programs.4-5 Also, during the 

Figure 4.2. Deflected shape of 

horizontal cylinder. 
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latter period, good instrumentation was developed to permit meaningful 

validation of system behavior and analytical methods. Virtually all of this 

analytical and measurement capability was achieved under DASAtnow the 

Defense Nuclear Agency) sponsorship. Fortunately, the knowledge and 

capability gained in studying cylindrical shelters carnes over to culverts and 

pipes as used in civil construction.^*' . 

Possible modes of failure of horizontal cylinders include. 

1. Excessive flattening or increase in horizontal diameter 

2. Compressive yielding of the walls 

3. Buckling of the walls consisting of either caving of the top 

or a local transitional crimp at some location on the perim¬ 

eter; the buckling may be elastic or plastic 

4. Seam or joint failure 

5. Longitudinal bending or joint separation 

In addition, failure may occur at or near end walls (in the case of 

shelters) Also, uncontrolled water or any other occurrence that undermines 

or otherwise degrades the bedding or backfill may result in failure or possibly 

collapse^oUhe s/stem.^ ^ ^ cy|jnder depends on its relative stiffness 

with respeci to the stiffness of the enveloping soil. Thus, it is use ult0 estab' 
lish quantitative boundaries to distinguish systems of fundamentally different 

characteristics. Convenient boundaries are. 

Flexible 104 < 
M. 

El/D3 

Intermediate 101 

M. 
Stiff 

El/D3 

< 101 

Flexible cylinders are those whose wall stiffness has little effect on their 

vertical diametral deflection (usually less than 10%). Stiff cylinders are 

those for which the average strain over the depth of the cylinder ,s less than 

or equal to the free-field soil strain (ec < e,). 
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An adequate definition of failure is difficult to formulate for buried 

cylinders. Part of the reason is that there is a variety of modes of failure; 

the main difficulty, however, is that even if compressive or flexural yieldinn, 

buckling or some other potential mode of failure is initiated, collapse rarely 

ensues. • Instead, the load is transferred to the soil, and the system contin¬ 

ues carrying load. To circumvent the difficulty in defining failure, Watkins4-9 

proposes the use of the performance limit defined as that deformation beyond 

which the cylinder would continue to deflect and collapse if the loads were 
not relieved by soil arching. 

For present purposes, failure will connote: the occurrence of visible 

distress as indicated by wall crushing or excessive cracking; buckling; plastic 

deformation (other than local); separation or rupture of seams and joints; or 

excessive deflection which impairs the functional performance of the installa¬ 

tion. Clearly, designs should be evaluated in terms of both their failure and 
their collapse loads. 

4.4.1 Theory 

Burns4-7 developed the theory for an elastic circular cylinder in an 

isotropic linearly elastic field loaded by a uniform static surface pressure. 

Hoëg introduced simplifying modifications and changes;*4-10 Kay and 

Krizek4-11 among others have plotted the equations. Allgood reduced 

certain of the elastic theory equations to a simple form and pointed out 

that these equations can be used for design if the proper effective soil 

modulus is used.4-6-4-8 Useful simplified elastic theory relations and plots 
are given below. 

4.4.1.1 Deflection. For a Poisson’s ratio of 1/3, an at-rest coefficient 

of lateral earth pressure of 1/2, and no interface shear (full slippage), the elastic 
theory solution for deflection under static loading reduces to 

Ay/D _ 14F + 1 
Pv/E, * 3(2 F+ 3) (4.2) 

where Ay - diametral deflection at crown 

D = mean diameter of cylinder 

E, = elastic modulus of the soil 

F 

* Burn's and Hoeg's developments differ. 
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ve = Poisson's ratio of cylinder material 

EI = stiffness of cylinder 

pv = effective free-f ield stress at the elevation of 

the crown 

Equation 4.2 is based on the condition that the compressibility of the 

cylinder does not influence the deflection; this is virtually always the case 

in practical applications. For most fully buried cylinders the horizontal 

expansion, Ax, will be within a few percent of the vertical contraction, 

Ay. For flexible cylinders where F > 1, the right side of Equation 4.2 
reduces to 2.33. Experimental results show that actual deflections lie 

between the theoretical values for conditions of full slippage and those 

of no slippage, in which case, the constant reduces to 2.0. Thus, tor 

flexible cylinders 

P^M, is proportional to the vertical soil strain. Equation 4.3 shows that the 

deflection or a flexible buried cylinder is solely dependent on the diameter 

and the vertical soil strain. Hence, to keep the deflections small, the soil 

must be well compacted. 

Equation 4.2, adjusted for average interface conditions, is plotted in 

Figure 4.3. The plot is for a Poisson's ratio of 0.33; however, less than a 

±5% error results for cylinder materials with a Poisson's ratio between 0.2 

and 0.4. Also, an error of less than 9% will occur for a Poisson's ratio of 

the soil larger or smaller than 0.33. These errors are small when compared 

to the possible variation in M,; therefore, they are of secondary concern in 

the design of most buried cylinders. 

Figure 4.3 is convenient for estimating the diametral deflection if 

EI and Mf are known. E I is usually easily found from the design method 

given later, except for cylinders of concrete or other brittle materials. With 

concrete cylinders E I varies around the cylinder and changes with load due 

to cracking.4,12 Conservative estimates of deflection may be made based 

on the E I of the cracked section at the haunch at the design load. 

The ratio Ay/D in Equation 4.3 may be considered as the average 

vertical strain of the cylinder, ec. Since Ay =* Ax for flexible cylinders, 

the average horizontal strain over the width is also equal to ec. In the free 

field, however, the lateral strain under a uniform surface load is zero. Thus, 

the net effect of the presence of the cylinder is to produce a lateral strain tc 

educe a vertical strain concentration factor of 2. 
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Figure 4.3. Vertical diametral deflection of a cylinder under static loading. 

4.4.1.2 Arching. The ratio of the strains ec and e, largely controls 

the amount of arching that occurs as may be observed on examining Equations 

3.30 and 3.33. Substituting H = D and the geometry factor 

(4.4) 

into Equation 3.33 with L/D ► 1, gives 

(4.4a) 

Using values of Í2 from this equation permits determination of the arching 

from Figure 3.8. 

For most practical horizontal cylinder-soil systems, 1 < ec/eg < 2; 
hence, 0 < Í2 < 2(d0/D). Thus, for fully buried cylinders where 0 < d0 < 
1.4 D, 0 < A < 35%. As indicated in Section 3.0, arching can be greatly 

increased by decreasing the effective stiffness of the inclusion. The results 

of finite element computer calculations which demonstrate this effect are 

given in a later section. 

In design, where E I is not known initially, a reasonable estimate of 

arching can be obtained from the relations4-13 
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1.0 

A * 0.2 for > 1.0 

These relations approximate the envelope of available test data of cylinders 

in granular fields. 
From the above it is clear that for horizontal cylinders in uniform 

soil fields, the magnitude of the deflection (in terms of the average vertical 

cylinder strain) relative to the soil strain determines the magnitude of the 

arching. Arching will act whether the loading is static or dynamic. Rebound 

of the soil has been known to occur in certain circumstances which bulks the 

backfill, breaks down the intergranular locking, and debilitates ability to 

resist subsequent loadings by arching. This may occur with soils that are 

relatively elastic under short-duration loads, especially where the water 

table is close to the surface. 

4.4.1.3 Soil Moduli. M, is dependent upon media characteristics, as 

discussed in Section 2.3.4, and upon system geometry (boundary conditions) 

and loading. For full burial and a uniform surface loading, as shown in 

Figure 4.2, M, may be taken as the secant confined compression modulus 

(from a uniaxial compression test) corresponding to the peak applied pres¬ 

sure. Dependence of the effective soil modulus on depth of cover is given 

by the relation 

Mlttf = (1 + ^,) BMt (4.5) 

where B = -1 ' (R/-- <4.5a) 
(1+^,)(1 + (1 -2i/,)(R/r)2] 

and R = cylinder radius 

r = R + d0 

i/f = Poisson's ratio of the soil 

d0 = depth of cover 

Equation 4.5a was developed by Luscher;4-14 it is plotted in Figure 4.4. 
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(r - R)/R 

Figure 4.4. Modulus of soil support for elastic ring. (From Reference 4.14) 

Full burial may be defined from Equation 4.5 as that depth of burial 

for which Ml#ff = t? M,, where r\ is arbitrarily close to 1.0. Full burial might 

also be defined in terms of the depth to the plane of equal settlement from 

Equation 3.36, that is, d0 > d#. Usually, however, a structure is regarded as 

fully buried it the depth of cover over the crown is one diameter or more and 

if, in the case of a mounded structure, the side slopes are 14 degrees or less4-15 

The latter usage is predicated on the fact that roof caving (first bending mode 

buckling) does not usually occur at depths of cover of one diameter or greater. 

Where the slopes of mounds are greater than 14 degrees, in embank¬ 

ment situations, or where the load is not uniform, determination of the 

effective soil modulus may be more difficult. In these circumstances, the 

effective modulus should be taken as the secant modulus of the triaxial 

stress-strain curve corresponding to the extant vertical and lateral stress 

condition. Discussion of the state of stress in embankment and deep fills 
is beyond the scope of this document. 

A related subject which warrants discussion here is the interrelation 

of the various soil moduli and coefficients that are used in the soil-cylinder 

interaction literature. They are related to the confined compression modulus 
as followj: 
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• Coefficient of soil reaction (from various buckling theory 
developments4-16), 

k = Ü! 
* R 

BC 
"r"m* (4.8) 

• Modulus of passive pressure of the sidefill material (from the 
Iowa formula4-4), 

E' 16.41 
'dlRwc 

Ax 
El 

R3, 
(4.9) 

where Ax = horizontal expansion of cylinder 

Wc = load on pipe per unit of length 

- i 3 pipe wall stiffness 

R = pipe radius 

E = eR = rnodulus of passive resistance 

e = modulus of passive pressure of the sidefill 
material (FL - 2/L) 

K = bedding coefficient 

Dl = deflection lag factor 

Equation 4.9 is fundamentally an empirical equation that was developed to 

predict the deflection of culverts. For flexible conduits, where E l/R3 < 
U.061 E and assuming a typical bedding coefficient of 0.1 and a deflection 
lag factor of 2, Equation 4.9 becomes 
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E' = 1.64 
Pv 

Ay/D 
(4.10) 

By letting E I/D3 go to zero in Equation 4.2 and using Equation 4.9 
it may be shown that M, ~ 1.0 to 2.0 E'. For a bedding coefficient of 0.075, 
M, = 1 22 E'. Substituting this relation in Equation 4.10 gives Ay/0 = 

2p/Mf, which agrees with Equation 4.3. 
There has been a lot of confusion created by the variety of soil 

moduli and coefficients that have been used in soil-cylinder developments. 

It is suggested that Mt or be used hereafter for approximate calcula¬ 

tions. M, is convenient to use, because it is directly determinable from 

standard laboratory tests. As pointed out previously, in many approximate 

static calculations the effective secant modulus, M,, is the only soil param¬ 

eter needed as variations attributable to Poisson's ratio and other parameters 

are less than those from uncertainties in Mt. 
Use of the constrained (one-dimensional compression) modulus is 

advantageous, because (a) it is relatable to dry density, vane shear strength, 

and certain other useful indices of field soil conditions, and (b) it is a stan¬ 

dard, widely used laboratory test. The confined compression test cannot 

be expected to give correct results consistently unless the load is applied 

pneumatically or hydrostatically through a flexible membrane. 

In some instances, particularly for noncohesive soils, one may use 

density, vane shear, CBR (California Bearing Ratio), or other tests as an 

index of M, 414-4-17 Incidentally, for field installations of flexible culverts 
(Mt/(E I/D3) > 104], M, may be back-calculated using Equation 4.3. This 

serves as a good check on laboratory or other determinations presuming, of 

course, that Ay is measured as the fill above the crown is placed. If this is 

done, care should be taken to obtain a calibration for M,, against the index 

for the soil being used, that is truly representative of the boundary condition 

and loading in the actual installation. Fortunately, good static soil strain and 

stress gages are now available which permit complete definition of the state 

of stress and strain (and, consequently, the soil modulus) at a point. 

4.4.1.4 Thrust. By the elastic theory, the minimum thrust possible 

at the spring line in any culvert is equal to p r; but it is weii known from 

numerous experiments ( References 4.18 through 4.22) that the thrust is 

usually considerably less than pr. Thrust, as calculated from the arching 

theory, is compared with experimental values and with the elastic theory 

in Figure 4.4. Values of thrust were computed by determining ejet from 

Figure 4.3 for selected values of Mf/(E I/D3) The values of ec/et were then 

substituted into Equation 4.5 to find corresponding values of Í2, which per¬ 

mitted entering Figure 3.8 to find the arching. Lastly, the thrust at the 
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springline under static loading was calculated from the relation = (1 - A)p R. 
As may be observed, there is reasonable agreement between the calculated curve 

and the experimental data. Both of these differ markedly from the slip and no¬ 

slip cases calculated by the elastic theory. 

Referring to the experimental data in Figure 4.5, the single points 

represent the average of several tests. The point representing Marino's tests4-21 

probably indicates a higher thrust than the other data because the test cylin¬ 

ders had spherical end caps. Because end caps stiffen the cylinder, they would 

be expected to attract load, some of which would be "dumped" into the 

cylinder. Available data indicate that the thrust determined from the arching 

is a reasonable upper bound for long cylinders. For capsules with small values 

of L/D, the design thrust should be increased as indicated by Marino's data. 

The thrust at the crown may be determined from the relation 

1 
PyR 

(411) 

For blast load conditions, the thrust may be determined from the relation 

Ñ,p * azDLF(1 - A)p R (4.12) 

where az = attenuation factor as given by Equation 3.2 

DLF = dynamic load factor 

The variation of the thrust around the perimeter of a buried cylinder under 

static loading is approximately 

N(0) = N$p + (pvR - 2IMtp)sin0 (4.13) 

where 6 is the angle measured counter clockwise from a horizontal diameter. 

Equation 4.13 also holds for the quasi-static state after envelopment of a 

shelter by the blast wave. 

Under a blast loading, the thrust at a point increases to a peak value 

in a few milliseconds, slightly overshoots the value corresponding to a static 

load of the same magnitude, and then decreases in a quasi-static manner as 

the load decays. Maximum variation from the static thrust occurs at the 

crown where bending mode amplification occuis. 
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Figure 4.5. Comparative determination of thrust at springline under static loading. 

4.4.1.5 Moment. As with thrust, elastic theory gives moments 
which are large compared to experimentally determined values as is indi- 

cated m Figure 4.6. As may be observed from Figure 4.5, the elastic theory 

and the experimental data are closer together for stiff cylinders than for 

flexible ones. Also note that there is a considerable spread in the moment 

ata for the st.ffer cylinders even when, as in the plotted points, the data 
are by the same experimenter. 

Flexible cylinders in granular soils tend to develop circumferential 
waves at the higher loads. Outward deflecting lobes of these waves appar- 

ently develop local shear stresses that limit moments, especially under high 

, UHnder blaSt l0üdÍn9, the peak moments are about the same as under 

thet airh h TePt '?•the V,Cin,tV °f the Cr0wn- ^¡mental data show 
that although there ,s little or no dynamic amplification of thrust or moment 

m most of the circumference, a factor of about two amplification of moment 

occurs ,n the v.cmity of the crown. The resulting localized enhancement of 

bending is not as serious as it might seem on initial thought, as the buckling 

oad in the excited bending mode (wave frequency) would be greater than 

the transitional buckling load. Yielding, however, will occur at a lower load 
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than under a static load of the same magnitude. If this is taken into account, 

the experimental curve of Figure 4.6 may be used as a design curve for either 

type of loading. Crown moments increase rapidly as the depth of burial 

decreases below one diameter; thus, facilities that provide protection against 

nuclear weapons effects should nearly always be buried at least one diameter. 

4.4.1.6. Buckling. Bucklino of buried cylinders may develop in any 

one of several different mm*«* >n the depth of cover, the cylinder 

geometry, the wall stiffs ^('us. Possible buckling modes 

include caving of the ^ if,, ^ ^n-through) buckling. These 

are actually different '’e type of buckling, but 

they are usually diff4<l^ ' mingly different physical 

characteristics. Trary>#| \ imii when the strains are in 

either the elastic or ^^orjin1 the magn'tude of the 
govarning parameters. ^ 

Transitional but om reversal of one of the 

circumferential waves that tvta*ca¡»y r^- sund the perimeter of relatively 

flexible cylinders at high loads, m lUdiion defining elastic buckling has 

been developed and validated by comparison with test data.4,6-416 A plot 

of the theory is given in Figure 4.7. For long cylinders, or short cylinders 

where MfD3/E I < 10®, the caving and transitional buckling load is 

approximated by the asymptotic solution 

(4.14) 

where C = 6 \/ B C 

Pi(cr) = (1_A)pcr = critical interface pressure 

producing buckling 

(4.15) 

(4.16) 

and B and C are as defined in Equation 4.5a and Equation 4.6. Clearly the 

critical interface pressure is highly dependent upon the soil modulus and the 

arching. 
The solution of Figure 4.4 and Equation 4.5a is based on uniform 

elastic support around the perimeter, but it gives reasonable results if the 

effective soil modulus corresponding to the buckling load is used for Mr 

Since the buckling load is not known initially for use in determining M|( 

iteration may be required. Normally not more than one or two cycles of 

iteration is warranted because of the wide variation in actual buckling loads. 
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Figure 4.6. Moments in buried cylinders. 

Buckling is inherently a phenomenon of wide variability because of 

its sensitivity to initial shape, boundary conditions, locked in stresses, and 

stress concentrations. As a consequence, the load factor or other factor of 

safety against buckling should be higher than for other potential modes of 

failure. 
One helpful effect results from a tendency for the soil to compact 

in the vicinity of a cylinder during loading more than it does in the free 

field. This local compaction is particularly pronounced near highly flexible 

cylinders in soil fields with low initial densities, thereby increasing their 

buckling loads. 

Solutions for the inelastic buckling of confined cylinders have been 

developed,4,23 however, they are difficult to apply, and they have not been 

checked against experimental data. This is not critical since normally it is 

desirable to design for elastic behavior, especially when employing backpack¬ 

ing. 

4.4.1.7 Backpacking. Interface pressures on horizontally buried 

cylinders may be reduced by factors of up to 10 by proper use of backpack¬ 

ing to permit transfer of the load through the soil in arching. The general 

Equations 3.30, 3.33, and 3.39 for arching and backpacking thickness are 
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readily specialized to the horizontal cylinder by use of the proper geometry 

factor. On substituting the appropriate parameters in Equation 3.33a, the 

geometry factor for horizontal cylinders is found to be 

V‘2^('+r) d°'d> M•,7' 

where L = length of cylinder 

d# = depth to the plane of equal settlement 

With Aj,, known, the arching can be calculated from Equations 3.30 and 

3.33 provided ec/e, can be determined. 

Figure 4.7. Critical pressures for cylinders with elastic support. 



For very flexible horizontal cylinders in dry sand, - 2. Hence, 

in those instances where d0 = d, and K = 0.35, il = 2/K * 5.7 and A = A0. 
With 0O = 41 degrees. A0 = 0.87; that is, only 13% of the applied load 

reaches the cylinder. If d0 > d#, the interface pressure may be less than 

0.13 pw, because the arching shear stresses may distribute over a larger area, 

and, thus, reduce the required confining stress to maintain the integrity of 

the soil arch. 

When backpacking is employed, agreement between the arching 

theory and cylinder experiments is good.4,8 Further, experimental results 

have shown that the intergranular arching stresses are preserved on repeated 

dynamic loading. There is, however, the possibility that an outrunning wave 

or a direct-induced wave could loosen the cover and debilitate the arching 

stresses. The consequences of this possibility should be weighed in any 

design involving multiple loadings. 

Another method for enhancing the strength of some buried structures 

(for example, fuel tanks) is to use internal pressurization. Internal pressuriza¬ 

tion increases the buckling load, but it also increases the effective stiffness of 

a cylinder.4-3,4 24 As a consequence, it will usually be desirable to use back¬ 

packing over pressurized cylinders. 

4.4.1.8 Interface Pressure. It has been demonstrated that within 

limits the interface pressure on flexible cylinders may be calculated from 

strain measurements.422 This is accomplished by calculating the deformed 

radius of curvature at the point of interest from the shell theory relation 

where e 

r 

P 

c 

unit strain in outer fiber due to bending 

original radius of curvature 

deformed radius of curvature 

distance from neutral axis to extreme 

outer fiber 

(4.18) 

Then, since the thrust, N, is readily calculated from strain measurements, the 

interface pressure may be determined from the equation 

(4.19) 

Equations 4.18 and 4.19 are useful if it is desired to know the actual loads 

on buried cylinders. 
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4.4.1.9 Criteria. A minimal set of criteria and specifications which 

is considered adequate for fully buried cylinders under the conditions stip¬ 

ulated in the above paragraphs is as follows: 

Deflection.Ay/D < 0.05 

Cylinder stress.N<o-lowA 

Buckling.Pi<cr> < Pi(.Ho*> 

Backpacking.ayL = pi(illov,, < pv 

Cover.d0 > 3D/4 

Soil control.confined compression tests 

for Mt 

Backfill.granular fill compacted to 90% 

AASHO T-99 or greater 

Bedding.shaped to cylinder curvature 

to depth of D/8 

Obviously, other criteria and refinements of these will be necessary depending 

on the nature of the particular installation. In all installations, care should 

be exercised to avoid deleterious influences of clay layers beneath a buried 

structure. Likewise, the backpacking should be located so that it does not 

debilitate the buckling resistance of the structure. 

Thus far, only circular cylinders have been considered. Other shapes 

might prove advantageous in some circumstances—square tubes have been 

tested,4-25, ^26 and there may be some advantage in using a section whose 

upper portion has a shape close to that of the stable arch form of Figure 4.1. 

4.4.2 Design Method 

The equations necessary for the design of horizontally buried 

cylinders are given ¡n previous sections; it remains to delineate a step-by- 

step design procedure. A general methodology is adaptable to all buried 

structures irrespective of geometry, provided appropriate modifications 

for resistance are substituted for those of the cylinder. An example is 

presented to demonstrate the procedure. 

It is required to design a horizontally buried cylinder with a 17-foot 

internal diameter and a length-to-diametei ratio of 4 to resist a 600-psi side- 

on overpressure from a 1 Mt surface burst. Bedding and backfill are to 

consist of a granular soil with a compacted density of 120 pcf, an angle of 

friction of 42 degrees, zero cohesion, and an at-rest coefficient of lateral 

earth pressure of 0.45. 
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1. Determine the loading characteristics, including the vertical stress 

at midcylinder height, p#, and the vertical stress at the elevation of the crown. 

p¥. Assume a configuration as indicated in Figure 4.8, then 

Dtíadload.P. = (^31 - 25.8 psi 

pv = (^)22 - 18.3 psi 

Live load. 600 psi 

Total load.P« = 626 psi 

Pw, = 618 psi 

From Figure 3.2, the angle of the wave front with the surface will be 
approximately 

p * ^ = 4.85 deg 

based on the average shock speed between ground zero and the range 

corresponding to 600 psi.4-27 Based on the velocity at the range corre¬ 
sponding to 600 psi 

f = STS? * ^-3 deg 

Thus, for practical purposes, the loading may be considered as a plane-wave 
loading. 

The durations4-13 and rise-time of the loading (Equation 3.3) will be 

r = 1.01 sec 

t50 = 0.040 sec 

t - zcosff = 18 cos5 
r ' 2 Cd 2(1,300) = 6.9 msec 



I 

18 ft 

(a) Approximate configuration. 

Figure 4.8. Example of a buried cylinder design. 

2. Determine the soil properties corresponding to midheight of the 

cylinder. Find Mt from confined compression data using fluid pressure for 

the loading or, lacking such data, use4-14 

Mt = I.OOOp08 = 1,000(626°8) = 17,300 psi 

and 

0.45 
» 1 + K0 1 + 0.45 

= 0.31 

3. Estimate the arching and calculate the thrust. Because backpack¬ 

ing is being used, the net load to the cylinder will be less than 20% of the 

peak surface pressure; thus, 

A * 0.8 

In those cases where no backpacking is employed, arching may be estimated 

from the relations4,13 

d„ 
A = 0.2 - 0.2 ^1 - for -<1.0 

A = 0.2 for > 1.0 
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By Equation 3.2, 

L, = 3.7( 1 ,/3)( 1,300)(600-,/2) * 196.2 ft 

a * 0.90 

and by Equation 4.12 for a DLF = 1, 

N = 0.9(1(1 - 0.80)](600)(9)(12) = 11,670lb/in. 

4. Determine an approximate section stiffness by assuming 

M = 0.005 Pj D2 = 0.005(12.0)(2162) = 27,000 in. lb/in. 

Use a composite section consisting of liner plates and a concrete core. Then 

using the approximate relation for combined stress, 

With the allowable stress expressed as the yield stress divided by a factor of 
safety 

°v _ N . DLF M 
F S. ~ b ,pb ,4 21 

n p 

where b = distance from center cl gravity to centei of 

gravity of the liner plates 

tp = plate thickness 

n = ratio of modulus of steel to modulus of the 
concrete used 

Equation 4.20, 
For ay = 50,000 psi, F.S. = 1, DLF = 2, n = 8, and tp/b = 0.04 in 

50,000 _ 11,670 + 2(27,000) 
(0.04 b)(b) I + 0.04b 

Therefore, b = 6.0 inches and tp = 0.25-inch plate. 
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Steps 5 through 7 are not necessary for designs where sufficient 

backpacking is used to achieve maximum arching. They are included for 

use where maximum arching is not a goal and the calculated arching needs 

checking against the initially assumed value. 

5. The corresponding section stiffness in terms of the concrete is 

E, = 3° X TO61^(6 o -0.25)3 ^ + 2(0.25)^)^ 

= 76.3 X 106 lb-in. 

6. Determine M§/(E I/D3) and find the corresponding value of 

(Ay/D)/(pv/M,) from Figure 4.3 

M, 
El/D3 

17,300 

76.3 X 10^(17.5 X 12)3 
2,100 

Ay/D 
Pv/M, 

1.98 

Also determine the moment from the experiment curve, Figure 4.6, and 

iterate from step 4 as necessary until the estimated and calculated moments 

agree. 

7. Calculate the depth to the plane of equal settlement from the 

top of the backpacking. 

D 2 K0 2(0.45) 

d, = 1.11 X 17.5 = 19.4 ft 

Determine the arching coefficient from Equation 4.4a with d0 = d# 

2(19.4) 
17.5 

(1.98 - 1) 2.17 

and the arching from Figure 3.8; the arching without backpacking is found 

to be 30%. With backpacking, ec/e, and A depend on the thickness and yield 

strength of the backpacking. 
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Fn 8' oConUlaíe the thickness of backpacking for A = 0 8 from 
Equation 3.39 using ef * and a F.S. = 2 

t = 0 25.8/17,300 / 4.0 \ 
L,0•87, 2 0.05 (lÕ6 + V21-57 = 2-96 ft 

tLio.8i % 2.96(0.8/0.87) = 2.72 ft 

where A h = 2 — /l + —- o ^.57 
8 D2 V L/H 2 0+0.25)21.57 = 3.06 

9. The required yield stress of the backpacking is 

<\l = 0 - tan 42)618.3 = 58psi 

nf «fpt "etermine the conformance with design criteria and the factor 
of safety for the various possible modes of collapse: 

a- Deflection—Where no backpacking is used the oeak 
vertical diametral contraction is readily calculated from step 8 In those 

and horizon,al peak ^ y er are 4J8 psi and 278 psi, respectively. With backoackinn the 

a ve^Tn '09 P6ak StreSS6S 125 PS' and 278 psi; thus- there will be a vertical diametral elongation of approximately 

Ay/D 
Pv/M 

r » -1 on/278 - 125 \ _ 
't \438 - 278 / "1-90 

or Ay/D i on 618 
^9° VÏ3QÔ = -° 0679 

Ay = -0.0679(17.5)(12) = -14.25 in. 

This deflection is a little larger than the 5% permitted by the criterion but 

«r:xmíssibie ,or ,rareie"’ Tha 
F.S. 

I caving 

0.20 
Ay/D ~ 2,95 
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b. Wall crushing—Refer to the sketch and employ Coulomb's 
equation 

T 
I I I I i 

F * (c + p„ K0 tangid. 

-,, „UJJ-U“ 

ki^M 
N-V. I I 

From vertical equilibrium of block abed, neglecting the weight of the block, 

PUD 
= (c + puKotan0o)de + oyte 

or Pu 
Cd. + Oy1. 

j - de K0 tan 0O 

The allovA'ole load for incipient yielding is 

2°yt. 

Thus, F.S. 

Pylallom) = (1 - A) D 

(1 - A)(cd# + oyt,) 

1 " / 2d, \ 
-^0" Kotan^oj 

A < 1.0 

Tor the design cylinder in granular soil, c = 0, d# = D/2K0, tan^0 « A0 

1 - A 1 - 0.80 
F.S. 

1 - A0 1 - 0.87 
1.5 

c. Seam or joint strength—This should not be a problem if 
the seams are properly welded. 

d. Transitional buckling—B = 0.75, C = 0.675 
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(0 75)(0.675) 
90- 1,575 = 8.3 

t. 
D/2 

3/li7 
(17.5)(12)/2 
a = 34.9 
V 12(2.54) 

Then, from Figure 4.7 

= 1.9 

and 
Per = 1.9(12) —3x 10! = ! 

8.753 
,503 psi 

Without backpacking, 

F.S. buckle 
Pot1 - A) 626(1 

1,503 

0.2) = 3.0 

result if a steel wdh^n^O 000 os^o 'th'S£lear.that a h®"®'' des'gn would 

if the backpacking thickness »ere r^uced^u^wTh ^ ^ 
in a decrease in the vertical , 20%' Th,s WOuld resu|t 
wall crushing 300 m 3 hi9her fa^or of Mfety against 

factor oÂTsî,d9bTvt“,i0;àinsHaTOVe ^ ^ ^ 3 

Note that if the usual ellinsniri i 0n9'*ud,nal hendmg, and of durability.41 

effectivecylinder stdfness wilTbe^rMter neárth 
Thus, there »1,1 be a tendency ,o am«! Z near'rh a " 3t midSP3n- 
is used. With proper consideratinn r n, ar the ends unless backpacking 

toad distribution proporbonln o" SCTT' “ « 
normal pressure vessel design.4 ” P ^ pcnc,ra,l0ns Proceeds as in 
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4.4.3 Finite Element Analysis 

The following paragraphs discuss and exemplify the use o'«heflnite 

element method In the analysis of soil-structure systems. Onhfthe fitment 

characteristics, advantages, and limitations of the stiffness ™"’od ,orJ^15 

application are discussed as the method has become well known and there 

are 3 number of books on the subject. . . . . 
For those who are not familiar with the stiffness method, .t involves 

subdivision of the free field and the inclusion into elements whose 
matrices are known. The element stiffness matrices are then combined nto 

a so-called global or system matrix which is used in the determmat.^ of 

displacements and stresses corresponding to given material Pr°Pert'®s' 
boundary conditions, and loading. Virtually all of the process involved, 

except for the preparation of a portion of the input, can be carried out 

with any one of a number of computer programs and installations depend¬ 

ing upon the characteristics of the problem. 
Presently (1971) the following classes of codesexist. 

1. Two-dimenr: nal 

a. Linear—static and dynamic 

b. Linear with slip and crack subroutines—static and 

dynamic 

c. Nonlinear—static and dynamic 

2 Three-dimensional (linear)—static and dynamic 

The fact tha, such codes exist does no. mean .ha. 
respects Work Is still In progress, for example, to provide better constitutive 

relations for the nonlinear codes. Three-dimensional nonlinear programs are 

under d^^tg00(J on5 can be achieved economically for systems 

tha. can be represented as plain strain, or axisymmetnc 
models 4 M In a limited spatial region, solutions can be obtained for three 

dimensional models,433 however, three-dimensional solutions require too 

much computer time to be economically feasible except for »«xalp™^^ 

Finite element programs developed by Wilson and Farhoomand 

have been modified436 and employed by Takahashi of NCEL “ stljdv de 
behavior of buried cylinders and the effectiveness of backpacking. Static a 
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dynamic runs were obtained for the five configurations shown in Figure 4 9 

Typical mesh (including element and nodal point numbers), boundary condi¬ 

tions, loading, and material properties for cylinders with one diameter of 
cover over the crown are given in Figures 4.10 and 4.11. 

Figure 4.9. Backpacking configurations for buried cylinders. 

As is inferred by the list of material properties on Figure 4.11, 

variations in material properties throughout the system are easily handled 

Representative displacement and stress contours from the output data are 

shown,n Figures 4.12 through 4.16 for the selected cases. These plots are 

for uniformly distributed static loading over the surface. They show the 

remarkable difference in stress distribution attributable to inclusion stiff¬ 
ness. 

Radial and shear stress distribution on the extrados of the cylinder 

without backpacking are shown in Figure 4.17. Solutions with and without 

interface slippage are plotted for comparison. Comparative output data for 

the cylinder without backpacking and for the case of uniform all-around 

backpacking are listed in Table 4.2. In this case the stresses in the cylinder 

are reduced by a factor of 3 by the use of backpacking. Much greater 

reductions are possible. (All-around backpacking for blast load conditions 

may not be satisfactory for one of several reasons, including the tendency 
of the cylinder to vibrate within the backpacking.) 

As previously indicated, constitutive properties are not too important 

m static solutions, providing the effect of stiffness on loading is correctly 

modeled. By contrast, constitutive properties, particularly the unloading 

shear modulus, are exceedingly important in blast loading as most of the 
response time at a given point occurs during unloading. 
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(a) Complete mesh. <b> Paired nodal points at 
outer surface of cylinder 

for all schemes. 

Figure 4.10. Finite element n,?sh for buried cylinder. 
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Material Properties 

No. 
Modulus of 
Elasticity 

(psi) 

Poisson's 
Ratio 

Material 

1 
2 

5fr 
6e 
7* 

35,160.000 
690 

30.800 
2,700 

12,140 
12.800 

0.3 
0.0 
0.355 
0.333 
0.27 

0.333 

cylinder 
backpacki'ig 
backfill 

topsoil 
middle soil layer 
bottom soil layer 

160 

146 

137 

109 

a Bounded by N.P. 138.143, 363. 347. 

b Bounded by N.P. 143.151, 361. 353 

c Bounded by N.P. 11. 15. 151,138. 

^ Bounded by N.P. 1, 5,15.11. 

Figure 4.11. Enlarged finite element mesh 

(configurations 0, 3, and 4). 
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(a) Configuration 1. 

i 
z 
3 
4 
5 
6 
7 
8 
9 

10 

OispUctmtnt 
On.) 

-1.24* 1001 
-1.12 * 10®* 

-9.95 * 10r 
-8.71 * 10' 
-7.46 X 101 
-6.22 X 101 
-4.91 X 10 
-3.73 X 10' 
-2.4a X 10' 
-1.24x10' 

00 
00 
00 
,00 
,00 
,00 
00 
00 

(b) Configuration 2. 
7 
8 
9 

10 

-5.23x10°° 
-3.92 X 10' 
-2.61 X 101 

,00 
00 

-1.30* 10°° 

(c) Configuration 3 -6.50 * iou 
-5.20 X 10° 

2.60 X 10u 
1.30*10° 

(d) Configuration 4. 

-1.30 xiou 

Figure 4.12. Static vertical displacement contours. 
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(a) Configuration 1 (b) Configuration 2 
(c) Configuration 3. 

Figure 4.13. Comparison of static minimum stress patterns. 
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(d) Configuration 4. 

Figure 4.14. Comparison of si 
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(b) Configuration 2. (c) Configuration 3. (d) Configuration 4. 

Figure 4.14. Comparison of static horizontal stress patterns. 
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(a) Configuration 1. lb) Configuration 2. (c) Configuration 3. 

Figure 4.15. Comparison of static shear stress patterns. 

J 



(a) Configuration 1 

Figure 4.16. Comparison of static minimum strain pat« 
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(b) Condiguration 2. (c) Configuration 3. (d) Configuration 4 

Figure 4.16. Comparison of static minimum strain patterns. 





Computer runs have been made for identical geometries to investigate 

the influence of soil nonlinearity and backpacking on dynamic response. 

Comparative results of the stresses at the springline are indicated in Figure 

4.18. With nonlinear material properties, the peak stress is about one-half 

of that for the system with linearly elastic material properties. For a back¬ 

packing thickness of one-twelfth of the diameter, placed as in configuration 

1 of Figure 4.9, the peak stress was reduced by another factor of 2 or more. 

Curiously, the wave shapes and times to peak deflection are about the same 

for the three cases of Figure 4.17. A similar result was evident at the crown. 

0 2 4 6 8 10 

Time, t (msec) 

Figure 4.18. Minimum stress at springline of buried cylinder (configuration 4). 
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The manner in which displacement contours concentrate in the 

backpacking is indicated in Figure 4.19. The figure shows a contour plot 

of vertical displacements at a time of 6 msec after application of the plane 

wave loading at the surface. Series of such plots have been made into 

movies showing the amplitude-time behavior of the system. 
As stated previously, static and dynamic linear three-dimensional 

elutions are also achievable with the finite element method. Figures 4 20 

through 4.25 show a system model and output data for a culvert loade y 

the overburden. The culvert is a 60-inch-diameter, 2-2/3-in. x 1-m. corruga¬ 

tion of 10-gage plate. In an emergency, culverts may be employed as 

shelters, because they usually have a factor of 6 or more load capacity in 

excess of their design load, and because the required radiation protection 

can be provided with minimal modification. The culvert configuration was 

chosen as the first three-dimensional soil-structure system to be calculated 

at NCEL because of its relative simplicity. Further, the configuration may 

be considered as an entrance tunnel to a mounded protective facility. 

As indicated in Figure 4.20, only one-quarter of the system was 

analyzed because of symmetry. Different moduli were used for soil layers 

further from the top because the soil modulus increases with applied stress 

(overburden). , ,.. ._. 
Fifteen hundred and sixty-eight 8-nodai hexahedron solid elements 

were used to represent the soil, and 84 shell elements were employed to 

model the culvert. The culvert was represented by a plate of equivalent 

thickness (0.387 inch) to properly model the stiffness of its transverse 

section No correction was made for the corrugations; thus, the longitudinal 

stresses in the cylinder would be expected to be greater than those where 

circumferential corrugated plate is used. Stresses in all elements and deflec¬ 

tions at all nodal points were obtained as output data; however, space 

limitations permit visual display of only a small portion of this data. 
Vertical soil stress contours in the Y-Z plane and in the X-Y plane 

are shown in Figures 4.21 and 4.22, respectively. As may 06 °bserved'the 
interface stress at the crown is about 15 psi as compared to 10 ps. predicted 

with the arching relation in the example design. At the invert, the normal 

stress is about 16 psi. The horizontal stress at the springline is about 15 psi. 

It is interesting to note from Figure 4.22 that the vertical soil stress is greater 

about 1 to 2 feet above the culvert than it is at the crown. 
Horizontal stress contours in the Y-Z plane are shown in Figure 4.23. 

Perhaps the most significant aspect of the horizontal stress is the rapid dis¬ 

persal of the stress concentration adjacent to the springline. 
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Figure 4.21. Vertical soil stress contours (Y-Z plane). 

Stresses and forces in the culvert are shown in Figures 4.24 and 4.25. 

The contour plots in Figure 4.24 show the longitudinal and circumferential 

stresses in the extrados of one-half of the developed longitudinal section. At 

the center springline the circumferential stress in the extrados is about 
11,100 psi. 

The peak longitudinal stress is about 18,000 psi for the modeled 

plate, although, it would be less for a longitudinally corrugated culvert. 

Forces and deflections on the transverse sections at midlength and 

one-quarter of the total culvert length from one end are shown in Figure 

4.25. It is interesting to note that the thrust at the springline is about 

double the thrust at the crown and invert. Moments at the crown and 

springline are about equal in amplitude but of opposite sign. 
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Figure 4.23. Horizontal soil stress contours (Y-Z plane). 

Horizontal diametral expansion at the center section was 1.27 inches, 

and the vertical diametral shortening was 1.35 inches. The corresponding 

vertical deflection determined in the design was 1.77 inches; the deflection 

by the Iowa formula neglecting deflection lag was 2.14 inches. Absolute 

displacement of the invert at the center section was 4.77 inches. This is the 

amount of camber that should be provided initially to assure that the longi¬ 

tudinal axis of the culvert is straight when the embankment is completed. 

The linear three-dimensional finite element solution gives deflections 

that are in approximate agreement with values from the approximate theory. 

Thrusts and moments are, however, about a factor of 2 larger than the approx¬ 

imate theory. It may also be noted from Figure 4.25a that the thrust at the 

crown and invert is only about one-half that at the springline. Test results 
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indicate that the thrust difference is much more uniform around the 

extrados. Magnitudes from the approximate theory are regarded as more 

nearly correct than the elastic three-dimensional solution; nonetheless, the 

stress and deflection distribution from the three-dimensional solution is 

informative. Incorporating interface slip capability and nonlinear material 

properties would undoubtedly improve the results but at a greatly increased 

cost. 

Analysis of soi I-structure systems by the finite element method 

may be readily applied to a variety of configurations. It must be remem¬ 

bered, however, that numerous difficulties may arise, including errors from 

large abrupt changes in soil properties, errors from improper mesh gradation 

at boundaries, unloading instability, etc. 

This chapter has dealt exclusively with horizontally buried, circular 

cylinders. Some tests have been performed on noncircular sections,4-16 and 

the methods described are generally adaptable to other section geometries 

As a second problem, static runs were made on a fuel capsule which 

had been tested in the iaboratory and in a field te?t.4,3'4 24 Dynamic runs 

for this problem are currently (April 1972) being attempted. 
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5.0 OTHER CONFIGURATIONS 

5.1 CABLES AND PIPES 

The principles of buried cylinders apply to simihrly oriented buried 

cables and pipe. There are also problems with: ( 1 ) potential damage from 

nearby boulders, (2) longitudinal bending, (3) passage through interfaces of 

high impedance mismatch, ana (4) connections to structures. There are also 

the possibilities of (1) late-time cable failure due to slumping of the sides of 

a crater, and (2) a very shallow buried pipe or cable being bounced out of its 

trench. * 

A summary of cable tests pe'-formed in HEST and other tests is given 

in Reference 5.2. Basically, it has been learned that some crushing will occur 

in bundles of cables at pressures of about 3,000 psi, and that design of cable 

systems to survive in high overpressure regions requires care and good judge¬ 

ment. 

Potential damage from boulders is of little consequence in trenched 

installations where the character of the backfill can be controlled. It is, 

however, a dominating factor in plowed installations. In either case the 

maximum size of the boulders will govern the thickness of sand or other 

cushion required or, alternately, whether a shield must be used over or 

around the cable. 

The relative motion of a cable or a boulder in a soil field may be 

calculated from Equation 3 10. This equation gives the relative displacement 

due to the impedance mismatch with the enveloping soil. It does not include 

inertial effects which may be important at high overpressures. Approximate 

analysis indicates that relative displacement due to inertial effects are impor¬ 

tant at high overpressures (p0 > 600 psi depending on the soil); however, 

test results are not available for checking this. In the usual circumstance 

where the relative displacement of a boulder with respect to the soil is 

greater than the relative displacement of the cable with respect to the soil, 

there is a possibility of the boulder damaging the cable—especially in a 

multiple burst attack. 

* This actually happened in a field test.5'1 
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A number of the cable failures that have occurred in field tests5 3 

have been attributed to slumping of the sides of ihe crater downward and 

toward the center. In large ( 100-to-500-ton) high-explosive shots, cable 

breakage occurred about 2 seconds after detonation ¿ero. For a surface 

nuclear detonation, corresponding motions would be expected to occur at 

a later time and be of a larger magnitude. For the 500-ton TNT shot of 

Operation PRAIRIE FLAT, breakage occurred at surface overpressui es of 

1,500 psi and greater. The critical overpressure would be expected to be 

much higher for surface nuclear detonations. 

A vulnerability assessment of a large diameter cable is given in 

Table 5.1.5-4 These results indicate the need for a sand cushion or for a 

mechanical shield in rocky soils or at soil-rock (or other soft-hard) 

surfaces. 

Table 5.1. Vulnerability Assessment Summary for a 3-Inch Cable 

With a 2-Inch Copper Cone6-4 

Media 

Critical Overpressure4 (psi) for— 

Air or Contact Burst Penetration Burst 

1 Mt 10 Mt 1 Mt 10 Mt 

Soft-hard 

Soft 

Medium 

Hard 

. Rock inclusion 

2,500 

6,000 

10,000 

10,000 

1,300 

1,000 

3,000 

7,000 

10,000 

1,300 

10,000 

7,000 

10,000 

6,500 

3,000 

8,000 

a Onset of damage was assumed to occur when cable strain 

exceeded 4% 

A reasonable maximum allowable strain for cable is 4%; however, 

most electrical cable can withstand at least 12% strain prior to rupturing. 
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Figure 5.1. Deflection of a buried cable subjected to a blast wave. 

For steel pipe, rock penetration would not be a serious problem; 

however, longitudinal bending might be. As is indicated schematically in 

Figure 5.1, asa blast wave moves in the general direction of a buried pipe 

or other long structure there occurs systemotic and random components of 

displacement and concomitant stresses. The systematic component is 

attributable to compaction of the pressurized soil relative to the unloaded 

field. The random component is caused by natural inhomogeneities in the 

soil field. Information on random displacement is available from ex pern nee 

with various installations. For example, it has been found that footings only 

20 feet apart may experience differential settlements of 50% of their total 

settlements.64 
Using this as a criterion, Karagozian6-4 proposes the following 

equation for predicting the random displacement 

(1+50/X) 
(5.1) 

where = amplitude of random displacement 

D = amplitude of systematic component of the displacement 

D, + D2 



X = wavelength of random component, * 25 feet 

D, = systematic component of displacement from air blast 

D2 = systematic component of displacement from direct-induced 
wave 

The peak amplitude of the systematic component attributable to air blast 
may be approximated by 

D r 1 (5.2) 

where lt = impulse to the time that the wave reflected from the basement 
rock reaches the cable 

K, = constant to account for compaction of the media (K, = 1.2, 

1.4, and 1.7 for hard, medium, and soft soils, respectively) 

The amplitude of the systematic component attributable to direct-induced 

motion is highly dependent upon the ground profile near the crater; conse 

quently, it is best estimated from runs of ground motion codes of similar 

profiles. Lacking such information, Dr2 may be estimated from the relation 

0 r2 
5 W6/6 

Cd R15 
(5.3) 

where Dr2 = peak downward amplitude of the direct-induced motion for 
a surface burst (inches) 

W = weapon yield (Mt) 

R = range (kft) 

Cd = seismic velocity of the soil (kft) 

An outward and upward component of direct-induced motion of larger 

amplitude may occur close to the crater at relatively late times. Fortunately, 

the velocity associated with these late-time motions is only about 2 fps. The 

amplitude of late-time motions is best determined from computer ground 
motion runs. 
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In the neighborhood of the juncture of a shock front with a buried 

pipe, Figure 5.1, bending stresses develop from the attendant rotation; this 

rotation may be conservatively estimated as8'5 

. D, 
0 = 0, + 02 = tan-1 — (5.4) 

where Lt = length of systematic component 

Lr = length of random component - X/4 

The minimum possible length of the systematic component is 

(5.5) 
L*min = et (Cd/U) 

where e, = vertical soil strain 

Cd = seismic velocity of stress wave 

U = shock front velocity 

Undoubtedly, L, will be greater than the length given by Equation 5.5 due 

to soil sliding past the cable as it is deformed. With 0 known from Equation 

5.4, it is a simple matter to determine the induced moment from 

(5.6) 

Corresponding stresses and strains are readily determined. 

Nuclear or high-explosive detonations off to the side of a pipe will 

develop stresses that may cause failures unless expansion-contraction joints 

or loops are provided. With the high normal stresses from large yield detona¬ 

tions, interface shear stresses sufficient to produce yielding and rupture could 

be developed within a few tens of feet; however, this is not likely to occur 

unless the pipe is restrained as by a T-joint or other means. Care should be 

taken to design the system so that undesired restraint is avoided at joints, 

pumping stations, and valves. Also, materials which are subject to brittle 

failure should not be used. 
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One must consider the possibility of pipes and cables being bounced 

out of shallow trenches by shock waves. This has happened in a high-explosive 

test where cables were placed in sand in a shallow trench through a rock field. 

It would not be expected to occur in a soil field unless there were a high 

impedance mismatch between the soil field and a trench fill material. 

Where pipe or cable passes through a soil-rock interface, there is 

particular danger of shear failure from differences in displacement of the two 

media. The displacement of initially juxtaposed points may be estimated for 

the different media using Equations 5.2 and 5.3. The relative deflection 

found from subtracting the two defines the amount of overexcavation that 

must te made in the harder material near the interface and the amount of 

deformable material that must be placed around the cable at that juncture 

to avoid failure. 

A similar problem is involved where pipes or cables join structures. 

In this instance, the induced stresses will be attributable both to difference 

in stress wave transmission time and to random component displacement. 

Failure is avoided by placing a soft material around the pipe or 

cable in the vicinity of the structure to accommodate the relative motion 

as indicated in Figure 5.2. This technique has been successfully used with 

several systems that were in the plastic zone adjacent to 100- and 500-ton 

high-explosive craters. 

In summary, the critical conditions for buried cables are: (1) the 

possibility of damage from rock inclusions projected into a cable by the 

stress wave, and (2) shear, tension, compression, or flexural failure at 

soft-hard interfaces. Damage from rock inclusions may be averted by 

using a sand cushion around the cable or by placing a mechanical shield 

around the cable. Failure at interfaces may be prevented by placing a soft 

material of appropriate thickness around the cable at the interface and by 

allowing adequate axial movement. 

Critical conditions for buried pipe include: (1) passages through 

soft-hard interfaces, and (2) restraint points. Damage at soft-hard interfaces 

is avoided bv essentially the same means used for cables. Failure from restraint 

may be avoided by using soft materials around the restraint or by other means 

that provide for the expected motions. 

The required motions are estimated by calculating the relative 

movement of the structure with respect to the soil and the relative motion 

of the cable with respect to the soil. Then, the peak relative motion of the 

cable with respect to the structure can be detirmined. 
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Figure 5.2. Connections to buried structures. 
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5.2 FOOTINGS AND FOUNDATIONS 

The dynamic behavior of footings and foundations is dependent on 

the soil constitutuve properties, its stress history, and upon the extant 

environmental conditions. Fortunately, the problem is not recondite for 

most practical design situations. The reason is that for the common case of 

long-duration blast loading, the dynamic effects result in temporary increases 

in load capacity, but the longer term effects are essentially static 5-6'6-7 

In some circumstances, punching failure will occur in a dynamically 

loaded footing, while a corresponding statically loaded footing fails in the 

classical "logarithmic spiral" mode.5-8 The reason for this is thought to be 

attributable to inertial forces in the outer passive Rankine zones that provide 

resistance for a sufficient amount of time to force failure along the planes 

of radial shear. 

If this explanation is correct, then it would appear that where there 

is an overburden load, the probability of punching failure is enhanced. The 

reason is that the mass (and inertial resistance) would increase faster than the 

increase in shear resistance. 

In many situations, such as in a buried arch, the blast load constitutes 

a large surcharge that provides confinement on one side of a foundation. 

The capacity of the foundation is not enhanced greatly, however, as restraint 

is not increased on the interior side of the foundation. 

In summary, for most configurations, the der;gn of footings and 

foundations for long-duration (megaton) blast loads can be accomplished 

by static methods. Dynamic effects cause a temporary increase in excess of 

the static bearing capacity, but their effects are minor. The immediately 

following paragraphs summarize static relations and influences common to 

the design of protective structures and give an indication of the character of 

the dynamic response of footings. 

The bearing capacity equation is5-9'5-10 

quit = kccNc y kT7BN7 + 7DfN0 (5.7) 

where qult unit bearing capacity at failure (FL'2) 

kc = shape factor for component of resistance manifested by soil 

cohesion 

c = soil cohesion (FL'2) 
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7 

B 

D, 

Ne.N7,Nq = 

The shape factors are 

shape factor for component of resistance attributable 

to soil weight 

apparent density of soil (FL'3) 

widtn of footing (L) 

depth of overburden, both sides of footing (L) 

bearing capacity factors, functions of ¢, from 

References 5.9 and 5.10. 

Footing 

Shape 

Shape Factor 

kc k7 

Strip 

Square 

Circula' 

1.0 

0.8 

0.6 

ï—-- 

1.0 

1.3 

1.3 

Nt and Nq are plotted in Figure 5.3. Nc is not plotted because the first term 

in Equation 6.7 is tmw, .«pendent if c is not zero. Equation 5.7 is'/alid for 

dynamic loading only it ç is sufficiently small that the first term is negligible; 

otherwise, time effects alter the results. 

A general equation mitring i iy of footings on granular 

oil with or without ov*rh .. n one side is*10 

k 7 B N a 

9ui.-2- G (5.8) 

A 

wnere G 

A 

P 

= 1 + 
pin[i + (1 -p)2d;i 

L 

B 

(1 - P) 

L + (ttB/2) 

2 L + 2 B + tr B 

length of footing 

width of footing 

; p = 1 for B = L = 0 
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D; = 2D,Nq/lcTBNT 

D# = difference in height of overburden on opposite sides of the 
footing 

and the other parameters are as previously defined. The corresponding 
ultimate deflection is given by 

«uit = GB/k;, (5.9) 

where k; = 1 + ln(1 + 0.25 p2 ky D;> 

A typical response for a footing on dry sand is indicated in Figure 5.4. 

The initial portion of the load-displacement curve may be characterized by 
the relation 

_q_ = J_ei-«/sult 

qui, «uit 
(5.10) 

where q and 6 are, respectively, the corresponding load and displacement, 

and where qutt and 6u,t are calculated from appropriate preceding equations. 

Groundwater reduces the displacements of foundations6 7-6-11 under 

dynamic loading partly by the development of negative pore pressures. Thus, 

for saturated soil conditions, Equations 5.7 and 5.8 will give adequate, but 
conservative results. 

Plotting peak load and peak deflection from tests of footings with 

different overburden on one side gives curves of the type shown in Figure 

5.5. It is interesting to note from Figure 5.5 that as the overburden pressure 

increases, the peak load-peak deflection curves tend to approach a limit where 

no further resistance is achieved from increasing the overburden. 

Load-deflection curves for cohesive soils may also be characterized 

by relations of the form of Equation 5.7 provided qult and 6ult are calculated 

from relations for cohesive soils and provided one includes a factor to account 

for the increase in strength with strain rate. Relations for determining the 

static resistance and data on the strain rate sensitivity of soil are given in 
Reference 5.12. 

Due to the variable and non homogeneous properties of soil, the error 

band for displacement predictions of footings on dense granular soils must be 

expected to t e ± 50%. The variability would be even greater for less densely 
compacted materials. 
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(a) Overburden bearing capKity factor. 

(b) Soil weight bearing capacity factor. 

Figure B.3. Footing bearing capacity factor*. (From Reference 5.10) 
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In saturated foundations, stresses are transmitted through the pore 

fluid and through the mineral skeleton of the soil. If the pore pressure is 

sufficiently large, liquefaction may occur. Loose sands are particularly sus¬ 

ceptible to liquefaction because they contract on shearing, thereby reducing 

the effective stress. Dense sands dilate under shear deformation; nonetheless, 

liquefaction is still possible if the pore pressure is sufficiently large. The 

designer should keep this possibility in mind in designing footing and 

foundation systems for protective facilities. 

5.3 VERTICAL CYLINDERS 

5.3.1 Vertical Capsule and One-Dimensional Stress Cells 

As used here, the term vertical capsule refers to vertically oriented 

cylinders with flat or domed ends whose crowns are below the surface. Such 

inclusions are well suited for operations canters and other similar shelters 

because their geometry permits great strength with a near minimum of 

materials, and ease of shock-isolating interior platforms. They are also used 

for one-dimensional stress cells and for other purposes. 

Under plane-wave loading from an air blast, the stress on the 

cylindrical section is only about one-half or less than that on a similarly 

located horizontal cylinder. However, vertical capsules are usually stiff in 

the axial direction, and they tend to collect load. It is virtually mandatory, 

therefore, that backpacking be used to reduce the effective axial stiffness— 

especially if their height is large compared to their diameter. Information 

on the response of vertical capsules and relations for designing backpacking 

for them are given :n the following paragraphs. 

When a stiff vertical capsule in a soil field is loaded by an essentially 

plane stress wave, the soil tends to compact at the sides, producing a down¬ 

ward directed shear on the structure as shown in Figure 5.6. This shear and 

the load on the top are resisted by the foundation reaction at the bottom, by 

inertia, and by an upward directed shear near the bottom of the cylinder. 

Studies indicate that there is a neutral, shear plane about one-third of the 

distance up the cylinder from the bottom. 

Abbott6-13 has shown that the load concentration on vertical cylinders 

in sand depends on the height-to-diameter ratio as follows: 

“ Œ , P, 
H' 

2aD 
(5.11) 
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where H' * height of cylinder 

a * experimental constant 

Equation 5.11 may be combined with Equation 3.33 to account for the 

principal parameters by modifying the geometry factor in the arching equation 
so that 

4d0/D2 

1 + JL 
2a D 

1 + 
H* 

2a D 

(5.12) 

Arching is now determinable, since the vertical strain in most vertical cylinders 

is negligible compared to the soil strain. Thus, with ec/et = 0 and H = H' in 
Equation 3.33, 

n ■Agv « (5.13) 

and the arching may be readily determined from Equation 3.30 for any 

specific case. The negative value of fi in Equation 5.13 assures that the 

interface pressure on top of a vertical cylinder will be greater than the applied 

load. It is, in fact, possible to experience interface loads on vertical cylinders 

of 2.5 or more times the load at the same elevation ir. the free field. This 

undesirable condition may be avoided by placing backpacking over the 

structure to reduce the effective stiffness of the inclusion consisting of the 
structure and the backpacking. 

Ironically, the load attracted to a buried cylinder through negative 

arching increases with depth of cover. Thus, if a stiff vertical cylinder is used 

without backpacking, it should be placed close to the surface. Backpacking 

should be required unless there is some reason that it cannot be used. The 

thickness of backpacking required for maximum arching is obtained by sub¬ 
stituting n from Equation 5.13 into Equation 3.39. 

A plot of the required thickness of liner to achieve maximum arching 

as a function of depth-of-cover-to-diameter ratio for various diameter-to-height 

ratios and a given soil-strain-to-backpacking-hardening-strain ratio is shown in 

Figure 5.7. Thickness for other soil-strain-to hardening-strain ratios are obtain¬ 

able by direct proportion. As expected, the required thickness increases 

rapidly for shallow depths of burial and approaches an asymptote rapidly 

for depths of burial above about two diameters. The plot of Figure 5.7 is 

only applicable to capsules in well-compacted granular soil fields. 
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Development of maximum arching may not be desirable, because 

transferring the load to the soil on the sides will result in an increase in the 

lateral stress on the cylinder. Backpacking changes the compaction pattern 

completely and, likewise, alters the shear distribution on the sides of the 

cylinder. For long cylinders, it may be desirable to minimize the coefficient 

of friction at the interface to reduce the net axial load. 

Once the load transmitted to the structure has been determined, 

checking for buckling and other modes of failure is a fairly routine matter 

As with horizontal cylinders, finite element analysis of the design provides 

useful information on the behavior and resistance of the system. 

Detailed information on tests of buried, vertical capsules and on a 

finite element analysis of such structures may be found in Reference 5.14. 

Vertical cylinders with flat ends and small diameter-to-height ratios 

(wafers) are sometimes used as one-dimensional soil stress cells. Such cells aie 

made very stiff with respect to the soil so that in Equation 3.33, < 1 

and SI s» -4H/D. By making H/D < 1, arching over the gage will be negligible, 

and registered stress will be within a few percent of the mean stress in the 

direction of the axis at the gage location. 
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Wafer gages will respond correctly to dynamic stress waves only if 

the rise time of the wave is greater than about five transit times. This condi¬ 

tion will virtually always be met for stress waves in soil fields unless the soil 

is saturated. Where the rise time is less than the transit time, arching is likely 

to occur around the gage. 

5.3.2 Silos 

Two basic types of silos, referred to respectively as one-piece and 

two-piece silos, are illustrated in Figure 5.8. Two-piece silos have the advantage 

that much of the shock from the air blast on the top surface is dissipated into 

the soil through the upper footing, thus, effectively reducing the shock which is 

transmitted to the missile suspended in the lower cylinder.6-14 A disadvantage 

of two-part silos is their susceptibility to misalignment from large ground 

motions. 

(a) One-piece silo. (b) Two-piece silo. 

Figure 5.8. Typical silo configurations. 
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One-piece silos have opposite advantages and disadvantages.6,16 

They can be designed to greater hardnesses than two-piece silos; further, 

their response is easier to model. Dominant characteristics of the early-time 

vertical motion may be depicted in terms of the damped one-degree-of-freedom 

system where the spring stiffness is that attributable to the foundation reaction 

on the bottom and the shear on the sides. The downward shear load on the 

sides must be included in the forcing function. At relatively late times, the 

silo motion is essentially the same as the soil field. 

Naturally, the response of a silo is highly dependent upon the 

characteristics of the enveloping field; however, for basically granular soil 

fields the behavior is approximately as follows: 

a. The blast load on the top of the silo causes a stress front to propagate 

down the silo to the bottom. The reflected wave subsequently 

bounces up and down through the cylinder walls causing the silo to 

vibrate for a relatively long time. The transmitted wave stresses the 

bottom foundation causing the cylinder to move initially downward 

relative to the surrounding soil and to produce upward shears on the 

extrados. 

b. Then, the slower wave moving down through the soil compacts the 

soil producing downward motion of the soil with respect to the silo 

and predominantly downward interface shears. 

c. There follows a rebound period where the relative motions may be 

positive or negative and, subsequently, a movement of the silo with 

the soil field. 

Radical departure from the described behavior can occur for silos in low 

bearing strength, low hysteresis soils. Under these conditions the initial and 

final displacement of the silo will be downward with respect to the soil and 

there may be a strong elastic rebound. 
In addition to the air-blast pressure on the top, a silo is loaded by 

interface shear on the extrados of magnitude r, = *1K0 pv, where fi equals 

the coefficient of friction between the soil and the silo, K0 equals the at-rest 

coefficient of lateral earth pressure, and pv equals the vertical soil stress in the 

free field adjacent to the silo. As a first approximation, the dynamic coefficient 

of lateral earth pressure may be taken as the static value, and the interface shear 

may be considered as acting only on the upper two-thirds of the cylinder. The 

reaction on the bottom of the silo, rf = or A, may be determined with Equation 

3.19 of Section 3.2. 
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With expressions for the interface shear and the foundation reaction 

available as indicated, the relative deflection in the vertical direction may be 

found from the second order differential equation 

d2yr 
m - 

dt2 
(5.14) 

where yr 

0 

m 

P 

relative displacement of the silo with respect to the soil 

foundation reaction 

outside diameter of silo 

mass of silo 

surface pressure 

and the other terms are as previously defined. Equation 5.14 is readily solved 

by numerical or graphical techniques. 

Relative deflection in the horizontal direction may be estimated by 

applying the horizontal component of the soil stress over the blastward side 

and using rf from Equation 5.14 as the reaction on the opposite side. A 

parallel equation to that of Equation 5.14 permits determination of the 

horizontal relative displacement. 

Field tests have shown that as the system rebounds, a gap may be 

left between thp soil and the silo on the blastward side.5-16 Field tests also 

show that slip of the soil relative to the silo tends to be an intermittent 

phenomena.5-16 Where the silo extends below the water table, the lower 

part of the silo may be loaded in advance of the upper part by the high 

velocity ground stress waves in the saturated soil. This may enhance the 

rotation of the silo. 

Detailed tests and analysis of silos have been performed, although 

most of this information is in the classified literature.6-17,5-18 Three- 

dimensional dynamic finite element codes are becoming available which 

permit reasonably refined analysis of soil-silo systems. 

5.4 ARCHES 

Buried arches are of limited usefulness as protective shelters for 

several reasons. One is that arches tend to develop larger moments than a 

counterpart cylinder. This is especially true where the foundation is an 
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integral part of the arch as shown in Figure 5.9a. As such an arch is loaded, 

the floor is deflected upward relative to the springline, thereby developing 

large moments in the arch between the haunch and the springline.8-19 

pit) 

I IjJ I I I t-L-LLi 

(•) Integral floor and shell. 

pit) 

Figure 5.9. Alternative buried arch geometries. 
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Large moments in the arch are avoided by use of footings separated 

from the floor slab as indicated in Figure 5.9b. The additional advantage is 

that the accelerations of the floor slab are significantly reduced. Unfortunately, 

with the configuration of Figure 5.9b, the arch and footings may experience 

large downward deflections with respect to the floor slab. As a consequence, 

the use of arches as shelter is usually limited to nuclear blasts of less than 

about 150 psi overpressure unless excellent foundation conditions prevail. 

This is especially true wh?re there is a likelihood of multiple loading. 

One advantage of he punching action depicted is that it transfers 

load away from the structure to the surrounding soil. Thus, punching pro¬ 

duces an effect equivalent to that of backpackir-g with horizontal cylinders. 

A combination of backpacking and punching r ay enhance the load capacity 

of fully buried arches at the discretion of the designer 

For practical purposes, an arch with footings behaves as a hinged 

arch, the deflection modes of which are shown in Figure 5.10. When an arch 

is covered, most of these modes are difficult to excite and, even if they can 

be excited, they damp out quickly. As would be expected, the added mass 

of an earth cover tends to increase the periods of the various modes. Con¬ 

trariwise, the stiffening effect of the soil tends to decrease these sames periods. 

Experiments show that buried metal arches vibrate in the first 

inextensional symmetrical mode under compressive excitation in the direction 

of the axis of symmetry.6 19 The stiffening effect of the soil is more influen¬ 

tial on the period than the added mass. Another effect of the confining soil 

is to quickly damp out most structural vibrations. 

As would be expected, arch response is highly dependent on the soil 

stiffness (modulus). Small reductions in density result in large increases in 

deflection. The influence of soil modulus, E,, and other principal variables 

may be seen on studying the charts of Figure 5.11.5 20 These charts are for 

a standard 24-foot by 48-foot circular arch buried in a nonsaturated, uniform, 

granular soil field. The charts are based upon an approximate theory and are 

intended only to show the influence of the dominant parameters and to effect 

preliminary designs. 

A study of the referenced charts and of available experimental 

data6-19,6-21'6-26 leads to the realization that: 

1. The maximum relative deflection occurs in a few transit times 

2. A large increase in footing width is necessary to permit a relatively 

small increase in load capacity for a given limit deflection 

3. Assuming ordinary granular soil conditions, surface loads above 

about 150 psi cannot be resisted if the allowable relative deflection 

between the footing and the floor slab is limited to 2 inches. 
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4. A small increase in pressure will occur within the shelter equivalent 

to the adiabatic compression due to the reduction in volume caused 

by the footings punching into the supporting soil. 

Next to punching of the footings, failure of the end walls ranks as the most 

troublesome problem in the design of arch shelters. Domed ends or thick end 

walls may be used with reinforced concrete arches.6-28 With corrugated metal 

arches, a stiffener at midheight tied to dead-men in the backfill has been found 

to be an effective method of strengthening end walls.6-27 

I. Extension»! Mode 

Sometime* ceiled compreition mode 

II. Inexteneionel Mode* 

A. Symmetric*! 

1. First tymmetricel 

(bending-compression) 

1 

2. Second symmetries! 

(bending-compression) 

B. Asymmetrical 

1. First »symmetrical 

(lateral bending mode, 

flexural mode, deflection 

mode) 

2. Second atymmetricai 

Figure 5.10. Deflection modes of a hinged arch. 
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"closed" geometries are preterable for most such app 

5.5 DOMES, SPHERES AND THREE-DIMENSIONAL 

STRESS CELLS 

Aboveground SR^^I gügi^g^^ÿîovwTthat tfeflrengtf^of a^phere 

::r^r,ba,o,acv^-=^;^ 

or more orders of magnitude higher dependmg on 

ratio.5'29 Thus, one might expect >he sphere »be ^ ^ ^ 

in the buried state. This is not nece . not develop active 

and thickness, ^deflect - ^^rd^ tha, cyhnders do. 

a"^:::rr.bu^ 

t'^eHecbs'of geometric'irr^uhirhies in the she,,. Available data indicate 

that there are three general ranges of behavior. 

1. Buckling near the energy load (lower buckling load) for thin co 

(do<0.25R). 

2. Buckling near the theoretical elastic buckling load for med.um 

cover (0.25 R< do<0.65R). 

3. Yielding for thick covers (do>0.65R). 

,. .• nt thpçp et aa es will be influenced by the 
Of course, the occurrence an i system parameters, 
stiffness of the shell, the compaction of ^ 0; c Vwith clamped 

The transitional buckhng of ^ni or^ y °g 6.3i |ne|astic buckling of 

determined by the computer program aesenre 
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As with cylinders, care should be exercised in using backpacking over 

domes to assure that the buckling load remains considerably above the yield 
lOdu. 

Tests on rigid model domes in a granular soil field indicated that the 

peak radial on-structure stress, passive arching, and tree-field stress are about 
equal for static or blast loading.5 34 In the referenced tests 

1. The peak total vertical load on the dome was 1.02 times the peak 

load produced by the soil stress over the projection of the dome 

cross section. (This agrees with results from the arching theory 

of Section 3.3.6 as applied to the conditions of the experiment.) 

2. On unloading, this value was 1.38 due to locking-in of horizontal 
soil stress. 

3. Approximately 20% of the total vertical load to the dome was 

derived from the tangential component of the on-structure stress 

on the dome. A friction reducing membrane at the interface 
reduces the load to the dome. 

ourth order polynomial was used to approximate thr load on a rigid dome 

Approximate relations for the natural period, deflection, and ultimate 
strength o a buried dome are given in Reference 5.35. The loading on a buried 

dome would be expected to be of the same form and magnitude as the load on 
the upper portion of a buried sphere. 

At shallow depths of cover, the interface pressure depends on the 

rise-to-span ratio of the dome as indicated in Figure 5.12.6-36 For depths 

of cover above about 1.5 diameters, arching reaches a maximum of about 

87%. The results shown hold for a dome in a granular soil which can move 

or punch relative to the soil, thereby developing maximum arching 

To the knowledge of the author, the only tests performed on buried 

spheres are those on a spherical soil stress cell.6-37 There have been several 

theoretical investigations of confined spheres.6-27-5-36 These studies show 

.ha, ,he stresses in ,he „ner and in ,he „edium are highly depend onThe 

properties of the liner and the medium. Mow has found that:5-39 

1. Whereas the stresses in a stiff sphere may be reduced by increasing 

the thickness, the stresses in a soft liner may actually increase with 
increase in thickness. 

2. The dynamic stress concentration factor around a spherical cavity 
in an elastic medium is approximately two. 

3. Dynamic stress concentration factors are about 20 to 30% higher 
than thei, corresponding static values. 
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By virtue of their double curvature, steel and reinforced concrete spheres 

are rigid relative to the stiffness of the usual granular soil field. 

The compressive stress in the wall of a spherical shell of thickness, 
t, under external pressure, p, is 

No relation is known for the buckling strength of confined spheres; however, 

the buckling load of unconfined spheres under hydrostatic pressure is6-29 

This may be used as a conservative design value since spheres are inherently 

stiff structures; their efficient use as protective shelters requires the use of 

backpacking. No test data are available for spheres with backpacking; however, 

from theoretical considerations it is clear that truly phenomenal load capacities 

are possible with properly backpacked spheres in granular fields. This is possi¬ 

ble because of the development of arching in two directions and because of 

the relatively high buckling and hydrostatic strength of spheres. 
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The design methodology for spheres parallels that for horizontal 

cylinders as given in Section 4.4. The theory of solid, rigid inclusions is 

given in Reference 5.37. 

The direct stress concentration factor from the theory is shown in 

Figure 5.13. This and similar curves for lateral stress and shear stress5-37 

show that the induced stress is insensitive to changes in the stiffness of the 

confining media provided the ratio of the modulus of the confining media 

is greater than about 10. It is this characteristic and the fact that the stress 

is constant in any given direction through a uniform rigid sphere that lends 

them to use as soil stress cells. 

A recently developed stress cell made from plastic cue-balls with 

embedded strain gages has proven effective for measuring the complete state 

of stress at a point in a granular field under static loading.5-37 The data also 

indicate that under some circumstances the cell is effective in measuring the 

state of stress with time under dynamic load conditions. To achieve good 

dynamic measurements, the rise time and the mass must be such that relative 

displacement due to stiffness and inertial mismatch is negligible. 

5.6 BOX, FRAME, AND OTHER SHELTERS 

One may have occasion to use box, frame, diaphragm, or other 

configurations as buried protective shelters. The purpose of this section is 

to provide general information and references on these shelter types. 

Box structures have been used extensively in field tests as instru¬ 

mentation shelters to provide protection from weapons effects corresponding 

to overpressures of the order of 15 psi.5-40"5-44 Most of these shelters were 

relatively small and had their roof tops flush with the surface of the ground. 

Where additional radiation protection is required, earth cover can be provided. 

Earth cover has the added advantage that even small depths decrease the high 

frequency content and the peak magnitude of induced accelerations.5-45 

Studies of the pressure distribution on a simply supported buried 

flat plate subjected to static or dynamic loads have shown that:5-46 

1. The ratio of static soil stress to overpressuie is higher during 

unloading than during loading. 

2. Above a certain load, the distribution and variation of interface 

pressure with time remains essentially the same. 

3. Interface soil stresses are greater near the edges than at midspan. 

The tendency for the stress to be relieved at midspan will, of course, improve 

as the depth-of-burial-to-span ratio increases. 
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Figure 5.13. Direct streu concentration factor, C*. 

If the depth of cover is sufficient, arching (calculated by the relations 

of Section 3.3.6) can be developed, thus, enhancing survivability. Estimating 

the arching over a box structure is complicated by the fact that the side walls 

are usually stiff with respect to the soil. As a consequence, load is relieved 

near the center of the roof and is attracted to the perimeter.6-47 Loading on 

the side walls will be K0 times the free-field pressure at the mean depth.5-48 

The upward loading on the floor has about the same magnitude as the load 

on the roof, although the rise time would be expected to be longer. As with 

other configurations, load redistribution can be accomplished by the proper 

backpacking. 

Once the loads have been determined, the structural elements may 

be designed by the methods of Reference 5.46, If greater strength is needed 

than can be economically achieved with slabs, shallow shells may be 

employed.6-60,5-61 Shallow shells are also useful in multistory, multibay 

underground structures as indicated in Figure 5.14. 

What has been said regarding box structures is also true in essence for 

buried frame and other parallelepiped structures. It is also true of enclosures 

with diaphragm roofs, although, such roo's use the strength of the material 

better than flexural elements.6-52 Toroids, cyclides, and certain other shells 

of revolution would constitute good buried shelters; however, the horizontal 

and vertical cylinder are preferable for most applications. 
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6.0 OPTIMIZATION 

6.1 GENERALITIES OF PROBLEM 

Optimization of a soil-structure system should be treated as an 

¡0 ST the °P'i,T’i2a,i0" ^ 3 ,M31 teiWv. A reasonable procedure 

1. Set down the objectives 

2. Select the input parameters 

3. Write the objective function 

4. Define the system constraints 

5. Set down the system requirements 

6. Make "external'' analyses 

7. Construct functional equations of subsystems 

8. Combine these into a system model 

9. Program the model and exercise the resulting computer program. 

Such a devefopment has been accomplished;61 however, much of the analysis 

s or particular macrosystem and is not of general interest. The following 

paragraphs present only those aspects of the overall problem associated with 
the selection of an optimal soil-structure system. 

For , ÍOn °f 3 Sin9'e 9e0metrV ÍS USUaNV a re,atlVelV minor matter 

to he struct J 0Pt,mUm COnfi9uratl0n Wl" result ^ the load transmitted 
o the structure is minimum. For example, this is achieved for a horizontal 

cylinder when backpacking is used and when the depth of cover over the 

deothof'cn""'ithe KVlLnder diameter- °nediameler isusual,y the min*mum depth of cover for which maximum arching can be developed. 

The specific problem addressed here is that of finding the best 

geometry (shape), method of construction (section characteristics) depth 

volumT pT baCkpaCk'ng f0r a 9lven loacJ,n9 and site based upon specified 
volume requirements and unit costs. This constitutes a generalization of the 
problem of optimizing a single configuration. 
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6.2 OPTIMIZATION PROCEDURE 

The objective of this section is to outline the logic employed in an 

existing computer program for selecting specific media-structure configura¬ 

tion options for generating near optimum designs to resist a specified threat. 

A suitable objective-function statement is that the cost of the sum of the 

components of the selected system shall be minimum. To accomplish the 

indicated objective, eclectic judgments and approximate relationships were 

utilized to achieve a tractable problem. 

The general logic followed is indicated in the flow diagram of 

Figure 6.1. Combinations of possible media properties, geologic profiles, 

and structuial geometries utilized may be limited by: (a) choosing represen¬ 

tative profiles, and (b) limiting the structural geometries considered to simple 

shapes. These desiderative restrictions permit achieving rational designs of the 

more practicable configurations as candidate facility systems. 

Figure 6.1. General flow diagram. 
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6.2.1 Structural Analysis Methodology 

The soil-structure configurations chosen, Figure 6.2, provide suitable 

candidates. As may be seen, the options include the box, the arch, horizontal 

and vertical cylinders, and the sphere; some of these have alternate backpack¬ 

ing and water level conditions. These configurations constitute shapes that 

are practicable to build and for which at least some experimental information 

is available. 

Level of weter table 

Backpacking 

Figure 6.2. Structural configurations. 

Configurations 7 and 8 from Figure 6.2, the shallow-buried arch and 

box, would only be acceptable at overpressures less »han approximately 100 

psi. Research has shown that at higher pressures the arch may punch down¬ 

ward excessively with respect to the floor slab, thus impairing the integrity 

of the water seals. Box structures become prohibitively expensive at inter¬ 

mediate or high overpressures, and curved structures are much more efficient 

at resisting applied loads. Configurations 1 and 5 are particularly suitable 
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geometries for dry sites and intermediate overpressures. For higher 

overpressures, geometries with backpacking, such as configurations 2 

and 6, would be expected to be more economical. 

Where the water table is high, backpacking may not be effective; 

therefore, one must resort to placing the structure in the saturated medium 

as indicated in configuration 4 or to using earth mounding as indicated in 

configuration 3. For a high water table, mounding could also be used with 

the arch and the box; however, the drag forces could get very high, and it 

would be necessary to control the ambit to assure that the soil—structure 

system was not penetrated by a log, .ock, or other missile. The configura¬ 

tions selected in Figure 6.2 are sufficient for present purposes; however, it 

may be desirable to modify or extend these depending on the specific 

application. 

What constitutes the best structural option will depend upon the site 

conditions. Representative site profiles for one optimization program are 

indicated in Figure 6.3. In this program, approximate ground motions can 

be developed for each profile with either of two soils with distinctly different 

stress-strain properties. 

SI S2 S3 S4 S6 S6 

Figure 6.3. Site profiles. 

A flow diagram of the steps involved in selecting qualified configurations 

is shown in Figure 6.4. As may be observed from this figure, various configura¬ 

tions are selected in sequence and examined with respect to the input parameters 
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to eliminate certain configurations. Next, the attenuation factor corresponding 

to a trial depth of burial is defined, and this is used to determine the pressure 

at the depth of the structure. Subsequently, designs are generated for config¬ 

urations not previously eliminated; these designs are "costed out" in later 

stages of the program to determine their relative cost effectiveness. A flow 

diagram of the structural design calculations is shown in Figure 6.5. Note 

that while certain parameters, particularly the depth of burial, are specified 

as input, they are subsequently changed in the process of achieving an opti¬ 
mum design. 

6.2.2 Subroutines 

Seven subroutines are used in the design of the various configuration 
options as follows; 

1 ALPHAZ—Determines the attenuation of the stress wave 

2. DVNFAC—Computes the dynamic load factor 

3. SOARCH—Computes the arching in the soil 

4. BKPKG—Designs the backpacking 

5. HOST—Design 

6. HRCC Designs the horizontal reinforced concrete cylinder 

7. CONCPL—Designs the reinforced concrete section based on 
equivalent stiffness 

Other subroutines employed in the structural design and cost analyses 
are: 

1. PTES—Tests for convergence of a ratio 

2. VCAP—Designs domes in vertical cylinders 

3. CALCA—Calculates the amount of arching 

4. DYNRCC—Calculates the dynamic amplification factor 

5. EXCAV—Calculates the cost of excavation 

6. GROUT—Computes the cost of grouting 

7. STRUCT—Computes the structure cost 

8. BACKPK—Calculates the cost of backpacking, backfill, and 
mounding 

i 
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9. CDWATX—Calculates the cost of dewatering 

10. CALCST—Calculates the cost of cavity excavation in rocks 

11. TCOS—Computes the cost of material in construction 

12. IT—Outputs a nominal thickness for steel plate 

Detailed relations upon which these subroutines are based are given 

elsewhere6-1,6-2; the manner in which they are used to effect specific 

configuration designs is indicated in Figure 6.5. 

start and 

Figure 6.5. Flow diagram for structural design calculations. 
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6.2.3 Structure Cost Analysis 

The total cost of a structure is considered to be the sum of the cost 

for each construction activity. Cost data are determined separately for dif¬ 

ferent construction techniques, each of which is suboptimized for the best 

emplacement technique. 

6.2.4 Computations and Output 

For each structure three different construction methods—steel, 

reinforced concrete, and composite—are considered. As each structure is 

qualified and designed, the cost of various items is totaled, and the design 

parameters and costs are output. Other more detailed information may be 

output if desired. 
Among the benefits of an optimization program is the ability to 

perform trade-off and sensitivity analyses. Such a program also permits easy 

determination of system effectiveness. 



6.3 REFERENCES 
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7.0 SUMMARY 

The state of knowledge of soil-structure interaction (S-S-l) as it 

pertains to facilities providing protection from the effects of nuclear weapons 

is discussed. It is emphasized that the soil is the component of principal 

importance, and that for economical designs, proper placement and knowl¬ 
edge of the soil properties are essential. 

Considerable confusion has existed in S-S-l technology because of 

the variety of soil moduli and coefficients that have been employed. Media 

properties are reviewed and relationships between the various moduli and 

coefficients are developed. It is proposed that the secant confined compres¬ 

sion modulus to the peak overpressure be adopted as the principal soil 
parameter in design. 

Once the soil properties have been established, the next major 

problem is to determine the load that gets to the structure. Thus, modifica¬ 

tion of the air-blast-induced stress wave by the soil field, reflection and 

refraction, and transfer of the stress through and around the inclusion are 

discussed. This includes the potential occurrence of stress concentration 

and the determination of the dynamic load factor. 

As is well known, the percentage of the surface load which reaches 

the structure is dependent on the relative stiffness of the structure and the 

inclusion. Reductions of up to a factor of 10 or more in the interface stress 

may be achieved by the simple expedient of placing backpacking in the over¬ 

burden. Relations are given for designing the backpacking and for determining 

the arching over a buried structure with or without backpacking. 

The equations for arching and backpacking are incorporated in a 

design procedure that is exemplified for horizontally buried cylinders. With 

suitable, rather obvious modifications, the procedure is applicable to structures 

of most any configuration. Difficulties do arise for structures with footings 

because the relative motion of such a structure is governed by the foundation 

configuration and characteristics. This problem has been treated, and it has 

been shown that, in general, closed structures (cylinders, spheres, toroids, 
etc.) are better for resisting high overpressures. 

S-S-l aspects of configurations most likely to be of use in protective 

construction are discussed including the survivability of buried cables and 

pipes. The principles involved are also shown to be applicable to the design 

of soil stress gages. Design of an adequate soil stress gage is complicated by 
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conflicting requirements. The gage must be stiff with respect to the host 

material for the output to be independent of changes in the soil modulus 

with stress; yet, the gage should have about the same stiffness as the soil to 

avoid relative displacement and arching around the gage from differential 

stress wave transmission. Successful operation will depend on the rise time 
of the stress front. 

The state of development of finite element technology for 

the analysis of S-S-l problems is discussed, and two-dimensional and 

three-dimensional example solutions are given. It is pointed out that 

three-dimensional finite element technology is still in its infancy. 

Optimization of soil-structure systems is also in its early stages of 

development. An existing program for converging on a near optimum design 

is briefly reviewed. There are other areas, such as the behavior of buried 

structures in fields with a high water table and the attendant possibility of 

liquefaction, for which information is lacking. Also, little data are available 

on arching in soils with cohesion and on the behavior of such systems. Like¬ 

wise, information is lacking on slip and debonding and certain other areas of 

importance. The major remaining unknowns are those associated with 

determination of the ground motions. 

Not withstanding the indicated unknowns, the basics of soil-structure 
interaction are now reasonably well understood. 
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Appendix 

CONSTITUTIVE RELATIONS AND PHYSICAL PROPERTIES FROM 

LABORATORY TESTS 

A.1 INTRODUCTION 

As has been pointed out in the text, soil is the principal element in 

most soil—structure systems. It follows that to achieve a good design of such 

a system, one must know the pertinent physical properties and must have 

suitable mathematical relationships which define soil behavior. Equations 

that describe soil behavior can be based on statistical relations from transport 

mechanics, or they can be based on experimental results. Because of the 

complex behavior of earth materials, the latter approach is usually employed. 

Thus, the need arises for determining physical properties that adequately 
represent material behavior. 

The purpose of this appendix is to: (1 ) indicate how soil properties 

from laboratory tests relate to elasticity relations, and (2) show how experi¬ 

mentally determined properties enter representative constitutive relations. 

A.2 CONSTITUTIVE RELATIONS 

A constitutive equation is a relation between stress and strain tensors 

chf 'actenzed by two experimentally determined independent parameters 

usually 'he bulk and the shear moduli. These parameters are nonlinear and 

are someumes taken as functions of mean stress dui ing loading and unique 
but different functions of mean stress during unloading. 

At stresses less than about 5 kilobars (the region of interest in 

soil structure interaction), thermodynamic dependence is negligible; con¬ 

sequently, the material may be considered as an elasto-plastic media The 

material ,s incrementally elastic until some maximum shear stress is achieved, 

then plastic flow occurs. The limiting shear stress is usually specified by some 
yield condition based on experimental data. 

, For convenience, the stress tensor is usually divided into mean and 
ùeviatoric components 

kk 
°H “ T 5ii + °ij (A-1) 
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a, - tensor representing the si« inaependent components 
of stress 

<V3 = mean stress = -p for hydrostatic conditions 

5|j = Kronecker delta = Pw^eni = j 
10 when i ¿ j 

”* ° '«»“t representing the six deviatoric components ot 
stress 

The corresponding strain tensor is 

e<¡ * T5«+ e¡; 

where 
kk cii + C22 + f33 * bulk strain 

and «, - «"sor representing the six independen, components of strain 

*« ' tensor representing the six deviatoric components of strain 

Assuming iinear elasticity, stress and strain are related by Hooke s law 

(A-2) 

(A-2a) 

^¡klm elm (A-3) 

wher«*ikim iS the tensor of elastic constants. Because of svmmerru rh„ 

oTS rrrrns,anB reducK ,o 21 ,w ,1 

cons,an,s^u^rurr,r ~independem eias,ic 
Useful relations between Lame'; 

constants, E, v, k, and G are 
! s constants and the four material 

E V 

(1+^)(1-2^) 

E 

2Gv 

G = 

1 - 2i 
3kt< 

1 + V 

2(1 +»/) 
_ 3 k (1 - 2 v) 

2(1+./) (A-4) 

= X + = -E_ 
3 3(1-2»/) 

k 



where E = Young's modulus of elasticity 

G = shear modulus 

V = Poisson's ratio 

k = bulk modulus 

For an isotropic elastic material and rectangular Cartesian coordinates, 
Hooke's law becomes 

°kk = ake,,, (A-5a) 

o,; = 2Ge¿! (A-5b) 

Substituting Equations A-1 and A-2 into Equation A-5b and making use ot 

Equation A-5a gives the stress-strain relation for linearly elastic isotropic 
materials as 

(A-6) 

The bases of principal laboratory tests for defining soil parameters 
are developed from Equation A-6 in the next section. 

A.3 BASES OF LABORATORY EXPERIMENTS 

A.3.1 Triaxial Compression Test 

In a triaxial compression test a cylindrical specimen of soil in a rubber 

membrane is subjected to constant radial stress and increasing axial stress until 

failure occurs. The theoretical basis of the triaxial test is established by utiliz¬ 

ing the appropriate stress and strain conditions foi the test (o22 = O33; e22 = ¢33) 
in Equation A-6. rrom Equation A-6 

(A-7) 

With o22 = 033, in Equation A-5a 

0ii + 2p33 

3k 
(A-8) 
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Substituting the appropriate relations from Equations A-4 and Equation A-8 
in Equation A-7 gives 

(A-9) 

Thus, the modulus corresponding to a given lateral confining stress is 

determinable by measuring the axial stress and strain and the confining 

stress. If the lateral strain is measured simultaneously, one can calculate 

Poisson s ratio. The failure or maximum deviatoric stress defines one point 
on the yield surface of the material. 

When both the axial and lateral stress and strain are measured, it is 

also possible to determine the shear modulus. From Equation A-1, 

Therefore, a'v = au gn + 2o22 2 . 
2 “ 2 (**11 " (A-10) 

Likewise, from Equation A-2 

Therefore, ej, = e,, - e11 * 2c22 _ 2 . . 

2 ~ 2 6,1 ” (A-11) 

Substituting Equations A-11 and A-1 into Equation A-5b gives 

Thus, the shear modulus is determinable from a plot of the stress difference 
versus the strain difference. 



A.3.2 Uniaxial Strain Test 

In a uniaxial strain (confined compression) test a layer of soil at a 

desired initial density is subjected to an applied axial stress.* Lateral strain 

is prevented by confining the soil in a thick metal cylindrical container. As 
a consequence, 

e22 = e33 = 0 

HenCe' ekk = 6l1 

Substituting these conditions into Equation A-6 gives 

" (k ' I G)e" * 2Ge" 

k+lcje,, (A-12) 

Thus, the slope of the stress-strain diagram from a uniaxial strain test is 

k + (4/3)G = Ms , called the confined compression modulus. Using appropriate 

relations from Equations A-4, the relation between Young's modulus of elas¬ 

ticity and the confined compression modulus is 

n _ (1 -2»)(1+«>) ., 

E-M* 

A.3.3 Proportional Load Test 

The proportional load test differs from the triaxial load test only in 

that servo feedback is used to maintain a constant ratio of radial to axial stress. 
That is, 

°22 = °33 = C1a11 (A-13) 

where c, = constant 

Oi. L n 

Recall that ekk = — = - £ (A-14) 

* For reliable results, the axial stress must be applied pneumatically or hydraulically 
through a flexible diaphragm. 
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P (A-15) 
°ii + 2a22 

3 

C11 + 2f22 ÎA ,e4 
and ekk = -^- (A-16) 

Setting Equation A-14 equal to Equation A-16 gives 

o,, = k(1 + 2c1)e11 (A-17) 

From Equations A-14 and A-17, it is clear that the slope of the volumetric 

stress-strain or the axial stress-strain diagram should be constant and inde¬ 

pendent of the stress ratio, 0,,/023, if the material is isotropic. Tests of earth 

materials show that the stress-strain diagram from proportional load tests 

vary with the stress ratio and is seldom perfectly linear at a given stress ratio. 

Such behavior implies anisotropic behavior and a dependence of specimen 

properties on loading path. 

In placing inclusions in soil, the material is artificially compacted, 

resulting in a material that is more nearly isotropic than naturally occurring 

soils. Naturally occurring soils are usually deposited by sedimentation fol¬ 

lowed by one-dimensional consolidation over long periods of time. Such 

deposits would be expected to have quite different properties in the vertical 

and the horizontal directions. It follows that in treating soil—structure inter¬ 

action, theory based on isotropy will probably provide reasonable results. 

On the other hand, soil models for ground motion determinations should 

employ anisotropic relations or use a piece-w1^ linear approximation over 

each time increment in conjunction with a suitable flow rule to account for 

nonlinear and plastic behavior. 

A.3.4 Other Tests and Determinations 

Among other tests that provide useful information are the direct 

shear test and the hydrostatic compression test. The direct shear test is some¬ 

times used to determine the shear modulus and failure load; the hydrostatic 

compression test (as a limit proportional load test) provides an indication of 

the bulk modulus. 

Any of the five cited tests may be used as dynamic tests to provide 

information on strain rate effects. The uniaxial compression test is the one 

most often utilized for dynamic tests as it gives information about the strain 

rate sensitivity of the confined compression modulus. As previously mentioned, 

the confined compression modulus is the most important soil property for 
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soil Structure system design and analysis. In contrast to the pulse loading 

used for strain rate effect determinations, oscillatory loading is used in con 

we"« vel^tTer^0513'" ^ determinatio" compression and shear 

Shear waves are induced by electrically excited y-cut crystals whereas 

compress'ona1 waves are excited with x-cut crystals. Ordinarily, quartz crys- 

s in the form of end caps are utilized to induce the loading Except at high 

pressures, such tests give values of sonic velocity which are much higher than 

h t üeS 610 ! 6 hysteresis of soils- As a consequence, it is not permis¬ 
sible to directly back calculate moduli from laboratory sonic tests 

tests su^r t0 ab0ve-menti0ned te*ts, there are numerous indirect 
ests. such as the vane shear test and the California CBR test, which provide 

i p,,incipai phvsicai consian,s-such ^ ™ useful for field control purposes if a valid relationship has been established 

blZed a"d 3 Pr0PW,y 0' C°nCe,n ,0r ,he 

The Properties and tests discussed above are those directly of interest 

■n .he design soil-s,ruc,u,e systems. If one is concerned v,T,h fhe cloZn 

on^heThjoonm 01 Tf"' ^ m°"0ns' delailed ¡"formation 
m thm r P'aS,iC ,l0W 1,6 0‘>,ained' Considerations m that realm are beyond the xope of this report. 
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jj Second invariant of the Cauchy deviatoric stress 

tensor 

K Measure of lateral strain 

K Bedding coefficient 

K, Coefficient of active earth pressure 

K0 At-rest coefficient of lateral earth pressure 

Kp Coefficient of passive earth pressure 

k Bulk modulus 

k Stiffness of soil field 

kc Shape factor for component of resistance 

manifested by soil cohesion 

kf Foundation modulus 

k, Modulus of elastic support 

kj Coefficient of soil reaction 

kT Shape factor for comoonent of resistance 

attributable to soil weight 

k, Material constant 

L Length, depth to water table or to bedrock 

Lr Length of random component 

L, Length of systematic component; length of soil 

block 

L, . Minimum possible length of the systematic 

component 

Lw Parameter in attenuation equation 

M Moment (usually maximum moment) 

Mj Loading modulus 

Mr Reloading modulus 

M. 

M 
*eff 

M, 

Mu 

mr 

N 

Nc, Nr N, 

N, sp 

sp 

n 

P 

A A 

P. G. D#, 

Pa 

Pa 

Per 

P. 

Pi 

Pir 

Piler) 

Effective secant confined compression 

modulus at a stress equal to the applied 

load 

Effective value of confined compression 

modulus 

Tangent modulus 

Unloading modulus 

Mass of silo 

Mass of inclusion 

Mass of displaced soil 

Thrust (usually maximum thrust) 

Bearing capacity factors 

Thrust at the crown 

Thrust at springline 

Thrust at springline under dynamic load 

conditions 

Experimentally determined constant; 
modular ratio 

Surface pressure 

Factors in foot bearing capacity equation 

Stress at which the value of Ms is required 

Ambient air pressure 

Critical buckling load 

Stress in free field at midheight of the 

inclusion 

Interface pressure 

Reflected interface pressure 

Transitional buckling stress 

/5^-2- 



’ k' »•*«

Effective secant confined compression 
modulus at a stress equal to the applied 
load

Po Peak surface overpressure

Effective value of confined compression 
modulus

Tartgent modulus

Unloading modulus

Mass of silo

Mass of inclusion

Mass of displaced toil

Thrust lusuallv maximum thrust)

Bearing capacity factors

Thrust at the crown

Thrust at springline

Thrust at springline under dyitamic load 
conditions

Experimentally determined constant, 
modular ratio

Surface pressure

Factors in foot bearing capacity equation 

Stress at which the value of M, is required 

Ambient air pressure 

Critical buckling load

Stress in free field at midheight of the 
inclusion

Interface pressure 

Reflected interface pressure 

Transitional buckling stress

Pv

Pi

4

«>««

R

R.

S

s

t

«P

*r

*1

t«0

Limit stress at the elevation of the plarte of equal 
settlement

Vertical stress at the elevation of the crown 

Soil stress to produce yielding 

Peak stress at depth 

Bearing capacity

Unit bearing capacity at failure

Range from ground zero; radius

Shock radius of blast at time t

Radius of culvert

Foundation reaction

Perimeter of structure; section modulus

Shear strength

Time

Effective duration of the applied overpressure

Equivalent thickrtess of culvert, equivalent flat 
plate thickness

Thickness of backpacking 

Plate thickness

Rise time of blast overpressure 

Equivalent triangular duration of load

Time corresponding to the intercept on the time 
axis of a straight line drawn from the peak pressure 
through the point on the overpressure curve at 
which the pressure is 50% of its maximum value

IrKrement of time

/ ^ 3



LIST OF SYMBOLS Coefficient of cohesion 

A 

A9 

A9h 

Agv 

Ao 

Ar 

A1 

ar 

as 

B 

B 

Bs 

b 

C 

C 

Cd 

C, 

C„ 

Cs 

Arching; cross-sectional area 

Geometry factor 

Geometry factor for horizontal cylinders 

Geometry factor for vertical cylinders 

Maximum active arching 

Projected area of inclusion in direction of stress 
front 

Area of section at springline; plan area of 
structure 

Dimensional constant 

Acceleration of the inclusion 

Acceleration of the soil 

Width of footing 

Factor influencing the effective soil modulus 

Span of arch 

Distance from center of gravity to center of gravity 
of liner plate 

Constant that depends on the Poisson's ratio of 
steel 

Constant that depends on the mode of buckling 

Dilatational wave velocity 

Velocity of stress front in an inclusion 

Constants, n = 1, 2, 3... 

Velocity of shear wave 

Distance from midplane to extreme fiber of 
plate 

■'rt 

Jr2 

d 

d. 

d" 

E 

E' 

El 

E. 

Ambient sound velocity of air 

Width of structure; diameter 

Difference in height of overburden J 
sides of the footing 

Depth of overburden (both sides of 

Deflection lag factor 

DLF Dynamic load factor 

Amplitude of systematic componen 
displacement 

Peak amplitude of systematic comp< 

attributable to air blast 

Peak downward amplitude of the sy 

component attributable to the direc 
motion 

Systematic component of displacem 
air blast 

Systematic component of displacenrv 

direct-induced wave 

Depth from surface to top of footini 

Depth from top of structure to the p 

settlement 

Depth of cover over the crown 

Relative density 

Distance from bottom face to stress W 

Young's modulus of elasticity 

Modulus of soil reaction 

Stiffness 

Modulus ot elasticity of soil 



Coefficient of cohesion 

Ambient sound velocity of air 

Width of structure; diameter 

Difference in height of overburden on opposite 
sides of the footing 

Depth of overburden (both sides of footing) 

Deflection lag factor 

Dynamic load factor 

Amplitude of systematic component of 
displacement 

Peak amplitude of systematic component 
attributable to air blast 

Peak downward amplitude of the systematic 

component attributable to the direct induced 
motion 

Systematic component of displacement from 
air blast 

Systematic component of displacement from 
direct-induced wave 

Depth from surface to top of footings 

Depth from top of structure to the plane of equal 
settlement 

Depth of cover over the crown 

Relative density 

Distance from bottom face to stress front 

Young's modulus of elasticity 

Modulus of soil reaction 

Stiffness 

Modulus of elasticity of soil 

/^72 

tmm 

• Naperian constant; modulus of passive pressure 
on the side fill material 

e Void ratio 

»¡I Deviator ic strain tensor 

ekk Change of volume per unit volume 

emax Maximum void ratio 

Minimum void ratio 

e0 Initial void ratio 

Water content 

F Factor in cylinder deflection equation 

F.S. Factor of safety 

Function of several variables 

fmin Minimum stress (maximum compression) in 
element 

fr Radial stress in element 

f| Tensile failure stress 

fj Vertical stress in element 

G Shear modulus 

g Acceleration of gravity 

H Height of inclusion 

H' Height of vertical cylinder 

h Total depth of element 

I Moment of inertia, impulse 

I, Impulse to the time that the wave reflected 

from the basement rock reaches the cable 

First invariant of the Cauchy deviatoric stress 
tensor 
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U 

u 

u¡ 

Auc«v 

Audis 

V 

Vv 

AV 

V 

w 

wc 

we 

ws 

Ww 

W 

X 

Ax 

Velocity of shock front in air; unit step 
function 

Pore pressure 

Initial pore pressure 

Excess pore pressure developed during shear 
at constant water content 

Excess pore water pressure negated by 
consolidation during loading 

Total volume 

Volume of voids 

Change in volume 

Parhcle velocity 

Weapon yield 

Load on pipe per unit of length 

Equivalent yield 

Weight of solids 

Weight of water 

Fundamental compression mode frequency 

Distance 

Horizontal diametral extension 

Y Radial deflection of the crown; deflection 

vr Relative displacement of the silo with 
respect to the soil 

Ay Vertical diametral deformation 

z Vertical distance below surface 

a Experimental constant; material constant 

az Attenuation factor 

ß Angle of stress front with the surface 

y Unit weight of soil 

S Deflection at point of interest 

Kronecker delta 

Downward deflection of a point near the 
surface 

5r Peak amplitude of direct-induced disp'acement 

6U Ultimate deflection 

f Unit strain, unit strain in outer fiber due to 
bending 

*c Average strain over height of inclusion 

ehL Hardening strain of backpacking material 

f¡j Tensor representing the six independent 
components of strain 

es Unit strain or average unit strain in the soil over 
loaded depth 

f Coordinate of position 

t? Factor depending on Poisson's ratio 

f? Stress concentration factor 

»71 Factor depending on the acoustical impedances 
of the soil and the inclusion 

0 Angle measured clockwise from a horizontal 
diameter; rotation 

0, Rotation attributable to random component 

0S Rotation attributable to systematic component 

* Wave length of random component of displacement, 
Lame's constant 

Aa Amplitude of random displacement 

159 



¢, 

¢, 

p 

p\ 

pt 

(PO 

a 

à 

aallow 

°ü 

°VL 

Coefficient of friction; Lamé's constant 

Poisson’s ratio 

Poisson’s ratio of cylinder 

Poisson's ratio of host material 

Poisson's ratio of steel; Poisson's ratio of the 
soil 

Damping coefficient; relative displacement 

Relative displacement between the inclusion 

and the soil attributable to direct loading 

Relative displacement attributable to the stress 
wave 

Pi term, n = 1,2, 3... 

Mass density; deformed radius of curvature 

Effect /e mass density of the inclusion 

Mass density of the soil 

Acoustic impedance 

Total stress normal to the plane 

Peak stress 

Allowable stress 

Tensor representing the six independent 
components of stress 

Deviator stress tensor 

3 times the mean normal stress 

Average stress on inclusion 

Stress in soil at elevation of crown (or top) 

Yield stress 

¡6,0 
Yield stress of backpacking 

^iklm 

n 

CO 

Stress after first reflection from bottom of 
slab, etc. 

Maximum value of o. 

Positive phase duration 

Critical time that will result in spalling 

Interface shear on the extrados 

Friction angle at constant volume on 

effective stress basis 

Tensor of elastic constants 

Factor in arching equation 

Maximum value of factor SI 

Exponent in arching equation 
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