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ABSTRACT 

The problem of designing two-dimensional or axisymnetric plug nozzles 
with variable inlet geometry which produce the maximum axial thrust when 
an engineering constraint is imposed on the plug contour, for example, 
fixed length, has been formulated and numerically solved. The formulation 
was written to consider a gas mixture whose composition is either fixed 
or in chemical equilibrium. The effects of the boundary layer thickness 
and the wall shear stress are included in the problem formulation. The 
optimization analysis and the results from selected parametric studies 
are presented in Volume I of this report. This volume, Volume II, con¬ 
tains a description of the computer program, a discussion of the input 
parameters, and the results of six sample cases. 
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SECTION I 

MMMWMMMMhmm immbmmmmmmm 

INTRODUCTION 

A computer program has been developed that can design maximum 
thrust plug nozzles with variable inlet geometry. The optimization 
analysis which is the basis for the computer program is developed in 
Volume I of this report. This volume (Volume II) contains a descrip¬ 
tion of the computer program, a discussion of the input data pack and 
a discussion of six sample cases. 

The program is written in F0RTRAN EXTENDED language for the 
CDC-6500 and CDC-6600 computers. The program can be modified to be 
compatible with other computing machines. The sample cases presented 
in this manual were executed on the CDC-6500 computer. Execution times 
are given for this machine. 
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SECTION II 

PROGRAM ORGANIZATION 

1. GENERAL 

The program consists of a main program and 22 subroutines which are 
used to perform the three primary tasks of: 1) data input and initializa¬ 
tion, 2) calculation of the flow field in a plug nozzle, and 3) calcula¬ 
tion of the l.agrange multipliers and the relaxation of the nozzle geometry. 
The program is overlayed and the primary tasks are performed in sequence. 
The overlay arrangement is presented in Fig. 1. 

A wide variety of options are available to the user. The possible 

combinations permit the following: 

A. Flow field analysis for a specified plug nozzle geometry which 
includes the capability of inputing a tabular contour. 

B. The design of an optimal plug nozzle for a specified ambient 
pressure (when the ambient pressure is specified, the cowl lip 
radius, the orientation of the initial-value line, and the plug 
contour are determined from the optimization analysis). 

C. The inverse of option (B). For this case the user specifies the 
cowl lip radius, and the ambient pressure, the orientation of 
the initial-value line and the plug contour are obtained from 

the optimization analysis. 

D. The design of an optimal plug nozzle with a specified initial- 
value line and cowl lip radius (referred to as the fixed imel 

option). 

The second and third options are referred to as variable inlet options. 

In addition, the nozzle geometry can be either planar (i.e., two- 
dimensional), or axisymmetric. The possible engineering design con- 
straints that can be imposed upon the optimization analysis are: 1) fixed 
nozzle length, 2) constant plug surface area, 3) constant plug contour arc 
length, and 4) an arbitrarily weighted linear combination of 1), 2), and 3). 

The program can treat either a calorically and thermally perfect gas, 
or variable thermodynamic properties and stagnation conditions can be in¬ 
put in tabular form. In addition, the flow field analysis option can 
treat rotational flows for which the variable thermodynamic properties 
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FIGURE 1. PROGRAM OVERLAY STRUCTURE 
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and stagnation conditions are specified separately on up to eleven sep¬ 
arate streamlines. The effects of boundary layer thickness and wall shear 
stress can also be included. 

The possible options should provide the user with a wide range oí 
design options. Program modifications are, of course, also possible. A 
modular, subroutine approach was used for such items as the base pressure 
model, the boundary layer model, and the calculation of the initial-value 
line. These subroutines can be modified without disturbing the overall 
logic to suit the preference of each individual user. 

2. DATA INPUT AND INITIALIZATION 

All required data and control parameters are input by means of a 
data pack. The data are read by program MAIN1. The data are then output 
to identify the particular case being executed. Once the input data and 
control parameters have been read in, initialization of the subroutines 
takes place. Th’s consists of changing units for the program calcula¬ 
tions, calculating various program constants and the initialization of 
program variables. The necessary parameters are transmitted to the other 
subroutines through labeled common blocks. 

3. CALCULATION OF THE FLOW FIELD 

Upon completion of the data input and initialization the program 
logic control is transferred to program MAINZ. The flow field initial- 
value line is either input or calculated in subroutine IVLC. In the 
present calculation analysis the start line points have a constant Mach 
number, and the flow angle has a linear variation along this line. Sub¬ 
routine IVLC then controls the logic for the calculation of the kernel 
(region Q, see Fig. 2). The left-running Mach line IK then becomes the 
initial-value line for the calculation of the remainder of the flow field. 
The cowl lip contour is calculated in SURFU. The initial-value line, the 
plug contour and the cowl lip contour are the initial and boundary con¬ 
ditions for the method of characteristics solution of the flow field. 
Right-running Mach lines originating from the initial-value line are fol¬ 
lowed until the plug contour is intersected. The logic necessary for the 
flow field calculations is controlled by subroutine FL0W. Subroutine 
CHARAC determines the solution at an interior mesh point in the flow field. 
Subroutine BNDYPT determines the solution at the intersection of a right¬ 
running Mach line and the plug contour. This process continues until a 
right-running characteristic has been calculated from each point on the 
initial-value line. Subroutine UPBNDY is then called to calculate the 
flow properties at a specified point on the cowl contour. A right¬ 
running Mach line is then followed from that point to the plug contour. 
This process is repeated until the nozzle length specified by the value 
of FIXEDL is reached. Subroutine FL0W outputs the solution for each 
right-running Mach line after the entire Mach line has been calculated. 
Subroutines THRUST, STREAM, BLAYER and SKIN are used to determine the 
thrust, s\..earn function, boundary layer thickness and wall shear stress, 
respectively. The necessary parameters are saved for the optimization 
analysis. 
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FIGURE 2. PLUG NOZZLE GEOMETRY AND FLOW FIELD 
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4. CALCULATION OF THE MULTIPLIER FIELD 

In the optimization modes the program logic control is transferred 
to program MAIN3 upon completion of the flow field calculations. Program 
MAIN3 calls subroutine LACRAN for the calculation of the Lagrange multi¬ 
pliers. The Lagrange multipliers at point F (the plug b?.se) are calculat- 
ed from the corner conditions (see Fig. 2). The transversality condition 
along EF (the exit right-running Mach line) is used to determine the mul¬ 
tipliers at each mesh point that was calculated in the flow field calcu¬ 
lations. The values of the multipliers along the boundary EF serve as 
initial conditions for the method of characteristics solution for the 
multiplier field. The solution proceeds along right-running Mach lines 
from the plug contour boundary to the cowl lip contour or initial-value 
line. Subroutine LAGRAN also evaluates the error equation along the 
plug contour. Once the multipliers have been calculated the program re¬ 
turns control to MAIN3. The error at each wall point is checked to de¬ 
termine if the solution is within the convergence criterion. If it is, 
the final wall solution is output and control is returned to program 
MAIN for input data for the next case, if any. If convergence is not 
satisfied, subroutine ADJUST is used to calculate the next estimate of 
the wall contour. Subroutine C0WLIP calculates the error at point E and 
translates the contour up or down as needed in order to drive the error 
at point E to zero. At this point the program returns control to MAIN 
and the flow field solution and multiplier solution are repeated for the 
new wall contour. This iterative process is repeated until the solution 
criteria are satisfied or the number of iterations exceeds MAXITR. 

6 

-..... 



SECTION III 

SUBROUTINE DESCRIPTIONS 

A brief description of each program and subroutine in the computer 
program is given here to supplement the information available in the form 
of comments within the program. 

1. LINKO 

a. MAIN. This is the main program. Tt controls the proper calling 
sequence of the overlay schane. No calculations are made in this program 
The overlay structure is shown in Fig. 1. 

b. BASE. This subroutine calculates the base pressure using the 
empirical equation 

Pb = CB p/M (1) 

where the constants Cß and Eg are program input parameters, and p and M 
are the pressure and Mach number on the plug contour at point F (see Fig. 
2). Default values of Cß = 0.846 and Eß = 1.3 are built into the program. 
Since this subroutine is the only place in the program where the base 
pressure is calculated, the base pressure model employed by the program 
can be changed easily by rewriting this subroutine. To facilitate the 
replacement of the base pressure model an expanded argument list has been 
used. The input arguments to BASE are the x and y coordinates of point 
F, xp and yp; the flow properties at point F, Mp, Vp, ep, pp, pp; the 
ambient pressure pa; stagnation conditions P0, T0, p0; the thermodynamic 
properties y and gas constant R; gravitational constant g0; and the con¬ 
stants for the empirical base pressure model Cß and Eß. The output argu¬ 
ment is the base pressure p^ in Ibf/ft^. 

c. AITKEN. This is an interpolation routine, obtained from Wright- 
Patterson Air Force Base, Ohio, which uses Aitken's method of interpola¬ 
tion. Its arguments are described on the comments cards in the source deck. 
A one-dimensional array X of independent variables and a one-dimensional 
array Y of dependent variables of number N are used by the subroutine to 
interpolate at the independent variable XB. A polynomial of degree K is 
used to calculate YB, the interpolated result. The maximum degree of the 
interpolating polynomial is ten. The degree of the interpolating poly¬ 
nomial is specified by the input variable NDEG1. 
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d. PR0PTY. This subroutine determines the flow velocity, Mach 
number, pressure, density, and temperature for a given value of either 
pressure, Mach number, or velocity. The argument IP specifies the given 
property. If IP equals 1, pressure is given; if 2, Mach number is speci¬ 
fied; and if 3, the velocity is given. If the gas model is specified as 
an ideal gas, the isentropic relations are used to calculate gas properties. 
For variable thermodynamic properties but constant stagnation properties 
throughout the flow the property determination is by interpolation in a 
single table. If the flow model is rotational, i.e., with tabular prop¬ 
erties for specified streamlines, the property determination is by double 
interpolation with the stream function. 

2. LINK1 

a. MAIN1. This program controls the first phase of the program. 
MAIN1 is called only once per case. This program reads the input data, 
initializes the indices, converts units, calculates program constants and 
writes out the input data. The logic for the point numbering scheme is 
developed in this program and designated NP0INT (I). The point numbering 
scheme employed in the remainder of the program is as follows: point I 
(see Fig. 2) is numbered 1; the second point on the left-running Mach line 
IK is point 2; the point where the right-running Mach line originating from 
point 2 intersects the plug contour is point 3; the third point on IK is 
labeled point. 4, etc. NP0INT (1+1) gives the point number of the wall 
point on the I-th right-running Mach line. This counter is used to set 
indices on D0 loops, to store the flow field solution as it is calculated, 
and to retrieve this information for the optimization analysis. If the 
program is modified in any manner extreme care must be taken to ensure 
that the points are numbered correctly. 

b. PLUG. If called, this subroutine calculates the first estimate 
of the plug contour by fitting specified end point conditions to a quad¬ 
ratic equation in x. The initial conditions at point I (x,y,e) specify 
one end point. At point F (see Fig. 2), either y or e can be specified 
by the value of the input flag I PLUG. I PLUG = 1 corresponds to specify¬ 
ing e at point F, and I PLUG = 2 corresponds to specifying y at point F. 

c. SPLINE. This subroutine fits a cubic interpolation spline to an 
array of tabular data. A cubic polynomial is fit between each consecu¬ 
tive pair of points such that the slopes of the adjoining cubic polynom¬ 
ial are matched at the data points. The slopes at the two end points of 
the array of data must be specified. The parameters of the argument list 
are: KN0T, the number of data points in the table; X(I), the value of 
the independent variable at the I-th data point; Y(I), the value of the 
dependent variable at the I-th data point; T(I) the calculated slope at 
the I~th data point. Subroutine SPLINE is called to evaluate the plug 
contour slope when a tabulated nozzle contour is input. 

3. LINK2 

a. MAIN2. This program controls the logic for the second phase of 
the program which consists of the calculation of (1) the initial-value 
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line, (2) the cowl lip contour and (3) the plug nozzle flow field. In 
addition, this subroutine writes out the plug nozzle contour for each 
iteration. 

b. BLAYER. This is the subroutine that determines the boundary 
layer thickness e* which is evaluated according to the following express¬ 
ion: 

e* = (RVRey0)n = <£*/ReJ>0 ReJ) (2) 

The parameters and Rßy« are the values of the boundary layer thickness 
and Reynolds numoer evaluated at the reference stagnation condition. The 
entire coefficient (e*/Re5)o is input as the parameter DELSI. 

In practice, representative values of DELSI are determined by com¬ 
puting values of e$ and Rey from a boundary layer analysis of nozzles 
similar to the one being designed. In this way the user can incorporate 
the boundary layer model of his choice. In the present model n is intern¬ 
ally specified as DELEXP = 1.5. 

Variations on the boundary layer model can easily be accomplished 
by varying the input value of DELSI or by internally varying the value of 
DELEXP. Further, the entire subroutine can be replaced; however, the re¬ 
placement subroutine must also evaluate the Reynolds number (REY) since 
the value calculated in BLAYER is used by subroutine SKIN. 

c. BNDYPT. This subroutine finds the point where a right-running 
Mach line intersects the plug contour (or inviscid core boundary) IF and 
the flew properties at that point. The location and flow properties are 
known at points 1 and 2 in Fig. 3. Since the boundary location, slope 
and the boundary stream function are known, it is only necessary to locate 
point 3 on this boundary and to calculate one flow property at point 3 
(see Fig. 3). Since the program follows right-running Mach lines, only 
the right-running characteristic and compatibility equations are used 
The equations programmed are: 

1) for the irrotational flow model 

dy/dx = tan (e-a) (3) 

(cota/V)dV + de - V sine dy/(P|y sin (e-a)) * 0 (4) 

2) for the rotational flow model 

dy/dx = tan (e-a) (5) 

9 



FIGURE 3. PLUG CONTOUR LABELING SCHEME FOR BNDYPT

FIGURE 4. MESH POINT LAB SCHEME FOR CHARAC



(6) 
2 

(cota/pV )dp - d9 + V sinedy/(My sin (e-a)) = 0 

A modified Euler predictor-corrector technique with averaged coef¬ 
ficients is employed in the present analysis. The flow angle is known at 
point 3 for the irrotational flow model and for the pressure at point 3 
in the rotational flow case. The values of the boundary stream function 
and p or V (depending on the flow model) are transferred to subroutine 
PR0PTY to determine the remaining flow variables. 

d. CHARAC. This subroutine calculates the interior point flow field 
solution.The solution process employs the modified Euler predictor- 
corrector technique for solving the flow field characteristic and compati¬ 
bility equations. When averages of the coefficients are evaluated, the 
technique of averaging the entire coefficient of each differential is 
used. The point labeling scheme for this subroutine is shown in Fig. 4. 
The solution is sought at point 3, and the value of the stream function 
at point 5 is obtained by linear interpolation between points 1 and 2. 
For the irrotational flow model it is not necessary to locate point 5 since 
the stream function is not needed. This routine uses both the left¬ 
running and right-running characteristic and compatibility equations. The 
equations programmed are as follows: 

(1) the irrotational flow model 

dy/dx = tan (e+a) {7) 

(cota/V)dV + de - V sine dy/(My sin (e+a)) 3 0 (8) 

(2) the rotational flow model 

dy/dx = tan (e+a) (9) 

(cota/V )dp - de + V sine dy/(My sin (e+a)) = 0 (10) 

dy/dx = tan e (n ) 

where the upper signs are along left-running Mach lines and the lower signs 
are along right-running Mach lines. The remaining flow variables are ob¬ 
tained by calling subroutine PR0PTY. The stream function and p or v (de¬ 
pending on the flow model) are arguments in the calling statement. 

e. FL0W. This subroutine contains the logic for calculating the 
flow field in Region R of Fig. 2. Calculations begin on and are carried 
out down the right-running Mach line designated by the subprogram variable I. 
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1 ;.2 corresP°nds t0 P°int 1 in Fig- 2, and I = NPTS corresponds to the 
exit right-running Mach line. The solution is terminated when the nozzle 
length is equal to the program variable FIXEDL, where FIXEDL is the x- 
distance between points I and F. When a right-running Mach line is cal¬ 
culated such that FIXEDL is exceeded, a linear interpolation is used to 
locate a new point on the cowl lip contour such that the right-running 
Mach line that originates from this point gives the proper nozzle length. 

When 0PTI0N is specified as 5, the fixed inlet geometry model, sub- 
routine FL0W performs one additional operation. This operation consists 
of calculating the laft-runring Mach line that originates from point D 
•e*uFl j**5'' ',’n ^stimate 15 made of the slope at point D and is input 
in the data pack when 0PTI0N = 5. Point D is defined to be a point of 
tangency for the plug contour downstream of D and the specified circular 
arc upstream of point D. Only the flow region downstream of the left¬ 
running Mach line DS enters the optimization analysis. This treatment 
allows the initial-value line IK to remain fixed. The optimization proc¬ 
ess then drives the error to zero by adjusting the contour between points 
Ü and F. In this process the slope at point D is allowed to vary so that 
the error is zero. When the slope changes the program shifts the point D 
along the circular arc to maintain the tangency condition. For each iter¬ 
ation a new left-running Mach line DS is calculated and stored in the 
flow field storage array over the left-running Mach line just upstream 
of DS. Since this region is outside the optimization region these stor¬ 
age locations are not needed during the optimization process. After com¬ 
pletion of the adjustment of the contour and the relocation of point D 
the flow field is recalculated for the new wall starting from the initial- 
value line IK. 

The subroutine also writes out the flow field solution after the cal- 
nUJ>rîr0n ^re ri^t-runnin9 Mach line is completed. The incut flags 
IWRITE and JWRITE control the output. The value input for IWRITE controls 
r e of every IWRITE-th right-running Mach line. The value input 
for JWRITE controls the printing of every JWRITE-th point on the right- 
running Mach line. The first and last point of each IWRITE-th Mach line 
are always printed. Also, the first and last Mach lines are always 
printed. The nozzle performance parameters and boundary layer parameters 
are also output by FL0W. ^ 

f. STREAM. This subroutine integrates the mass flow across each 
right-running Mach line and determines the stream function for each interior 
point in Region R. The equation used to calculate the stream function be¬ 
tween two points on a right-running Mach line is: 

Xo 

ÿ = {2ttn yv p(uy - v)dx}/rh (12) 

where ifi is the total mass flow rate through the nozzle. The above integra 
tion is performed by the trapezoidal method. 

12 
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9- I VIC. When initial conditions are not specified subroutine IVLC 
is called to calculate a start line IT (see Fig. 2) from the specified 
conditions at point I. The start line has a uniform Mach number, input 
as M, and is a straight line normal to the flow direction at point I. The 
flow angle between points I and T has a linear variation specified by 
DTHETA. This parameter is internal to IVLC and is nominally +6 degrees. 
The number of points on the initial-value line IK is controlled by the 
input parameter MPTSSL. Actually, MPTSSL specifies the number of points 
on line IT which are used to calculate the left characteristic IK and, 
therefore, the number of points on IK may not quite agree with MPTSSL. 

IVLC calls CHARAC to calculate the flow region Q shown in Fig. 2. 
The start line IT is extended beyond point T to calculate the kernel 
region Q. Point K is located by matching the mass flow rate across IK 
to that across IT. A numerical Newton-Raphson technique is used to locate 
point K. The thrust across IK is calculated by IVLC. When variable ther¬ 
modynamic properties are input the line IT is calculated iteratively. A 
Newton-Raphson technique is used. In addition, IVLC prints out the left¬ 
running Mach line IK which is then the initial-value line for determining 
the remainder of the plug nozzle flow field. 

h: SURFU. This subroutine calculates the cowl lip contour KE 
shown in Fig. 2. The present subroutine generates a circular arc with 
points normally located every DELTU degrees apart. DELTU is an input 
parameter. At point K, the intersection of the initial-value line and 
the cowl lip contour, the flow field may be only slightly supersonic with 
strong gradients. For this reason DELTU is modified slightly. The first 
downstream point of point K on the cowl lip contour is located at DELTU/5 
degrees. The next point is at two times this increment, etc., for five 
points. This spaces five points where the normal distribution of every 
DELTU would only yield three. Further, in the region approaching the 
flow angle of zero degrees DELTU is halved for a finer point spacing. 
This closer spacing is useful for acquiring a length closer to the de¬ 
sired fixed length constraint. Other contours could be treated by re¬ 
writing SURFU. This subroutine also writes out the cowl lip contour 
beyond point K for each iteration. 

i. THRUST. This subroutine calculates the thrust function f and 
its partial derivatives f. and f . The thrust function is given by the 
following expression: n p 

f = [p(n - ê) + x](n - e)v (13) 

The thrust function is evaluated at each wall point where a right-running 
Mach line intersects the plug contour. The thrust function is integrated 
by the trapezoidal method to obtain the thrust contribution on the sur¬ 
face. The thrust across the line IK was evaluated in IVLC. This value 
is stored in C0MM0N. The derivatives of f are obtained in the subroutine 
by analytically differentiating the above equation. This subroutine also 
calculates the thrust due to the pressure force acting on the cowl lip 



contour KE and the thrust contributions due to the base pressure and the 
ambient pressure. All of these thrust contributions are summed to yield 
the total axial thrust for print out purposes. 

j. SKIN. This subroutine calculates the skin friction coefficient 
Cx and the wall shear stress t, where Cf and t are determined by the follow¬ 
ing expressions: ' 

t = CfPV2/2 (14) 

(15) 

where 

(16) 

Rey = pVy/y (17) 

Cfi, Tr, and \iQ are input parameters. 

The meanings of the variables appearing in the argument list are : X, x- 
coordinate of the wall, inches; Y, y-coordinate of the wall, inches; M, 
Mach number; V, velocity, ft/sec; THETA, wall slope, radians; P, pressure, 
lbf/ft¿; RHO, density, lbm/ftJ; and TEMP, temperature, °R. Since this 
subroutine is the only place the shear stress is evaluated, the shear 
stress model employed by the program can be changed by simply rewriting 
this subroutine. 

k. UPBNDY. This subroutine calculates the flow field solution on 
the cowl lip contour. The modified Euler predictor-corrector technique 
is used to solve the characteristic and compatibility equations, where 
the average value of the entire coefficient of each differential is em¬ 
ployed. Fig. 6 shows the point labeling scheme employed for the wall 
solution. The wall point is assumed to be fixed in this scheme; there¬ 
fore, the location and properties of point 4 must also be determined as 
part of the solution. The location of point 4 is obtained from the inter¬ 
section of the left-running Mach line between points 3 and 4 and the line 
connecting points 1 and 2. The properties at point 4 are obtained by 
linear interpolation of the properties between points 1 and 2. The left¬ 
running characteristics and compatibility equations as programned are as 
follows: 

(1) the irrotational flow model 

dy/dx = tan (e + a) (18) 
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FIGURE 6. COWL LIP CONTOUR POINT LABELING SCHEME FOR UPBNDY 
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■a 

(cot a/V)dV + de - V sin edx/(tycos (e + a)) = 0 (19) 

(2) the rotational flow model 

dy/dx = tan (e + a) (20) 
o 

(cot a/pV )dp - de + V sin edx/(ri/cos (e + a)) = 0 (21) 

The remaining flow parameters are determined by subroutine PR0PTY. 

4. LINK3 

a’ MAJN3. This program controls the logic for the third phase of 
the program, the optimization analysis. It calls for (1) the calculation 
of the Lagrange multiplier field, (2) the evaluation of the convergence 
criteria and, (3) the adjustment of the nozzle geometry. In addition, 
MAIN3 prints out the final solution, or if the solution has not converged 
in MAXITR iterations, it punches a new set of input data based upon the 
final iteration. 

b. ADJUST. This subroutine calculates the new plug contour slope 
from Eq. (35) of Ref. 1 based upon the value of the Lagrange multipliers 
at each wall point. The slope is then integrated by the trapezoidal rule 
to obtain the new contour. 

c. C0WLIP. This subroutine evaluates the error at point E, Eq. (48) 
in Ref. 1, and adjusts the cowl lip radius accordingly (0PTI0N = 3) or 
calculates the ambient pressure (0PTI0N = 2). For 0PTI0N = 3, the new 
boundary obtained from subroutine ADJUST is translated in the y direction 
to be compatible with the new cowl lip radius. 

d* IS0PER. This subroutine evaluates the isoperimetric constraint g 
and its derivatives,using Eq. (D-6) in Ref. l,for use in determining the 
Lagrange multiplier X] along the plug contour. Three design constraints 
are built into this subroutine. These are: (1) fixed length (specified 
by setting AK1 = 1.0); (2) fixed surface area (specified by setting AK2 = 
1.0); or (3) fixed arc length along IF (specified by setting AK3 = 1.0). 
Additional design constraints could be included by modifying this sub¬ 
routine. 

e. LAGRAN. This subroutine controls the logic for the calculation 
of the Lagrange multipliers. The Lagrange multipliers along the exit 
right-running Mach line and the error along the plug boundary are evalu¬ 
ated in this subroutine. The Lagrange multipliers throughout the flow 
region are calculated by LAGRAN using Eqs. (K-23 through K-26), (K-31) 
and (K-32) of Ref. 1. In addition, the Lagrange multiplier values are 
printed for each point previously printed by subroutine FL0W, and the 
error is printed at wall points. The write flags IWRITE and JWRITE con¬ 
trol this output. 
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SECTION IV 

INPUT 

The input data cards are listed below in the same order that they 
appear in the data card deck. The names of the program input variables 
appear in upper case letters on the left. The numbers beneath each name 
denote the card columns in which tne value of the variable must appear. 
All integers must be right adjusted. 

CARD 1 F0RMAT (12A6) 
This card contains job identification information. 

HEADER 72 alpha-numeric characters identifying the run. The contents 
(1-72) of HEADER are printed at the top of each output page. This card 

may be left blank, but it cannot be omitted. 

CARD 2 F0RMAT (6A6) 

This card contains additional job identification information. 

DATE 36 alpha-numeric characters for supplemental identifying informa- 
(1-36) tion. The contents of DATE are printed at the top of each out¬ 

put page. This card may be left blank, but it cannot be omitted. 

CARD 3 F0RMAT (415) 
Program options are contained on this card. 

M0DEL 

(5) 

NU 
(10) 

Flow model specification. 

1 Irrotational flow 

2 Rotational flow (only used with 0PTI0N = 1) 

Nozzle geometry specification. 

0 Two-dimensional, v = 0 

1 Axisymmetric flow, v = 1 

0PTI0N Design option specification. 
(15) 

1 Analysis mode; the flow field for a specified lozzle is 
calculated. 

2 Design mode; the cowl lip radius is specified, and the 
injection angle, the ambient pressure, and tne plug 
contour are obtained from the optimization analysis. 
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MAXITR 
(16-20) 

CARD 4 

MPTSSL 
(4-5) 

NPTSLS 
(8-10) 

NDEG1 
(14-15) 

NSTART 
(16-20) 

IWRITE 
(24-25) 

JWRITE 
(29-30) 

KWRITE 
(35) 

LWRITE 
(40) 

LPUNCH 
(45) 

3 Design mode; the ambient pressure is specified, and the 
injection angle, the cowl lip radius, and the plug 
contour are obtained from the optimization analysis. 

5 Design mode; the cowl lip radius, the injection angle, and 
the ambient pressure are specified, and the plug con¬ 
tour is obtained from the optimization analysis. This 
is the "fixed inlet" mode. 

Maximum number of iterations allowed in the optimization process, 
typically 10. May be 0 or blank when 0PTI0N = 1. 

F0RMAT (1315) 
Control and size indices are contained on this cards. 

Number of data points on the start line IK. Typically 11. 
Maximum 20. 

Number of points on the plug contour to be input in tabular 
form. Maximum = 100. NPTSLS can be left blank if I PLUG > 0. 

Degree of interpolating polynomial for all interpolation of 
tabular input. 1 _< NDEG1 ^ 10. Typically 1. 

Not used. Leave blank. 

Flow field output control. Print every IWRITE-th right-running 
Mach line. If IWRITE > 60, print only the first and last Mach 
line. 

Flow field output control. Print every JWRITE-th point on each 
right-running Mach line output. If JWRITE > 60, print only 
the first and last points on each Mach line. 

Cowl lip contour output control. 

0 Cowl lip contour is not printed. 

1 Cowl lip contour is printed. 

Multiplier output control. 

0 No multipliers are printed. 

1 Multipliers are printed subject to the flags IWRITE and 
JWRITE. 

May be left blank when 0PTI0N = 1. 

Punched output control. 

0 No punched output of final iteration. 

1 Punch out plug contour (format of CARDS 15) and the 
start line data (format of CARD 6) obtained during 
the last iteration. These cards can then be used to 
restart the case. 
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I PLUG 
(50) 

IPBASE 
(55) 

NSL 
(59-60) 

NTABL 
(64-65) 

CARD 5 

P0 
(1-10) 

TO 
(11-20) 

R 
(21-30) 

G 
(31-40) 

CARD 6 

M 
(1-10) 

THETA 
(11-20) 

Controls first wall estimate. 

Readiñm!J entour (Depure to specify the number of points 
input in tabular form, NPTSLS (see CARD 4)). 

1 Ca1CCARDei2)rab0lÍC Wal1 contour’ with eF specified (see 

2 CalCCARDei2rab0lÍC Wal1 COntOUr’ with specified (see 

Base pressure model. 

0 Use default values of CB and Eg (CB = 0.846, E. = 1.3). 

1 Input new values of Cg and Eg (see CARD 11). 

sNpêcîî,êdf STfaS¿,1neSn0" "hiïh data are to be 
speclfled'and^raon l 0> «"star|t property, homentropic flow is 
spefjfied and CARD 5 must be included in the data pack (maximum 

E!dLmf=d30l P°iÍ¡“ Ín,eaCí S.trea"l1,ne thermodynamic data set 
jn i i.. '* When NSL >1, the same number of points must be 
included in each table see CARDS 13 and 14) May be left blank 
or set equal to 0 when NSL = 0. * blank 

F0RMAT (4F10.0) 

This card contains the gas stagnation properties and thermo- 

pacTlS^tTo!- ™S Card 15 n0t ,nc1uded in the 

Stagnation pressure Po> psia. 

Stagnation temperature Tq, °R. 

Mixture gas constant R, ft-lbf/lbm - °R. 

Specific heat ratio y. 

F0RMAT (5F10.0) 

This card contains information for constructing the start line 

Zr n?'!' w 51 COntr (see F19- 2>- These data sre reqlJiîeJ 
tor all design option specifications (0PTI0N = 2,3, or 5). 

Mach number at point I. M must be greater than 1.0. 

POinî l' de9rees- Typically -45.0 to -65.0 
degrees. Flow angles are measured relative to the nozzle cen¬ 
terline and are negative for flow toward the nozzle axis. 



YPTl 
(21-30) 

ZETA 
(31-40) 

DELIU 
(41-50) 

CARD 7 

PA 
(1-10) 

FL0WRT 
(11-20) 

FIXEDL 
(21-30) 

CFI 
(31-40) 

DELS1 
(41-50) 

MUO 
(51-60) 

TR 
(61-70) 

CARD 8 

ERS 
(1-10) 

EPS 
(11-20) 

AK1 
(21-30) 

AK2 
(31-40) 

Radius of point I, inches. The x coordinate of point I is 
assumed to be 0.0. 

Radius of curvature of circular arc used for the cowl lio 
contour, inches. H 

Normal angular increment for locating points along the cowl 
lip contour, degrees. Typically 2.5°. 

F0RMAT (7F10.0) 
This card contains design information. 

Ambient pressure, psia. May be left blank when OPTION = 2 
specific when 0PTI0N = 2, the specified value is’ 

used in the thrust equation. 

Mass flow rate, Ibm/sec. 

Nozzle length from point I to F, inches. 

?eoftrüt^ícutheTujÍn-frict1on coefficient expression 
(see Eq.(15)). This is not the incompressible flow 
skin friction coefficient. 

f. 
i 

Coefficient for the boundary layer thickness expression 
(e*/Rey'-:))o, inches (see Eq. (2)). 

Tluaîed ^ tv® stagnation temperature T , 
lbm/ft-sec (see Eq. (15)). r* 

t?mper*ture used to calculate the temperature 
ratio for the viscosity and the skin friction coefficient 
May be left blank when CFI = MUO = 0.0. The boundary Uyer 

MmeCtS &rl neg ?cted when the values of CFI and DELS1 or 
MUO are set equal to zero or left blank. 

F0RMAT (5F10.0) 

constrai'ntCspeclfications?enCe Cn'teria a"d the 9e0metr1c 

Convergence criterion for the optimal solutioi 
- 0.002. May be left blank when 0PTI0N = 1. 

Normally 

Convergence criterion for the 
= 0.001 to 0.0001. 

flow field calculations. Normally 

Constant length constraint weighting factor. 

Constant arc length constraint weighting factor. 
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.""""".... 

AK3 
(41-50) 

CARD 9 

YPT4 
(1-10) 

CARD 10 

RPLUG 
(1-10) 

TPLUG 
(11-20) 

CARD 11 

CB 
(1-10) 

EB 
(11-20) 

CARD 12 

THETAF 
(1-10) 

YF 
(11-20) 

Constant arc length constraint weighting factor. 

One particular constraint is specified when its weighting 
factor has a value of 1.0 and the others are 0.0. A weighted 
combination is specified when all have values. Only the rela¬ 
tive magnitudes are significant. All constraint factors may 
be left blank when 0PTI0N = 1. 

F0RMAT (F10.0) 
This card is required only when 0PTI0N = 2. 

Cowl lip radius for fixed cowl lip option, inches. 

F0RMAT (2F10.0) 
This card is required only when 0PTI0N = 5. 

Downstream radius of curvature of the plug surface, inches. 

First estimate for the flow angle at the point where the con¬ 
tour first departs from the circular arc, degrees. 

F0RMAT (2F10.0) 
This card is required only if IPBASE = 1 (see CARD 4). 

Input value for the numerator constant in the base pressure 
model presented in Eq. (1). 

Input value for the exponent in the base pressure model as 
stated in Eq. (1). 

F0RMAT (2F10.0) 
This card is required only if IPLUG > 0. 

The value of the flow angle at the nozzle exit, degrees. 
Required only if IPLUG = 1 (see CARD 4). 

The value of the y-coordinate at the nozzle exit, inches. 
Required only if IPLUG = 2 (see CARD 4). 

The data which are input through CARDS 13 and 14 specify the thermo¬ 
dynamic model of the fluid being considered. Three models are available. 
The first is a thermally and calorically perfect gas. This model is 
chosen by specifying NSL = 0 on CARD 3. If this model is selected, CARD 
5 must also be included in the data deck, and CARDS 13 and 14 are omitted. 
The second model is a gas with frozen or equilibrium chemical composition 
in which the pressure, density, temperature and speed of sound are func¬ 
tions of Mach number specified by a one-dimensional tabular input. Actu¬ 
ally the velocity is used in the present scheme, but this is directly 
analogous to the speed of sound when the Mach number is specified. For 
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this model the flow must be homentropic and isoenergetic. The value of 
NSL on CARD 3 must be NSL = 1. No value is assigned to the stream func¬ 
tion on CARD 13, but a blank card must be inserted. The number of values 
specified in the input table is NTABL on CARD 3. Therefore, this model 
is specified by NSL = 1, CARD 13 blank and tabular values on CARD 14. 

The third thermodynamic model is non-homentropic and nonisoenergetic 
flows of a real gas having either frozen or equilibrium chemical composi- 

This m^el can be used only for the analysis option, i.e., for 
0PTI0N = I- These data are input for a specified value of the stream 
function STAB (1)(0.0 £ STAB(I) £l.O). This thermodynamic model is 
treated as a two-dimens"onal tabular input. The number of streamlines on 
which tabular data are specified is set by the value c? NSL on CARD 3 
Again. NTABL gives the number of CARDS 14 for each streamline. The value 
of NTABL must be the same for each streamline. Values are obtained from 
the tabular data by a double interpolation on the stream function and one 
other property, either the pressure, Mach number or velocity. The inter¬ 
polation is third-order and is performed by subroutine AITKEN. 

CARDS 13 FORMAT (F10.0) 
This card is required only when variable property flow is con¬ 
sidered, i.e., NSL (see CARD 4) is not zero. 

va^e tbe stream function corresponding to the set of 
(MO) isentropic thermodynamic property data immediately following. 

I = 1 corresponds to the plug nozzle boundary, and STAB (1) = 
0.0; I = NSL corresponds to the cowl contour, STAB(NSL) = 1 0 
These two boundaries must be so specified. These data fonn 
NSL sets of one CARD 13 followed by NTABL CARDS 14, one set for 
each streamline. The remaining I - 2 values must be given as 
0.0 < STAB(I) < 1.0. 

ÇARDS 14 FORMAT (5E15.0)(more than one card) 
A set of NTABL (see CARD 4) cards. Each card contains corres¬ 
ponding values of the Mach number, velocity, density, tempera¬ 
ture, and pressure, respectively. The cards are arranged in 
increasing or decreasing values of Mach number and the range 
of data should bracket the values to be encountered on the I-th 
streamline. These cards are only included in the data pack 
when NSL (see CARD 4) is not zero (variable property flow). 

PTAB(J,I,1) J-th value of the Mach number. 

PTAB(J,I,2) 
(16-30) 

J-th value of the velocity, ft/sec. 

PTAB(J,I,3) J-th value of the density, lbm/ft^. 
(31-45) 

PTAB(J,I,4) J-th value of the temperature, °R. 
(46-60) 
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PTAB(J,I,5) J-th value of the pressure, psia. 
(61-75) 

These tables must be input so that the parameters monotonically in¬ 
crease or decrease. A sufficient range of Mach number should be included 
so that no problems are encountered by having to extrapolate outside the 
range of the variables. I designates the I-th streamline, of which there 
are NSL. There are NTABL of these cards for each streamline. 

CARDS 15 F0RMAT (2F10.0) 
These cards contain the first estimate of the plug nozzle con¬ 
tour and are required only when IPLUG = 0. If IPLUG > 0, these 
cards are not included in the data pack. When the analysis op¬ 
tion is used (0PTI0N = 1), these cards specify the tabular 
nozzle contour to be analyzed. 

XSL(I) I-th value of the x-coordinate, inches. 
(1-10) 

RSL(I) I-th value of the y-coordinate, inches. 
(11-20) I = 2 corresponds to the first card input, and specifies the 

first wall point in the table. I = NSTSLS corresponds to the 
final wall point of this table and is usually point F (see 
Fig. 2). There are NPTSLS - 1 of CARDS 15. For example, for 
a deck of 24 wall points (24 CARDS 15) NPTSLS must be input as 
25 in order to correctly read the data. The first wall point, 
I * 1, is point I of Fig. 2, and was input on CARD 6. A 
maximum of 100 wall points are allowed. 



SECTION V 

SAMPLE CASES 

T° métrât6 the various options that are available the input and 
socected output from six sample cases are presented in this section. A 
summary of the options considered in the six sample cases is presented in 
Fig. 7. Further details are discussed below. 

1 SAMPLE CASE I 

Figure 8 is a listing of the data pack for Sample Case I. In this 
case, it is desired to determine the maximum thrust axisymmetric (NU = 1) 
plug nozzle for a fixed length constraint (AK1 = 1.0, AK2 = AK3 = 0.0) 
with variable inlet geometry (0PTI0N = 3). The desired length (FIXEDL) 
is 12.5 inches. The mass flow rate (FL0WRT) is 148.077 Ibm/sec. The 
ambient pressure (PA) is 14.7 psia. No boundary layer effects are to be 
considered, so MUO is 0.0. 

The thermodynamic properties are input as a single table (NSL = I) 
and the table consists of 11 points (NTABL = 11). The irrotational flow 
model is specified (M0DEL = 1). An inlet Mach number of 1.03 was chosen 
For the first approximation the flow angle and y-coordinate of point I 
were specified as -58.0 degrees and 10.0 inches, respectively. Eleven 
points are specified on the initial-value line (MPTSSL = 11). Tne radius 
of curvature of the cowl lip contour (ZETA) is 0.05 inches. Points along 
the cowl lip contour are specified in two degree increments (DELTU = 2.0). 

A parabolic, first approximation to the nozzle contour is used with 
the wan slope at point F (IPLUG = 1) specified equal to -13.0 degrees 
(THETAF = -13.0). s 

The default values are used for the base pressure model (IPBASE = 

In order to print only the first and last point on each right-run¬ 
ning Mach line, IWRITE = 1 and JWRITE = 100. The punched output is 
suppressed by setting LPUNCH = 0. The cowl lip contour is printed 
(KWRITE = 1) and the Lagrange multipliers are also output (LWRITE = 1) 
The convergence criteria for the optimization and flow field solution 
are specified as ERS = 0.0075 and EPS = 0.0001, respectively. 

Selected portions of the program output for Sample Case I are 
presented in Fig. 9. The first page contains a program abstract and 
selected values of input data. The second page is the tabular thermo¬ 
dynamic tables that are input; page three is the computed first guess 



for the optimum plug contour; page four is the computed point location 
and properties on the left characteristic (IK in Fig. 2) used as the 
initial value line; page five is a tabulation of x, y and e values on the 
circular arc expansion (KE in Fig. 2); page six is the beginning of the 
flow field data for the initial contour; page eleven is the flow field 
data on the last characteristics for the initial contour (notice that 
only the end points are printed for each characteristic in accordance 
with the JWRITE = 100 specification); page twelve is the beginning of 
the Lagrange multiplier data; page sixteen is the wall contour for the 
first iteration; and page 102 is the final optimum contour. 

This case requires 199 seconds of computational time on Purdue's 
CDC 6500 machine. 
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2. SAMPLE CASE II 

Figure 10 is a listing of the data pack for Sample Case II. This 
sample case illustrates the rotational flow (MODEL = 2) analysis option 
(OPTION = 1). The flow field is axisyn.metric (NU = 1) and tabular thermo¬ 
dynamic data are given for three streamlines (NSL = 3). The plug contour 
is input in tabular form. Point I is located at y = 8.15466 inches with 
a flow angle of -60.69423 degrees, and a Mach number of 1.03. The input 
data listing in conjunction with the Input Section, Section IV, is self 
explanatory. 

Figure 11 is selected output from Sample Case II. Page one is a 
program abstract and selected portions of the input data. Page two is 
the tabular thermodynamic data, and page three is the tabular wall con¬ 
tour data with calculated slopes at each point. Page four is the com¬ 
puted data on the initial-value surface (left characteristic IK in Fig 
i and pages six and sixteen are the first and last paoes of the computed 
flow field. K 

rnr /rrn?!p1e 11 reclu1'res 60 seconds of coinputati'onal time on Purdue's 
CDC 6500 machine. 
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3. SAMPLE CASES III, IV, V and VI 

Cas<>/mr<V2¡; Inj ¡? and 15 ?-e ¡isti;95 of the data packs for Sample 
Lases III, IV, V and VI, respectively. A variety of options are represent- 

?3 aUTa ! F1gi 7- The data "etlegs f conjonction with SeluSn 
IV, INPUT, are self explanatory. The computational times for all six 
sample cases on Purdue's CDC 6500 are as follows: 

CASE 

I 

II 

III 

IV 

V 

VI 

COMPUTATIONAL TIME 

(SECONDS) 

199 

60 

230 

66 

109 

108 
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