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This book Is dedicated to external 
loads having effect on a flight vehicle 
(aircraft and helicopter), and the dura¬ 
bility of Its construction. Basic atten¬ 
tion In the book Is allotted to actual 
problems of strength of contemporary 
flight vehicles* dynamic load/ periods 
of service and strength of construction, 
strength during high speeds of flight, 
taking Into account aerodynamic heating 
and others. Along with an account of 
theoretical questions in the book there 
are described experimental methods of 
investigating strength of construction. 

The book Is designed for engineers 
connected with designing, tests, and 
exploitation of flight vehicles. At the 
same time. It cam be used as a training 
aid for aviation students of higher edu¬ 
cational institutions. 

▼11 
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Strength of construction is one of the basic factors guaranteeing 

flight safety of any flight vehicle. To investigations in the region 

of strength, considerable attention has been allotted from the very 

beginning of the development of aviation. 

Consideration of strength of flight vehicles is impossible 

without knowledge of external loads appearing in flight and during 

motion on land and their influence on construction. Therefore, during 

first investigations of strength of aviation construction there arose 

the necessity of studying external loads in different conditions of 

flight. 

In parallel with the study of external loads acting on an aircraft, 

methods of design for strength and laboratory tests have been improved. 

Until the thirties basic attention was allotted to the study of 

static strength of aviation construction. Other questions, although 

tl ey had value, were not determining. Subsequently, with increase 

In speeds of flight and, consequently, with the complication of 

Interaction of structure with the air medium, the study of different 

meroelastlc phenomena — flutter, divergence, and reversal of control 

Bwrfa.cta — became of great value. 

▼ill 



Investigation of loads on structure, taking into account its 

elasti. defDr-iatlons and stability in flow of air, compose now an 

independent region of the science of strength — aeroelasticity. 

In connection with a considerable increase in periods of service 

of aviation structures, of especially important value are questions 

of fatigue strength. 

The range of questions on strength of flight vehicles is manifold. 

At present, it is possible to distinguish three basic directions in 

the science of strength of flight vehicles - aeroelasticity, static 

strength, and fatigue strength. To these questions, basically, is 

dedicated the contents of this book. 

Solution of problems of strength of supersonic flight vehicles 

has been considerably complicated by the influence of aerodynamic 

heating. Therefore, in Chapter VIII Is considered the influence of 

aerodynamic heating on the strength of flight vehicles. 

In this hook are not considered questions of structural mechanics 

of aircraft, since they arc presented in sufficient detail in liter¬ 

ature. 

The authors do not claim a completed account of the considered 

questions. The majority of them, in themselves, present extensive 

regions of independent scientific investigation. Therefore, during 

the study of concrete problems of strength of flight vehicles one 

should use specie, literature. However, the authors consider that 

this book will be useful to specialists occupied in investigations of 

strength, in their practical work. In particular, engineer-operators 

material will help conduct exploitation of flight vehicles more 

correctly. 
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Concrete data on external loads, deformations, and stresses in 

construction are borrowed from native or foreign literature. 

Main divisions of the book were written by P. S. Leshakov (Chapters 

I# II, IV, VII, X) and A. I. Gudkov (Chapters III, V, VI, IX, X). 

Chapter VIII about the influence of aerodynamic heating was written 

by L. 0. Raykov. 

The authors express tneir gratefulness to Corresponding Member 

of Academy of Sciences of USSR A. I. Makarevskiy, Doctors of Technical 

Sciences L. I. Ealabukh and A. A. Umanskiy, Candidates of Technical 

Sciences A. I. Martynov, 0. N. Rudykh, T. A. Prantsuz, and V. L. 

Raykher, V. I. Savel’yev, for reading the nanuscript and giving 

valuable counsel to the authors. 
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HT-526. 
External Loads and Strength of 

Plying Apparatuses, State 
Scientific and Technical 
Publishing House, Oboronglz, 
Moscow, I963. 

Pages : Cover-480 

CHAPTER I 

DESIGN CONDITIONS DETERMINING STRENGTH REQUIREMENT OF AIRCRAFT 

List of Designations Appearing In Cyrillic 

* a# ■ aero - aerodynamic 

• ■ el - elevator 

• » vert - vertical 

r.e ■ h,e ■ horizontal empennage 

r.s* h.f - horizontal flight 

sea • per - permissible 

■km ■ incompressible 

•rp - lim - limitation 

■P • ind ■ indicated 

oa- com - compressibility 

«P - av - average 

»• emp • empennage 

■ • M » hinge 

• ■ op - operational 

ef - effective 

In the process of exploitation, an aircraft is subjected to 

influence of various- kinds of loads. 

When designing an aircraft, for Its strength analysis It Is 
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necessary to know limiting external loads having effect on its 

construction. On the basis of laboratory, flying, and theoretical 

research, and generalizations of designing experience and exploitation, 

there are developed requirements on selection of basic initial data 

for strength analysis and methods of determining external loads. 

These requirements are presented in norms of strength of aircraft, 

which regulate magnitude and character of load distribution for 

separate parts of*flight vehicle in different conditions of flight. 

During load calculation there are chosen a number of aircraft 

attitudes which correspond to operating conditions determining the 

heaviest conditions of load of basic supporting members. These 

positions in norms are called "cases of design and tests." Each case 

has its own formulation and letter or numerical designation. 

Horas of strength have continuously improved with development of 

aviation, 

Basic parameters for determining external loads are maximum 

overload, terminal velocity (terminal velocity pressure) of flight 

and weight of aircraft. 

Under overload is understood ratio of external (surface) forces 

acting on a flight vehicle to its weight. External forces are expressed 

In the form of aerodynamic and inertial forces, and also in the form 

of reaction of land. 

During curvilinear flight, overload n is equal to ratio of lift 

of aircraft T to its weight Oi 

Itagnitud« of aaxlxua pemisiible speed of flight V... . and maxlmua 
max max 

G-fcrce is determined based on assignment and flying- 

technical lata aircraft. 



Calculation condition» are established In reference to conditional 

(calculated) weight of flight vehicle, taking Into account possible 

(while In operation) variants of distribution of separate loads. 

1*1* Sg-l*gtîon of Design Conditions In Norms of Strength 
D^.i.erent Stages of the Development of Avlatl'n 

In the first years of the development of aviation (before 1910) 

basically studied was the problem of flight. Numerous accidents in 

I909-I9IO because of aircraft breakdown in the air forced engineers 

to turn the most serious attention to the guarantee of sufficient 

strength of created structures. For solution of this question it was 

necessary to determine external loads acting on an aircraft in flight 

and during landing. 

First attempts to establish requirements with respect to external 

loads and methods of strength analysis of an aircraft were in I9IO-I912. 

In August 1910 a commission of representatives of aeronautical leagues 

of England, France, and Belgium Indicated the necessity of state 

supervision of aircraft construction. Soon in France was developed 

the project "Evidence of fitness for flight," where it was indicated 

that an aircraft should satisfy defined conditions and also should be 

subjected to flight and laboratory (static) tests. 

For determination of basic requirements for strength of aircraft, 

in 19IÍ-Í912 was started a study of basic cases of load of aircraft 

in flight - influence of a gust of bumpy air and load during maneuver. 

In this period, Russian designer D. P. 3rigorovich established that 

the most severe case of load is the pull-out of an aircraft from 

diving, when overload can attain magnitude of 5-8. He also introduced 

for tho first time in Russia static teats of parts of an aircraft. 



By 1912, In a number of countries, researchers (in Russia V. M. 

01•khovsfciy, in France A. Se, In Germany G. Reysener, and others) 

came to the conclusion that optimum value of breaking overload for an 

aircraft should be considered n^ * 12. 

In 1913 German military department developed, for checking 

quality of aircraft "Special conditions" which contain requirements 

for strength. In these requirements magnitude of maximum overload was 

connected with speed of flight (in particular, during speed V > 

> 120 km/hr calculation of overload np was taken as equal to 6). In 

1914 In Oeraany, Investigations were started of overloads In flight 

on an "Albatross" aircraft. For this purpose was prepared an Instru¬ 

ment recording overload; measured overloads did not exceed n - 2. 

In the same period In Russia questions of external loads and 

methods of appraising strength of aircraft were studied by N. Ye. 

Zhukovskiy, H. P. Orlgorovlch, N. A. Rynln and others. 

By the beginning of the war of 1914-1918 there already were 

carried out the first works on definition of external loads and were 

fixed the most dangerous cases of load. In a number of countries 

there was recognized necessary state supervision of aircraft construc¬ 

tion and were Introduced tests of aircraft on land during static load. 

In the First World War the role of the aircraft In military 

operations was sharply Increased, and there appeared the necessity of 

introducing official requirements for its strength. In 1916 In 

Qermany there were accepted official "Technical requirements on 

manufacture and delivery of military airplanes." which became the 

prototype of norms of strength of aircraft In a number of countries. 

In Russia in 191Ó at the Aerodynamic Laboratory of Moscow 

Technical School, or. the Initiative of S. Ye. Zhukovskiy there was 
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created an Aviation Design and Testing Bureau, in the function of 

which entered, in particular, the study of external loads and develop¬ 

ment of methods of analysis and chec>. of strength of the structure of 

aircraft. In the same year was created a commission for development 

of norms of strength. At the first session of this commission, Hi-16 

November 19i6, in which participated N. Ye. Zhukovskiy, V. P. Vetchinrin 

A. N. Tupolev, A. A. Arkhangelfskiy, basic requirements were accepted 

for strength of aircraft and thereby was assumed the beginning of the 

creation of domestic norms of strength. 

In December 1916 was created Central Aero-Hydrodynamic Institute 

(Central Aero-Hydrodynamic Institute). Prom the moment of organi¬ 

zation the Central Aero-Hydrodynamic Institute has studied queitlons 

of strength of aircraft and is a leading organization in the develop¬ 

ment of the science of aircraft strength. 

In 1918 was conducted a number of test flights for investigation 

of overloads during maneuvers and in "turbulence." For measurement 

of overloads, V. P. Vetchinkin* at first applied the usual spring 

scales with i;eight of 4.5 pound, but then designed accelerometer with 

mark of maximum and minimum value of overload (Fig. 1.1). On the 

basis of analysis of the results of measurements he came to the 

conclusion that magnitude of overload on aircraft of that period can 

be changed from -2 to +4. He suggested preliminary norms, which 

should be maintained when designing aircraft. Subsequently, under his 

leadership proceeded development of first domestic norm« of aircraft 

strength. 

•7. N. Sokol«skiy. Development of methods of aircraft strength 
analysis before the First World War. Transactions of the Institute 
of >¡atural History and Technology, Academy of Sciences of the USSR. 
Vol. 21, 1959. 
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In I920-I922 were developed nones of strength In England and the 

Uhited States. By these nones maximuai destroying overload was taken 

to be equal to 4.0-5.5 for bombers, 6.0 for trainer aircraft and 

7.5-9.5 for fighter airplanes. 

In the Soviet Union the first nones of strength were developed 

before 192U ("Temporary union nones 1924"). In these nones maximum 

design overload was taken as equal to 6.5. 

By I923-Í925 the upper limit of standardized breaking overloads 

approached 1?, which corresponds to operational G-force of 8. 

For increase of strength reserve 

in norms of some countries, destroying 

overload was brought to I5 (Italian 

norms of strength 1924). However, in 

norms of strength of a majority of 

countries this magnitude composed 

IQ-13 and virtually was not changed 

up to now. Possibility of achievement 

in flight of maximum overloads close 

to 8 was proved In 1924 by pilot I. C. Doolittle on aircraft "Fokker 

Vi-7," when there was attained an overload of 7.8 during pullout at 

a speed of 2Ó0 km/hr. 

Along with norms of strength were developed also methods of 

strength analysis of aviation structure. A great contribution in the 

development of theory of analysis was introduced by Soviet scientists. 

After introduction of the first norms (1924) there began Aguiar and 

systematic work on improvement of domestic norms of strength. Consid¬ 

erable work on the development of norms was conducted by A. A. Goryainov 

and 0. I. Kuz»min under the leadership of V. P. Vetchinkin and V. I. 

6 
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Aleksandrov.* 

In domestic norms of strength in 1925, aircraft were divided 

Into two classes — civil and military. Each class In turn Is divided 

into four groups by weight of aircraft. In the class of military 

aircraft considered also was assignment of aircraft. The following 

values of design overload were accepted curing pullout: 

Class of aircraft 
Group 

1 2 
! 3 

1 

Civil i>*5 5.5 to 5.0 5.0 to 4.C 4.0 

Military 

• 

12.0 8.0 6.0 4.0 

Por all aircraft overloads during landing were established 

depending upon landing speed: 

Landing speed 
in tan/hr Less 8C 80-120 More 120 

Overload during 
landing 6 6-8 According to 

special 
coordination 

Por further, more precise definition of external loads In norms 

of strength, of great value was the work of V. S. ^/shnov.** 

In 1927, during ^1 ssue of new norms of strength, were deflnltlzed 

classifications of aircraft and a series of design cases. Subsequently, 

*A. A. Goryainov and T. I. 
and static tests. Transactions 
Issue 25# 1926. 

Kuz»min, îîorms of strength of aircraft 
of Central A*ro-Hydrodynaml : Institute, 

s« Pyshnav# Experiments on overloads of aircraft in flight. 
War and technology, 1?2*:# 5o. 257. Investigation of strength of 
aircraft. Transactions of Air Academy RKKA, Issue 6, 1932. 



norms of strength were definitized and supplemented every 2-3 years. 

In particular, in the norms of was introduced a position about 

selection of design overload depending upon speed of flight. The 

foundation of this position was developed by S. N. Shishkin.* He 

later conducted flight tests of loads during takeoff and landing and 

a series of research in further development of norms of strength. 

In 1935-1940 were conducted extensive investigations of loads on 

aircraft during maneuvers, during flight in bumpy air, during takeoffs 

and landings. At the same time work was started on measurement of 

overloads in conditions of mass exploitation of aircraft. Conducted 

Investigations al.owed the definitizing of strength norms and the 

separation of them into engineering discipline, based on strict 

fundamental positions and well-founded methods of extrapolation during 

determination of loads on promising aircraft. In the same period, in 

norms of strength were definitized safety factors, methods of analyzing 

distribution of aerodynamic load, and a series of new design cases. 

Considerable work on the foundation of design cases ard develop¬ 

ment of norms of strength was conducted by A. I. Makarevskiy. He 

investigated the influence of degree of longitudinal stability of an 

aircraft and basic structural and aerodynamic parameters on maximum 

overload of an aircraft! calculated loa is on empennage were substan¬ 

tiated, and there were carried out a series of test flights. 

Substantiated selection of rated loads for high-speed aircraft 

of the period of the Patriotic Var (Yak-1, La-5, MiG-}, Ty-2, Pe-2, 

11-2) ensured, during high tactical flying data, their reliable work 

in complex conditions of combat actions without breakdown from 

insufficient design strength of construction. 

*S. N. Shishkin, Concerning 
aircraft in norms of strength. Technology' 



In period of Patriotic War irorfc on development of norms of 

strength did not cease. 

Subsequently, norms of strength were augmented by new require¬ 

ments, taking into account peculiarities of load during transonic and 

supersonic speeds of flight and new conditions of exploitation of 

aircraft. Introduction of contemporary methods of test flights and 

wide theoretical and laboratory investigations permit, now, developing 

norms of strength taking into account prospects of development of 

different types of flight vehicles. 

l«2« Speeds of Flight Taken for Aircraft Strength Analysis 

Aerodynamic forcea acting on a flight vehicle, basically, are 

determined by its speed with respect to air. Speed of flight vehicle 

with respect to air la called true or air speed. During the analysis 

of external loads is used the idea of equivalent (V^) speed, which is 

connected with true apeed (VH) by relationship 

(1.1) 

when p* is air density on altitude Hf 

H is air density for earth| 

A«- — is relative density on altitude H. 

Measurement of speed in flight is conducted with the help of a 

pilot-static head extending out to the rone of air flow undisturbed 

by the aircraft. The indicator or recorder of speed records the so- 

called Indicated airspeed Tlnd' which is connected with equivalent 

airspeed by relationship 

(1.2) 
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where V/coni is correction for compressibility of airj 

0Vierp 1# correction considering distortion of static pressure 
at the place of installation of pickup on aircraft. 

and speed of flight. On Fig. 1.2 is given graph for determination of 

0Vcom* At transo^c speeds of flight is considered additionally wave 

correction. 

For convenience of pilot, maximum permissible operational speeds 

of flight usually are established by indicated airspeed. In analyzing 

aerodynamic loads only equivalent speed is taken. The difference 

between indicated and equivalent speeds because of correction for 

compressibility 6«coa goes into safety factor, since correction for 

compressibility tVcoa is less than zero (Fig. I.3). 

For appraisal of aerodynamic loads is used Idea of dynamic 

(high-speed) pressure q, connected with speed by the following 

dependences 

Í0 



Formula for analyzing magnitude of Impact pressure by apeed or Kach 

number it is possible to record soi 

(1.3) 

she re Vf lr. ip Air, 

or 

a-A ’, {!•*) 

ßm - atmosphmric pressure in mmHgj 

«•- apeed of sound at altitude H| 

adiabatic coefficient (for air k - i.t). 

ü.lng expression (1.3) and (1.4), we will define equivalent speed 

and Mach number by impact pressurei 

F.-Rll'T K,tAr. (l.5) 

"-•XVÎT* (1.6) 

V 
1.3« Approximate 

character of limitation 
of flight apeed of a 
platon-engined aircraft. 
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In Tablé 1.1 aré given values of speeds and Mach nurcbers at 

different altitudes, calculated by formulas (1.5) and ( '). 

Table 1.1 * ± V • -L 

« 1 I **Ar 

Äcn norUr 

M-Q |H-IOOUO«|/^ MujO* 
nS

Si
iii

iii
 

re 
456 
730 

MOO 
1250 
1440 
1765 
2040 
2495 
MO 
2205 

0.262 
0,370 
0,567 
0X10 
I.OIS 
1.172 
1,410 
1.60) 
2,015 
2,344 
2,623 

0.514 
0.777 
1.15 
1.61 
1.98 
2.30 
2.82 
3.26 
3.91 
4.60 
5.14 

2.43 
3.45 
5.45 
7.70 
9.42 

10.‘<0 
13.35 
15.9 
18.9 
21.8 
24.3 

Aircraft when descending can develop a considerably higher speed 

than In horizontal flight during maximum thrust of motor. Increase 

of speed leads to growth of local and total loads acting on the flight 

vehicle. Therefore, guarantee of structural strength during essenti¬ 

ally higher speeds of flight than maximum speed leads to unnecessary 

Increase of structural weight. For every flight vehicle there are 

chosen such terminal velocities of flight that, on the one hand, 

tasks set before a given apparatus are fulfilled and, on the other 

hand, this does not lead to essential increase of weight of construc¬ 

tion. 

Selection of maximum permissible sr-eed of flight V which 

Is deteralnlaj in aircraft strength analysis, depends on type and 

assignment of aircraft. For aircraft with piston motors, as a rule, 

is establishei a limitation only in equivalent (Indicated) speed of 

flight (Fig. Î.Î). For these aircraft maximum permissible speed Is 

higher than maximum speed of horizontal flight (on all altitudes), 

ror „et air raft with subsonic speeds basic conditions of flight 

usually correspond to altitudes of more than 7-12 to. Therefore, on 

12 



1' 

1 

louer eltitudea it is expedient to limit maximum speed of flight 

*•*)• Th« altitude higher than which there are no limitations 

of maximum speed of flight is called altitude of limitation and is 

designated Ellm. At great heights, speed of flight, as a rule, is 

limited by a definite Kach number from conditions of preservation of 

stability and controllability of the flight vehicle. If limitation 

of speed at altitude by maximum permissible impact pressure coincides 

with limitation of speed by Mach number, i.e., if 

Km »«i « I'm BMa M, 

then such an altitude is designated H . 

mjw 

Pig. l.U. Approximate 
character of limitation of 
speed of flight of aircraft 
with Jet engine during 
subsonic speeds of flight. 

of speed of flight of 
supersonic aircraft. 

VL» —„ and VT max max max lim 

are limitations of 
speed from conditions 
of permissible heating. 

Por aircraft with supersonic speeds of fllgh,; there appear also 

other causes of limitation of speed. Thus, at speeds corresponding 

to It > 2 there Is observed considerable heating of construction. In 

connection with this there Is established additional limitation of 

13 



•peed from condition of permissible heating of construction. Approx¬ 

imate graph, cfaracterizing limitation of speed of flight of supersonic 

aircraft, is shown in Fig. 1.5. 

In the basis of the selection of terminal velocity of flight of 

aircraft are placed the results of study of maneuvers executed by them. 

Maneuvering aircraft must execute steep descent and sometimes nose 

dive. Therefore, during selection of magnitude ^ preliminarily 

is investigated diving of such aircraft with pull-out at different 

altitudes. In certal i cases for deceleration of descent, on aircraft 

are established air brakes, which permits taking into calculation 

smaller maximum permissible speed of flight. 

For passenger aircraft, basic cases for selection of terminal 

velocities arei 

“ climb on most advantageous conditions; 

- conditions of descent at the end of flight; 

des ent of aircraft in case of emergency decompress’on of 
passenger cabin. 

For every condition there are determined terminal velocities of 

flight taking into account possible errors of pilot, horizontal gusts 

in bumpy air, and errors of speed indicator. It is assumed that 

terminal velocity Vpav is permissible only for brief conditions 

of flight. For prolonged conditions of flight there is introduced 

additional limitation of speed, usually designated Vllm. Thus, by 

requirements of IKAO Vllm - ^ - 113 km/hr. During flight in 

conditions of strong atmospheric turbulence, for nonmaneuvered aircraft 

there can be introiuced additional limitations of speed of flight. 

•KAO - International Organization of Civil Aviation. 

11 



Por mass exploitation, as a rule, are established terminal 

velocities lower than those accepted during strength analysis. In 

this case, magnitude of reserves in speed are determined based on 

peculiarities of the aircraft. Besides limitations of speed from 

conditions of local and general strength, sometimes are introduced 

limitations of speed of flight, excluding appearance of structural 

flutter, divergence, and reverse controls. 

Established also are a number of special limitations of speed 

during flight with open hatches for different assignments, lowered 

landing gear, deflected flaps, and so forth. 

For instance, for well-founded selection of limitations of speed 

of flight with lowered landing gear and flaps calculations are conducted 

of highest possible speed during takeoff, taking Into account possible 

errors of pilot. In this case, for lowering of limiting permissible 

speed it is expedient to establish powerful retracting mechanisms of 

landing gear (or flaps), since this reduced time of retracting of 

landing gear and, consequently, the considerable build-up of speed 

does not occur in the process of retracting. However, excessively 

fast retracting (lowering) of landing gear may cause unfavorable 

change of moments of aerodynamic forces on conditons of takeoff and 

landing. Therefore, in every concrete case optimum time of retracting 

and lowering of landing gear (or flaps) is found. For instance, in 

requirements of IKAG it Is recommended that calculated speed with 

lowered flaps not be more than 6C,t higher than minimum speed of flight 

with retracted flaps or 40,t higher than minimum speed with flaps in 

landing position. 

On aircraft with external suspensions (suspension tanks, cargo 

containers, and so forth) ther-.* ;an be introduced additional 



limitations both In Impact pressure (equivalent speed) and In Mach 

number. In certain cases, based on conditions of exploitation, there 

is no necessity for high speeds of flight on aircraft with external 

suspensions. Then terminal velocities of flight are somewhat lowered 

as compared to conditions of flight without suspensions. In case of 

necessity, the pilot :an drop external suspensions, and the aircraft 

wKl have the same limitation of speed as without suspensions. 

In selection of limitations of speed on supersonic aircraft, 

basic parameters are permissible temperatures of aeroiynamic heating * 

of structure. In this case», limiting Mach number is established 

depending upon material of construction, conditions of heat transfer, 

and time of stay In limiting conditions. There is considered also 

possible change of particular (rigidity) characteristics of construc¬ 

tion of aircraft during heating. 

During selection of limitations of speed of flight for a flight 

vehicle there are considered the operational peculiarities of its 

automation. For this purpose, there is conducted simulation on a 

stand of different conditions of flight with the imitation of possible 

influences of unfavorable factors or malfunctions of separate elements 

of automatic control system. 

All fixed limitations of speed are checked in flight during test 

of aircraft. There is estimated local strength of construction, 

behavior of aircraft (stability, controllability, and others), and 

reality of achievement or exceeding of terminal velocities in exploi¬ 

tation. On the basis of tests values of terminal velocities of flight 

are definitlzed, and corresponding limitations of speed for mass 

exploitation of aircraft are established. 

m 
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Forrea Effective on Aircraft In Flight 

In horizontal llr.ear* flight with constant speed, on an air- 

:a*t act the following for. ?s 'Fig, 1.6) i weight of aircraft G, wing 

i, load on horizontal empennage thrust of power Installation 

of aircraft T and drag X. 

Condition of equilibrium of forces and moments can be recorded 

In the fora 

Y-P..-G-0. T-X-0. />,V, .-Ku = 0. 

ls ar= oT aerodynaœîc force of horizontal empennage with 
respect to center of gravity of aircraft; 

a — distance from center of gravity to point of application 
of lift of aircraft without empennage. 

For aircraft in which magnitude ?h # in horizontal flight 

composes small part of lift Y (less than 5*). for simplification It 

Is possible to assume 

K-G. x«=r 

Y 

-- 

... c' 
Fig. 1.6. Forces acting on an 
aircraft in horizontal flight. 

Lift and drag are expressed through aerodynamic coefficients 

X «= f, £j* s. (i.7) 



where S is wing area) 

cx la drag coefficient! 

cy la coefficient of lift. 

Besides shown forces, in curvilinear flight appear inertial 

forces i centrifugal force of mass of aircraft, acting in the direction 

of radius of curvature of trajectory from center of curvature. 

f. £ 
'ft 

and tangential Inertial force of mass of aircraft, effective along a 

tangent to trajectory. 

In these expressions 

m— mass of aircraft] 

R - radiua of curvature of trajectory] 

g — acceleration due to gravity. 

Diagram of forces acting on an aircraft in curvilinear flight 

is shown on Fig. 1.7. 

For majority of forms of maneuvers, magnitude of tangential 

acceleration is comparatively small. For simplification of further 

analysis, we will assume dY/dt - 0. Then basic relationship for 

forces normal to trajectory will be 

F—fleos®-f. — O, 

or 

(1.8) 



-*x 
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Forces acting on an aircraft 
in curvilinear flight. 

For comparison of loads during different conditions of flight 

of an aircraft is used the idea of overload - ratio of lift of aircraft 

to its weight, i.e., n ■ Y/0. For curvilinear flight, from formula 

(1*8) we will obtain 

JÜ. 
* (1.9) 

From expression (1.9) it is clear that magnitude of increase of 

overload in curvilinear flight is directly proportional to square of 

speed of flight and is inversely proportional to radius of curvature 

of trajectory. On a turn, magnitude of overload is determined by 

ongle of bank >j n - 1/coa 7. 

Overload can be less than unity and even negative when wing lift 

is directed in the opposite direction. Sign of overload determines 

direction of lift in curvilinear flight. 



B«low are given magnitudes of overloads during execution in 

aircraft of certain figures of aerobaticsi 

Chandelle.. 

Spiral.. 

Barrel Role.. 

Multiple Barrel Roll..5-7 

Nesterov Loop.3-(5 

Half-loop.. 

Spin.....2-3 

Turn.. 

Maximum Overloads of Aircraft 

Magnitude of overload of aircraft during constant gross weight 

is determined by lift. 

During achievement of highest possible lift without loss of 

speed, maxisum overload is 

(1.10) 

Gy max 13 “a*1*»“ value of lift coefficient. If we designate by 

cyhjr of coefficient corresponding to horizontal flight 

at given Impact pressure q# then in horizontal flight weight of air¬ 

craft is 

.6-rVr. fS. 

Then formula (1.10) it is possible to record in the fora 

*mm Cg mm. ■ • 

At low and medium altitudes, from condition of highest possible 

wing lift on aircraft theoretically can be obtained very high overloads 

(more than 15-20). However, the body of a person is able to endure 

only limited overloads. During action of overload exceeding 4-5, in 

the pilot appear sickly sensations. During further Increase of over¬ 

load pilot can lose ability to control aircraft normally. 

20 



On Pig. 1.8 nr given limiting overloads endurable by a person, 

depending upon direction of inertial forces. Magnitude of limiting 
» 

endurable overload very strongly depends on time of its action. For 

Instance, during overload of 6, effective for 15-20 sec, pilot "loses" 

eight and senses a number of sickly phenomena. During brief action 

(less than 2 sec) of overload of the order of 8-10, sickly phenomena 

are less perceptible. 

During appraisal of maximum permissible overloads, one should 

consider that ability to control aircraft normally is lost during 

overloads considerably smaller than those shown on Fig. 1.8. 

Fig. 1.8. Overload permissible for 
a person. 

For increase of tolerance by pilot of overloads In maneuvering 

aircraft sometimes are used special 0-suits. 

It has long been tried to define maximum overload as that limiting 

endurable by pilots body. However, absence of direct connection 

between physiologic influence of overload on body of pilot and 

magnitude of overload has forced a search for other ways of determining 

maximum overloads. 

The highest, practically possible overload is determined by a 

matber of factors! 
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Mslgninent and parameters (geometric and aerodynamic) of the 

aircraft; 

- qualification and physical state of pilot; 

“ external conditions during fulfillment of maneuver, etc. 

In real conditions of flight, at large angles of attack, there 

appears strong ahaking of aircraft from local separations of flow, 

which hinders the attainment of angles of attack corresponding to 

cy max * of coefficient of lift, at which shaking starts, is 

designated c . and corresponding value of angle of attach is a 
J ^ per. 

With increase in angle of attack over aper, besides shaking, 

there can appear instability in overload, loss of transverse con¬ 

trollability, and so forth. Therefore, in operation it is not recom¬ 

mended to exceed a P«r. 

FI«« 1.9. Dependence 
of c on Mach number, y per 

/|\ 

I 4» 4» C.S A 

Fig. l.iO. Dependence 
°f nptr on Mach number. 

With increase in Mach number magnitude of cy p#r decreases (Fig. 

1.9) because of Influence of compressibility of air on distribution 

of pressure along profile. 

Value of overload corresponding to cy per is called maximum 

permissible from conditions of aerodynamics and is defined as 

*<VS (i.ii) 



The higher the altitude of flight, the less will be the air density 

and speed of sound, and -consequently,* the less will be n at the 
per 

same Mach number (F!t 1.10). 

At supersonic speeds of flight wing lift, in spite of decrease 

cy* *8 increased because of growth of impact pressure. Therefore, 

for supersonic aircraft at great heights there can be obtained overload 

of more than 8-10. However, realization of such overloads is hampered 

because of insufficient effectiveness of horizontal empennage and 

considerable fall of speed during maneuver due to sharp growth of 

cx with increase of angle of attack. 

Influence of Characteristics of Controllability 
and Stability of Aircraft on Maximian Poss!l”c Overload 

Highest possible overload, determined from conditions of carrying 

ability of wing (cyaiJ, not alwiys can be obtained during given 

parameters of stability and controllability of an aircraft. In 

connection with this, it is of Interest to reveal dependence of 

probable maximum overload of aircraft on characteristic of its sta¬ 

bility and controllability. 

During elevator deflection (stabilizer) by angle Bel is created 

moment M-, forcing aircraft to revolve with angular velocity u> about 
z 

transverse axlst 

^ (1.12) 

Moment Mg is balancedi 

a) moment of damping Mœ, appearing from rotation of aircraft 

about transverse axis with angular velocity 1st 

. 23 
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b) itatic moment of aerodynamic forces is 

M, « mffScflSbi. 

c) moment of inertial forces Is J «dcu /dt. 
Z Z* 

Here are accepted following designationai 

(1.14) 

cyh.e, "yh.e "" derivatives c with respect to B and a for horizontal 
empennage) J 

~ °f decelerall°n of flow for empennage 

bA "" average aerodynamic chord of wing; 

kœ coefficient, considering damping from other parts of 
aircrait, with the exception of horizontal empciinage 
' U) ^ 3 ) i 

“ area of horizontal empennagej 

“ derivative of coefficient of moment of aircraft with 
reapect to coefficient of lift) 

Jr “ moment of inertia of aircraft with respect to axis z; 

increase of coefficient c during maneuver. 

For curvilinear flight we have the following condition of equi¬ 

librium of moments and forces (along axis y)j 

*•-*.+JW,-/ 

CfS m Geos ♦ T 

0; (1.15) 

(1.16) 

In thl« c.*e magnitude of overload 1« 

(1.17) 

Hill replace 

Ufij - la (1.18) 
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Then 
a — cosi 4- An, 

where 0 la angle of Inclination of tangent to trajectory with respect 
to horizon (Pig, 1.11). 

Derivative of Increment of overload 

(1.19) 

Angle of attack a la defined aa difference of angle* * and 0i 

«-l-H 

where I 1* angle of Inclination of longitudinal &xl* of aircraft to 
horizon. Then 

* 
« (1.20) 

Let u* define second member (1,20) through V and An, 

Zt 1* known that 

where R la radius of curvature of trajectory* 
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Consequently, 
£ £ 

ïïsîn« thü expression, from (1.20) we will define 

(1.21) 

Substituting this expression Into equation (I.19), we obtain 

9/ 
(1.22) 

Having developed equation (I.I5) In differential form,taking 

.::10 ac..^nt (l#l8), we will obtain 

r. * • *• 

¿yS'oLr • — ml¿inGb¿ « 0. (1.23) 

For salification, it Is possible to take 

—/(c,) ~ const F-const 

Me will Introduce auxiliary designations! 

•» 
E 

B—-~ mfyCbA, 
•a 

D-Tt^VTc-„. 

F ■■ C*Q — ~ . 
$ Q V 

i*. 
““dSr.. 

Substituting these designations into equations (1.22) and (1.23), 

we will obtain 

^ — d + Ob, + ÄA* = 0, 

-£p + fta-£.,.-a 

(1.21.) 
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Reducing eyetem (1.24) to one second order differential equation 

relative to An, we find 

+ ^ + D)±±-+(FD + BE)\n-AE (1#25) 

At V - const equation (1.25) has constant coefficients B, D, E, 

and P. Coefficient A is changed in time and depends on type of 

maneuver (conditions of deflection of control surface). In this case, 

solution of equation (i.25) has the form 

E co* p(t—x)dx (1.26) 

where 

Second component characterizes throwing of dynamic lystem during 

action on It of external perturbation. At low and medium altitudes, 

where can be obtained large overloads from conditions of carrying 

ability of wing, this throwing 1« relatively small. Therefore, value 

one can determine soi 

-7/4-7 (i.^j 
’ Por stable aircraft 

{^«'d+be. 
a 

Therefore,it is possible to take approximate dependence 

(1.28) 

Substituting in this equation aerodynamic parameters of an 

aircraft, we will obtain 



(1.29) 
•*•«» 

s V« 

Prom expression (1.29) It Is clear that magnitude of maximum 

overload depends on product of angle of displacement of control 

surface (stabilizer) by Impact pressure. Product q characterizes 

divergence of control suri aces In a maneuver at a given speed, depending 

directly on actions of pilot. Degree of sharpness of maneuver the pilot 

senaas and corrects, basically, by amcunt of movement of control stick 

and force applied to It and also by overload appearing during maneuver. 

Por longitudinal control without booster, product It Is possible 

to express through pressure on control stick in the following ways 

where 

< (1.30) 
6 

1® derivative of coefficient of hinge moment 
of elevator with respect to angle of dis¬ 
placement of control surface; 

Sel 1,1(1 ^el av 18 8rea 'nd avera«e chord, respectively, of 
elevator. 

In case of application of booster, force on the stick is simulated 

by loading mechanism approximately directly proportional to magnitude 

^® r*sults of experiment show, force on handle can be described 

by the following relationship: 

Fmm-P' + Pn.", 
(1.31) 

where Pq Is maximum force applied by pilot In beginning of 
maneuver (PQ - bO-100 kg); 

dP 
^ " ïïn 18 «râdlent °r decrease of force on handle with respect 

to overload (T - 8-10 kg). 

Product 6^4 It la possible to replace by the following expressions 

a - _ P*—f*—— (1.32) 



Substituting expression (i.}2) into formula (1.29), 

obtain expression for highest possible overload* 

we will 

(1.33) 

On Pig. 1.12 is given approximate graph of maximum overload. At 

low speeds magnitude of maximum overload is determined from conditions 

of maximum wing lift or taking into account p€r, and at high speeds 

— by parameters of stability and controllability of aircraft. 

Formula (1.33) gives the possibility of conducting analysis of 

the Influence of different parameters on magnitude n__ . For the first 
max 

time such analysis was done by A. I. 

Makarevskiy. 

For stable aircraft, maximum 

overload increases with increase in 

degree of compensation of elevator 

Pig. 1.12. Dependence relative to stagger of empennage 
of maximum overload on 
speed of flight for L. „Aa* aspect ratio X and 
maneuvering aircraft. n'e^ A 

horizontal empennage X^ The 

biggest influence on ¿n_ is rendered by reserve of longitudinal 
max 

static stability. 

Magnitude n sharply increases with approach to neutral 
max 

stability. 

1.6. Forces Effective on Aircraft During Fll/ht in Bumpy Air 

In atmosphere, as a result of difference of temperatures and 

pressures, motion of air masses occurs. This motion causes turbulent 

atmospheric state, when there occurs Intense mixing of streams of 

flow, accompanied by variable field of air velocities and vortexes. 

9- .’ft t .1 

s'<rl: 
1« V. 
la.M 

jc:ru* 

• 1 w . s* 

29 



On aircraft, rendering essential influence, are vortexes whose 

■cale will be conmensúrate with dimensions of aircraft. 

During load analysis it is accepted to distinguish shift of air 

by gradient of speed. If speed of air increases to maximum value 

during long period of time of flight (more than 2 sec, i.e., during a 

■tretch of more than 3OC-5OO m)# then such 8hifts of air masses are 

called flows. Shift of air with large gradient of build-up of speed 

la called a gust. 

Subsequently, we will be interested in gusts, since they cause 

considerable overloads of aircraft. 

Ouata and flows are created In atmosphere by different causes; 

the main ones arei 

a) nonunlfora heating of surface of earth, creating so-called 

■therms" (Pig. 1.13)1 

b) Influence of relief of site (Fig. 1.14); 

c) circulation of air in clouds (Fig. I.I5); 

d) Jet streams. 

Vertical gusts, caused by nonuniform heating of site, are 

considerably strengthened in second half of day. They have compar¬ 

atively small speed (W - 2-8 m/sec) 

and spread to altitudes 2000-3000 m. 

Ousts, *?used by influence of relief 

of site (see Fig. 1.14), are observed 

in mountain regions and their speed 

can be somewhat higher. They 

Fig. 1 •13. Diagram of formation 
of thermal flows. 

spread to altitude 1500-2000 m from 

the level of summits of mountains. 
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In thick cumulu* overcast speeds of gusts increase, Gusts attain 

the highest speed in a thunderstorm front (up to 20-50 a/sec). 

Therefore, entrance into zone of thunderstorm activity for aircraft 

is dangerous. 

Ousts caused by Jet streams are observed in zone of tropopause, 

i.e., at altitudes IO-I3 km, even during clear weather. In this case. 

turbulence in tropopause zone is 

encountered in isolated sections 

extending from 20 to 100 tan and 

Let us consider simplified 

diagram of influence on aircraft 
Pig. 1.14. Influence of relief 
of aurface of earth on vertical of a vertical gust during following 
air flows. 

assumptions! 

1) gust Is normal to flight trajectory, is uniform in amplitude 

and its speed Instantly increases from 0 to W (Pig. I.l6)| 

2) aircraft is absolutely rigidj 

2) perturbed motion Is symmetrical relative to longitudinal 

plane of aircraft1 

4) motion of pitch Is absent; 

5) speed of aircraft is constant. 

During Influence of gust with speed W direction is changed of 

incident flow on aircraft by angle ¿a - (Fig. 1.17)# which leads 

to increase of lift! 

(1.3*) »r-iÿusi-c^'^s 

Considering that vertical gusts act downward and upward, overload 

of aircraft one can determine In the following wayt 

a (1.35) 
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fí8«.—#í5# Stages of development air turbulence 
in cumulus and cumulo-nimbus clouds. 

At given value of speed of gust V, value of overload depends on 

•p«e<! of flight, wing loading 0/S and value c“. 
y 

Fbr passenger aircraft, maximur. overloads during flight In 

turbulent atmo.phere are approximately ¿.5-3.5. Lowering speed of 

flight, the pilot can decrease overload during strong gusts of bumpy 

Hr. However, during lowering of speed there Is Increased danger 

connected with flight at large 

angles cf attack, i.e., approach 

to unstable condition« or stall of 

aircraft into a spin. Therefore, 

possible range of change of speed 

TT7 TT I 

I 

Distribution 
of speeds during sharply 
outlined gust of air. 

during flight in turbulent atmosphere at great heights is very limited 

The safest conditions usually correspond to cruising speeds of flight, 

•»ring the analysle of overloads possible during approach to 

Urge angles of attack, one should consider that linear dependence 

e, “ f(a) continues up to larger angles of attack than this follows 

static testings In wind tunnel (see page 37). 
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¥• will consider action of a horizontal gust. During Instanta- 

Flg. 1.17. Diagram of Influence of 
vertical gust on aircraft. 

Total lift 

naoua encountered horizontal 

gust of air with speed W# 

lift will be changed by 

magnitude AY. 

will cause overload 

(1.36) 

(1.37) 

Even during strong atmospheric turbulence, W/V^ ratio does not 

exceed 0.15; consequently, n will not be more than 1.3-1.5. 

During action of gust at angle to direction of flight (Fig. 

1.18), Increase of overload will be 

0,5 VjWtinf 

r4 ’ Qs 

Value of angle qp0# corresponding to An 

W, can be found from relationship 

^ IWwBf A Ac v,w 

9 max 

(1.38) 

at given value of 

+0^. 0. 
(1.39) 

whence 

W* 

In cruising conditions for aircraft of type 11-14 9Q - 65-70°. 

For 11-18 90 ■ 70-75°. Relative growth of An^ during optimum 90, as 

compared to growth of overload during action of vertical gust of 

identical speed one can determine from relationship (1.38)1 

« dgf cos? + tin?- — 
Mi 7 • (i.W) 



Por shown types of aircraft this growth, as compared to An , 

composes 5-lC£# 

Pig. 1.18. Diagram of 
vectors of velocities 
during action of gust 
at angle ¢. 

Pig. 1.19. Diagram 
of gust of air. 

In real atmosphere, speed of gust grows at certain extent h 

(Fig. 1.19). During entrance into gust, with gradual build-up of 

speed of gust, aircraft is carried along by gust the greater the less 

the specific load on the wing. Therefore, In dependence (1.35) is 

introduced coefficient K, which considers this phenomenon, and expres¬ 

sion for overload will be 

l+OJSKcl?, wv, 
G/S (*.*1) 

Magnitude K is less than unity and can be determined from 

relationship 

*- 
(1.½) 

where 

Intensity of Influence of gust of air on aircraft is estimated 

by effective speed of conditional gust having assigned a gradient of 

build-up and provoitlng an overload of the same magnitude as would 

oauae a real gust. 

# Ikgnitude of effective speed is determined with respect to 

overload measured In flight from dependence 



î(n - I) G/S 

*tyt 
(l.o) 

Recurrence of is determined on the basis of mass measurements 

of overloads in different conditions of exploitation. 

During flight in bumpy atmosphere at supersonic speeds, overloads 

Increase because of growth of speed and are somewhat lowered because 

of decrease in c“. Expression (1.4i), taking into account (1.5), it 

is possible to present in the form 

(1.14) 

An can be seen, change of overload in Mach number (M) depends 

on magnitude c^M. For supersonic speeds, it is possible to consider 

approximately 

—. 

* 

Consequently, 

(1.46) 

Dependence of c^M - f(M) Is given In Fig. 1.20. At M > 1.5 

overload in turbulent atmosphere is lowered. For subsonic nonmsneuvered 

aircraft magnitude of product c^M attains 4.5“4.8; for supersonic 

aircraft c^M will be 4.2-5.0. 

For aircraft with swept-bock wing change of c® with respect to M 

it is possible to express in first approximation by following rela¬ 

tionships (for subsonic region of Mach numbers)! 
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where x is angle of aweepbacKj 

i.aa 

i la coefficient characterlz 
ellipse and trapezoid t 

ing^posltive sweepbackj for form of 

For aupersonic region of Kach numbers. 

4«x 
(1.H8) 

Then 
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r 

^8» Dependence of and 

cJ¡M on Mach number. 

JM 

(UH9) 

Consequently, for swept-back wing at the same Mach number, overload 

during gusts at small supersonic speeds will be somewhat higher than 

for straight wing. 

1#7# Influence of Angular Velocity on Magnitude 
of Maximum Overload - 

Fa*t change of angle of attack lead* to certain peculiarities of 

change of aerodynamic properties. For Incompressible flow one can 

detemine approximate dependences of magnitude of coefficient of 

maximum lift from angular velocity of change In angle of attack. 
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On Pig. 1.21 Is given dependence of cy with respect to a for 

motionless wing during change of direction of flow.* 

On Fig. 1.22 Is shown dependence of c^ with respect to a# when 

at first angle of attack Is Increased, and then decreases. Speed of 

Fig. 1.21. Influence 
of speed of change of 
angle of attack on 
cy max (X " 5# Re « 

- 3.6-105, profile 
Oo 398, wing Is 
motionless, direction 
of flow changes). 

change of angle of attack da/dt Is expressed 

as dimensionless value by means of multi¬ 

plying It by chord of wing b and dividing 

by flow rate of air V. 

Increase In Ac^ higher than steady- 

state value, depending upon ^ is depicted 

on Fig. 1.23. Approximately, It Is possible 

to express Ac^ by linear dependence 

y £ ■ (1.50) 

Fig. 1.22. Influence 
of speed of change of 
angle of attack on 
coefficient' of maximum 
lift (profile of Klark . 
UN, Xef - oo. Re - 1.2-105), 

direction of flow Is constant 

Fig. 1.23. Dependence 
of Acy on speed of 
change of angle of 
attack. 

theory of aeroelastlclty. 

angle of attack of profile 
changes . 

r*yn. Introduction to the 
Flzmatglz, I959. 
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This dependence is diEturbed for small values of parameter of 

«guiar velocity (7 < 2’1C5). 

firing linear increase of speed of gust from 0 to W at distance 
h we have 

Then during gusts of bumpy air 

f *m k V' (1.52) 

For contemporary subsonic aircraft magnitude j[ ^ composes 

0.002-0.015. Thus Increase of maximum wing lift can be from 5 to JO*. 

This one should consider during calculation of limiting possible 

overloads. During fulfillment of maneuvers by light aircraft da/dt 

c«n be 0.1-0.5 rdn/sec and, accordingly, $ - 0.001-0.010. In this 

cue during sharp maneuvers, also considerable will be Increase In 

cy max" 

1*8, I"»tniments for Statistical Measurements of Overload! 

For atudy of real magnitudes of overloads encountered during 

exploitation of aircraft there are conducted measurements of overloads 

by special (statistical) instruments. Main unit of these instruments 

la the accelerometer. Most widely used are such statistical Instru¬ 

ments as meter of overloads, recorder of overloads with prolonged 

recording (1 hour and more), recorder of overloads with automation 

for swltehlng-on, recorder of overloads and speed of type V-n, recorder 

of overloads, speed, altitude, and duration of flight of type V-n-H-t, 

•«»•times with automatic switching-on. 

Ttmv are also applied other types of statistical instrument* 

with registration, for instance, of control surface* deflection. 
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preasure, course, temperature, and others. For control of overloads 

In flight, on pilot »s Instrument panel is established vlaual Indicator 

of overloads. Indicator.has two fixing pointers, which permit fixing 

the value of maximum and minimum overloads attained in flight. 

When carrying out statistical measurement steter of overloads la 

the most convenient. In this instrument the range of measured overloads 

la divided Into 5-10 degrees. During shift of seismic mass of instru¬ 

ment, under the action of overload, there occurs actuation of mechanical 

or electrical meters adjusted to a definite degree of overload. Appli¬ 

cation of meters permits determining only the quantity of encountered 

overloads of a certain magnitude. However, it is Impossible to obtain 

data about weight of aircraft, speed, and altitude of flight, at which 

overload Is registered. 

For contemporary aircraft, during the time of flight, weight is 

considerably changed (30-50#). Due to this, load on certain units 

during the same overload Is changed 1.5-2 times. Consequently, for 

Judgement about load capacity of aircraft construction, data recorded 

by the meter is insufficient. Therefore, meters are used basically 

during investigations on passenger aircraft of type Li-2 and 11-1¾ 

and on light maneuvering aircraft. 

Application of recorders of overloads with prolonged recording 

alao Is limited In view of complexity of exploitation, large consumption 

Fig. 1.2U. 
Recording of 

of tape, and difficulty of deciphering recordings. 

In such instruments is frequently applied an 

automation for switching-on, which permits 

considerable simplification cf their exploitation 

and deciphering of recordings. The automation 

turns on a tape winder during action of overload 

i * * 
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larger than 1 + in and leas than 1 - ûn, where in la the actuating 

threshold of the instrument. For maneuvering aircraft in - 0.7-1.0; 

for nonmaneuvering in - 0.2-0.3. IXarlng application of the automation 

for one charging of the Instrument It Is sufficient for measurements 

during 100-200 houra of flight. . 

In period of development of piston aircraft recorders of type V-n 

(In English literature designated V-g) i'.und wide propagation. These 

Instruments have nodes for registration of overload and speed. 

Recording is produced in the form 

of diagram V-n (Fig. 1.24). Such 

recording gives directly a diagram 

of overloads of aircraft at dif¬ 

ferent speeds of flight. 

For Jet aircraft, having a 

great range of flight altitudes, 

it is expedient to apply statistical records of type V-n-H-t, recording 

speed, overload, altitude, and duration of flight. These instruments 

usually have an electric preselector gear of tape speed. In calm 

horizontal flight recorder worlcs as barospeed recorder, recording 

speed and altitude of flight at low speed of tape 2-5 mm/nin. During 

action of overload larger than actuating threshold 1 ± ¿n. Instrument 

has increased speed of drawing of tape 5-10 nm/sec. Such instruments 

permit obtaining sufficiently full statistical data about aircraft, 

atmospheric turbulence, etc. On Fig. 1.25 is given a sample of 

recording of instrument. Statistical instruments of such type can be 

used also for control of fulfillment of assignment by pilot and for 

analysis of causes of flight accidents. 



Statistical measurements are used for more precise definition of 

Initial data during strength anlycis of an aircraft, for solution 

of question about Its period of service, and for Investigations of 

characteristics of atmospheric turbulence. 

As an example on Pig. 1.26 are given characteristics of recurrence 

of gusts Wcf, obtained In conditions of mass exploitation of aircraft. 

rr y i 
. 
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Pig. 1.26. Recurrence of on 

different altitudes (L — path which 
aircraft must fly In order to encoun¬ 
ter, on the average, one gust of 
assigned intensity). 

1.9. Initial Conditions for Aircraft Strength Analysis 

Por determination of loads acting on units of am aircraft, it is 

necessary to know quantity of overload in the center of gravity, 

speed of flight, weight of aircraft, and also possible variants of 

their combinations. 

These factors are basic. 
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Additional factors can bei angular velocity of rotation, angles 

of dl3pla:ement of control surfaces, force on control wheel (stick), 

and others. 

In flight there is possible a rather wide range of combination 

of shown factors. During strength analysis there Is considered a 

defined region of their combination, the most characteristic for a 

given type of aircraft. Graphic presentation about consiuered combi¬ 

nations of overloads and speeds 

Is given in V-n diagram, where 

along the axis of abscissas are 

possible speeds of flight, and 

along the axis of ordinates - 

corresponding overloads. 

On Figs. 1.27 and 1.28 are 

given V-n diagrams, accepted in 

requirements of IKAO on strength 

for aircraft in case of maneuver 

and flight in bumpy air. 

Points of diagram A, C, and D on Fig. 1.2? correspond to calcu¬ 

lated cases of load during positive angles of attack. Points E, F, 

and * correspond to calculated cases during negative angles of attack. 

Points 3*, C*, D*, 3», E1 of the diagram (see Fig. 1.28) corre¬ 

spond to calculated cases of load during gusts of bumpy air of dif¬ 

ferent speed and direction. 

In calculated cases are sonsidered characteristic speeds of 

flight: 

VD ” calculated diving speed (gliding); 

Vq — calculated cruising speed; 

12 
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— calculated speed of maneuver (case A); 

Vp — calculated speed during ipen flaps; 

Vg — calculated speed during naximua Intensity of gust; 

and — minimum positive overload during maneuver; 

and TLj — negative overload during maneuver; 

n^ - maximum overload during flight with open flaps. 

In norms of strength all aircraft are usually divided into three 

classes: class A — maneuvering, class B — limited-maneuvering, class 

C — nonmaneuvering. 

Maneuvering aircraft include those which can accomplish all 

figures of aerobatics and dive. Limited-maneuvering aircraft allow 

fulfillment of figures of pilotage. Nonmaneuvering aircraft Include 

overloads during flight in 
bumpy air. 

all types of passenger and transport 

aircraft. For every class, taking 

into account assignment of aircraft, 

gross weight, and speed of flight, 

there are assigned maximum and 

minimum operational overloads 

(nmax' nrnin)* 3elow are descrlbeJ 

approximate values of maximum 

operational overloads of certain 

types of aircraft. 

Light maneuvering aircraft. 7—9 
Light high-speed passenger aircraft ü—5 
Medium passenger aircraft. 
Heavy passenger aircraft.2.0-3.5 

Selection of weight of aircraft is determined by basic form of 

loads. Weight of aircraft with defined variant of load, selected for 

strength analysis, is called calculation welgw. 
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If an aircraft Is presented with identical requirements for 

maneuvering during all gross weights and variable loads In wing are 

absent, then calculation weight will be maximum weight of aircraft. 

For high-altitude aircraft, for which the necessity of fulfilling 

maneuvers appears only after a climb, calculation weight can be 

correspondingly lowered, taking into account fuel consumption. 

Since aircraft has in wing considerable variable loads (fuel, 

suspension). It Is necessary to consider a whole range of gross weights 

of aircraft when determining the most unfavorable combination at which 

load on units of the aircraft will be maximum. Sometimes there can 

be several variants of gross weight, which are taken for calculation. 

For determination of loads during takeoff and landing there are 

selected calculated takeoff and calculates landing weight, respectively. 

For a majority of Jet aircraft calculated landing weight Is considerably 

lower than takeoff. 

*•10. Selection of Coefficient of Safety 

On the basis of analysis of load peculiarities of an aircraft 

in model conditions of flight are determined maximum operational loads. 

For transition to calculated (breaking) loads F In norms of strength 

there is set a safety factor 

In norms of strength It Is assumed that safety factor pertains 

to external and inertial loads, but not to stresses In construction, 

caused by these loads. 

Basic assignment of safety factor Is to ensure selection of such 

a rated load so that in operation there are no permanent deforaations 
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In supporting members of the structure^ During selection of safety 

factor there are considered probability of obtaining assigned maximum 

overload, character of action of load (dynamic characteristic)« wear 

of parts, possibility of inspection in operation, technology of pro¬ 

duction, and so forth. Purthermore, there is considered the necessity 

of guaranteeing safety of crew and passengers in emergency cases (for 

Instance, there are selected raised safety factors for the fuselage 

for landing cases, for cargo bracing units, which in case of breakdown 

during crash landing, can inflict damage on crew or passengers, etc). 

Selection of safety factor from conditions of probability of 

encountering large loads is illustrated on graph in Pig. 1.29, where 

Is shown probable dependence of magnitude of load on time of flight. 

If it Is assumed to have a group of N aircraft 

with average flight time of T hours, then there 

should be selected such a magnitude of maximum 

operational load that it is not exceeded during 

time T. Quantity of rated load should be nut 

less than load corresponding to total flight 

^ate1dependence°X' tllie of alrcraft of the entire group. Usually 

mum*’load-on dural magnitude of safety factor for aircraft la 

tlon of flight. selected as f - 1.5-2.0. 

Por pilotless flight vehicles of single-time action, it is 

possible somewhat to decrease safety factor, taking, for instance, 

its value to equal 1.2-1.3. Such decrease in safety factor is Justi¬ 

fied by small number of recurrence of loads and the absence of a 

person. 
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jteflulfoments for Rigidity of Construction 

Elastic deformations of the structure render a strong Influence 

on aerodynamic and Inertial loads, and also on characteristics of 

stability and controllability of contemporary flight vehicles. Some 

cases of this Influence will be considered below (redistribution of 

aerodynamic load along wing span, divergence, and reverse). Elastic 

deformations determine reaction of structure to dynamic loads (during 

landings, gusts of bumpy air, and so forth) and to vibrations of its 

parts. Therefore, there are a number o. requirements for permissible 

elastic deformations of structure. 

In particular, to guarantee corresponding aerodynamic shapes 

magnitudes of local deformations of plating are limited. Requirements 

for effectiveness of aircraft control set up a number of conditions 

relating to general deformations of wing (permissible sags and torsion 

angles), and deformations of control lines. Requirements for rigidity 

of control lines lead to assignment of permissible angles of deflection 

of control surfaces because of elastic deformations of control lines 

during operational load. It is necessary to consider also requirement 

for elimination of resonances of control cables in working range of 

engine revolutions. In a number of cases recommendations are intro¬ 

duced on dynamic arrangement of a flight vehicle (optimum combination 

of distribution of concentrated masses and elastic characteristics of 

construction, at which are observed the least forces on the structure 

in case of influence on it of dynamic load). 



CHAPTER II 

EXTERNAL LOADS 2P?ECriVE ON UNITS OF AIRCRAFT 

Hat of Désignations Appearing In Cyrillic 

®H • s.a - shock absorber 
aap m aero » aerodynamic 

1 

B.O 
B03II 

®P 

alp - air 
h • holding 
el • elevator 
v.e ■ vertical empennage 
pos • possible 
rot ■ rotation 

r.o 
rp 

h.e ■ horizontal empennaice 
lo - load 

A ■ dlv ■ divergence 
AB ■ mot • motor 

Acn ■ per ■ permissible 

m 
«CCÎK 

llq - liquid 
rigid » rigid 

8 rear - rear 

K36 
■ar 
HR 

exc ■ excess 
bend » bending 
In ■ Inertial 

K 

*F 
R 

*F 

end - end 
cr - critical 
cr • critical 
wi ■ wing 

1 - le - left 

M • man • maneuvering 

t? 



Liât of Designations Appearlq: In Cyrillic Continuée? 

* - rud ■ rudder 
- b.a ■ bumpy air 

n ■ fr ■ front 
M " plu • plunger 
iw • gl • gliding 
nH ■ pn - pneumatic tire 

noc » land » landing 
nocí • for ■ forward 

np - ri - right 
np - giv - given 

p • r«v • reversal 
p€j| » red ■ reduced 

op > av ■ average 
CT - ata - stabilizer 

• CT ■ atr ■ strut 

tp - fri - friction 

ynp » elas ■ elastic 
JP * bal • balancing 

JOT • at ■ ateady 

fua - fuselage 

H»T M c*g ■ center of gravity 

■ ■ l*g • landing gear 

t • all • aileron 
a • op - operational 

an* equl ■ equivalent 

Basic Calculation Cases for a Wln^ 

The wing is the basic carrier element nf such flight vehicles as 

aircraft, gliders, and winged rockets. Loads on the wing serve/înitiAl 

data during determination of loads of other units of an aircraft. In 

connection with this in norms of strength at first are considered rated 

loads of wing. 

Character of distribution of aerodynamic load on the wing depends 

on angle of attack. Limiting values of angle of attack of a wing 

correspond to coefficients cy ^ and cy min. During fulfillment by 
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Flg« 2.1, fiaalc calculation 
caaes of a wing. 

aircraft of maneuvers In air over¬ 

load can be changed from n^Jn to 

op 
and ljq>act pressure — from 

^ln t0 W «ut* *S*pe qillrl - 

Since In conditions of 
<ÿs 

Case# 

y max 

flight corresponding to 

loads are relatively small. It la expedient to consider range of im¬ 

pact pressures from value q, determined by magnitude s or c 
y max y min 

during achlevemer , correspondingly, of overload n^ or n^* up to 

^max max0 

On Pig. 2.1 are shown characteristic regions of combinations of 

Cy# n and q, possible in flight! 

Region It 

Km#* 
<f 

Region lit 

-const; >s>0. 

Region Hit 

f"«M.»«*cnsL 0>s>«¿a. 

Region IV! 

Case 

y 

Case 4 

Case #* 

Case# 

Fig. 2.2. Positions of aircraft 

on trajectories, corresponding 
to calculation cases. 

i—a* - 
•»— 

f » f «W 

Model calculation cases for 

a wing lie on the boundary of 

these regions• 

Case_A - approach to large angles of attack, corresponding to 

y max , during achievement of overload n^j^ (climb). 
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£522-41 - achievement of overload at maximum permissible 

speed of f^lgh. V’B#X Bajc (pullout of dive or glide, ascending flow of 

bumpy air). 

£5se_g - achievement of average overload (0.5 n^) at -..in-ns 

permissible speed of flight ulth deflection of ailerons (aerobatics 

and maneuver.with bank). 

Sñ!£ £ — deflection of ailerons on terminal velocity of flight 

during cy - 0 (diving). 

Cases P and P' - correspond to entrance Into dive, elements of 

figures of aerobatics with negative 0, action of descending flow of 

bumpy air. Corresponding positions of aircraft on trajectory of 

flight In all these cases are depicted on Pig. 2.2. 

2.2, Distribution of load on Klnff 

Magnitude of aerodynamic load on wing Is determined by difference 

of pressures between upper and lower surfaces of wing. Distribution 

of pressures and, consequently, also distribution of load along the 

chord la determined by angle of attack, form of profile, and speed of 

flight. Distribution of pressures In case A (large angle of attack) 

usually corresponds to subsonic conditions of flight. Speed corres- 

ponding to this case Is -_. 

Va-l/BZ 
P s*,— *- 

In Fig. 2.5 is given diagram of distribution of pressure along 

the chord at large angle of attack In subsonic conditions. In this 

case, center of pressure Is 15-20)1 of chord from nose of profile. 

At *“*11 •n81,s attack (case A') In subsonic conditions of 

flight, center of pressure Is somewhat displaced backward. Due to 

growth of Impact pressure local loads are Increased on covering of 

«Ing. At critical mach number (M^) on wing there appear local speeds 

SO 



Fl«. 2.3. Distribution 
of pressure along chord 
of «ln« at large angle 

of attack, p - £sï£ — 

pressure coefficient, b 
i 

•qual to speed of sound. During further 

Increase of speed «111 be formed a zone of 

local supersonic speeds. At the place of 

transition of speed Into subsonic «111 be 

formed a shock «ave» «here pressure sharply 

Increases. 

On F1«. 2.% Is shown change of dis¬ 

tribution of pressure on upper and lower 

surfaces of wingf depending upon Mach num¬ 

ber at constant angle of attack. At M - 

eXC ri c. 

excess pressure at point. " ‘ ^ ^ « P0lnt *' 

£Vom«aïrr™ÛrÔr nw nose' 10041 Sl>eed ^ 
chord b. sound and pressure becomes critical (Pcp). 

Eeyond this point pressure continues to drop, and speed to grow, kith 

this Is created small supersonic section up to point B, in which 

speed sharply decreases, and 

•pressure increases, i.e., 

J «ill be formed a shock cover¬ 

ing supersonic section. Dur¬ 

ing further increase of Mach 

number supersonic zone grows 

and at M > 0.8 appears also 

on lower surface. At M • 0.85 
If 

-yj on both aides of profile there 

exist supersonic zones 

Fig. 2.%. Distribution of 
pressure on lower and upper 
surfaces of wing at different 
Mach numbers. 

n’E l*-<u| 
II k ■ • 

N 
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covering aimait all the surface of the mins. At supersonic speeds of 

flight, center of pressure Is on *5-50$ of the chord of the wing. 

M<47 

G 
M>lj 

Hg* 2.5. Distri¬ 
bution of load 
along the chord at 
•mail angle of 
attack. 

In case A' magnitude of c^ composes 

0.5-0.5. Distribution of aerodynamic load 

in this case is shown schematically on Fig. 

2.5. In cases B and C because of deflection 

of aileron there appear additional loads 

on end sections of the wing (Fig. 2.6). Due 

to this there is considerable Increase in 

. bending moment and torque of wing in sec¬ 

tions where aileron is located. 

Oar !i*al magnitude of aerodynamic load ?t#po is determined by 

magnitude of lift Y - nO and drag X . c^qS. Aerodynamic force acting 

on wing can be found by the formula 

(2.1) 

Angle B is determined from dependence 

Fig. 2.6. Change Igl—fia., 
of distribution 

deflection^f1^ Where Cx wi ^ cy wi ~ *** coefficient and 
aileron. respectively, 

which are chosen with res¬ 
pect to polar of wing for 
angle of attack correspond¬ 
ing to calculation. 

For subsonic speeds of flight cos 6 • l. 

On Pig. 8.7 are given approximate polars with points corresponding 

to calculated cases of wing. 

Inertial load of wing ?ln one can determine analogously to aero- 

dynamic forces 

'’-"S' (a.*) 
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where 0|(1 la weight of wing 

fig. 2.7. Po¬ 
lars of wing at 
N - 0.6 and M - 
- 0.9. 

Analogously, we find forces frow concen¬ 

trated load (botor, landing gear, and so forth)t 

(2.3) 

where 0lo Is weight of load. 

On Fig. 2.8 Is given diagram .of aerodynamic 

and inertial loads on wing. 

Distribution of aerodynamic load along wing 

span can be assumed to be according to the law of distribution of 

lift. There is allowed a certain error because of different laws of 

distribution cy and c^ along span. Therefore, an approximately linear 

aerodynamic load is equal to 

tACl Ntctior. at C.m+Cm 
fiMtlati * 

fig. 2.8. Diagram of loads on 
wing (0BOt — weight of motor, 

— weight of landing gear). 

*aero Qin “ linear aerodynamic 

and inertial loads. 

we will define impact pressure! 

linear load from lift! 

(2.*) 

«diere c and b are coefficient of 
# lift and chord 

of section 
(variables 
along span). 

Prom equation of lift. 

(2.5) 

■ (2.6) 

a • 
Substituting expression (2.6) into equality (2.4) and replacing 

bavl# 1,6 w111 obt&ln 



fi3 
Magnitude -j- conatltutea average linear load, which la definitiied 

by variable relative circulation 

Then it is poajlble to record 

(2.8) 

Approxlsate form 

la shown in Fig. 2.9. 

of graph cf relative circulation T - f yf/z) 
Methods of determining relative circulation of 

Fig. 2.9. araph of 
relative circulation 
of wing. 

aerodynamic load of different wings are 

presented in reference literature on aero¬ 

dynamics. 

On the section of the wing where are 

located fuselage and gondolas of motor, 

there occurs a certain fall of lift. Due 

to thl», on remaining part of win¿ lift must correspondingly be In¬ 

creased. This redistribution is weakly expressed in large angles of 

attack (case A) and becomes es¬ 

sential during small angles of 

attack (case A», Fig. 2.10). Due 

to this, in case A* bending 

wlnglaráe an¿lea attac^ of moment in root section will be 

somewhat more than in case A 

Fig,, 2.10. Relative circulatio 
of aerodynamic lord during amai 

(10-It¿). Influence of compressibility also leads to a certain in¬ 

crease of relative circulation on wing tip (Fig. 2.11). 

On sweptback wing, in distinction from straight, there occurs 

redistribution of load (even if we do not consider deformation) which 

leads, in subsonic conditions, to Increase of relative circulation, 

and consequently also load on wing tips (Fig. 2.12). During identical 

angle of attack, presence of sweepback leads to decrease of full wing 
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lift by approximately 10-155^. 

For lowering loads on structure of wing when arranging aircraft 

(especially heavy)« it is useful to place the biggest quantity of 

Fig. 2.11. Influ¬ 
ence of compres¬ 
sibility of air on 
relative circulation 
of wing. 

weight on the wing« since inertial forces 

counterbalance aerodynamic forces directly 

on the wing. In aircraft having a large 

quantity of fuel in the wing, the order of 

fuel consumption must be such that It will 

ensure during flight maximum unloading of 

wing. For thls# fuel located In end parts 

of the wing Is used at the last, and in the beginning there Is expended 

fuel from the fuselage and center section of the wing. Since with 

decrease in weight, overload of aircraft, possible during flight in 

Fig. 2.12. Influence of 
sweepback on distribution 
of circulation along span. 
1) for straight wingj 2) 
for sweptback wing during 
an angle of attack equal 
to angle of attack of 
straight wing; 3) for 
sweptback wing during lift 
equal to lift of a straight 
wing. 

turbulent atoK)sphere, increases, it is 

necessary that permissible overload, 

depending on strength of wing, somewhat 

Increase with decrease of weight of air¬ 

craft. 

Pig. 2.13. Change of 
possible and permis¬ 
sible overload accord¬ 
ing to fuel depletion. 

* 

55 



In Fig* 2.13 is represented approximate charge of possible (np03) 

and permissible (np*er) overloads of heavy aircraft. Analysis of 

•trength of wing one should conduct along all the route of a flight 

during diverse variants of load. 

2.3. Influence of Deformations of ïln^ 

on Distribution of Load 

In connection with application of highly durable materials, by 

decrease ui relative thickness of profile and by Increase of sweepback 

of wing .relative rigidity of wings of contemporary aircraft has been 

lowered. Sags of ends of wings.for contemporary aircraft during maxi- 

■um operational overlaod attain 5-10^ swing. Considerable deformations 

of parts of aircraft in turn cause change in distribution of aerodyna¬ 

mic loads. At low speeds of flight Influence of elastic deformations 

Is small. With growth of speed of flight this influence increases, 

which leads to essential change of bending moment and torques of wing 

from aerodynamic.forces, decrease of effectiveness of ailerons, change 

of characteristics of stability and controllability as compared to 

characteristics of rigid aircraft, and so forth. 

Torsion of a straight wing changes angles of attack by magnitude 

'rï*61*6 ® torsion angle of wing. At large angles of attack, 

because of location of center of pressure ahead of axis of rigidity 

there occurs an increase in angles of attack of end sections of wing. 

Torsion angle is changed from zero In root to maximum value on end. 

Itoe to this, load on wing tips is somewhat increased. With increase 

of speed of flight there occurs increase of torsion angle, and at a 

certain speed aerodynamic forces become larger than forces of elasti¬ 

city of construction, which causes destruction of wing. This pheno¬ 

menon Is called divergence. In the early stages of the development 
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of aviation, monoplane structures were frequently subjected to the 

phenomenon of divergence. For contemporary aircraft, critical speeds 

at which divergence starts are usually higher than speeds of flutter 

and other forms of aeroelastic instability. 

He will analyze basic relationships during divergence. If in the 

process of established flight there accidentally is changed the angle 

of attack of the wing, then because of aerodynamic moment there will be 

additionally increased torsion angle of wing. However, this prevents 

moment of elastic forces. Inasmuch as aerodynamic moment is propor¬ 

tional to square of speed of flight, and elastic forces do not depend 

on speed of flight, then there can exist a critical speed at which 

elastic forces serve only to hold wing in position of equilibrium. At 

a speed higher than critical, accidental deformation will lead to un¬ 

limited Increase of torsion angle. This speed is called critical 

speed of divergence Vdiv# 

He will consider a section of 

unit length from wing of infinite span 

of constant cross section. Elastic 

forces of structure of wing are replaced 

by a spring (Fig. 2.14). Let us 

assume that in Initial moment direction of flow is parallel to chord 

of wing during zero lift. If angle of attack of all the wing is 

changed to angle a# then section of wing will turn because of twisting 

strain by angle 0. We will find position of equilibrium of a wing 

in flow with speed V. 

Aerodynamic moment of wing of unit swing is 

+ (2*9) 

o 
where Mq - is moment of profile during zero angle of attackt 

cm0 coc^icient of moment during zero angle of attack; 

C»Rt«r *f pr*«*jr« 

Fig. 2.14. Diagram of sec¬ 
tion of elastic wing. 

57 



Yeb Is moment of lift Y - qbcu (0 + a); 
y ^ 

• is distance of center of pressure from axis of 
rigidity« referred to chord of wing. 

Aerodynamic moment Is equal to elastic turning pointi 

^ (2<10) 

-here 1¾ Is conditional torsional rigidity of wing (spring force of 

During small Increase of torsion angle AS change of aerodynamic 

moment is 

Correspondingly, change of elastic turning point la 

(8.11) 

(8.12) 
If during torsion. Increase of elastic turning point AM is 

« elas 
larger than aerodynamic AM.er,t then wing tries to return to Initial 

state, i.e., condition of equilibrium will be 

àM„ > AAfitr 

Then critical condition is determined by equality 

àAH^ - 

After substituting here expression for increases of 

will obtain 

(2.13) 

moments, we 

(2.1») 
From (2.14) we can determine Impact pressure corresponding to 

critical condition: 

€.- 
(2.15) 

or critical speed of divergence 

• » »«•%; 
(2.16) 



f 

For wing of rectangular form In plan, 

following relationship : . 

Vdlv cne can deterni^n® fro® 

(2.17) 

where OJ^ la torsional rigidity of wing; 

I is wing span* 

Sweepback of wing renders considerable Influence on magnitude of 

w During straight sweepback of wing, critical speed of divergence 

sharply Increases with Increase in angle of sweepback x* During 

reverse sweepback, speed of divergence Is considerably lowered with 

Increase In x, which hampers use of wings of such a diagram. This 

occurs due to the fact that during bend of sweptback wing, its chord 

changes Its position with respect to incident flow, and this leads 

to change of angles of attack of sections of wing during bend. 

l£t us assume that function w(x,z) describes surface of sags of 

wing. Then slope of this surface In direction of axis x is equal to 

*» to ft . to 
VT** *"*!■• (2.18) 

where Ç and Ç are orthogonal coordinates in directions parallel and 
perpendicular to axis of wing (Fig. 2.15). 

Change of angle of inclination with respect to flow will be 

Since 

ft 
cm i and 

(2.19) 

then, after substituting these expressions into formula (2.18), we 

will obtain 

where 

il da* 

is slope of a curve of sags along wing span. 

(2.20) 

First member gives at x - 55-^5° not more then 10-15* of total 

change Aa. Thus magnitude Aa is basically determined by flexural 
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rigidity of wing. ¢. the basis of this. It Is possible to Judge fac- 

tora, influencing Aai 

a) application of structures of highly durable materials leads 

to increase of deformations (in view of increase of ratio of operating 

stress o to elastic modulus E for these 

materials). For instance, application of 

titanium leads to increase of sags and 

angles of torsion of structure 1.5-2.0 times 

as compared to structures of alloy Dl6j 

b) Increase of relative thickness of 

profile of wing "c and narrowing of i| pro¬ 

motes decrease of sags of wing and, conse¬ 

quently, change decreases in angles of attack of end sections of wingt 

c) increase of aspect ratio and angle of sweepback of wing leads 

to increase of sags and, correspondingly, to increase In Aa. 

Sag of wing it is possible to express, with sufficient accuracy, 

by formula 

ns. 2.15. Diagram 
oi a sweptback wing. 

(2.21) 
where wend is sag of end section. 

Then 

s-oßr»- 
where k is constant coefficient. 

In particular, for end section at k « 2 

(2.22) 

Since at n 
op 

(s.s?) 
-max sag composes 5-10* of wing span, then da m end sec¬ 

tions It can attain 7-12° (at x ■ 

Dlstrloutlon of aerodynamic load for rigid and elastic sweptback 

vlng Is shown on Fig. 2.16. Due to deformation on wings with reverse 
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Fig» 2.16. Influence of defor- 
■fttlona of aweptback wlng on 
distribution of linear load 
•long wing. -—elastic wing, 
---. -rigid wing. 

sweepback, load on wing tips Is 

considerably Increased, and, con¬ 

versely, during straight sweep- 

back end sections of wing are. 

unloaded. Correspondingly, In 

case of straight sweepback during 

elastic deformation bending «ornent 

of elastic wing Is considerably- 

lowered. This relative lowering 

of bending moment Is Increased 

by separation of flow from wing 

tips during large angles of 

attack, which leads to further 

decrease in Mb€n^. Therefore, change of bending moment with respect 

to overload has nonlinear character (Fig. 2.17). 

2.4.. Reversal of Ailerons 

Hastie deformations of wing essentially affect effectiveness of 

ailerons. During deflection of aileron downward, lift on wing la 

Increased and rolling moment of aircraft Is created. However, this 

deflection of aileron creates also aerodynamic moment twisting wing 

In direction of decrease of lift, which lowers magnitude cf rolling 

■oaent. Inasmuch as rigidity of wing does not depend on speed of 

flight, and aerodynamic force Is changed proportionally to V^, there 

exists critical speed at which aileron becomes absolutely ineffective. 

This speed Is called critical speed of reversal of ailerons V . The 
’ rev 

nearer the speed of flight to critical speed, the less effective is 

aileron control (Fig. 2.18). At a speed of flight higher than V 
rev 

action of ailerons becomes reverse. 
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Fig, 2.17. Change of 
bending momea» of swepc- 
back wing with respect 
to overload, -elastic 
wing,-rigid 
wing. 

crease of lift during de 
flection of aileron with 
respect to speed of 
flight. 

We will consider a wing of unit swing with chord b, supplied with 

an aileron with chord b^j. Torsional rigidity of wing is replaced 

by a spring with rigidity k0 (Pig. 2.19). Changes in coefficients 

of lift and moment during deflection of aileron by angle õall it is 

possible to record in the form 

where c a 
y 

and c. 

—<j«4- 

J 
(2.24) 

are derivatives of coefficients of lift and moment of 
section of wing with respect to angle of displace- 
■ent of ailerons. 

Spria* 

Fig, 2.19. Diagram of wing with 
aileron. 

Change of torque relative 

to elastic axis during deflection 

of aileron by angle 0all will be 

(2 25) 

where e is distance of center of 
pressure from center 
of rigidity in frac¬ 
tions of chord. 

Torsion angle of wing is 

(2.26) 
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Fron formula (2,26) ne will define relationship between torsion 

angle of wing and aileron deflection anglei 

«—j*4 «r 

(2.27) 

IK* equation# (2.24) and (2.27) can be obtained ratio for Ac i 

**9m -— 6r 
(2.28) 

Aileron «111 be Ineffective at Acy - 0. 1..., condition of critical 

•peed of reversal will be 

4+-^-81 
(2.29) 

Solving equation (2*29) with respect to speed, we will obtain 

expression for speed of reversal 

r. 
(2.30) 

Fro« formula (2.30) If follow# that magnitude v does not de- 
rev 

pend on nagnltude e. This Is caused by the fact that aerodynamic 

moment twisting the wing, presents a pair of forces and does not depend 

on position of elastic axis. 

Effectiveness of aileron on two-dimensional wing at 7 < Vpev Is 

determined by ratio 

(2.31) 

where cj, Is coefficient of lift of rl^ld wing. 

In Fig. 2.20 are presented curves of aileron effectiveness depend- 

ing upon relationship R - qdlv/<lrev - »^/vfev. 

During straight sweepback of wing, deformation of sag during de¬ 

flection of aileron causes additional decrease of angle of attack of 

end sections, which leads to considerable lowering of effectiveness 

of aileron. During reverse sweepback of wing, effectiveness of aileron 
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of ailerons Is more conveniently estimated by magnitude da,x/d6ail 

angular velocity of aircraft with respect to axis x)9 dependency 

of which on Mach number Is shown on Fig. 2.21. 

Deformations of aileron control lines cause Increaise of movement 
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of stick (control wheel) for creation of one and the same rolling 

■ornent, which causes lowered effectiveness of ailerons with respect 

to noveaent of the stick. 

2.5. Loads Effective on Horizontal Empennage 

loads acting on horizontal empennage it is possible to divide 

into three basic groupsi 

a) balancing loadst 

b) ■aneuvering loads i 

«) loads during flight in bumpy air. 

Xn rectilinear flight, on the empennage act balancing aerodynamic 

load and its weight. Magnitude of load on horizontal empennage is 

basically defined as 

Pi I m JSl m 
* If.« (2.52) 

where is moment of aircraft relative to its center of gravity during 
given angle of attack, determined by wlnd-»testlng a model 

an aircraft without horizontal empennage. During 
calculation, one should consider load during the most un¬ 
favorable centeringi 

1# distance from center of gravity of aircraft at a given 
centering to center of pressure of aerodynamic load of 
horizontal empennage. 

In a flying range of angles of attack mz - f(cy) it is possible 

to consider linear function. Consequently, coefficient it is pos¬ 

sible to present in the form 

(2.35) 

where m^ is value of coefficient of moment at c ■ 
y 

load is 

0. Then balancing 

7*S,~ (2.54) 
Thus balancing load on horizontal empennage consists of two components, 

of which one depends on magnitude of Impact pressure, and the 
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other — on magnitude of overload. 

The biggest loads on empennage appear during maneuver. However, 

determination of maneuvering loads presents great difficulties, since 

along with characteristics of maneuverability of aircraft one should 

consider possible peculiarities of piloting. During determination of 

loads on horizontal empennage it is expedient to connect their magni¬ 

tude with magnitude of maximum overload and maximum force applied by 

pilot to control stick. 

Loads on horizontal empennage during elevator deflection are 

connected with magnitude of overload appearing with this deflection. 

However, this connection is not simple, and depends also on method 

of piloting (law of deflection of control surface with respect to 

time). During established regime of flight, to each magnitude of over¬ 

load corresponds a definite position of control surface and value of 

balancing load. In the process of maneuver the pilot can deflect a 

control surface smoothly or sharply; with this there are obtained 

different magnitudes of angular acceleration dtu^dt. Therefore, load 

on horizontal empennage at the same angle of elevator deflection de¬ 

pends on rate of Its deflection. Magnitude of load on horizontal 

empennage and its distribution along chord is different In separate 

phases of maneuver. 

With this one should distinguish three phases, which it Is pos¬ 

sible to show graphically during step-by-step deflection of control 

.surface (pig. 2.22). 

a) the first corresponds to initial deflection of control surface, 

a. which Ij obtained initial load on horizontal empennage (point 

Dl . ' 
«! ' 2- 

b) the second corresponds to the moment when during rotation of 

alrerait there appears considerable damping load on horizontal 
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eapenna^e, in the direction reverse to load, caused by deflection of 

control surface (point Il)j this point corres¬ 

ponds to achievement of maximum overload: 

c) the third corresponds to the position 

when during considerable damping load on empen- 

Fig. 2.22. Phases 
of elevator deflec¬ 
tion. 

Point / 

nage (considerable o>2) the pi'ot, deflecting 

control surface for cessation of maneuver, 

creates additional load directed to the same 

side as damping (point III). 

Total load on horizontal empennage is equal 

to sum of maneuvering and balancing loads« 

Similar phases it is possible to observe 

also during any other law of ele/ator deflection in maneuver. Distri¬ 

bution of loads, corresponding to these phases. Is shown on Fig. 2.2J. 

All three phases present interest both in 

magnitude of loads on horizontal empennage 

and in their distribution along chord. 

Determining loads on horizontal empennage 

during maneuver requires analysis of equa¬ 

tion of aircraft motion. With this there 

Is obtained complicated dependences of 

load on horizontal empennage on parameters 

aircraft. For -he first time loads on 

empennage were In detail investigated by 

A. I. Makarevslciy. The selection of basic 

calculation cases for the empennage was 

well-founded by him. 

Fig. 2.23. Distri¬ 
bution of loads on 
horizontal empennage 
during different phases 
of elevator deflection 
(points I, II, III, 
correspond to Plj. 2.22) 

In the practice of designing and during standarlzatlon of loads 
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It Is expedient to use simplified formulas reflecting connection of 

load on horizontal empennage Phe with conditional wing loading 

OD Q 
“maxT ^ ^ of empennage ei 

Sr... (2.35) 

Constant; C one can determine for corresponding phase of deflection 

of control surface. Such dependence, as experience shows, with suf¬ 

ficient accuracy estimates loads on horizontal empennage. 

phase of deflection of control surface, magnitude of 

maneuvering load is determined by angular acceleration! 

(S.#) 

Thus determination of maneuvering overload is reduced to determination 

of a.igUi.ar acceleration dcu^/dt. The sharpest maneuvering will be 

instantaneous elevator deflection ôel « f(t) - const, which permits 

estimating boundary of possible magnitudes of maneuvering loads on 

horizontal empennage. Por this case magnitude du>^dt is determined 

from relationship (1.24)i 

« 

In initial moment of maneuver, at t 

Consequent lj'. 

Then 

0 cu 
z 0 and An 

(2.37) 

0. 

r. 
(2.38) 

After determiningproduotc*h>e4ellcq from equation (1.29), we will obtain 

r.-{t+.Vïc'r. it* _ Is, .i..„ (2.39) 

Magnitude In parentheses It Is possible to consider constant. Then 
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(2.40) 

^ar' F—w can be obtained approximate formula 

In aecond phase, taking Into account damping load 

• ” «Jr..• — ^5, * i2-41) 

(second member characterizes magnitude of damping load). In this 

case load on horizontal empennage In magnitude Is less than In the 

first case) however. It presents Interest from the point of view of 

distribution of load along chord (Pig. 2.22) 

In third phase maximum load Is possible at great speed of flight, 

when pilot, protecting aircraft from excessive overload, deflects 

sharply controls from himself. This summarizes load caused by deflec¬ 

tion of control surfaces and damping load. This case frequently Is 

called second maneuvering load. It corresponds to large loads on 

horizontal empennage because of following circumstancest 

a) deflection of stick from self for cessation of maneuver, as a 

rule, can be accomplished more sharply since during deflection of 

stick pilot does not fear obtaining excessive overloads 

b) when pulling stick toward himself, the pilot must apply rela¬ 

tively large forces, but to deflect It from himself it Is sufficient 

at first for the pilot only to weaken pressure on stick and for shift 

of control beyond neutral position It Is necessary only to press on 

stick! 

c) damping load somewhat Increases total load on horizontal empen 

nage. Therefore, in this case maneuvering load is 20-50^ larger than 

In the first case. During determination of load by the formula (2.^0) 

value of coefficient C increases 1.2-1.5 times. 

¡hiring action of vertical gust of bumpy air on empennage 
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(2.*2) 

wh'.re la load on horizontal empennage from ^uot of jumpy air. 

1/541(1 *6.a one can de-e^r*e# using relationship (1.^4)1 

™^^5r.*^^r • ■■ & •- (2.4^) 

During appraisal of coefficient K It Is expedient to consider, 

for horizontal empennage, magnitude J2g/Sh>eI^#e, characterizing 

apeclflc Inertial load on horizontal empennage. If moment of Inertia 

of aircraft is assumed approximately equal to 

J.ssOflX^-V. then ~'f 

and correspondingly, magnitude of coefficient K will be 0.5-0.6, 

Substituting In formula (2.45) numerical values of W, ca, pQ and K, 

we will obtain 

(2.44) 

where Cb>a Is constant coefficient. 

Por aircraft of large dimensions there Is usually conducted 

analysis of loads on horizontal empennage taking Into account entrance 

o: aircraft In a gust of trapezoidal form (see Pig. 1.19). There Is 

considered possible Increase ("throwing") of angle of attack of 

empennage due to oscillations of aircraft In plane of pitch. 

Ik>ads Effective on Vertical Empennage 

There are three forms of loads on vertical empennagei 

a) maneuvering loadsi 

b) load In case of engine failure; 

c) load during flight In bumpy air. 

ManeuverIn; :oaas. Definition of maneuvering loads on vertical 

empennage also Is connected wlthyeat difficulties and requires 
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consideration of complicated dependences. 

Experimental data show that loads on vertical empennage during 

fulfillment of usual maneuvers (turns, chandelles, spirals, and so 

forth) are very small. However, from operational experience it is 

known that sometimes in flight take place very large loads that in 

the period (before 1935-1937) sometimes led to destruction of vertical 

empennage« Analysis of possible loads on vertical empennage is hampered 

by the fact .hat the basic factors determining these loads (angle of 

slip, angle of control surface deflection), are not limited by limita¬ 

tions easily controlled by the pilot. Thus, for instance, even during 

fulfillment of sharp maneuvers, lateral overloads do not exceed 1,5* 

which does not cause any essential physiological sensations for the 

pilot« During the analysis of loads, in the case of a sufficient re¬ 

serve of static stability for aircraft without boosters, it is pos¬ 

sible to be oriented to force of pilot. Por aircraft with boosters. 

rated load on vertical empennage is determined by permissible angle 

Fig. 2.24, Character 
of change of loads on 
vertical empennage 
during rudder deflec¬ 
tion. -sharp appli¬ 
cation of force to 
pedals (Pq » const), 

--- -smooth appli¬ 
cation of force to 
pedals P - P0 (l-e*’¿"). 

of sideslip « Charac-er of change of 

loads on vertical empennage is shown in 

Pig. 2.24. 

Phases of maneuver in horizontal plane 

and corresponding load on vertical empennage 

are shown in Pig. 2.25. Maximum loads take 

place in conditions of large angles of side¬ 

slip (0max). During sharp rudder deflection 

at the time of achievement of the biggest 

3 for return of aircraft to conditions 

a - 0 there appears the biggest load on 

the vertical empennage. Direction of this 

load is opposite to maneuvering load in the beginning of the maneuver. 
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Analogously ;o second maneuvering load on horizontal empennage, magni¬ 

tudes of maximum loads on vertical empennage, to a very great measure. 

depend on stability of aircraft. Por 

unstable aircraft ^ ia Halted 

only by maximum value of coefficient 

of lateral force cz Sharpness 

of application of force on pedal shows 

both on magnitude and on character of 

load (see Pig. 2.24). prom condition 

of achievement cz ^ it is expedient 

Fi¿S« 2.23. Loads on ver¬ 
tical empenna-je In dif¬ 
ferent phases of maneuver, 
a) beginning of maneuver* 
sharp rudder deflection, 
b) flight with small angle 
of sideslip ; c) fllghtTwith 
large angle of sideslip ; 
d/ termination of maneuver, 
deflection of control surface 
for return to conditons of 
zero sideslip • 

to consider load directly proportional 

to impact pressure. Therefore, load 

on vertical empennage it is possible 

to determine by the formula 

(2.45) 

where C is constant coefficient. 

Load on vertical empennage In ca3e of failure of englnea located 

onjtU¡¿. During engine failure action of moment My from asymmetric 

thrust ^aujea cldeallp of aircraft. In the beginning aircraft obtains 

large angles of sideslip due to throwing, but then arrives at a steady 

•ngle of sideslip . 

*_ 

->* (2.46) 

«here «y la fielen: of moment with respect to angle 

Máximum angle of slip it is possible to express through 0 : 
st * 

"" ?>CT •. (2 #47) 
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«here characterizing throwing during sharp appllca- 
tloi. of moment My. 

Load on vertical empennage one can determine by the formula 

«i..*,*..?...- (2.48) 
g 

where czy e la derivative of coefficient of lateral force with respect 
to angle of sideslip ; 

k la coefficient of deceleration of flow for empennage. 

Por simplification of calculation, load on vertical empennage 

frequently la determined by approximate formula 

K. (2.49) 

In which will be d sregarded forcea appearing on wing and fuselage. 

Formula (2.49) gives decreased value for P as compared to value in 

formula (2.48), since aerodynamic forces acting on fuselage and wing 

cause moment, as a rule, directed to the side reverse to moment of 

force» acting on empennage. Coefficient of throwing for a specific 

aircraft depends on. altitude and speed of flight. Magnitude of thrust 

of motor also depends on altitude and speed of flight. Therefore, one 

should determine maximum value of o for the most unfavorable com- 

binatlon of M, and k 
y v.e 

In formula (2.48) it Is assumed that rudder is pressed and pilot 

does not manage to react to oehavior of aircraft. In actual conditions 

pilot tries to prevent achievement by the aircraft of large angles of 

sideslip . During deflection of rudder by angle ipud* load on vertical 

empennage Is 

(2.50) 

where c is derivative of coefficient of lateral force with reaped 
to rudder angle. 

One may assume that pilot tries to deflect controls In such a manner 

that load on vertical empennage, caused by this deflection, parries 



moment appearing due to engine failure. Then 

—(2.51) 

Let us assume that because of late reaction of pilot, deflection 

of controls happened at the time of achievement of 0 . In this case 
max 

magnitude of load on empennage will be 

^ k~s"rk"+ir. i2-52> 

or, using approximate relationship (2.^3), we will obtain 

(2.53) 

I/>ads during flight in bumpy air. In this case expr<=. .ons for 

load on vertical empennage are analogous to (2.44): 

'..-C..K—5.. (2.54) 
where 

Ca.>c. ».since Jf>J* 

Besides above-indicated cases of load, one should consider combined 

cases of load. Since It Is doubtful to obtain simultaneously maximums 

of operational loads in both calculation cases, then in examining 

Joint action of two forma of Independent loads there Is chosen a certain 

part from the maximum value of each form of load. 

In practice It is necessary to consider the following cases of 

load: 

a) load on vertical empennage from bumpy air during flight with 

stopped motor on one side of wing; 

b) simultaneous load on horizontal and vertical empennage. 

The latter case is the calculated for fuselage and vertical empen- 

.nage. If on it Is located horizontal enpennage. 
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2.7. Asymmetric Loada of Tall Assembly 

Aaymmetllc distribution of load between halves of horizontal 

enpennage Is, to a certain degree. Inherent to all conditions of flight. 

Degree of dlsymmetry Is Increased during maneuvers with side slip or 

rotation of aircraft. In many cases forces appearing In the structure 

of the empennage during asymmetric load, can be calculated. 

During location of norlzontal empennage on middle or upper part 

of fin. In the case of asymétrie loads there appear large additional 

banding moments on vertical empennage. This circumstance forces us 

attantlvely to analyze possible dlsymmetry of loads. 

Basic factors determining degree of 

dlsymmetry oi distribution of load on 

horizontal empennage arei 

1* Influence of load of vertical 

empennage during sideslip and rudder de¬ 

flection. 

2. Influence of wings and fuselage 

on direction of flow near empennage during 

sideslip . 

5- Rotation of aircraft during 

maneuver. 

Influence of slipstream (or Jet 

stream of motors). 

Three first factors are determining factors during selection of 

rated loads. 

Location of horizontal empennage with respect to height of fin, 

to a considerable degree, determines magnitude of asymmetric load (Fig. 

•Wb)* 

c) d) 

(¢11111 

Fig. 2.26. Influence, 
on asymmetric loads, of 
the location of the 
horizontal empennage on 
the fin. a and b) low 
location of stabilizer; 
c) middle location of 
stabilizer; d) stabilizer 
Is located in upper part 
of fin. 

dusts of humnv flli* 
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2.26). 

On two-fin empennée sideslip causes change of bending moments 

of stabilizer because of asymmetric loads on vertical empennage (pig. 

2.27). With this occurs an Increase of load along ends of stabilizer. 

On awept-baclc empennage degree of dlsymmetry of loads Is Increased 

because of the fact that during sideslip is changed effective angle 

of sweepback of each half of stabilizer (Fig. 2.28). 

The Change In character of flow around empennage during sideslip 

la also Influenced by downwash near empennage from fuselage and wing. 

This leads additionally to considerable 

dlsymmetry of loads on horizontal 

empennage. Sign of moment of asynnet- 

rlc load of horizontal empennage Is 

Inverse to sign of moment of asynoetrlc 

load of wing. 

During rotation of aircraft with respect to axis x, angles of 

attack of sections of horizontal empennage are distributed asymmetric- 

allyi 

à 
iP 

Fig. 2.2/. Asymmetric loads 
on horizontal empennage 
with two-fin vertical empen¬ 
nage. 

which leads to asymmetric loads on It. In this case also degree of 

dlsymmetry of loads is Increased from Influence of wing. However, 

thla Influence Is Insignificant since rotation of aircraft around axis 

Jt is accompanied by deflection of ailerons, which to a considerable 

degree decreases magnitude of downwash caused by rotation of aircraft. 

Asynaetrlc loads from different factors are algebraically summa¬ 

rized, which determines full dlsymmetry of loads on horizontal empen- 

nsge. During sideslip at high speeds load on one half of horizontal 

76 



awept-back empennage 
during sideslip. 

empennage can appear larger than correspond¬ 

ing maximum load during symmetric distribu¬ 

tion. 

Influence of coaqpressibility of air 

at high speeds of flight considerably com¬ 

plicates analysis of asymmetric loads. In 

particular, at transonic speeds influence 

of Mach number somewhat increases disymmetry 

of loads. 

Influence of Deformations of Structure of Aircraft 

on Effectiveness of Empennage 

For analysis of Influence of deformation of fuselage and empennage 

on effectiveness of longitudinal control we will consider an aircraft 

rigidly fixed in section of fuselage with respect to center of gravltyj 

wing and nose part of fuselage we will consider absolutely rigid. In 

this case, moment from horizontal empennage it is possible to record 

in the form 

Let 

(2.55) 
us express component of moment through aerodynamic coefficients* 

*.-**Sb* 
Pr. • AlfSr. 
Mr.•, (2.56) 

•here t>A and bh # are middle aerodynamic chorda of wln¿ and horizontal 
empennage respectively; 

k is coefficient of retardation of flow for eapennage. 

Measure of effectiveness of horizontal empennage is the relative 

change of coefficient of pitching moment with respect to elevator 

angle, which it is possible to characterize by derivative of 
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Por real coefficient of moment with respect to elevator an¿le c5. 
m 

Aircraft, because of elastic deformation of structure c® Is less than 

for absolu-el¿ rl¿ld aircraft. Ratio c^/c^ rl¿ld characterizes elastic 

effectiveness of elevator. 

Prom equation taking Into account formula (2.56), we have 

<1-*—c* t + —r* ) 
S \ >A ,,#l *4 a") (2.57) 

ifhe.e cœ is derivative of coefficient of moment of horizontal 
empennage with respect to an¿le 5 .¡ 

A 
e3 h.« ls derivative «1th respect to arvjle Jel of full coefficient 

^ °w ^orlzon:;al empennage, taking into account 
ita turn by angle 9, 

For Analysis of this relationship we will consider diagram of 

aircraft shown In Pig. 2.29. Angle of turn of horizontal empennage is 

changed along span. Por sim¬ 

plicity In calculation we take 

section of horizontal empen¬ 

nage, located at distance 2/5 

of a half span from fuselage. 

Elastic properties of the 

fuselage and empennage one can determine through influence coefficients 

and E.¿. Let us assume that rigidity is characterized by magnitude 

*1 equal to llft of «“Pennage of both halves, which it is necessary 

to apply in center of pressure of empennage in order to turn calcula¬ 

tion section by 1 rdn. Correspondingly, coefficient Ej is equal to 

moment which It is necessary to apply in calculation section in order 

to turn it by the same angle. Then charge of angle of attack of 

stabilizer will be 

Flg.2m29m Diagram of aerodynamic 
forces acting on aircraft. 



During further analysis we will consider small changes In angles 

of elevator deflection ôe^ and turn of stabilizer 0. 

Let us compose equation of forces and moments* 

} (2.59) 

Using relationships (2.53) and (2.59)# we will obtain 

^r.• r r 

S A 
(2.60) 

where 

Increase of lift coefficient one can determine from formulas 

(2.56) and (2.59): 

a* . ^r* s- 9 + c* ^ 
arf »ä« —j ** *fr.mw T » *■*>* (2.61) 

Let us take derivative ic„ K _ with respect to â_, i 
y n.e ei 

»^« “^5 r.#* (2.62) 

After substituting expression (2.62) into formula (2.57)# we will 

obtain 

(2.63) 

If aircraft Is absolutely rigid, then - •. Then A - 0 

and B ■> 1. In this case 

«i—- ,*( X*‘'"*+ ».‘'•'O' (2.64) 

Effectiveness of elevator of elastic aircraft It is possible to 

express In the following way: 

— a ^ â Í ^ • jj i • f* \ * 

_ .4 »4 'H 
(2.65) 
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Second member In the denominator la considerably leas than first 

and during qualitative appraisal it la possible to lower It. 

Finally 

-1 + ~ ^r- * 

• 4.. (2.66) 

Critical speed of divergence of horizontal empennage will be the 

speed at which small deflection of <5ei causes large torsion angles of 

empesage. Prom equation (2.66) It la clear that this takea place at 

B - 0. 

Impact pressure, corresponding to critical speed of divergence 

of horizontal empennage. Is 

«■r. =-^-. 

**•*'■• (2.67) 

Critical speed of reverse of horizontal empennage la defined as 

the speed at which effect!veneaa of control surface becomes equal to 

*«£0, i.e., deflection of control surface does not lead to change of 

moment. This condition can be obtained from equation (2.66): 

(2.68) 

Substituting values of A and B, we will obtain expression for Impact 

pressure, corresponding to critical speed of elevator reversal; 

*•- _h_4** 
(2.69) 

Aa can be aeen, speed of elevator reversal does not depend on 

coefficient ^ because at speed of reversal lift force of ei^ennage, 

caused by deflection of control surface, is equal to zero. 

Prom expressions (2.6/) and (2.69) there can be obtained relation¬ 

ship for appraisal of elevator effectiveness: 

(2.70) 
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2.9. Loada on Landing Pear, Appearing Darin: Landing 

On contemporary aircraft the predominant type la the retractable 

landing gear with nose strut. Vlth auch a diagram two main 

struts are located somewhat behind center of gravity and receive, 

when standing, 8^-90^ of the weight of the aircraft. The front strut 

Is carried in the nose part of the aircraft. 

On aircraft with platón motora widely have been applied landing 

gears with -all wheel (or skid). In this case center of gravity of 

the aircraft la located behind main struts. Applied alao la a bicycle 

diagram of landing gear, where the main part of load la apportioned 

to two struts located under fuselage. With such a diagram, for pro¬ 

tection of wing tipa from damage during landing, on wing tipa are es¬ 

tablished wing-tip struts. 

On aircraft with large gross weight, frequently on each strut 

there Is established several wheels. On heavy aircraft widely used 

are four-wheeled carts. Sometimes applied are struts (wheels) of 

landing gear, dropped after takeoff. In this case landing Is carried 

out on special landing gear. 

When parked only Its weight acts on the aircraft. On each support 

strut acts reaction of land, the magnitude of which depends on relative 

location of center of gravity during a given load of aircraft. Load 

on one strut is called strut load P . 
str 

Wheels for an aircraft will be selected based on strut load and 

magnitudes of takeoff and landing speeds. There should be ensured 

corresponding pressure of wheels on surface of airport, taking into 

account strength of covering of runway. Por a number of types of 

aircraft there is required a guarantee of operation on unpaved air¬ 

fields. Por certain types of aircraft, instead of wheels are applied 
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akis . 

landing gear ahould abaorb kinetic energy of aircraft on landing. 

H^nltude of thlj energy dependa on vertical and horizontal componenta 

during landing. Energy cauaed by vertical component la ab¬ 

sorbed by shock absorbera and partially elastic deformations of struc- 

úi’ alrcraft. Normal forcea of .reaction of wheels have to be 

relatively small In magnitude. Kinetic energy from horizontal compo¬ 

nent la basically absorbed by brakes of wheels and partially by aero- 

dynamic djflaj of aircraft. 

For maneuvering of aircraft on land nose (tall, wlng-tlp) strut 

la made to be controllable. This ahould ensure sufficient stability 

of motion of aircraft on land. 

Vertical Velocity During Landing 

The proceso o. ^a..dirig la divided Into the following stages (Pig. 

2.30), gliding, levelling out, holding off (Hj, incipient stalling 

(Just before touch-down), landing, and landing run. 

Laivila- 
rw 

• Kfip #ISt 

Ur in* 

_ 

•'•inR.’ u',lllrv** 

Fig. 2.^0. aYaJectory of landing. 

When gilding, speed of aircraft must somewhat exceed minimum. 

•ince a certain speed margin Is necessary for safety of flight and 

fulfillment of le-elllng out of aircraft. 

(Hiding la executed In conditions cy gl . 0.6-0.7 cy Olldlng 

angle la ..qusl to a - arc tan j (K - characteristics of aircraft In 
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glide). 

During approach to land the pilot, by moving stick -o himself, 

levels the aircraft, i.e.. Increases angle of attack, and the aircraft 

shifts from gilding to horizontal flight (to section of holding). 

For decrease In length of landing run and decrease In loads on 

landing gear during Impact against land. In the holding section speed 

decreases to minimum possible. Observing equality of lift and weight, 

pilot gradually Increases angle of attack of wing. Thrust of motor 

la minimum. Increase of lift is limited by maximum value c . After 

achievement of cy further increase In angle of attack no longer 

can compenaate loss of speed. Due to action of force corresponding 

to difference between weight and lift Q - Y, there is created accelera¬ 

tion directed downward and mircraft "dips" (stalls) and touches land 

with its wheels. Horizontal speed of aircraft at the time of termina¬ 

tion of Incipient stall Is called landing speed. In an aircraft with 

nose wheel and bicycle landing gear landing directly from glide is 

possible. 

For normal landing, levelling out should be finished at low 

altitude. Usually It is recommended that altitude at the end of 

holding be near 1 m. In operation errors are possible in determining 

altitude of levelling out, and at th* end of holding (beginning of 

incipient stall) altitude can attain 2-3 m. 

Magnitude of load during landing Is basically determined by ver¬ 

tical velocity Vy at touch-down. For determination of magnitude of V 

during incipient stall it is possible to use approximate formula of 

V. 3. Pyshaow:« 

Sm ^ehnov. Aerodynamics of aircraft, Oboronglz, 19^3. * * 

83 
_ . i 



where Cjj/c ia ft aa^al-ude reverse to performance characteristics of 
an aircraft during landing; 

Vœin la speed of aircraft with lowered flaps and landing 
gear • 

Assuming 

!í_OÍ and ^.50 ./., 

we will obtain 

Approximate depender.ee of Vy on altitude of holding la shown in 

Fig. 201. 

Altitude of holding and, consequently , also magnitude of Vy de¬ 

pend on qualifications of the pilot, meteorological conditions, and 

other causea. On Pig. 2.32 are given statistical data of recurrence 

on altitude of 
holding. 

of Vy during different landing conditions.4* 

Levelling aircraft before landing, pilot 

orients it with respect to horizon. Because? of 

local slopes of airport there appears additional 

component Vland tan a, where a is angle of encoun¬ 

tered slope. 

Consequently, 

+ (2.72) 

On airports with artificial covering there usually are allowed 

the following magnitudes of longitudinal slopes in radians, depending 

•H. Conway, Landing, dear Design, London, 1958. 



upon type of aircraft*• 
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2.32. Recurrence of 

during landing In simple and 
adverse weather conditions. 
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In Fig. 2.33 is given a diagram 

where are indicated permissible slopes 

for a rurjiay with artificial covering and for ground surface of an 

airport. Radius of curvature of surface of airport should be not less 

than 6300 a for the runway and not less than 4000 m In the tone of 

safety. 

Magnitude of limiting local encountered slopes because of local 

unevenness of runway can be approximately 0.01 higher as compared to 

given nagnltudes. Consequently, Increase of magnitude Vy because of 

local slope can compose 1.2-2.0 m/sec. 

#Search for and Designing of Airports, 
of 7. F. Babkov, Avtotransizdat* 1959. 
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Bneráy which nua; be absorbed during labdlry i3 developed also 

due to lowerln¿ of center of gravity of aircraft during squeezing of 

shock absorber and pneumatic tire to height 

t "* T (2.72} 
where h 

a.a la of pressing of shock absorber; 

Ç is propor-lonall-y factor, depending on construction and 
geometric relationships of landing gearj 

*pn “iul-ude of pressing of pneumatic tire. 

Maximum value of Hc>g Will correspond to limiting values of h and 
Ô3 e & 
_ • pn 

The effect of lowering the center of gravity It Is possible to 

estimate from consideration of shock absorption during landing. It 

Is necessary that shock absorption of the landing gear absorb all 

energy developed during Iwpact of the aircraft against land. This 

work is determined from dependence 

4 = -f AG//*.. 
(2.7*) 

where k Is ««islderlng work abosrbed by aerodynamic drag 
and elasticity of construction. 6 

On the other hand, work during landing It 1s possible to express 

through given vertical velocity Vy glv which would be obtained during 

fall of an aircraft In a vacuumi 

(2.75) 

"hep< Hequl 13 ffom which In a vacuum there is 
; energy equal to work absorbed by shock 

absorption during landing In real conditions. 

Consequently, it Is possible to write 

(2.76) 



Ualn¿ expressions (2.7*0 and (2.75), one can determine 

*9- - + ÏJÏÏTi ' (2.77) 

Substituting Into formula (2.77) value V and H , we will obtain 
# o «á 

+ y mm lg *)'-♦- 2 kg (~Jt4m + a j: (2.78) 

Magnitude of gly usually Is from 2 to 4 m/sec. 

In examining structural strength of landing gear and of the 

entire aircraft It Is necessary to know force In elements of construc¬ 

tion, obtained during absorption of maximum work 

(2.79) 

where *s aafety factor, established by norms of strength; 

A0** is operational work: 

During absorption of this work by shock absorption of the landing gear, 

there should not be permanent deformations In the structure of the 

aircraft. 

Peculiarities of Ltmda on Landing and the Operation 
of Shock Absorption 

An aircraft with a nose wheel usually lands on the two main struts, 

and then during landing run after 5-10 sec the front strut is lowered. 

Similarly lands an aircraft having a landing gear with a tail wheel. 

Both types of landing gear allow landing on three points. Landing of 

an aircraft with a bicycle landing gear can occur both on both struts 

and on one. Load effective during first impact on strut of landing 

gear may be represented by vertical P , frontal P , and lateral P 
Jr X Z 

components. 
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Vertical component or load it is possible to express in the form 

of dependence Pmax sin u,t < t < with imposition of higher, fre¬ 

quency components caused by elastic oscillations of structure (Pig. 

2.^a). Pop contemporary aircraft u, « 3-12 
sec’ 

At first moment of impact during landing, peripheral velocity 

of wheel is equal to zero, and forward velocity of wheel is equal to 

landing speed of aircraft. Consequently, in this period will be slip 

of wheel with respect to surface of airport. In this case magnitude 

of frontal load basically depends on magnitude of vertical load on 

wheel and coefficient of sliding friction between wheel and covering 

of airport. Frictional force is balanced by Inertial forces during 

spin-up of wheel. After wheel spins up to peripheral velocity equal 

to speed of aircraft, frontal load becomes practically zero (if brakes 

are not used). 

Frontal load has usually two components of vibrations with fre¬ 

quencies 1-3 and 8-12 vibrations per second (see Fig. 2.34b). Lateral 

load appears during landing with drift, and basic frequency of its 

change coincides with frequency of change of vertical load. With this 

Pi¿* 2.34. Character of change of components 
strut oi .andlng gear during landing 

(first Impact), a, b, c - vertical, frontal, and 
lateral components, respectively. 

take place also impositions from elastic vibrations of parts of landing 

gear in a lateral direction (see Fig. 2,34c). 

8S 



Characteristic of work of a pneumatic tire gives a diagram of de¬ 

pendence of load on wheel P on pressing tire 5 for different values of 

initial pressure p0 (Fig. 2.35). Maximum pressing of pneumatic tire 

®nax corresPnnds to load Pmax, at which begins contact of internal 

surfaces of pneumatic tire. Farther increase of load leads to damage 

of pneumatic tire and wheel. For operation there is taken a maximum 

permissible pressing of pneumatic tire 8 . _ equal to 0.956 
max per ^ ^ max 

Within limits of maximum permissible pressing, work absorbed by pneu¬ 

matic tire one can determine by approximate formula 

(2.80) 

Ratio of load on wheel during maximum permissible pressing of 

pneumatic tire to strut load n. * —.fiy. Pe.r ¿3 called coefficient of 
rstr 

load capacity of wheel. 

The main part of work on landing is taken by the shock absorber 

Fig. 2.35. Diagram of 
work of a pneumatic 
tire. 

of the landing gear. At present are applied 

mainly oleo-pneumatic shock absorbers. In 

Fig. 2.36 is given a diagram of such a 

shock absorber. Shock absorber is charged 

with liquid and air with initial pressure 

P0. During work of shock absorber air will 

be compressed and expanded on a politropic 

curve 

(2.81) 

vq an^ v correspondingly. Initial and current volume of air 
in shock absorber; 

P0 and p are, correspondingly. Initial and current value of air 
pressure in shock absorber; 

n • 1*2 is, polytropic exponent. 
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In Fi¿. 2.3f a politpoplc curve la depicted by curve AmB. 

On forward novement, pressure of liquid under plunder will be 

larger than air pressure. Due to difference of pressures, liquid will 

start to be pushed through calibrated holes of 

plunder and piston. During reverse movement, 

air pressure Is higher than pressure of liquid 

¡17^ Plunder, as a consequence of which air 

-= Kf.:n ,,.. „ 
""Jla directed against prejsure of air on 

I 

Fig. 2.36. Dia¬ 
gram of shock 
absorber of land¬ 
ing gear. 1) 
piston; 2) plunger; 
2) check value. 

2Platon. Pressure of liquid In space behind 

piston also Is larger than air pressure In the 

cylinder; due to this check valve Is closed, and 

liquid begins to overflow through decreased cali¬ 

brated hole. Therefore, will be Increased force 

of flow friction of shock strut, which will 

Increase absorption of kinetic energy of aircraft. 

In Fig. 2.37 Is shown changa of flow frlc- 

tlons! during forward movement - along curve AnB (aaove polltropic 

shock absorber. 
KEYi a) forward move¬ 
ment of liquid; b) aij 
pressure; c) reverse 
movement of liquid d) 

stroke of piston. 

of figure AnBCOA constitutes work absorbed 

by air and liquid during pressing of shock 

absorber in forward movement. Area AnBdA 

depicts work of liquid changing Into heat. 

Additionally, In shock absorber act 

considerable frictional forces of cuffs and 

bushings. In shock absorber of telescopic 

gear frictional forces Increase 

from frontal forces during first Impact. 

Therefore, during first Impact Is Increased 



force at which work of shock absorber starts. 

During determination of kinetic energy which must be absorbed by 

front strut (wing-tip s~and), reduced mass is considered. For front 

strut reduced mass is determined from analysis of eccentric impact, 

i.e., taking into account forward motion and rotation of the aircraft. 

During Impact on front strut by force (Fig. 2.38), full accelera¬ 

tion of reduced mass will be 

1-1-. +Ù (2.82) 
fr 

where lfor * is ft rward acceleration cf aircraft; 

Pfri2 
lrot " “T— ls circumferential acceleration, which Is obtained 

z from angular acceleration of aircraft due to 
action of unbalanced moment P.. b; 

i r 
P P 

J * — Is moment of Inertia of aircraft relative to its 
8 transverse axis; 

iz Is radius cf gyration of aircraft. 

After substituting in expression (2.82) values Jfor and J Qt, we will 

obtain 

I (2.83) 

Since 

then 

Pig. 2.38. Diagram of appearance 
cf forces cn front strut during 
Impact on landing. 

., Cfi 

</ 

(2.*) 

Analogously is determined mass 

for main struts. For three-wheeled 

diagram of landing gear, dimension a (see Fig. 2.39) is small as com¬ 

pared to 12 and, therefore, during calculations cf loads for reliability 

one should assume magnitude mre(i equal to all mass cf aircraft m. 
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2.10. Basic Calculation Cases for Landing Gear 

During landing and takeoff the landing gear works In complex 

conditions of combined load. For strength analysis of landing gear 

are cr.osen a series of calculation cases, basic ones of which are:

— three-point landing;

— two-point landing;

— landing with front Impact;

— landing with drift;

— deceleration;

— taxiing

— landing run.

Cases of Load of Landing Geer During Landing 

During a tr.ree-pclnt landlnr. there Is assumed calculation value 

and corresponding overload In center of gravity. Since relations 

of land are directed aunalogously to strut loads, then they are deter­

mined for main and front struts as a product of strut load (Pg^j. or

. ) by overload In center of gravity of aircraft;
* r 8tr*

(2.85)

Resultant forces of reaction passes through center of gravity 

(Fig. 2.59). Magnitude of maximum overload is determined by load, 

corresponding to absorption of assigned work.

Fig. 2.59. Eiagram of forces 
acting on aircraft during three- 
point landing.
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During two-point landing all load is balanced by reactions of 

two main struts and .lift of wing. Direction of all forces is close 

to vertical. Overload in center of gravity is assumed approximately 

the same as during three-point landing. 

During landln* with drift 
.mi 

aircraft is somewhat turned 

against wind and is banked. At 

the time of contact of wheels 

with land, simultaneously with 

the vertical impact appears a 

lateral impact on the wheels. 

In this case, resultant forces 

of reaction will be directed at an angle to vertical (Fig. 2.^0). 

Ratio of total lateral component of load to gross weight will be 

transverse acceleration np = F/0. Vertical and transverse accelera¬ 

tion on strut In the direction in which there is drift will be larger 

than In another direction. Irregularity of load Is greater the larger 

the drift angle. Since combination of limiting V with maximum drift 

is doubtful, then magnitude of vertical load one should assume less 

than In case of symmetric landing. 

During landing with front Impact there always appear considerable 

frontal forces from spln-up of wheels and drag with respect to surface 

of airport. Attempts to lower magnitude of frontal load by means of 

preliminary spin-up of wheels as yet have not given positive results. 

Magnitude of frontal load depends on state of airport: on concrete it 

is less than on dry ground. With decrease in firmness of ground 

frontal load Increases. During snow and ice cover of runway, freniai 

load Is less than cn concrete. 

Fig. 2.40. Diagram of forces ef¬ 
fective during landing with drift. 
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Load on Landing Gear, Appearing During 
Deceleration and Taxiing 

On almost all contemporary aircraft there are brak.es. Hignest 

possible :rictional foret T of wheel against surface of airport de¬ 

pends on limiting possible brake moment NU for a given type of wheels, 

ic is equal to ratio of operational moment to radius of wheel 

a with pneumatic tire pressed by corresponding vertical load: 

7- 

un the otner hand, frictional force of wheel completely braked against 

surface of airport composes 

where u is coefficient of friction. 

*or most effective deceleration it is necessary that wheel 

dees not slip with respect to surface of airport. This is attained 

-y application ol automata of deceleration, which lower pressure in 

erakes, as soon as slipping begins (decrease in angular velocity of 

rotation of wheels). During removal of slipping there occurs auto¬ 

matic feeding of pressure in brakes. Work of automaton leads to 

cyclical action of forces of friction with frequency 0.5-2.0 vibrations 

per second (fig. 7.29). This considerably increases load nature of 

elements of landing gear by repeated loads. 

We will consider the influence of speed and radii of turns on 

loads of landing gear (Fig. 2.4i). 

During curvilinear motion, on the aircraft acts centrifugal ft rce 

re r is radius of turn. 



This force is balanced by 

frictional force of wheels: 

Munent from centrifugal force 

*0 ey a pal 

Fig. 2.4l. Diagram of forces having 
effect on taxiing, a) tricycle 
landing gear; b) bicycle landing 
gear. 

tical forces and on 

struts : 

(2.H?) 

We will assume wing lift 

equal to zero, since during 

speeds of taxiing it composes a small part of weight of aircraft. 

Then highest possible components of forces on landing gear will be 

obtained from following relationships: 

(2.88) 

Frontal force ?x appears during deceleration for cessation of 

turn. 

As can be seen from these relationships, limiting possible magni¬ 

tude of load does nut depend on speed and radius of turn. If landing 

gear Is calculated on this load, then centrifugal force cannot be 

larger than one of two values: 

1) value determined by frictional force (if F > uG, then slip 

of aircraft occurs and further Inc-ease of curvature of turn will be 



taking 
Impossible). Relationship between speed and radius of turn 

Into account tVraula (2.66), will te recorded In the form 

y< \ tt' . (2.39) 

2) value determined by moment of inversion: 

m>GÍ. 
whence 

V<V^*' (2.90) 

For bicycle landlnc £ear radluc r and speed of turn V depend on 

permissible load on wing-tip strut. 

Lateral force Is connected with load on wlnG-tlp strut by rela- 

tlonship 

I r- 

Considering formula (2.86), we will obtain 

or, taking Into account maximum frictional force p(3. 

(2.91) 

y<V7F. (2.92) 

Limiting vertical load In this case is determined from condition 

of motion of aircraft on unevenness of airport: 

= (2.91) 

where ny Is overload caused by motion of aircraft on unevenness of 

AG is component of weight on one strut. 

Limiting lateral load does not exceed frictional force (P < 

< 01Gny), since during Urge load will start slip of aircraft. 



Leads Appearlnc During Mo-len of Aircraft 
on Uneven Surl'ace of Airport 

During landing run there can appear considerable loads and shock 

absorption, calculated fron, condition of absorption of „ork during 

first Impact, can appear Insufficient. In distinction from Impact at 

touch-down, overloads on landing run are repeated with great frequency 

during a comparatively prolonged time (JÛ-éO sec). Magnitude of 

overload (load on strut) depends on form and dimensions of unevenness 

of airport, speed, elastic characteristics of shock absorption and 

structure of landing gear. 

For oleo-pneumatlc shock absorption, during dynamic pressing of 

piston 

(2.94) 

Pman ls force caused by flow friction during passage of 
liquid through hole; F e 

Palr+fri ls p?g^aU2ed by dra¿: of alr and frictional force of 

f0*0* Pman# Pushln6 liquid through hole of plunger, is determined by 

excess pressure of liquid Pilq: 

rm—PmT» 

where F is area of piston. 

Excess pressure of liquid Is determined by Its Impact pressure: 

, .J* 
where > is specific gravity of liquid; 

Vllq ls exhaust velocity of liquid: 

(2.96) 

vplu *s sPeed °f plunger; 

plu “W 
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f Is area cf passage hele for channel cf liquid; 

ullq ls discharge coefriclent, depending on form of hole, 
depth, viscosity of liquid, and other factors. 

its 

Consequently, 

u’ir“ (2.97) 
Thus the main part of force on strut, caused by flow friction. 

Is directly proportional to square of speed of piston of shock absor¬ 

ber. In this case force It is possible nut to consider, 

since it does not depend on speed of piston. 

Selected curve of change of forces along the stroke of the piston 

corresponds to defined speed of the latter at different moments of 

pressing of strut. During motion on unevenness of airport, speed of 

shift of axis of wheel depends on form of unevenness, speed, and 

vibrations of aircraft. 

Fig. 2.42. Character of loads during takeoff run a) and landing run 
b) uf an alrcrait. Msta, Mwl and Mfus - bending moments of stabilizer, 

wing, and fuselage, respectively; 1, 2, 3 -numbers of sections, P 

and Py are Icadsun main strut of landing gear. X 

On takeoff run motion of aircraft is calmer than on landing run, 

since there are no vibrations caused by first impact at touch-down and 
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intense deceleration (Fig. 2.42). However; during takeoff run, weight 

of aircraft is maximum and for Jet aircraft considerably exceeds 

landing. For instance, for heavy aircraft maximum takeoff weight can 

exceed landing weight 2 times. ¡Aie to this, loads on elements of 

structureof landing gear during takeoff run can be calculated leads. 

Maximum loads during takeoff run appear during relatively low 

speed in the beginning of run. According to increase of speed, dynamic 

part of load considerably increases; however, maximum load nevertheless 

becomes less, since total Lead on landing gear decreases due to growth 

of wing lift. After breakaway of aircraft, wheels must be braked 

since rotation of wheels because of their instability may cause con¬ 

siderable vibrations and sign-alternating loads in elements of landing 

gear. 

firing landing run of aircraft it can happen that rate of climb 

of wheel cn unevenness of airport will be larger than terminal velocity 

of motion of piston. In this case there will occur an unabsorbed 

Impact, whose fs-rce will depend on elastic properties of structure 

and deformation of pneumatic tire. 

Maximum loads on landing run appear at speed of aircraft (0.6- 

Vland* SInce deformations of structure of aircraft are relatively 

small, tnen magnitude of l^ad Is basically determined by work of 

pneumatic tire. During large JimensKns of wheels (D - 1000 mm.), e ver- 

load does not exceed 2.0 when crossing obstacles with unevenness 0.1- 

0.2 m hlgn. During small dimensions cf wheels, overloads can attain 

considerable magnitudes (up to 3-4). 

For lowering loads during fast motion of piston of shock absorber 

there is established a safety valve for channel of liquid, adjusted to 

a defined magnitude of pressure, or there Is ensured on part of the 

stroke an Increased channel of liquid so that In this section works 
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only air. 

If height of unevenness Is larger t*nan possible pressing of 

pneumatic tire to rim then at great speed, due to disturbance 

of operating conditions of shock absorber, overload acting cn the air¬ 

craft during crossing of obstacles will be determined by form of ob¬ 

stacle and speed.of aircraft. 

We will consider for example motion of aircraft along a sinusoidal 

wave of unevenness with length L and height H. Motion of center of 

gravity during non-operating sh^ck absorption will be determined by 

equation 

In this case overload will be 

or 

- iU A t *• •• 
• 7. (2.98) 

where V is forward velocity of aircraft. 

For instance, at V =* 30 m/sec, L = 2 m, H - S » 3 cm, overload In 

center of gravity will be 6.8. 

Forces Acting on Landing Gear In Flight 

Loads experienced by landing gear because of drag or forces of 

Inertia during fulfillment by aircraft of figures, are comparatively 

small, uvwever, they can be calculated loads for retracting mechanism 

of landing gear, for locks holding landing gear in retracted position 

and for shields of landing gear. Mechanism of retracting works during 

lowering and retracting of landing gear, when speed of flight of 

alrcr-rft does not exceed speed permissible for landing gear V 
per l.g 
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Ousts of bumpy air art possible. Cn lanJlnG gear act aerodynamic and 

Inertial lorcea. Aerodynanlc forces are determined for speed V 
per l.g 

and., correspondingly, overloads fren gusts of bumpy air at this speed 

are *cund. Inertial forces are determined by magnitude of overload 

of aircraft. 

During calculation of aerodynamic forces acting on shields, one 

should consider possible deformations of shields, which can lead to 

considerable change of aerodynamic forces and disturbance of their 

calculated distribution during retracting of landing gear. Lucks of 

landing gear are calculated on limiting overloads which are possible 

dn a given aircraft. 

On skis, in view of great their lifting surface, act considerable 

aerodynamic forces, which are calculated for shock absorbers, safety 

ropes, and separate nodes of bracing. 

2.11. Loads Effective on Me tor 
... 1 

Ixads acting on mounting lugs of motor are determined by forces 

of inertia and reactions from thrust and torque of motor. Magnitude 

of these forces depends on type of motor, maneuverability of aircraft, 

and place of installation cf motor on aircraft. During their deter¬ 

mination are considered in different flight cases symmetric maneuvers 

with maximum and minimum overloads, slip, and spin. Inertial and 

aerodynamic forces are considered effective simultaneously with Icadr 

caused by work of motor at maximum and zero thrust. For motor with 

propellers one should additionally consider case of negative thrust, 

and also consider reactive moment of propeller. In landing cases 

action is considered of vertical and lateral loads. 

Frames ct piston and turbo-prop motors are subjected to action 

of vibrations caused by unbalanced forces of revolving parts of motor 
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and propeller. Therefore, In their bracing nodes are placed shock 

absorbers preventing transmission of structural vibrations of aircraft. 

On turt-prop motors level of vibration Is small and their structural 

bracing usually Is rigid. Calculation overloads for bracing of motor 

because of vibrations are somewhat larger than for remaining parts 

of structure of aircraft.

In the case of console bracing of motor on wing during dynamic 

loads (g’sst of bumpy air, landing) there are observed large vibrations 

of the motor. Overload In the center of gravity of the motor can 

Increase 1.5-3 times as compared t- cverlcads in the center of gravity 

of the aircraft.

As an example on Fig. 2.4J Is 

given a diagram of basic forces acting 

M ft on turboprop motor located on wing.

^ Mass force Is determined by pro­

duct of weight of propulsion system 

®mot corresponding overload n^;

(2.99)

Rocket moment one can determine from relationship

Fig. 2.43, Diagram of 
forces acting on turbo­

prop motor.

(2.100)

where N Is power of motor;

n la turns of propeller in minutes 

In curvilinear flight overloads from acceleration increase over­

load In center of gravity of motor as compared to overload In center 

of gravity of aircraft:

(2.101)
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where e is ançular acceleration of aircraft; 

X is distance between centers of gravity of motor and aircraft 
along longitudinal axis of aircraft. 

In curvilinear flight there appears also gyroscopic moment of 

revolving masses of motor (turbines, compressor) and propeller. Value 

gyroscopic moment is 

".-J*.-. (2.X02) 

where Jx is moment of inertia of revolving parts of motor; 

o>x is angular velocity of rotation of parts of motors 

®i ls angular velocity of rotation of aircraft. 

Plane of action of gyroscopic moment is perpendicular to plane of 

rotation of aircraft. 

Magnitude of transverse accelerations of motor is relatively 

-mail and does not exceed unity. In most cases ccnstruction of bracing 

of motor In lateral direction is more durable than this is required 

by actual loads. 

On cowlings of motors act aerodynamic and inertial loads. Inertial 

load composes a small parfof total load. Aerodynamic loads increase 

because of influence of compressibility of air at high speeds of 

îlight. Distribution of aerodynamic loads on gondolas of motor is 

determined by testing models in a wind tunnel. For bra» .ns of cowlings 

it is necessary to take raised safety factors, since, besides aero¬ 

dynamic forces, they are subjected to action of variables of loads 

fri~m vibrations of motor. 

2.12. Loads Acting on Fuselage 

Basic forms of loads acting on fuselage, are reactions from forces 

applied to other parts of aircraft (wing, empennage, landing gear, 

.power installation, and so forth). Simultaneously, fuselage Is 
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loaded by Inertial f-rces cf 

aircraft and the 

of fuû-rla^e 

certain poin 

llß. 2.44. Distribution of aero¬ 
dynamic leads on surface of fuse¬ 
lage. 

On Fig. 2.44 is presented 

approximate distribution of local 

aerodynamic loads acting on fuse- 

la.*e In flight. In central part 

of fuselage there occurs consider¬ 

able redistribution of aerodynamic 

load, caused by influence cf 

masses of cargo and units located Inside 

mass of its own structure. Furthermore, cn surface 

act aerodynamic forces of rarefaction and pressure, at 

ts attaining 0.7-1.0 

wine. In pressurized cabins of fuselages appear large forces freas 

internal excels pressure (0.4-0,6 tn^J 

On Fig. 2.46 Is shown a dia¬ 

gram of action of forces on fuse¬ 

lage in curvilinear flight - aero¬ 

dynamic forces of wing and empen¬ 

nage, Inertial forces appearing 

from action of overload along 

trajectory nAG^Q and angular 

acceleration — AG. 
g lo 

Normal component from reaction cf wing is 

lA>ad on empennage Is 

(2.103) 

(2.104) 
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where AP Is maneuvering load. 

Force AP leads to angular acceleration of aircraft 

• - 
(2.105) 

where = - ma3s moment of Inertia of aircraft around axis 2; 

i2 Is radius of cyration of aircraft with respect to 
axis z (iz » O.lbL); K 

L is length of aircraft. 

From acceleration ez at any point of aircraft there appears 

additional overload 

• 

i 

Full overload can be determined by algebraic sum of all components: 

f (2.106) 

IXirlng first impacts on landing, aircraft experiences action of 

forces from landing gear; at the time of first contact, lift is 

approximately equal to weight of aircraft. 

On cargo and fuselage acts overload at any point, equal to 

Pv 
ni -1 + / • 

From moments Pya and Pxfc u obtained anclar acceleration e - 

■ (Fya + creating at point i additional overload 

perpendicular to radius r: (Fig. 2.46). 

Full overload at point i is determined by geometric sum of both 

components of overload. 

Loads during landing carry a dynamic character and cause consider¬ 

able vibrations of fuselage, as a consequence of which appear 
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flß. 2.47. Literal loads 
on fuselage during landlnr. 

Fig. 2.48. Forces acting on fuse¬ 
lage of aircraft with bicycle 
landing cear during landing. 

and left struts and force P there 
2 

additional Inertial forces. DurInc 

landlnc run, as speed decreases, 

wing lift decreases, and magni¬ 

tude of variables of leads from 

landing gear Increase. These 

sign-alternating loads are caused 

by unevenness of surface of air¬ 

port and nonuniform deceleration. 

Luring run also appear additional 

loads from front strut and cor¬ 

responding moments M and M . 
2 y 

Besides symmetric loads, 

during landing lateral loads act 

(Fig. 2.47). Overload from 

lateral forces Is 

During three-wheeled diagram 

of landing gear, because of In¬ 

equality of forces Px cn right 

appears moment 

(2.107) 

where ^ and ^ are frontal loads on right and left struts; 

c are base of landing gear. 

This moment corresponds to acceleration 

V b ' 
(2.108) 

In the considered case. Inertial forces are determined by a method 
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analogous to that shown during symmetric leid. 

For aircraft with bicycle landing gear (Fig. 2.43) moments acting 

on fuselage are determined fron relationships' 

+ (2.109) 

where ^ and rear are lateral loads on front and rear struts, 
respectivelyj 

P fr py rear are vert^cal loads on front and rear struts, 
respectively. 

toads effective In flight in a lateral direction are basically 

determined by load of vertical empennage. During rudder deflection 

(fin) on vertical empennage acts force 

+ 6P.*.. (2.110) 

causing slip of aircraft. Moment from forces acting on empennage 

* ^v.e^v.e balanced by moment from forces acting on fuselage, 

wing, and gondola of motor, and also by inertial forces of aircraft. 

Additional overload at 1-th point of aircraft from angular acceleration 

(2-111) 
c 

is equal to ^ • -^r1 and is perpendicular to radius In reference 

to masses found in fuselage, one can determine overload by the formula 

IXiring asymmetric stop of motors located cn wing, on fuselage 

additionally can act considerable loads. Sometimes these loads can 

be calculated. 

Calculation Conditions for Fuselage 
of Passenger Aircraft 

For guarantee of normal living conditions to passengers and crew 
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cabins of hich-altitude aircraft are hermetic and In them is created 

excess pre^ure peJ(c - k^/cm2 (as compared to atmospheric 

pre-^ur at al.l.ude of lll£ht). Character of change of pressure in 

cabin with respect to altitude of flight Is shown In Fig. 2.49. 

2.49. Graph of change of 
excejs pressure in pressurized 
cabin. 

In section AB pressure In cabin 

Is equal to atmospheric; In section 

BC In cabin Is maintained constant 

pressure; In section CD Is maintained 

constant pressure drop (p as 

compared to atmospheric). 

^ flight, the structure of 

the pressurized cabin is constantly 

subjected to action of internal 

pressure. Considering possible 

errorc in the operation of equipment for adjustment of excess pressure 

in the cabin, during calculation of strength pexc is assumed 10-20* 

higher than nominal for a given aircraft, luring design of pressurized 

cabin there should be considered possible Joint action ctf flight loads 

(maneuver, 1 light In turbulence) and excess pressure. 

In contemporary passenger aircraft the hermetically sealed section 

of the fuselage occupies large part of Its length, and volume of pres¬ 

surized cabin can attain ?o0-j0C m\ luring supercharging of cabin, 

energy of compressed air in hermetic part of fuselage attains l-J 

million kgm. Appearance of a small crack la the sheathing of the 

fuselage, because of the great energy of the compressed air, can lead 

to explosive destruction of the fuselage. In connection with this, 

especially thoroughly conducted Is the analysis of load and strength 

Of a hermetic fuselage. Along with consideration of basic calculation 

caaes, one should allot considerable attention to analysis of strength 

from the action of local loads (from Influence of partitions, auxiliary 
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nodes, and so forth), in order to prevent appearance in structure of 

fuselage of local cracks. 

For strength of a hermetic fuselage are presented following 

basic requirements: 

a) In zones of cuts and other places of concentration of stresses 

it is necessary to create a structure ensuring several ways of trans¬ 

mission of loads with general safety factor not less than 3.0; 

b) for the remaining structure of the aircraft fuselage, during 

calculation of strength in case of action of pressure of supercharging, 

it is expedient to take safety factor 2, since operational excess 

pressure is created In every flight; 

c) for flight lo'ids, safety factor can te less since probability 

of obtaining maximum operational loads of this type is small; 

d) for "glasswurk" one should take a raised safety factor equal 

to 4-6 since the glass-like material has unstable characteristics of 

strength. 

The fuselage of a passenger aircraft has raised requirements fur 

strength also in landing cases of load, in order to ensure safety of 

passengers during exceptionally hard (emergency) landings, when 

structure of landing gear can completely exhaust its carrying ability. 

With this goal, during strength analysis of fuselage structure is 

taken a raised safety factor (10-20f! larger than for design of landing 

gear). 

Additionally are considered following cases of crash landing: 

— landing with front gear up; 

— belly landing; 

— landing with a ground loop of the aircraft; 

— landing on water of a landplane. 
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Magnitude oí* calculated overload Is selected from 3 to 8 depending 

upon V/Tv of ern- rcency case. Possibility of crash landinC also pre¬ 

sents raised requirements 1er tra.-lnj of seats, safety belts, and 

car^o. It Is Knorfn that a person can sustain *_n safety belts a brief 

(emergen rj ) tverl^ad in "spine-breast" direction up to 50-ÓÜ. However, 

for such overloads it Is practically Impossible to ensure strength 

of bracln.; oí scats and car^. Usually for passenger aircraft, loads 

on saiety belts are determined lasca on a calculated overload of the 

order of Ô-12. Bracing of cargo, brcakdo'wn of which presents danger 

for passengers, should also be designed for these overloads. 
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CHAPTER III 

BASIC IHPOR.VATIOr; FROM THEORY OF OSCILLATION'S. 
RATURAI. QSCILIATIOHS OF PARTS OF FLYIN3 APPARATUSES 

Liât of Designations Arcearln^; In Cyrillic 

•P - rot - rotation 
» d.h - drag hinge 

■•r - flex - flexural 
• 

M - cr - critical 
«P - wl - wing 
■P ■ tor - torsional 

cr- it - static 

î- th - thrust 
tes • tone 

a- cen - centrifugal 

■ « h ■ hinge 

For solution of many probleas connected with study of dynamic 

loads and their action on structure assumptions from the theory of 

oscillations are used. Therefore, below described Is basic infor¬ 

mation from the theory of oscillations. 

During calculations of dynamic strength of aviation structures, 

during the analysis-of flutter and action of dynamic loads on struc¬ 

ture, it is necessary to know frequency and form of oscillations. 

In this chapter information is given on natural oscillations of parts 

of flight vehicles. . - -- - - - - 3- - _ J 
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During the analysis of dynamic characteristics of elastic struc¬ 

tures we Istinguish natural, forced, parametric, and self-exciting 

oscillations (natural oscillation). In this chapter are considered 

natural and forced oscillations of the simplest systems and struc¬ 

tures. 

I 
Peculations of Linear Systems with Cne 

Degree of Freedom ' 

During small oscillations, occurring within limits of linear 

dependence of deformation of system on acting force, fundamental 

equations of its motion are expressed by linear differential equa¬ 

tions* Such oscillatory systems are called linear. 

Natural Oscillation in Linear System with One 
Degree of Freedom 

I*t us assume that on a spring is suspended a body of mss a 

(***• • Mass of spring, as compared to mass of body, it is 

possible to disregard. Body has freedom of motion only in vertical 

direction and it is possible to consider it as a material point. 

On such a system, removed from a state of equilibrium and left 

to itself, act restoring force of spring ky, directly proportional 

to rigidity k and deflection y(t) of system from position of equilib¬ 

ria, and force of inertia my. 

Froa condition of equilibrium of these forces is obtained equa- 

tion of notion of an oscillatory system with one degree of freedom 

in tli. .fe.sncc of damping i 

■»•f *»=a (3.1) 
¿ 

(3.2) 
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*• will obtain equation of motion in the following forai 

f+j»jr = 0i (%3) 

Solution of this differential equation depends on initial 

Jf 

Fig. 3.1. Oa- 
elllatory i je¬ 
tea with one 
degrea of free- 
doa without 
dawping. 

conditions. Thus, If at time t « 

- 0, y • y0 and ÿ ■ y0# then solu¬ 

tion of equation will be 

Fig. 3*2* Free oscil¬ 
lations in a system 
with different damping, 
a) h - 0| b) h < pi c) 
h > p. 

+ jr.co*p/ 

or in other fons 

«here A VcSW.. 

f—Atis(yi + *), (3.4) 

(—) + Jq is amplitude of displacement! 

py0 
is initial phase. a - arc tan 

IT 

Notion expressed by formula (3.4) is sinusoidal or haraonic. 

It Is completely repeated after certain interval of time T - 2ir/p 

called period of oscillation (Fig. 3.2a). 

Magnitude p Is called angular frequency (name follows from 

sector Interpretation of oscillatory motion). 

~*cp 
0, 
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Fro« equation (3.3) it is clear that angular frequency is only 

parameter characterising oscillatory system. It depends only on 

properties of the actual system and Is called natural angular fre¬ 

quency of system. 

Magnitude* reverse to period* 

is called frequency of oscillations. 

Period and frequency of oscillations* taking into account (3.2), 

it is possible to record in the form 

r“,m (3.6) 

(5.7) 

They ere determined only -oy parameters (mass and rigidity) of 

the oscillatory system Itself and are called period and frequency of 

natural oscillations of system. 

Harmonic oscillatory motion* expressed by formula (3.4), can be 

also characterired by speed and acceleration of this motions 

¿-*««•<* + ■11 

f--***■(* + •>. 

Oscillations of speed and acceleration have the same frequency 

P ss oscillations of displacement, but are shifted in phase* corre¬ 

spondingly* by v/2 and v. Amplitude of speed is equal to v • pA, 

and amplitude of acceleration j - p2A. if one were to replace p by 

the formula (3*5)# then amplitude of acceleration is 

This magnitude frequently Is celled vibration acceleration and^ 



can b« expressed In fractions of g - acceleration due to gravityi 

(3.8) 

where f Is In oscillations per second, and A Is In mi« 

This nagnltude, divided by g and equal to 

Is dimensionless and Is called vibration overload« 

Values of vibration acceleration and vibration overloads, calcu¬ 

lated by the formulas (3.8) and (3.9)# are 0.6* less than their exact 

values, but they are convenient for calculation and are frequently 

applied In practice. 

In real oscillatory ‘mystems there always appear resisting forces 

to motion (frictional forces), and natural oscillations caused by 

Initial external perturbation gradually attenuate. 

Resisting forces can be external and internal. The most Impor¬ 

tant arei 

1) drag, proportional to speed (viscous drag)j 

2) drag, proportional to square of speed; 

3) constant resisting force (dry friction); 

*) Internal drag (hysteresis). 

During oscillations of parts of flight vehicles In the flow of 

air, resisting forces are composed of external forces (drag of medium) 

and Internal forces (elastic hysteresis). For certain elements of 

structure (for Instance, controls of the vehicle) force of dry fric¬ 

tion can also appear essential. 
• — -. . 

For low speeds of flight (during small Re) resisting forces of 

air medium are proportional to first degree of speed. With Increase 

of speed (Re) resisting forces become proportional to second degree 

115 



of speed. During solution of problems of oscillations of aircraft 

and helicopters, resisting force of air medium it is possible to 

eonaider proportional to first degree of speed of oscillations. 

Forces of internal friction, as yet, have been insufficiently 

studied« Considering that forces of internal friction (hysteresis 

loases) are comparatively small and compose only a certain share of 

total resisting forces acting on structure in flow of air during its 

aaall oscillations, it is possible to assume forces of internal drag 

in ■ateríais proportional to speed. 

In the case of an oscillatory system with one degree of freedom 

daring the action of resisting forces proportional to first degree of 

spaed, equation (3.1) will take the form 

share ej Is resisting forcei 

c is coefficient of resisting force. 

After dividing all members of this equation by m and designating 

**-!• (3.11) 

we will obtain equation of damped oscillations t 

r+sa,+rt-a O.12) 

share h is attenuation factor. 
a 

Pneeass of motion, represented by equation (3.12), is determined 

by arngnitudes p and h from fomulas (3.2) and (3*11)# which are con¬ 

nected with parameters of system and do not depend on perturbing 

taees* If p > h# i.e., if attenuation is not too great, equation . 

(>-12) has a general solution of the form 
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(3.13) 
1 

where amplitude A and phase a are determined by initial condition!, 

but angular frequency of damped otcillationt 

ft-tTTTE (3cl4) 

If attenuation la not great, then it little affect» natural frequency 

and It frequently ie* disregarded. 

A graph of motion described by formula (3.13) is presented on 

Fig. 3.2b. As can be seen, during damped oscillations motion is not 

completely repeated. But tibe between consecutive passages (in one 

direction) of a fluctuating system of position of equilibrium remains 

constant. Thia period is called period of damped oscillations. 

Period of damped oscillations little differs from period T of 

undamped natural oscillations of the system, if attenuation factor 

Is small. During damped oscillations. Just as during harmonic magni¬ 

tude of extreme deflection of system from position of equilibrium is 

called amplitude of oscillations. 

. Amplitudes of damped oscillations decrease according to the law 

At . Relation of amplitudes of two neighboring deflections in one 

direction composes magnitude 

a»“ (3-1¾) 

Br^Uty (3.15) 1« wild during any 1. Natural logarithm of 

two consecutive amplitudes 
5 — . 

(3.16) 

3 - 

is called logarithmic damping decrement, or damping decrement. 

I- 
~ ? 
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_ Considering expression (3.5), It Is possible to present damping 
decrement In the form 

Ô-2.-1 
A * (3.17) 

Awter.nation factor h has dimensión of l/sec. Damping decre- 

men- Is dimensionless value and characterizes damping rate« Magni¬ 

tude 1/5 is equal to number of oscillations, after which amplitude 

decreases e times. 

From expression (3«14) i+ is clear that, depending upon magni¬ 

tude of attenuation factor, angular frequency p1 can take real values 

s&t h < p), zero value (at h - p) and imaginary values (at h > p). 

In the first case motion carries a periodic** (oscillatory) character; 

“ne one — nonperiodic; oscillations are absent, and slow 

:.otion toward position of equilibrium occurs (Fig, 3,2c), The case 

of zero angular frequency is the boundary between these two cases of 

motion of the system. Damping, corresponding to this case, is called 

crltlcali 

Cgp — 2 mha$ ■» 2 np. (5.18) 

Forced Oscillations of a Linear System 
with One Degree of Freedom 

Oscillation under the effect of external forces are called 

forced, and external forces — disturbing. 

* 

There is also applied reciprocal 
1 2m 

%am~h 7’ 
dimension of sec and is called time constant, 

~ 2 It is necessary to consider co. ventionality of term 
s-r.ce during damped oscillations mot’cn is not completely 
and, strictly sneaking, it is not pe' .odie. 

"periodic,*’ 
repeated,—’ 



During action of disturbing forco always simultaneously appear 

free and forced oscillations. Free oscillations usually attenuate 

rapidly and in most cases forced oscillations present the basic in¬ 

terest. It is necessary, however, to consider conventionality of 

ter» "free" oscillations since they are caused by the same forces as 

forced oscillations. 

Let us assume that on linear system (Fig. 3.3a) sets disturbing 

force P(t), which is an assigned function of time. Equation of 

motion of such a system has the form 

0.19) 

It differs from equation of free oscillations (3.12) by the presence 

of a right side. General solution of equation (3.19) is composed of 

solution of uniform differential equatior (3.12), determining natural 

oscillations of system, and particular solution of equation (3.19) 

with right side, determining forced oscillations. Solution hai the 

form 

.g * 

(5.20) 

'tçif C 

-Ë3 
Ti 

0 

T rrrn:'«*> 

y y 

•tEp 

c) 

Fig. 3.3. Excitation of oscilla¬ 
tion in linear systems with one 
degree of freedom, a) force is 
applied to mass; b ana c) açsi^ied 
motion of point of bracing Tb- 
dMiping is proportional to rela¬ 
tive velocity of mass; c-damping 
J¡ proportional to absolute veloc¬ 
ity of mass). 

where first member signifies free 

oscillations determined by Initial 

conditions, and has expression 

(3.13), and second member determines 

oscillations caused by disturbing 

force. 

We will consider action of 
f 

different disturbing forces on an 
A 

oscillatory system. 
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Action of harmonic disturbing force, Bcatg. Resonance. Lot 

us assume that disturbing force is changed according to the law 

Pft-’f'Sla* (3.21) 

where P0 is amplitude of force; 

» is angular frequency of disturbing force. 

In the absence of damping, equation of forced oscillations will 

be 

—ttomL (3.22) 

General integral of equation (3.22) we will find from formula 

(3.20), considering h - 0« 

—(3.23) 

Calculating integral in expression (3.23) and designating 

(3.2*) 

for case <i> / p, we will obtain 

(3.25) 
* 

yst 1# defl*cllon which system will obtain during "static" 

application of force P0. 

If disturbing force acts on a system at rest (during ,tero initial 

conditions), then y^ - C. # 

We will consider in greater detail second meaber of expression 

describing motion of system under action of disturbing force. 

Disturbing force causes oscillations with frequencies p and o>, 

frequency of natural oscillations and with frequency of 

disturbing force. Resultant oscillation will not be harmonic, 
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Fig« 3«4« Process of 
establishment of 
forced oscillations 
under the action of 
a disturbing force« 
*) ® « P# *) ® »P# 
C) (0 » p9 d) » 

•• ocg, e) œ - p. 

Character of oscillations under action 

of a harmonic disturbing force, in man/ re¬ 

spects, depends on relationship of frequencies 

of forced and natural oscillations« 

We will assume that cd « p« Considering 

that in real systems natural oscillations 

attenuate rapidly, total oscillations under 

the action of disturbing force will have form 

shown on Fig« 5.4a. During o> » p oscilla¬ 

tions will have form shown on Fig« 5.4b. 
e 

If cd » p, then, assuming that cu/p ■ 1 

before sin pt, and considering only second 

member in expression (5.25)# we will obtain 

(5.26) 

Motion described by expression (5«26), 

it is possible to consider as harmonic oscil¬ 

lations with frequency œ- í ^ (period T - 

• ” p) and variable amplitude 

. t 

period of change of which is equal to 

Graph of motion, corresponding to formula (5.26), is represented 

on Fig* 5«4c« From this graph it is clear that near resonance os¬ 

cillations constitute beats« Basic oscillations with frequency cu - p 
c . 

h**« v«rtible amplitud*. Period of beet 1* determined by 
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difference of frequencies of di«turbina force end netur«! oeclllm- 

tlona« 

Because of damping of natural oscillations, beats also In time 

attenuate and pass into steady forced oscillations. 

The same result will be obtained if on oscillatory system 

simultaneously net two disturbing forces with close frequencies 

(«1 *• u^). But in this case, beats will have an undamped character 

(Fig. 3.*d). 

Very important is case o> - p. This is so-called case of 

resonance. During resonance amplitude of forced oscillations 

(3.27) 

In the absence of damping will be infinitely large. 

Designating by q the ratio of forced oscillations to natural 

frequency of system 

(3.28) 

formula (3.27) it is possible to present in the form 

(3.29) 

During very small frequencies of disturbing force (q « 1) ampli¬ 

tude of forced oscillations is almost equal to static deflection of 

systemi at q -. 1 amplitudes of oscillation begin to increase and at 

q - 1 become Infinitely large. At q > 1 oscillations decrease and 

at q -. b amplitude of oedilations approaches zeros systea, as it 

mere, cannot react to changes of external force (see Pig. 3.5). 

Expression for amplitudes during resonance can be obtained If 

In the common solution (3.23)# expression (3.21) for force P(t) Is 

. """ ¿i 'íp **>»<■ 

_ 

I 



rtplmctd by th« following i 

Then during zero inltlel conditions, expression for oscillations 

«urln* resonance wia have the fora 

f—■¿•^•leMpt 

aaplltude of oscillations during resonance 

4-iAi 

linearly depends on tlae. Consequently, during resonance there will 

be no steady-state oscillations (In the absence of damping), and 

oscillations will Increase proportionally to time as this Is shown 

on fig. 3.4e in the left part of graph. Damping strongly affects 

oscillations, namely in the region of resonance, limiting "resonance- 

amplitudes. However, In systems with little damping, build-up. of 

amplitudes during resonance. In Initial moment occurs approximately 

as shown on Fig. 3.4e. This deduction Is Important In that relation 

that Is possible fast transition through resonance. Under this ccwutl- 

tlon of amplitude of oscillations will not be too Urge. 

Let us consider now the Influence of damping on forced oscllU- 

t iom. 

equation of forced oscillations of a system with damping, under 

action of forced (3.21), has the form 

f(3.30) 
m ... .. 

F0rced 0,clétions can be ditermined from general eolation 

(3.20) by substitution of value P0 iin <ut instead of P(t). It la 

■imp 1er, however, to find particular solution of equation (3.>0) 

r* p htP- ~~ 
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ln th? form 

«tfa «f 4 bcot ml (3.31) 

This solution has the final form 

.,__ 
• U^--Vr4*vi 

tP¿Z_ cos W. 
(3.32) 

Considering formules (3.24) end (3.28) end designating 

*!-*.£-* (3.33) 

It la possible to record expression (3.32) In the fore 

*-««aH-e)i (3.3*) 

«here A Is amplitude of forced osclllatlonsi 

I ...ffS-——.... • 
rtf-#+«*.* • (3.35) 

a Is phase angle between oscillations (shifts) system and 
oscillations of disturbing force: 

(3.36) W 

-jr Is damping factor, Mhlch constitutes relation of real damping 
In system to critical. ^ ^ 

Damping factor, taking Into account formulas (3.14), (3.1?) and 

(3.33)# Is connected with logarithmic damping decrement by dependence 

(5.571 

T— 

V-iS? (3.38) 

1 • 
0 
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During snail damping 7 " 7. 

Ratio of amplitude of forced oscillations (5.35) to deflection 

yst of •y*1«® during static application of force Is called coeffi¬ 

cient of dynamics X (amplification factor)* 

It shows degree of dyanmlc "receptivity" ("responsiveness") of 

system to oscillations of disturbing force. Coefficient of dynamics 

depends only on relation of frequencies q and damping (damping factor 

**)• 

Dependence of dynamics coefficient X on q for different 7 Is 

shown on Pig. 3.5. Region of frequencies, where X > 1, Is called 

i 

Pig. 3.5. Resonance 
curves. 

Pig. 3.Ó. Phase re¬ 
sponses. 

region of resonance. As can be seen from resonance curves, damping 

mos«, strongly affects magnitude of amplitudes In region of resonance 

where maximum X Is attained during resonance frequency somewhat smaller 

than natural without damping. However, this distinction Is small. 

Considering q - 1, by formula (3*39) we find 
4 —*—i 

(3*^o) __ 

r-j « 
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<tet*ld€ resonance region (at 0.7 < q < 1.3} influence of daaping on 

amplitude is Insignificant and it cannot be considered. 

Dependence of o [formula (3.3^)] on frequency (or relation of 

frequencies q) is phase response. During different damping factors 

phase responses are represented on Fig. 3.6. Phase shift a is 

changed from zero at low frequencies of disturbing force to ir at 

frequencies a> » p. During resonance (a> ■ p) oscillations lag in 

phase from oscillations of disturbing force by t/2. In region of 

resonance, phase shift changes the faster the nearer to resonance and 

the less the damping. In the absence of damping, phase shift changes 

by a Jump from 0 to v during o> - p. 

Action of arbitrary periodic force on an oscillatory system. 

If disturbing force P(t) is any periodic function of period T, then 

it Is possible to expand It into Fourier series t# 

+ SlS kmí), 
*-« 

* “ 2, 3#«.. ia the order of ha monies of the 
expansion in Fourier series; 

•0# *19 *2'***' bi* Äre Fourier coefficients. 

Expansion of periodic functions in cosines and sines is the 

it wide-spread, but not the only method of expanding functions in 

a scries. There is a large quantity of functions, with respect to 

which original function can be expanded in series. However, ex¬ 

pansion in trigonometric functions (into harmonic components) in 

faction can be expanded into Fourier series if it 
* " lcc -'*r--h~et conditions. Functions describing real physical 

processes practically always satisfy to these conditions. ^ 



thl« ease la the moat convenient, alnce It deplete real proceaaee 

occurring during oeclllatlona. 

Fourier eerlee for function P(t) can be recorded In the following 

font 

+ f4), 
*.1 (3.41) 

where 

Pêm Val + bjl f,-•rcíg^4-. 

Seponte conponents of disturbing force of the fora P. a In (k t ♦ 
a ' <0 

♦ are called harmonic components or harmonics* Harmonic 

aln (<nt + 9^) with main (or basic) frequency Is called basic com¬ 

ponent or 1st harmonic. All subsequent harmonics with k-multlple 

frequency are called k-th component or k-th harmonic. Constant com¬ 

ponent P0 coincides with mean value of function P(t). 

Result of action of any periodic force. In accordance with the 

superposition principle valid for a linear system, will be Obtained 

by simple summation of action of each of Its harmonic components! 

fW"y*f+ (3.42) 
*-i v * 

where amplitude and phase shift of harmonic components of 

oscillations are determined by formulas (3.¾) and (3.36). In this 

case, forced oscillations will have components with frequencies u>, 

2cd, 3u> etc. each number of harmonics of expansion of forces in 

Fourier series. Furthermore, if natural frequency of system coincides 

with one of the components of the disturbing force, then resonance 

will appear. 4 * 
j — 

Constant component In fomula (3.42) correspond« to deflec¬ 

tion of syst«, under action of mean value P0 of disturbing force. 
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If forçe P(t) consists of several forces, variable by sinusoidal 

Imw, but Kith frequencies which, in general, are not multiples of 

frequency of change of total force, 

««(•,# + ?!> + /*, COS(mj 4. 

then result of a?tlon of such force, in accordance with supersposl- 

tion principle, will be obtained by sunmation of oscillations appear¬ 

ing from each component force. Total forced oscillations will have 

components with frequencies 0^, a^, in general not multiples 

of basic frequency o>j* 

Considered case of action of a disturbing force with a complex 

spectrum has an important practical value. Cn flight vehicles 

oscillations of structure appear as a result of action of many dis¬ 

turbing forces occurring from different sources and having different 

frequencies, usually not multiples of each other. In these condi¬ 

tions, the determination of actual frequencies and amplitudes of com¬ 

ponents of oscillations, with respect to recording them, is the basic 

method of finding source of oscillations and manifestation of dis¬ 

turbances created by them. Formal application, for this purpose, of 

expansion of the recording of oscillations into Fourier series, i.e., 

into components with frequencies which are multiples of a certain, 

frequently arbitrarily taken, frequency, in many cases hampers mani¬ 

festation of the source of oscillations and, consequently, cannot 

always be applied. 

Spectmm is totality of amplitudes or initial phase angles of 
harmonic components of oscillation (amplitude spectrum of oscilla¬ 
tion or phase spectrum of oscillation). 

Spectrum is called lined if harmonic components presented to 
it possess frequencies with discrete valuesj solid or continuous 
spectrum possesses continuous sequence of frequencies. 

--0_j 



Action of force of variable frequency. Passage thrcurh 

resonance« This case corresponds, for Instance, to acceleration of 

motors during starting of an aircraft or spin-up of rotor of a heli¬ 

copter, when In the process of Increasing rpm appearing oscillations 

pass through resonance. 

Below described are certain results of Investigations of the 

action of force of variable frequency on an oscillatory systea. Let 

us assume that frequency of disturbing force increases evenly, force 

remains constant in amplitude and damping is small. Fron Fig. 5.7, 

on which are shown characteristics of oscillations during different 

speeds of acceleration ^ (c - angular acceleration), it follows 
P 

that the more speed of acceleration, the less the maximum of ampli¬ 

tudes and the later it sets in (after passage of natural frequency). 

During deceleration also maxima of amplitudes are less the faster 

transition Is completed through resonance and the later it sets In 

(at frequencies smaller than natural). 

Action of forces of small duration. Considerable practical 

Interest Is presented by the study of action of single disturbing 

forces on an oscillatory system with one degree of freedom. These 

forces usually grow relatively fast, attaining certain maximum value, 

and then somewhat more slowly (Fig. 3.8c). 

Imw of change of force in time can be various, but it la possible 

to present it by two functions! 

o<i<7v , >0. 
T,<i<r, PW-PM 
<>r» zw-* (5.*3) 

a —r ! 

Definition of motion of an oscillatory system under the action 

of forco# assigned in form (3*43) # is reduced to finding solution of 



3.7• Oscillations during 
passage through resonance« 

equation of motion (7.19). Inte¬ 

grating by parts (3.20) and assum¬ 

ing that ■ 0 and forces of 

damping are small, general solution 

(3.20) of equation (3.19) It is 

possible to reduce to the form 

Second member in formula (3.W) constitutes "dyanmic" correction, 

which one should add to static deflection in order to obtain dyanmic. 

For slowly wariable forces, when period of free oscillations of 

system is small as compared to time disturbing force acts 

•statically" and .dynamic correction it is possible to disregard. In 

another case for fast variable forces, when duration of action of 

f>rce Tg is small as compared to period of natural oscillations, 

oscillations of system are determined by magnitude of pulse of dis¬ 

turbing force for the full time of its action. These two extreme 

cases were considered on the assumption that damping in the system 

la small. 

In many cases it is necessary to estimate action of single dis¬ 

turbing forces jrith duration commensurable with period of natural 

oscillations of sys, .,, during any magnitude of damping in system 

(for instance, durir measurements of overloads on aircraft with 

help of seismic instruments (recorders of overloads) or during deter¬ 

mination of effect of action on the structure of forces appearing 

during takeoffs, landings, and during flight in turbulent atmosphere). 

T -i 
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As an example we will consider 

forces variable according to the follow¬ 

ing three laws (Pig. 3.8) i 

Fig* 3*8. Graphs of 
forces of small duration. 

•) *(t' - p¿ I (i - cos 

>*)» *) Ht) - P0 *ln 
wt# c) according to for- 
ttlm (3.47). 

a) 0 c/ c~. 

PM—0. 
(3.15) 

( 

b) •««i. 
I>—. 

P(0-P,tln< 

PM-ft (5.W) 

e) 9<l<± PM-P.MK 

<>V- ‘ nn-P'—u • • »• • 
(3.47) 

Graphs of dependence of dynamics coefficient on magnitude of 

q ratio during different values of attenuation factor are shown In 

Fig. 3.9. By these graphs It Is possible to estimate dynamics 

coefficient depending upon magnitude q and attenuation factor h for 

single loads, which can be approximated by dependences of the fora 

(3.45)-(3.47). From graphs It Is clear that during attenuation fac¬ 

tor h - (0.6-0.7)p, dynamics coefficient Insignificantly differs 

from unity (not more than by 5-10^) during change of disturbing force 

with frequency from 0 to p. 

Character of shift of oscillatory system (in reference to seismic 

Instruments) under action of disturbing forces (overloads), variable 

by laws (3.45)-(3.47), is shown on Fig. 3.10. ^ 

Assigned motion of point of bracing. Let us assume that $(t) 

is shift of point of bracing of elastic connection (see Figs. 3.3b, 

and c). Ve will examine forced oscillations which are the result 

S' JP - — — 
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of notion of this point. On mass act force of Inertia mÿ and elas* 

tic reaction proportional to lengthening of elastic connection 

*(y - 0* From condition of equilibrium of these forces we will 

obtain 

or after division by m 

i+rt-rtr (3.48) 

This is equation of oscillations of system during assigned 

motion of point of bracing in the absence of damping in an absolute 
' 

system of coordinates y with beginning at point 0 remaining in space 

motionless. 

In relative system of coordinates x with beginning at point 

rigidly Joined with place of bracing, equation of motion of system 

will be 

(M9) 

This equation is obtained from equation (3.48) by substitution 

of y - x + Ç. 

During damping proportional tc relative speed of mass (see 

Fig. 3.3b)# equations of motion have the form 

a) in absolute system of coordinates 

4 

J 

ft. 

b) in relative system of coordinates 

(3.50) 

(3.51) 

During damping proportional to absolute velocity of mass (see 

1 * 

0 
5*rp .. ¿ «r 

. 13C 

- 



j 

I 
f 

*) 

c) 

1" 

l-v 
Isil 

*1 
3- 

t'fj 

Tp ftl 
<1 t- 1 tf i 1 u 

- 

% 
r i * 

r t 
/ 

* 

3.9« Graph« of dy¬ 
namic« coefficient for 
forces of «mail dura¬ 
tion. a) P(t) - P0 «ln 
œt — repeated force, b) 
P(t) - PQ «ln cut - 
•Ingle force, c) P(t) - 

P0 
» -5- (1 - cos cut) - single 

force, d) phase response 
for force P(t) - 

• 

■ po*T (1 * cos ttt)* 

Fig. 3«10. Indications of In¬ 
strument during action of over¬ 
loads. detenu*mi byi a) for¬ 
mula (3.45) ai q - 0.1; b) for¬ 
mula 3.45} at q - 0.7l c) for¬ 
mula 3.4b) at q - 0.7; d) for¬ 
mula (3.47) at q - 0.7—actual 
overload, - • - Indications of 
Instrument ath-O.lp,- 
indications of Instrument at 
h - 0.7 p. 

Fig* 3*5c), equation« of motion 

have the form 

a) In absolute system of 

coordinates 

f + Hf+pV-F*;; (3*52) 

b) in relative system of 

coordinates 

i—*4 (5.53) 

5 —.- -I 
Solution of equations (3«^8)-(3*53) is conducted analogously to 

the above-indicated. 3 

As an example we will consider the case when a point of bracing 
i J. 

. * Jfçip »ffi9£; ” 
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1(0 —b sin M. (3-5*) 

? 

occlllAtea toy harmonic law l 

Than, fubitituting exprennlon (3.5^)# for Instance, Into equa¬ 

tion we will obtain equation of motion In the following forai 

'+***(3.55) 

where 

Equation (3.55) In form completely coincides with equation 

(3.30). Using obtained solutions, we have 

(3.56) 

where 

Study of oscillations under the action of any other forces 

applied to a point of bracing may be conducted analogously to that 

as was shown for a case of application of these forces to mass of 

system« 

3.2. Oscillations of Elastic Nonlinear Systems 
with One Decree of Freedom 

In the considered schematic systems force of elasticity linearly 

depends on deformation. For real structures such dependence takes 

place during small deformations« During considerable deformations 

^ linear dependence of force of elasticity on deformation Is disturbed 
a 

and system becomes nonlinear« Nonlinear dependence of force of 

• 11 "M +1 f ZJC 
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i 

•lAstlclty on deformation is possible, for instance, in control 
» 

cobles of flight vehicles in the presence of gaps (Pig. 3*11*) or in 
i 

lending gear of aircraft, when shock absorption of strut begins to 

work only after a defined pressing of pneumatic tires (Fig. 3.11c). 

Other cases of nonlinearity are possible (Pig. 3«Hb, d, e, and f). 

Equation of motion of systems with nonlinear elastic character¬ 

istic P(y) in the absence of damping, it is possible to present in 

the form 

Solution of this equation has the fora 

(%57) 

-! -y îj'w» (5.58) 

• ■ y^ (for beginning of count moment is selected at y - 0). 

For systems with symmetric elastic characteristic* period of 

tural oscillations one can determine by the formula 

•>7P ’»TP 

*)/P d>/T' 

•) 1 o 

Fig. 3.Ü« Examples 
of nonlinear elastic 
charac terlst les. 

I 

Integrals entering into this formula, 

in most cases are not reduced to tabular and 

are calculated by methods of approximation. 

It is important to note that in nonlinear 

systems period of natural oscillations de¬ 

pends on amplitude; in "soft” systems it de¬ 

creases with Increase of amplitude of oscil¬ 

lations, and in "rigid" it increases. 
, .. 

--o_J 
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Oscillations of nonlinear systems will not be strictly harmonic and 

art called pseudo-harmonic. 

Forced oscillations in nonlinear systems with one degree of 

freedom during action of harmonic disturbing force are described by 

equation of the form 

"i+Ht-P'Mwi (5.59) 

This equation does not have exact solution in closed form; therefore, 

it Is solved by methods of approximation. 

On Fig. 3*i2 for qualitative analysis are given typical resonance 

curves for nonlinear systems. Center lines on these curves constitute 

change of natural frequency with increase in amplitude of oscillations. 

In nonlinear systems, in 

principle, resonance is impossible 

in such a fora as this is shown on 

Fig. 3.5. Amplitude of oscillations 

in system with nonlinear elastic 

characteristic always remains 

limited even in the absence of 

forces of damping. Forces of damp¬ 

ing, always present in real oscil¬ 

latory systems, lower resonance 

peak. 

Oscillation in nonlinear systems during change of frequency of 

disturbing force occur in the following way (Fig. 3.12a). With in¬ 

crease of frequency amplitude increases along branch a from at to a^. 

During further increase of frequency, amplitude suddenly decreases 

fp0B *3 *0 c2 411(1 th*n changed along branch c. With decrease of 

Fig. 3.12. Resonance curves of 
nonlinear systems, a) for sys¬ 
tem with gradually increasing 
rigidity (Fig. 3.lid - "rigid" 
system)i b) for system with 
gradually decreasinr rigidity 
(Fig. 3.He — "softw system). 
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frequency of oscillations is observed reverse picture« In the be¬ 

ginning amplitude is changed along branch c from to c^ then 

suddenly increases from value c^ to a2 and subsequently is changed 
e 

along branch aM 

During action of two disturbing forces on a nonlinear system 

it is impossible to use principle of Independence of action of forces. 

However, in this case the principle of mutual exception is valid, 
♦ 

which consists of the following. 

If on a system act two disturbing forces, whose frequencies are 

and mg and separately calculated amplitudes > Ag, then total 

action of forces is determined only by amplitude A1# i.e., "weak" 

component in this case is "suppressed" by "stronger." 

These general peculiarities of forced oscillations of nonlinear 

systems are confirmed by experimental investigations. 

I 

3*3. Principles of Vibration Insulation 

Por decrease in harmful action of vibrations (for instance, 

created by work of motor) on the structure of a flight vehicle or 

for protection of instruments and equipment from vibrations, vibra- 

tion insulation is applied. Structural fulfillment of vibration 

insulation can be varied. Vibration insulating devices can have 

different characteristics, but their assignment is one — to decrease 

.forces transmitted from source of oscillations, or to decrease ampli¬ 

tude of oscillations transmitted to damped object. 

Investigation of oscillations of a body during vibration insula¬ 

tion in general, taking into account all degrees of freedom of the 
n--,,, llllw „ i>iiIi __ y 

body, is complex. However, in many cases, it is possible to consider 

oscillation of damped object as oscillation of a system with one 



degree of freedom. Analysis, with this, is considerably simplified, 

and basic regularities of oscillations are revealed sufficiently 

enough. 

In aviation, for vibration insulation, in most cases, are 

applied shock absorbers with linear characteristics. Investigation 

of oscillations of objects with such vibration insulation is reduced 

to the consideration of forced oscillations of linear systems. 

Quality of vibration insulation is estimated by dynamics coefficient. 

If dynamics coefficient X < i, then vibration insulation is effec¬ 

tive.* 

In this case, forces transmitted from source of oscillations to 

structure 

ir-M-uv (3.60) 

(where k is coefficient of elasticity of shock absorber; Ã is ampli¬ 

tude of oscillations of damped object) will be less than maximum 

value of disturbing force. Analogously to this, amplitude of oscil¬ 

lations of damped object 

lb-4, (3.61) 

will be less than amplitude of oscillations of point of bracing $0. 

If X > 1, then transmitted forces or amplitudes, in accordance 

with formulas (3.6c) and (3.61), are increased and damping even 

worsens work of equipment. 

Using (3.39) and considering *y - 0, we find that vibration 

insulation becomes effective from moment when q > or oj > /5p 

(Piß. 3.13). 

• 
Usually vibration insulation is considered qualitative if 

transmitted forces or amplitudes decrease not less than 50#, i.e., 
dynamics coefficient must be X s 0.5. 

13S 



Thu», natural frequency of damped object Is one of the important 

paraaeters characterising quality of vibration insulation. In many 

cases» frequency of oscillations one can easily determine by experi¬ 

mental means, according to the following identical formulas: 

t I- V«* * 
/- (3.02) 

or by the graph on Fig. 5.14. 

Formulas (5.62) are obtained from dependence (5.7), taking Into 

account the fact that within limits of elastic deformation of shock 

absorbers 0 - mg » and, consequently. 

where 0 is weight of damped object; 

F-t shock absorbers in cm under action of 
weight of object* 

Raturai frequency of oscillations is determined in the following 

way. Object is removed from damping. Then it is placed again in 

damping and sag of shock absorbers y§t under action of gravity is 

determined. Using obtained value of sag y by 

formulas (5.62) is determined natural frequency of 

oscillations. 

Increase in ratio of frequencies q - a>/p is 

the basic method of achieving good vibration- 

insulation. 

It is necessary to note that different lead 

wires can render essential influence on oscilla¬ 

tions of damped object, in particular, can change 

natural frequency of object if its gravity is 

Fig. 5.13. Res¬ 
onance charater¬ 
istics of a 
damped object 
with different 
damping. 

i 
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«■All* However, this Influence it 

Impossible to determine by means 

of calculation. In view of this, 

laboratory tests of damped instru¬ 

ment equipment and appraisal of its 

damping must be conducted in the 

presence of the entire lead wire in 

•the same form in which it Is 

executed in real operational condi¬ 

tions. 

We will consider the influence of damping on vibration insula¬ 

tion. In the case of linear characteristics of shock absorbers, 

equations of motion of a damped object in the presence of resisting 

forces proportional to speed, are analogous to the above considered 

(3.30), (3.55). 

On Fig. 3.1*3 are shown resonance curves for damped objects with 

. one degree of freedom at different values of damping factors. As 

can be «een, all curves pass through point q - /?. In other words, 

damping in all cases becomes effective only if natural frequency 

of object in damping is at least i.4i times less than frequency of 

disturbing force. 

From the same curves on Fig. 3.13 It 1« clear that damping is 

useful only in zone of resonance, inasmuch as amplitudes of oscilla¬ 

tions are considerably lowered. In remaining cases, i.e., for 

relation of frequencies q > /?, it worsens vibration insulation. 

With this, the more the damping, the worse the vibration insulation. 
. « 

However damping, if it not too large, is useful, inasmuch as It 

leads to comparatively fast cessation of natural oscillations of 

-e..:, .--- - - ~ -- --0_j 

Fig. 3.1^. Dependence of nat¬ 
ural frequency of a damped 
object on static sag of shock 
absorber. 
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damped object after accidental shocks In operation. It is all the 

■ore so necessary If one considers that on a damped object act dis¬ 

turbances whose frequency on flight vehicles sometimes changes In 

vide limits. 

It Is necessary to note that on aircraft and helicopters oscil¬ 

lations with frequencies from 2 to 25 oscillations per second are 

basic. If the natural frequency of objects of special equipment on 

shock absorbers are In a given range of frequencies, then resonance 

of instruments is possible. In this case damping does not improve, 

and condition of work of objects of special equipment worsens. 

Depending upon concrete conditions (place of installation of 

Instrument on flight vehicle and frequencies of predominant oscilla¬ 

tions in this place), it is possible to Improve vibration-insulating 

properties of damping by individual i,election of shock absorbers. 

However, the fundamental solution of question of vibration insulation 

is the application of shock absorben* with nonlinear power charac¬ 

teristics of the type shown on Fig. 5.11, inasmuch as in such oscil¬ 

latory systems a state resonance is impossible. 

Oscillations of a System with Several 

Degrees of Freedom 

We will consider certain questions of oscillations of linear 

systems with several degrees of freedom. The most general method 

of composing equations of motion of oscillatory systems with any 

limited quantity of degrees of freedom is based on application of 

Lagrange equations of the second type, which In the absence of damp¬ 

ing have the form 



where T and n are Kinetic and potential energy of system; 

!• generalized disturbing force; 

la generalized coordinate. 

During composition of equations of motion there is obtained a 

system of n quations based on number of degrees of freedom* With 

increase in number of degrees of freedom, complexity of calculation 

increases. At n > 4, without application of electronic computing 

mathematical machines it is practically impossible to conduct calcu¬ 

lation. 

Fig. 3.15. 
System with 
two degrees 
of freedom. 

Equations of free oscillations of a system with 

two degrees of freedom, depicted on Fig. 3.15, have the 

form 

+ *101 — ft, (y, — _ 0; 

**i + ft.<r.-ir,)-a (3.64) 

Solution of these equations it is possible to look 

for in the form 

(3.65) 

Substituting (3.65) in equations (3.6^), we will obtain a uniform 

system of equations with respect to amplitudes A and Bi 

(ft, + ft, — Mf*) A — kjB — 0, » 
ft^-Hft.-sv’JS-O. I (3.66) 

Hontrivial solution of system of equations (3.66) is possible in the 

case when determinant, composed from coefficients of this system, is 

equal to zero* « _ 

|fti ♦ft,-«!/1 -ft,I 
I ftb—VM 

(3.67) 

I 
»-1 

__ 
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While analysing determinant, we find frequency (determinant) equa¬ 

tion for Investigated oscillatory system 

(3.68) 

while solving which we will determine two real roots and p^. 

Consequently, an oscillatory system with two degrees of freedom 

has two natural frequencies. Therefore, solution of equations (3.64) 

one should record In the form 

+ ^ f *,«!■</,/+ ,¿ j 

Amplitudes A^, Ag, Bg and phase angles and Og are deter¬ 

mined by Initial conditions, but natural frequencies p^ and Pg, Just 

as in systems with one degree of freedom, do not depend on initial 

conditions and are completely determined by parameters of the actual 

system, as one may see from equation (3.68). 

During defined selection of initial conditions there can be 

obtained Ag « Bg - 0. Then oscillation will occur with one fre- 

quency p1# Oscillation of such form Is called first normal oscllla- 

tlon. Ratio of amplitudes, in accordance with system (3.66), 

A.AlipL. or (J.70) 

. 
Is fully defined. Independent from initial conditions, and is deter¬ 

mined only by parameters of the actual system. Ratio (3.7C) deter¬ 

mines first normal form of oscillations. 

Analogously to this. It is possible to select such initial 

conditions at which A^ » B^ • 0, and oscillation will have only 

second frequency Pg. This oscillation is called second no ml 

oscillation. Ratio óf amplitudes for this case is analogous to 
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•qualities (%70) and determines second normal form of oscillations. 

Normal forms of oscillations possess important property of 

orthogonality, occurring in the fact that sum of products of each of 

the masses by amplitudes of their normal oscillations is equal to 

zeros 

«•44 +«A4-a (3.71) 

If one of the amplitude ratios is known, for instance B^/A^ deter¬ 

mining one form of oscillations, then by expression (3.71) can be 

found the other ratio, corresponding to the other form of oscillations. 

The property of orthogonality is an expression of equality of 

kinetic energy of total (with respect to two forms) motion to sum of 

kinetic energy of both (with respect to each form separately) motions. 

Analogously to this, it is possible to show that linear systems with 

n degrees of freedom have n natural frequencies and normal forms of 

oscillations, corresponding to them (in number of degrees of freedom), 

where any two normal forms of oscillations are orthogonal. 

Calculation of frequencies and forms of normal oscillations is 

complex and for n > 3 is conducted by methods of successive approxi¬ 

mations. 

We will consider now forced oscillations of a linear system with 

two degrees of freedom with assigned power disturbance in the absence 

•f forces of damping (Fig. 3.16a). Recording equation of motion of 

each mass, we will obtain system of equations 

••fb + - Ft) -4(0;l 
(3.72) 

Let us consider, at first, action on system of harmonic forces 

4«-4»la«ft 4tt-4siaW. (3.73) 

fffe'0 *£»?. ** 
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Taking particular solution in the form 

K-Attnmt. f,-atlnW (3.7¼) 

Í 
and substituting It Into equations of motion (3.72), after simple 

Fig« 3*16. Excitation 
of oscillations In a 
system with two de¬ 
grees of freedom, a) 
assigned power dis¬ 
turbance; b) assigned 
notion of point of 
bracing. 

of oscillations i 

fig. 3.17* Res¬ 
onance curves for 
a system with two 
degrees of freedom. 

calculations we will obtain the 

following expression for amplitudes 

Am,-^ +V. . 
!*» + *•— *1-*) (*» -«!-•) 

I - + — «»-1-f /».»I (5.75) 

Denominator of expressions (3.75) during values a> - or oj - 

- p2 coincides with determinant (3.67) and turns into zero. Conse- 

quently, during coincidence of frequency of action of disturbing 

forces with one of the frequencies of natural oscillations of the 
« 

system appears resonance. Of such resonances, in a system with two 

degrees of freedom, two are possible - at o> - p^ and at u> - p2 (with 

respect to number of natural frequencies of oscillations, see Fig. 

3.Î7). 3 —I 

Fbluoe of amplitudes at o> - 0 determine static deflection of 
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oassest 

(3.76) 

Ratio of axplitudes of oscillations to corresponding static deflec¬ 

tions determines coefficients of dynamics for each of the massesi 

Zone of resonance (X > 1) for systems with two degrees of freedom 

la expanded (Fig. 3.18). 

It la necessary to note that In a case when disturbing force 

acta only on one mass (P1 / C# P2 - 0), coefficient of dynamics for 

first mass turns Into tero at defined frequency. From formulas 

(3»75>) it is clear that this la obtained when (at Pg - 0) 

*,-«,•’-0. (3.77) 
p 

Amplitudes become equali A - 0 and B - Thus, In a given parti¬ 

cular case, when Is executed condition (3.77), mass, to which la 

applied dlaturbing force, does not oscillate. This phenomenon la 

3«18. Change of 
coefficients of dy¬ 
namics and 2 de¬ 

pending upon frequency 
during assigned motion 
of point of bracing. 

used In practical conditions for extinguish¬ 

ing oscillations with the help of dynamic 

dampers (extinguishers) of oscillations. 

However, auch a damper is effective if 

oscillations are accomplished with one de¬ 

fined frequency o> - const and damper la 

strictly adjusted for "absorption" of 

oscillations with this frequency, i.e.. 

Its mass and elasticity of spring are deter¬ 

mined in accordance with condition (3.77). 

. . if ** ^ 
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Daring non-observance of this condition, damper can be ineffective. 

We will consider a system during the action of oscillations at 

point of bracing (see Fig. 3.16b). Equations of motion of masses of 

auch a system during the action of harmonic disturbance have the form 

■»Fi + (Ft — Vi) ■■ *|5. »I» mt. 
(3.78) 

where £0 sin œt is assigned motion of point of bracing. 

Particular solution of equations (3*78), corresponding to steady 

forced oscillations, we will look for in the form (3.7*). After sub¬ 

stituting this solution into equations (3.78), we will obtain for 

amplitudes the following expressions! 

A--frÜLr-f*_j, 

f _Mi_. 

•A+ *-«»•*><*«-«*^>-*5 

At to -♦ go amplitudes A and B approach zero. During static disturbance 

(ss - 0) A - B - e0. 

Ratios of amplitudes of oscillations to amplitude of disturbing 

oscillatory motion constitute coefficients of dynamics (see Fig. 

3.18)* 

JL«_ 

Jum__ 

3.5. Oscillations of Systems with 

Continuously Distributed ::asB 

4 ■' '* '—I 

Real structures of flight vehicles only in certain estaos con be 

es an oscillatory system with a finite number of degrees 

of freedom. More exact results are given by calculation of continuity 



of distribution of mass in an'oscillatory system the number of de¬ 

grees of freedom of which turns out to be infinite. Such a system 

possesses an infinite number of natural frequencies of oscillations 

and normal forms corresponding to them. 

Oscillations in systems with continuous distribution of mass 

are described by equations in partial derivatives. Solution of 

such equations for complex oscillatory systems presents great mathe¬ 

matical difficulties and can be brought to aui end only for the 

simplest systems. 

Let us consider* for example* bend oscillations of a beam of 

constant 'cross section. From theory of strength of materials we 

know relationship 
% 

avr-m (3.79) 

"tor* P(t) 1. Intenalty of distributed loud) 

y “ y(*. t) Is sag of beam (depends on coordinate t and time 
»)» 

E is elastic modulus; 

J is moment of inertia. 

Magnitude P(t) in our case is algebraically composed of external 

load and forces of inertial 

0 —«y. (3*80) 

where m is mass of unit of length of beam. After substituting ex- 
I 

pression (3.00) into equation (3.79)# we will obtain 

* 

i 4 (3.01) 
.. i 

j —-- 

General solution of equation of forced oscillations (3.81) is 

composed of solution of corresponding equation without right side 
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"1 

él" S)+-2- (5.8S) 

determining naturel oscillation of system, end particular solution 

of equation (5.81) with right side. Having assumed that function 

y(** t) can be presented in the form 

(3.83) 

after certain transformations we will obtain 

_L_. JLIej ÜÍL (3.84) 
ef(e ** V * r rw afie «i* 

In equality (3.84) the left part depends on coordinate z, and 

the right on time t. For identical fulfillment of equality (3.84) 

it is necessary that each of its parts equal a constant which we 

will designate by -p2. Then we will obtain two equations 

'"CO+^MO-Oj (3.85) 

(3.86) 

Solution of equation (3.85) has the form 

ri0"4sin(^ + «). (3.&T) 

where A Is constant, determined by initial conditions# Solution 

(3.&T) indicates oscillatory character of motion. Magnitude p has 

physical meaning of frequency bf oscillations. 

Equation (3.86) determines form of oscillations. For particular 

case of a beam of constant cross section (EJ - const) its solution 

has the form 4 
.,, i,, '■» 

/«-C.tlntM-C.cMto + C.rtfc+C.chte (5.88) 
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where 

Cj/ C2# C3* c4 ar€ constants depending on boundary conditions. 

Solutions (3-87) and (5.83) of equation (5.84) are particular 

solutions. General solution is obtained by means of imposition of 

particular solutions of the form (5.85)1 

»<m-£/,wm/). (3.89) 
«•I 

Forced Oscillations of Structures 

We will assume that frequency and form of natural oscillations 

for structure of a flight vehicle are known. For solution of equa¬ 

tion of forced oscillations of system (5.8i) it is possible to apply 

method of expansion of external load and unknown function for sag, 

in eigenfunctions ^(2)1 

f<i 0-h(i)Qt(0 + /,(*><?*</) +(5.90) 

»(*. O-ftMÄiM+ /.<*>#.to f.... fVQH 

where Q^(t) and R^(t) are functions of time for external force and sag 

Considering that each component of series (5.90) causes oscillation 

described by a corresponding component of séries (5.91), equation 

(5.84), a.ter certain transformations, it is possible to record sot 

mbH êê P Si* / (3.92) 

Proceeding with equality (5.92) Just as with equality (5.84), and 

•. con*ld«rtng that left parts of these equalities are identical, we 

will obtain two equations 
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(3.93) 

(3.9*) 

Th« flrit of them Indlcmte« the feet that fora, of forced and natural 

oscillation* of a system. In a case of arbitrary distributed load 

«{«, t), coincide] the second Is a differential equation of function 

I^ft) for forced OBclllationai 

*.+*.-*• (3.95) 

Equation (3.95) ha» a «olution of the form (3.20)i 

41* -*î (3.96) 

Magnitude Q^ft) one can determine from series (3.90), using 

orthogonality of eigenfunction» t 

4» 
i f (*. HhWdt 

J /,44. 
(3.97) 

«here l Is length of structure. 

Full solution of equation (5.98) for a case of forced oscillations 

Is obtained from particular solutions, analogous to (5.83)1 

#•1 
(3.98) 

Equality (3.98) Indicates that forced oscillations of the considered 

system occur also with corresponding natural frequencies pt of this 

- I 

€ 
% 

1 

? 

T 
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3.6. Natural Oscillations of the Vlnr 

We will consider certain flexural and torsional oscillations of 

a wing In a vacuum in the absence of forces of damping. Such oscilla 

tlons are possible If centers of gravity of sections of wing coincide 

with centers of rigidity. For sweptback wings 

oscillations of bend and torsion always will 

be together. Let us consider In the beginning 

a wing for which the line of centers of rigid¬ 

ity of sections Is a straight line coinciding 

with the line of centers of weight and per- 

Fig. 3.I9. Console 
diagram of a wing. 

pendicular to the line of sealing In a nondisplaccable fuselage 

(Fig. 3.19). 

Flexural oscillations of the wing are characterized by deflec¬ 

tions of its elastic line y - y(z# t), depending on coordinate z and 

time t. Differential equation of elastic line of a wing loaded by 

distributed forces of inertia coincides with equation (3.82) of 

natural oscillations of a beam. Method of solution of equation 

(3.82) will completely apply even in this case. Deflection of wing 

Is presented In the form (3.83); after dividing variables, there are 

obtained from equation (3.8^) two equations coinciding In form with 

equations (3.85) and (3.86)« 

<£/rr-FW-o 
(3.99) 

(3.100) 

Boundary conditions for these equations will be 

g --- 

(3.101) 
f 
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(deflection end angle of rotation for root, oending aoL¿nt, and 

•hear force- on wing tip are equal to zero). 

Equation (5.99) determines function of time r(t). It* solution 

ha* the form ^3.87), indicating harmonic character of motion. Equa¬ 

tion (5.100) determines function of form f(z). This equation has a 

solution only during defined values of corresponding to natural 

frequencies of oscillations of wing. 

During calculation of natural oscillations, functions of form 

f(x) are given approximate value. For this value f(z) is determined 

angular frequency p. Then values f(z) and p are definitized by 

method of successive approximations. Usually for this two or three 

approximations are sufficient. 

As was shown above, systems with distributed mass have an infi¬ 

nitely large quantity of natural frequencies of oscillations p^. 

Each value of natural frequency corresponds to a form of natural 

oscillations f^z). General solution of equations (5.99) and (5.100) 

is obtained by imposition of particular solutions of form (5.85)1 

ffc *>—(5.102) 
i-i - 

Components f^zjr^t), f2(z)r2(t), f3(z)r5(t),... are called, 

respectively, first, second, third, and so forth, tones of natural 

flexural oscillations of the wing. 

Any two tones of natural flexura^ oscillations of the wing are 

orthogonal. Property of orthogonality of natural oscillations is 

used during determination of i-th tone of natural oscillations dur¬ 

ing known i-ith tone of oscillations. 
.rini t , 

• » ... 
Torsional oscillations of the wing are determined analogously 

to flexural. Equation of torsional oscillations is obtained from 



condition of equilibrium of fcny section of Vingt for instance# be¬ 
tween sections a-e and b-b on Fig. 3*19* For this, change of elas¬ 

tic torque acting on section of wing dz is adopted to 

moment of inertial forces acting on this section J Vdz. As a result 
m 

there 1b ob*ained equation of torsional oscillations of wing! 

(5.105) 

where GJ^i is torsional rigidity of wing) 

JB la linear polar moment of inertia of mass of wing 
with respect to axis of rigidity) 

• - *(*# t) la torsion angle of section of wing during oscilla¬ 
tions. 

Boundary conditions for equation (3.103) will be 

î—î (3*104) 

Particular solution of equation (3.103), Just as In case of 

flexural oscillations, is determined In the form 

•feO-tM'CO. (5.105) 

Substituting (5.105) Into equation (5.105), for » and r we will obtain 

;+*-0! (5.106) 
iw^r + a’v.e-a (5.107) 

Threshold conditions (5.104) will take the form 

ÎIÎ ill} (5.108) 

During calculations there is assigned a law of change of torsion 

angles of section of the wing along the span and, in accordance with 

this. Is determined natural frequency p. Furthermore, precise defi¬ 

nitions of 9 and p are conducted by method of successive approximations. 
M? «M* é ej » 
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Equations (3.106) and (3.107) during boundary conditions (3.108), 

Just as In the case of flexural oscillations, are satisfied only dur¬ 

ing defined values of parameter p. To each value of natural fre¬ 

quency pj^ corresponds Its own fora of oscillations General solu¬ 

tion of equations (3.106) and (3.107) will be found by superposition 

of particular solutions of the form (3.10^)1 

. 
•fcfl-E (3.109) 

f*l 

Components 91(r)rjL(t), q>2(z)r2(t), 93(i)r5(t),... are called, respec¬ 

tively, first, second, third, and so forth, tones of natural torsional 

oscillations of the wing. During calculation of highest tones, prop¬ 

erty of orthogonality of natural oscillations Is used. 

Everything said pertains to certain flexural and torsional 

oecillations of the wing, calculated by "console diagram," i.e*, in 

assumption of rigid sealing of wing in nondisplaccable fuselage. 

Such a calculation diagram gives good approximations for aircraft 

with straight wings of comparatively small dimensions. 

In reality "purely flexural" and "purely torsional" oscillations 

of wing do not occur, since for real structures centers of gravity 

and rigidity of sections do not coincide and oscillations will be 

Joint, i.e., wing will simultaneously accomplish both flexural and 

torsional oscillations. Initial bending strain of wing Involves 

twisting strain and vice versa. However, during oscillations with 

frequency predominate flexural oscillations and, conversely, 
* ' —4 

during frequency P^or torsional oscillations. Therefore, in many 

cases it is permissible to calculate separately flexural and tor¬ 

sional natural oscillations of a wing. 
i 



For sweptbAck wlnge, even in an ideal case, 

when centers of rigidity coincide with centers of 

gravity in every section, bending strain and 

torsion cannot occur separately. Therefore, the 

concept of "purely flexural" and "purely torsional" 

oscillations for such wings loses meaning. Joint 

flexural-torsional oscillations of a wing are con¬ 

sidered on page 261, 
Free-floating wing it is possible to schema¬ 

tize as a beam of variable section with load in the 

middle from weight of fuselage. It accomplishes 

oscillations around position of equilibrium. Hing 

is deformed in such a way that inertial forces of 

the mass of part of wing moving in one direction 

are mutually balanced by forces of inertia of 

remaining part of wing moving in opposite direction. For free- 

floating wing forms of oscillations are of two types - symmetric and 

antisymmetric. During symmetric oscillations, both wing tips 

simultaneously deflect to one side (upward or downward). During 

antlsymme vTlc oscillations, wing tips at each given moment of time 

move to different sides. Symmetric forms it is possible to calcu¬ 

late on console diagram. Antisymmetric forms cannot be calculated 

on such a diagram. In this case, it is necessary to consider free- 

floating wing. 

Oh Fig. 3«20 are represented forma of natural flexural oscilla¬ 

tions of a straight wing of a real aircraft for several first tones. 

The lowest frequency of wing corresponds to symmetric form with least 

number of Junction points (2 Junction points, curve a). Then there 

Fig. 320. Formj 
of natural flex¬ 
ural oscilla¬ 
tions of a 
straight wing 
of a trans¬ 
port aircraft, 
a, c, e — sym¬ 
metric bend, 
respectively, 
of I, II, and 
III tones) b, 
d — antisymme¬ 
tric bends, re¬ 
spectively of 
I and II tones. 
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AP«# In the order of growth of frequencies, antls¿Tiaetrlc form with 

three points (curve b), symmetric with four points (curve c), etc. 

At the Junction points, at any moment of time displacement y - 0. 

Amplitudes of fuselage during symmetric oscillations of wing 

are Insignificant and are less the larger the mass of the fuselage 

at the same weight of wing. Antisymmetric oscillations of a wing 

practically do not depend on mass of fuselage, since It Is located 

at a Junction point of oscillations. 

Natural Oscillations of an Aircraft 
(Helicopter^ 

Analogously to those considered for the wing can be calculated 

natural oscillations of all the main parts of a flight vehicle- 

fuselage, stabiliser, fin, etc. If, however, we consider aircraft 

(helicopter) as a single oscillatory system, then we will obtain not 

the natural frequency of separate 

assemblies, but their frequency of 

oscillations In the system of the 

entire aircraft or helicopter. 

Thus, for contemporary aircraft 

with sweptback wing and heavy air¬ 

craft with large masses on the 

wing It Is Impossible to calculate 

natura. os:i..ations of separate parts of structure. Por Instance, 

for aircraft with sweptback wing the fuselage obtains Urge defor¬ 

mations during oscillations, which it Is Impossible to disregard. 

Therefore, in such cases during calculations of natural oscillations 

It becomes necessary to consider an aircraft on the whole. 

j«» # rle if »ln- C Z1 % rm 
■ *Ph »ln- rallr-i.*« jf 

fig* 3*21. Forms of oscilla¬ 
tions of transport aircraft. 
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011 yi€*« 3.21 and 3.22 are presented certain forms of oscilla¬ 

tions of a whole aircraft and a helicopter. From comparison, for 

Instance, of forms of oscillations of symmetric bend of a wing and 

vertical tend of aircraft fuselage (see Fig. 3.21), it is clear that 

in both cases wing and fuselage obtain considerable deformations. 

Therefore, it is only conditionally possible to carry these or other 

oscillations to any part of the structure of the aircraft. 

am a., rcra! t ^ or other flight vehicle) constitutes a complex 

elastic system, all parts of which accomplish Joint oscillations. 

Thus, symmetric flexural oscillations of a wing cause flexural oscil¬ 

lations of the fuselage and horizontal empennage; antisymmetric ones 

cause torsion of fuselage and flexural oscillations of empennage. 

Torsion of wing causes bend of fuselage, etc. Each fora of oscilla¬ 

tions of an elastic aircraft corresponds to a defined frequency. If 

one were to dispose these frequencies in order of growth, then it is 

possible to speak of I, II, III, etc., tones of oscillations of parts 

of an aircraft and forms corresponding to these tones. Thus it is 

possible only conditionally to carry these or other tones of natural 

oscillations of a whole aircraft to separate units of the aircraft. 

This conventionality gives only an idea concerning which elastic and 

xas* haracteristic* and which unit any frequency or fora of natural 

oscillations of a whole aircraft basically depends on. However, for 

convenience c analysis there are distinguished frequencies and forms 

o. ..atura oscillations of wing, fuselage, empennage, control surfaces 

etc. 

-orrectness of calculation of natural oscillations of an air- 

(or r ^-ight vehicle) is checked by frequency (resonance) 

tests of nai-scale aircraft (see p 5*3). 

- --o_j 
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In Table 3.1 is given order 

of magnitudes of frequencies of 

natural oscillations for maneuver¬ 

ing and nonmaneuverlng aircraft. 

From this table It Is clear that 

for nonmaneuverlng aircraft nat¬ 

ural frequencies of lowest tones 

have small values; for maneuver¬ 

ing aircraft they are larger. A 

peculiarity of natural oscillations 

of contemporary aircraft Is a 

thickening of spectrum of frequencies and a lowering of magnitudes of 

lowest tones. During frequency tests there are determined up to 

40-50 tones of natural oscillations. Higher tones of oscillations 

usually do not have practical value. 

Fig. 3.22. Forms of-oscillations 
of a single-propeller helicopter, 
a) vertical bend of fuselage and 
tall beam; b) horizontal bend of 
fuselage and tall beam. 

Along with approximate values of frequencies of oscillations 

shown In Table 3*1 are determined also frequencies of natural oscilla¬ 

tions of control surfaces, ailerons, trim tabs, flaps, etc. Lately 

there have been determined also horizontal oscillations of control 

surfaces, stabilizer, and wing* It Is necessary to note that, de¬ 

pending upon friction and gaps In wiring of control, frequency of 

oscillations of control surfaces can change with change In amplitude 

of oscillations. 

3.8. Resonance of Control Lines 

In the practice of aircraft building there are usually not con¬ 

ducted full calculation of forced oscillations of control lines, but 
* 

there are determined natural frequencies of thrusts of control lines 

• - ' ~ ' - --- -o_J 
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Table J.l. Frequencies of Natural Oscillations of Structures of 
Aircraft in Oscillations Per "inute (Aircraft Without Fuel, Fuse- 
ifcge Is Loaded) 

Fora of oscillations 

Win* 

Aircraft 

Symnetric bend of I tone ... 

Symmetric bend of II tone . . 

Symmetric bend of III tone . . 

Antisymmetric bend of I tone . 

Antisymmetric bend of II tone 

Antisymmetric bend of III tone 

Symmetric torsion of I tone . 

Symmetric torsion of II tone . 

Symmetric torsion of III tone 

Antisymmetric torsion of I tone 

Antisymmetric torsion of II tone 

Antisymmetric torsion of III tone 

Fuselage 

Vertical bend of I tone . 

Vertical bend of II tone . 

Horizontal bend of I tone 

Horizontal bend of II tone 

Torsion of fuselage , . , 

Stablizer 

Symmetric bend of I tone . 

Symmetric bend of II tone . 

Antisymmetric bend of I tone 

Symmetric torsion ..... 

Antisymmetric torsion ... 

Vertical Fin 

Bend of I tone ..., 

Bend of II tone . . , 

Torsion ...... 

400-5CO 

1200-1*00 

2500-2000 

550-650 

I600-I8CC 

1000-2500 

900-1200 

600-700 

600-700 

6OO-8OO 

25OO-25OO 

700-900 

900-iioc 

1000-1500 

700-8CO 

1900-2100 

28CC-210C 

Nonmaneu¬ 
ve ring 

100-150 

500-220 

550-570 

200-200 

500-520 

58C-6CC 

150-200 

200-400 

1000-1100 

120-150 

200-250 

1000-1200 

2OO-25O 

500-550 

lco-150 

400-500 

200-200 

2CO-4CO 

1000-1200 

900-1100 

1200-1400 

1200-1500 

t «h. 

200-400 

1200-1200 

900-IIOC 
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In order to not allow resonance from coincidence of their natural 

frequencies with frequencies of disturbing forces. It is recommended 

to aelect thrusts in such a way that frequency of fundamental tone of 

their natural oscillations differ from revolutions of engine and 

propeller no less than by 2G0-300 oscillations per minute* This 

reserve is selected taking into account the fact that calculation 

formulas for determination of natural frequencies of thrusts of con¬ 

trol are derived without taking into account influence of longitudi¬ 

nal forces* 

Definition of frequencies of natural oscillations of thrusts of 

control is based on the use of formula (3.88). Inasmuch as natural 

frequencies of oscillations are determined* a frequency equation is 

basic in this case* Method of composing frequency equation consists 

of determining for each case* depending upon support conditions of 

thrusts* the boundary conditions* while analyzing the recording of 

which leads to homogeneous equations relative to constants (^, 

Cy C) of equation (3.88). So that these coefficients do not turn 

simultaneously into zero* zero determinant of coefficients of system 

of ordinary equations relative to constants Cy Cg* Cy must be 

equal* Equating determinant to zero* we arrive at frequency equation 

jr-C.4, + CtBM + CA + C/V (3.110) 

where 

= y (c**** + co* kx); 

*.—y(*h** + *ln*jr); 

Csmmj(chkx — e°skx). ? I 

O*« j(ih*x —sinfcc)’ ’ i 
i ——.- ,i 

: . * ' * * —' *** — *r —" r* — --1 - - — — r- » — 0. J 
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Functions possess property of circular replace¬ 

ment. Therefore, derivatives from X (5.110) have the fora 

! r - C.D, + Cy4, + Cfi, + C.C.; j 

¿X*-C.C, + CJ). + C,A, + C.B,. J (3.111) 
• 1 

¿X--CA4c,c.+CA+Mr I 

At X - C Aq • 1, 5^- -Q " D0 " 0* y-mgnitude k has the same value 

as in formula (5.80). 

For example we will consider determination of natural frequen¬ 

cies for a thrust with hinged supported ends (Fig. 5.25). In this 

case, on ends of thrust deflection and bending moment are equal to 

tero. This gives the following boundary conditions* 

*-a x-a jt-o; \ 
»-1 x-0l X’-O. J (3.112) 

Using expressions (5.110) and (5.111) during boundary conditions 

(5.112), we will obtain 

C. = C,-0; 
Cia. + C.Dj-O; 

Equating determinant of this system to zero, we find 

Fig. 5.25. Forms 
of oscillations of 
a homogeneous beam 
with hinged sup¬ 
ported ends. 

flf-tf-o. 

Substituting here values B and D. from 

(5.110), after simple transformations we will 

obtain frequency equation 

shMUntf » Ol 

Since shkl / 0, frequency equation takes the 

form 

slatf-a 



Roots satisfy to equality 

UmmM* (S—I, 2,...)1 

(3.113) 

Substituting expression (3.113) into formula (3.88) for k, we deter- 

mine 

or taking into account (3.5) 

Analogously there are determined natural frequencies of thrusts 

for other conditions on supports. Calculation of multispan thrusts 

with one or several supports in the middle part and thrusts with 

elastic supports is somewhat more complicated than in the given 

example. Calculation formulas are practical for all possible condi¬ 

tions on supports of thrusts of aircraft (helicopter) control, and 

necessary data on values of magnitudes E, J, m for pipes applied in 

aircraft construction are presented in reference books. 

Of practical value usually is the first tone of oscillations of 

thrusts. Therefore, in most cases, there are limited by calculation 

frequencies of fundamental tone, which, to a considerable measure, 

simplifies the problem of resonance calculation of control lines. 

3.9. Natural Frequencies of Power Installations 

If one were to consider a motor with its assemblies as an 

absolutely rigid body, attached with the help of an elastic weight¬ 

less frame to an aircraft (helicopter), where mounting lugs of frame 

are absolutely nondisplaccable, then such an oscillatory system in 

o 

1K3 

» j 



general possesses six decrees of freedorr. (forward dlsplaceaents In 

the direction of three axes x, y, z and angular displacements ¢, 
J a-o.t the same axes) and, consequently, has six frequencies and * 

forms of natural oscillations. 

In a case of six degrees of freedom, equation of frequencies 

will te of the sixth order and full calculation of natural oscilla¬ 

tions presents considerable difficulties. However, In many cases 

fu .. a- os il.atory system possesses one or two planes of symmetry. 

During one plane of symmetry a system of six differential equations 

la broken up into two systems of three equations, correspondingly, 

for symmetric (in plane of symmetry) and antisymmetric (perpendicu¬ 

lar to plane of symmetry) forms of oscillations of motor. In this 

case, d.termlnatlon o.' natural oscillations is considerably sispll- 

fled. 

In many cases It is necessary to ensure only safety of propul¬ 

sion systems with respect to appearance of resonance. Consequently, 

in such cases the basic problem is determination of frequencies of 

natural oscillations and there is no need for determination of forms 

of oscillations. However, knowledge of forms of natural oscillations 

is necessary when carrying out laboratory strength tests of frames 

of motors and during appraisal of influence on power installations 

of dynamic loads appearing during flight in bumpy atmosphere, during 

landing# etc. 

Frequer: y of natural oscillations can be easily determined if 

one her»- to assume that oscillations of power installation are 

serarate. Separate oscillations take place if center of gravity of 

power installation is combined with center of rigidity of elastic 

system of bracing of motor (frame and damping). If center of gravity 

liil 



und center of rigidity are not combined, but are on axis of symmetry, 

then will occur two-connected oscillations. If center of gravity is 

not combined with center of rigidity but they both lie in plane of 

symmetry, then oscillation will be three-connected. 

Usually natural oscillations of propulsion systems are three- 

connected. However, thanks to selection of shock absorbers and con- 

•truction of frame. It is possible to achieve the location of center 

of gravity of power installation and center of rigidity of system of 

bracing on the axis of symmetry or in the plane of symmetry, and 

sometimes combinations of centers of weight and rigidity and, conse¬ 

quently, separation of oscillations. The latter is very useful, 

since during separate oscillations it is possible by simple means to 

change any' natural frequency of oscillations for removal of resonance 

without changing, besides, magnitude of other natural frequencies. 

In the absence of such separation, oscillations will always be Joint, 

and change of one frequency of natural oscillations involves more or 

less considerable change of other frequencies. 

For approximate determination of frequencies it is possible to 

use formulas of separate oscillations: 

where k k , k are rigidities of bracing of motor (frame and damp- 
x ^ z ing) in direction of axes x, y, z; 

Rx# K.» R_ *re rigidities of bracing for torsion about the 
S same axes x, y, z; 

f is frequency in oscillations per minute 



Frequencies snd forms of na-.urel oscillations of power Installa¬ 

tion one can determine experimentally, directly on the aircraft 

(helicopter). 

Oscillations of Prooeller Blades 

Schematically it is possible to consider a propeller blade as 

a revolving beam of variable section. Change of twist along radius 

of blade and noncoincidence of centers of weight and centers of 

rigidity of sections of blade during calculation of natural oscilla¬ 

tions Is usually disregarded. This makes It possible to consider 

s€\i:a e oscillations of bend and torsion of blade. 

ior nor ro‘ &tin£ blades it is possible to use the same equations 

(3.99) and (’.ICC) which were applied during determination of natural 

° 11:a'lons or Let us consider flexural oscillations of blade 

in p.ar.e of least rigidity (in direction of thrust of blade). We 

will consider that angle of incidence of blade in equilibrium state 

iß close to zero (usually in section on relative radius r - C.7). 

Equation of natural flexural oscillations of blade in field of cen¬ 

trifugal forces has the fora 

where 

(3.114) 

jK'. 0 is deflection along radius of blade; 

£/, is least flexural rigidity of blade (in 
direction of thrust of blade); 

r is radius of section of blade; 

Is linear rass of blade* in the common case 
variable in radius of blade; 

is mass density; 

f(r) is area of cross section of blade, variable 
in radius; 



•»v-v fmFrdr is centrifugal force of element of blade 
. In section from r to Rj 

r la radius of propeller* 

Equation (3.114) differs from equation (3.82) for a beam by the 

presence of a second member considering influence of centrifugal 

force. 

If one were to assume o - 0# then equation (3.H1*)# constituting 

equation of motion of a revolving blade, will take the form (for non¬ 

rotating- blade) # coinciding with equation (3.62). 

Knowing condition of bracing of root of blade, it is possible 

to comnose boundary conditions, and the problem about natural oscil¬ 

lations of blade will be completely determined. For aircraft pro¬ 

pellers with rigid sealing of root, boundary conditions have the form 

(%101)l 

r—p«0i y'«= 
r-Ä (3.115) 

For carrier or steering helicopter with horizontal, hinge, boundary 

conditions have the form 

r—a y-a £7,/-a, 
r—fc Ejy - 0. (f/tfY * o. (3.116) 

Equation (3.92), jointly with boundary conditions (3.11^) or 

(3.116), determines natural oscillation for nonrotating blade, but 

equation (3.114) with those same boundary conditions determines nat¬ 

ural oscillation of blade In field of centrifugal forces. 

Centrifugal forces render essential influence on natural oscil¬ 

lations or blade. Centrifugal force tries to return blade to Its 

middle position and by this increases rigidity of system, which thus 

Is composed of two magnitudes - flexural rigidity k4,lex and rigidity 

• * »a. 
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^cen creatcd toy centrifugal force during rotation of propeller. If 

one were to consider a blade as a system with one degree of freedom, 

having mass m, and suspended on two springs with rigidity k-, and 
* XfSX 

kcen# then frequen?y of such a system is 

(5.117) 

Natural frequency of a revolving blade also can be represented 

in the form Here p is natural frequency of nonrotating 

blade, possessing rigidity EJ^ and mass m, in general, variable In 

raiius. This frequency can be found from equation (3.82). Further- 

aore, it can be experimentally determined directly on propeller 

nounted on aircraft (helicopter). 

Magnitude pcen constitutes correction for influence of centri¬ 

fugal forces and is equal to natural frequency of chain not having 

flexural rigidity in field of centrifugal forces. If dimensions of 

propeller hub are negligible as compared to length of blade, then 

A--. (3.118) 

i»e., natural frequency of such a chain is equal to angular velocity 

of its rotation.. Formula (3.118) is valid for any law of distribu¬ 

tion of masses. This formula is completely valid If configuration of 

system Is not disturbed in the absence of one of rigidity. Real 

blade during rotation is deformed as compared to its configuration 

In the absence of rotation, and therefore formula (3.118) gives only 

approximate value of frequency. This approximation is considered by 

coefficient at 

(3.119) 



Exprese ion (3.119) is obtained by means of simple reasonings 

for a blade represented In the form of a system with one degree of 

freedom. The same result would be obtained if one were to solve 

equation (3.114) during corresponding boundary conditions. For this, 

as usually, y(r, t) is presented in the form 

ffc O-J /i(')Xa/i(0k (3.120) 
4*1 

then it is substituted into equation (3.114) and, solving the equa¬ 

tion, frequency of natural oscillations is found by the formula 

(3.121) 

Thus expression for frequency of any tone of natural oscillations 

of an elastic blade (in the plane of least rigidity) in a field of 

centrifugal forces it is possible to record in the form, analogous to 

expression (3.119)i 

(3.122) 

For r.>'I :.y attached blades i - 1.2, ..., for blades with hinged 

bracing 1 - 0, 1, 2, .... 

In equalities (3.121) and (3.122) first members determine nat¬ 

ural frequency of nonrotating blade: 

(3.123) 

a 

and second members Influence natural frequencies of centrifugal 



forcea; coefficientß in formula (3.122) have value 

a 

i*?* 
(3.12*) 

Calculations of hinged and rigidly attached blades differ little 

from each other. Essential peculiarity of the problem about oscilla¬ 

tions of a hinged blade is the presence of zero tone, connected with 

the possibility of turn of blade as a solid body around hinge. Zero 

lone of natura* oscillations (i - 0) corresponds to pendular oscilla¬ 

tions of blade. Pendular frequency of a nonrotating blade is equal 

to aero (p0 - 0), and for a revolving blade, due to action of centri¬ 

fugal forces, is pQ - u>. All other tones of natural oscillations of 

a blade (1 - 1, 2, 3,....) are connected with its elastic deforma¬ 

tions. 

Oscillations of propeller blades in plane of the biggest rigid¬ 

ity (in plane of rotation) in the absence of rotation are described 

by the same equation (3.82) for natural oscillations of a beam dur¬ 

ing corresponding threshold conditions. Equation of natural oscilla¬ 

tions of revolving blades in plane of least rigidity has the fora 

(£A*T —•HVjt')' - ••six + m'x -a (3*1?5) 

re EJ2 Is the biggest flexural rigidity of blade (in plane of 
rotation)j 

- x(r# t) is oscillation of blade in plane of greatest rigidity 
in distinction from its oscillations in plane of 
least rigidity y(r, t); 

Wa is centrifugal force of element of blade; 

cd mx Is expression considering action of component of cen¬ 
trifugal force, appearing due to noncoincidence of 
direction of its action [on radius from axis of ro¬ 
tation of propeller with elastic axis of blade during 
its oscillations about drag hinge. 



In this case also applicable are boundary conditions (%115) 

and (3#li6), but in the presence of damper of the drag hinge In 

conditions of (3#ii6) one should take at r - 0 y - 0, EJ^y" ■ 

Natural frequencies of oscillations of a blade in pltne of 

rotation are determined Just as natural frequency of oscillations of 

a blade in plane of least rigidity. However, due to presence of 

third member in equation (3*125), relationship between natural fre¬ 

quencies of flexural oscillations of a blade in planes of rotation 

and thrust Prot and pth will be the following! 

Due to this, formula (3.Í22) for the case of oscillations of a 

blade in plane of rotation will have the form 

+ (3.126) 

Natural frequencies of flexural oscillations of a nonrotating 

blade pj^ and coefficients a1 in this case are determined by the same 

formulas (3*123) and (3.124), but form of oscillations f^r) and 

rigidity have to correspond to oscillations of a blade in plane of 

the biggest rigidity; P0 - p~ / 0 at cu - 0 (caused by presence of 

elastic element in construction of drag hinge). 

Coefficients a^ in formulas (3*122) and (3.126) depend on angle 

o* ins.a*^a-ion oí t.ade, Calculations show that if angle of instal¬ 

lation of blade qp is equal to zero approximately in section r ■ 

- 0.70-0.75, then twist of blades shows little on results of calcu¬ 

lation. In this case it is possible to disregard it and to consider 

separate oscillations of blade in plane of least and in plane of 

the biggest rigidity. If qp / 0, then oscillations in both planes 

it is necessary to consider as connected, and calculations are strongly 
• ....-1 * *t*.j 

4 *»« * 
X / 1 



complicated* 

Torsional oscillations of blade can be calculated similarly. 

They have comparatively hifih frequencies. For natural frequencies 

In pl*r.# ef 1 «jt rVlrty In pinn* f ftraat'St riyljlty 

R'volmcna if prep.iUr 

Fig. 5.24. Typical graph of charge in 
natural frequencies of flexural oscil¬ 
lations of blade of helicopter rotor. 

variant — blade with bad frequency 
responses, 2nd variant - blade with im¬ 
proved frequency responses. 

of torsional oscillations of blades the same dependence is valid 

(5*122) as for bend oscillations in plane of least rigidity. Only 

during calculation of natural frequencies, instead of form of flex¬ 

ura* oscillations f(r) is taken form of torsional oscillations $(r) 

(5*105). 

If purpose of calculation is the determination of natural fre¬ 

quencies of oscillations, then frequencies can be calculated for a 
i.., t 

»»rotating blade with correction for influence of centrifugal forces 

by formulas (3.122) and (5*126). In these formulas coefficients a. 

ITC 



can be calculated or taken approximate?,^ from results of calculation 

of other blades* • 

Influence of centrifugal forces on natural frequencies it is 

possible to see from Pig. 5.24, where parabolas constitute change 

of natural frequencies with change in revolutions of propeller, and 

straight lines are harmonics of exciting forces. 

I 

/ y 
> 

\) 
y.V Ai 

I V fi « (U ~ M W 

Forms of 
oscillations (in 
plane of least rigid¬ 
ity) of blade of ro¬ 
tor of helicopter 
without rotation and 
in field of centri¬ 
fugal forces. - 

#revolutions are equal 
to zero, ---- opera¬ 
tional revolutions 

r - £ relative radius 

of section of blade. 

Fig. 5#2ó. Dependence 
of frequencies of nat¬ 
ural oscillations of 
blade of steering pro¬ 
peller of helicopter 
on angle of installa¬ 
tion. 1st variant — 
blade with bad fre¬ 
quency responses, 2nd 
variant - blade with 
improved frequency 
responses. 

. Centrifugal forces render 

also an influence on forms of 

oscillations, especially for low¬ 

est tones. If for helicopter 

rotor distance from axis of rotation to hinge is Zh - 0, then zero 

fon of oscillations is a straight line. If ih / 0 (usually lh/R . 

- 0.05-0.10), then form differs from straight linej there is created 
I 

. certain break In fora of oiclllatlon« for hlnse (rig. 3.25). 
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Analogous breaks in form of oscillations are possible in places of 

drof. in rigidity of blade in radius,. Changes of form of oscillations 

of blade in a field of centrifugal forces especially strongly show 

on diagrams of bending moment and, consequently, on distribution of 

•tresses on radius of blade, inasmuch as in their expression enter 

derivatives from function of deflections of blade y(r, t) and x(r, t). 

Influence of centrifugal forces is stronger the lower the tone of 

oscillations and the less flexural rigidity of the blade# Due to 

this centrifugal forces show less on forms of oscillations in plane 

of rotation than in direction of thrust, since flexural rigidity of 

of rotation is usually considerably larger than in 

direction of thrust. Forms of oscillations of blades in plane of 

rotation (in plane of the biggest rigidity) differ little from forms 

of oscillations of a nonrotating blade. Forms of oscillations of 

blades in plane of least rigidity during relatively small flexural 

rigidity, as this occurs for carrying rotors of helicopters, depend 
• 

little on their elastic properties and almost completely are deter¬ 

mined by centrifugal and inertial forces. Due to this, iniluence 

is strengthened of concentrated loads and drops in rigidity on forms 

of os illations in a field of centrifugal forces. This in turn leads 

to considerable increase of stresses on blades at places of distribu¬ 

tion of concentrated loads and sharp change in rigidity. 

At amll angles of incidence of blade virtually separate oscil¬ 

lation* are accomplished in planes of least and biggest rigidity. 

Durin*, turn o, b.ade oscillations In both planes become connected, 

where due to change in rigidity of blade with its turn, frequencies 

of oscillations of blade change. 

011 ^26 *re represented frequency characteristics of blade 

of »teering propeller of a helicopter. Shaded sections of diagxaa 



f 
} 

constitute limits of change in frequency of exciting forces in the 

range of working rpm of the propeller. With increase in angle of 

installation (pitch of propeller) frequency of lowest tone of Joint 

flexural oscillations of blade (with degrees of freedom! bend in 

direction of thrust - bend in plane of rotation) essentially drops. 

Second tone of Joint oscillations, conversely, increases. Tais is 

connected with the fact that with increase in angle of installation 

o* blade in one plane, rigidity decreases (in plane of rotation), 

in the other it increases (in direction of thrust). 

Besides the shown factors, oscillations of blades can be affected 

by torsional rigidity of propeller shaft. Usually this influence is 

B»a~*. Calculation of torsion of shaft is complicated by the fact 

that torsionax rigidity of shaft is not always known beforehand. 

Therefore, during experimental determination of natural frequencies 

of propeller blades, one should establish on aircraft (helicopter) 

or simulate these conditions in a laboratory. 

Natural oscillations (frequency and fora) can render an essen¬ 

tial influence 01 loads appearing in blades due to proximity of res¬ 

onance with frequencies of disturbing forces. Therefore, a study 

of characteristics of natural oscillations of blades and their ra¬ 

tional selection can essentially improve operational condition of a 

propeller on an aircraft (helicopter). 



CHAPTER IV 

STATISTICAL METHODS OF ÜT/ESTISATTKO THE ACHON 
OF DYNAMIC LOADS ON A STRUCTURE 

Liât of Designations Asçearlnr în Cyrillic 

M - In - Input 

Mi ■ out - output 

rp - Id - load 

* - r - rigid 

«ar » bend - bending 

KOJt/ceK* osc/sec 

Kpeftc- cru - cruising 

J- lef - left 

if/pa a - m/rad 

n/ccKa a/sec 

■ ■ rou « roughness 

np - rt - right 

paA/M- raJ/m 

cm » sec 

♦ * f • fuselage 

H.T qr - CG (eg) • Center of Gravity (center of gravity) 

■ - Idg • landing gear 

0 • 

a. # o 



Pyrmalc loads of structures sre of two types: 

a) rare.y act!-- loads of considerable magnitude, provoking large 

stresses In the structurs: time of action of such loads Is commensura¬ 

ble with the period of lowest tone of natural elastic oscillations 

of the structure or less than it; 

b) frequently repeating loads, the magnitude of which Is small. 

The first type of dynamic loads includes, for instance, aircraft 

loads appearing In gusts of air in a turbulent atmosphere and during 

shan maneuvers, and loads, appearing during takeoffs and landings. 

Dynarrdc loads of the second type cause different forms of forced 

oscillations of aircraft structures (vibrations). 

dynamic loads acting on an aircraft depend on a large quantity of 

.«tors, the combination of which has a random character. For instance, 

loads during landing of an aircraft depend on the actions of the pilot, 

on weather conditions, on the lift-drag ratios of the aircraft, the 

character of the airport surface, the quality of shock absorption of 

landing gear, and several other factors. In a turbulent atmosphere 

the exact form of a gust is always indefinite to some extent. The 

Influence of gusts on an aircraft has a random character. A random 

character is also carried by the majority of forms of oscillations 

of a structure in flight and during motion on the ground. 

If, however, we consider the totality of a large number of ran¬ 

dom loads, it will appear that average results reveal stability in 

their own way. 

The study of the regularities of random processes is the subject 

of mathematical statistics. 

The basic concepts and methods of mathematical statistics which 

are used d.rlng the analysis of dynamic processes are set forth below. 
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4.1. Thf Concept of Probability. 

Probability Distribution Function» 

Let ua consider a siasple experiment of tossing a coin. Let us 

assume that the favorable event A will be tails. In the first N 

event A happened v times. Number indicating how many 

times given event A happened, is called the frequency. Frequency of 

A la called the ratio of v/N. It is obvious that 

(4.1) 

Experiments indicate that upon increasing the number of experi¬ 

ments the frequency v/N of define! event A tends to a certain more or 

less constant value. An illustration of this circumstance could be 

Fig. 4.1, where the dependence of frequency v/N of the occurrence of 

"tails" on the number of tosses of the coin is depicted. 

■ft* stability of frequency for a large 

volume of tests, repeated under identical 

conditions, has been known for a long 

time. There are foundations to assume 

that for any occurrence A, connected with 

a random experiment, one can determine 

such number P at which the frequency of 

appearance of event A with large repetition 

of the experiment will be approximately equal to P. This number P is 

called the probability of event A. In accordance with relationship 

(4.1) It Is clear that 

If event A Is Impossible, then P - 0. If, however, A is a reliable 

.Pig. 4.1. Graph of the 
change of frequency with 
Increase of the number of 
experiments. 



«▼•nt, then P - 1. 

A» example of t random variable we shall consider force S, 

measured ln an element of an aircraft design. Let us assume that In 

the first measurement we obtain the value of force S1# In the second 

S9, etc., and In the n-th measurement S • 
* n 

On the graph along the axis of abscissas we shall plot magnitude 

S, and along the axis of ordinates we shall plot the probability of 

the fact that the force does not exceed the value of S ■ x. This 

probability can approximately be determined with the help of frequency 

summation of all values of forces less than or equal to x. Let us 

designate It P(S * x). The curve obtained In such a way, F(x) - 

■ P(S s x) (Fig. 4.2), Is called the curve of Integral probability 

distribution. 

It Is obvious that Integral distribution function F(x) Is a non- 

decreasing function of x and for It the following relationships are 

valid: 

P(—00)-0jwfi. 

The derivative at point 

--W. 0.?) 

If It exists. Is called the probability density or the probability dis¬ 

tribution function of the random variable. Any probability density 

w(x) Is non-negative function and the Integral from It within the 

Halts of (-cd, -*cd) Is equal to one, l.e., 

J .(44-1. (».3) 

Distributions occur In two types - discrete and continuous. 

Random variable x Is called a magnitude of the discrete type If 

it can take a finite or Infinite denumerable set of values, l.e.. 
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»uch a «et# the elements of which can be numbered In any order and 

written out In sequence x2, ..., xn. Dlacrete quantltlea are 

for Instance the number of landings of an aircraft, the number of 

shots, etc. 

•Fig. 4.2. Curve of 
Integral probability 
distribution. 

Distribution of discrete random variable 

X will be completely determined If one Indicates 

for any value of v(v - 1, 2, ..., N) the proba¬ 

bility Pv that X takes the value of xv. Since 

the probability that events x1# x2, ..., xR 

will take place Is equal to one. 

The Integral distribution function F(x) is then given by the 

relationship 

rw-H*. •«»- £ ?.. 
%*»• I*-*) 

where summation Is extended to all values of index v, for which 

^ s X. Thus, F(x) Is a step function equal to a constant In any 

interval without point x^ and having a Jump of at every point x^. 

Distribution of the discrete type can be graphically represented by 

a step curve (Fig. 4.3). 

.Fig, 4.3. Graph 
of step curve. 

In the measurement of loads we investigate, as 

a rule, the continuous random variable, i.e., the 

variables which can take any value in one or several 

assigned Intervals. For continuous magnitude X the 

distribution function F(x) Is continuous (see 

Fig. 4.2); probability density w(x) - F»(x) exists 

for all values of x. 



In this esse 

Probability is equal to zero at any xy# if X takes a particular value 

Of Xy I 

ftr-jg-a 

If magnitude X takes a value belonging to a finite interval 

(xi' *2^ then ln äCCor4llnce with (4.5), the probability is 

-J*(»)<£,. (4.6) 

Obviously, % 

m J 9{»)du m I. 
«■Mi 

Distribution of a continuous random variable can be represented 

by a graph of dlatrlbution function F(x) (see Fig. %.2) or a graph of 

probability density of the given distribution w(x) (Fig. 4.4). 

I (♦•S) 

'••s» Characteristics of Distribution. 
Mean Values and Kcacnts 

In the Investigation of a random variable 

It is Important to know its value, around which 

Jig, 4.4. Curve of ** the main mass of probabilities. From 
probability density. .. .. 

the graphic point of view It follows to represent 

the probability distribution In the form of corres*ending masses on 

an axis. The sum of all masses is equal to one. Analogous to the 

center of weight of the masses, in mechanics the concept of mathemati¬ 

cal expectation M(X) is Introduced. Let us assume that the experiment 

is concerned with events x^, x^, ..., xn, and let us assume that 

*1* *2' •••* Pn tre the probabilities of these events. The mathemati¬ 

cal expectation or mean value of the magnitude is the sum of 



(*•7) *<*>-£**. 

which It the weighed mean of magnitude x, v:here by the scales are 

probabilities Py in points of concentration of mass. If with contin¬ 

uous random variable X the frequency of its values in an interval 

from x to x «f lx is approximately equal to w(x)ax and the value of 

magnitude X in this interval is approximately equal to x, the mean 

value is equal to M(X) * where summation is extended 

through all Intervals of Ax. In the limit when Ax - 0 we will obtain 

the exact formula for the mathematical expectation: 
a 

Integrals 

(4.8) 

••-J «■»(*«« (.-mi...) (4.9) 

are called the- first, second, third, etc, moments of distribution 

function la conformity with values of v - 1, 2, 3, .... The first 

moment corresponds to the mean and la designated m. 

Integrals 

(4.10) 

•re called central moments. Py factoring (x - m)v, we will find the 

relationships between moments and central moments: 

P.-* 

P»*a» —4»*, 4®«^t —3«'; 

Mean magnitude ■ is in its own way a measure of the "position" of 

variable Xj Ita concept is equivalent to the center of gravity of 

****** which are distributed along an axis in proportion to probability. 

(*.il) 



Second central moment u2 give* *n Idea on how far the value* of th# 

variable.are distributed with respect to the mean value.* This concept 

la analogous to the central moment of Inertia with the Indicated dis- 

tributIon of mass. 

Second moment 

a»— J (*-*)*w(«M* 
(4.12) 

la called the dispersion of the random variable. 

As a characteristic of scattering. It has been accepted to con¬ 

sider a magnitude of the same dimension as the actual random variable 

which la called the standard or mean quadratic deviation. Is designed 

bjr a, and Is taken to be equal to the nonnegative root of Ug1 

• -I'n“ K »i- . (*.13) 

4.3. Normal Distribution 

The most frequently encountered distribution Is normal dis¬ 

tribution, the Integral function of which has the form 

(4.14) 

Corresponding normal probability density Is 

(*.15) 

Graphs of normal distribution functions are shown In Fig. 4.5. 

The mean value of this distribution Is equal to zero and the mean 

quadratic value of random variable X, corresponding to It, is equal to 

one. 

Random variable X Is considered to be normally distributed with 

parameters m and a if Its integral distribution function F(~ 11 ) is 

determined by the formula 

* * do. 
(4.16) 
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where a end m are conatenta (a > 0). 

Then the probability denalty Is 

•w"TFfî ^-17) 
It la easy to check that m la 

-Fig. 4.5. Graphs of functions the mean value and a Is the standard 
w(x) and F(x) for normal dis¬ 
tribution. deviation: 

(4.18) 

Magnitude m shows the displacement of curve w(x) along the axis of 

abscissas without change of Its form, while a change of magnitude a 

causes a change of the scale along both coordinate axes. 

Figure 4.6 gives the normal distribution curves for different 

values of a. The smaller a is, the closer the values of X are con¬ 

centrated near point x - m. 

Analysis of the conditions of appearance of 

normal distribution shows that it Is observed 

in all cases when the random variable character¬ 

izes the total effect of a large number of Inde¬ 

pendent causes. Therefore, normal distribution 

is frequently encountered in practice. 

In certs In phenomena there predominates the 

influence of one independent magnitude and dis¬ 

tribution has an asymmetric character. Such 

distribution can frequently be approximated by the logarithmically 

normal law of distribution (Fig. 4.7), when v « ln(x - m). In this 

case the distribution density is 

of normal distri¬ 
bution with dif¬ 
ferent values of 
a. 

ÎS4 



logarithmically nor¬ 
mal distribution. 

[<■ u—«»—«i* „, _ ... 

-(x)-—-„kf. * " • 
« 

where a it the lower bound of possible values 

Of X. 

During the analysis of experimental data 

for the determination of m and a it is expedient 

to apply the graphic method. On the graph it 

is very easy to note the deviations of experimental points from theo¬ 

retical the dependence if this dependence has a linear character. For 

obtaining a graph of normal distribution in the form of a straight 

line along the axis of ordinates we take probability scale in # cor¬ 

responding to the linear scale of argument u (Fig. 4.8). Ordinates P 

are calculated by the formulas 

where 

/>»O(u) + 0,5 ) u>0; 
P m 0.5 — <P(u) Í u < 0, 

• t* 
C (u) m ~ L. j e * dv. 

(4.20) 

Fig. 4.8. Curve of 
normal distribution 
in probability scale. 

Along the axis of abscissas we take the 

linear scale of the random variable. Paper 

with the probability scale drawn on it is 

commonly called probability paper. On such 

paper we plot the points of the experimental 

data in the form of accumulated frequencies: 

where v. is the sum of frequencies of observa¬ 
tions of values from 1 to x.; 

N is the total number of observations. 
3-- 

Then through the points we draw a straight line corresponding to nor¬ 

mal distribution. 



X 

Fig. ^.9. Curve of logarlth- 
aically normal distribution in 
logarithmic probability scale. 

Magnitude of mean m is determined 

oy u*e value of x corresponding to 

the problem P « 50#. Standard devia¬ 

tion 0 of distribution can be esti¬ 

mated by the distance LD _ between 

- 12 
points corresponding to probability 

of P1 - 10* and P2 - 90*, from the 

relationship a - Lp p /2.56. 
*1*2 

The graphic method of estimating 

the mean value and mean quadratic 
« 

deviation of »1 n’uaber of observations 

with (laultaneoua check of the normality of their dUtrlbutlon require» 

•mailer expenditure» of time than with the uie of the u»ual calculation 

methods. 

In asymmetric distribution a functional acale can be applied 

along the axis of abscissas. For instance, with the scale along the 

axis of abscissas log x, the logarithmically normal distribution will 

have the fora of a straight line (Fig. 4.9). 

Correlation, Correlation Coefficient 

During the analyala of various kinds of loads It is frequently 

r.f eaaary to clarify their dependence on certain parameters. For 

random variables the concept of correlation is introduced. By cor¬ 

relation we mean auch a connection of random variables when to each 

value of one variable there corresponds a probable value of another 

variable, with respect to which the observed values can be distributed 

according to some law of probability distribution. The nearer the 

obaerved values are to the probable value, the more defined Is the 



dependence between the variables or, in other word*, the atronger the 

correlation between them. 

If both variables absolutely do not depend on one another, the 

correlation between them is absent. Correlation can be both linear 

and nonlineart and exist between two, three, and larger numbers of 
• • 

variables. 

For deteraination of the equation of correlation dependence the 

method of least squares is applied. 

Let us consider the determination of the correlation dependence 

for two variables x and y. 

Assuming the connection to be linear, we determine it in the 

form of a dependence between Ay and Ax* 

A*— * - 

*9-9- 
(4.21) 

where mx and m^ are mean values of variables x and y. 

It Is necessary to select coefficient a in equation Ay ■ aAx in such 

a way so that the sum of ^(¿0^ - Ay)2 (where are the observed 

values of Ay) is minimum. 

The condition of Minimum with be 

(4 «) 

whence 

• • 

- -r 2« £ A*/ - a 
#•» 4-1 

and consequently, 

—• 

ï*î 
«•i 

is? 

(4.23) 



The proximity of the experimental points to the obtained dependence 

la characterized by the correlation coefficient 

• (».24) 

where Is the standard deviation of observed values of ^ from the 

values*of ¿y . aAx: 

r 
\ 1½ - if,»1 

t i 
(♦.25) 

_ * 

fly is the standard deviation from the mean value of y: 

The maximum value of p is equal to unity when 5-0. This corresponds 

to the situation when all the observed points lie on the straight line 

Ay - a\x. The minimum value of p Is equal to zero, which corresponds 

t0 5y " Jy* When P * 0 the linear correlation !s absent. However, 

there can exist some form of nonlinear correlation. 

Usually for calculation of the correlation coefficient we use a 

somewhat different dependence. 

Let us convert expression (4.25)i 

ï- V {l¥t . aXc,)*- 
4-1 

T £ 4 

V‘ >-■ ,T, ) 

Further, »ub.tttuttng etpreislon (4.23) Instead of a, we obtain 

(4.26) 

(M (4.27) 

«-i 
— j 
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Placing expression (4.27) In formula (4.24),, we find 

S- m i-i 

} 
••ib 

I 
( 

(4.28) 

\/i«i vf 
*•1 4-1 ^ 

Considering the denominator In expression (4.28) as a normalizing 

factor, as measure of correlation It Is possible to take the magnitude 

Analogous to this, by applying the method of least squares, we can 

find the form of the correlation for three and more variables. 

4.5. Random Processes 

In the practice of Investigating the peculiarities of aircraft 

loading we free ly encounter random variables which vary In time 

or with respect some other parameter, i.e., they are functions of 

this parameter, lusts of air in a turbulent atmosphere, loads during 

motion on the ground, and so forth, art examples of auch functions. 

In this case In every moment of time t the magnitude x(t) Is not 

determined from conditions of the problem, but takes random values 

which are distributed according to the laws of probability. 

A function whose value at every given magnitude of the Indepen¬ 

dent variable Is a random variable Is called a random function. Thus 

a random function can be considered as an Infinite totality of random 

variables depending on one or several continuously changing Indepen¬ 

dent variables. 

As a result of experiment a random function can take specific 

forma which are commonly called the realizations of the random function 
t -r-r -r-r- . .. 

or the possible value of the randem f’inctlon, aa for example the 

recording of pulsations air turbulence (Fig. 4.10). «-: 
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Tig. 4 .10. Recording of pulsa¬ 
tion* of air turbulence. 

It 1* ooaalble to show that a 

large number of recording* of ob*er 

nations have been made in analogous 

condition* which form an ensemble 

or event*. let us number these 

recording* by x1(t), x2(t). 
• • • $ 

x^t). It i* possible to fora the following statistical averages of 

the first, second order, etc: 

- 7l*iW + t|(0+ ... 4-*«(/)]; 

**<0- jKWt^W + ... (^-29) 

Let u. assume that x(t), x?(t), ... tend to defined limit, when N - œ 

then these limiting values xfà, ... constitute the averages 

with respect to the ensemble of a random process. Analogous to this 

it is possible to form the averages, which Indicate the inner bond of 

the random process in time: 

__ , » 
*</)«(< + t)-hm - V*4(/)4tff r 

l-l 

* (01 (/ + td... a (I f t J • Jim IJ ^ J, + 

These averages are called the ensemble averages of correlation func¬ 

tions of the random process x(t) 

A fun »ututlc«! description of ■ random process requires aver 

ages of all orders. 

Another type of average is the concept of the time average. For 

the first and second order these averages in the Interval of time 2T 

have the form 
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The limiting vtlu«i*of x(t)T and x2(t)T# when T-»od, wa «hall designate 

by x(t) and x2(t). If tha time averages at sufficiently large T do not 

depend on tQ and T, then x(t) Is a stationary function. For a sta¬ 

tionary random process the probability distribution function does not 

depend on displacement of reading along the axis of time. 

In the case of a stationary random process the time averages will 

be equal to the ensemble averages and, therefore, there Is no necessity 

for the stationary process to distinguish the time average and the 

ensemble average. 

The stationary character of a random process can be ascertained 

in the following way. Let us assume that we make a series of record¬ 

ings (oscillograms) of a random process. If as a result of treatment 

of the oscillograms the obtained averages of x(t), x^(t), and 

x(t)x(t t) turn out to be the same for any moment of time t and 

any fixed value of t, the process is stationary. If, however, the 

averages depend on moment of time t, for which they are determined, 

the process Is non-staticnary. 

Random functions, which are functions of time, usually are called 

random or stochastic processes. 

4.6. Correlation Function 

For a stationary random process x(t) the correlation function R(t) 

can be determined from the relationship 

Ä(t)-«(!)*(/T-»-Hm-V r-m sr (4.32) 
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The physical meaning of the concept of correlation function conaietr 

of the following. The correlation function ‘determine« a certain aver¬ 

aged connection between values of the random function which are dis¬ 

tant from each other at a defined interval t, i.e., characterize» the 

mutual connection of x(t) and x(t ♦ t). 

If t ia aufficiently amall, the interconnection between value« of 

x(t) and x(t ♦ t) la great and the relation of R(t)/R(0) la cloae to 

unity, i.e., at «mall value» of t the probability that the value of 

function x(t - t) hardly differs from the value of x(t) la cloae to 

unity. With the Increase of t the component, which la determined by 

the initial value« of xf attenuate«, the connection between magnitude» 

x(t) and x(t ♦ t) weakens, they become mutually Independent, and func¬ 

tion R(t) tends to zero. Thua, at sufficiently large t the probability 

that magnitude x(t + t) will hardly differ from magnitude x(t) is 

practically equal to zero: 

Let us consider certain properties of the correlation function. 

1. Tíie correlation function R(t) of a random function with 

mean value m » 0 for sufficiently large t tends to zero: 

When m / 0 llm|R(T)| • m2. 
T-O 

Figure 4.11 give« the approximate form of the correlation 

function. 

2. The initial value of R(0) of the correlation fur.- .on R(t) 

is equal to the mean value of the square of the random function and, 

therefore, is essentially positive: 
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3. Correlation function R(t) It an even function of t* 

*<T) (♦.35) 
Actually, 

- *(i + t)i<0 - x‘j)x{t -1)- P(_ 4 

*. The values of correlation function H(i) at any value of t 

never exceed ita Initial magnitude R(0), l.e., 

(4.36) 

For proof of this relationship we shall consider the inequality 

l*W±*«f + T)l*>0 

or 

Taking the time average from both parte of this inequality and consid¬ 

ering relationship (4.34), we obtain relationship (4.36). 

If function x(t) contains a random function 

with a periodic component auperlapoted on It, 

tha correlation function will alto contain a 

periodic component with the tame period and 

• h4Ve thc depicted In Fig. 4.12. How- 

Fig. 4.11. Approxl- ev«r, the correlation function does not contain 
mate form of corre¬ 
lation function. information about phases of the process. For 

an example we shall find the correlation function for the case of 

understanding the term "correlation function" as simply the result cf 

application of the operation expressed by Integral (4.32) to the 

function x(t)i 
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*(t) — llB^ f o* sin («< r f ) sin (W + «t -r)J/ -. 
If 

"f" 77 7 f [co»«t —co»(2«f + «f-f 2f)¡ J/ — 

liB * fcmm-. - JL : ?y^ ^ni?,r- ;T„ 
r—* I If I 

" t 

Fig. 4.12. Fora of 
corrtlation function 
of a procesa having 
a periodic component, 

(t)-correlation 

function correspond¬ 
ing to the random 
component of func¬ 
tion x( t ). 

Sometimes (usually in those cases when x / 0) 

it turns out to be convenient to introduce 

into consideration the standardized correla¬ 

tion function 

rrt-(jr •> - 
j*—3» 

(^.37) 

It is obvious that p(0) - 1. 

4,7. Spectral Density 

As it la known, absolutely integratable 

functions f(t), l.e., functions satisfying 

the condition 

J /to* < ». 
can be represented in the form of a Fourier integral 

/</)- J (^-38) 

where 

m 

Function F(la>) is called the Fourier transform or the complex spectrum 

of function f(t). 

We aha* , v r.s^der a stationary random process x(t) for which the 
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mean value m la equal to zero. We shall "truncate" function x(t) In 

auch a way thrt It la equal to zero outaide the Interval (-T, T). The 

truncated function will be deaignated as xt(t)# i.e.# 

• —*(/) when f *i T; % 

*r(0-0 at all remaining values of t. » (^.39) 

We ahall define the concept of apectral density S(u)) as the Fourier 

transform from correlation function R(r): 

m m 

aw-"rf-. i jff(,(».‘to) 

Consequently, 

Jaw^a.-JLJsHcwa. (‘‘•'•i) 

For proof of this transformation we use the concept of current 

•pectrum X^(laj) which Is the Fourier transform for function x,j,(t)î 

—J MriDe-^dt J XriOe ^ dr 
-• -r 

Then 

a,M- ] *»•-*■*--L j j <r(n . 

X»r(/ +')<«—jy J ¡w1' xr (/ f t), 

where 

r -¡7 J *r{')KrU + -.)dt 

(4.42) 

Conducting transformation in expression (4.43) and considering that 
* 

XT(tæ) signifies a complex number conjugate with X(iu)), l.e., 

% 
—Xr(-w)> J (»•»» 

193 



we obtain 

JrM- J *rW<—^(4.45) 

Considering that the function R^t) Is even, 

• • 

J *,We-*- * - 2 Ji/t - 2 jfirW cos «•: tR (4.46) 

Consequently 

SfW- 2j«/(.)e-' •Jt- -L |Xr(,«)p. (^.^7) 

As the spectral density it Is possible to consider 

sH-lw(4.48) 

Let us stop on certain properties of spectral density. 

If R(t) is monotonlcally diminishing function.of t, S(aj) is also 

s :tí r t r !ca..y dlaiinishlng function of uj. The narrower function 

R(t) Is, the flatter and wider function S(o>) is. If R(t) tends to 

zero during a very short interval of time A, then S(u>) keeps approxi¬ 

mately a constant value up to a frequency of the order of 2tt/a. Such 

a spectrum S(ui) is frequently called a white spectrum. A limiting 

tase, when S(a>) ■ const, corresponds to the absence of any correlation 

between subsequent values of x(t). 

I. 34 * f.ns a maximum at a certain frequency and possesses 

symmetry with respect to this peint, the correlation function will 

have the character of damped oscillations with frequency œ . 

If x(t), in addition a random component, contains a periodic 

component with frequency o^, the spectral density S has discontinuity 

at the point o> - cü0. Correspondingly, if x(t) / 0, the function S(u>) 

w‘ * ' fmVf> a discontinuity in the origin of coordinates, i.e., when 



(^.49) 

Th«re exists the relationship 

i-.J-jswa. 

Thl« relationship can be obtained in the following way. 

We have 

y \d>* « y Xr(—‘im)Xr(iim)dmMm f Xr ( — im) 

m 

ém J s,{ß)e 
(^.50) 

or, changing the order of integration. 

Thus, 

J ï *r(0dt J Xr(-i«)r^J- » 

-J. J MfiOd/. 

m r m 
J <«*- J «í(0d/ 

(4.51) 

(4.52) 

Dividing (4.52) by 2T, with sufficiently large values of T it is pos¬ 

sible to write 

J-îrfw*- (4.53) 

Since In certain cases magnitude x? gires an estimate of energy 

or power, then sometimes 3(a)) is called spectral power. Element S(u>) duo 
—£ ".. 

gives competent x from ccm onents of frequencies lying in a rang** 

from eu to cd + deu. 

4.8. Analysis of the Action o Lifrr amlc Loads 
on a tincar System 

During the dynamic action of an external load a considerable 

Influence on the character and magnitude of forces in elements of a 

structure is rendered by the elastic oscillations of the structure. 



An «pp roxi ca te solution of the problem concerning the action of 

dynaniic lca<?s on a structure can be obtained by two methods: 

a) divide the entire aircraft structure Into n sections having 

assigned mass moment of Inertia and elastic constraints of 

defined rigidity connected between themselves. In this case the prob 

lea is reduced to integration of a system 2n of second order dlfferen 

tlal equations, since for each of the sections It Is possible to com¬ 

pose two equations, one of which will describe forward motion of the 

1-th section, and the other. Its rotation: 

b) taking into consideration a limited number of natural vibra- 
• 

tion nodes of the aircraft, reduce the solution to the problem of a 

system with a finite number of degrees of freedom. With the known 

modes of f^z) the forced oscillations of the structure can be repre¬ 

sented by a system of equations of the form (3.95): 

It Is usually sufficient to consider the first four modes of elastic 

oscillations. 

Ttius In both cases this problem is reduced to the solution of a 

system of second order equations with constant coefficients, l.e., to 

the investigation of a linear system. 

Mechanical Conductivity of a System 

, Let us consider the solution of a second order differential 

equation (3.30) in complex form. Let us designate FQ - P^m and pre- 

•ent the periodic force In the fora of F - ?0*ía>í. Then th. .olutlon 

of the equation can be written In the fora of 

1‘JS 



where 

A^ulu« Z(iw) - V + am plus« an^f 

Magnitude Z(lu>) Is called the mechanical Impedance of the syatea 

described by equation (3.J0). Reciprocal Hl(<u) . la called the 

mechanical conductivity of the system. In our example 

The solution (4.55) of equation (3.30) can be written in the form 

of 

lima the reaction of a linear system to a perturbing force, which 

la variable according to harmonic law, is obtained by multiplication 

of the perturbing force by the magnitude of mechanical conductivity. 

If systems, whose individual Impedance is and Z2, are connected 

in series, the resultant impedance is 

It, however, the systems are connected in parallel, the resultant 

Impedance will be determined from the relationship 

J—L+JL 

or the resultant mechanical conductivity is equal to 

Since the differential equation la linear, the superposition 

principle is valid, i.e., if the right side of equation (3.30) has the 

fora of ^ ♦ F2 - Fio®la)t ♦ f2oel?tA)t# the »option can be written in 



form of 

I# WfPW II* 

*»-£;+ïk, (4.56) 

In more general fora this principle can be represented If the right- 

aide of thé equation Is assigned a Fourier aeries: 

*0- ¿ 

Then 

fW— V c. 
(^.57) 

where Cn are Fourier coefficients. 

Further generalization of the principle consists In that F(t) Is 

expressed with the help of a Fourier Intergal: 

where 

(*.58) 

Ulen 

1^= J /«-) 
(^.59) 

Transition Conductivity of a System 
and Impulse Response 

Let us consider the reaction of a linear system to a certain form 

of perturbation. A simple example of a perturbation function Is the 

unit step function l(t) which Is determined In the following way (Fig. 

4.13): 

IW-0 for /<0: 

MO — ^ for/ —0. 

MO —I for# >a 

(4.6C) 

Such a function can be obtained as the limit of a properly selected 

200 



(4.61) 

Pig. 4.13. Graph 
of unit ftep func¬ 
tion l(t). 

cortinuou* function (lee Fig. 

Actually if we limit ouraelves to the considera¬ 

tion of the main values of a many-valued function 

(4.6l) in the interval 

I 
9 

then 

If the step point shifta from point t - 0 to point t ■ t (Fig. 

4.14), the step function is recorded in the form of Ift-T). 

The reaction of a physical system to the unit 

step function is called the transition conductivity of 

the system A(t). Let us find the reaction of a linear 

system to the unit step function. Let us consider 

the equation 

» + (4.62) 

under the initial conditions t - 0, y - y - 0. 

The general solution of this equation has the form of 

f — ~ -f C,tin/«f -f C,cos pf- 

-r 

-Fig. 4.14. 
Graph of unit 
step function 
i(t-T). 

Using the initial conditions, we find that Cj - 0 and C0 - -JL. con- 

P2 
sequently the transition conductivity of the system (Fig. 4.15) is 

*<*)(I-c»aoilh (4.63) 

The unit step function causes a sudden Jump which Is equal to two. 



l.e.# dynamic coefficient X • 2. 

Of large value In the analysis of oscillatory systems Is the reac¬ 

tion a system to the c—function* which may be considered as a deriv¬ 

ative of the unit step function. With the exception of the point where 

t - 0, the derivative from l(t) Is equal to zero. For determination 

of the 6-function we shall consider the derivative from a corresponding 

continuous function (4.6l): 

The 6-function 6(t) may be considered 

as the limit of continuous function ö(t, a) 

when a -• 0: 

• (0 —limó (/, •) mm lim -iiilJL . 
—It 

Consequently, the 5-functlon Is equal to zero 

when t / 0 and Is equal to Infinity when 

t • 0# since 6(0, a) - With the decrease of a the peak magnitude 

increases (Fig. 4.16), but the area limited by the curve 5(t, 5) remains 

equal to unity independently of a? 

J ê</. i)4 « I. 
For the 6-functlon the following equality is also valid: 

as . J •(/)*-!. 
If the 6-function Is considered as being shifted along the axis 

of abscissas in point t - i, it is recorded in the form of &(t-T). 

Frequently the 5-function Is written in the following form: 

Fig. 4.15. Transition 
conductivity curve of a 
linear system with one 
degree of freedom. 



(4.64) 

*(/ — ■') —o i*m t + T, 

Ha ^ó(l-x)dl-l. 

Kt«) 

Re»pon§e to the 6-functlon la called 

the Impulse reaponae h(t). Aa an 

example we shall consider an equation 

of the form 

f—i,—o-*«/<-«(•>(* 
} (‘••es) 

0 C 
Integrating equation (4.65) from 

-e to a* where e Is a small number. 

we obtain 

(4 66J 

Wie first Integral can be converted In the following way: 

i ra-îhîL.- 
•Ince . o. 

The second Integral of (4.66) tends to zero, since In the vicinity of 

t ■ 0 y Is a finite quantity, l.e., [y| < M and the Integral Is limited 

by magnitude 2Me, which tends to zero In the limit when e 0. Conae- 
• 

quently. In the limit, relationship (4.66) will take on the form of 

(«L“l 
Therefore, the Initial equation (4.65) will be equivalent to the sys¬ 

tem of equations 

P + PV-O. 
f — 0; f “ I. f ■ (P 4-V 
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the «olution of which h*« the form of 

Between the traneltion conductivity of the •ystem and the Impulse 

reaponse there takes place the relationship 

Duhamel Integral 

Let us consider the reaction of a linear system to the action of 

a force F(t) which Is arbitrarily variable in time. Function F(t) 

can be approximately represented in the fora of the sum of step func¬ 

tions (Fig. 4.17a). As an independent variable we take the magnitude 

Fig. 4.17. Geometric representation of 
the Duhamel Integral by the step function 
a) and 5-function b). 

The reaction to the step function with ordinate AF(t), applied at 

the time t ♦ At, Is determined by the expression 

Af</)-A/(*.M (/-(-.+ At)|. 

The reaction to the entire totality of step functions from t - 0 to 



T ■ t Is found on the btsls of the superposition principiei 

«-« 

f </> - f (OM (0 + V AF (tM If - (t -r 1,)\ - 

«-• 

. -/(0)4(0^)| It. 

t-i 

Passing to s definite Integral when At -• 0, we obtain 

1(0-/(0)4(0 + 1^4(1-0^. (4.67) 

Partially Integrating, we reduce expression (4.67) to the follow¬ 

ing form: 

»(0- - jV(t) ± Ait-4+.. (4.68) 

or 

« 

/(0-^(-)4(^-^ (4.69) 

where 

4(i-t)-iliL=.?. 
m 

Integrals in formulas (4.68) and (4.69) are known under the name of 

Duhamel integrals*. 

Calculation of relationship (4.69) can be made by using the ¢- 

functlon and impulse response h(t-t). The sequence of calculation is 

graphically shown in Fig. 4.17b. 

Reaction of a Linear 3ystem to 
Random Perturbation 

We shall determine a relationship with help of which it is possible 

to conduct an analysis of the reaction of dynamic system« to random per¬ 

turbations. 
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ReUtionihip (4.69) for a stationary process (in thia case the 

perturbation act* all the time) can be written in the form of 

i 

f<0- J (4.70) 
• • 

Expression (4.70) will not change if Instead of t we put the upper 

Halt of integration equal to -he, since magnitude h(t-x) obviously is 

equal to zero for a non-negative argument. Therefore, for t < t < 4<e 

the intergra.\J expression also equal to zero and consequently, 

as iw- J Fwm--.)*. 
•• 

Introducing the variable o - (t-i), we obtain 

fW- J (^71) 
Using relationship (4.71), we can find the correlation function of 

the output magnitude 

*</ + «)*(/)<#. (4.72) 
-r 

Putting expression (4.71) in formula (4.72) and introducing a* into 

expression y(t -p t), we obtain 

r • • 

tw-^llni-L j* J/- 
(^.73) 

rîf JlMa ~ J f (/- .)f (/ + - - ,'idt 

31nc. the po.ltlon of Interval 2T In the etatlonary function doe* not 

affect the remit, by putting t* - t - o, we can obtain 



JS;*î7 f t-odf- 
"" -r 

j’f f "f (» +/—O)^ + >— •'). ^ 

,Putting formula (4.74) In expression (4.73), we obtain the relatlon- 

■hlp between values of Input Rln and output RQut correlation functions: 

• as 

*-<'>- J J *(J)A(OÄ«(- + *-(4.75) 

tA more Important dependence Is the relationship between spectral 

densities of Input Sln(u)) and output signal Sout(aj). This relationship 

can be derived by using the dependence 

Substituting (4.75) In (4.76), t.e find 

4-W- J J 
* m m “J I (♦•T?) 

• m 
Jt - J J i/,' J 

The first two integrals of expression (4.77) are determined by the 

reaction of the linear system to the input value of unit amplitude 

which varies according to sine law and Is effective for a prolonged 

Interval of time. Therefore, the integrals are connected with mechan!- 

cal conductivity H(lo>) by the following relationships: 

J â(Oe-*~ ¿I - f à(OJ.. _ f A(/_ t)*'»*-«</■:» 
¿ A i (4.78) 

« 

-*■** f #-4((- t)* - «(,.) 
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and 

(♦.79) 

Putting expressions (4.78) end (4.79) In equation (4.77) and consider- 

Ing that 

J *f • —O^*1*4'*“0* - $«(•). 
we obtain 

S—W//(1.)//(-,.) 5^(.) 

or 

fc.W-|W(,.)|«S.H J4>80. 

Expreaalon (4.80) shows that spectral density 3 .(u) of the sig¬ 

ns. at tha-outlet of a linear dynamic system is equal to the square of 

mechanical conductivity HUo) multiplied by spectral dens. 3 («) of 

the signal at the Input. 

4.9. Reaction of an Aircraft to Suata 
oT Turbulent Hr- 

Single Gust 

For determination of loada appearing during gusts a number of 

simplifications are made, and the perturbed motion of an aircraft in 

tn.s aae is considered as the motion of a system having only one 

degree of freedom, l.e., vertical movement y. The equation of motion 

will have the form of 

where m Is the mass of the aircraft; 

y Is the lift of the aircraft. 
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ÀMuming that the speed of the gust Is a function of time W(0, the 

expression for lift Y can be written in the following manner* 

Y 
J^ÍT+Í) 

(4.02) 

Introducing the parameter 

equation (4.8l) may be represented in the form of 

under initial conditions y - y - c, when t - 0. 

Let us consider the case of the action of a step gust: 

r(0-rr f>«t » 
rw-n .<* j (*.8*) 

In this case equation (4.83) has the form of 

»+*»-*■» (4.85) 

Introducing the intergrating factor e**, we obtain 

£(*“)-try. (4.86) 

Integrating equation (4.96) and using the Initial conditions (4.84), 

we obtain 

»W-r.(r—-u 

Secondary integration gives 

(4.87) 

(4.88) 

This is the expression of transition conductivity of an aircraft under 

the Influence of a gust on it. From it we obtain 

f-MT/-". (4.89) 

Putting the value of X in formula (4.89)# for Increase 0-force we 
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obtain 

« i'.“- 
(^.90) 

In rhls case [aee forsul» (1.41)] 

Pig. 4.18. Graph of bend- 

Wlnd Ker.d.rjuc la the =^1 
lmu.-n magnitude of bending 
moment of the wing of a 
rigid aircraft). 

Maximum G-force increment when 

t - 0 will be 

- jC/V 
QS (^.91) 

Using the Duhamel Integral we can obtain 

expression for y(t) with any law of 

change of V(t): 

f(0 
i 

» J |r *•»-*»- 11 «it. 
(4.92) 

since In this case the Impulse response 

is equal to 

AiO-r-*'- I. 

For further verification of the calculation it is necessary to con 

alder the action of a gust on an aircraft taking Into account the elas¬ 

ticity of the structure. As an example Fig. 4.18 gives curves of 

relative change of bending moment of a wing for rigid and elastic 

alr-raît taking into account the transition processes of aerodynamic 

loading. As can be seen, the tending moment of the elastic wing con¬ 

siderably differs from the bending moment of the rigid wing. 

Cyclical Gusts 

In a turbulent atmosphere an aircraft is usually subjected to the 

influence of gusts which follow directly one after another (cyclical 
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gusts). Therefore, it is necessary to consider the Influence on an 

aircraft of cyclical.gusts with a frequency equal to the natural fre¬ 

quency of oscillations of the aircraft wing. In this case the action 

of three or four consecutive gusts practically leads to resonance 

aaf 11 tule of oscillations (during damping). There is then a consider¬ 

able Increase of bending moments of the wing and loads from concen¬ 

trât«- 1 weights (engines, fuel tanka, and others) as compared to the 

static action of a slfigle gust of the same magnitude. 

P'a*tlon of an aircraft to a gust depends on the length of the 

gust. Ve can find the length of a gust at which the reaction of the 

aircraft will be the least. This value of length is found in a 

defined relationship with wing chord. 

Ousts of small length (as compared to chord) are "averaged" by 

the wing, and the aircraft practically does not react to them. Ousts 

of great length have a small gradient of build-up of V and correspond¬ 

ingly their Influence on the aircraft is also small. Knowing the mag¬ 

nitude of length of a gust (wave length L) and speed of the aircraft, 

re an determine the frequency of Influence of a gust on the aircraft 

It is obvious that frequency grows in direct proportion to the speed 

of flight. 

If the speeds of flight of an aircraft are small, and the natural 

frequencies of the wing are relatively high (more than 10 oscillations 

per second), the phenomenon of resonance does not appear, since the 

frequency or action of gusts usually at small s:eeds of flight are 

relatively small (less than 10 oscillations per second). 

In contemporary aircraft, due to the Increase of speeds of flight. 
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there is an Increase in the frequency of action of gusts, and with a 

lowering of frequency of action of gusts, and with a lowering of fre¬ 

quencies of natural wing oscillations to 1-5 oscillations per second 

there appears a real possibility of resonance (Fig. 4.19). 

TTie magnitude of maximum ampli¬ 

tude of wing oscillations during 

cyclical gusts depends on magnitude 

W and on the da:r ing of oscillations 

of the wing. The influence of gusts 

on an aircraft Increases approximately 

in direct proportion to the speed 

of flight. However, the magnitude 

of damping of oscillations also 

Increases. Due to this the maximum 

bending moments of the wing from the 

action of cyclical gusts cannot be 

on the maximum, but on a certain 

average speed of flight. 

4.10. Spectral Characteristics of 
Turbulent Atmosphere " 

Processes occurring in a turbulent atmosphere are random. There- 

f°r<?, ^ expedient to apply statistical methods to the investigation 

of aircraft loads during gusts of turbulent air. The function of 

change of speed of gusts in space can be represented as a random 

function. 

During the study of continuous turbulence it is assumed that the 

atmosphere in a defined zone of altitudes is isotropic, i.e., the 

Jig. 4.19. Deper4 :e of the 
frequency of infl :e of gust 
on the speed of f__nt. and. 

L? - limiting values of length 

of gusts. 
KEY: (a) Range Vcru; (b) 1st 

tone of symmetric bending oscil¬ 
lations of wing. 



components of «peed of puleatlcn« cf air on three coordinate 

exea are Identical In the statistical reapect. 

Correlation functions for Isotropic turbulence of the atmosphere 

have the form of 

#,(0)* t.. 
w 

‘'(I-—). 

(^.93) 

correlation function R^r) characterizes the statistical bond between 

components of speed of gusts which are found at distance r measured In 

the direction of the speed of flight, l.e., the statistical bond of 

horizontal components of gusts; R^fr) characterizes the statistical 

bond between components of speed of vertical gusts. Constants L1 

and Lp carry the name of turbulence scales and are equal to the areas 

under the standardized curves of correlation: 

.» ti(u> .» a, (O) (*.94) 
• • 

These magnitudes characterize the duration of the correlation between 

gusts. 

Subsequently we shall consider the statistical characteristics of 

oruy vertlca* gusts, since they are the determining ones for loads on 

an aircraft during flight in a turbulent atmosphere. 

From relationships (4.93) there can be obtained an expression for 

spectral density of speed of vertical gusts: 

5(0) ^5(0) (4.93) 

2r 
where Q - is the space frequency; 

L Is the length of a wave of gust, 

213 



The character of the curve of spectral density la approximately 

Identical for different atmospheric compositions. Therefore, it la 

expedient to expreas the function of spectral density of gusts through 

the mean quadratic velocity of gusts and the function characterizing 

the change of 3(fl) in apace frequency; 

(4.96) 
« (i + fi*i4) 

Figure 4.20 shows the form of curves of standardized spectral 

density for a different magnitude of 

The fora of curve 3(Q) in the region of frequencies 0.C1 and above is 

very close to the dependence 

(4.97) 

* 

*'■ r< ~ '® a constant which depends on the intensity of turbulence of 

the atmosphere. 

Experimental measurements of spectral 

density give a dependence which is close 

to expression (4.97) (Fig. 4.21). Mag¬ 

nitude is connected with the meteorolog¬ 

ical parameters of the atmosphere. 

During the analysis of the influence 

Fig. 4.20. Curves of the of •tiao®P^cric turbulence on an aircraft, 
spectral density of air 
gusts. as «rgument of spectral density is 

expedient to use angular frequency, since 

it determines the frequency-response curves of the aircraft. It is 

obvious that to ■ »IV and correspondingly. 

# 

SH-Ustsv 
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Fig. 4.21. Theoretical 
arid experimental spectral 
curves of atnospheric 
turouience. 

Then 

(4.Q9) 

4.11. Reaction of an Aircraft to 
the^Random Influence cT- 
a Turbulent Atacsphere 

Let us examine the action of vertical 

perturbations on a rigid wing of constant 

chord b, moving In a turbulent atmosphere 

with velocity V and having freedom of move- 

• ment only vertically; amplitude of movement will be considered small 

as compared to chord. Under these conditions the change of the angle 

of attack of the wing will be 

We shall assume that the pattem of turbulence does not change 

during the Interval of time when the consl lered partible of air passes 

a distance along the profile. Then W r^y be expressed in the form of 

r-*(‘-7) (*-99) 

(Axes of coordinates are considered fixed to the wing, i.e.# the turbu¬ 

lent formation as if moves past the wing with velocity V). In this 

case the equation of motion of the wing It can be written In the form 

of 

(4.1Û0) 

where /(W) Is the lift appearing during the action of a gust with veloc- 
ity ii(t); 

Y(y) Is the lifting (damping) force caused by the motion of the 
wing. 



Taking linear dependences for small perturbations. It is possible 

to analyze separately Y(W) and Y(y). 

Spectral density of a vertical gust of turbulent atmosphere, 

determined by formula (4.98), may be written in the form 

$*<•)- ̂  AI±m 
r «V o + IV* (4.101) 

víhere £ - — 
V 

ov la the mean value of the intensity of the gust squared. 

According to formula (4.82) 4he spectral density of lift la 

where Hy(uj) la lift conductivity during a sinusoidal gust. 

Spectral density of wing accelerations is 

(4.102) 

5.<•)-(«•)IH,(<•> JS*(.). (4.105) 

where Hn(lo)) la acceleration conductivity during sinusoidal lift. 

Consequently, the problem of determination of the reaction of a 

wing to the influence of a random function of gust is reduced to the 

investigation of H (icu) and H (lo>). 
* 

If one considers that the vertical component of gust is determined 

with the help of the expression 

*(V>-"V r\ 

which shows that the sinusoidal gust moves with respect to the wing 

with velocity V, the lift for a wing of unit span during the influence 

of gusts on it with the velocity 

Y - (4.104) 



where k Is the given frequency: k 

_i__ 
i + ia * 

Consequently, lift conductivity during s gust is 

*,<*•) - »pwxn 

The wing conductivity during sinusoids! lift is 

(*.105) 

_J_»_ 
c?*S '(l + MA + SO-Sif* 

(4.106) 

where k^ c 
m . 

irpSb ’ 

0 and IF are correspondingly the real and imaginary parts of 
the function C(k), considering the change of wing 
lift during its transient motion. 

Figure 4.22 represents the change of F(k) and G(k).# 

approximate integration. 

From formula (^.106) one can determine 

i //. (*) i-’- /_i_ y-*_ 
\*&l «t^-rGM-r r ft,»* 

(4.107) 

According to formula (4.49) the mean value 

of the square of accelerations is 

? HJ.. (4.109) 

The exact integration of this expression is 

hampered; however it is possible to execute 

considering that 

fGI<0.2. Jf|<l mu4^301,130. 

A good approximation to relationship (4.107) will be the expression 

t i^ft*1959 Introduction to the theory of aeroelssticity, Fiz- 
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for the qu&si-stationary case; 

Designating 

, * 2 
* “ T7 • a -- 2L 7(1+*,» 

and putting expressions (4.101), (4.105), and (4.109) in formula 

(4.108), we ottain 

/- —r il. J_JL±ill ^ 
»•-rt* li-2n7j (H-6V 

Designating the integral in this expression by J(a# 7), we obtain 

p 
T) (4.110) 

The character of change of J(a, 7) is shown in Fig. 4.25. When 

7 — 0 or 7 — ao J(a, 7)-0, and consequently y2 — 0. This means that 

if the scale of turbulence becomes negligible or infinitely large as 

compared to wing chord, the intensity of acceleration of the aircraft 

will tend to zero. This is possible 

to explain also from the consideration 

of the influence of gusts on the wing. 

If the scale of turbulence is small as 

compared to chord, the influence of 

gusts is averaged. On the other hand, 

if wing chord is small as compared to 

the scale of turbulence, the G-forces 

of the aircraft will be Insignificant. 

In order to compare formula (4.110) with the usual expression for 

G-force during gusts of turbulent air (4.9i), we shall perform an 
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additional transformation. Considering that usually > 50, It Is 

possible to put (1 + kc) » *c. 

Then 

ë •"€ r e 

or, taking that 2r - c\ we obtain 

QfS 

(4.111) 

Comparing the expressions obtained above for Ln with expression 

(1^41), It is possible to see that they are Identical with an accuracy 

of factor which may be called an "easing of the gust." The 

presence of a maximum of J(a, depending on parameter k^. Indicava 

the fact that the aircraft reacts to the scale turbulence which Is 

commensurable with chord. This explains a rather Interesting experi¬ 

mental result which consists In the fact that the distance of the gust 

gradient Is more closely connected with wing chord than with meterolog- 

Ical conditions. Thus, the earlier Judgement Is confirmed about the 

fact that on high-speed aircraft the coincidence of frequency of 

action of gust with the natural frequency of the wing of the aircraft 

became posslbl.. 

The Influence of a gust on an elastic aircraft. During the analy¬ 

sis of the Influence of a gust on the structure of an aircraft It Is 

necessary to consider the Influence of deformations on the magnitude 

of forces In a given section. In this case the mechanical conductivity 

of the aircraft Is determined by taking Into account the elastic 

deformations of the structure. For each section of the wing (fuselage) 

there will be Its own function of mechanical conductivity of the 
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«tructure H(io)) with respect to the influence of gusts of turbulent 

air# A large influence on magnitude H(ia>) is rendered by rotation of 

tha aircraft, which is considerably determined by the characteristics 

of atablllty of the aircraft. 

Functions of mechanical conductivity are determined by means of 

calculation or experimentally on dynamically similar models. Knowing 

the function of mechanical conductivity with respect to force Q H^(iu))# 

one can determine spectral density SQ(ci>) for a given section of struc¬ 

ture from the relationship 

*<•)-1$*<•). 

Hence one can determine the average of the square of forcea; 
«» 

$*(•)<** 

.112) 

(*.113) 

Fig. 4.2¾. Approximate 
form of the function of 
mechanical conductivity 
and spectral density of 
bendln« moment. 
KEY: (a) input charac¬ 
teristic of atmosphere; 
(b) mechanical conduc¬ 
tivity; (c) output: bend¬ 
ing moment of wing. 

Figure 4.24 give« •pproxlrate graphe of /Hq(1o))/2 and S (u>) for the 

root eectlon of the wing of a transport aircraft, constructed for the 

•pace frequency fl - —. 
L 

*.1?. In^uence of Dynamic Leads Appearing During Takeoff 
and Landing on tr.c Structure of an Aircraft 

Above we considered loads on landing gear during takeoff and 

landing, assuming that the aircraft atructure was absolutely rigid. 
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In an elastic aircraft, part of the kinetic energy changes into strain 

energy of the aircraft structure. Fast change of loads during land¬ 

ing (during 0.1-0.5 eec.) excites the natural oscillations of the 

•tructure of lower tones. During the analysis of loads during landing, 

aerodynamic damping may be disregarded. 

Let us consider a simple diagram of an 

aircraft which consists of a fuselage, wing, 

and two loads on its ends (Fig. 4.25). 

Along the axis of the aircraft during 

landing there is developed a force 

& tr* 
■Fig. 4.25. Diagram 
of a model of an air¬ 
craft with loads on 
the wing. 

(4.114) 

where n 
max is the maximum 0-force during landing; 

0# 0-, 0.. are correspondingly the weight of the aircraft, fuse¬ 
lage, and load: 

G^Gj+iGip. 

It is easy to see that the model has two degrees of freedom and 

possesses the following forms of motion: 

The form of motion of a solid 

/.«n-l. /,(0-1. *-0; 

The form of motion of an elastic body 

/,(0) 
2G 

«• * 
/,(0* I. A, 

m 
20* Gr, 

where k is the rigidity of the wing (the wing is considered to be 

weightless ). 

We shall determine the transverse force on the wing Q around the 

internal side of the end load. 



We •hall coapoie equation* for the time function r(t)i 

Tranaverde force Q lay be expressed by acceleration: 

(4.116) 

Placing the expression» for r1 and r2 In formula (4.116), we 

determine 

¢(0 " + /(0)cos »j/ + J CO*•,(! — ->rfrj. (4.117) 

If the force which la acting on a landing gear »trat can be expressed 

by the dependence 

/(0-slnw. 0 l<~; 

/(o-a l> -. (4.118) 

the transverse force la 

0(0 - G.j 
- — mw I 

"“RlrJ0 '1 (4.119) 

Figure 4.26 show» the change of load for an elastic and rigid 

aircraft during landing. The load during oscillations of the struc¬ 

ture in the first tore increases 1.6 times as compared to the load of 

the rigid structure. In the calculation of several modes of oscilla- 

3 ^ an actúa, aircraft the increase of load can be considerably 

larger. 

Oscillations of the structure during landing are caused not only 

by vertlca. forces, but also by the frontal and lateral forces of the 

landing gear. Oscillations of the fuselage in a lateral direction. 
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.Fig. ^.26. Compari¬ 
son of loads In the 
end section of the 
wing of an elastic 
(1) and absolutely 
rigid (2) aircraft 
during landing. 

furthermore, are caused by the moment from the 

difference between frontax forces of the right 

and left struts. 

Figure 4.27 shows the approximate change 

of tending moments and (with respect 

to the nose and tail sections) of a fuselage 

during landing. Oscillations of aircraft struc¬ 

ture during landing lead to a considerable 

increase of loads on the fuselage, wing, engine 

frame, and other parts of an aircraft. Usually 

the biggest increase of Inertial loads Is observed at the end sections 

of the wing. 

Figure 4.28 gives the distribution of relative O-forces along 

the fuselage length during landing. 

During motion on the ground (takeoff run, landing run, and taxi¬ 

ing) an aircraft experiences the action of alternating loads caused 

by the local roughness of the airport and non- 

inlfcrm braking of the wheels. With the 

Increase of speed, while crossing the same 

roughness, the leads are Increased In proper- 

tlcn to V ; however, a constant load on a 

wheel due to the appearance of wing lift alao 

decreases In proportion to V^. Therefore, 

the biggest loads on landing gear are obaerved 

at a speed which la equal to 0.6-0.8 of the 

takeoff or landing speed. 

With the Increase of speed of the aircraft 

there la an Increase In the frequency of action 

Fig. 4,27. Character 
of change of forces 
In a fuse lege during 
landing. - rigid 
aircraft, - elastic 
aircraft. I 
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of piîi.es of roughr.eas in proportion to speed. Spectrum of frequencies 

of osclllttion» of an aircraft structure during takeoff and landing 

contains basically the first 3 or 4 tones of natural oscillation*« 

For an analyals of loads during takeoff 

and landing it is possible to use methods 

of generalized harmonic analysis. Loads 

during the takeoff run, landing run, and 

taxiing may be considered as a random 
Fig. 4.29. Distribution 
of G-forces along the process. 
length of an aircraft. 

Loads experienced by an aircraft during 

landing (the first shocks) can be approximated by the sum of an average 

typical curve of the load and the random perturbations. In this case 

it is possible to consider separately the reaction of the aircraft to 

an average load, and then to « random perturbation. 

In order to apply the method of generalized harmonic analysis, 

the roughness of the airport must be represented in the form of a func¬ 

tion of spectral density: 

$,(£)_2 f#(jr)cos2jcJx. (4.120) 

where 

« 

Ä(s) - Urn — J y (»J y (t, + ( ^. 21 ) 
—« 

2ir 
ß - -p 1» the "space^ frequency; 

l is the length of a band of roughness; 

y{r\) is the height of roughness. 

For fl > 0.C1 rad/m it is approximately possible to consider that 

the graph of the function of spectral density Is expressed by the 



# 

relationship 

5(2)- 
(^.122) 

where c and n are constants. 

In certain cases It Is possible to take n ■ 2,0. Magnitude C 

depends on the amplitudes of roughness. On the basis of materials of 

inveat.t'at,Ions In the United States for new runways C s 2*10*^ m; If 

c > 6*10 6 a, the runway require» repair, alnce In thla case there 

1» observed a atrong flutter of the aircraft during takeoff, and 

landings. 

Figure 4.29 gives graphs of Srou(n) for one airport In the United 

States and the boundaries of permissible runway roughness.* 

In the determination of loads It 

is expedient to use the function of 

spectral density of roughness: 

1_ 
i 
\ X rJ 

V- • 

1 
i t 1 

i 

J \ 
05 ïj c Qj m 

.Fig. 4.29. Graphs of the 
spectral density cf runway 
roughness. 1} runway; 2) 
taxiway ; 3) permissible 
roughness of new runway; 4) 
permissible roughness after 
prolonged use. 

where cd • flV (V » const Is the velocity 

of the aircraft). 

Then the spectral density, characterizing 

the loads (forces) in seme section of 

the aircraft unit, can be determined 

from the relationship 

S.W-^IÄ.MPS.W (4.1P4) 

where H1(lg(iu>) i8 the function of 

*Jr,}n Ç; Htubolt. Sunw.y Bcughr.««» Studie» in the Aeronatlcal 
1/1 " J* Alr Tr,n*P‘ DlT* ?roc* 3o=. Civil Eng., V. 8T, No. 1, 



mechanical conductivity of the aircraft structure under the Influence 

of external forces on the landing gear. 

Since the characteristics of the landing gear are essentially 

nonlinear, there aprear difficulties in the determination of the 

transfer function. In this case the methods of analysis of random 

processes in nonlinear systems are used. 
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CHAPTER V 

AIRCRAFT VIBRATION 

List of Designations Arpearliy In Cyrillic 

■ - p - propeller 

■ • e « engine 
a6- db 

aon - per - permissible 
o 

*VAm m kc/cm 
- vib/mln 

m*n/cm - vlb/sec 

HH - DOF - Direction of Flieht 

06/4<MM a 

e«n » sec 

♦ - f « fuselaee 

Durine tests of experimental aircraft we frequently encounter 

different oscillation modes of the structure. There arises a necess 

ity to investigate the detected oscillations (for the most part the 

investigations are conducted experimentally). As a result of the 

investigations, measures are developed for removal of lowering the 

level of oscillations or providing reliable work of the structure 

and equipment of aircraft during increased oscillations (vibrations) 
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There ere the following basic oscillation modes on contemporary 

aircraft:* 

a) oscillations appearing during the operation of propulsion 

systems firotor vibration, including vibrations from the propellers; 

b) aerodynamic oscillations connected with the peculiarities of 

air flow around the structure or its individual parts; 

c) elastic oscillations during takeoffs and landings; 

d) oscillations appearing during firing from airborne armament 

on military aircraft; 

e) acoustic vibrations from the influence of noise of a Jet 

engine on the elements of the structure. 

Vibrations Appearing Durlnr the Operation 
of Power Plants fPropulsion Systems) 

Perturbing forces appearing during the operation of a power 

plant are periodic forces, multiple turns of the revolving parts of 

the engine and propeller. Under the action of these forces the 

structure accomplishes-forced oscillations. 

Since the structure is not usually affected by one, but several 

perturbing forces, and all of them in this case are periodic, dis¬ 

placement of the structure y(z, t) under the action of these forces 

constitutes the result of imposition of displacements caused by each 

force (or each component of a complex force) separately: 

5] W •*•(•/ + (5.1) 
*»l 

Oscillations of the "flutter" type are considered in Chapter VI. 



where F^z) is the fora of the forced oscillations in distinction 
from the fom of natural oscillations f^z); 

u>. is the predeterained angular frequency of the perturbimt 
force; 

is the phase ancle of the perturbinc force; 

n is the quantity of harmonic components of the perturbinc 
'force* 

Forced oscillations of the structure are thus determined by the 

spectrum of perturbing forces. Of important value here is the 

relationship of frequencies of natural oscillations pA and perturbing 

forces and the phenomenon of resonance connected with this. Forms 

of forced oscillations F^(z) upon necessity are determined experi¬ 

mentally. 

The perturbing forces appearing during operation of the power 

plant can be divided into two groups! 

1) forces appearing during engine operation and caused by the 

instability of moving masses of the engine; 

2) forces appearing during propeller rotation and caused by 

propeller instability (static or dynamic), the difference in angles 

of blade setting, and also the aerodynamic effect during passage of 

propeller blades in front of the fuselage or wing. 

Frequencies of engine (propeller) vibration always linearly 

depend on engine (propeller) rpm. The order of harmonics of variable 

forces and moments of engines, which may cause vibration of the struc¬ 

ture, is the following! f 

a) for piston engines (PE)! 1», 2», (a is the 

number of cylinders); 

b) for turbojet engines (TJE)î 1*, 2,...; 

c) for turboprop engines (TPE)! 



The order of propeller hannonics for a k-tladed propeller Is 

1% 2*..., k*, mk(m - 2, 

The order of harmonics during the study of engine (propeller) 

vibration is determined with respect to turns of the crankshaft or 

turbine of the engine (propeller turns). 

Vibrations with frequencies corresponding to harmonics marked 

by an asterisk constitute the biggest danger In view of their con¬ 

siderable amplitudes. 

Figure 5*1 shows the dependence of frequencies of engine vibra¬ 

tion on engine revolutions for a re*’ aircraft with piston engines. 

Dependences of frequencies of engine (propeller) vibration on engine 

rpm for aircraft with other propulsion systems are analogous to 

those shown In Fig. 

Figure 5«2 shows typical spectra of frequencies of engine 

(propeller) vibration and natural oscillations of aircraft with 

different propulsion systems. As can be 

seen, the most unfavorable with respect 

to ranges of frequencies of perturbing 

forces are piston power plaints: the 

frequencies from the engine and propeller 

change almost continuously and form a 

region of comparatively low frequencies. 

Table 5.1 gives data on engine vibra¬ 

tion of several aircraft with piston 

engines of 19^2-19^6 vintage. Oscillations 

were measured on the engine, frame, and 

fuselage in three coordinate auces of each 

. The table gives maximum amplitudes on three axes. However, 

Fig. 5.1. Dependence of 
frequencies of engine 
(propeller) vibration of 
a passenger reciprocating 
aircraft on engine revo¬ 
lutions. 



on all francs the oscillations alone axis x practically were absent. 

Power plants of all the aircraft had vibration Insulation. 
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Piß« 5a2# Spectra of frequencies of nat¬ 
ural and forced oscillations of three 
aircraft with different propulsion sys¬ 
tems. np — propeller revolutions, nç — 

engine revolutions, i — frequencies of 
natural oscillations. 
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19^6 Vintage 
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Table 5.1 gives a presentation about the order of rnagnltudes of 

amplitude of engine vibration on aircraft with piston engines. From 

the table it follows that engine vibration is basically experienced 

by the fra-.e and certain other elements of the engine section. On 

the fuselage there appear vibrations with s^all amplitudes (basically 

not over C.l mm) and with a frequency corresponding to the 1st engine 

harmonic. High-frequency components on the structure generally either 

are not revealed during measurements, or 

they have extremely low amplitudes. 

Engine vibration can present serious 

danger usually for elements of the engine 

section and for control rods if they enter 

resonance. For decrease of engine vibration 

the engine is mounted on shock absorbers. 

By the selection of shock absorption of an engine the natural fre¬ 

quencies of the power plant are lowered to magnitudes smaller than 

the operational engine and propeller revolutions and consequently 

the possibility of its resonance is excluded. Due to internal fric¬ 

tion in the shock absorbers there occurs energy dissipation of oscil¬ 

lations, and the amplitudes of oscillations to a considerable extent 

are lowered. 

Selection of corresponding frequency-response curves of elements 

of the structure, in particular the selection of the response curves 

of the control rods, excludes their resonance with frequencies of 

engines vibration. 

On aircraft with TJE engine vibration usually appears in a 

smaller degree than on aircraft with piston engines. This is ex¬ 

plained both by the comparatively high frequencies of perturbing forces 

O'»#» 

Fie* 5*3. Zone of in¬ 
crease propeller vibra¬ 
tions of sides of the 
fuselage of an aircraft 
with TPE. 



(see Fig. 5*2) and also by the absence of considerable unbalanced 

masses of these engines. It has been experimentally established that 

on a number of heavy aircraft with TJE in places located far from the 

engines, in particular on the wing tips, there is practically no engine 

vibration. 

Amplitudes of engine vibration for such type of aircraft, at fre¬ 

quencies which are numerically equal to the number of engine revolu¬ 

tions, attain the following magnitudes: on the engine 0.04-0.13 mm, 

on the engine frame 0.02-0.12 mm, in the fuselage (on supporting mem- 
* 

bers) 0.002-0.005 am, on the wing 0.001-C.002 m^ and on the empennage 

0.001-0.004 mm. Vibrations rfith higher frequencies are practically 

absent. 

Turboprop engines have fixed rpm rates. Due to this, aircraft 

with TPE possess the peculiarity that the frequency of engine vibra¬ 

tion have fixed, predetermined values. They are determined by the 

turbine revolutions of the engine and propeller and are practically 

constant during operation of the power plant on the ground and in the 

air. 

For contemporary aircraft with TPE there sharply arose the ques¬ 

tion about vibrations caused by the aerodynamic Influence of the pro¬ 

peller on the fuselage. The indicated vibrations have comparatively 

high frequency (see Fig. 5.2, aircraft with TPE) and can lead to com¬ 

paratively fast fatigue damage of different elements of the fuselage 

and equipment of the aircraft. Fatigue damages of the skin and 

structural assembly of the fuselage during prolonged use of an air¬ 

craft present a definite danger of destruction due to vibrations, 

especially for passenger aircraft with pressurized fuselages. 

The zone of increased vibrations of sides of the fuselage occupies 



ft section 1.5-2.0 m in both directions from the pl&ne of rotation of 

the propellers (Fi£. 5.3), where the maxima of amplitudes of oscilla¬ 

tions are somewhat displaced alon*; the length of the fuselage with 

the chan/e of the conditions of flight. Distribution of amplitudes, 

shown in Fig. 5.5, is characteristic for all aircraft with TPE. 

Considerable vibrations with frequencies np and knp also occur 

on the empennage, inasmuch as in certain aircraft it is located in 

the stream from the propellers or near it. 

Aircraft with TPE have the same order of magnitudes of amplitudes 

of oscillations with frequency of engine turbine revolutions as pas¬ 

senger turbojet aircraft. 

Thus, of basic value for the structure is engine vibration with 

frequencies ne, Pn^ — on aircraft with piston engines and n — on 

aircraft with TJE; np and knp - on aircraft with TPE. Amplitudes of 

oscillations with these frequencies are relatively small, but they 

act during the entire flight and can be a cause of fatigue breakdown 

of elements of the structure. 

5«2. Aerodynamic Oscillations of Parts of Aircraft. 

Buffeting 

• • 

Variable aerodynamic forces cause oscillations of parts of air¬ 

craft. These oscillations can conditionally be divided into two 

modes, i.e., aerodynamic and buffeting. The first are caused by vari¬ 

able aerodynamic forces appearing in the flow around the structure 

itself by an undisturbed flow; the second are caused by the variable 

aerodynamic forces appearing due to stall in the forward located 

parts. 
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Aerodyrmniic Oscillations 

The foras of the appearance of aerodynamic oscillations, their 

character, and intensity essentially depend on the flight conditions 

and are connected with the aerodynamic peculiarities of the aircraft 

at different speeds and flight Mach numbers. 

Certain properties and regularities of aerodynamic oscillations 

in a defined measure are studied by means of experimental investiga¬ 

tions in flights on existing aircraft. There are oscillations appear¬ 

ing at subsonic, transonic, and supersonic 

speeds, of flight (Fig. 5.¾). 

Aerodynamic oscillations, appearing 

for various reasons at different speeds 

of flight, have one general property; 

the source of their appearance is the 

local disturbance of the streamlined flow 

of different parts of the structure. 

There appear pulsations of pressures and flow rates, which, influenc¬ 

ing the aircraft structure, induce variable aerodynamic for js, and 

under their action the structure accomplishes elastic oscillations. 

Variable aerodynamic forces can change in wide limits both in 

magnitude and also in frequency depending upon the causes of their 

appearance, conditions of flight, and other factors, the exact calcu¬ 

lation o* which is difficult to produce. Essentially these forces 

are random. 

Thus, the problem of investigation of aerodynamic oscillations 

is reduced to the study of the reaction of an elastic oscillatory 

system to the perturbation function of a random process. 

Pig- 5.1*. Graph of the 
change of amplitudes of 
aerodynamic oscillations 
of aircraft according to 
flight Mach number. 
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Random (rtoehastic) processes are studied with the help of cor¬ 

responding statistical methods which allow, through recordings of 

aerodyr.a:r.ic oscillations, to make a conclusion with respect to the 

spectrum of oscillations and probability of achievement of defined 

magnitudes of amplitudes of oscillations. This information has an 

important value when estimating the fatigue strength of an aircraft 

structure, but it can be obtained only on the basis of experimental 

data of measurement of oscillations on a specific aircraft. 

Having information with respect to the characteristics (pressures 

and speeds) of flow, with the help of estimators it is possible to 

rather sufficiently describe the process of aerodynamic oscillations 

under the condition of small oscillations of the structure and in the 

absence of such disturbance of the flow around the oscillating sur- 

îace (stall) at which the dependence between lift and oscillations 

of speed in the flow becomes nonlinear. With non-observance of this 

condition, due to the introduced nonlinearity the calculation of 

oscillations presents a very complicated problem. 

In the usual flight in the absence of stall in the indicated 

sense (when M is from to Mg), i.e., at a speed of flight from 

1#?Vmin *° Vmax' the oscilétions of the structure with respect to 

amplitudes are small (Fig. 5.5). The largest oscillations appear 

during stalls when the determination of oscillations by means of 

calculation is very difficult. Therefore at the basis of the study 

of aerodynamic oscillations we now find experimental methods. 

Aerodynamic oscillations are aeroelastic, since they appear 

under the action of perturbing aerodynamic forces which appear due to 

the interaction 01 the incident flow and elastic structure. 

An example of aeroelastic oscillations could be the oscillations 

A*vit» 
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of a cylinder which is suspended on an elastic spring and streamlined 
'.'S'? uv ,tr xr ! 

by a plane-parallel flow (Fig* 5.6a). At a certain defined flow 

rate there occurs its stall and behind the cylinder there form vortices 

which, converge from its ends with a defined frequency. Frequency of 

vortex stall depends on the geometric dimensions, configuration of the 

tody, and approach stream velocity. In aeromechanics this frequency 

is determined by the relationship 

where Sh is the Strouhal number; 

d is the diameter of the cylinder; 

f is the number of oscillations 

Fig. 5.5. Graphs 
of aerodynamic os¬ 
cillations of a 
passenger aircraft. 

Fig. 5.6. Diagram of the 
appearance of oscillations 
of a cylinder in a flow of 
air. a) diagram of cylin¬ 
der oscillations; b) dia¬ 
gram of vortices in the 
wake of a circular cylinder. 

During vortex formation there appear periodic perturbing forces, 

directed across the flow, which bring the cylinder into oscillatory 

motion. Coefficient of lift, appearing during vortex stall with 

frequency a> - 2vft can be represented in the form 

Cf m ' 

‘ » 

1 



Consequently, the linear aerodynanic force can be written In the 

followine manners 

The natural frequency of a cylinder In a flow of air (see Fig. 

5*6aj approximately, without taking Into account damping, can be 

determined by formula (3.2). The equation of forced oscillations of 

the cylinder in a flow of air will be 

f + * + P>y - _L ( 5.2 ) 

Its form coincides with the equation of forced oscillations (3.30), 

if we designate 

F,*« 1 pV'dc^ — tin mi m j cos W. 

Upon coincidence of the frequency of natural oscillations of the 

cylinder with the frequency of the perturbing force œ there appears 

resonance. Thus in this case, in examining the oscillations of the 

cylinder according to the "pattern of forced oscillations," one 

should expect that with an increase of flow rate V (and consequently, 

the frequency of change of perturbing force œ) the frequency and 

amplitude of oscillations of the cylinder will change approximate 

a- cording to the same law as in a linear oscillatory system during 

the action of harmonic perturbation. However, observations of oscil¬ 

lations of different structures (bridges, metal pipes, steel cables, 

wires, etc.) at various wind velocities indicate that they oscillate 

with the same frequencies, equal to their natural ones. The behavior 

of such structures in a wind flow has a self-cscillatory character. 

The experiments conducted with bodies of cylindrical form In 

wind tunnels indicated that, besides the so-called "Eenard — Kanaan 
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vortices, froa an oscillating cylinder in its extreme positions, the 

powerful vortices stall, having a stalling frequency which is equal 

to the frequency of oscillations of the cylinder, and being the basic 

cause of oscillations of the cylinder. The biggest (with respect to 

amplitudes) oscillations of the cylinder occur across the flow. 

Longitudinal oscillations are insignificant. 

The frequency of vortex stall in a wind stream from pipes and 

other bodies having a cylindrical form, and from cylinders in wind 

tunnels, is almost identical and corresponds approximately to the 

number Sh - 0.2. If the stalling frequency of "Benard - Karman 

vortices" when Sh » 0.2 coincides with the natural frequency of the 

body, its oscillations (across the flow) sharply increase. Such 

conditions of flowing around is commonly called wind resonance. Wind 

resonance can present a large danger for structures. 

If the stalling frequency of breakdown of vortices does not co¬ 

incide with the natural frequency of the body, its oscillations are 

insignificant. 

For excitation of sustained oscillations of a cylinder in a flow 

of air, a defined, "resonance" flow rate is necessary. If after the 

excitation of oscillations we change (decrease or increase) the flow 

rate, the oscillations will occur approximately with the same fre¬ 

quency in a rather large range of speed variation. 

With a considerable difference between flow rate and "resonance" 

velocity the oscillations are cut off and subsequently there appear 

oscillations with another natural frequency of the body. 

Consequently, In the region of natural frequencies with a change 

of the flow rate there Is observed the phenomenon of pulling or 

"holding" of frequency. The frequency of oscillations of the body 
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changes according to the flow rate not in a direct line, but along a 

certain step-like curve (Fig, 5.7). The arrows in Fig. 5.7 indicate 

the pattern of change of frequency of oscillations of the body with 

increase of flow rate. 

At high speeds the flow in the wake is turned into turbulent 

flow with a continuous spectrum and random amplitude. The reaction 

0* ohe cylinder to the action of such a flow no longer can be deter¬ 

mined by the above-mentioned "pattern of forced oscillations," and 

should ue studied by statistical methods. However, even in this case, 

in the wake of a circular cylinder there can predominate frequencies 

at, which the spectral density has peaks, and consequently the fre¬ 

quencies contain" the largest share of kinetic energy of the turbu¬ 

lent ixow behind the cylinder. In such case it is possible to esti¬ 

mate the oscillations of the cylinder according to the pattern of 

forced oscillations. 

i.ne motion of airfoil profiles in a flow of air in many respects 

-s analogous to that considered for a cylinder. Many experimental 

investigations were conducted on the behavior of airfoil profiles in 

a flow of air and the characteristics of the amplitude spectrum in 

Aake behind these profiles. The basic purpose of these investigations 

was to illuminate the qualitative side of the phenomenon. 

The data of different investigations in the qualitative evalua¬ 

tion of the phenomenon converge in the following. The frequency of 

predominant oscillations of flow in the wake behind an airfoil pro¬ 

file depends on the angle of attack of the profile and velocity 

(Mach number) of the flow. At the same flow rate in the subsonic 

region at average angles of attack which are common for horizontal 

flight of aircraft, the predominant frequency of vortices is almost 



proportionate to the ancle of attack. In the 

region of large angles of attack (smaller, however, 

than the critical angle of attack of the profile) 

the predominant frequency of vortices drops. With 

an increase of the flow rate V with the preserva¬ 

tion of constant angle of attack of the profile, 

the predominant frequency of vortices in the wake 

increases. At high flow rates in the wake behind 

the profile the predominant frequency is difficult 

to isolate. 

During experiments on models it was established 

that with the increase of flow rate the frequency of 

vortices increases to a certain magnitude which is equal to the nat¬ 

ural frequency of tone I of the model, and upon further increase of 

speed in a certain range it remains constant, analogous to that shown 

in Fig. 5.7 for a cylinde-. In the "zone of resonance" the frequency 

of oscillations of the model and frequency of vortices in the wake 

behind the model in a certain range of variation of flow rates remain 

constant and equal. In other words, the model itself determines the 

frequency of vortices in the zone of Its natural frequency of oscil¬ 

lations. Upon further increase of speed the determining factor again 

becomes the flow rate and the frequency almost linearly increases to 

a magnitude which Is equal to the frequency of tone II of natural 

oscillations of the model. In the zone of second resonance the fre¬ 

quency of vortices in a certain range of variation of flow rate again 

remains constant. An analogous picture is repeated upon further in¬ 

crease of flow rate. 
* 

Thus, vortex formation Is Influenced not only by the aerodynamic 
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Fig. 5.7. Dla- 
gram of change 
of frequency of 
oscillations of 
a cylinder ac¬ 
cording to flow 
rate. (p1# p2, 

p^ — natural 

frequencies of 
the cylinder). 
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properties of the model, but also its elastic ones» in the region 

of natural frequencies of the model the frequency of vortices is 

determined by oscillations of the model. 

In the considered cases of oscillations of a circular cylinder 

an.; airfoil profile the incident flow of air was assumed to be uni¬ 

form and consequently external perturbations are absent. Perturbing 

forces appeared due to the interaction of flow and elastic body, 

-here*ore, oscillations of such type are called self-exciting (self¬ 

oscillations) . 

An aircraft in flight does not encounter a fully uniform flow 

of air, the turbulence characteristics of which (frequency and ampli¬ 

tude of oscillations of speed) are random variables. Slight turbu¬ 

lence of the incident flow of air practically does not affect the 

general aerodynamics of an aircraft, but can render a definite in¬ 

fluence on the oscillations of its structure. 

For a qualitative evaluation of aerodynamic oscillations it is 

important to know with that frequencies these oscillations occur. 

Let us consider the wing of an aircraft during the action on it 

of a distributed aerodynamic load, which depends on coordinate z and 

time t: 

4 (5.3) 

We shall not place any special conditions on the form of the function 

in this instance. The load can arbitrarily change along the wing 

span and its frequency spectrum is generally infinite (white noise). 

We shall determine the frequencies and modes of forced oscilla- 
"4 ö — 

tions of '„he wing under the action of an arbitrary perturbing load 

r(5.3)• 
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Inasmuch as In this case we are interested only In the quali¬ 

tative side of the phenomenon, the wing may he schematized In the 

form of a team on which there acts a load (5.5). We can analogously 

Fig. 5.3. Typical recording in flight of 
oscillations of an aircraft with T?E. 1) 
wing tip; 2) and 5) nose and afterbody 
(along axis y); 3) and 4) ends of stabi¬ 
lizer and fin, 6) and 7) side of fuselage 
in zone of propeller rotation. 

schematize the fuselage or empennage of an aircraft. With such 

assumptions we shall formally apply the method of solution which in¬ 

cludes expansion of the solution of the equation of forced oscilla¬ 

tions of a distributed system with respect to the eigenfunctions of 

an oscillatory system. From solution (3.98) it follows that forced 

oscillations of the considered system occur with corresponding nat¬ 

ural frequencies p¿ of this system. The same result can be obtained 

by applying the method of spectral characteristics. 

This general property of aerodynamic oscillations, obtained as 

a result of formal application of the method of expansion of the 
— ? 2- 

solution of the equation of forced oscillations with respect to the 



eigenfunctions of the system, is confiraed by experiment: frequencies 

of^re^omlnant (with respect to namitude of amplitudes) aerodymmics 

oscillations always are close or coincide with frequencies of natural 

oscl1la11cns of a s t rue tu re, Where upon the biggest amplitudes are 

possessed by oscillations which correspond to the lowest tones of 

natural oscillations of the structure, since the higher the fre- 

quency, the greater the damping, and consequently the smaller the 

psak of resonance. 

Figure 5.8 gives a typical recording of oscillations of parts of 

an aircraft with TPE in horizontal flight. As can be seen from this 

recording (especially from recordings on channels 1 and 3), aero- 

dynamic oscillations of the structure have low frequencies which 

correspond to its natural oscillations. It Is necessary to note that 

the amplitudes of aerodynamic oscillations even at steady regimes of 

flight frequently are not constant, and the recording has the form 

of beats. The shown aerodynamic oscillations are characteristic 

for all types of aircraft with any propulsion systems. For aircraft 

with TPE high-frequency propeller vibrations are also substantial, 

especially for the sides of the fuselage in the plane of propeller 

rotation (see channels 6 and 7). 

. The shown peculiarity of aerodynamic oscillations is explained 

by the different dynamic receptivity of oscillatory systems to per¬ 

turbations with various frequency. During aerodynamic oscillations 

the structure as if regulates itself, or more exactly, determines 

the frequency of oscillations. It is a unique filter which separates 

only those oscillations whose frequencies are in the zone of resonance 

with Its natural frequencies. 



Figure 5.9 shows the approximate distribution of amplitudes of 

oscillations with respect to frequencies of the wing, fuselage, 

stabilizer, and fin, obtained or actual aircraft. Vertical arrows 

■how the ''«alues of natural frequencies for these parts of the struc¬ 

ture. As can be seen, predominant oscillations are concentrated near 

the natural frequencies of the structure and with increase of fre¬ 

quency the amplitudes quickly decrease. 
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Fig. 5Combined graph of aero¬ 
dynamic oscillations of an air¬ 
craft. O — wing, • - stabilizer, 
A — fin. 1 — frequencies of nat¬ 
ural oscillations: K — wing, * — 
fuselage, C - stabilizer, KJ1 - 
fin. 

The conclusion obtained with 

respect to the frequency spectrum 

of aerodynamic oscillations is 

very important in the practical 

aspect, since by the known fre¬ 

quencies and modes of natural 

oscillations it is always possible 

to indicate beforehand the pre¬ 

dominant frequencies of aerodyna¬ 

mic oscillations and the approxi¬ 

mate distribution of amplitudes 

through the structure. Absolute 

values of amplitudes can be ob¬ 

tained only from experiment curing flying tests. 

The general tendency of the change of the characteristics of 

aerodynamic oscillations with respect to speed (Mach number) in 

rectilinear flight consists of the following (see Fig. 5.4). At 

speeds of flight that are close to minimum (high cy), the amplitudes 

of oscillations increase rapidly with deceleration. In the subsonic 

region (excluding speeds which are close to minimum) the oscillations 

are relatively small and comparatively slowly increase with the 



Increase of the speed of flieht. In the 

region of transonic speeds there begins 

a sharp growth of amplitudes of oscilla¬ 

tions which attain maximum at Mach numbers 

corresponding to the moment of achieve¬ 

ment of the speed of sound in the biggest 

quantity of points of the surface of the 

aircraft. Upon*further increase of speed 

of flight the oscillations remain constant, and then decrease as the 

flow rate of air on the main parts of the structure become supersonic. 

It Is necessary, however,* to consider that although the ampli¬ 

tudes of aerodynamic oscillations are limited, their maximums can be 

excessively large and can present a definite danger of partial destruc¬ 

tion of the structure in flight. Therefore, in the investigation of 

these oscillations the appropriate measures of precaution (gradual 

Increase of speed of flight during measurements, thorough analysis of 

the level of oscillations, etc.) are taken. 

Speeds of flight, at which maxima of oscillations set in, and 

the maximum level of oscillations depend on many factors, in parti¬ 

cular on the characteristics of profiles, angle of sweep of the wing 

and empennage, and others. Maximum amplitudes of oscillations on a 

given aircraft occur at the same Mach number, but their level in¬ 

creases with *he growth of velocity head (with decrease of altitude 

of flight, see Fig. 5*15)• The dependence of amplitudes of oscilla¬ 

tions on Mach number for a subsonic aircraft is shown in Fig. 5.10. 

Buffeting 

Buffeting is the reaction of a structure to a strongly turbulized 

Pic« 5*10. Dependence of 
aerodynamic oscillations 
on Mach number for two 
altitudes of flight. 
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Time In seconds 

Fig. 5.11. Recording of oscilla¬ 
tions during buffeting of the 
empennage on a glider. 1 and 2) 
fuselage correspondingly on axes 
z and y# 3) wing; 4) elevator. 

flow. Externally, buffeting Is 

sensed as shocks on the empennage 

sometimes with almost regular 

periodicity (Fig. 5.11). If the 

frequency of these shocks Is close 

to the natural frequency of the 

empennage or fuselage there appears 

resonance, which presents the 

biggest danger. Sometimes oscillations during buffeting carry an 

irregular character and have many components with different frequen¬ 

cies, whereby the magnitudes of total amplitudes of oscillations and 

the relationship of different components with respect to amplitudes 

strongly change In time (Figures 5.12 and 5.13). 

Inasmuch as the basic causes of buffeting are stalls In the flow 

around parts of an aircraft, the struggle against It Is conducted In 

the first place by Improvement of the aerodynamics of the aircraft. 

Time In seconds 

Fig. 5.12. Recording of oscillations dur¬ 
ing b'uffeting of the empennage on an alr- 
craft. 1) wing; 2) afterbody; 3) elevator. 

There have been attempts of theoretical calculation of buffeting. 

However, the accuracy of such calculation Is so small that It loses 

pra-Mcal meaning. Therefore, the manifestation of the conditions of 

a; ; trance of vibrations and the struggle against them are conducted 
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with the help of an experiment, determining the places of the stalls 

and the characteristics of oscillations of the aircraft. Afterwards, 

in each specific case we find the structural solutions for the re¬ 

noval of stalls or we establish the necessary limitations of flight 

conditions. 

We experimentally found certain recommendations which permit, in 

the majority of cases, the avoidance of considerable oscillations 

In operating conditions of flight. These recommendations basically 

concern measures for the improvement of aerodynamics of the aircraft. 

Stall can occur from a wing (at large angles of attack), from 

secondary structures on a wing and fuselage, in places of 

connection of wing and fuselage 

due to interference of flow, etc. 

Places of stall are determined by 

filming the flow field, for the 

obtainment of which, on the sur¬ 

face of the investigated part of 

the aircraft, tapes ("silk threads") 

are glued in the direction of flow 

in a given point (Fig. 5.11*). 

5*13. Distribution of amp¬ 
litudes with respect to fre¬ 
quency during buffeting of an 
aircraft (see recording in Fig. 
5.12). 

Preventing stalls along with the removal of buffeting signifies 

at the same time an improvement of the aerodynamic shapes of the 

design and a lowering of its parasite drag. 

Improvement of the aerodynamics of an aircraft is the main method 

for the elimination of buffeting. In certain cases an increase of 

rigidity of the empennage had an effect. 

Deatructions to the structure, caused by buffeting, can occur 

not at once at the onset of oscillations, but upon the expiration of 
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a certain time due to the phenomenon 

of fatigue. In most cases this per¬ 

mits the investigation to be carried 

out directly in flight conditions, 

in which buffeting appears. However, 

one should note the danger of buf¬ 

feting, especially in moments of 

Pig. 4.14. Example of determina- apt jaranee of intense oscillations. 
tion of flow field with the help _ . . . . _ 
of silk threads, a) zone of aircraft tests there were 
atreamlined flow; b) stall zone. . . Ä 

' cases when buffeting led to fast 

destruction of separate elements of the empennage. Intense oscilla¬ 

tions of the buffeting type appeared at speeds of flight that are 

close to minimum (high c^); on certain contemporary aircraft exces¬ 

sively large oscillations appeared at transonic speeds of flight. 

The general cause of buffeting which occurrs In a stall with 

the forward located parts of an aircraft was shown above. However, 

the direct causes of buffeting and the forms of Its appearance are 

usually different. The deficiencies of some aircraft are rarely re¬ 

peated on others. The presence or absence of buffeting is checked 

on a completed aircraft during flying tests. On the basis of the 

results of the tests, specific measures for the removal of this phe¬ 

nomenon are determined. 

This situation is illustrated by the following cases of buffeting. 

On a Jet aircraft there appeared buffeting of the empennage upon 

executing turns at small speeds of flight when the empennage went 

Into the vortex flow from the wing. Amplitudes of oscillations of the 

empennage as compared to normal flight were Increased by more than 20 

times, whereupon the oscillations of the wing remained Insignificant 
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(see Fig. 5*12). The reaction of the stabilizer-elevator unit to 

perturbations created by flow fron the wing was such that the oscil¬ 

lations had a clearly expressed predominant frequency (see Fig. 5.15). 

Large oscillations during buffeting were removed by increasing the 

torsional rigidity of the stabilizer and eliminating resonance phe- 

nonena. 

On a heavy glider which had spoilers there appeared considerable 

oscillations of the tail section with open spoilers. Oscillations 

constituted separate shocks with almost regular periodicity along the 

empennage, which then were transformed into natural oscillations of 

parts of the glider (see Fig. 5*11)• For removal of buffeting, 

spoilers were cut on the side of the fuselage, owing to which the 

empennage was removed from the spoiler stall zone. 

On an aircraft with frontal shields on the landing grear there 

appeared intense oscillations with lowered landing gear. The cause 

of the oscillations was the stall at the indicated shields. Oscil¬ 

lations were removed by means of replacement of the frontal shields 

of the landing gear by lateral flaps. 

On an aircraft with two turbojet engines located in the fuselage 

and having one air inlet in the nose of the fuselage, there appeared 

intense oscillations during engine throttling. The cause of the 

oscillations was the stall at the entrance to the air inlet due to 

a decrease of the fl^w rate of air during engine throttling. The 

oscillations were removed by the installation of flaps for bypass of 

air during engine throttling, connected with the gas sector. 

From the given examples it follows that the direct causes of 

buffeting can be very diverse. Therefore,the main problem in the 

•tudy of buffeting is the determination of its causes and the 
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conditions of its appearance, de¬ 

pending upon which the methods of 

its removal are determined. 

On contemporary aircraft dif¬ 

ferent external suspensions are 

Pig. Graphs of aerodynamic widely applied which frequently 
oscillations of an aircraft with¬ 
out external suspension and with are made under completed aircraft, 
suspension, 

and, therefore,they are not always 

successful in the aerodynamic respect (in combination with the air¬ 

craft). In view of this there also appear intense oscillations, 

especially at transonic speeds of flight (Fig. Aircraft with 

such suspensions obtain additional limitations for flying use due to 

excessive oscillations. 

Contemporary transport aircraft with large cargo hatches that 

open in flight also sometimes obtain limitations on speed of flight 

due to Increased oscillations which appear during flight with open 

hatches. 

The basis for a Judgement about the permissibility of any condi¬ 

tions of flight during the appearance of oscillations are the results 

of determination of the characteristics of oscillations of the air¬ 

craft structure during flying tests. Permissible conditions of 

flight, from the condition of flow around the wing, are established 

by the coefficient of lift c^ per corresponding to the angle of attack 

at which stall has not yet occurred. The curve of e _ for different 
y per 

Mach numbers can be determined by the results of testing profiles or 

aircraft models in a wind tunnel. However, this curve can considerably 

differ from the curve for an actual aircraft. Therefore,the value of 

cy per s^ou^ ascertained during flying tests. 
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In the considered cases of buffeting, oscillations were exper¬ 

ienced basically by the ea; enna^e upon colliding with a flow that is 

perturbed, in particular by a wine. The wine practically did not ex¬ 

perience oscillations in this instance (see Fie. 5.12), or more 

exactly, it experienced only oscillations of insicnificant amplitude. 

Durinc fliehtc at wine angles of attack close to critical, from the 

wing there becins an intense stall. 

The stall creates laree variable aerodynamic forces on the wine 

and causes intense oscillations (see Fig. 5.5 when M < M1). An 

analogous phenomenon can occur at transonic speeds of flight due to 

the formation of a shock wave and separation of the boundary layer 

of the wing. These wing oscillations can be dangerous, especially 

at transonic speeds of flight. 

5.3. Oscillations Appearing Pur Inf- 

Takeoffs and Landing 

During takeoffs and landings there appear elastic oscillations 

of the aircraft structure. The problem of oscillations of the struc¬ 

ture in this case nay be formulated in the following manner: on an 

elastic oscillatory system with a distributed mass, the natural oscil¬ 

lation of which are determined by equation (2.32), there act n con¬ 

centrated arbitrarily changing forced P^t) (n is the number of land¬ 

ing gear struts). It is required to determine the forced oscillations 

of such a system. 
0 

In the given problem, forces are considered that are transmitted 

from the landing gear to the aircraft. No special conditions are 

placed on the force function P^t): each of these forces can arbi¬ 

trarily change in time, and all of them can affect the structure in 
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any combination. The physical essense of this consists in that air¬ 

craft can have different shock absorption and consequently, the forces 

transmitted fron the landing gear to the structure have different 

laws of change in time: landing can be made on one, two, or three 

points with different vertical and lateral speeds of the aircraft, 

!•*•# the combination of forces P^(t) and their magnitudes have a 

random character. 

An exact solution of this problem, even upon disregarding aero¬ 

dynamic damping, is quite complicated. The solution of this problem 

was given above by the method of generalized harmonic analysis. Let 

us consider the qualitative side of oscillations appearing during 

takeoff and landing. 

For this case the wing or fuselage will be considered as a beam 

and the unknown function for deflections and the perturbing force will 

be expanded In a series according to the 

eigenfunctions of a system, analogous to how 

this was done for y(z, t) and g(z, t) [equa¬ 

tions (3.90) and (3.91)]. However, in this 

case one should consider that concentrated 

forces are applied in fixed points of the 

axis of abscissas. Equations (5.93) and 

- (3.9^) remain valid for the given case, only 
Fig. 5.16. Compari¬ 
son of aerodynamic function Q.(t) of series (3.^0), in distinc- 
oscillations and 1 
oscillations appear- tion from its indicated value (3.97), has the 
ing during takeoffs 
and landings. 1) form 
stabilizer; 2) wing. 
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where Pg(*)*••• ftre -orces from the ist# 2nd,... shock 
struts of the landing gear; 

zl9 z29*'* abscissas of the rigging points of 
the landing gear shock struts. 

Hence the conclusion can be made that forced elastic oscillations 

of the structure during takeoffs and landings of an aircraft occur 

with natural frequencies and forms of oscillations. This oscillation 

mode differs from other forced oscillations by large amplitudes. 

Elastic oscillations during takeoffs and landings for contem¬ 

porary aircraft are relatively large and considerably exceed the 

amplitudes (practically with those same frequencies) of oscillations 

appearing in flight (Fig. 5*16). Here, for instance, the G-forces of 

the wing tips and fuselage incres . 3 to 5 *nd more times as compared 

to the G-force in the center of gravity of the aircraft (see Fig. 

4.28). Therefore, it is necessary in the determination of the service 

life of the structure to consider these oscillations, especially 

during use on unpaved airfields. 

5»4. Acoustic Vibrations 

On contemporary aircraft and rockets, in connection with the 

growth of power of propulsion systems and speeds of flight, there 

was an Increase in the level of noises. 

In engineering noise is a complex sound process with a continuous 

spectrum of frequencies. ^Jie following concepts are used for evalu¬ 

ating noises ï sound pressure, force of sound, and level cf sound. 

Sound pressure p is the difference between the Instantaneous 

value of continuously variable pressure in a sound wave and constant 

atmospheric pressure existing at a given point of space in the 

absence of sound. 
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Porc« of sound J is the amount of energy, passing In unit of 

time through a single area, perpendicular to the direction of propa¬ 

gation of the sound. 

The most wide-spread Is the evaluation of the level of sound 

(noise) in decibels. The sound level L is the common logarithm of 

the ratio of the actural force of sound in a given point of space to 

the so-called threshold force of sound JQ - 10"16 w/cm2: 

{5*5) 

Figure 5.17 gives an approximate diagram of noise levels and 

corresponding magnitudes of sound pressure created by different noise 

sources, and also shows the approximate lower bounds of the noise 

level at which there are possible damage , to a structure. 

The spectnun of noise source can consist of discrete frequencies 

(propeller noise) or can be -\lmost continuous with random frequencies 

(noise of Jet engine). 

The character of change of the noise level depends on the source. 

Thus, the biggest noise from the propeller is observed in the plane 

of its rotation (Fig. 5.18). In a wing stall the noise level varies 

with respect to chord and attains its maximum in the region of the 

beginning of the stall (Fig. 5.19). 

Stresses in a structure are basically determined by the fora 

of the function of mechanical conductivity. Therefore, certain ele¬ 

ments have the biggest oscillations with natural frequencies. 

Figures 5.20 and 5.21 give the fora of spectral stress-strain 

diagrams in the skin during the influence of continuous and discrete 

noise. 
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Fig. 5oi9o Curve of 
noise level on a 
wing during stall. 

Fig. 5*i8. Curve of 
noise level in the 
plane of propeller 
rotation. x/D — 
distance (along 
length of fuselage) 
in fractions of pro¬ 
peller diameter D. 

Oscillations of the skin can essentially 

be Increased due to the mechanical transmission 

of oscillations from one surface to another 

(ailerons, controls, and so forth). 

During the analysis of vibration caused 

m 
Fig. 5*20. Graphs 
of the function of 
mechanical conduc¬ 
tivity and stresses 
for a panel with coa 
tlnuous noise spec¬ 
trum. 

Fig. 5.21. Graphs 
of functions of 
mechanical conduc¬ 
tivity and stresses 
with discrete noise 
spectrum. 
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by the noise of a Jet engine it is necessary to consider the prob¬ 

ability characteristics of distribution of amplitudes. This distri¬ 

bution is close to the Rayleigh distribution and can be described by 

the equation 

(5.6) 

«here a is the peak stress in the skin; 

is the mean square of stress in the skin; 

P is the probability of encounter of peak stresses of magni¬ 
tude o/o. 

The mean square of stress in the skin is determined by the relation¬ 

ship 

(5.7) 

where o0 is the stress in the skin caused by a constant unit 
pressure; 

Y the damping factor; 

is the natural frequency of oscillations of the structure; 

8(00^) is the corresponding ordinate of the function of spectral 
density of noise. 

The force of noise is approximately proportional to the fourth 

degree of relative flow rate. Therefore.the biggest acoustic vibra¬ 

tions are observed in the beginning of takeoff, when the relative 

flow rate of the Jet stream is the biggest. 

Acoustic vibrations of a structure can be decreased by means of 

optimum selection of places of engine location, application of 

silencers, selection of panel shape (from considerations that its nat¬ 

ural frequency a;0 be outside the range of the spectrum of maximum 

noise level), and also by increasing the skin thickness, and intro- 
. 

ductlon of additional shock absorption of the skin (double skin with 
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•n absorbing layer, for instance a skin with honeycomb filler) 
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CHAPTER VI 

FLUTTER 

. List of Designations Appearing; In Cyrillic 

• ■ b ■ balancer 

a ■ dlv - divergence 

un - inert - inertia 

sp - wing - wing or kp - crit - critical 

Ute« ■ incom - incompressible 

P - con - controls 

cm ■ sec 
etpè* - swept - sweptback 

• - f - flutter or ♦ » fus - fuselage 

UT ■ c.g. - center of gravity 

• - a - aileron 

Flutter is a very dangerous fora of self-exciting oscillations 

which are determined by the interaction of aerodynamic, elastic, and 

inertial forces, that are acting on a structure in an air current. 

The study of flutter reduces to the investigation of the problem of 

dynamic stability of the structure. Under certain conditions the 

structure becomes dynamically unstable: with a certain random devia¬ 

tion of it from the state of equilibrium there appear oscillations 
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which are «upported by the energy of flow and can Increase until 

destruction of the structure* 

The phenomenon of flutter on aircraft was noted for the first 

time in I916. The first investigations of flutter date back to 

approximately the same time* 

The basic causes of the appearance of flutter were the absence 

of weight balancing of ailerons (in certain cases# the controls) 

and low torsional rigidity of*the wing. Before 1935 there appeared 

chiefly wing flutter. In the pre-war years (1935-19*0) in con¬ 

nection with the rapid development of military aviation, which was 

outstripping the ccientific investigations, there were many cases 

of flutter not only of wings, but also the empennage of aircraft. 

The main cause of flutter in these years was also the insufficient 

mass balancing of the control surfaces of aircraft. 

In war period (19*0-19*5) and after the war the majority of 

cases of appearance of flutter occurred due to the influence of the 

tabs of the control surfaces and insufficient mass balancing of the 

controls, ailerons, and wing. 

In connection with the growth of speed of contemporary aircraft 

and the lowering of relative rigidity of design there is an increase 

in the necessity of a more thorough study of the characteristics of 

flutter for guarantee of flight safety. 

If for aircraft of past years the comparatively simple measures 

for guarantee of mass balancing of control surfaces and the selection 
» 

of appropriate torsional rigidity of the lifting surfaces in most 

cases could ensure safety of an aircraft from flutter, then for con¬ 

temporary aircraft the problem of flutter has become considerably 

■ore complicated and have not yet been completely studied. In 
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connection with this, the analysis of aeroelastlclty of a structure 

In the designing stage of every new aircraft became so Important 

that recently the requirement of aircraft construction with the con¬ 

sideration of safety under conditions of flutter Is becoming 

obligatory* 

6*1* Causes of the Appearance of Flutter 

The causes and the mechanism of the appearance of flutter will 

be considered In simple examples of aeroelastlc oscillations of clear 

wing and a wing with an aileron (Figures 6.1 and 6.5). 

Fig. 6.1. Diagram of a wing for the 
calculation of flexure-torsion flut¬ 
ter ("cantilever diagram"). 

Above (see p. 152 ) we considered natural individual oscillations 

of wing flexure and torsion which were schematized In the form of a 

cantilever. Individual oscillations are possible only when the 

centers of gravity and centers of rigidity of sections of a canti¬ 

lever wing coincide. 

The centers of gravity of sections In real wings do not coin¬ 

cide with the centers of rigidity. Therefore, such wings accomplit,h 

Joint (flexural and torsional) oscillations. The natural oscillations 

In this case are described *by the system of equations 



where j is the distance between the center of gravity and the cen¬ 
ter of rigidity of a section of wing (see Fig. 6.i); 

is the linear moment of inertia with respect to the axis 
of rigidity. 

The other designations are the same as in equations (3.82) and 

(3*103). When a - 0 system (6.1) is broken up into two independent 

equations which coincide with equations (3.82) and (3.103). 

Boundary conditions for system of equations (6.1) will be 

1-¾ f-a I —P; 

1-4 £-0, £„0. 
(6.2) 

Integrating equation (6.1) under boundary conditions (6.2), we can 

find the frequencies and forms of Joint oscillations of flexure and 

Pig. 6.2. Diagram 
of the change of 
the damping decre¬ 
ment of oscilla¬ 
tions of a struc¬ 
ture for different 
forms of aeroelas- 
tlc oscillations. 

torsion of the cantilever. In the absence of 

damping the total amount of energy in such an 

oscillator/ system remains constant! it is 

only transfarmed from flexural energy into tor¬ 

sional energy and black. In an air medium, and 

also due to hysteresis losses, these oscillations 

gradually subside. 

If the considered oscillatory system is placed in an air current, 

then during wing oscillations there are developed aerodynamic forces, 

one of which supports the oscillations and the others counteract the 

oscillations, so that the wing leacts to the total action of these 

forces. Experiments in wind tunnels show that with the growth of 

flow rate the oscillations in the beginning quickly subside, then 
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dumping decreases and there sets in a moment when there appear un¬ 

damped harmonic oscillations with constant amplitude (damping is 

equal to zero. Fig. 6.2), The speed of flight at which the damping 

decrement of oscillations is equal to zero is called the critical 

flutter speed Vf. This state is neutrally stable. With an insignifi¬ 

cant exceeding of the damping decrement becomes "negative" and 

there appear increasing oscillations, i.e., flutter. 

The oscillations during flutter are self-exciting. Its appear¬ 

ance does not require an external exciter of oscillations, and the 

energy of oscillations is derived from uniform steady-state (poten¬ 

tial) flow during its interaction with the wing. 

Fig. 6.3. Diagram of 
the appearance of 
flexure-torsion wing 
flutter. I-IX) con¬ 
secutive positions 
of wing section dur¬ 
ing oscillations. 

Fig. 6.4. Diagram 
of change of work 
L of excitation 
forces and resist¬ 
ing forces accord¬ 
ing to flow rate. 

Let us consider in a simple exam¬ 

ple the mechanism of the appearance of 

flutter (Fig. 6.¾. Let us assume that a wing is affected by an un¬ 

disturbed air current, whereby it is situated at a small angle of 

attack (there is no wing stall). For some reason the wing was removed 

from the state of equilibrium, for instance due to bending. Then 

with an accelerated motion of the wing from position I upwards into 

positions II and III the motion of the center of gravity is retarded 
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due to inertia as compared to the motion of the center of rigidity, 

and the wing is twisted in the direction of an increase of the angle 

of attack. There then appears additional lift in the direction of 

wing motion (upwards). 

Under the action of aerodynamic forces and forces of elasticity 

the wing reaches a certain upper position V. In the opposite, also 

accelerated, motion of the wing downwards under the action of forces 

of elasticity the wing twists in the direction of a decrease of the 

angle of attack and there appears an additional aerodynamic force 

which acts in the direction of wing motion (positions VI-VIII). 

During the motion of the wing, in addition to the internal 

hysteresis forces and resistance of air, there appears a damping force 

due to the Influence of the rate of flexure oscillations, since during 

flexure oscillations there occurs a change in the angle of attack to 

magnitude Aa - y/V. The additional lift, which appears In this in¬ 

stance, Is a damping force, since it always acts against the motion 

of the wing. In addition to the Indicated forces, on a wing that is 

fluctuating in an air current there also appear other perturbing and 

damping forces. At low speeds of flight the damping forces exceed 

the perturbing ones and the oscillations subside. With the increase 

of speed of flight there sets in such a moment when the work L of the 

perturbing forces exceeds the work of damping forces and flutter 

becomes possible, I.e., oscillations with increasing amplitude. The 

speed at which the work of the perturbing forces becomes equal to 

the work of the damping forces is the critical flutter speed (Fig. 

6.4). In this case there are possible harmonic oscillations with 

constant amplitude. 



Analogously to the considered flexure-torsion oscillations of 

the wing there occur oscillations with degrees of freedom: wing 

flexure (absolute torsional rigidity) and aileron deviation (Fig# 

6*5) • With probable deviation of a wing upwards from a certain 

Fig. 6*5. Diagram of wing with aileron. 

central position I (Fig. 6.6) the aileron with its mass unbalance 

(centers of gravity of aileron sections are behind its axis of 

rotation, oÄ / 0, see Fig. 6.5) lags behind the motion of the wing 

and deviates under the action of forces of inertia downwards with 

respect to the wing. Due to this there appears an additional lift 

which is directed towards the motion of the wing and increases its 

deflection (positions II-IV). During reverse motion of the wing 

downwards from the upper position of equilibrium V, the aileron 

deviates upwards and there is created an additional aerodynamic 

force, which also acts in the direction of wing motion (positions 

VI-VIII). Thus, during flexural oscillations of a wing with aileron 

there appear aerodynamic forces supporting the oscillations. There 

simultaneously appear damping forces which prevent the development 

of oscillations. At low speeds of flight the damping forces accom¬ 

plish more work than the perturbing forces, and the wing oscillations 

are damped. At a certain critical speed of flight the work of the 

perturbing forces becomes equal to the work of the damping forces 

and wing oscillations of flexure-aileron form with constant amplitude 



become possible. At speeds of flicht V > Vf there are possible 

oscillations with increasinc amplitudes. Analocous to the considered 

forms of flutter there appears flutter of other forms. 

It is important to note that in both cases flutter appears dur¬ 

ing the interaction of two forms of wing deformations: in the first 

. case, flexure and torsion of the wing and in the second, flexure of 

the win,/, ar.d rotation of the aileron. If the wing accomplishes only 

flexura, or only torsional oscillations, then such oscillations will 

always be damped (in the absence of wing stall). During stalls, 

flutter is possible with one degree of freedom, i.e., torsional stal- 
• 

ling flutter of the wing or flutter of the control surfaces. In the 

absence of stalls and potential flows flutter is possible only in 

systems with several degrees of freedom. Such flutter is sometimes 

called classical" to distinguish it for instance from stalling 

flutter. 

The design of an aircraft or other flight vehicle has an infi¬ 

nite number of modes and frequencies of aeroelastlc osciUations. 

It is possible to assume that in an air flow around a structure all 

modes of aeroelastlc oscillations are excited. At small flow rates 

°* are damped, but their damping decrements depend differ¬ 

ently on speed. With the increase of flow rate from zero to a defined 

magnitude, in the beginning in one oscillation mode the damping decre¬ 

ment becomes equal to zero. Upon further increase of speed the damp¬ 

ing decrements for another, third, etc. mode of aeroelastlc oscilla¬ 

tions consecutively become equal to zero (see Fig. 6.2). Thus the 

first critical state Is attained, the second critical state of flut¬ 

ter, etc. I: at low speeds all parts of the atmeture oscillate 

approximately with Identical intensity, then upon achievement of a 
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Fig. 6.6. Diagram of the appear¬ 
ance of flexure-aileron wing 
flutter. I-IXj consecutive 
positions of aileron during 
oscillations. 

siTsly affect oscillations of a 

certain critical speed (with de¬ 

crease of damping decrement to zero) 

the oscillations in corresponding 

mode become predominant. Consider¬ 

ing this, during calculations of 

flutter it is possible to select 

a design with the least quantity of 

degrees of freedom, i.e., only with 

such degrees of freedom, which deci- 

corresponding aeroelastic mode. 

Successful schematization of the phenomenon considerably simplifies 

the analysis of flutter. 

Usually the phenomenon of flutter of any form is determined by 

two, three, or more degrees of freedom of motion of the structure. 

With an increase of the number of degrees of freedom the analysis of 

flutter becomes very complicated; therefore, oscillation modes with 

number of degrees of freedom not more than three or four are usually 

considered. However, the excessive tendency to simplify the problem 

is not always Justified. This especially pertains to the problem of 

analysis of flutter of the empennage with a great number of possible 

forms of flutter and comparatively large quantity of degrees of free¬ 

dom, to which the individual forms of flutter are very sensitive. 

Application of high-speed mathematical machines expands the possi¬ 

bilities of theoretical analysis of flutter and permits the considera¬ 

tion of a large number of degrees of freedom. 

6.2. Forms of Flutter. Influence of Structural 

Parameters on Critical Speed 

There can be very many forms of flutter. Of practical value are 



the forms of flutter with the least critical speeds. It is impossi¬ 

ble to Indicate «.he calculation (vfith respect to least forms of 

flutter beforehand. Therefore analysis of flutter is conducted for 

several »orr.^ which are selected on the basis of accumulated experi¬ 

ence. Selection of calculation forms of flutter to a considerable 

extent depends on the researcher. In view of this the study of cases 

of flutter, appearing on flight vehicles during operation, is an im¬ 

portant condition for predicting the possible calculation forms of 

flutter for new designs. From the whole variety of possible forms 

of flutter at present we count 10-12 forms which are encountered in 

practice, present the biggest danger, and require obligatory checkout 

on new designs. 

A large influence on flutter is rendered by certain design and 

operational parameters, whereby they affect the different forms of 

flutter differently. 

Let us consider some of the most important forms of flutter and 

corresponding parameters, by modifying which it is possible to change 

the critical speed of flutter. 

The Effect of Dynamic Balancing of Mass 
on Flutter 

With noncoincidence of elastic axis and line of centers of 

gravity of sections (a / 0, see Fig. 6.1) independently of the type 

of initial deformation — flexure or torsion - oscillations of flexure 

and torsion of the wing will be connected due to the presence of 

inertial connections, i.e., the inertial connection of flexure with 

torsion (during flexure there appears an inertial moment may’, which 

causes torsion) and the inertial connection of torsion with flexure 
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(during torsion there appear forces of Inertia mai which cause flex¬ 

ure). 

Besides the Inertial connections, there exist aerodynamic con¬ 

nections. Since Initial wing flexure leads to twisting (see Pig. 

6.3), there occurs an Increase of the aerodynamic forces that are 

acting In the direction of motion and creating a prerequisite for 

further Increase of oscillations. Thus, due to aerodynamic and Iner¬ 

tial connections there occurs a flow of energy to the system which 

Is oscillating In the air flow. 

For preventing flutter It Is necessary to have such an Influence 

on these connections that would ensure withdrawal of energy from the 

system during oscillations. However, It Is difficult to Influence the 

aerodynamic and elastic connections. It Is considerably easier to 

change the Inertial connections. For Instance, In the wing this Is 

attained by displacement of the centers of gravity of sections. 

Therefore, dyrAmic balancing (weight balancing) Is an Important means 

of preventing flutter. 

During flexural-torsional oscillations wing flutter becomes 

Impossible if a * 0. In this case the wing accomplishes separate 

oscillations of flexure and torsion. For decrease of magnitude a the 

wing is fitted with counterpoises (usually in the wingtips) for dis¬ 

placement of the centers of gravity of sections of the wing forward. 

In case of Joint flexure-aileron oscillations of the wing the iner¬ 

tial Interaction may be excluded if the mass of the aileron is dis¬ 

tributed in such a way that during oscillations the forces of inertia 

do not cause oscillations of the aileron with respect to its axis of 

rotation (a4 - 0, see Fig. 6.5). This Is attained by installation 

of appropriate balancers In the nose of tna aileron. Balancing of 
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the controls le done» 

The measure of mass unbalance of an aileron (control) le Its 

moment of Inertia Mlnert with respect to the axis of rotation (see 

Pig. 6.5)1 

Jf. jd!r 

or taking Into account (3.102) 

where 

Mrn - -'"Imjjdi - cr, (6.3) 
« 

If Mlnert " °* the ^^rtlal Interaction at the given mode of oscilla¬ 

tions Is excluded. 

“•* Glancing Is not produced with distributed, but with 

concentrated loads, the full Inertial moment will be 

-r] msJdz +>V 
i i-i 

(6.4) 

where ■^1 ^be mass of the 1-th balancer; 

Is the mass of the aileron; 

cft la the distance between the axis of rotation and 
center of gravity of the aileron section (see 
Pig. 6.5); v 

2bl ^ f(zbl) are the coordlnate and value of the function of 
oscillation mode In the sectlorwwhere the 
balancer Is located. 

Minimum necessary mass of the balancer for preventing flutter 

will be determined by the condition 

A «.WM* 

N/Ud 
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Vhat vas said with respect to mass balancing of ailerons also 

* I 
pertains to other control surfaces. 

It is important to note that the degree of balancing strongly 

depends on the function of mode f(z). A system, which is completely 

balanced with respect to one oscillation mode, can be unbalanced with 

respect to another mode. For instance, if a balancer is located in 

the oscillation mode (f^) - 0), it will be ineffective. For this 

reason the criterion of static balancing is not useful for evaluating 

the oscillatory properties of a system with respect to flutter. A 

design with unbalanced masses does not exclude all forms of flutter. 

Therefore, an analysis of the state of balance uf masses is made in 

reference to definite Calculated) forms of flutter. 

Torsion Flutter of a Wing 

This form of i. .. is the most dangerous. Flutter can develop 

very quickly and destruction of the structure occurs in 2 to 4 seconds 

(sometimes in 3 to 4 cycles of wing oscillations). 

Selection of design parameters can ensure safety of the design 

from the appearance of flutter at known maximum speed of flight. The 

■ain parameters which may be changed for increasing are the rigid¬ 

ity of the design, the ratio position of the axis of centers 

of gravity along wingspan and distribution of masses along wing chord. 

These parameters affect in the following way. 

1. With a definite change of flexural, and torsional rigidity 

of a wing n times the critical speed of flutter Vf is changed ^n 

times. This position is valid not only for the case of flexure- 

torsion flutter, bur also for any form of flutter* an increase of 

all rigidities of the system increases In the indicated ratio. 
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2* Th® biggest influence on critical speed of flexure-torsion 

flutter of a wing is rendered by the torsional rigidity of the wing. 

Flexural rigidity of the wing scarcely affects V^. If torsional 

rigidity is increased all along the wingspan n times, changes 

almost in exact proportion to /n. 

3# The critical speed of flutter has a minimmt value upon 

coincidence of frequency of flexure and frequency of torsion. This 

phenomenon is called internal resonance. It is observed when the 

frequencies of different modes of oscillations are close to one 

another. 

4. The character of change of the ratio GJwlng/Jn along wingspan 

affects the mode of torsional oscillations 9(z). Usually this ratio 

decreases toward the end of the wing, as a consequence of which there 

art relatively large amplitudes of its osclUations. 

It is necessary to see to it that the ratio 

G,;wlng/Jm *• lftr£e 41 possible (especially 

toward the end of the wing), 

5» Of the three wing axes (foci, centers 

of rigidity, and centers of gravity) the position 

of the axis of centers of gravity (especially in 

the end sections) renders the biggest influence 

on Vf (Fig. 6.7), The critical speed of flutter 

may be essentially increased by forward displace¬ 

ment of the centers of gravity in the wing tips. For this we lighten 

the wing shanks, place counterpoises (balancers) in the nose, and 

so forth. 

~Ú—Jhi •» 
Fig. 6.7. Influ¬ 
ence of the posi¬ 
tion of centers 
of gravity of wing 
sections on V^. 

For wings of identical span and area the highest critical speed 

is possessed by the wing with maximum taper. 
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A large influence on the critical speed of flutter can be 

rendered by loads on the wing, e.g., power plants, external suspen¬ 

sions, etc. Depending upon weight of the load, its spacing along the 

wingspan and wing chord stagger, the critical speed of flutter Vf can 

both increase and decrease. In certain cases even the form of flut¬ 

ter is changed. A substantial influence on is also rendered by 

the elasticity of suspension of weights, the landing gear, and attach¬ 

ment of the propulsion systems. A large destabilizing influence is 

rendered by empty fuel tanks on the wing tips and floats, especially 

for wings of small elongation. V^. also can essentially drop due to 

the influence of the weight of the fuel placed in the wing, which 

must be considered in the selection of the fuel consumption program. 

Aileron Forms of Flutter 

The main cause of the appearance of these forms of flutter is 

the mass unbalance of ailerons. In the majority of known cases 

aileron flutter was comparatively easy to eliminate on completed de¬ 

signs by the appropriate selection of weight balancing of ailerons. 

Aileron flutter is of the torsion-aileron form with torsional 

wing strain and rotation of ailerons (this form is comparatively 

rarely encountered in practice) and flexure-aileron form with flex¬ 

ural Ving strain and rotation of ailerons. Let us consider in greater 

detail this form of flutter. 

Flexure-aileron flutter is symmetric and antisymmetric. In 

symmetric flexure-aileron flutter the wing is deformed by one of the 

symmetric forms of flexure oscillations (see Fig. 3.20), and the 

ailerons deviate simultaneously to one side due to the elasticity of 

the control wiring, which is characterized by frequency of symmetric 
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oscillations of Ailerons* In Antisymmetric flexure-aileron flutter 

the wing is deformed by one of the• antisymmetric forms of flexure 

oscillations, and the Ailerons deviate in various directions. In 

this case the ailerons can deviate both without strain on the control 

wiring (control stick Is free, wiring works as a mechanism, frequency 

of ailerons Is equal to zero), and also due to elastic strain on 

wiring, which is detemined by the frequency of antisymmetric oscilla¬ 

tions of the ailerons (control stick is held). In connection with 

this, the analysis of flexure-aileron flutter is conducted both by 

taking into account, and also without taking into account the action 

of the elastic restoring force from the wiring strain. 

Aileron flutter is a very dangerous phenomenon. However, it is 

less intense than flexure-torsion flutter of a wing. Thus, on sub¬ 

sonic aircraft 6-I5 seconds passes before destruction of the wing 

during aileron flutter, and in many cases the crew succeeds in re¬ 

ducing the speed of flight and lands. The smaller Intensity of 

aileron flutter is connected with the fact that the flow of energy 

• 

lew 

Fig. 6.8. Change of 
amplitudes of oscil¬ 
lations during anti¬ 
symmetric flexure- 
aileron flutter of a 
glider. 

in this case is ensured basically due to de¬ 

flection of the aileron (the aileron "rocks" 

the wing), while during flexure-torsion 

flutter the flow of energy occurs due to tor¬ 

sion of the entire wing. 

Figure 6.8 gives the curve of buy.d-up 

of amplitudes of oscillations during anti¬ 

symmetric flexure-aileron flutter of a glider 

obtained by partial recording of oscillations 

at the time of appearance of flutter. Flutter 

continued for 5-ó see. and during that time the mounting lugs of wing 
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were destroyed and the glider was damaged. The cause of flutter was 

the mass unbalance of the ailerons. 

At 100* dynamic balancing flexure-aileron flutter becomes im¬ 

possible. However, for preventing flutter in the range of operational 

speeds of flight there can be sufficient partial balancing of the 

ailerons. The degree of necessary balancing is difficult to indicate 

without carrying out a calculation. Therefore, in practice they either 

calculate flutter and carry out balancing in accordance with the re¬ 

sults, or conduct full dynamic weight balancing of the ailerons. In 

last case the aileron flutter calculation is not required. 

Weight balancing of ailerons is a basic measure of preventing 

flexure-aileron flutter. Figure 6.9 shows a typical graph of the 

Fig. 6.9. In¬ 
fluence of 
weight balanc¬ 
ing of ailerons 
on flexure- 
aileron flut¬ 
ter. 

M 

Fig. 6.10. 
Influence of 
the ratio of 
natural ail¬ 
eron, and wing 
frequencies on 
flexure-alleren 
flutter. 

critical speed of flexure-aileron flutter depending upon coefficient 

c (6.3). There exists such a value of coefficient c* that if |c| < 

< |c*I flutter la Impossible. Selection of balancing In accordance 

with calculation attains the fulfillment of this condition. 

Effective means of increasing the critical speed during aileron 

forms of flutter, especially on completed vehicles, are power dampers. 
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which are devices with viscous resistance or with dry friction re¬ 

sistance, introduced between the aileron and wing and absorbing the 

cnerty of oscillations. There are also other types of dampers. 

The critical speed of flexure-aileron flutter to a considerable 

degree depends on the ratio of frequencies of natural oscillations of 

the ailerons and the bending oscillations of the wing x m ^/f ^ (Fig 

6,10). When x * 1, Vf is minimum due to the internal resonance of 

the system. When X > xMx# - U2 to i.5) flutter is impossible. 

Control-Surface Forms of Flutter 

In examining control-surface forms of flutter, in many cases one 

may assume that wing oscillations are small and may be disregarded. 

The fuselage is depicted as a nonunifom elastic cantilever, rigidly 

fixed in one of its sections (for instance in the center of gravity 

of the aircraft) and on the other end carrying the empennage. Oscil¬ 

lations of the vertical and horizontal empennage are considered to 

be independent. The stabilizer, fin, and rudder are frequently con- 

aidered to be absolutely rigid. 

Calculation under such assumptions does not always give suffi¬ 

cient accuracy of results. In particular, for aircraft with adjust¬ 

able stabilizers the assumption of nondefonnability of the stabilizer 

during oscillations is unacceptable. Disregard of fin deformations 

Is also not always permissible. In those cases, when the indicated 

schemat1 ration Is not fully satisfactory, it is necessary to consider 

the al re ralt as a free-floating elastic system. 

Control-surface forms of flutter are quite numerous. The most 

important forms are! 

i) flexure-control-surface flutter of the horizontal empennage 

.. - ' ** * - - - - ' ..., ,. Q 
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with two degrees of freedoms bending of the fuselage and elevator 

deflection; 

2) torsion-control-surface flutter of the horizontal empennage 

with two degrees of freedoms twisting of the fuselage and elevator 

torsion; 

3) flutter of vertical empennage with three degrees of freedoms 

horizontal flexure and torsion of the fuselage and rudder deflection. 

Zt Is also necessary to calculate the deflection of trim tabs and 

servo-tabs. Servo-tab and trim tab forms of tail flutter are con¬ 

siderably more complicated than the enumerated control-surface forms. 

For aircraft with small relative thickness of vertical and horizontal 

empennage it is necessary to consider deformations of the fin and 

during oscillations and compliance of the supports of the 

control hinges. In certain cases it is necessary to consider hori¬ 

zontal oscillations of the empennage. 

The action of the controls on the empennage during oscillations 

in many respects is analogous to the action of the ailerons on the 

wing. Accordingly, the calculation of the control-surface foras of 

flutter in many respects is also like the calculation of wing forms, 

only into the equations of motion there are Introduced corresponding 

fuselage deformations. 

In most cases the cause of tail flutter was unbalance of the 

controls. Therefore»the calculation of the horizontal empennage is 

usually conducted only for control-surface flutter of the horizontal 

empennage, while the vertical empennage requires rudder balancing. 

A sufficient condition for preventing control-surface flutter 

is the observance of full dynamic balancing of the controls. The 

necessary degree of balancing may be established by calculation. 

-* ,, ' ..; ,,,. * , . ,,. ,. _ , „„ 

£77 



The influer. *e of weight balancing of the controls on is analogous 

to that indicated for the ailerons (see Fig. 6.9). It is especially 

necessary to emphasize that a disturbance of balancing of the con¬ 

trols can essentially lower Vf. 

Upon coincidence of frequencies of the stabilizer (or fin) and 

fuselage it is necessary to calculate flutter without control. In 

this case the controls are considered to be fixed with respect to the 

stabilizer (fin). 

Control-suri ace flutter, in additional weight balancing, is 

essentially influenced by the magnitude of moment of inertia of the 

controls, aerodynamic compensation, and frequency of oscillations of 

the controls. With the increase of aerodynamic compensation the criti¬ 

cal speed of flutter Vf increases. The greater the axial compensation, 

the less the necessary degree of weight balancing of the controls. 

Vf “y *1®° be Increased by increasing the moment of inertia of the 

controls. The dependence of on the ratio of frequency of the con¬ 

trols and frequency of the fuselage X - i® analogous to that 

indicated for the ailerons (see Fig. 6.10). Furthermore, magnitude 

Vf °r lorsion-control-surface flutter is essentially influenced by 

the torsional rigidity of the elevator. An Increase of rigidity when 

X > 1# as this usually occurs on aircraft, always leads to an increase 

of Vf. 

It is necessary to emphasize the necessity of the analysis of 

stabilizer" forms of flutter of contemporary aircraft with adjustable 

stabilizers. The natural frequency of torsion of an adjustable 

stabilizer is considerably lower than a nonadjustable one. Correspond¬ 

ingly, magnitude V^. is also considerably lower in an aircraft with 

aijus'ab.e stabilizer. The calculated forms flutter of an adjustable 

- -- ,, 1 , / 
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•tAbilizer are cantilever (bending and twisting of stabilizer) and 

fuselage (with vertical bending of fuselage). of an adjustable 

stabilizer can be increased by installing balancers on the stabilizer 

and by increasing the torsional regidity of the stabilizer. 

Flutter with One Degree of Freedom 

As was indicated above* the presence of two and more degrees of 

freedom in an oscillating system is an essential* but not necessary 

condition for the appearance of flutter. In transient aerodynamic 

processes at high subsonic and supersonic speeds of flight there is 

possible flutter in systems with one degree of freedom. The Known 

examples of such flutter are explained by pitch oscillations of rigid 

wings and control surfaces. The majority of them present only theo- 

retica. interest. However* in practice there were observed cases of 

the appearance of intense oscillations of ailerons and controls at 

transonic speeds of flight. Recordings of such oscillations indicate 

the harmonic character of rotation of the ailerons or controls, which 

is common during flutter. This form of aeroelastic instability appears 

in connection with shock oscillations on the lower and upper surfaces 

of the wing (stabilizer) ahead of the axis of rotation of the ailerons 

(controls). The means of preventing this phenomenon are found experi¬ 

mentally* based namely on this physical explanation of instability of 

ailerons and controls. Quantitative calculations of instability of 

this form with the help of existing aerodynamic theories are difficult. 

A sufficiently effective means of removal of the indicated nat¬ 

ural oscillations of ailerons and controls is the introduction of a 

damper for absorption of the energy of oscillations. Inasmuch as a 

prediction of this phenomenon is now impossible due to the absence of 

* —*.- * « * — . 0. j 
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developed calculation methods, and It Is revealed only In a finished 

design, the Introduction of friction Into the system (which does not 

require serious alterations in design) is a sufficiently economic and 

reliable means. 

In representing the motion of self-oscillation systems in the 

phase plane (in displacement — speed coordinates) the graph of motion 

described by depicting point (y, y), - the phase curve - when t > 0, 

Fig. 6.11. Phase diagrams of oscillations, 
aj Increasing oscillations; b) oscilla¬ 
tions with a limit cycle; c) case of oscil¬ 
lations with several limit cycles. 

emerges from the origin of coordinates in spiral form (Pig. 6.11a). 

This is explained by the fact that the origin of coordinates is the 

point of unstable equilibrium, and the oscillations themselves are 

divergent (Increasing). 

In certain nonlinear systems, with the growth of time (in the 

limit) the oscillations become periodic* Any periodic motion on the 

phase plane corresponds to a closed curve (Fig. 6.ilb). -In the con¬ 

sidered case the spiral-like phase curve tends to a closed curve when 

t ®. Poincare called this closed curve the limit cycle. 

An oscillatory system under certain conditions can have not one, 

but several limit cycles (Pig. 6.lie). Inside the cycl* the de¬ 

picting point moves along a divergent spiral-like curve and nears the 



cycle, while outside the cycle the motion Is alon£ a twisted spiral- 

like curve and the depicting point also nears the cycle. The limit 

cycle constitutes steady-state oscillations with defined amplitude. 

Aerodynamic forces at transtransonic speeds, which appear during 

oscillatory motion of control surfaces, are nonlinearly connected 

with speed. Therefore limit cycles of oscillations of ailerons and 

controls and corresponding changes of their stability are possible. 

The experimental data obtained during flying tests confirms the 

presence of such cycles. However, excessively large oscillations can 

lead to breaking of the structure, without reaching the limit cycle. 

In connection with this, it is impossible to make a definite pre¬ 

liminary conclusion concerning the presence of safe limit cycles in 

the considered type of natural oscillations of ailerons. Therefore, 

a thorough inspection of this phenomenon is required in wind tests 

and flying experiments. 

Analogous natural oscillations in principle are also possible on 

the flaps and the wings themselves at transtransonic speeds of flight. 

These oscillations essentially depend on î!ach flight number and are 

’ connected with the appearance of transient aerodynamic processes on 

streamlined surfaces. During stable supersonic flowing around such 

oscillations are absent. 

Influence of Hydraulic Booster in the Control 
and Automatic Pilot Linkage on the Critical 

Speed of Control-Surface Flutter 

The inclusion of a hydraulic booster changes the rigidity of 

control. The linkage rigidity then becomes dependent also on the 

characteristics of the booster. Due to this, the inclusion of a 

booster affects the magnitude of critical speed of control-surface 
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flatter. In the case of unbalanced controls the Inclusion of a boos¬ 

ter In the control linkage can lead both to a lowering and to an In¬ 

crease of Vf. 

The presence of a booster cannot be a cause of the appearance of 

flutter if the control system Is stable In ground conditions. Con¬ 

sequently, with full balancing of the controls and observance of the 

Indicated condition, inclusion of a booster should not lead to flut¬ 

ter. 

Stability of a system with a hydraulic booster increases with 

the increase of rigidity of the structure, to which it is attached. 

For a control system with an automatic pilot, the ratio of 

natural frequencies of the attitude gyroscope and fuselage deformations 

is of value. Due to the proximity of these frequencies natural oscil¬ 

lations are possible. 

During natural oscillations with a booster or automatic pilot 

there usually is attained a certain limit cycle and further oscilla¬ 

tions are not divergent (with respect to amplitudes). This phenomenon 

in its chai^acter differs from flutter. However, it presents a danger 

to the structure and is absolutely impermissible in operation. 

It is especially necessary to emphasize the necessity of thorough 

■tudy of tha influence of a hydraulic booster and automatic pilot on 

the stability of a control system in ground conditions and in flight. 

Considering the difficulty of reliable determination of this in¬ 

fluence by means of calculation, frequency tests are desirable to 

conduct with boosters and automatic pilot both off and on. In the_ 

last case the reaction of control to pulses of different duration and 

form should be investigated: the magnitude of these pulses should be 

ouch that control deviations under their action exceed the threshold 

of sensitivity of the automatic pilot. z- -0-J 

oto 
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Stalling Flutter 

In distinction from classical flutter, which was considered 

above on the assumption of a smooth (without stall) flow around the 

•tructure, in stalling flutter, during at least part of the time of 

the full cycle of oscillation, the flow separates from the structure# 

This introduces peculiarities into the oscillatory process. Inasmuch 

as the wings and empennage of aircraft in the usual conditions of 

flight are far from the angles of attack, at which separation of flow 

begins, the problem of stalling flutter for them has a smaller value. 

More wide-spread is the separation from propeller blades of aircraft 

and helicopters in which stalling flutter was observed. Recently 

this question obtained value for Jet engines in connection with ob¬ 

served breakages of blades of turbines and compressors at subcritical 

angles of attack. 

The first experimental investigations of stalling flutter go 

back to 1935-1956. In connection with the appearing nonlinearities 

of the process a theoretical analysis of stalling flutter is hampered. 

However, investigations of this phenomenon on models indicate that 

in a steady flow with increase of wing angle of attack there is ob¬ 

served a considerable lowering of critical speed of flutter (more 

than 50#) at a certain critical value of the angle of attack. In 

view of this, stalling flutter presents a serious danger. 

The peculiarities of stalling flutter may be seen in in example 

of testing propeller models. In the region of small angles of attack 

(angle of attack is taken in a section on relative radius 7 - 0.7) 

in the absence of stall the critical speed of flutter with the in¬ 

crease of angle of attack from zero to a certain value at first drops, 

and then remains constant in a certain region of angles of attack. 
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This critical sper -^responds to classical flutter. Upon further 

increase of the az^le of attack to a magnitude when stalling begins 

duri-.f os • 1. lations, the critical speed sharply drops. This speed 

corresponds to stalling flutter. 

The Influence of design parameters on stalling flutter is fre¬ 

quently different than for classical flutter. Stalling flutter is 

chiefly torsional. Flexural oscillations during stalling flutter are 

relatively small, while in classical flutter the flexural and tor¬ 

sional oscillations cause deformation of the structure of one order. 

The position of the axis of centers of gravity of sections during 

stalling flutter practically does not have any value. The critical 

speed of rtalling flutter can be defined as the speed at which the 

structure is twisted to angles of attack at which there occurs a 

separation of flow. It can be increased by increasing the torsional 

rigidity. 

In this connection one should note the distinction between 

flutter, stalling flutter, buffeting, and aerodynamic oscillations, 

although a.l of them are "aerodynamic,^ i.e*, there appear due to 

the in action of the air current and the structure. Flutter and 

aerody.iaaic oscillations are self-oscillation phenomena, inasmuch as 

they can appear in a steady air current in the absence of an external 

source of perturbing forces. 

Flutter corresponds to dynamic instability of a structure in 

an air current, while during aerodynamic oscillations the structure 

is dynamically stable. Flutter oscillations are distinguished by 

their regularity, are almost harmonic, and have a defined frequency. 

Aerodynamic forces during flutter appear due to oscillations of the 

lifting surface and they support these oscillations. 



The motion of a structure during Aerodynamic oscillations does 

not have a fully regular character and can occur with many of its 

natural frequencies. 

Buffeting is distinguished by its intensity and irregular char¬ 

acter. The appearing aerodynamic forces during buffeting are deter¬ 

mined basically by the turbulent characteristics of flow. 

Oscillations of a wing (propeller blade) during a stall are 

boundaries between flutter and buffeting. On the one hand, oscilla¬ 

tions in this case appear during the action of steady flow on the 

structure and are consequently a self-oscillation phenomenon. On the 

other hand, during a stall there appear stochastic aerodynamic pro¬ 

cesses and the elastic reaction of the structure to these processes 

will also be stochastic) the appearing aerodynamic forces depend very 

little on the oscillations of the structure, and therefore,the oscil¬ 

lations may be called buffeting. If the motion with such oscillations 

is distinguished by regularity (sinusoidality) with respect to one 

of the degrees of freedom, the phenomenon is sometimes called buffeting 

flutter. 

Panel Flutter 

In the above-considered forms of flutter, deformations of the 

structure along chord did not render a noticeable influence on flutter 

and they were disregarded. In panel flutter the main role is played 

by deformations of the skin (panel) which is rigidly supported along 

the edges. 

Supersonic flutter of a panel for the first time was considered 

in connection with damages due to vibrations of the skin of the 

German V-2 rockets. In a subsonic flow, theoretically, certain 



self-exciting oscillations accompanied by skin buckling are also 

possible. The first theoretical research on panel flutter began in 

1950. 
The skin is enveloped by air from the external side; from the 

other side the air remains motionless. Due to this, on the skin 

panel, which is rigidly supported by elements of the internal assem¬ 

bly, at a defined impact pressure, depending on the dimensions and 

curvature of the panel and conditions on the supports, there can 

appear self-exciting oscillations. 

Theoretical analysis and experiments indicate that loss of sta¬ 

bility of the skin (buckling) and flutter and closely connected to¬ 

gether. 

By tightening the skin it is possible to prevent flutter, but 

it reappears when it becomes loose. Skin panels will be stable with 

respect to self-exciting oscillations when they possess sufficient 

rigidity and their mass is great as compared to the mass of the 

apparent air. From this point of view, a decrease in rigidity and 

an increase of skin buckling due to aerodynamic heating of the struc¬ 

ture unfavorable shows up in the characteristics of panel flutter. 

6.3. Basic Positions of the Theory of Flutter. 

Methods of Determination 

of Critical Speed 

Basic Assumptions and Limitations 
of the Theory of Flutter 

For practical purposes the most important problem is the guaran¬ 

tee of safety of a structure from the appearance of flutter. The 

oscillations themselves during flutter do not have any practical 

interest, since in view of the extreme danger it is important not to 



allow It to be used« Therefore, of all the characterletlce of flut¬ 

ter the main one le the magnitude of critical speed* This glvee *. 

basis for the Introduction of the following two assumptions which 

considerably simplify the mathematical apparatus for the Investiga¬ 

tion of such a complex physical phenomenon as flutter. 

First, the problem of flutter constitutes a problem of dynamic 

stability of a structure In an air current and reduces to finding 

such (critical) a speed at which small perturbations withdraw the 

structure from dynamic equilibrium, or more exactly, the speed, upon 

exceeding which, small perturbations lead to Increasing self-exciting 

oscillations. Consequently, during the analysis of flutter it is 

permissible to use the results of the theory of small oscillations. 

Secondly* Inasmuch as critical speed is determined during the 

study of flutter, and upon the achievement of critical speed there 

are possible harmonic oscillations of the structure, in the deter¬ 

mination of the aerodynamic forces acting upon the oscillating struc¬ 

ture we assume that it accomplishes harmonic oscillations. This also 

simplifies the problem. 

Ve shall consider, for an example, flexural-torsional oscillations 

In an air current of a thin (two-dimensional) cantilever wing under 

the action of an Initial small perturbation. Equations of Joint 

flexural-torsional oscillations can be written In the form 

of span) with respect to the a>-J.s of rigidity. 



The other designations are the same as in formulas (6#i) and in Fig. 

6.1. The houndary conditions for equations (6*5) remain as before 

(6.2). 
The basic difficulty in the composition of equationi; (6.5) con¬ 

sista in finding aerodynamic force Y and moment M, the exact determi¬ 

nation of which for a wing that is fluctuating in an air current is 

a very difficult problem. Attempts at an exact determination of 

these forces led to very complicated solutions that were absolutely 

unfit for*practical applications. Therefore the methods of flutter 

calculation are based on approximate aerodynamic theories which sim¬ 

plify the problem. 

There are two such aerodynamic theories. One of them — the 

stationary theory - orignates from the assumption of the stationarity 

of derivatives c^J and c® of an oscillating wing. The essence of this 

theory reduces to the following. 

In the flow around a thin wing by a steady flow of ideal incom¬ 

pressible fluid, the lift per unit of span is 

(6.6) 

where y(x) Is the circulation (intensity of adjacent vortices) of a 
wing of unit span on an element of chord dxj 

b is the wing chord. 

In the flow around a wing profile by an unsteady flow of fluid, 

in addition to the adjacent vortices located along the wing (Fig* 

6.12), there will appear vortex whiskers (free vortices) and formula 

(6.6) is unacceptable for the determination of lift. Since in the 

flow of an ideal fluid the total circulation around the contour, in¬ 

cluding the wing and vortex whiskers, should remain constant, and 
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during oscillations the lift (and consequently the circulation) on 

the wing changes, the vortices should be removed from the wing and 

be carried away by the flow. The plane stationary theory of aero¬ 

dynamic forces is based on disregarding the vortex sheet which con¬ 

verges from an oscillating wing due to 

the change of circulation in time. The 

aerodynamic properties of an oscillating 

wing with variable linear and angular 

velocities are replaced in each moment 
Fig. 6.12. Diagram of vor¬ 
tices in the air flow of time by the properties of the same 
around a wing. 

wing with constant linear and angular 

velocities that are equal to the real instantaneous values of these 

speeds. The slope of the velocity vector of flow to the profile is 

also considered to be constant in each given moment of time and equal 

to the real instantaneous slope at this instant of time. 

Thus, the unsteady flow near the wing is replaced by a steady 

one, circulation on the wing in every given moment of time will be 

constant, the adjacent (transverse) vortices in these moments will 

not depart from the wing, and formula (6.6) is applicable for com¬ 

puting the aerodynamic forces. 

In accordance with the stationary theory it is relatively simple 

to determine the aerodynamic forces on a wing without an aileron, on 

a wing with an aileron, and on the empennage. Not stopping on the 

determination of these forces, which are presented in sufficient de¬ 

tail in various works and in special handbooks on the calculation of 

aircraft flutter, one should note that flutter calculations according 

to the theory of stationarity give good coincidence of results with 

given tests of models in wind tunnels basically in the subsonic 
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région of speeds of flight* In thé transonic and supersonic regions 

in certain cares this theory gives an overestimate of the critical 

•peed of flutter* 

The other aerodynamic theory — the non-stationary one — is based 

on disregarding the change of adjacent (longitudinal) vortices along 

the wingspan. In accordance this theory It is considered that 

every section of an oscillating wing is in conditions of plane- 

parallel flow and works independently of the other sections. The 

profile Is considered to be moving in the flow with variable forward 

and angular velocities, circulation around the wing changes in time, 

and a vortex sheet runs from the wing. The aerodynamic forces, calcu¬ 

lated under these conditions, are transferred to the elements of a 

real wing of finite span in conditions of nonplanar flow. 

The non-stationary theory of aerodynamic forces in many cases is 

■ore exact, but it is also more complicated as compared to the sta¬ 

tionary theory. 

The question concerning the limits of applicability of the sta¬ 

tionary and non-stationary theories of aerodynamic forces during the 

analysis of flutter is impossible to consider as fully answered. 

Evident simplifications, introduced by the stationary theory into 

engineering analysis of flutter, make it necessary to perform an 

experimental check of the limits of its applicability. The results 

of such a check indicate that it is fully applicable in the entire 

subsonic region of speeds of flight. At transonic speeds of flight, 

strictly speaking, both theories are inapplicable. In the region of 

supersonic speeds of flight (approximately for numbers M - 2.0 to 

2.5) the non-stationary theory gives computed values of critical 

•peed that are closer to the actual values. In view of this, the 
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non-Btationary theory for supersonic speeds is more reliable. 

At high supersonic speeds of flight, corresponding to numbers 

M y 2.0 to 2.5, changes of airspeed in the flow near the wing become 
commensurable with the speed of sound, and the linearized aerodynamic 

theory is not fully useful for detemination of aerodynamic forces. 

In these cases it is necessary to calculate the nonlinearity in the 

problem of aerodynamic forces on the wing, in consequence of which 

the analysis of flutter is considerably complicated. The influence 

of aerodynamic heating on the characteristics of flutter is considered 

in Chapter VIH. 

The considered theories of flutter are linearized, i.e., the 

aerodynamic forces are determined according to the linearized aero¬ 

dynamic theory, and the stability of the systems Is investigated in 

the vicinity of critical speed during small perturbations. The 

limitations of the theory follow from this. Thus, within the limits 

of the linearized theory, oscillations cannot be calculated during 

flutter. With the help of this theory it is possible only to estab¬ 

lish the presence of aeroelastic instability of the oscillatory sys¬ 

tem, but it is Impossible to determine the characteristics of the 

oscillations. At the same time, for practical purposes, especially 

for flying tests, it Is very important to know the magnitudes of 

maximum amplitudes upon achievement of limit cycles (in those cases 

jfhen they exist) and Intensity of build-up of oscillations during 

flutter. However, these characteristics can be obtained only if the 

nonlinear characteristics of the structure and the aerodynamic forces 

are known. 

In the linearized theory of flutter it is assumed that perturba¬ 

tions are small. These perturbations should obviously have a defined 
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adnlmua SÄ^nitude (a.Tiplitudes of oscillations should exceed the 

boundary layer thickness). With perturbations srAller this magnitude, 

flutter will not be excited. At the same time, during strong Initial 

perturbations (during flights in a strongly turbulent atmosphere) 

flutter develops very intensely and at several smaller speeds of 

flight than during flight in a calm atmosphere. 

The influence of large perturbations on critical speed and in¬ 

tensity of flutter within the limits of the linearized theory is im¬ 

possible to reveal. This means that flutter is investigated for 

rectilinear flight in a calm atmosphere. Critical speed, determined 

for these conditions, extends to all other conditions of flight. This 

position does not fully exactly reflect the real processes. In parti¬ 

cular, according to the linearized theory the angle of attack of the 

lifting surfaces in the position of equilibrium is taken to be equal 

to zero and it is considered that the real angle of attack does not 

render an influence on critical speed. However, the angles of attack, 

even considerably smaller than critical (in the static position of the 

structure), can lead to a lowering of critical speed of flutter at 

transonic speeds of flight, especially for structures with thin pro¬ 

files. Upon approach to angles of attack that are close to critical 

(stalling), the critical speed of flutter can be lowered. 

It is Impossible to also consider the sufficiently effective 

linearized theory of flutter for supersonic speeds of flow. 

In addition to those indicated, there exists a number of other 

limitations of application of the considered theories of flutter. In 

many cases, especially for small subsonic speeds of flow, they give 

practically acceptable results. In other cases, in particular those 

connected with the investigation of flutter at speeds of transonic and 

■t 
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•upcrtonlc flow, the Introduction is required of different more pre¬ 

cise definitions which approximate the calculated picture of the 

phenomenon to the real picture. Therefore, along with theoretical 

analysis it is necessary to conduct experimental investigations. 

Analysis of Flutter in an Incompressible Flow 

If aerodynamic force V and moment M in equations (6.5) are deter- 

mined, then considering that these forces continuously depend on », 

¿, y, and the equations (6.5) themselves are linear equations with 

constant coefficients, the solution of the system of equations (6.5) 

can be written in the form 

Y-AIW*. (6.7) 

where f(x) and 9(z) are oscillation modes which must be determined 
from eauations (6.1) under boundary condi¬ 
tions (6.2)] 

A and B are coefficients determined from initial condi¬ 
tions; 

X is a constant which continuously changes with 
the flow rate; X is determined from the 
equation obtained from (6.5) and (6.2) and 
called the characteristic equation. 

In general X is a complex number: 

¿-••r* (6-8) 

The f^-lowing values of damping decrement Ö and frequency p, which 

determine the Important forms of motion of the oscillatory system 

are possible: 

1. p ■ 0. This case corresponds to aperiodic motion. If the 

real part of (6.8) is negative (5 >0), the system, which is removed 

from the state of equilibrium, by aperiodic motion tries to return to 



the «tate of equilibrium (Fig. 

6.13a) and consequently, the sys¬ 

tem is statically stable. If B > 

> 0, the system, which is removed 

from the state of equilibrium, by 

aperiodic motion monotonically leaves 

the state of equilibrium (Fig. 6.13, 

b) until damage to the structure, 

and consequently the system is 

statically unstable. Such aperiodic 

motion — divergence — was considered 

above (see p. 56 ). The case of 

B ■ Ü and p ■ 0 corresponds to the critical state of divergence and 

determines the condition upon fulfillment of which the system Is neu¬ 

trally and statically stable. 

2* p / 0. Here two cases are possiblei 5 - 0 or B / 0. In the 

first case X is a purely imaginary magnitude and expression (6.7), 

with the help of Euler formulas 

cosp/ + ítinp/, I 
—cos* — isln/rt. J 

may be reduced to the form 

r«4J(r)cof<*+•). I 

+f). I 
Consequently, when B - 0 the oscillation will be harmonic and 

magnitude p is the angular frequency of oscillations. 

In the second case, when ò / C, expression (6.7) with the help 

of the same Euler formulas (6.9) can be reduced to the form 

(6.9) 

(6.10) 

Fig. 6.13. Motion of a system 
at different values of damping 
decrement 8 and frequency p. 
•) 8 < 0, P-0;l»)6>0,p- 
- Oj c) 8 - 0. p /0j d) 6 < 
< 0, p / Oj e) 8 > 0, p / 0. 



Y " cos (p/+ a); \ 
» — (i) tf41 CO$ (pi-f ¢). J (0#li) 

If 5 < 0, the motion in accordance with formulas (6.Ü) will be 

damped (Fig. 6.15 d). A system, removed from the state of equilib¬ 

rium, by oscillatory motion tries to return to the position of equi¬ 

librium and consequently the system is dynamically stable. If 6 > 0, 

then in accordance with formulas (6.11) with the passage of time the 

oscillations will increase (Fig. 6.15b). A system, obtaining small 

perturbation, with the passage of time departs by oscillatory motion 

from the position of equilibrium and consequently such a system is 

dynamically unstable. Oscillatory (dynamic) stability of a system is 

called flutter. 

The case of 5 - 0 when p / 0 is a boundary case and corresponds 

to the critical state of flutter when the system is neutrally and 

dynamically stable. In this case, in accordance with formulas (6.10), 

the system accomplishes harmonic oscillations (Fig. 6.i5c). 

Magnitude 6, which is the damping decrement of oscillations, can 

become equal to zero with the change of the flow rate several times 

(see Fig. 6.2), and consequently the same form of flutter can have 

several critical speeds. However, practical interest is presented by 

the lowest critical speed. 

Analysis of the characteristics of flutter and divergence reduces 

to the analysis of roots \ (6.8) of the characteristic equation. With 

the use of the results of the non-stationary theory much calculating 

work is necessary and analysis of flutter becomes very complicated. 

Methods of calculating flutter and divergence, based on the hypothesis 

of stationarity, are simpler and more graphic. 

For the case of flexural-torsional oscillations of a wing. 



calculated according to a cantilever diagram, the characteristic 

equation has the fora 

+ + + (6.12) 

The coefficients of this equation depend on the rigidity and mass 

characteristics of the wing) the magnitude of these coefficients 

changes with the change of the speed of flight* 

Equation (6.12) has four roots corresponding to its power. If 

among the roots of this equation there is at least one root with a 

positive real part, then such a system, as was shown above, is un- 

etab e: any small perturbation with the passage of time will with¬ 

draw the system as far as possible from the position of equilibrium. 

If all roots have a negative real part, then the system is stable, 

i.e., after a small initial perturbation it will gradually return to 

the position of equilibrium. 

The real parts of the roots of equation (6.12) are functions of 

flow rate (see Fig. 6.2) and can change their sign upon change of the 

flow rate. In these conditions, with the change of the flow rate, 

the system can become unstable from stable. For stability of the sys- 

tern it is necessary that the real parts of al, roots of the charac¬ 

teristic equation (6.12) be negative. A necessary and sufficient 

condition, upon the observance which this is fulfilled, consists in 

that the coefficients of the equation and the discriminant 

*-aCD-r£-Z>M (6.13) 

■ust be of one sign. 

The critical speed of flow, at which a structure is neutrally 

stable, is determined by one of the equations 



£-0. Ä-a (6.14) 

Tht first one determines the critical speed of divergence, since 

when E - 0 equation (6.12) has root X - 0 and according to the above- 

•tated there appears a critical state of divergence. For the con¬ 

sidered case the critical speed of divergence Is determined by the 

equality 

(6.15) 

The second equation of (6.14) determines the critical speed of 

flutter. It Is obtained from equation (6.12) upon substitution of 

the value of X - lp(p / 0), which corresponds to the presence of 

harmonic oscillations In the system. Substitution of the values of 

coefficients A, B, C, D, E of equation (6.12) In the expression for 

the discriminant (6.15) leads to the flutter equation 

(6.16) U* + *V* + tf-a 

the coefficients of which do not depend on speed. This equation gives 

two values for V^. Practical Interest Is presented by the smaller 

value. Analogously, (according to the "cantilever diagram") the 

critical speeds of other forms of flutter can be determined. 

Influence of Compressibility of Air on Flutter 

Compressibility of air starts to appear from M > 0.5 to 0.6. 

At these Mach numbers the derivatives c® and c® are noticeably changed. 

Formally the calculation of flutter for a compressible flow can be 

conducted for any Mach numbers by the same formulas as for an 
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Incompressible flow. Only the aerodyenalc members in these formulas 

■hould be selected by taking compressibility into account. 

The influence of compressibility in the region of subsonic and 

low supersonic speeds in general is small and may cause a change of 

the magnitude Vf on the order of i0;1, but in certain cases this 

change reaches 20-30^ (for straight wings). Therefore, in the region 

of such speeds of flow the calculation may be conducted for incom¬ 

pressible flow, and the influence of compressibility may be considered 

as a certain coefficient which depends on Mach number and is deter¬ 

mined from experiments in wing tunnels. For high supersonic speeds 
a 

the influence of compressibility in considerable. The forms of wing 

flutter in a supersonic flow can essentially differ from the forms of 

flutter in a subsonic flow. 

Coefficients L, M, N of the flutter equation depend on the deri- 

▼atives of the coefficients of aerodynamic forces and moments, the 

magnitude of which is influenced by the compressibility of air. 

Therefore, in the calculation of compressibility, equation (6,16) is 

transformed from an algebraic equation into a transcendental onei 

tMP + AfflOFH V(V)v-a (6.17) 

Three possible cases of the roots V* of this equation are shown in 

Fig. 6.14. Curve i is tangent to line V* - a certain 

transonic Mach number. Curve 2 indicates the absence of flutter 

under the selected calculation conditions. Curves similar to curve 

3 and intersecting line V* - oa indicate the existence of a 

region of instability in a certain range of change of speeds (Mach 

numbers) of flow. This curve la characteristic for straight wings 

which usually have instability at transonic speeds. 
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The critical speed of flutter due to the Influence of compress¬ 

ibility can decrease* The most dangerous speed in the sense of the 

possibility of appearance of flutter (with errors in the calculation 

assignment of wing rigidity as compared to its actual rigidity) is 

not maximum speed, but a certain average speed which corresponds to 

critical Mach number and depends on the aerodynamic properties of the 

wing. 

The influence of certain design parameters on Vf in a compress¬ 

ible flow is intensified* In particular, if one does not consider 

the influence of compressibility, then with the climb to an altitute 

(with the decrease of density p) Vf is increased, but it always re¬ 

mains a finite quantity. In the calculation of compressibility there 

exists such a value of p at which the equation of flutter gives 

Fig. 6*14« An 
analysis of the 
roots of the 
flutter equation 
(6.17). 

imaginary roots. In other words, at 

Fig. 6.Í5. The 
dependence of 
critical speed 
of flutter on 
Mach number in 
a compressible 
flow for the 
wing of a Jet 
transport* 

a defined altitude of flight flutter 

tocones Impossible, even If there Is 4 finite quantity of critical 

speed on the ground. 

The indicated peculiarities of wing flutter in a compressible 
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flow In equal seasure also pertain to the eapennage. 

Figure 6.15 gives a graph of the dependence of on Mach number 

for bending-twisting flutter of an unswept cantilever wing of a trans¬ 

port aircraft In a compressible flow.* 

Influence of Sweepback of Wings on Flutter 

Theoretical determination of the conditions of appearance of 

flutter for wings (or other streamlined surfaces) with large sweep- 

back Is hampered by the fact that such wings frequently are used 

for large subsonic and transonic speeds of flight, l.e.# In the In¬ 

terval of speeds for which the aerolynamic theories are not fully 

strict. The use of approximate tí *les of flutter calculation of 

sweptback wings leads to the necessity of a more thorough check of 

the results of such calculations on models or by other methods. 

Aerodynamic loads on an oscillating swept-back wing are determined 

by two methods and flutter of swept-back wings Is correspondingly cal¬ 

culated by two methods. One method considers sections of the wing 

that are normal to the elastic axis and uses the components of speed 

in these sections for the calculations (see Fig. 2.15); the other 

method considers sections in the direction of flow. The first method 

has obtained much development and is simpler, especially for wing 

designs whose wing ribs are normal to the axis of elasticity and 

consequently remain undeformed during flexural and torsional oscil¬ 

lations of the wing. 

The majority of wings of swept-back aircraft work like a 

L. R. Biaplinhoff et al.# Aeroelasticity* IL, 1958. 
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cantilever which Is fixed in the root section end is norms! to the 

elactic axis of the wing. Application of the first method is fully 

Justified in this case. Application of the method of sections di¬ 

rected towards flow is more Justified for wings with their ribs lo¬ 

cated towards the flow. However, application of this method is 

limited* although in certain cases it has definite advantages, in 

particular in the calculation of degrees of freedom of wing motion 

on the whole. 

In the calculation of flutter of a swept-back wing according to 

the method of sections normally located to the elastic axis, the 

functions of deformations y(z, t) and *(r, t) are taken in the direc¬ 

tion of the structural wing- span, ard the structural and aerodynamic 

conponents, connected with the determination of air loads acting upon 

an oscillating swept-back wing, are selected by taking into account 

cos y (X i* the angle of sweep)« instead of the magnitudes V, b, 

etc«* the components V cos x# h cos y# etc. are taken. 

According to the theory of two-dimensional flow the aerodynamic 

forces on a swept-back wing are created only by the transverse com¬ 

ponent of speed V cos y Therefore, the critical speed of flutter 

grows in proportion to i/cos x* 

r*—(6.18) 

Formula (6.18) far finite wings with large angle of sweep due 

to the change of the interaction of flexure and torsion strains is 

not fully exact« The actual change of is proportionate to a cer¬ 

tain magnitude which is the average between I/cos x and 1/vcos x* 

The indicated principles of calculation of sweepback* in the 

#Only wings with positive sweepback are considered. 



dtt«raiiAtion of flexure-torsion flutter of win^a give fully satie- 

factory results for an incompressible flow. Mach flight numbers al¬ 

most do not render an Influence on critical spee. approximately up • 

to values of M - 0.8. If it is necessary to consider the influence 

of compressibility for swept-tack wings, one should take the effective 

Hach number which corresponds to the component of speed that is per¬ 

pendicular to the structural wing span: 

Met*/. (6.19) 

Flutter, of Wings of Low Aspect Ratio 

Wings of low aspect ratio, applied on supersonic aircraft, have 

dimensions and rigidity in directions of chord and span of one order. 

These wings are of small thickness, are deformed like plates, and 

due to this the wing deformations in any direction cannot be disre¬ 

garded. This hampers calculations considerably. Inasmuch as it is 

necessary to apply the three-dimensional aerodynamic theory in the 

absence of bases for simplification of the problem. If for wings of 

hlfch aspect ratio the change of aerodynamic forces was investigated 

along the span (along a line), on the assumption of the nondeformabil- 

ity of cross sections, then for wings of low aspect ratio (on the or¬ 

der of 2) it is necessary to determine the load distribution along 

tha entire area. 

In connection with the appearance of aircraft having wings of 

very low aspect ratio, in the last few years the methods of calculating 

the flutter of such wings have been made more exact. However, in view 

of the complexity of the calculation methods, a large place in the 

investigations of flutter of wings of low aspect ratio is occupied 
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by •xptrimental methods. 

Calculations and mainly experiments on models in wind tunnels 

have established that due to the increase of rigidity the critical 

•peed of wings of low aspect ratio is relatively high. It was also 

established that the "calculated" forms of flutter for such wings in 

certain cases were different than for wings of high aspect ratio. 

The influence of certain parameters on critical speed is also changed. 

In particular« the distribution of large loads (for instance« engines) 

on the nose of a wing which has small thickness« leads to oscillations 

with nose deformations* The calculated forms of flutter for wings of 

low aspect ratio have larger frequencies than for wings of high as¬ 

pect ratio. 

Methods of Determination of Critical 
Speed of Flutter 

There exists a large quantity of methods for determining the 

critical speed of flutter* Not one of them haj any evident advantages 

over the others. 

The applicability of calculation method one or another depends 

on the type of design« the considered form of flutter, the complexity 

of the problem (number of degrees of freedom), and the degree of 

mechanization of the calculating processes. Selection of a method is 

sometimes determined by tradition. 

Calculation is not the only method for determining the critical 

speed of flutter. At present the determination of by means of 

tfsts on dynamically similar models (flutter models) in wind tunnels 

is considered as obligatory. Recently the electromechanical method 

of flutter simulation obtained development. 

The indubitable advantage of the calculation method is the 



possibility, in the initia^ stage of designing« of conducting an 

analysis of the aeroelastlc structure, investigating different ver¬ 

sions of arrangexent of the flight vehicle, studying the influence 

of individual design paraxeters on critical speed, and selecting the 

most optimux arrangexent with guarantee of safety of the structure 

from the appearance of flutter. The deficiencies of this method in¬ 

clude the inevitable schexatization, the known arbitrariness in the 

selection of calculation forms of flutter, and a number of simplifi¬ 

cations in the determination of aeroelastlc forces. 

Experimental method. A number of the indicated deficiencies is 

removed during tests of dynamically similar models in wind tunnels; 

first, because it is possible to manufacture the entire structure in 

a definite scale and itj oscillations can be studied, not oscillations 

of its separate parts; secondly, the model is tested directly in the 

flow of air and consequently the errors are excluded, which were in¬ 

troduced in the determination of critical speed in calculations due 

to the imperfection of the theories of aerodynamic forces. 

The experimental method# however, in addition to high costs and 

complexity, also has other deficiencies! the flutter model is made 

in accordance with the initial data and the results of preliminarily 

conducted flutter calculation, and consequently the tests of these 

models above all are a check of the results of the calculation. Due 

to this it is not not always possible to reveal the peculiarities of 

oscillations which were not "foreseen" in the calculation. For 

instance, if the tab form of flutter was not calculated and in view 

of the difficulties of simulation this component was not carried out 

on the model, the peculiarities of oscillations of the structure, 

which are connected with the presence of tabs, naturally will not be 



rrrtaled during th« tjsts. In «any cases due to the difficulty of 

experimenting In supersonic wind tunnels, tests of flutter models are 

conducted at lower speeds (Mach numbers) than they should, and extra¬ 

polation of the results Is made at high speeds of flow. In spite of 

the "limitations" this method Is Ttry valuable and at present Is being 

widely applied. 

The method of electromechanical simulation of flutter (see 

Chapter X) la economically more profitable (wind tunnels are not re¬ 

quired) and can be more exact, Inaamnch as It Is possible to use full- 

scale designs. However this method has the same deficiencies as the 

calculation method, since the aerodynamic forces In both cases are 

assigned by calculation. 

Other methods for determining the critical speed of flutter are 

also used. The advantage of application of method one or another 

depends on the problem of Investigation on hand, on the required 

accuracy and reliability of the results, and also on the degree of 

urgency of the solution of the problem. 

The magnitude of critical speed of flutter must be known for 

determining the safe range of operational speeds of flight. It Is 

taken usually that critical speed should not exceed the highest 

possible speed of flight by more than 20-35# 

(6.20) 

The magnitude of exceeding depends on the accuracy of the method 

of determining Vf, the degree of Influence of the design parameters 
•i*. 

on Vf, and on the reality of achievement of Vf in flight. 

Por estimating the safety of flight from the appearance of 

flutter it la not necessary to know the actual value of critical speed. 
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It Is important to know that flutter is absent in the range of flying 

speeds and that there are definite reserves of speed. These data in 

many cases facilitate the problem, inasmuch as the necessity of deter¬ 

mining the numerical value of critical speed exceeding the real 

•peeds of flight is dropped. 

New Problems of the Theory of Flutter 

The problem of aeroelastic analysis of designs of contemporary 

flight vehicles has been considerably complicate4. There have 

appeared new problems of the theory of flutter, connected with new 

* a:tors wh! ;h affect critical speed. Such new problems in the first 

place include* 

a) elastic oscillations of a structure with an automatic pilot 

and hydraulic booster* the connection of elastic oscillations 

through the automatic pilot with the controls; questions of stabil¬ 

ity of the control system (natural oscillations in ground conditions 

and in flight); 

b) influence of aerodynamic heating* drop in rigidity upon 

lowering the elastic modulus; decrease in rigidity due to nonuniform 

heating* 

c) . flutter during flight at very high altitudes (the problem 

of aerodynamic forces on a wing that is oscillating in a strongly 

rarefied gas and at high Mach numbers). 

Vhen M > 2.5 a considerable influence is rendered on the char¬ 

acteristics of flutter by the nonlinearity of parameters. According 

to the nonlinear theory the critical speed at these VaCh numbers is 

considerably less than according to the linear theory. This must be 

considered in calculations of flutter at flight Mach numbers of more 

than 2.5* 
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The results of the Investigation of flutter Indicate that the 

actual reserves of aaxlmun speeds of flight up to the critical speed 

Of flutter for contemporary aircraft are minimum and It Is difficult 

to Increase these reserves. From this It follows that questions of 

flutter for contemporary aircraft remain very urgent. 
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cp ■ ev - fverege 

XrCA - KhSSA 

Z 
u ■ cycles 

* cycles/mln 
* cy:l»?s/sec 

» eq ■ eoulvelent 
-op - operational 
• ef - effective. 

Up to the forties basic attention In the designing of aircraft 

was allotted to guarantee of static strength of a structure during 

the action on It of maximum, rarely encountered loads. Subsequently, 

along with guarantee of strength during a single load, considerable 

attention was allotted to questions of fatigue strength (resistance), 

1*6•# the ability of a structure to sustain the action of relatively 

small loads, but repeated a large number of times In the operational 

period of an aircraft. 

In the designing of passenger aircraft, questions of fatigue 

strength frequently are decisive for determining the dimensions and 

form of structural parts. 

The catastrophes of a number of aircraft due to fatigue breakdown 

of structural elements (the American transport "Martin 2-02" In 1943, 

the British transport "DAV" in 1951, the passenger aircraft "Comet" 

in 195^) snd the appearance of cracks In components of many aircraft 

after prolonged use served as an impetus to the rapid development of 

Investigations of fatigue strength of aircraft structures. 

Questions of fatigue strength of structures has acquired an 

* 4 ~.• 

especially important value In recent years, since considerably the 

periods of service of aircraft and the speeds of flight were increased; 

this led to an Increase In both the absolute number of loading cycles 
-- 0_j 
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of thi. itructure, and also the number of loads per hour'of flight; 

operating stresses In the structure were Increased due to the appli¬ 

cation of more reliable methods of strength calculation; laboratoo 

tests and methods of determining external loads were worked out. 

Furthermore, Improvement of navigational and piloting equipment 

made it possible to fly aircraft in very unfavorable meteorological 

conditions, when the magnitude and recurrence of loads from gusts of 

ulnd are raised. Application of highly durable materials, more sensi¬ 

tive to the action of variable stresses, leads to a lowering of 

fatigue strength of aircraft structures. 

The structure of aircraft with flight naher M > 2.0 is consid¬ 

erably heated, in consequence of which the mechanical qualities of 

the materials are lowered, which also lowers the fatigue strength of 

the structure. 

The problem of guarantee of aircraft strength during prolonged 

use Includes work In three directions; 

a) study of aircraft loading in conditions of Actual use; 

b) Investigation of the work characteristics of structures during 

the action of repeated loads; 

c) transition from the results of flying and laboratory Investi¬ 

gations to the determination of a safe period of service of the struc- 

ture. 

The period of service of an aircraft is the period determined 

only from the conditions of strength during the action of repeated 

variable loads. This Idea is conditional, since the actual period of 

service (operational period) of an aircraft depends on a number of 

other causes (obsolescence, corrosion, wear of equipment, and others).' 
¿ -^ 

1 ç. ’ ’-' 
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7.1. Strength of Materials 
» i, ;r ^ ' r "1 

The simplified mechanism of destruction of components under 

Y&rlable loads may be presented In the following form. 

During the action of variable stresses there appear microcracks 

near the zones of local overstrains of materials. At a determined 

level of stresses the cracks gradually develop and en Increase of 

the number and dimensions of such cracks gradually reduces a section 

of full value material. The ends of each crack In turn are places of 

the action of Increased stresses. In which there form new cracks. 

Destruction during variable stresses occurs slowly, but in the last 

stage the rate of development of cracks progressively Increases, and 

before the actual destruction the process proceeds almost as fast as 

during the static destruction of brittle materials. 

A typical break due to fatigue has two zones: a smooth surface 

where the cracks spread slowly and their edges have been smoothed out 

due to the friction during repeated strains, and a rough surface, 

along which final destruction of the sample occurred (Fig. 7.1). A 

study of the character of a fatigue break permits us to Judge the type 

and level of forces causing the destruction. The larger the relative 

prep of the rough zone, the higher the level of verirble stresses. The 

outline of the rough zone indice tes the cherecter of acting forces 

(flexture, torsion, tension, end so forth). 

For an explanation of destruction under variable stresses different 

theories have been advanced. Wide propagation has been obtained by the 

theory of fatigue breakdown of N. N. Afanas»yev.« If the stresses are 

sufficiently great, then during the first cycles of change of these 

■tresses in certain grains of metal there appear plastic deformations 

•!. N. Afanas'yev, Statistical theory of fatigue strength of metals. 
Academy of Sciences USSR, I955. \¡ # 
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which cause 'distortion of the crystal lattice. This leads to hardening 

of the most stressed grains. As a result of hardening of grains and 

the Increase of yield point connected with it the stresses appearing 

In grains with th^se sane deformations are increased. In connection 

with the Increase of stresses in Individual "defective" places of 

grains there can appear the phenomenon cf slip with a slight tear that 

will cr-ate a "loosening" in the grains along the sliding surface. The 

number of places of loosening (tears) is increased owing to the variable 

shifts to one and then to the other side. Grains weakened by the 

loosening can be deformed as a result of misalignment in places of 

loosening. Loosening can lead to the formation of cracks. Thus, 

»• i 
. , .» . 

destruction occurs during maximum stresses in individual grains, where 

in some cases the zone of appearance of cracks Is located on the sur¬ 

face and in others, in the thickness of the material of the component. 

The study of fatigue strength of 

structures and materials until now 

has almost completely been bas^d on 

experiment. 

Recently large propagation has 

been obtained by statistical theories 

of fatigue strength of materials. 

\ y At present, questions of fatigue 

strength were developed in an independ¬ 

ent branch of science on the strength 

of a structure and they have formed 

their own terminology. Therefore, 

*1 /• . £ -¾ 

Í - vita ~ ™ 

íút^- 
vÉt ^ . 

^ig. 7.1. Form of a break 
during fatigue testing of a 
semple. I) zone of fotlgu- 
brerk; II) zone of frst 
brerk. 

described below are the main definitions that have been adopted In 

investigations of the characteristics of strength of aircraft 

structures. 
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Most experimental Investigations of fatigue strength arc conducted 

during variable stresses which are periodic cyclical functions of time. 

The basic characteristics of variable stresses are the sign and mag¬ 

nitude of maximum and minimum stresses (a and o , ). The totality 
max aln' » ^ 

of all values of stresses during the time of one period corresponds 

to loading one cycle. As characteristics of the cycle we take the 

constant or average stress of the cycle 

and variable stress (amplitude of the cycle) 

We can correspondingly consider average lead P and variable load 
cp 

rvar* XA °max aain are in magnitude, but are opposite 

av 0), otherwise it will be 

iir/°max characterlzes the asymmetry 

ttr-'Xri* 

P_ If ai 

in sign, the cycle will be symmetric (oi 

asymmetric. The relation r » o| 

of the cycle and is called the coefficient of skewness of the cycle. 

Figure 7.2 shows different types of 

cycles of change of stresses. For the 

pulsating cycle the magnitude omin or 

omMX Is equal to zero (r » 0 or œ). 

Numerous tests of materials under 

variable loads allowed the establishment 

of two basic rules; 

1) s^terials can be destroyed under 

variable (repeated) stresses ammv, consid¬ 

erably less than the tensile strength 

if these stresses are repeated a sufficient 

number of times; 

2) with the increase of amplitude of 

variable stresses (with constant value 
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Fig. 7.2. Types of cycles 
of variable stresses. 
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OÍ* ^majc^ tíle ;caterial sustains a srnaller nunber of loading cycles 

before destruction. 

Kaxiaua stress of a cycle, at which the material is not destroyed 

upon the achievement of a predetermined large number of cycles (the 

base) of variable stresses, is called the endurance limit or fatigue 

strength. The endurance limit depends on the properties of the 

material, the type of cycle, and the conditions of carrying out the 

tests. In a uniaxial state of strain the endurance limit is desig¬ 

nated by or, where r indicates the type of cycle. 

As the results of experimental investigations show, samples of 
a 

the majority of ferrous metals, sustaining 107 cycles are not destroyed 

for a long time during further tests. Therefore, for ferrous metals 

the base is usually taken as 107 cycles. 

For aluminum alloys and a number of high-alloy steels It is 

impossible to establish such a number cycles, after sustaining which 

the sample would not be destroyed during further tests. This is 

explained by the fact that with an increase of the number of cycles 

there is a corresponding continuous drop in the stress which can be 

sustained by the material. Therefore, for nonferrous metals in the 

determination of the endurance limit the base is taken from 2»107 to 

10.107 cycles. 

Characteristics of Strength of Materials 

Endurance limit is usually determined at a frequency of change 

of stresses from 1^00 to Ó000 oscillations per minute. The dependences 

of maximum stresses on number of loading cycles until destruction - 

strength curves — can be constructed in coordinates N, o (Fig. 7.3t) 

{H is the nuaber of cycles up to destruction of a sample, o is the* ~ 

stress during the testa), in semilogsrlthmic coordlnstes log N, o 
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(***• 7.3b)* when the logerlthmlc scple (log ü) Is plotted Along 

the axis of abscissas, and In logarithmic coordinates log N, log o. 

Application of logarithmic scales permits a compact depiction of the 

results of tests. Most frequently used are the semilogarithmlc 

coord, nates. 

The strength curves for the majority of ferrous metals have a more 

or less expressed horizontal section when N is more than 2«10^ (see 

Fig. 7.3)# corresponding to the endurance limit. For certain forms 

of samples it was possible to establish an approximate relationship 

between the endurance limit and ultimate strength. For instance, the 

endurance limit for smooth steel samples during symmetric bending can 

be approximately estimated by the formula 

•Li-0.27 a.41850 kg/cm2. 

• iV J ;flf MtQi 

ff_ r 

_s 
1 — 

s—L 1 

Fig. 7.3. Strength 
curves in different coor¬ 
dinates. a) linerr coor- 
dinrtes; t) semilogrrithmic 
coordinates. 

Fig. 7.^. Strength curve 
of an aluminum alloy. 

The strength curves for alu¬ 

minum alloys do not have a horizontal 

section (Fig. 7.4). However, it is 

possible to consider that apprux- 
* ...I 

imately the conditional endurance 

limit for smooth samples made from 
w f ^ 

7 
nonferrous metals (on base 5*10 ) is connected by the following rcla- 

tlonshlp to ultimate strength . {o.25 t0 0.50)0.. In psrtlcular. 
b 

*'♦ **r. 
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for alloy D16 o . * 0.25 ow. 
•1 D 

In most cases, during tests the stress varies according to the 

asymmetric cycle. For estimating the endurance limit with different 

Fig. 7,5. Complete 
atrengtn diagram. 
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/ i 
1 i 
__L_ 

Fig. 7.6. Results of 
endurance tests of a group 
of samples. 

cycle forms strength diagrams are constructed 

In coordinates a(Fig. 7.5). This 

diagram permits the determination of the limiting 

values of variable load at the assigned level of 

average load. Symmetric cycles are depicted by 

points lying on the axis of ordinates. The 

limiting symmetric cycle is represented by points 

A and B. Limiting ,/mmetrlc cycles, the 

biggest stress of which constitute the 

endurance limits or, are depicted by 

points lying on limiting curves AC and BC, 

They are obtained experimentally for 

each material. Line OC gives the mag¬ 

nitude of average stress o of the 
av 

asymmetric cycle. The pulsating cycle 

is depicted by points D and E. 

The results of endurance tests of 

a large quantity of identical samples 

give large divergence in the number of 

cycles before destruction (up to 10 and 

m re). Then, fore, it is importent to estimrte with sufficient reli¬ 

ability the minimum number of cycles before destruction at the given 

level of stresses. For this purpose distribution curves of the number 
i 

of cycles N are constructed which can logarithmically approximate the 

normal law of distribution (Fig. 7.6). On these curves in the 
Q é 

> ~ ~ • -- - J 
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logarithmic-probability coordinates one can determine the character¬ 

istics of distribution and estimate, with the assigned reliability, 

the probability of the lower bound of the number of cycles in which 

the sample can be destroyed. 

7.2. Influence of Concentrât ion of Stresses 
on the Characteristics of 3tren^th 

The strength characteristics of a material are largely influenced 

by the zones in which there appear internal forces which are more 

intensive than in the main mass of material. The phenomenon of sharp 

local disturbance of the field of internal forces in the material of 

a component is called the concentration of stresses, and the local 

peculiarities of the structure, which cause this phenomenon, are 

called the concentrators of stresses. Stresses which appear in the 

vicinity of a concentrator are called local stresses. Concentrators 
1 

may be divided into two groups: geometric concentrators (holes, 

flanges, hollows, scratches, and others) and power concentrators (the 

character of contact forces). 

Local stresses basically depend 

on the geometry of the concentrator 

(radius of curvature, depth of 

scratch, etc.). Figure 7.7 shows 

the distribution of stresses during 

tltf extension of a plate with a 

small hole. Near the concentrator 

the stresses grow very intensely, 

and the maximum value of stress can exceed the average by a few times 
» * 

*he ^ncrea3e the load the stresses in the region of the 

concentrator reach their yield point earlier than in the other places. 

As a result of this, in the vicinity of the concentrator there will 
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Fig, 7.7. Distribution of 
•tresses in a plate which has 
a hole in it. 
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fora a local zone of plastic deformation when the main mass of material 

is still deformed elastically and there occurs a certain leveling out 

of local stresses. The more plastic the material, the more consid¬ 

erable the redistribution. This explains the fact that the influence 

of concentrators shows up less on the endurance limit of plastic 

materials. 

The influence of a concentrator is estimated by the effective 

coefficient of concentration which shows how many times the 

endurance limit of a sample without a concentrator is higher than 

the endurance limit of a sample with a concentrator o ï 
rc 

* 

The magnitude of this coefficient depends on the material and the type 

of cycle. The coefficient of concentration for steel samples with 

a hole 3/d » 5 (B is the width of a band, d is the diameter of the 

hole) and ob - 70 kg/mm during extension and compression is given 

in lable 7.1. for a plate made from alloy Dl6 when B/d - 7 to 10, 

kx - 1.3 to 1.8. 

Teble 7.1. 

brp« of «yeU r K 

. 0 
1 

1.54 
1.72 
1.07 ....... 

The quality of treatment of components strongly shows up on the 

endurance limit (rig. 6.9) due to the surface scratches remaining after 

treatment, which are concentrators. Highly durable steels are more 

sons itive to the quality of surface treatment. Since aircraft building 

uses highly durable steels (ob > 100 kg/om2), the obtainment of the ' 

necessary characteristics of strength requires an especially high 

quality of machining. ,_; 
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The endurance limit may be increased by additional treatment of 
f -., -- 4'- -• j 

the surface of a component. For instance, methods for hardening the 
i 

surface layer include rolling, shot peenlng, and hydropolishing (treat¬ 

ment of surface by a stream of liquid under high pressure), and also 

chemical-heat treatment of the component: surface hardening by currents 

of high frequency, carburization, nitration, cyanidation, and others. 

Corrosion of metal promotes the spread of fatigue cracks and 

lowering of the endurance limit. Thus, the endurance limit ol steel 

samples during tests in sea water is lowered by 2.0-4.0 times and 

aluminum alloys by 3-5 times. Lowering of the characteristics of 

fatigue during tests in sea sprays is obtained approximately the same 

as and in sea water. Even air as a corroslonal medium affects the 

endurance limit.* Investigations conducted on samples made from an 

a.uninun alloy showed that a change of air pressure from 10*^ to 

760 mm Hg lowers the number of cycles until destruction at the 

assigned level of stresses by approximately 10 times (Fig. 7.9).** 

Applicat. n anticorrosional coatings can essentially increase the 

endurance characteristic of a metal in a corrosional medium as compared 

to an unprotected metal. Therefore, the protection of components of an 

aircraft from corrosion with different surface coatings and the pres¬ 

ervation of these coatings has a large value for preventing premature 

fatigue breakdowns. 

The strength of an actual structure depends not only on the level 

of stresses, but also on damage of the contact surfaces of connection 

(rivet seams. Joints, and so forth) under variable loads. In a Joint 

»Questions of corrosional-mechanical strength of metals, Transac- 

22°n*959 the Central SolentLflc Research Institute, Moscow Branch, No. 

•»Internal Stresses and Fatigue Metals 
on internal Stresses and Fatigue Metals, 

• Procedings of the Symposium 
Detroit and Varren, I958. 



^^■8» 7.3. Influence of quality cf 
treatment on endurance limit of ateel 
depending upon its static strength. 

o». « ij*r, «w> 

rr-ï ■^ï—: 
• 

Fig. 7.9. Influence of an air 
medium on the endurance of an 
aluminum alloy. 

under the action of contact 

pressure there occurs local 

cohesion of points of contact 

surfaces. During the influ¬ 

ence of loads on a Joint there 

appears a certain displacement 

of surfaces relative to one 

another, which leads to a break 

of local cohesions, i.e., there 

occurs damage to the surface of 

the material. Chemical cooro- 

sional phenomena increase the 

damage to the surfaces of connec¬ 

tion. 

During damage to the surface 

of a material the fatigue strength 

of connections is noticeably 

reduced, since the number of poten- 

tial sources of concentration of stresses is Increased and the spread 

of cracks is accelerated. Surface damage also strongly affects the 

stability of anticorrosive coatings. The Influence of damage to a 

surface on the endurance characteristics of a structure depends on the 

type of connection. For lowering the possibility of surface damage, 

linings, lubrication, and so forth are used. 

Influence of Loading Frequency on 
Endurance Characteristics-- 

— - A »tructure that is in use is acted upon by variable loads with 

different frequencies. Some loads act several times In a flight (for 

Instance, maneuvering loads), and others cause variable stresses with 
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high frequency (for instance, acoustic vibrations occur with frequencies 

of more than 1000 oscillations per second). As a rule, with the 

increase of frequency of loads the level of maximun stresses drops in 

the structure. In estimating fatigue strength the level of stresses 

in a structure is expediently related to the breaking stress: 

A- 

WherC °nax ls the maxlnun stress acting upon the sample (structure); 

°break *s stress for the structure. 

Coefficient k is called the load factor of the structure (sample). 

An approximate dependence of the load factor of an aircraft structure 

on the frequency of its action is shown in Fig. 7.10, 

n—~ 

r i i 
1¾ 

p—- 

n- 

r< — - 

»4— 

, » — 

rig. 7.10. Approximate depend¬ 
ence of load factor on the 
frequency of its action. 

Smf w » W     W • • V» 

of frequency of loads 
on the endurance of 
an aluminum alloy in 
a vacuum. 

ihe influence of leading xrequency on endurance characteristics 

was noted long ago. However, only recently were there conducted 

extensive investigations which showed that at low loading frequencies 

the endurance characteristics are considerably lowered at a load factor 

of more than 0.3. This is evidently explained by the fact that at 

high loading speeds plastic deformations spread in a smaller zone and, 

therefore,there occurs slower development of fatigue cracks. ^ 

Ab ^ ex*nple. Fig. 7.11 gives the results of tests of samples at 
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different loading frequencies. During tests of sanplcs made from an 

alloy of the type D16 in & vacuum the endurance limit on a base of 108 

cycles practically remains constant. The endurance characteristics on 

a base of 105 cycles are lowered by 37/» with a decrease of loading 

frequency from 1000 to 10 cycles/sec. At the same comparatively high 

level of loads the number of cycles that the sample sustains is lowered 

with the aerease of loading frequency. For instance, when k - 0.5 

this nimber of cycles decreases 10 tines. 

In a corroslonal medial the Influence of loadlne frequency on 

endurance characteristics is Intensified (r’lg. 7.12). With a lowering 

of loading frequency the eniurance limit Is also lowered. Thus, with 

a decrease of loading frequency from 1000 to 10 cycles/sec the 

endurance limits cf samples are lowered by 40 to 50o,* 

During tests in sea water the influence of loading frequency 

ia intensified a few times as compared to tests in the air. For 

instance, for certain samples of steel a change of loading frequency 

fron 17Ö0 to ;6 cycles/min lowers fatigue strength with respect to 

number of cycles until destruction by 10 times.** This is explained 

by the fact that during tests in aggressive media the time factor 

obtains a decisive value. 

Up >n further lowering of loading frequency to 3 cycles/min the 

fatigue strength continues to be lowered. For instance, for alloys DIS 

and 30KhG3A under e relrtlve lord of k - 0.4, the frtigue strength 

with respect to number of cycles until destruction Is lowered in the 

following way (see Table 7.2). 
5 - -.* 

With an increase of the relative load level the influence of 

??rrlS;* Sycflc Stressing Frequency Effect on Fatigue 
Strength. Aircraft Engineering. 1959, 31, N 370. 

••Questions of corroslonal-mechanlcal strength of metals. Transac¬ 
tions of TSNIIMF, No. 22, 1959. iransac 
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Table 7.2. 

Hit* rial cy*ltj4tn 

fit • 
130 

0800 

•.to 
O.M 
I.« 

mwi 
• 

130 
4000 

•.» 
0.3» 
I.« 

in an air medium. 

N^-qq Is the number of cycles 
which the sample sus¬ 
tains at a loadine 
frequency of 4^00 
cycles/mln; 

Nj. is the corresponding number 
of cycles at frequency 
f cycles/mln. 

frequency is somewhat lowere 1 (Fig. 7.13).* 

Since many forms of loads.acting upon 

an aircraft have comparatively small load¬ 

ing frequencies, in investigations of 

fatigue of aircraft structures considerable 

attention has been allotted to the study 

of endurance characteristics at low load¬ 

ing frequencies (10-15 cycles/mln and 

less). The characteristics of fatigue 

strength at low frequencies (less than 20 cycles/min) are sometimes 

called "strength under repeated loads" or "static strength of mate- 

loading frequency :n 
fatigue strength of an 
aluminum alloy when k * 
» 0.5 to 0.7. 

rials." All aircraft materials at present are subjected to checks on 

strength at low frequencies both in samples and also in the form of 

typical designs. 

Figure 7.14 gives some typical strength curves of basic aircraft 

materials in a pulsating cycle with loading frequency of 15 cycles/min 
j 

———— . —.-. ■ llll 
? -- 

*S. I. Ratner, Destruction during repeated loads. Oborongiz, 195J. 

o 
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obtained for flat samples with a 

hole (B/d « 5)* On these curves it 

is possible to see that highly dur¬ 

able materials (steel 30KhGSA with 

hardening to ob » ISO kg/mm2 and 

aluminum allx,y V95) have consid¬ 

erably lower endurance character¬ 

istics than materials of average 

strength (steel with hardening to 

% - 120 kg/mra* and aluminum alloy Dio). For instance, when k * 0.7 

san.p lt'3 made from highly durable materials sustain only 1000-2000 

cycles, whereas samples made from materials of average strength with¬ 

stand 4000-6000 cycles. Furthermore, highly durable materials are 

more sensitive to concentration of stresses. 

7*^. Strength of Structural Samples 

Structural samples (Joints, wing panels, and others) have lower 

endurance characteristics than typical samples with holes. This Is 

explained by the large quantity of concentrators, which are rivet and 

bolt connections, and so forth. Tests of one type of wing panel showed 

that at an Identical value of load factor k the wing panel sustains 

5-7 times fewer cycles than samples with holes. As noted above, highly 

durable materials are more sensitive to the Influence concentrators. 

Therefore, the fatigue strength of panels made from highly durable 

materials has lower characteristics as compared to panels made from 

materials of average strength. 
•í ..* 

The endurance limit of panel structures and complete aircraft 

assemblies with concentrators can be estimated by the effective 

coefflcient of concentration 
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where o. _ and are the stresses which a structure- and a sample 

sustain at the same number of loads. 

According to certain researchers the effective coefficient of 

concentration for a wing structure is 4 to 6.* With an increase of 

average stress the value of kef is lowered somewhat, which can be 

explained by the influence of plasticity of the material at a higher 

level of stresses. 

Aircraft structures widely employ bolt connections, particularly 

in the responsible Joints of assemblies. Experimental investigations 

show that with an increase of preliminary tightening to a defined 

level the fatigue strength of bolts is somewhat increased. 

7.5. Summation of Damages 

Theory of Linear Summation of Damages 

For estimating the period of service of a structure it is necessary 

to know, how the fatigue damages build up with respect to operational 

time. 

If a structure experiences a variable lead with constant frequency 

and amplitude, and at this level of variable stress the structure 

sustains N cycles, then in an operational period of T hours, during 

which there were n loading cycles, the relative dagige will be £ * n/N. 

An aircraft (helicopter) during operation experiences, in an 

indefinite sequence and in a disorderly manner, alternating loads of 

different amplitude and frequency. It is necessary to establish how 
* • . * 

the fatigue damages introduced by the action of such loads build up. 
____ _ ¿ .. 

•R. Carl and T. Wegeng, Investigations Concerning the Fatigue of 
Aircraft Structures, "Proceeding Amer. Society Testing Materials," 
V. 54, 1954. , _ „f.c J 
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At présent, extensive use has been obtained by the hypothesis of 

linear sunmation of damages. It Is considered that fatigue damages 

to a structure from various load levels are Independent from each 

other and are linearly summarized, i.e., total damage i Crn be 

dot- rmin.'d from the r* Irtlonshlp 

where ^ Is the number of load cycles of a given magnitude, having an 
effect on a structure in a defined period of operation; 

is the number of load cycles of the same magnitude 
for destruction of a structure; 

, necessary 

V is the number of separate levels (stnges) of .loads. 

Upon strict fulfillment of the conditions of the hypothesis of 

linear summation 

For checking the validity of this hypothesis we conducted numerous 

experimental investigations with many stages of change of load. 

Figure 7.15 gives the generalized results of 222 tests, where the 

number of load levels was more than 2. The median of the diagram of 

distribution of test results is close to one (1.1), i.e., in 50# of 

the tests ¿^>1,1 » for 97# of all tests the magnitude V^i.>os. This 
«•i 4 "» 

circumstance subsequently peí-mita, when estimating the period of service 

of a structure, to take 
•-i*4 

A large Influence on magnitude is rendered by overstrain in 
i-» 4 

the initial stage of the tests and the number of load levels during the 

tests. In certain cases during tests with a large number of loading 

•tages the magnitude is lowered to 0.1-0,5. 



Fig. 7.15. Diagram of the results 
of fatigue tests with several load 
ing stages (according to foreign 
data). 

A more precise definition of 

the theory of summation of damages 

proceeds by way of calculation of 

the influence of variable st*esses 

of different amplitude. As a 

result of this influence the 

strength curve is somewhat dis¬ 

placed downwards (Fig. 7#10, curve 

2), This influence is estimated 

by the relation of the number of 

cycles to destruction on the displaced curve to the number of cycles 

on the initial curve 

(7.3) 

which may be called the coefficient of the effect of a given aggregate 

of variable loads of different level on the strength of a structure. 

characteristics during tests 
with several levels jf stresses. 
1) curve, each point of which 
is determined at one level of 
repeated stresses; 2) strength 
curve determined by taking into 
account the action of stresses 
of several levels. 

For estimating the effect 

coefficient o> we conducted investi¬ 

gations of smooth samples with a 

spectrum of loads close to the 

real spectrum on aircraft, where 

the probability of a load of given 

level was expressed by exponential 

function 

(7.¾) 

(h Is the standard deviation of 
# "—*• # iiminii i*.,* 

real distribution).* Results 

obtained in four to six stages of 

*A. M. Freudenthal and A. Heller. On Stress Interaction in Fatigue 
and a Cumulative Damage rule, Aero/Space Science, 1959, 26, N 7. 
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loada and stresses more than (O.35 to 0.65) ob rre shown In the grephs 

of FI, s. 7.17 rnd 7.13. 

During disorderly alternating of loads the antual c*rength o; 

samples Is less than the strength determined according to the 

hypothesis of linear summation of damages Ncal# In particular, for 

smooth samples the effect coefficient ou can be less than 0.1. However, 

i.naGT,uch as in actual structures there always are concentrators, this 

coeflicient will be larger. In investigations by A. P. Ficher of 

samples made from a highly durable aluminum alloy with a concentrator 

* *0 ln 1° stages of variable load, changing approximately accord¬ 

ing to exponential law, the magnitude cu was equal to 0,65 to 0,82.* 

"’Ig. 7.I7. Strength of samples 
»"Iß. 7.13, Strength of samples 
of steel 43^3 at a variable 
loading level. 

made from aluminum alloy 2024 
at a variable loading level. 

Influenc f Vibration Stresses 

It Is necessary to note that variable stresses 
whose magnitudes 

are lower than the endurance limit, during multistage tests render a 

noticeable Influence on the endurance characteristics, since small 

Rapers, N 4^3, 1*50 

0_J 

3% 



loads, after the appearance of initial cracks, affect their further 

development. Therefore, a disregard of the loads corresponding to 

stresses lower than the endurance limit while carrying out tests can 

give oversized endurance characteristics. 

It is necessary to attentively 

refer to the selection of the lower 

level of loads considered during 

program tests. For instance, in 

certain cases it may be necessary 

to consider the stresses appearing 

during vibrations with comparatively 

small amplitudes (kvib = 0.04 to 

0.10). In this case the problem 

of summation of damages is com¬ 

plicated in connection with the considerable deviations from the 

hypothesis of linear summation of damages. Investigations of the 

influence of high-frequency build-ups showed that if a sample is given 

a basic load with a frequency of 10 cycles/min and is a vibrations 

build-up with a frequency of 2000 cycles/min, the high-frequency build¬ 

ups lead to a considerable lowering of strength (rig. 7.13).* In this 

case a vibration stress with a magnitude near of the basic magnitude 

lowers the period of service of the sample by approximately 10^. It 

Is possible to assume that this lowering of fatigue streng^ Is 

explained by the influence of the increase of the level of stresses 

on coefficient kylb (see Fig. 7.20). 

Ftor estimating this influence we conducted tests of samples-at an 

•N. I. Marin, Influence of repeated loads on the strength of* 
machinery designs, collection, "Strength and wear of mining equipment.1' 
Gosgortekhizdat, IO59. -o ^ k 

jm 
- k'O.u-C.T, . 

n* 2C0C ***'¡hjh 

“-fs - 
T 

t2 rs 

Fig. 7.19. Influence of vibra¬ 
tions on strength during repeated 
loads. 

329 



increased amplitude of the level of variable load « 0.73 and 

kmin * 0*°3)- In low-frequency tests with Increased amplitude a loaded 

sample made from alloy D16a-T sustained 4300 cycles and a sample made 

from alloy 30KhGSA withstood 3330 cycles. At the same time these 

samples in low-frequency tests with vibration build-ups at the same 

values of and kmin (see Fiß. 7.20) sustained respectively 1065 

cycles and 3^0 cycles, i.e,, 2.3 and 4.6 times less. This lowering of 

fatigue strength is also impossible to explain by the linear theory 

of damage summation. 

Thus, when compiling programs 

for fatigue, one should introduce 

the conditions of tests with the 

Fig. 7.20. Amplitudes during consideration of the vibration loads 
comparative fatigue tests of 
samples. °* th® structure. 

SCO 

3 
t 
& 

t 
l 
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Influence of Preliminary Overstrain 

During the operation of aircraft (helicopters) there can sometimes 

be single large loads, close to those maximum permissible. For a study 

of the influence of these loads on the 

strength of a structure in laboratory 

tests loads are used that considerably 

exceed the load level accepted for fatigue 

tests. Preliminary application of a 

static load of large magnitude renders an 

essential Influence on the endurance 

characteristics of the elements of a 

structure. In a pulsating cycle a pre¬ 

liminary static load of the same sign 

! 

Æ m 

*f»Umiwry «utu lo*! i. 

Fig. 7.21. Influence of 
preliminary load on the 
strength of a structure. 

causes an increase in strength of the structure. Figure 7.21 gives 
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data on the influence of such a load on the strength of structural 
♦ t 

elements. A preliminary static load of reverse sign lowers the strength 

of the structure. 

In connection with this it should be noted that the use of assem¬ 

blies which have undergone static tests (i.e., assemblies having a 

large preliminary overload) is inexpedient, since their strength does 

not correspond to the strength of the structure In actual operation. 

Influence of Average Level of Stresses 

In the structure of an aircraft (helicopter), as a rule, there 

act variable stresses with different levels of average stress. As 

shown above, strength depends on the magnitude of average stress. 

Therefore,for typical samples and structural elements it is necessary 

to have a so-called complete strength graph which considers the level 

of average stress. The magnitude of average stress is characterized 

by coefficient - °av/Jbrealt. 

Fig. 7.22. Complete 
strength graph in 
coordinates kvar « 

■ f(k ) when N ■ ' av' 
« const. 

Figure 7.22 gives a graph of the dependence of number of cycles 
» . J 

to destruction N on parameters kay and kvar - 0var'°break* A slmilar 

graph can also be constructed in usual coordinates: k is plotted along 

: r* ritWfc ^ , STCP *fO£ —• ~ — 

Fig. 7.23. Complete 
strength graph in 
coordinates k » f(N) 
when ka%# ■ const. 

cLY 
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the axis of ordinates and N is plotted along the axis of abscissas 

(Fig. 7.23). 

Complete strength graphs of typical constructions make it possible 

to estimate the strength of aircraft structures working on an aircraft 

(helicopter) under variable leading conditions with different levels 

of average stress. 

The construction of a complete strength graph requires the carrying 

out of tests on a large number of samples. Since for the obtainment 

of each point of curve K - f(N) when kay - const, taking into account 

the variance of strength characteristics. It is necessary to test 6-10 

samples, and for the construction of each curve It Is necessary to 

take not less 5-3 points; then for obtaining a complete strength graph 

of a structural element It Is necessary to bring 200-400 samples to 

destruction. This hampers the obtainment of complete strength graphs 

of various typical components of aircraft structures. 

7.6. Loading Conditions of an Aircraft 
Structure During Operation 

As regards the origin of loads having effect on an aircraft, they 

are very diverse. This may be seen from a simple enumeration of the 

»ain forms of loads, which include loads from gusts of wind, maneuver¬ 

ing loads, loads during takeoff and landing, loads from the influence 

of engine flow, loads of pressurised cabins from pressurization, combat 

loads (firing, launching of rockets, etc.), loeds from aircraft control, 

systems, end others. Mrgnitudes and recurrence of loads affecting an 

aircraft depend on the assignment of the aircraft, its performance 

data, and the specific conditions oí operation. 

Special test flights are conducted for finding the magnitudes and 

recurrence of loads affecting an aircraft. The aircraft is outfitted 

with equipment for measurement of loads acting upon its main assemblies 

— r* 



(«e« Chapter X). As a result of the measurements a dependence of Icadt 

on the conditions of maneuvering, landing, etc. Is obtained. In 

particular, a relationship is determined between the overload in the 

center of gravity and the forces In the main components of the aircraft 

Purthernore, loading parameters are measured on a large quantity 

of aircraft In conditions of mass operation. These measurements make 

it possible to obtain averaged (statistical) data on the loading 

conditions. The most frequently measured are overloads in the center 

of gravity of the aircraft, since it is considered that they are the 

■ain characteristics of loading. 

For contemporary heavy aircraft the forces in the structural 

elenents not only are determined by the magnitude of overload, but 

also depend on the character of its change in time (see Chapter IV). 

Therefore, in statistical measurements, along with the magnitude of 

overload, the period of its action is also determined. 

lie shall briefly consider the mein forms of loads below. 

Loads From Wind Gusts 

As shown above, overloads from gusts of wind are determined by the 

speed of the gust, the speed of flight, the aerodynamic end weight 

characteristics of the aircraft. The biggest Interest is presented by 

the Investigation of the recurrence of gusts of wind, since the remain¬ 

ing necessary characteristics are rather simply determined in the de- 

slgnlng of the aircraft. Statistical measurements for investigations 

of wind gusts are conducted basically on nonmeneuverabie aircraft. 

Usually every passage of an aircraft through a gust with sharp 

build-up and fall of speed V corresponds to positive and negative G 

(Fig. 7.24). Therefore, the load cycle in gusts of wind may be taken 

as symétrie with the magnitude of static load kay corresponding to 
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hjriz^rital flight (n - 1). The magnitude and recurrence of the variable 

of part of a load is determined oy the characteristics of the atmos¬ 

phere. 
Kam 

ÜHu" i I 

% 
i ! i I 
! i 

IT" 
i^C. 7.2*. Character of 
change of G-force iuring 
oassage cf an aircraft 
through a gust. 

Elativ« rtc^rrcne« oíf 
tur*) .1 .ne. la 4 

Fi«. 7.25. Recur¬ 
rence of turbulent 
zones. 

Aoove (see Chapter II) we presented graphs of the recurrence of 

wind gusts, obtained as a result of investigations. According to this 

graph it Is possible to estimate the magnitude and frequency of recur¬ 

rence of gusts depending upon the route flown by the aircraft. 

With an Increase of the altitude of 

flight the quantity uf encountered tur- 

oulent cones of air rir'ps. If at 

altitu.es up tj oOOC n the relative 

time of flight in a turbulent atmosphere 

n the average is approximately 15,1 of 

tt tjtal curati:n of flight, then In 

the troposphere it is approximately 6£, 

and in the stratosphere approximately 

4*. 
4 . * * 

Considering that the probability 

cf encounter of the true speed of a gust of a given value remains 
fc»—.i» ... » 

constant with respect to altitude and the distribution of recurrence 

tt U 4,9 «/Mr 

Fig. 7.26. Recurrence of 
gusts at different altituies 
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cf zones of bumpy air with respect to altitudes is determined by Fig. 

7.25, it is possible to estimate the approximate distribution of recur¬ 

rence of gusts with respect to altitudes (Fig. 7.26).* 

The number of gusts and their magnitude depend on the atmospneric 

composition and on the average they have a definite recurrence. There¬ 

fore, the number and magnitude of overloads of an aircraft from wind 

gusts are determined by length of the route flown by the aircraft. 

High-speed aircraft, flying a great distance in a -init of time, have 

large recurrence of gusts. 

An aircraft flying at a small altitude, encounters c^ nsiderably 

larger gusts during the passage of the same route than a high-altitude 

aircraft. The recurrence of gusts is quite intensely Increased in 

flights at altitudes of 1^0-500 n. In this case the altitude should 

be counted off not from sea level, but from the surface of the earth. 

Maneuvering Loads 

All aircraft accomplish definite forms of maneuvers. However, 

only for maneuvering aircraft (fighters, ground-attack, primary train¬ 

ing aircraft, and so forth) loads during maneuvers are decisive for 

the period of service of their design. A maneuvering overload is quite 

accurately determined by the magnitude of overload in the center of 

gravity of an aircraft. The magnitude and recurrence of maneuvering 

overloads depend on the type of the aircraft, its tactical performance 

data, and its characteristics of controllability and stability. 

The characteristics of recurrence of manuverlng overloads may be 

found by the use of simple statistical instruments (g-meters or V-n 

instruments). 
I .. 

•Mancunian, 3ro ks, Effects sf Operational Factors on Structural 
Fatigue In Fighter Type Aircraft, 3AE Preprint, 1J54, X, N 337. 
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figure 7.27 gives a graph of the 

recurrence of maneuvering overloads of 

a fighter in conditions of combat and 

training flights, obtained on the basis 

of generalization of the results of 

measurements in the war period (1939- 

194S) on a number of aircraft (Me-109, 

"Typhoon," "Spitfire," ani others) with 

7.27, Recurrence of ^elp V-n instruments. As can be 
maneuvering overLa.s. 

seen, in conditions of ordinary training 

flights the recurrence of maneuvering overloads of fighters turns out 

to be considerably larger (by 5-10 times) than in conditions of combat 

flights. In estimating the period of service of an aircraft one should 

be oriented on the recurrence in training flights, since the periods 

of service of fighters in combat conditions do not have a practical 

value; 

In estimating the period of service of maneuvering aircraft it 

is possible, with sufficient reliability probabiltiy, to present the 

change of maneuvering overload in the form of a pulsating cycle, i.e., 

to consider that each maneuvering overload varies from zero to Its 

nuLximun value. In certain cases the calculâtiDn of average level of 

maneuvering overloads permits us to somewhat definitize the character¬ 

istics of their recurrence, which in turn makes it possible to more 

exactly estimate the period of service of an airframe. 

Loads During Takeoff and Landing 
4 . 

During motion on the ground an aircraft structure experiences the 

action of variable loads caused by the roughness of the airport surface 

and deceleration. Loads during motion along an airfield depend on the 
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fona surface rouchness of the flyInc field (elevation, lencth, recur¬ 

rence), the characteristics of shock absorption of the land Inc gear, 

the elasticity of the structure, the speed, the conditions of decelera¬ 

tion, the conditions of maneuverinc of the aircraft, and so forth. 

The decisive parameter for these loads are the characteristics of 

rouchness of the airport surface. Permissible rouchness nacnitudes are 

determined by the corresponding requirements for relief of the airport 

surface, the fulfillment of which is controlled during the construction 

and use of the airport. 

Corresponding measurements can obtain the spectral characteristics 

of roughness of airports. Methods of spectral analysis can determine 

the characteristics of recurrence of loads on the main parts of an 

aircraft (see Chapter IV). 

Certain peculiarities are inherent in the determination of recur¬ 

rence of loads during the first landing impacts, when a main role is 

played by the aerodynamic properties of the aircraft and the technique 

of landing. Recurrence of these loads Is determined by statistical 

measurements of overloads or loads during landings in conditions of mae 

rperation of aircraft. An approximate form of graph of recurrence of 

overloads during landing is shown in Fig. 7.23. 

Recurrence of loads during takeoff and landing runs can be 

established by special investigations with the use of tensometric 

equipment. In Fig. 2.42 we see the character of loads on the main 

assemblies during the landing run of an aircraft. As a result of 

analysis of recordings of loads we can obtain complete graphs of their 

recurrence. For the obtalnment of characteristics of recurrence of 

loads at a given airport is is sufficient to measure loads for 4^6 

takeoffs and landings. More exact data can be obtained on the basis 



of the results of flights at several types of airports. If an iircrrft 

must be used on unpaved airfields, the measure-ents of loads at each 

of the typical airports are conducted in a different season, i.e., in 

the summer, spring, autumn, and winter. 

« 
* 

::, 

u- 

>_/., / / 

I /. 

• 

»* f 

• i h (HO 0.75 An I 

^€. 7.2S. Hecurrence of 
overloads during the first 
landing shocks. 

As investigations show, damage to a 

structure due to loads caused by the 

roughness of the airport, for certain 

assemblies can comprise most of the total 

damage appearing in the process of opera¬ 

tion. The recurrence of loads during 

-yel* 
cnüL«a 

KAjxa 
**11 tee» 
Fig. 7.2 . Ch^rrcter of lords 
a -rln; tr kin^ in e Irnding run. 
1) fore* in tr'ke rod of tori^; 
2) fore* in landing gerr strut. 

takeoffs and landings is considerably 

influenced by the conditions of 

wheel oraking. The use of automatic 

brakes leads to cyclical loads with 

the frequency of work of the device 

(¿•’iC. 7.29). The magnitude of load 

from braking is close to the maximum 

operational magnitude. Therefore, 

in the designing of components which 

perceive forces from braking moment, one should consider that they 

V rk at a high level of loads (approximately k * 0.4 to 0.6) and with 

a recurrence of 20-.0 times per takeoff and landing. 

During calculation and designing the relationship of the design 

overload and the level of frequently repeated loa Is is considered. 

/or instance, in the designing of landing gear the shock absorption 

should be made as soft as possible, since this permits a lowering of 

the design overload during landing and allows the structure to be made 

lighter. However, with the lowering of design overload there is an 

3.18 
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increase in the relative level of variable leads. For instance, a 

lowering of design overload during landing from 4.0 to 2.0 leads to an 

increase in the level of variable loads for landing gear from k ^ 0.30- 

0.35 to k ■ 0.6-0.7 and for the entire airframe structure from k « 0.25- 

0.30 to k « 0.35-0.40. This leads to an increase of damage with respect 

to number of cycles by 5 to 10 times. 

Special Forms of Loads 

In the selection of design conditions and in the designing of an 

aircraft one should conduct an additional analysis of safety factors 

when the loading cycle is determined by the work of the systems of the 

aircraft, for instance cabin pressurization, forces In hydraulic lifts, 

etc. 

During every high-altitude flight the pressure drop in the pres¬ 

surized cabin varies from 0 to Thus, the load from excess pres¬ 

sure in every flight attains its operational value. In this case the 

load factor is 

(7.5) 

where f is the safety factor; 

i\ is safety margin factor; 

f*afe is pressure safety factor, considering the accuracy of work 
of the safety valves. 

When r, * i.O and when the usually adopted safety factors for excens 

pressure are fgafe - i.5 to i.65 and faafe « 1.1 to 1.3, magnitude k 

comprises 0.5 to 0.6. 

With such a load factor a structure can sustain the action of 

only several thousand pressurizations, which of course Is Insufficient 
-... t I 

for a passenger aircraft. Therefore, in the designing of pressurized 
2 ~ 

cabins it is necessary to have a safety margin factor greater than 

. J 
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one In structural elements which are de3iCned for excess pressure. 

Jacks for retracting landing gear, release of dive brakes, and 

release of flaps in every work cycle are subjected to the action of a 

limit in*: perational load. They are additionally acted upon by loads 

from pressure pulsations in thï hydraulic system. Therefore, in such 

cases the safety factors should also be increased. t 

The action of loads during firing is a specific case. A dynamic 

load la applied with equal Intervals. In addition to the stresses 

caused by an external dynamic load, there are also local stresses from 

structural oscillations and acoustic pressures. This causes a number 

of peculiarities In strength analysis and In the designing of aircraft 

parts which perceive loads during firing. In particular, one should 

select Increased safety factor:' in the strength analysis of these 

aircraft parts. 

The magnitudes and character of loads on the control linkage are 

determined by the peculiarities of the given type of aircraft or 

helicopter (the presence of hydraulic boosters, the degree of aero¬ 

dynamic compensation of the controls, and so forth). In view of the 

special Importance of control for the flight safety of an aircraft 

(or helicopter) special test flights are conducted for studying the 

loads acting upon the components of control. 

In carrying out laboratory tests loads are taken with corresponding 

factors as compared to those measured in flight. 

Magnitudes of Operational Stresses in a Structure 

Breakages of aircraft assemblies, occurring due to structural 

oacillatlcns, appear in the first place on the thin skin in the oonnec- 

tiens of wing ribs with stringers, etc. For oscillations (vibrations), 

as compared to other loads of an aircraft, a relatively low level of 

aio : 
I - 



strtsses (less than 1 to 2 kg/mm ) and high frequency of action are 

characteristic. Table 7.3 gives the loading characteristics of a Jet 

passenger aircraft for 1000 flying hours. 

Table 7.3, Loading Characteristics of an Aircraft 
for 1000 Flying Hours 

• 

ton *f Uatf 
K«t«r of 

:7c la a 
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flytr/ ho^* 

Lc\:ir.- 
frt^ .9r;y 
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|I-S) 1» 
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0-3) 10* 

O-l# 10* 

0,1-5,0 
1—s 

Î-20 
ao-ioo 

liai louno 
par fll4 t 

1 par 
fll 

o.m-o.To 
0.0S-0.70 

0.01-«.OS 
0.0ft 0.02 
0.011-0.01 

•.1-0.7 

0.1-0.1 

As can be seen from Table 7.3* the number of cycles of oscillations 

per 1000 flying hours can reach up to 107 to 10Considering that 

the stress concentration factor of actual riveted designs has magnitude 

4 to 8, it is possible to estimate the permissible high-frequency 

variable stresses. For instance, if for alloy Dl6 the endurance limit 

of a smooth sample during a symmetric cycle is equal to 11.5 kg/mn2, 

then for an actual design taking into account the coefficient of con¬ 

centration, a stress of the order of 1.0-2.0 kg/m»2 is permissible. 

The influence of a corrosional medium can additionally lower the 

permissible stress to 0.5-1.0 kg/mm2. Increase of operating temperature 

a^so leads to a lowering of permissible stresses during vibrations. 

Stresses in a structure due to common loads on an aircraft 

(maneuvering, gust of bumpy air, landing) are usually combined with 

variable stresses from oscillations (vibrations). As shown above, 
» gj ** --- ■ ■ -f 

high-frequency stresses to a considerable extent lower the strength 

characteristics during repeated loads, which should be considered in 

the determination of period of service. 
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In most caaes motor vibrations may be considered quite simply, 

since these vibrations carry a relatively stable character. Other 

oscillation modes (aerodynamic, during takeoff and so forth) are 

difficult to consider In view of their random character. In this case 

fatigue tests should be employed, taking into account the random 

sequence of stresses of different level or an evaluation should be 

made of the permissibility of oscillations according to the root-mean- 

square value of stresses. 

^plication of Generalized Harmonic Analysis 
In ¿.stlsiatlnc Load recurrence of a structure 

In analyzing loads during flight in bunpy air, the influence of 

gusts nay be c nsidered as a stationary random process. In this case 

the concept of spectral density can also be used for estimating the 

service life of the structure. 

As shown above, the spectral density of stresses S^a») in a given 

section of an assembly can be determined through the mechanical con¬ 

ductivity iiM(iu>) of the structure and the spectral density of pertur- 

bâtions from gusts Sy(<i)) : 

3.W-|W(i.)l»S.(.V (7.6) 

The number of loads exceeding the assigned level Ç is determined 

by the dependence 
I» 

where 
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Magnitude A is equal to th? ratio of the mean square of stresses In 

the structure to the mean square of speed of the gust ow. In 

different atmospheric compositions Swj(o>) remains practically constant. 
» 

During flight of an aircraft only the magnitude of the mean square 

of speed of gusts along the route is variable. In order to deter¬ 

mine total recurrence N(£) of a given level of stresses during flight 

on a typical route, it is divided into a number of sections in which 

the magnitude o^ remains approximately con mt. Then magnitude NÇ 

can be expressed in the form 

(7,8) 
<-l 

where F(owi) characterizes the time or distance covered in bumpy air 

when o wi const. 

Passing to continuous distribution of a* along the route of flight, 

we obtain 

(7.9) 

where f(ow) Is the distribution density function of magnitude a . 
Analogous relationships can be used during the analysis of recur- 

« 

rence of loads appearing during motion of an aircraft on the ground and 

during vibrations. 

7.3. Calculation-Experimental Method of Determination 
of the ¿enrice Life ot a Structure 

At present there do not exist conventional methods of determining 

the service life of an airframe. The solution of this problem is con¬ 

ducted in two ways. 4 
r-.,_r.nn., 

In the first approach we originate from the necessity of creat¬ 

ing a sufficiently reliable calculation method which allows us tq 

: 

estimate the safe service life of the structure and to carry out 
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corresp indine tests with repeated loads. 

The supporters of the other approach deny the possibility of deter- 

mininc the service life ,f an airframe on the basis of any calculation 

methods or laboratory tests. The first plan advances the requirement 

of careful aesinning of units and structural parts of an aircraft for 

the purpose of reducing the concentration of stresses to minimum, 

attentive control in the process of production, and frequent inspect- 

tions of structure when in use, allowing timely detection of initial 

fatigue cracks. 

Practice requires the application of both methods Jointly, since 

only with their Joint use is it possible to sufficiently end 

reliably ensure a prolonged service life of an aircraft. Proceeding 

fr m this, in the process of designing a structure it is necessary to 

consider the peculiarities of work of each component and to ensure 

them with a longer life, with respect to fatigue breakdowns. In a 

number of cases it is expedient to construct a design which would 

sustain a considerable part of the operational load even after the 

destruction Df one of its elements. 

The Influence of local damages on the overall strength of a 

structure can be removed either by duplicating the elements, or by 

considerably increasing their size. In order not to cause a consid¬ 

erable Increase of weight, it is expedient to duplicate or to reinforce 

only those elements of a structure, the breakage of which leads to 

catastrophe. It is necessary to consider the possibility of timely 

detection of fatigue cracks. 
ajj     — ■ i  ^ 

At present a number of designers have proposed recommendations on 
i 

the development of designs with increased life. In such designs they 

a: ; ' try to see to It that the rate of propagation of cracks Is 
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sufficiently low and the danger of sudden catastrophic damage to struc¬ 

tures in flight is excluded. For evaluating the effectiveness of the 

developed measures undertaken for increasing design life special tests 

are being conducted on repeated loads with the simulation of fatigue 

and operational damages. 

Method of Calculating the Service Life of a Structure 

For calculating service life the most wide-spread method is that 

of linear summation of damages. This method considers that destruction 

occurs at "I. Although this method is not sufficiently accurate, 
i-i 4 

it makes it possible to perform a comparative evaluation of the service 

life of the structural elements of an aircraft. Probable deviations of 

the linear law of summation from actual conditions of structural damage 

can be considered by the introduction of safety factors and by carry¬ 

ing out special tests on structural assemblies which have been utilized 

a great deal. 

By applyirg the method of linear summation of damages, it is 

possible to use the following means of estimating the service life of 

a structure. 

On the basis of results of statistical measurements on aircraft 

there has been constructed a curve of load recurrence for a typical 

flight of an aircraft, in which the recurrence of stresses rL has been 
Xß 

determined in the most loaded main structural elements, referred to 1 

flying hour (Fig. 7.30). 

Using the strength curve of a structural element, typical for a 

given aircraft assembly (Fig. 7.31), one can determine the portion of 

damage to the structure caused by a given form of load in the defined 

flying period (for Instance, in 1000 hours). The number of stresses 

with amplitude within limits of o1, oi + Ao, effective during 1000 hours 
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of flight, iS equal to 

' _ Mit,). 
••-JT4*- (7.10) 

The amount of damage caused by the action of stresses (o., o, + Ao) in 
JL 

1000 hours of flight, comprises 

.a. - - i 
»» + in»' 

Upon strict fulfillment of the theory of linear summation, destruction 

wl.l occur vhen Correspondingly, In our case It will be 
1*1 ' 

£( #-• (7.11) 

where v is the number of 

intervals into which the 

whole range of stresses 

is divided from o to av 

°breaX (°av COk*resP°nds 

to n * 1). 

By passage to the limit 

we obtain 

-r f «íij_d,_lfll J * »M ■ 
V 

(7.12) 

The relationship for determining service life per thousand hours will 

be 

: r‘iv 
(7.13) 

Magnitude *— characterises the amount of damage to the 

structure by stresses of a given level and Is called the function of 

f - líf - - — — 
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dajTifrge Intensity. This function usually has a clearly expressed 

maximum which characterizes the magnitude of stresses (loads), the 

action of which causes the greatest amount of damages. 

Pig* 7.32' Change of the function of damage 
Intensity, a) maneuvering aircraft; b) non¬ 
maneuvering aircraft. 

i * 

Figure 1.32 shows the approximate change of the function of damage 

Intensity for different types of aircraft. The greatest amount of 

damage Is usually introduced by relatively small loads when k - 0.2 
& V 

to 0.4 and kvar . 0 .05 to 0.10. Such loads are obtained for non- 

maneuvering aircraft during gusts of bumpy a. with a velocity of about 

3 m/aec or during an overload of about 4.0 for maneuvering aircraft. 

Example of Calculating Service Life 

For calculating service life we will use the linear theory of 

damage summation. For simplification we shall take the following 

assumption: 

1. The magnitudes of stresses in the main supporting members of 

a wing are directly proportional to the overload In the center of 

gravity of the aircraft. Consequently, recurrence of stresses is equal 

to the recurrence of corresponding overloads In the center of gravity 

of the aircraft. This assumption is valid for aircraft for which it 

is possible to disregard the influence of deformations on forces 

during the dynamic action of loads from gusts of bumpy air. 
...4 

2. A wing is equally strong for a static load and its safety 
. . / , o j 

*■ "f'tf 
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factor is equal to 1.0. i 

3. The aaount of damage Introduced from overloads during takeoff 

and landing Is predetermined and Is equal to X. 

In accordance with the assignment 

and flying data of an aircraft we con¬ 

struct a typical flight profile (Fig. 

7.33). The flight Is divided Into a 

number of intervals. In each interval 

the destructive overload, the altitude, 

and the speed of flight are approximately 

constant. 

The magnitude of the destructive overload Is determinei from the 

following relativmship: 

where is the destructive bending moment of the wing; 

Mn - 1 18 the bendin€ noment of the wing when n • 1. 

For each interval the calculation is conducted in the following 

sequence: 

1. On the basis of Integral recurrence of gusts of wind W 
ef 

(Wg. T.J'ta) we construct grephs of Integral recurrence of overload- 

n (Pig. 7.5*b), using the dependence 

• = l + (7.14) 

Then we construct a graph of differential recurrence dH/dk with respect 

to It, Where k . n/n^^ (Klg. 7.35). 
« — . . . 

2. On the basis of available data we construct the strength curve 

of the considered structural element in the form of the dependence of 
r-; 

k «id kav - on H of the type shown In Fig. 7.23. since 

-oads change near the middle position, corresponding to horizontal 
«g • » •«»» 

___ ais 

Pi«. 7.33. Flight profile. 



flight when n ■ 1, then k 
av 1/¾ reak* 

. 

• 

.. 

. 
U tl 4« 4» * 

Fig. 7.34. Graphs of Integral recurrence of 
guata of wind (a) and overloads of an aircraft (b). 

3. We construct the function of damage 
1 

Intensity Î-— y-" depending upon k, whereby 

Fig. 7.35. Graph of 
differential recur¬ 
rence of loads on a 
wing. 

for every value of k the magnitude <JHt/dk is 

taken from the graph of differential recurrence 

and the value of N la taken from the graph of 

static strength. 

4. We calculate the damage In each 

section 

5. We detemine the amount of damage from gusts of bumpy air lit 

one typical flight. Magnitudes JJrf* for each interval of the route 

are multiplied by the tini* of flight, corresponding to the defined 

interval of the route, L^/V^, where Is the length of a segment of 

the route and Is the speed of flight In a considered interval of 

the flight route, i.e., 

*•-¿1** 

6. We calculate the amount of damage X Introduced by takeoff and 
* y - 1 

landing of the aircraft, and we determine the total damage in one 
¿ ..1 

typical flight: i ■ 
c. 

.e 
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whore y Is the nu-noer of sections. 

7. Kn wing the damages obtained in one flight, v:e can determine 

the number of typical flights which the aircraft can accomplish in its 

entire service life and the computed value cf service life in hours: 

T-T. 

(7.16) 

where T0 is the duration of a typical flight. 

For contemporary aircraft, stresses in structural elements during 

th>; act! n of dynamic loads to a considerable extent are determined 

not only by the magnitude, but also by the character of change of the 

external load in time. In these cases it is expedient to apply methods 

of spectral analysis for finaing the statistical dependences of stresse 

on external loads In the main supporting members of the structure. 

F^r clarification of specific peculiarities of loading of a given 

aircraft we conduct measurements of forces in the main structural 

elements. The results of measurements are presented in the form of 

graphs cf Integral recurrence for each assembly. Gn the basis of 

these graphs it is possible to calculate the service life. 

7.Strength of a Structure During Acoustic Vibrations 

Damages caused by acoustic vibrations can be decisive for the 

•trength of thin skins which are located in a noise zone of high level. 

ihe theoretical basis for determining variable stresses which 

are created by acoustic pressures is the study of the dynamic recep¬ 

tivity of a structure which is under the action of a randomly variable 

load. It is considered that the distribution of amplit es of acoustic 



pressure obeys the Rayleigh law and the summation of fatigue damages 

agrees with the linear hypothesis. The last condition can be written 

in integral form 

. (7.17) 
where n(a) is the number of loading cycles with stress a; 

N(o) is the allowed (destructive) number of cycles with the same 
value of o. 

In this case the dependence of N on o is expediently considered not for 

the peak value of a, but for õ [see formula (5.7)]. 

. Function N(o) can be determined in the form 

.a-fr p (>.•)*(>) (7.13) 

Fig. 7.)6. Strength 
of an aluminum alloy 
during rand m alter¬ 
nation of stresses. 

where P(o/õ) is the probability of skin loading 

when o/õ. Using this dependence, it is possible 

to construct the curve N . f(7) (Fig. 7.-¾). 

With the help of this curve and taking into 

acc >unt the results of fatigue tests one can 

.etemine the dependence of longevity of a 

sample on noise level. 

ratigue tests of structure during acoustic 

vibrations are performed with the help of 

powerful sirens or with the use of the exhaust of a turbo Jet engine. 

7.10. Tests of Components and Full-Scale Assemblies 

Laboratory tests of typical components (fittings. Joints, compound 

panels, fuselage sections with cutouts, and so forth) are conducted 

for clarification of the characteristics of their strength at different 

levels of loads. Usually under all conditions of loads no less than 



thr*e identical samples are tested. The full Investigatlon of variance 

of strength characteristics requires tests a consideraoly large 

quantity of samples, since variance w.th respect to number cycles 

which can be sustained by samples uf a given type to destruction may 

be very great. 
• 

It is necessary to note that in the system of an entire aircraft 

the loading c^mitions of individual elements of the structure usually 

differ somewhat frem the loading conditions of Isolated elements. 

Therefore, sometimes certain elements, shewing fully satisfactory 

strength during tests of them as isolated samples, turn out to be 

insufficiently durable during tests of them in the whole aircraft 

structure. Since tests on repeated loads of a whole aircraft and its 

assemblies are extraordinarily expensive and time consuming, usually 

only a very limited number of aircraft or individual assemblies are 

tested. 

Tests of full-scale assemolies and aircraft on the whole permit 

the defection of weak places of the structure, the checking wf the 

convergence of results of tests with the results of tests of individual 

elements, the study of the character and speed of propagation of cracks, 

an. the bta.nment of an estimate of the possible service life of an 

aircraft. 

With respect to the complexity of fatigue tests of aircraft 

structures, it is possible to divide them into three categories: tests 

w.th single-stage loading^ tests with c moined loading according to a 

schematic pr gram; tests with multistage 1 jading according to a complex 

which simulates operating conditions. 4 . 

Tests with > i v:;nf» are the simplest, were used ’ long 
£ HI III» i«WI '.«-.-wlwnn, 

are ajst wide-spread. In these tests the assembly 

* *■ ' .:~r .. .. ...—.-......o_J 



(structure elenent) is given a variable load of constant amplitude. 

The measure of strength is the number of loading cycles the assembly 

to destruction. 

The magnitude of repeated load is expediently selected in such a 

manner so that the accepted load level causes damage in the structure 

that is approximately equivalent to the damage caused by all repeated 

operational loads acting upjn the structure. However, at the time 

there is no- reliable method for determining the magnitude of such a 

load. Frequently the conditional characteristic magnitude of the load 

la taken, for Instance, equal to 0.5 magnitude of the 

load corresponding to the highest intensity of the damage function, 

or the most frequently encountered l^ad magnitude. 

Tests with loads of 0.7 and 0.5 Pcaj are widely used. Such 

tests are used for estimating the strength of the main assemblies 

of an aircraft (wing, fuselage, empennage, controls, landing gear, 

etc.). 

In a number of countries attempts have been made to find methods 

of transition from results of fatigue tests to an estimate of the 

service life of an aircraft. Thus, in the United States at the North 

American C mpany it was taken, for instance, that 5000 recycles with 

a load equal to 67# Pcal correspond to 2000 flying hours of a maneu¬ 

vering aircraft. This is considered sufficient for fighters and 

trainers. 

In Sweden the SAAB Company proposed tests with a load of 55.4# 

^cal an,i necessary number of cycles equal to 25,000. 

Recently, for estimating the service life of nonmaneuvering air- 
Ü» ^ 

craft, a lower load level was used, 
2-— 

Tests on a single-stage program basically give the possibility 

of a comparative estimate of strength of new structural elements with 



respect to "reliable" elements, the strength 0f which is confirmed by 

prolonged use. 

for estimating the service life of a structure the obtained number 

of cycles to destruction is sometimes recomputed for service life in 

hours of flight with the help of an equivalent coefficient k . For 

the déterminât 1 n of this coefficient in an identical program tests 

are conducted on new structural elements and those in use. A comparison 

of the results of these tests permits us t :> find the value of k 
eq* 

For instance, a new structure sustains HQ number of cycles to destruc¬ 

tion, and after T1 flying hours the structure withstands a numoer of 

cycles N^, and correspondingly after hours, N^, etc. (Stages of 

flight should not be less than 500 hours for maneuvering aircraft and 

>300-5000 hours for passenger aircraft). Then the equivalent 

coefficient ke^ Is determined from the relationship 

a- 
* (7.19) 

The problem of determination of coefficient k is complicated oy 

the fact that different aircraft uf one type in operation are subjected 

to the action of repeated loads of various intensity. Furthermore, 

there exists considerable variance in the strength characteristics 

of materials and structures. 

An estimate of the equivalent coefficient can also be conducted 

on the basis of a study of the recurrence of the action of loads in 

operation. The linear theory of damage summation is then used. Know¬ 

ing the value of keq, the service life of the structure (in hours) 

is determined from the relationship 
4 

r-M. (r,so) J 
The magnitude of coefficient k depends on the type of aircraft 

the deslcn, and the material used. The value of k should be j 

5frii *.f«£ 



determined specially for every aircraft. For certain types of wing 

structures of maneuvering aircraft during test with a load of 0.7 P 
cal 

keq hAS a Bia€nitude of the order of 0.7-0.3, and during tests with a 

load of 0.5 Pq&i» kgq * 0.20 to 0.25. Por nonmaneuvering aircraft 

a criterion is proposed for the determination of service life in the 

form* 

(7.?l) 

where N is the number of cycles to destruction during a variable over¬ 
load corresponding to a gust of 30.5 nt/sec at the cruising 
speed of an aircraft; 

V is the speed in kVhr. 

A variable load is put on a static load when n * 1. In this case 

^eq * 1«9/V. The higher the speed of flight, the lower the magnitude 

of coefficient k . 
eq , ¡ 

Tests with combined loading according to a schematic program 

(programmed tests). In this case the structure is subjected to loads 

of several forms and levels. The .magnitude of loads and the sequence 

of their action are determined by means of studying aircraft loads in 

actual operation. Loads experienced by an aircraft in operation are 

schematized and united in defined groups. On the basis of the obtained 

data loading program is compiled, which corresponds to a defined stage 

of flight. 

In recent years this form of testing has become the chief means 

of estimating the service life of passenger aircraft. Tests of fuse- 

lages with pressurized cabins are the most wide-spread. In such tests 

the following loads are applied: 

1. Excess pressure in cabin, the change of which corresponds to 

the flight profile. 1 

--- 2-! 

" *p. Wolker, Design Criterion for Fatigue of Wings, RAS, I, v. 57, 
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2. Loarla on '.'inc and •-•mpenna¿.;, which change In the cycle from 

standing loáis to loads In horizontal flicht. 

3. Loads from eusts of wind. 

4. Loads Uurinc takeoff and landing. 

Usually the loadlnc program for one cycle Is composed for one 

typical flight. Including takeoff, climb, cruise setting, descent, 

landing, an i taxiing. Magnitudes of loads on assemblies of an aircraft 

and their number in one cycle are determined as a rule on the basis of 

measurements during flying tests. 

*igure 7.37 gives a program of similar tests of a passenger air¬ 

craft. 

Programmed tests permit the detection in an aircraft structure of 

weak places that were not detected in tests of individual elements. 

They permit the checking of the correctness of fatigue tests of 

elements, the determining of typical damages, the character of propaga¬ 

tion of cracks, the formation of recommendations for inspections of 

an aircraft structure during operation, the development of recommenda¬ 

tions for the repair of the aircraft structure, and an estimation of 

the service life of the airframe. 

During the tests the fuselage is placed in a basin filled with 

water (rig. 7.33). The change of pressure in the cabin is carried out 

by increasing the water pressure in It. This method of creating excess 

pressure excludes the danger of explosive damage to the fuselage upon 

the appearance of a crack in its skin, which is possible during air 

pressurization. In the creation of excess pressure by water It is 

easy to determine the onset of Initial destruction, to observe the 

propagation of cracks, and In good time to repair the structure.' 
* ¿ ... 
Calculation of service life is conducted with the dependence 

T-{nT. _(7 »22) j 
^ *-£,W£ 
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fro* /.«ta 

where TQ is the duration of a 
Fw--- - typical flicht; 

r, is the coefficient con¬ 
sidering the variance 
in number of cycles. 

Tests Kith multistage load- 

ing. Recently, tests have come 

into use with combined multistage 

loading. This method makes it 

possible to approximate the 

conditions of the tests as much 

as possible to the loading con¬ 

ditions in operation. 

The program of loading for 

such tests is constructed on the 

basis of data on the recurrence 

of operational loads, i.e., the loading spectrum. The continuous load¬ 

ing spectrum will be converted into a gradual spectrum (Fig. 7,})); 

7.37. Diagram of the loading 
program of the aircraft "Caravel" 
in one cycle, corresponding to a 
typical flight, n^ — overload 

corresponding to an ascending gust 
of * 3 m/sec, n2 - overload, 

corresponding to a descending gust 
wef * 3 m/sec, n^ — overload 

corresponding to an ascending gust 
of wef - 5 m/sec. 

then the number of loads is determined for every stage of the load 

(stress) for the assigned number flying hours (100-500 hours). Group¬ 

ing the loads with respect to frequency of application, we obtain the 

loading program (Fig. 7.40). Such a program is repeated to the destruc¬ 

tion of the structure. The quantity of repetitions of the program 

(number of loading periods) is a measure of strength of the structure.* 

Inasmuch rs the program corresponds to e defined number of 

fl-ylnc hwurs, the service life is equal to the product of the number of 

loading cycles N and the number of flying hours Tq corresponding to 

one loading cycles , _¡ 

n 
•"Construction," 1954, I, v. 6, .N 3, P. 97-104 
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Fig. 7.33. Overall view of tests in a hydrobasin. 1) loading 
svsten of wing; 2) attachment of landing gear; 3) packing; 
4) ballast; 5) lever system of fuselage loading. 

Fig. 7.39. Continuous ejid 
gradual spectrum of recurrence 
of stresses. 

1 

For the development of a program 

of tests with multistage loading it 

is possible to present the following 

considerations: 

1. The number of stages in the 

program should be on the order of 

6-3. A larger number^strongly compli¬ 

cates the program, and a smaller 

number leads to too rough and too 

inaccurate reproduction of operational 

loads. 7 

2. The number of loading periods to destruction should be on the 

order of 10. A smaller number leads to very Inaccurate results, since 
.S'T-'V 
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it Is difficult to estimate the value of an incomplete period. A 
i r ^ ^ t [ 

larger number of loading periods complicates the tests. 

3. Tests should be started from the average stage of loading, 

then the loading stages should follow In order of growth up to maximum 

load, and further in decreasing order, etc. 

It is necessary to also.Include in the program small loads 

(up to 10% of the biggest load). 

5* Large and average loads should have low frequency. 

Fig. 7.40. Diagram of one loading cycle (1 cycle 

of the program contains 106 loads). 

Programs are also used in which loads of different magnitude are 

alternated in random sequence as this occurs in the operation of an 

aircraft. Such tests even more approximate loading conditions to actual 

conditions during laboratory tests. They are conducted according to a 

program developed on the basis of available data on the magnitudes and 

recurrence of operational loads. 

It is necessary to note that during tests with one constant load 

level it is impossible to detect a sufficient quantity of sections of 
3 r—. 

a structure, which are dangerous with respect to fatigue strength. 

During tests with a different load factor (with constant amplitude) 
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initial cracks appear In different places and the development of these 

cracks frequently does nut correspond to that observed under operating 

conditions. Conversely, in tests according to a program with randomly 

alternating loáis, places of the appearance of fatigue cracks are 

detected in a structure where the conditions of their development 

correspond to flying conditions. Therefore, in spite of their large 

complexity, tests with randomly alternating loads are expedient, since 

at the time there are no other methods of more reliably detecting 

sections of a structure that are dangerous with respect to fatigue 

strength. 

Propagation of Fatigue Cracks 

For the creation of a structure which is safe from fatigue break¬ 

down and for the establishment of a safe service life the investigation 

of conditions of development of fatigue cracks has an important value. 

For increasing operational reliability it is very important in good 

time to opportunely detect cracks during Inspections. 

As a result of investigations of samples. It was discovered that 

the intensity of propagation of cracks is lowered with the decrease 

of the total level of stresses. 

i-or preventing the propagation of fatigue cracks so-called limiters 

can be applied. Limiters of cracks can be stringers, wing ribs, frames, 

etc. In a thick skin and in elements with large cross sections (spar 

flanges) cracks spread comparatively slowly. In highly durable 

materials cracks spread faster (Fig. 7.-1) rnd. therefore, for incrers- 

Ing reliability it is sometimes expedient to manufacture the skin 

from a less durable material. 
3 . -.« 

Tests on repeated loads make It possible to find the dependence 

of rate of propagation of cracks on the type of structure. Depending 



i 

upon the rate of propagation of cracks, the periodicity of inspections 

of a structure is established. 
I 

Table 7.4 gives certain data on the appearance of the first cracks 

noticed during visual inspection and in a structure during tests on 

repeated loads (0.5 ^5reajç)» which characterises the rate of propagation 

of cracks. 

Title 7> 

« 
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cycles in which 
a crack is vis¬ 
ually detected; 
the number of 
cycles in the 
destruction of a 
structure. 

•* When . piace 0f 
"break 

Fig. 7.41. Character 
of crack development 
in a wing structure. 
1) aluminum alloy of 
type V95; 2) alum¬ 
inum alloy of type Dl6. 

appearance of crack was not 
examined. 

1 

7.11. Selection of a Reliability Factor 
in Deteminlng Service Life 

For every aircraft there exists such a limited service life, above 

which operation is not safe from conditions of fatigue strength and 

further structural repair is inexpedient. 

A limited service life ,f a structure depends on the character- 
-...: 

1st les of the sane structure, the character of damage summation durlr" J .T, 
random alternating loads. Furthermore, the magnitude of the limited 

fervlce life is essentially affected by the thoroughness inspections 

• ' : - ■ 
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of the structure during operation, thorough consideration ard quality 

of repair, the conditions of operation (flight conditions, quality of 

airports, weather conditions, corrosion, operational damages, and so 

forth). Therefore, thc*limlted service life of a given specific air¬ 

craft in the beginning of its designing cannot be determined. 

However, on the basis of the study of questions of strength of 

aircraft structures and the fulfillment of a necessary volume of 

laboratory tests, one can determine the minimum guarantee service life. 

The minimum guarantee period is the service life in hours, during 

which, with a definite reliability probability, it can be guaranteed 

that in operation with respect to fatigue conditions there will not 

occur any essential disturbance of strength. Subsequently, with the 

obtainment of information about the conditions of actual operation of 

aircraft and the results of tests on repeated loads, the service life 

is definitized. For determination of the minimum guarantee service 

life of an aircraft during design and construction comparative fatigue 

tests are made on structural elements (Joints, panels, and so forth) 

ar. i the best variant is selected. In process of this work the fatigue 

characteristics of the main structural elements are determined. 

During test flights on the first models of an aircraft the loads 

(stresses) and oscillation of its parts are measured. Then tests are 

made on the aircraft structure on the whole or on its assemblies and 

estimites are made on the service life taking into account the results 

of all the work done. 

With respect to a fixed minimum guarantee service life a certain 

»afety factor Is selected or, as It Is otherwise called, the reltablllty 

factor. Total safety factor r, Is defined as the product on particular’ 

«afety factors t, . .., on the selection of which only preliminary 
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considerations can be given, since at present the data are still 

insufficient for the reliable establishment of their magnitudes. 

In determination of a period one should introduce a correction 

^or Pr°b&ble deviation of total damage, during \,ests on a simplified 

program, from total damage in real conditions of operation. As shown 

above, VA can considerably differ from 1.0. In a slnglc-staße test 
I-1 * 

for the case of irregular loads one should take on increased value of 
• 

the safety factor. In programmed tests with several stages of loads 

the coefficient can be lowered. If the structure Is subjected to 

the action of only regular loads, which can be accurately reproduced 

in laboratory tests, then may be equal to 1.0. 

For the selection of a safety factor the authenticity of loads used 

during fatigue tests has a large value. This factor is considered 

by coefficient If loads are taken by measurements during flying 

tests on a given aircraft and their magnitudes are increased by no 

less than 20> as compared to those actually measured, it is possible 

to take r<2 « 1. An increase of loads by 20,¾ is produced for calcula¬ 

tion of the error of measurements and the probable deviations of loads 

on different aircraft models. 
* ( 

If the calculation uses data on recurrence, obtained on the basis 

of statistical data, then Is Increased depending upon how close to 

the given aircraft are the parameters of the aircraft on which the 

statistical materials were obtained. It is necessary to consider that 

for aircraft of the same type the recurrence of loads can be different 

depending upon the specific conditions of operation. ‘ "• 

In the selection of the safety factor the possibility of inspect¬ 

ing the places where initial destructions appear, and the rate of 

propagation of cracks have a large value. This factor is considered by 

3(>3 
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coefficient If destruction beßlns in places that are hidden and 

inaccessible fur inspection during operation, the coefficient r is 

expediently taken as greater than 1.0. If initial cracks appear on 

the external skin, develop comparâtively slowly, and can be easily 

noticed during postflight (prefiight) inspection of an aircraft, the 

coefficient can be taken as equal to one. For pressurized fuselages 

during fast crack development the value of should be Increase 1. 

Of large value in the selection of the magnitude of the safety 

factor is a correct accuunt of the analysis of the results of tests 

of Identical samples and structures. This factor is considered by 

coefficient 

According to different investigations (mainly foreign ones) the 

variance coefficient of fatigue characteristics, with respect to the 

number of cycles for full-scale structural samples with load factor 

0.5-0.7* la: 

Wing, empennage, and fuselage 
Landing gear . 
Control linkage ....,,. 

• • 
1.5- 2.5 
2.5- 5.5 
5.0-4.0 

These variance macnltuies are obtained In a comparatively small number 

of tested samples (from £ to 5). (In tests of a larGe quantity of 

samples the variance coefficient can reach 9-11). 

The distribution curve of results of fatigue tests of samples 

agrees well with the log-nomal law of distribution. If there is a 

sufficient number of tests, one can then determine the parameters of 

distribution, the average number of cycles Pi , and the standard 
av 

divation o. Then, using the methods of mathematical statistics, a 

certain minimum number of loading cycles to destruction N can be 
mm 

found by proceeding from the condition that the actual value of the " 

destructive number of cycles, with a probability for Instance of O.99 
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or 0.999» wlU be greeter than NBln. In this case the safety factor 

may be taken as equal to one. However, the use of this method Is 

difficult, since a small number of samples of full-scale structures 

(from 1 to C) Is tested. Magnitude a usually selected depending 

upon the number of tested samples. 

Thus, with the number of tested samples less than 5-6 the magnitude 

of coefficient r^, may be taken as equal to approximately three. In 

this case, in the calculation of the service life, the mean value of 

the number of cycles to destruction is taken. During the test of only 

one sample the magnitude should be more than 5.0. 

In the process of operation an aircraft is under conditions which 

promote the development of corrosion of its components (sharp change 

of temperatures, increased humidity, and so forth). As was shown, 

corrosion considerably affects the strength of a structure, which 

should be considered by coefficient For aircraft flying under ' 

conditions of humid sea climate the coefficient should be Increased. 

For aircraft, flying In a dry continental climate the magnitude 

can be lowered. 

By means of calculation with the use of available experimental 

data the calculated service life of a structure TeBl Is determined. 

Minimum guarantee service life T>ln g Is determined by the formula 

r—(7.23) 

where 

This method of determining service life of course is complicated, but 

on the given stage of development of investigations in this region 

its application should be considered expedient. 5 

-In order to obtain data for the solution of the problem of 

Jl ..... _ ^ _ 0 J 
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increasing the service life of an aircraft structure above the 

minimum guarantee period, from the very beginning of operation it is 

expedient to conduct the following measures: 

1. Separate from the number of aircraft of a given type in 

operation the so-called leader group. Aircraft of this group should 

have maximum flying hours (usually more than the flying hours of 

aircraft of the main fleet) and should have been used as much as 

possible under the most difficult conditions. The number of leader 

aircraft depends on the total aircraft fleet and usually comprises 

a definite percent of it. The leader aircraft are outfitted with 

statistical equipment for registration of recurrence of loads. In 

certain cases, for the study of the conditions of work of an aircraft 

structure, tensometric and vibration-measuring equipment should be 

installed. 

2. Assemble materials for timely detection of weak places in 

the structure, check the quality of repair and the correctness of use. 

It is expedient to install statistical instruments on groups of air- 

craft which are used under special conditions. 

3. After a defined flying time (usually 0.7-1.0 tmln g) fatigue 

tests should be made on several aircraft models. These tests clarify 

the influence of flying time on fatigue characteristics and determine 

the degree of depletion of the service life. 

On the basis of the results of these works sufficiently reliable • 

data can be obtained for determining the service life of a structure 

taking into account the actual conditions of operation of the aircraft 

(external loads, maintenance, repair). -H 



CHAPTER VIII 

THE INFLUENCE OF AERODYNAMIC HEATING ON THE STRENGTH 
OF FLIGHT VEHICLES 

List of Designations Appearing In Cyrillic 

•tp ■ aer - aerodynamic 

» - a - air 
» - b - breaking point 

••cp ■ shear - shear strength 

■ ■ d » divergence 
as ■ en - engine 
son - per - permissible 

■M» rad - radiation 

, « - con - convective 
■(/in ? M kg/mm? 
sv/Wm? * kg/ma 

■r-N - kg.m 
0\ 

■ r*N? - ïig/cm. 
■«axAnrpai - kcalAs*deg 

■■as/i2«iac - kcal/a?»hr 
■KaaA'«i«c*rpaa - kcal/m*hr*deg 

■on » con ■ convective 
■o« - str - structure 
■p - crlt - critical 
vp - tor « torque 

■■N - min 

■sa - Inlt - Initial 

od ■ equip - equipment 
od • sk - skin 

H67 



*P - giv - given 

a.c. - b.l. - boundary layer 

fêã/em ■ rdn/cn 

c - • - sun 
erp - itrin - stringer 

♦ - f - flutter 

•« - eq - equivalent 
»»• - eq - equivalent 
»♦ - ef - effective 

At supersonic speeds of flight of vehicles the temperature of 

flow is increased near the surface of the structure. This leads to 

heating of the structure itself (aerodynamic heating). The mechanism 

o. heating and propagation of heat in the structure consists of sev* 

eral processes. The external surface of a flight vehicle receives 

convection heat flow from the circumfluent sir, the heat flow for 

radiation of the Sun, Earth, and atmosphere, and at cosmic speeds of 

flight, the heat flow of gas radiation. From the surface of a flight 

vehicle heat is radiated into the surrounding space and it spreads 

inside the structure by means of thermal conduction and convection* 

Between separate parts of the structure there occurs heat exchange. 

A general diagram of heat flow, acting upon a flight vehicle in 

flight, is shown in Fig. 8.1. 

With the increase of temperature of the structure the mechanical 

properties of the materials are lowered. Besides this, during heating 

of the structure there occurs thermal expansion of separate elements, 

in consequence of which there appear thermal stresses. The sustained 

influence of high temperatures and external loads on the structure 

can lead to creep of materials. Calculation of the state of strain 

of etructures in conditions of high temperatures is difficult. In 
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connection with Lhis, experimental 

methods of investigating the perform¬ 

ance of a structure in conditions of 

heating during laboratory and flying 

teats are widely applied* 

Analysis of the strength of a 

structure« taking into account heating, 

consists in determining the field of 

temperatures, investigating the change 

of properties of the materials at these temperatures, and calculating 

the strength of structural elements during the action of an external 

load taking into account the first two factors. 

Basic information is given below on the physical essence of 

aerodynamic heating, the laws of heat transfer, and the mechanical 

properties of materials at high temperatures, and a qualitative pic¬ 

ture is given of the influence of heating on the aeroelastic char¬ 

acteristics of a structure and the service life of a flight vehicle 

during heating* 

8*1. Temperature of Gas in Boundary Layer 

Heating of the skin of a flight vehicle appears in flight upon 

acceleration of particles of air, located near its surface. The 

acceleration (in inverse motion - for deceleration) of air particles 

requires energy, part of which inevitably passes into heat, causing 

heating of the surface of the body. 

In the case of complete transformation of kinetic energy of flow 

into thermal energy the temperature of decelerated flow is 

+ (8.i) 

/\ 
' H*»t fio» fro« æ ■ a Vw i rcei 

/ tnjr.Mry 1*jt'P '«1 
/ r*JUM n of air* j r* irdlf«! .rsa 

ltro,ph*rle 
•olar radlatlcn 

H»«*. fro i •ii-Um« 
• ï •U’«»* t 

H**t 
fn.* • jrfAc# 

Fig* 8*1. Diagram of heat 
flow acting upon a flight 
vehicle in flight. 
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wh«re k it th« adiabatic index (for air k - l.k); 

Tjj i§ the temperature of undisturbed air at altitude of flight 
H« 

During the transformation of kinetic energy into thermal energy, 

part of it is dispersed and the temperature of the air at the adiaba- 

wall, i.e#, the wall which does not absorb and does not radiate 

heat, will be 

T>r„(i + fiÿiM>). (8.2) 

where r is the temperature recovery factor. 

Figure £.2 shows the character of flow around a flight vehicle 

and the regions in which the temperature and flow rate sharply change. 

Fig. 8.2. Diagram of super¬ 
sonic flow around a body and 
the character of change of 
•temperature T in a shock. 

Fig. 8.3. Change 
of air temperature 
with altitude. 

The points of full deceleration, deceleration of the flow of air in 

■hock waves, and the deceleration of air particles in the boundary 

layer pertain to these regions. Increase of temperature in the first 

two cases is connected with the dynamic change of pressure (compres¬ 

sion) during the flow of air without friction. 
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Dtctleration and coinpresiion of air in shock waves are connected 

with large losses of mechanical energy, irreversibly transfered into 

thermal energy with subsequent heat dissipation. 

Of large value in the determination of surface temperatures of 

a flight vehicle is the temperature of the surrounding atmosphere. 

The values of paraaetera of undisturbed ataospheie essentially depend 

on the season, the day, etc. Usually the parameters of undisturbed 

atmosphere at different altitudes are calculated according to stand¬ 

ard atmosphere, in which the law of change of temperature with re¬ 

spect to altitude is determined on the basis of perennial measure¬ 

ments and statistical treatment. The change of temperature with the 

increase of altitude is shown in Pig. 8.3, 

During the flight of a vehicle different conditions can be en¬ 

countered with respect to Tg and p^, which are different than stand¬ 

ard* Therefore, during calculations of heating temperatures of a 

Fig. 8.4. Approximate 
structure of boundary 
layer. 

structure one should consider the high¬ 

est air temperatures for every altitude 

of flight. The latter can be done on 

the basis of statistical data of dis¬ 

tribution of air temperatures at dif¬ 

ferent altitudes. 

Fig. 8.5. Profile 
of air temperatures 
on the boundary 
layer. 1) wall 
temperature less 
than Tr ("cold" 

wall)i 2) wall tem¬ 
perature equal to 
Tr (heat-insulated 

wallji 3) wall tem¬ 
perature greater 
than Tr (hot wall). 

Tgj - temperature of 

undisturbed flow. 
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The Inertes« of the temperature of flow behind a shock is deter¬ 

mined by Its Intensity, which is connected with the form of the 

streamlined body and with the flow rate. The biggest increase of 

temperature of air is observed in a normal shock. In an oblique 

shock the relative Increase of temperature drops with the decrease 

of cone angle of the front part of the streamlined body. 

Furthermore, the structure of a flight vehicle experiences a 

heat flow which appears due to transformation of part of the mechani¬ 

cal energy of the air flow into thermal energy by the friction in the 

boundary layer. In the boundary layer, due to deceleration, airspeed 

decreases from the value in the external flow to tero on the surface 

(see Fig. 8.2). The thickness of the boundary layer varies practi¬ 

cally from zero (for instance, near the nose section of the fuselage) 

to several centimeters (at the afterbody). 

In connection with the different character of flow in the bound¬ 

ary layer (laminar or turbulent) the velocity profile of air parti¬ 

cles throughout the thickness of the boundary layer will be different 

(Fig. 8.4). 

Hear a body which is moving in a compressible fluid, not only 

Is there a speed boundary layer in which there is observed a change 

of speed, but also a temperature boundary layer in which the tempera¬ 

ture also quickly changes from its value on the boundary of the body 

to the value in the external (undisturbed) flow (Fig. 8.5). 

The heat liberated at the surface of the body is partially 

transmitted to the upper regions of the boundary layer, where the flow 

rates are not equal to zero and full deceleration does not occur. 



i 

8.2. 

Zb the theory of heat transfer three basic forms of heat ex¬ 

change are considered! thermal conduction, convective heat exchange, 

and heat exchange by radiation. Convective heat exchange is sub¬ 

divided into free and forced convection. 

The basic principles of the theory of heat transfer are briefly 

presented below. 

Thermal conduction is the transmission of heat by means of di¬ 

rect contact of parts of a body during micromotion of elementary 

particles. Thermal conduction in pure form is observed basically in 

solids. In this case the heat flow, i.e., the quantity of heat pass¬ 

ing through a unit of surface in a unit of time, is determined by 

Fourier laws 

(8.5) 

where X is the coefficient of thermal conduction) 

is the gradient of temperatures. 

The sign " shows that the heat flow Is directed opposite the 

temperature increase. 

The values of coefficient X are determined experimentally and 

can be taken from reference books. 

Convective heat exchange between a fluid (gas) and a solid is 

divided Into free and forced convection. In this instance the heat 

flow Is determined by Newton's laws 

.-.(T.-rj, (8.4) 

where a Is the coefficient of heat radiation) 

T. and T« correspondingly are the temperature of the fluid and 
¿ the body. 
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The determination of coefficients of heat radiation is conducted 

basically by experimental means with the use of the theory of simili¬ 

tude. Then the connection between parameters, which determines the 

heat exchange, may be expressed in the form of a criterial equation 

of dimensionless values* 

The mechan! sm of flow of thermal processes in unventilated sec¬ 

tions of a structure is basically determined by free convection. 

The dependence between criteria of similarity in this case can be re¬ 

presented by exponential functioni 

Nu—CiXjfPry*. (8.5) 

where the Nusselt number; 

the Orashof number; 

the Prandtl number; 

^ m * Tg Is the difference of temperatures between the 
surface of the body and the medium; 

l Is the linear dimension; 

0 is the expansion coefficient; 

c is the specific heat capacity of gas at constant 
r pressure; 

C and n are constant coefficients; 

^ X4 is the coefficient of thermal conduction of air; 

V is the kinematic coefficient of viscosity; 

U - vp is the dynamic coefficient of viscosity. 

Coefficients C and n depend on the product of Or times Pr 

(Table 8.1). 
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Table 8«1 

Or* c a 

|.|0-«-S 10* 
S-10* -Mo: 
MO» -1 10" 

1.10 
O.S4 
o.ias 

1/» 
1/4 
1/3 

The dynamic coefficient of 

Yiscoslty for air at different 

temperatures can be determined by 

Sutherland's formulai 

where the coefficient of viscosity uO Is selected as the value cor¬ 

responding to Initial temperature* For Instance, for a temperature 

of 0 C the coefficient of viscosity of air Is equal to 1.75«10"^ 

kg'Sec/m2* 

The coefficient of heat radiation from wall \< medium of the 

Internal section of a structure can be determined from (8.5) by the 

formula 

This formula with values of the constants shown In Table 8.1 

Is applicable for any liquid and gaseous mediums when Pr e 0*7 and 

for bodies of any form and any dimension. 

Transmission of heat by convection is closely connected with 

thermal conduction. For small geometric spaces the process Is basi¬ 

cally determined by thermal conduction. 

Usually the small spaces In which there occurs heat exchange by 

means of free convection are called slots (layers). In horirontal 

•lots the process is determined by the mutual location of heated and 

cold surfaces and the distance between them. 

If the heated surface Is located above, the circulation of air 

particles does not occur. If, however, the heated surface Is located 
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below* there appear ascending and descending flows alternating be¬ 

tween one another. Therefore, In a closed limited space the condi¬ 

tions of flow of the process of heat exchange are considerably more 

complicated than In large volumes. In the theory of heat transfer 

such a complicated process of heat exchange Is commonly considered as 

the transmission of heat by means of thermal conduction. This In¬ 

troduces the concept of equivalent coefficient of thermal conduction 

Xtq* 111 the U8e of the •quivalent coefficient of thermal conduction 

there is no necessity for determining the heat-transfer coefficient, 

since the value of X#<l is found directly from experiment. Usually 

In calculations they determine the values of by the formula 

(8.8) 

where econ 1» the coefficient which considers the Influence of con¬ 

vection. This coefficient is also a function of the dimensionless 

parameters Qr«Pr. 

With the values of (Or.Pr)f < 1000 econ - 1, i.e., heat transfer 

from a hot wall to a cold one In layers is caused only by the thermal 

conduction of the medium. With values of 10^ < (0r«Pr)^ < 10^. 

S-<M06(Of PrÇ» (8.9) 

and when 106 < (0r»Pr)f < 1010 

■•-0140(0 Pr)*». (8.10) 

A Urge influence on the magnitude of coefficient a is rendered 

by the form of liquid (gas) and the motion of its particles. 

In ventilated sections (engine sections, equipment sections, 

crew cabins, etc.) transmission of heat from more heated elements of 
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th® structure to less heated ones la carried out by forced convec¬ 

tion. 

For a well-developed turbulent flow (Re > 10*) In the calcula¬ 

tion of heat exchange In channels of different size the following 

crlterial equation la usedt 

NV-«ttlfcup|«'*(££VM'. (8.11) 

Subscript f indicates that the physical parameters entering the 

expression of criteria are taken at the temperature of flow Inside 

the channel, and w means that the criteria are calculated taking 

Into account the physical parameters taken at wall temperature. 

A characteristic dimension for cylindrical channels Is the 

diameter d and for channels of other form the equivalent diameter 

d«i* 

In the calculation of heat transfer from Internal surfaces of 

ventilated sections of small curvature it Is possible to use the 

crlterlal equation for a flat platel 

. (8.12) 

whereby when Re < 4.85-105, C - 0.76 and n - 0.5; when Re > 4.85-101# 

C -0.037 and n - 0.8. 

Besides convection and thermal conduction, heat exchange occurs 

by means of radiation. Heat flow of radiation is determined by 

Stefan — Boltzmann lawi 

where e is the radiation factor or blackness; 

o Is the Stefan - Boltzmann constantI 

(8.13) 
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• ~ 4,96-10 * KKaA!** %ac ¿pad*. 

Coefficient e lie» within the limits of 0 » e * 1# is determined 

experimentally, ard can be taken from a reference book* 

In the calculation of the temperature field of a structure it 

is necessary to consider heat exchange by radiation between its sep¬ 

arate parts* For instance, in heat exchange by radiation between 

parallel surfaces it is possible to use the expression 

(8.14) 

4 * 

where e . - -i-7-is the given coefficient of blackness of 
* --1 the system] 

C1 *2 

ti# *2# T1 ^ T2 4rt correspondingly the coefficients of black¬ 
ness and the temperature of the first and 
second surfaces* 

This expression can also be used for the case of heat exchange 

between upper and lower wing surfaces. 

The basic calculation formula of radiant heat exchange between 

two black bodies, arbitrarily located in space, has the form 

(8.15) 

where and correspondingly are the temperature of the first and 
e 

second bodies* 

The mutual surface of radiation of these bodies is calculated 

by the formula * 

**• “ ^» (8.16) 

wh«r« T. »nd F, art th« «urfaces of bodies participating In heat ex- 
change] 

*2 ar* the of incidence of radiation on centers 
of elementary sites dFj^ and dF2; 
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r la the distance between these sites* 

In calculations it is more convenient to use angular coeffi¬ 

cients determined by the relationships 

Coefficients 9^ and 9^ show what part of the hemispheric radiant 

flux# emitted by one body, drops on the other body, which is located 

in radiant heat exchange with the first body. 

Thus# heat flow by radiation from body to body is equal to 

(8.17) 

On the basis of the formula for heat exchange by radiation of 

ideal black bodies# the radiant heat exchange between two gray bodies# 

arbitrarily located in space, is described by the equation 

«.-Mf - I0-\,<TJ —TJ)//,, (8.18) 

The given coefficient of blackness of the system from two gray 

bodies can be approximately calculated by the formula 

Vs "VS 

Xn the calculation of radiant heat exchange between gray bodies 

it is necessary to determine the given degree of blackness of the 

system (the given radiation factor). 

In the determination of temperature of a structure it is im¬ 

portant to know what role is played by radiation heat exchange be¬ 

tween the gas and the surface of the flight vehicle. Monatomic and 

diatomic gases are practically transparent for thermal beams in the 
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ulUAl «tate. However, at very high temperature*, when the gas start* 

to pass into the "fourth •täte," i.e., plasma, it is necessary to 

consider gas radiation. Temperatures, at which the density of radi¬ 

ation energy cjT* becomes equal to the density of the energy of ther¬ 

mal motion of particles 5/2 kTn of an ideal gas in equilibrium state, 

can be found from the relationship 

f*r«- (8.20) 

whence 

r-/¥ 
Here n is the number of particles per unit of volumej 

k is the Boltzmann constant. 

At gas pressure p ■ O.Oi mm Hg, when the density of particles 

is n - IO15 -ir (which corresponds to an altitude of ~80 km), this 
CM^ 

temperature is equal to 40,000°K. 

At high altitudes, where flights are possible with supersonic 

speeds, the dry air does not contain impurities of polyatomic gases 

(HgO, CO2)* having considerable radiative and absorptive ability 

at comparatively low temperatures. Therefore^, even at cosmic speed 

the heat flow caused by radiation is many times less the total aero¬ 

dynamic heating which takes place during the return of a spacecraft 

to the ground. 

Nonetheless, the transmission of heat by radiation from gas to 

•kin at a speed of flight, equal to the first cosmic speed and higher, 

is sufficiently high and it should be considered in calculations. 

Being limited to the consideration of vehicles, flying with a 

•peed less than first cosmic, we subsequently shall disregard gas 

radiation. 
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8.3* Heat Exchange In Supersonic Gag Flows 

Tht quantity of heat given off in the flow around a body by a 

gaseous medium is considered by the theory of heat exchange in a 

boundary layer* Transmission of heat in a laminar boundary layer is 

carried out basically by thennal conduction, which is prompted by 

heat transfer with molecules between separate layers of gas. In a 

turbulent boundary layer the heat is transmitted basically by the 

pulsational motion of macroscopic gas particles and therefore the 

heat transfer in it can be a few times more intense than in the lam¬ 

inar layer. In a mixed boundary layer both forms of heat exchange 

are noted. In every case the solution of the system of equations of 

the boundary layer has its own peculiarities, for which heat exchange 

in different boundary layers is considered separately. 

The basic laws of the theory of heat exchange in a boundary 

layer permit the construction of a system of equations describing 

the phenomenon on the whole. These equations may be solved in cer¬ 

tain cases with the application of contemporary computer technology. 

Approximate calculations can be conducted according to Newton»s 

generalized law of heat transferi 

(8.21) 

where T^ is the gas temperature) 

T¥ is the surface temperature. 

The coefficient of heat radiation a, by means of convection be¬ 

tween a liquid and a solid, is determined experimentally from the 

following relationship! 

(8.22) 
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vhtre q iB the heat flow per unit of time through a unit of areaj 

ûT is the difference of temperatures of gas and solid! 

AT - Ti - Tw. 

Por gas flows moving at low speeds the difference of temperatures 

in relationship (8.21) Is taken as the difference between gas tempera¬ 

ture outside the boundary layer and temperature on the surface of the 

body (heat flow Is directed from gas to body)* 

In examining gas flows moving at high supersonic speeds the 

picture of the phenomenon of heat exchange Is complicated. Since 

gas temperature along the thickness of the boundary layer Is variable. 

In equation (8.21) the gas temperature Is conditionally taken as re¬ 

covery temperature. 

In the flow around a body by a gas the temperature Inside the 

boundary layer will differ from recovery temperature Trj however, 

thl* temperature ia conveniently used in the composition of the dif¬ 

ference of tempermtures AT, i.e., it may be substituted so that in 

these conditions 

(8.23) 

The use of Tr - Tw for expression of temperatures has some 

foundation. Inasmuch as It obviously satisfies the requirement of 

^aer when Tw Tr* Ho^cver# difference Tr - Tw In a gas 

flow moving at high speeds does not have such a physical value as 

dots the difference Tg - Tw In a gas flow moving at low speeds, 

since the coefficient of heat radiation depends on T and on Mach 
w 

muibar. However, in any case expression (8.23) is convenient to 

use for further analysis. 



DtttralnAtion of the coefficient of heet radiation at supereonic 

•peeds is a complicated problem and at present there are comparatively 

exact solutions only for laminar flow along a flat plate at a zero 

angle of attacks 

Calculations of heat transfer in a boundary layer show that the 

dependence of the coefficient of heat radiation on numbers Re and Pr 

remains the same for a compressible gas as for an incompressible 

liquid, and is determined by a criterial equation of the form 

(8.24) 

where is the thermal conduction of air at skin temperature] 

X is the distance from the leading edge or the nose. 

The influence of compressibility appears through factor f(M, =^). 

Tr 

Its exact values can be determined on graphs given in an article,* 

where the values of a are given taking into account the dissociation 

of air molecules at high temperatures« 

For a turbulent flow, i.e., for a flow when Re > Re 
cnt 9 

sufficiently accurate semi-empirical dependences are obtained. 

For a flat plate the coefficients of heat exchange may be determined 

by the formula 

Ms.-^-a029Re"Pr:« (8.25) 

The most intensely heated are the leading edges of bodies. Heat 

flow in the front critical point can be calculated by the formulas: 

for an axially symmetric body 

(8.26) 

. V* 8. Avduyevskiy et al. Fundamentals of heat transfer in 
aviation and rocket technology, Oborongiz, i960. 
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for a flat tody 

a.=a57^(r#-r.)j/ 

whore the «ubscript means that the physical parameters of 

gas are taken under the conditions on the external boundary of the 

boundary layer# 

Magnitude & - (¿V/dx)xmQ la found by proceeding from the experl- 

«wntal distribution of pressure In the vicinity of the critical point. 

For the rounded edge of a body, ß - 2»crlt/b. «here acm Is the 

critical speed of sound and, b Is the thickness of the edge. 

coefficient of heat radiation. In the determination 

of heating of a surfaces of a flight vehicle according to equation 

(8.83) It Is necessary to know the recovery temperature. The latter 

la calculated by expression (8.8). In It the local Mach number can 

be found from gas-dynamic calculation or 

wind tests# However, for the use of 

dependence (8.2) It Is necessary to also 

know another quantity, l.e., the tempera¬ 

ture recovery factor r. The recovery 

Fig# 8.6. Change of 4em- factor Is a composite function of a num- 
perature recovery factor 
with respect to Mach num- *>er parameters and depends on the form 
ber for turbulent and 
laminar boundary layers. the boundary layer, the form of surface, 

and Mach number. Experiments showed that 

at low supersonic speeds for a laminar boundary layer on a flat plate 

r ■ /FF. If we take the Pr number of air to be equal to O.70, then 

r " 0.83. For a turbulent boundary layer the temperature recovery 

factor on a flat plate Is approximately equal to 

(8.28) 
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Taking the same value of Pr - 0.70, we obtain r - O.89. 

Figure 8.6 gives the approximate change of recovery factor for 

a flat plate as functions of Mach number. Since there Is usually 

observed flowing around (laminar and turbulent). In the use of the 

given formulas It Is necessary to determine the moment of transition 

of the laminar boundary layer (Rccr^t) to the turbulent one. 

Transition of boundary layer from laminar to turbulent depends 

on many factors. In particular, an Increase of Mach number decreases 

the Influence of the degree turbulence of the Incident flow on the 

position of the transition point. Surface roughness promotes transi¬ 

tion of boundary layer from laminar to turbulent. However, the In¬ 

fluence of roughness decreases with the Increase of Mach number. 

Cooling of the boundary layer delays the onset of transition of the 

laminar layer to the turbulent. 

In ordinary conditions on a flat plate the transition of a 

laminar boundary layer to a turbulent one Is noted at approximately 

Re - 0.5-106. 

The process of heat transfer at flow rates, corresponding to 

Mach number more than 5# Is complicated by the processes of dissocia¬ 

tion and Ionization of air due to high temperatures which arise In 

this Instance. Processes of dissociation and Ionization (and Inverse 

processes of recombination) occur with terminal velocities. In these 

conditions the boundary layer experiences thermochemical reactions 

In which the heat transfer depends on the rate of the chemical re¬ 

actions, the diffusion, and the catalytical properties of the wall. 

The physical essence of the phenomenon in broad terms may be 

characterized In the following way. At a high air temperature behind 

a normal shock wave and in the boundary layer the atoms dissociate 



Into Ions. This expends a certain ar.ount of energy, which lowers 

the temperature of flow. For Instance, at a speed of flight M - 20 

the stagnation temperature of gas without taking Into account dis¬ 

sociation should be 17.500°K, and taking Into account absorption of 

energy for dissociation it will be 6500°K. 

Ions diffuse towards the wall, the temperature of which is less 

than the temperature of dissociation and can have catalytical prop¬ 

erties. 

In the recombination of ions near the wall the heat absorbed by 

the gas during ionization is released. 

Specific heat flow to a body is defined as the sum of heat 

flow due to thermal conduction and diffusion, where the considered 

heat flow at the expense of diffusion is included when there occurs 

recombination of atoms on the wall. Conducted experimental research 

in the determination of temperatures at different Mach numbers at 

which dissociation is noted, confirmed the role of dissociation in 

the process of heat exchange. Calculation and experimental data show 

that a disregard of the phenomenon of dissociation of air molecules 

in the process of gas-dynamic heat exchange on the surface of a struc¬ 

ture can lead to considerable errors. 

In th. composition of an equation of heat balance, the flows 

brought to the skin surface are taken with the sign "+/ and those 

withdrawn have the sign , 

A basic member of the equation of heat balance, characterising 

th. temperature of a structure In a wide range of speeds and alti¬ 

tudes of flight. Is the convective heat flow which Is dstermlned In 

accordance with equation (8.23). 

Tht coefficient of heat radiation a is determined depending upon 
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the character of flow according to equations (8.24)-(8.27), At 

hypereonic speeds one should consider the Influence of dissociation 

on heat transfer. 

Fro® the skin surface the thermal energy is radiated into the 

surrounding space. Heat of radiation Into the surrounding space 

depends on the wall temperature and emlssivity of the surface! 

Up to Mach numbers M - 2.0 to 2.5 the magnitude of radiation heat Is 

Insignificant. According to the Increase of speed and altitude of 

flight* its role in the heat balance of a structure is increased. 

Fig. 8.7* Change of solar 
heat flow according to 
altitude H. 

1 m from the leading edge 

less than Tr)• 

For instance* by calculations during 

flight at an altitude of 15 km and speed 

M - 2* the temperature of a flat plate 

will be less than the temperature of the 

adiabatic wall by 10°Cj during flight at 

an altitude of 50 km and M - 5* the tem¬ 

perature of a flat plate at the expense 

of radiation will be lower (for instance* 

when c “ 0.8 at a point at a distance of 

the temperature will be 7^0^, i.e., 460° 

In many cases for steady-state conditions of heating qaer and 

tlfid decisive in the heat balance of a structure. 

Besides the enumerated heat flow, a flight vehicle is influenced 

by thermal solar energy. The heat flow of the Sun qf is determined 

by the expression 
« 

(8.89) 
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uher* ß Is the coefficient of absorption of solar energy by the 
surface of the craftj 

S# is the flow of solar energy; 

e !• the angle between a solar ray, striking a given point of 
surface, and the nonaal to this surface. 

The magnitude of solar heat flow is increased with the growth of 

the altitude of flight. 

As can be seen from Fig. 8.7, the change of solar heat flow 

occurs up to an altitude of 22 ka (in reference to mean latitudes). 

Above this altitude the solar heat flow is considered to be constant 

and equal to the solar constant S# - il^O kcal/m2*hr. 

The heat proceeding directly from the surface of an engine is 

transmitted to the structure and the skin, and is located near the 

equipment. It is considered that nearly two percent of the heat dur¬ 

ing fuel burning in turbojet engines goes through the engine walls 

Into the surrounding space. For a preliminary estimate, the heat flow 

from an engine may be taken as equal to 

f» KKiu M1 «ar. (8.30) 

where c is the specific fuel consumption of an engine in kgAg 
thrust per hour; 

P Is the engine thrust in kg; 

^ is the lowest calorific value of fuel in kcal/fcg; 

Fsk 18 the area of surrounding the engine, in m2. 

Relatively weak sources of heat (electronic equipment, electri¬ 

cal equipment, radio equipment, heat exchangers, and so forth), 

rendering thermal influence basically only on themselves and on the 

equipment closely connected with them, are considered only in certain 

prafclees of heating. 
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Heat flow from tlectronic equipment Qequlp !• calculated from 

the condition that approximately 95$ of the power drain of the equip¬ 

ment goes for thermal losses« Part of this heat goes for increasing 

the natural temperature of the equipment, and another part is given 

off into the surrounding space« A certain part of the heat pro¬ 

ceeding to a structure is removed from the surface. The magnitude of 

this heat flow is determined by Fourier's lawi 

(«-J1) 

The sum of all enumerated heat flows of a structure also composes the 

heat balance, which is written out in the following manner« 

<Mf + ^ + + (8.32) 

8.4« Analysis of Heat Flow 

In the steady-state process of heat exchange the magnitude of 

heat accumulated by a structure is equal to zero« 

fM-0. 

Equation (8.32) may be written out in expanded form« 

•(Tr—*•) i- PAcosf -f-e* 4- i»-W(7J—TJ) - 0. (8.33) 

The solution of this equation gives the highest possible (steady- 

state) temperature of the structure of a flight vehicle under the 

given flight conditions. 

During one-dimensional heating of a thin plate (skin) the solu¬ 

tion of equation (8.33) for non-stationary conditions is expressed 

in the form 

«1« * (8*34) 
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where is the initial skin temperature; 

5 is the skin thickness; 

c Is the specific heat capacity of the skin material; 

T Is the time of heating; 

7 Is the specific weight of the skin material. 

Heating of the skin will set in when T * Tr. Steady-state heat 

exchange for thin-vallei structures of a flight vehicle can occur 

after several minutes of flight under the same conditions. 

Equation (8.35) nay be solved graphically. The magnitudes of 

temperatures of the steady-state process of heat exchange, calculated 

by this equation, are shown in Fig, 8.8, These values are obtained 

without taking into account the heat flow of solar radiation and the 

internal airborne sources of heat. 

The relative role of different heat flows in the common heat 

balance under certain conditions is different and it depends on the 

altitude and speed of flight. Calculations show that during flight 

at comparatively low speeds, M - 1.5 to 2.0, and altitudes, H • 10 to 

15 km, the skin temperature is very close to recovery temperature T • 
r 

With an increase of the speed of flight (M > 2.5 to 3.0) at altitudes 

leas than 30 km, the skin temperature is strongly increased. The 

heat absorbed by the surface of the flight vehicle, as a result of 

atmospheric and solar radiation, then remains negligible as compared 

to the heat released in the boundary layer^ In these conditions, 

besides the considered heat flows, thermal radiation from the surface 

of the structure begins to play a significant part, and skin tempera¬ 

ture essentially differs from Tr. A disregard of the calculation of 

heat flow due to radiation from the surface of a flight vehicle when 

M > 3 leads to large errors. 



Fig. 8.8. Curvee of 
equal steady-state skin 
temperatures as functions 
of Kach number and alti¬ 
tude of flight H. 

At altitudes H > JO km the 

heat of solar radiation becomes 

commensurate with the remaining 

heat flow in view of the decrease 

of Solar radiation cannot 

Fig. 8.9. Regions of 
conditions of flight 
and heat flow which 
are predominant in the 
common heat balance. 

be considered for parts of a 

flight vehicle if the angle of 

inclination of a solar ray from the normal to the surface of the 

structure is o > 20°. 

The relative significance of different heat flows in the common 

heat balance is shown in Fig. 8.9» where the regions of conditions 

of flight are given» which show the components of heat balance that 

determine the magnitude of steady-state temperature in these regions. 

During heating of air behind a shock wave its intensity of 

radiation is increased. At transonic speeds behind a normal shock 

wave the intensity of radiation of air is so great that it is able 

to create flows of radiant energy, which strike the frontal area, of 

the same order as convective heat flow. 
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In the solution of the equation of non-stationary heat balance 

on the surface of a structure In the form 

(8.¾) 
< 

It Is necessary to consider the dependence of temperature In struc¬ 

tural elements on the coordinate and time. 

The temperature field of a solid Is generally determined by a 

Fourier equation* 

In a one-dlmenslonal temperature field the equation has the 

form 

9T *T 
V ' (8.J7) 

where a Is the coefficient of thermal conductivity* 

*1 

The first Integral In the coordinate of this equation will be 

(8.33) 

where Ô Is the thickness of a structural element. 

In the absence of heat release from the Internal surface (when 

y - 5) and at constant temperature along the thickness, we have 

(s-») 

Consequently, the equation of non-statlonary heating of a thin 

skin will be 

+ - 7y-n»£*-. (8.*o) 
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The solution of tqumtion (8.39) can be obtained by a numerical method. 

For inetance, upon replacement of the derivative dTt^/dt with finite 

differences« we have 

+ (8.41) 

w^®re 1 Is the number of the calculation Interval, 

Fig. 8.10. Temperature field 
of the wall of a spar and skin 
for different durations of 
he ting. X — distance from 
center of wall 

of temperatures. 

In the presence of a gradient 

of temperatures on a structural ele¬ 

ment. there can be obtained a solu¬ 

tion to equation (8.36) under cor¬ 

responding boundary conditions. 

Figure 8.10 gives the approxi¬ 

mate change of temperature field of 

the system skin - v;all in different 

Intervals of time of heating 

t6* Fron *he8t curves one 

may see when and where it is possi¬ 

ble to expect the biggest gradients 

Figure 8.11 shows the approximate distribution of temperatures 

for a section of a thin-walled wing at an angle of attack different 

freo zero. Calculation is conducted on the assumption of the absence 

of heat transfer of sections inside the wing and internal thermal 

radiation. Due to the radiant heat exchange between structural 

F. Rohle and H. Oliver. Temperature Distribution and Thermal 
Stresses in a Model of a Supersonic Wing. IAS. V. 21, N I, 1954. 
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•1erneut« the temperature gradient», espe¬ 

cially for the wall», will be con»iderably 

lower« 

*<H-T- H-rr: 8«5* Thermal Stresses 

Fig. 8.il. Temperature 
field of the surface of 
a thin-walled wing. 

Calculation of temperature field» of 

the »tructure of a flight vehicle and data 

on the thermal-physical and mechanical properties of material» during 

heating permit the conducting of a strength analysis of the structure« 

The basic principles of the calculation of structural elements remain 

the same as under conditions of ordinary temperatures« However, at 

raised temperatures there appear many new phenomena which should be 

considered during calculations. In the first place they include the 

mechanical properties of the materials and the thermal stresses. 

Thermal stresses in structural elements appear both due to the tem¬ 

perature gradient, and also owing to the different in coefficients 

of linear expansion for various metals. Thermal stresses can lead 

• 9 —JSTZi 
J—% 

Fig. 8.12« Change 
of temperature drop 
and temperature 
gradient, with re¬ 
spect to time of 
heating. 

Fig« 8.13. Char¬ 
acter of thermal 
stresses appear¬ 
ing in a wall dur¬ 
ing heating« 
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to lois of stability of individual structural slements and to a 

change in the rigidity of the structure. The structure can then be 

deformed due to the thermal stresses without an external load. In 

this case the structure has as if zero rigidity, which must be con¬ 

sidered in the strength analysis of structures under conditions of 

raised temperatures, inasmuch as a change of rigidity in many respects 

determines the critical flutter speed, divergence, and so forth. 

Zt is usually considered th* . up to the moment of onset of the 

yield point the magnitudes of thermal stresses and stresses from ex¬ 

ternal load are added up algebraically. Vith the onset to destruction, 

l.e., upon exceeding the yield point, the thermal stresses quickly 

decrease. 

In conditions of non-statlonary heating in the structure of a 

flight vehicle there appear temperature drops both along the length 

of a structural element, and also along its thickness (in the case of 

massive structural parts). 

Figure 8.12 gives an example of the change of relative tempera¬ 

ture! - T/rrof the skin and wall of a structural element and the 

relative gradient of temperatures dlAr in the structure with respect 

to time of acceleration of a flight vehicle. In the beginning of 

acceleration the difference of temperatures between the skin and the 

wall reaches its maximum. The temperature gradients lead to thermal 

stresses in structural elements. 

Knowing the magnitude of the coefficient of linear expansion a, 

the change of length of a structural element during heating can be 

determined by the formula 
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If all itructural elements can be freely expanded or compressed« 

the change of temperature does not cause stresses. However« expan¬ 

sion or compression of structural elements usually cannot occur 

freely. Due to this« in them there appear thermal stresses. Further¬ 

more« external enclosure of a structural assembly prevents the change 

of length of its elements during heating« which leads to the appear¬ 

ance of thermal stresses. 

Deformations Al of a structural element are connected with 

stresses a by a known relationship 

(8.43) 

If the length of an element cannot be changed« then the elongation 

caused by the change of temperature (8.42) is removed by the action 

of equivalent thermal stresses oT« Consequently, it is possible to 

write 

(8.U) 

whence 

"-—ECr-T^. (8.45) 

The sign indicates that with an Increase of temperature there 

appear compressive stresses. 

Magnitudes E and a« entering equation (8.45)« depend on the 

temperature of heating of the structure. The approximate change of 

thermal stresses is shown in Fig. 8.13. The maximum value of aT 

corresponds to the moment of appearance of maximum temperature 

gradient. 

Calculation formulas of thermal stresses are generally very 

complicated. They may be simplified by allowing that if the 

1 
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contidtred »ection it «ufficiently 

far fron the ends of the structural 

elements, the distribution of thermal 

stresses does not depend on the enclo¬ 

sure conditions, l«e«# the hypothesis 

of flat sections Is taken« Further¬ 

more, It Is considered that the 

temperature field Is one-dimensional. 

The use of symmetry of cross sections 

of profiles permits simplifying the 

calculation of stresses* 

However, in spite of these sim¬ 

plifications, the dependences for 

thermal stresses are quite complicated« 

Calculation fonoulas of thermal 

stresses for elements of different 

form are presented in corresponding reference literature and special 

handbooks* 

In practice, thermal stresses, both in individual elements and 

.also in conplex structures, are determined experimentally« For this, 

electrical tensometers are applied. 

As an example. Fig. 8.14a, gives a graph of normal thermal 

stresses on an average cross section of a welded beam, appearing dur¬ 

ing non-atatlonary heating, at the time of maximum gradient of tem¬ 

peratures. Tangential stresses, measured on the wall near one of 

the ends of the beam and near the connection of the wall to the band 

In the same moment of time, are shown In Fig. 8.14b. In this case 

the maximum tangential stress arises In the section close to the end 

bi 

Fig. 8.14. Normal (a) and 
tangential (b) thermal 
stresses in the wall of a 
spar during non-s tat ionary 
heating. 
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of the beam»* 

If in a certain zone the stress of a structural element exceeds 

the yield point, the distribution of thermal stresses is changed as 

compared to their distribution according to the law of elastic defor¬ 

mation. In this case the maximum thermal stresses are lowered. 

At transient temperature the stress depends not only on the posi¬ 

tion of the point in a section of the structural element, but also on 

the duration of heating. 

Stresses from an external load and thermal stresses may be 

summarized if each of them and their sums are in an elastic zone. 

When any of these stresses or their sums are in a plastic zone, the 

stresses may be summarized by proceeding from deformation curve. The 

equations are then composed in total deformations. For instance, in 

the case of uniform temperature during heating of the skin - stringer 

connection, made from different materials, the calculation equations 

have the form 

F.T.ffT. — Vt, Ttft) 

1 + 
At, Sc 

cr, 1*1,)• 

(8.46) 

The subscripts "sk" and "strin" designate the magnitudes per¬ 

taining to the skin and stringer, respectively. 

Dependences of stresses on relative time 7, obtained during 

heating of the skin -- stringer connection, are shown inVig. 8.Í5. 

Here 7 is equal to the ratio of time of heating to time of accelera¬ 

tion (from start to emergence into steady-state conditions). In 

0. Isakson. A simple Model Study of Transient Temperature and 
Thermal Stress Distribution due to Aerodynamic Heating, IAS, VIII, 
T. 24, H 8, 1957. 
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Fig. 8.15« Total stresses fron 
an external load and tempera¬ 
ture. 

spite of the fact that stresses in 

no moment of time reach the yield 

point, they nevertheless differ from 

those which would be obtained from 

the addition of elastic stresses 

to the normal stresses from an ex¬ 

ternal load. After the application 

of an external load in some time 

interval in the beginning of acceleration (7 varies from 0 to 0.6) 

the atresses from the external load and heating are summarized. When 

7 > 0.6, due to the plastic deformation of the stringer the character 

of summation of stresses is changed and simple addition becomes im¬ 

possible. 

8.6. Influence of Heating on Characteristics 
of Materials 

Strength During Brief Loading 

During heating the basic mechanical characteristics of materials 

E, and 0 are lowered. Figures 8.16-8.17 give approximate graphs 

of the change of these characteristics with the increase of tempera¬ 

ture of material during brief loading. 

Strength of a material under the action of tangential stresses 

in conditions of brief loading during heating changes approximately 

the same as under the action of normal stresses. Relationships, 

which exist between a and t at ordinary temperatures, also remain at 

high temperatures. 

During heating also the strength of Joints of structural ele¬ 

ments (rivets, bolts, and welds) is lowered. The dependence between 
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•htar itrtngth T#he|Lr and temperature hardly differs from a broken 

line consisting of two segments of straight lir.€s. With a certain 

assumption this dependence (up to defined températures) for simpli¬ 

fication of calculations may be approximated by a linear function. 

For Instance, the dependence for permissible shearing stresses may 

be written In the form 

where a and b are the corresponding experimental coefficients! 

Tlnlt Is the shear strength at Tlnlt - 20°C. 

§ m m M m m m /wrt 

Fig. 8.16. Change of 

ultimate strength ob 
of certain alloys, 0 
depending upon tem¬ 
perature. 

Fig. 8.17. Change of the 

first elastic modulus £ 
of structural alloys, de¬ 

pending upon temperature. 

in it 
riveted Joint Is 

(8.H8) 

where d Is the diameter of the rivet; 

n Is the number of rivets. 
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InasBueh as various materials have a different character of 

change of basic mechanical properties with the Increase of tempera- 

ture, for every type of structure the temperature zones of possible 

use of a certain material are determined. In conditions of steady- 

state heat exchange of a flight vehicle the zones of permissible tem- 

peratures for each material can be reduced to the conditions of 

flight with respect to Mach numb-srs and altitudes H. 

Fatigue Strength of Materials at Raised Temperatures 

At raised temperatures, simultaneously with the lowering of 

static characteristics, there is a considerable lowering of the 

fatigue strength of materials. The fatigue strength of materials 

during heating is influenced not only by loading cycles, but also by 

teaperature cycles. In connection with this it Is necessary to con¬ 

sider considerably larger variants of loading. In practice there are 

wide-spread investigations which are similar to the investigations of 

the characteristics of fatigue strength at normal temperature, 

!•«•* tests are conducted at constant temperature and with variable 
• 

stresses. 

Furthermore, there Is a form fatigue testing at raised tempera- 

tures* which is different from testing at room temperature. In these 

tests* along with the change of the load in a defined cycle, there 

also occurs cyclical heating. 

In the investigation of fatigue strength in conditions of high 

temperatures, tests are used in which thermal stresses are created In 

the plastic region of deformation owing to cyclical heating and 

loading. Upon lowering the temperature to its initial value the 

stress changes sign due to the preceding plastic effect. The latter 
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■ay cause plastic deformation in the opposite direction. Such a 

phenomenon strongly lowers the characteristics of fatigue strength 

of material. 

In actual designs, during a change in temperatures there can 

appear large thermal stresses which in turn can lead to a lowering 

of the characteristics of fatigue strength. Such a fora of loading 

of naterial is observed in practice, for instance during heating and 

cooling of the skin connected to a wing rib. 

Besides the slow build-up of destruction from fatigue, the ma¬ 

terial can experience rather fast destruction from a considerable 

gradient of temperatures. For instance, if a body is subjected to 

the action of a sharp gradient of transient temperature, which causes 

large thermal stresses, there appears a state of thermal shock. 

Since certain materials are influenced by the rate of build-up of 

stresses, they can behave differently during thermal shock than dur¬ 

ing the usual thermals stresses or stresses caused by an external 

load. 

In a thermal shock (fast heating) there appears a surface com¬ 

pressive stress and destruction of surface can occur from chipping 

or from shear stresses caused by compression. Furthermore, there 

can appear cracks not on the surface, but in the depth of the ma¬ 

terial. The magnitude of the biggest tensile stress depends on the 

time of heating and the thermal conduction of the material. If ¿he 

■aterial conducts heat poorly, then in a short time the thermal shock 

will spread only on the fibers nearest to the surface. In this case 

on surface there appear high compressive stresses. Tensile stresses 

in the remaining part will be low, since high compressive stresses 

in small number of fibers are balanced by extension of almost the 

402 



cntlrt body. If th« material la a good conductor of heat, then at 

a determined moment the compressive surface tension on the surface 

will be lower than in a poor conductor) however, a large quantity 

of fibers will be subjected to compression, and therefore the tensile 

stress in the remaining part will be larger. Thus, under certain 

conditions a material having good thermal conduction with respect to 

resistance to thermal shock will be worse than material with poor 

thermal conduction. 

In order to select best material it is necessary In detail to 

consider the conditions of Its application and the assignment of the 

article. 

Creep of Materials During Heating 

The strength of materials at raised temperatures depends not 

only on the magnitude of the load and the temperature, but also on 

the duration of action of the load. Strength during prolonged load¬ 

ing will be lower than the strength during brief loading, Tfce longer 

the time the material is under a load In conditions high tempera¬ 

tures, the more its strength is lowered. 

Lowering of ultimate strength with the increase of time of 

action of a load in conditions of high temperatures is explained by 

the fact that a material under a constant load starts to be plasti¬ 

cally deformed. The property of materials to be continuously plas¬ 

tically deformed due to the prolonged action of a load is called 

cree£. The phenomenon of creep may be explained in the following 

way. As a result of the application of a load, in the material 

there occurs plastic deformation which is accompanied by hardening 

(cold hardening). However, at a high temperature there appears the 



process of rscryatalllzation (removal of cold 

hardening), i.e.# a softening process, and the 

■aterial continues to be continuously deformed* 

The rate of deformation (creep) depends on the 

temperature and magnitude of the load* 

The relationship between the processes of 

hardening and softening of material changes with 

the passage of the time of loading* 

Figure 8.18 gives a typical curve of creep in the form of the 

dependence of increase of relative deformation c on time t. On section 

a-b of the creep curve the hardening process prevails. On section 

b-c the hardening process and the softening process are in equilibrium. 

On section c-d the softening process prevails* 

Fig. 8.18. Typical 
curve of creep of 
material. 

• t 
Fig. 8*19« Approxi¬ 
mate change of the 
characteristics of 
creep with the 5.i- 
crease of stresses* 

Fig. 8*20* Approxi¬ 
mate change of the 
characteristics of 
creep with the in¬ 
crease of tempera¬ 
ture. 

The stage cC the creep process with constant speed has been best 

studied (section b-c of the curve). It is necessary to emphasize that 

the rate of creep is strongly influenced by stress in the material of 

a structural element* The lower the stress, the less the slope of 

section b-c and the lower the creep rate, i.e., an increase of re¬ 

lative deformation per unit of time (Fig. 8.19). 
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Calculation of deformation from creep is especially Important 

in the strength analysis of flight vehicles which have a low^safety 
\ 

factor, in consequence of which the structural elements will be under 

the action of large stresses. In this case it is necessary to stand¬ 

ardise the permissible permanent deformations caused by creep in one 

flight or in the whole service life of the flight vehicle. 

For supersonic aircraft with the usual safety factor, the stresses 

effective in structural elements during horizontal flight aye such 

that the creep rate is small. 

Increase of temperatures leads to Increase of creep (Fig. 8.20). 

Inasmuch as materials applied in flight vehicles are subject to creep 

at raised temperatures, during the prolonged action of a load the 

structure can obtain large deformations. So that these structural de¬ 

formations do not exceed the allowed magnitudes, the effective stresses 

from the external load are decreased. The latter is attained by the 

fact that in calculations such an allowed stress is given, which in a 

defined time will cause only a defined given allowed deformation. 

Influence of Heating on the Thermal-Pliysleal 
Properties of Materials 

With the increase of temperature there is a change not only in 

the mechanical characteristics of materials, but also in their 

physical and chemical properties* thermal conductivity, heat capac¬ 

ity, the coefficient of linear expansion, and also the properties 

connected with corrosion. The coefficient of thermal conduction of 

a material depends on the temperature. For an overwhelming majority 

of materials, linear dependences of the following form are valid* 

(8.*9) 
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tht coefficient of thermal conduction at 0°Cj 

B is a constant determined experimentally. 

In practical calculations the value of the coefficient of thermal 

conduction is usually taken for the average temperature of the con¬ 

sidered range* 

Fig« 8*21* Change 
of the thermal- 
physical proper¬ 
ties of an alu¬ 
minum alloy with 
respect to tem¬ 
perature* 
- heat capacity, 
- thermal con¬ 
duction* 

Fig* 8.22. Change 
of the coefficient 
of linear expan¬ 
sion of an alumi¬ 
num alloy with re¬ 
spect to tempera¬ 
ture* 

The coefficient of thermal conduction of metals lies within the 

limits of values of X • IO-360 kcal/m*hr*deg* For instance, for 

duralumin X » 140-160 kcal/m«hr«degj titanium ~12-18j steel ~50-50j 

nickel alloy **10-14• With the increase of temperature the coeffi¬ 

cient of thermal conduction for the majority of metals decreases and 

for aluminum alloys it increases* 

Together with the coefficient of thermal conduction, during 

heating there is a change in another characteristic, i*e., the speci¬ 

fic heat capacity (Fig. 8*21). The mean value of heat capacities for 

aluminum alloys consists of 0.22 kcalAg-deg, for titanium 0.15, and 

for steel 0.1. 
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In tht investigation of the state of strain of structures* of 

large value is the coefficient of linear expansion* Its magnitude 

is also changed with the increase of temperature (Fig. 8,22)* 

Materials applied for the manufacture of aircraft structures 

are presented with requirements of high corrosional stability in 

various media and at different temperatures. There is chemical, gas, 

and electrochemical corrosion. Chemical corrosion is the process of 

destruction of a metal as a result of simple chemical interaction of 

it with the external medium. Under ordinary temperature conditions 

all structural materials as a rule well resist this form of destruc¬ 

tion. Small chemical activity of materials is determined by the pres¬ 

ante of a protective oxide film on their surface. However, at raised 

temperatures this film is usually destroyed. 

Oaa corrosion is the destruction of a material as a result of 

ita interaction with gases at high temperetures. Oas corrosion in 

the first place is the result of the interaction of materials with 

air. The basic components of air — oxygen and nitrogen — while in¬ 

fluencing a metal, saturate its surface layer and form different 

chemical compounds, i.e., oxides and nitrides, which are products of 

corrosion. Oas corrosion is accompanied not only by destruction of 

a metal or an alloy due to the formation of chemical compounds, but 

also by a change in the properties of the metal owing to its satura¬ 

tion by oxygen and nitrogen. With the increase of tt .cmature, gas 

corrosion is increased. 

In the manufacture of components from such materials as duralu¬ 

min and titanium, on their surfaces there will form a so-called modi¬ 

fied layer (an oxide-nitride film) which possesses increased strength 

and lowered plasticity, and hampers further corrosion. The diffusion 



rate of oxygen through a protective film at low temperatures is very 

amall, owing to which the metal is reliably protected from further 

destruction. At raised temperatures (for duralumin T > 200°C and for 

titanium T > 550°C) diffusion through the film is intensified and the 

metal starts to be destroyed faster. For the majority of metals, 

with the increase of temperature the .ate of gas corrosion increases 

(approximately according to exponential law). 

Selection of Materials for Work in Conditions 
of Raised Temperatures 

In designing a flight vehicle, taking into account the influence* 

of temperature and time of load action, there appears the necessity 

of extensive analysis of the properties of materials. All those 

changes, which were briefly considered above, force us to approach 

the evaluation and selection of materials in a new fashion. 

At present there are several approaches to the solution of this 

problem. 

Since a structure which can sistain an assigned load with the 

lowest gravity should be considered the most effective as a parameter 

for the comparison of the effectiveness different materials in the 

first place we take the ratio of permissible stress to specific weight 

of the material apep/y or the so-called specific strength. The most 

convenient will be the material having the highest of value 0ptr/7« 

However, there exist many forms of permissible stresses, depending 

upon the type of load, the geometry of the structure, and the tempera¬ 

ture (compression, shear, longitudinal bending, loss of stability, 
# 'MM. M 

yield origin, etc.). A material which is the most suitable for one 

form of state of strain can be very unsuitable for other. Therefore 
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It Is sometimes necessary to use the magnitude E/7 - specific rigid¬ 

ity — since the characteristics of rigidity have large value for the 

design of contemporary flight vehicles. 

In analyzing the change of the mechanical characteristics of 

materials, it is possible to estimate the approximate temperature 

boundaries of their application. Thus, elementary calculations show 

that up to ^00-250¾ the most suitable materials are aluminum alloysj 

up to 450-500°C - titanium alloys; up to 700-750°C - heat-resistant 

steel; and up to 900*i000°C — special heat-resistant alloys. However, 

in certain cases, caused by the specific peculiarities of the given 

fora of design, these materials can be applied at temperatures higher 

than those shown. 

8*7» Calculation of Heating During Designing 

In the structure of a flight vehicle in conditions of flight at 

high hypersonic speeds there are possible numerous combinations of 

stresses from an external load and heating. Determination of the 

most severe combinations of these stresses, with respect to strength, 

requires the consideration of not only the limiting conditions as 

regards maximum loads, but also the conditions of heating. In other 

words, such an analysis requires data about the weight and speed of 

the vehicle, the altitude and the time of flight. 

Obtairsent of the necessary strength of structures in conditions 

of heating is connected with the increase of relative weight of the 

structure in view of the impairment of the mechanical properties of 

materials and the addition of thermal stresses to stresses from the 

load« In a number of cases it is expedient to conduct measures for 

lowering the heating of a structure and for decreasing the temperature 



gr*di«nt«. Por Instanc«, thermal Insulation is used In flights of 

short duration at high supersonic speeds. The total weight of the 

structure and thermal Insulation can he less than the weight of only 

one structure which was made taking Into account the lowering of 

mechanical properties of heated materials. In view of shown diffi¬ 

culties In a long flight at high supersonic speed, thermal Insulation 

and cooling should he applied. 

Por preventing excessive thermal stresses It Is necessary to pro¬ 

vide the structural elements with the possibility of displacements 

appearing from thermal expansion. However, It Is difficult to pro¬ 

vide a structure with the required freedom of displacements while still 

preserving the rigidity of the structure. Pacilitation, of the ful¬ 

fillment of this task,can he promoted hy the application of corruga¬ 

tion for thin spar walls. In conditions of aerodynamic heating the 

weight of the structures of high-speed flight vehicles is increased 

due to a lowering of the strength characteristics of the material, 

the appearance of thermal stresses during non-stationary heating, 

and also because of the application of thermal insulation, which Is 

necessary for decreasing the temperature of the supporting members 

of the sturcture, and the installation of a cooling system. 

For an estimate of the relative increase of weight of a struc¬ 

ture we introduce a dimensionless parameter 0, i.e., the ratio of 

the weight of a unit of area of a panel perceiving operational 

loads during heating to the weight of a unit of area Oq perceiving 

the same load without heatlngi 

(8.50) 
Magnitudes 0T and GQ can he calculated In each specific case. 
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8»8* The Influence of Heating on the Aeroclastlc 
Characteristics of a Structure 

Por the convenience of estimating the rigidity of a structure 

it is expedient to retain the usual equations of structural mechanics# 

which connect external loads with structural deformations. However, 

In this case the geometric constants of a 

section, multiplied by the corresponding 

elastic moduli (EJ, GJp), must be considered 

as effective rigidities which are variable 

in magnitude depending upon temperature 

and temperature gradients. As an example 

we shall consider the change of effective 

rigidities of a continuous double-wedge wing. For the calculation of 

temperatures and thermal stresses we shall take the flight profile 

which is represented in Fig. 8.23. 

Effective torsional rigidity. Let us consider a double-wedge 

wing (Fig. 8.24) which perceives torque Mtor in conditions of aero¬ 

dynamic heating under the conditions of flight as represented in Fig, 

8.23. 

Due to wing torsion from an aerodynamic load the vectors of 

thermal stresses will not lie in the plane xz. The angle of inclina¬ 

tion of the vector at a point of cross section, which is at distance x 

from the axis of rigidity (mid-chord), is equal to x||. The resultant 

of forces applied to element dx in the direction of axis y is ex¬ 

pressed by 

€**£dX, - 

3 --~j 
■J -- „i .. Í 

where c is the profile thickness. Resultant torque of thermal stresses 

Fig. 8,23. Diagram of 
flight profile. 

Ill 



will bt written In the following wayt 

•rCMtdM. (Ö.51) 

’i 
Consequently« total torque of 

tangential stresses will be 

where (Wp)T Is the torsional 

rigidity at temperature T. 

In this case 

Fig, 8,24, Diagram of the ac- , *? 
tlon of torque and stresses WJr*- I Cr^ds. /g 53 
In a double-wedge wing, 4a - ' 

*fhls magnitude constitutes wing torsional rigidity according to 

Saint—Venant and Is determined by taking Into account the change of 

the mechanical properties of the material and the thermal stresses 

during heating. 

Equation (8,52) Is valid for an arbitrary section of the wing 

(not necessarily continuous) In the presence of normal stresses In 

general form 

(8.5*0 

where p Is the distance from the center of torsion. 

Equation (8,54) can be rewritten In the form 

+ j *rf1df j£- —Af.r (8.55) 

i— 

n_J 
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Th« behavior of the wing of a flight vehicle can thus be de¬ 

scribe by the ordinary dependence of the derivative of the angle of 

rotation of cross section on torque If as the rigidity we 

P 
consider the effective rigidity, equal to 

WßU—WJr + J (8,56) 

In this formula. In the right part the first member designates 

th« usual rigidity which Is calculated by taking Into account the 

change of mechanical properties of material during heating; the 

second member constitutes the Influence of thermals stresses on 

torsional strain* 

Figure 8.25 gives the change of the 

ratio of effective torsional rigidity to 

torsional rigidity at ordinary tempera¬ 

ture with respect to the heating time for 

the considered example. As can be seen, 

the rigidity of a wing during aerodynamic 

heating In the process of accelerated 

flight can decrease as compared to the initial rigidity. This leads 

to an Increase of wing deformation. 

At large angles of wing torsion the external torque will be 

balanced not only by tangential stresses, but also by normal stresses 

» 

1 1 i' 

; 
. 

1 • 'tmm 

Fig. 8.25. Change of 
effective rigidity of a 
double-wedge wing during 
heating. 

Oj|. Under these conditions the generatrix of the wing, passing at 

distance x from mid-chord, is inclined to plane xz (see Fig. 8.24) at 

an angle of x-jp If the initial length of the given generatrix was 

equal to z, then after deformation, the length of its projection on 
if . .. 

plane xz will be z cos Then normal torsional deformation cK 

will be defined as j- 

413 

)1 

i™» 



m 

;'(îr (8.57) í 

Proceeding from the hypothesis of plane sections and taking the dis¬ 

tribution E along chord to be symétrie with respect to axis x, the 

expression for can be written out in the following manner! 

I c/ * 
*—*'tî£U) 

I 
*1 

Î ícáx 
-ên 

(8.58) 

Introducing the designation 

9 

tí. 

I Ecjfláx 

* - 

Í 
-M 

(8.59) 

we obtain 

where EQ is the elastic modulus at 2C°Cj “T - ^TA0 

The relationship between the quantity of torque M* and the 
ior 

derivative of torsional angle d0/dr is defined as 

M 

J •rCx7Jx — Et^-Jx^^cxidx. (8.60) 

whence 

— [(^ + ircx*dx r f#(í )* • 

Figure 8.26 shows the change of the derivative of the angle of 

wing torsion from the magnitude of torque K^or in the calculation of 
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torsion according to Saint-Venant and taking into account large de¬ 

formations. The results of both calculations will agree at small 

values of torque. 

■Effective flexural rigidity. Let us also consider flexure of 

a double-wedge wing (Fig. 8.2?) which perceives bending moment Mx 

in conditions of aerodynamic heating 

under the conditions of flight as shown 

in Fig. 8.23. Under the action of an 

external aerodynamic load there will 

appear vertical deflections of chord, 

which will change along the length. 

Under these conditions the thermal 

stresses will create an additional moment 

.,._. , ^ with respect to axis x 
during torsion of a dou- 
ble-wedge wing. 

•rcodx, 

where v is the wing deflection along the center line. Equation equi¬ 

librium of moments with respect to an axis x will be 

II (8.61) 

In conditions of flight with aerodynamic heating, the curvature 

in the chord plane, as a result of the influence of thermal stresses, 

€. than under the usual conditions. Thermal stresses give a 

resultant (see Fig. 8.27) 

— •tcdxdi, 

in the direction of positive values of y. Thus, the wing is sub¬ 

jected to the action of an additional lateral load, the intensity of 
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which per unit of area composes 
-, « * 

The resultant of this load causes bending moment Mx in the plane 

of a section, the intensity of which per unit of span is equal to 

(8.62) 

For normal stress along axis x we have 

Ve shall determine the connection between wing curvature with respect 

to apand and bending moment Kx with the help of the usual methods of 

atrength of materials. Deformations in the direction of axes x and 

s# caused by flexure of the wing, are correspondingly equal to 

•*—(8.63) 

or« «xpresslng them through stresses, ve obtain 

Y (•, -1»»,); - y (», - p >,* 

Thus we have 

(8.64) 

(8.65) 

Putting this relationship in equation (8.6i), we obtain 

ÊfÈ Wti 

*.--<£0r£+£1«.*+7 .rfuh (8.66) 

Magnitude <£/)r- 

-- 1 

ds constituted the flexural rigidity of the 

wing, which is decreased in view of the change of mechanical proper- 

tiea of the material under the Influence of high temperatures. 

M-' u‘ 
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71g« 8.27. Diagram of the 
action of stresset in a 
double-wedge wing during 
bending. 

Fig. 8.28. Change of 
effective flexural 
rigidity of a double¬ 
wedge wing during 
heating. 

The expression for bending 

moment may be written analogous 

to the expression of torque through 

effective rigidityi 

(8.67) 

where 

- (f/V - 

- -M' ifCvdM. 

The first member considers thè de¬ 

crease of rigidity at the expense 

of a lowering of the mechanical 

characteristics of the natelal at 

raised temperatures) the following 

members consider the influence of 

thermal stresses. 

Figure 8.28 gives a curve of 

change in time of the ratio of 

effective flexural rigidity of a wing (EJ)ff to its rigidity at ordi¬ 

nary temperature (EJ)0. 

Change of structural rigidity of a flight vehicle during heating 

leads to a change of the frequencies of its oscillations, which renders 

a direct influence on the different oscillation modes of the structure 

in the flow of air. At present the general problem of analysis of 

the behavior of a structure, taking into account external loads, its 

J 
U1.* 
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tlAiticity, and aerodynamic heating, may be called a problem of 

aerothe nnoelasticity. 

Change of rigidity characteristics of a wing during heating 

leads to a lowering of the critical speed of divergence V^. An 

approximate dependence of Vd on the duration of heating for wings 

Fig* 8.29, Change 
of critical speed 
of divergence dur¬ 
ing heating. 

Fig, 8.30, Change 
of critical Mach 
number of flutter 
during heating. 

made from titanium and aluminum alloys is shown in Fig. 8.29. In 

this case, aerodynamic heating is a stabilising factor. Aerodynamic 

heating also renders considerable influence on the effectiveness of 

ailerons. 

In the determination of critical speeds of divergence and re¬ 

versal the influence of thermal stresses should be considered through 

effective rigidity. 

During heating of a structure the critical speed of flutter Vf 

is lowered. At small temperature gradients the influence of aero¬ 

dynamic heating on flutter is qualitatively illustrated by the curve 

of change of Mach number of flutter (M^.) with respect to time of 

acceleration (Fig, 8.30). During fast deceleration in the transition 

from conditions of flight at a high supersonic speed to conditions of 

flight at transonic or subsonic speed there can be sometimes created 

ns 
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even siore dan£erous conditions :'or the appca.an t o:* flutter than 

during acceleration.

The Influence of therrAl stresses and larce deforrAtlor.s at 

high temperature gradients is usually considered In flutter calcula­

tions by the Introduction of effective torsional and flexural rigid­

ity.

8.9. Service Life of a Flight Vehicle 
at Raised Temperatures

At raised temperatures the service life of a flight vehicle is 

lowered. It is determined by the characteristics of fatigue strength 

and creep of the structure. The service life, from conditions of 

fatigue strength, can be determined according to the method presented 

in Chapter VII by taking into account the fatigue strength of materials 

at high temperatures and the growth of intensity of corrosion during 

heating.

The service life of reusable flight vehicles. In connection with 

the appearance of creep, may be established by determining the moment 

of onset of critical deformation which is allowed for normal operation. 

This deformation is composed of instantaneous elastic deformation and 

plastic deformation under a load.

The origin and development of permanent deformations has a com­

plicated character and depends on many factors. The change of heating 

and the external aerodynamic load causes a corresponding distribution 

of stresses in the structure. Moreover, in certain structural elements 

there can appear creep. Starting creep of any structural element leads 

In turn to load redistribution.

The probable service life of a reusable vehicle to destruction 

also depends on the selected criterion of destruction.

I
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It Is known that destruction criteria can be destructive 

■tresses, losses of stability caused by creep, destruction frorr 

creep, and permanent deformations of the maximum permissible level, 

for instance 0.2, 1, or 2#. 

Selection of an appropriate criterion is determined by the 

assignment of the structural element. 

Of special value in the determination of service life the cyclic 

load recurrence of the structure (duration, magnitude of load, and 

temperature). It is necessary to consider that brief loads can 

render an essential influence on "he creep of a structure. In parti¬ 

cular, in spite of the fact that maneuvering loads are applied in a 

comparatively short period of time as compared to loads which are 

affective in rectilinear flight, the large stresses which then appear 

at high temperature can render considerable influence on the service 

life of the structure. 

In actual structures creep can occur in complicated loading 

conditions. Experimental data on creep in various conditions give 

materials which allow us to make a number of simplifications. The 

rate of creep under a dynamic load insignificantly differs from the 

rate of creep under a constant load which corresponds to average 

■tresses. Consequently, creep during gusts of wind will not strongly 

differ from creep which corresponds to conditions of constant loading. 

Calculations o{ creep characteristics under a cyclical load may 

be conducted according to creep under a constant load, assuming that 

the average rate of creep is equal to the rate of creep which is 

caused by raised stress plus the rate of creep which is caused by 

normal stress, referred to the time of action of every stress. Pro¬ 

ceeding from this, the total deformation in conditions of variable 
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•nd cyclical loads at constant temperature can be determined from 

the following equation 

(8.68) 
«•i 

where is the relative deformation during stress a. and its time 
of action 1 

k. la the coefficient which indicates the relative time of 
action of stress o^j 

n la the number of levels of stresses; 

Tq la the selected service life, for which deformations are 
analyzed* 

In turn the total relative deformation can be considered as*the 

sum of elastic deformation and plastic deformation 

Putting expression (8.69) in equation (8.68), we obtain 

(8*7°) 
«-i 1-1 

On the basis of laboratory and theoretical research the magni¬ 

tude of permissible relative deformation e__ is established. Then 
per 

the permissible service period of a structure can be determined from 

the relationship 

Since elastic deformations are small as compared to plastic ones 

during creep, it is expedient to consider only plastic deformations. 

Then, using the hypothesis of deformation summation during creep, 

relationship (8,71) can be presented in another form. Let us desig¬ 

nate by the time in which deformation Epfcr is attained during the 

action of stress In the whole service life of a structure under 
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a load with strass there will be obtained part of the permissible 

klT 
deformation, equal to — ipfr. During the total action of all loads 

we have the relationship 

..s 
or 

!•( 

t — 

#-n-» ^ 
(8.72) 

From expression (8.72) we can determine the service life of the 

structure* 

’X-e-« 
#-i 

(8.73) 

In general^ In the operation of a flight vehicle there takes place 

both variable loads, and also variable temperatures. Then the rela¬ 

tionship for determination of service life will be 

I 

(8.7^) 

% mm 

Xa 

where k1. Is the coefficient which Indlcstes the relative time of 
action of stress a, at temperature T.j 

A J 

Tea is the time to destruction during stress o4 and at tempera« 
u ture Tj] 1 

■ is the number of temperature stages. 
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CHAPTER IX 

FEATURES OF HELICOPTER LOADING 

List of Designations Appearing In Cyrillic 

AH ■ AP - Automatic Pitch-Control Mechanism 

p * bfc - blade-flapping control 

rn - FH - Flapping Hinge 

BI - DH - Drag Hinge 

ÜT « CG » Center of Gravity 

* ’■ b ■ blade 

H * cen - centrifugal 

K * Cor * Coriolis 

r.n • f.h. * flapping hinge 

* c.g. • center of gravity 

B.B ■ d.h. - drag hinge 

B - rot ■ rotor 

Ban « flap » flapping 

bd » rotat » rotation 

H.B * m.r. ■ main rotor 

B * h • hub 

’'•b - t.r. ■ tall rotor 

o.m ■ fe, h, ■ feathering hinge 

* • f » flutter 
1Ü3 



Kp - crit » critical 

war - bend » bending 

CT - st » static 

KB ■ MB » Main Rotor 

Kpe’.c • cruis ■ cruising 

p ■ r » rated 

a » op » operational 

02 - FEH ■ Feathering Hinge 

The basic features of helicopters, as compared to other flight 

vehicles, are their increased structural vibrations. 

Operational experience shows that dynamic loads and stresses, 

which arise due to vibration, are decisive for helicopters. The so¬ 

lution of the problem concerning structural strength of helicopters 

essentially reduces to a guarantee of dynamic strength and a correct 

determination of service life of their supporting elements under as¬ 

signed dynamic loading. 

Questions of dynamic strength and service life of helicopters are 

closely connected with questions of static strength of their structures. 

a.r¿is is caused, first of all, by the fact that a structure is designed 

for general loads in the severest cases of loading that are encountered 

in operation, and consequently the dimensions and forms of the support* 

ing members in the first place are determined namely by these external 

loads, which are essentially static. Secondly, limiting cases of static 

loading in flight frequently are accompained by the largest variable 

stresses in the structure, and its strength can essentially depend on 

t-e combination of static and variable stresses. 7 

Cases of loading of helicopters in operation are considered in 



norms of strength, which originate from the same principles as air¬ 

craft. The norms anticipated conditions, in the fulfillment of which 

the operation of a helicopter will be safe with respect to structural 

strength. 

Together with that, the strength norms of helicopters essentially 

differ from aircraft norms. In particular, considerable attention in 

strength norms of helicopters is allotted to questions of dynamic 

strength and service life of structures. 

There are the following modes of helicopter vibrations: 

a) vibrations caused by rotation of main and tail rotors; 

b) motor vibration; 

c) oscillations appearing from the aerodynamic forces which are 

acting upon the fuselage and nonrotary parts of a helicopter. 

Of practical interest are the two first modes of vibrations. The 

third oscillation mode, due to the relatively low speeds of flight of 

comtemporary helicopters, is of the least interest. 

These oscillation modes pertain to forced oscillations. They 

appear under the action of periodic external forces and are damped 

after the cessation of their action. Besides forced oscillations, he¬ 

licopters can also experience self-exciting oscillations. Self¬ 

exciting oscillations include flutter of rotor blades and ground res¬ 

onance. 

The main and tail rotors of contemporary helicopters have a spe¬ 

cial device for cyclical change of blade pitch with respect to azimuth, 

i.e., an automatic pitch-control mechanism (AP). Blades are hinged to 

hubs. Such attachment allows both flapping of the blade around the 

flapping hinge (FH) and also blade oscillations near the drag hinge 
.— c! 

(DH). Angles of lag Ç and sweep ß are limited by stops. Oscillations 



blad-a aruunl the DM In the plane of rotation are dampel with the help 

of dampers, the characteristics of which are selected In order to avoid 

ground resonance. Furthermore, such attachment permits the changing of 

collective rotor pitch <,Q (rotor-Hale pitch *, by turning the blades 
«round their lon^tuJInal axis (feathering hinges FEH). 

In flight the blaies are acted upon by variatle aerodynamic forces 

which cause ojcillations. The blades experience inertial forces. 

Vibrations of the helicopter itself are a consequence of the action of 

perturbing forces and moments created on the rotor hubs basically 

(disregarding of friction in the hinges) by the aerodynamic and mass 

forces of individual blades. These forces are periodic with periods 

multiple to rotor revolutions. 

In view of the presence of flapping and drag hinges In the rotor 

blade attachment, the mom-nts of perturbing forces are not transmitted 

to the rotor hub anl consequently, they themselves do not cause vibra¬ 

tions of the helicopter (with the exception of the moment which la trans¬ 

mitted to the hub by the DH damper). However, they affect the magni¬ 

tude of forces wnlch are transmitted to the hub, since under their 

action the blade-flapping angles, and consequently, also the variable 

forces on the blade are change, 

lhe main oscillations for helicopters are those connected with 

the change of relative flow rates on rotary blades and the appearance 

of flywheel mutions of blades. These oscillations are caused by the 

work of the rotor system of the helicopter In an oblique flow and are 

Inevitable on helicopters. 

Helicopters can also experience oscillations which are a conse¬ 

quence of inaccuracies in rotor adjustment. The intensity of these 

oscillations depends on the degree of misadjustment (unbalance) of 



Fig. 9.1, Airflow conditions of rotor, 
a) axial airflow; b) transitional air¬ 
flow (small values of u); c) oblique 
airflow (large values of u). 

rotors and can vary in 

operating conditions. 

Vibrations of heli¬ 

copters depend on the air¬ 

flow conditions of the 

rotor. Therefore, the con¬ 

ditions of flight are di¬ 

vided into three groups: axial airflow of rotor, oblique airflow, and 

transitional airflow. The approximate foras of airflow through the 

rotor disk under different conditions of its airflowing are schema! 

ically shown in Fig. 9.1. • 

Oscillations of Rotor Blades in Forward Flirdit 
111 mui mtammmm mmhwmmihhmmmwnmMmiimí 

During the forward flight of helicopter the rotor has an oblique 

airflow that is determined by which is 

tj called rotor performance: 

Fig. 9.2. Field of 
speeds of airflow on 
the blades of a moving 
rotor during flight at 
horizontal speed. 

where V - is the horizontal speed of 
flight; 

a - is the rotor angle of attack; 

R - is the rotor radius; 

- is the angular velocity of rotor 
rotation. 

In an oblique airflow the rotor blades 

in each given moment of time will work in a 

field of various relative speeds of airflow (Fig. 9.2). The presence 

of hinges In the blade attachcent provides them with flapping, at the 

expense of which the blade thrust Is balanced. These two factors 
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determine a numi.r of essential peculiarities of oscillations of heli¬ 

copter parts in conditions of otlique airflow of the rotor. 

Flapping of Rotor Blades 

Rotation of absolutely ri£idl rotor blades occurs around the surface 

of a cone, the an¿le at the summit of which is determined by the condi¬ 

tion of equality to zero of the sum of moments of all forces which are 

acting on the blade. The blades then accomplish oscillations, i.e., 

flapping# with respect to their hinges. In steady flights, blade 

flapping is also steady and periodic, and cyclically repeated in every 

rotor revolution. They are continuous and periodic functions of blade 

aximuth ÿ, and they consequently can be represented in the form of a 

trigonometric series with any degree of accuracy: 

(«.CO* t ti tin (9 # x ) 

(c.co»«> + rf.iinr.tX (9.2) 
•-I 

Coefficient aQ in expression (9.1) is the cone angle of the rotor, 

which is part of the flapping angle, not depending on the azimuthal 

position of blades, and consequently it does not cause variable forces 

on the rotor by itself. In hovering conditions (unieflected AP) 

ß - a0. 

Coefficient a^ characterizes the angle of inclination behind the 

axis of the cone described by the blades, and b^ is the angle of in¬ 

clination of the axis of the rotor cone sideways, in the direction of 

the blade, proceeding forward. Motions of blades, determined by 

ICh 



equations (3 - ^ cos y anJ p - sin V, constitute s’.aple con- 

sinusoidal and sinusoidal motion. 

Coefficients a¿, t2 are air.plitudes of second narmonlcs. Motions 

determined by equations P - -a^ cos 2y and p - -t2 sin 2yf describe 

oscillations o: blades witti respect to the surface of the cone of 

blade rotation, wnleh is formed during their motion a cordin : to the 

first hamonic law In expression (9.1). 

Subsequent harmonics of blade flappln¿ describe its oscillations 

with respect to tne surface formed ty the motion according to the law 

of the first two harmonics. Coefficients ay b^; ...j an, bn consti¬ 

tute the amplitudes of these oscillatory t!u> ... tlons. 

Coefficients Cqj c1# c2, d2j ...; cn# dn of oscillatory blade 

motion with respect to tne DH In expression (9.?) have a value which 

In general is analogous to that shown for coefficients o. flapping 

In expression (9.1). Coeffl:ient cc Is the angle to wnleh the blades 

are displaced with respect to the axis of the rotor hub durlnr Its 

rotation. The magnitude of this angle is determined by condition of 

equality to zero tasically of moments resisting forces and moments of 

centriiugal forces of the blades, which try to turn them around tne 

irag nlnge. Tnis angle does not change wltn the change of azimutnal 

position of tne blades un 1er given operating conditions of tne rotor 

and consequently does not cause variable forces on the rotor by It¬ 

self. In conditions of hovering during an axial airflow around the 

rotor i % Cq, Coefficients c1# d^ ...; cn# dn constitute tne ampli¬ 

tudes of oscillatoiy blade motions in tne plane of rotation witn re- 

•pect to iheir central position, determined by angle c^. 

Blade flapping to a great degree depends on the distribution of 



Indued speeds aruund the rotor disk and on the work of the automatic 

pitch-control and the llade-flappinc control (blade-flapping balance). 

With undeflected AP plane and In the absence of blade-flapping 

control, th*-' blade-setting angle with respect to the plane of the rotor 

hub (the plane passing through the axes of the FH) does not change with 

the chango of their azimuthal position const). 

With Inclination of the AP plane the setting angle will cyclically 

chango with respect to azimuth. Due to this there will also be a 

cyclic change In the aerodynamic forces on the blades and their flap¬ 

ping. For calculation of the effect of Inclination of the AP ring. 

Instead of 9 we take 9 » <P0 ♦ ¿9Ap. Angle ¿9^ is equal to 

^.««ÍL^ÜL. (9.3) 

*h,>rr‘ b is the angle of Inclination of the AP; 

T is the angle that determines the plane is which the AP 
inclination occurs (computed from the plane of symmetry 
of the helicopter; 

0 « const is the designed advance angle. 

The Indicated formula is valid both for blades with stiffening and 

also thus*' that are hinged. 

Upon inflection of the AP piano to angle : on azimuth * the re¬ 

sultant of the aerodynamic forces of the rotor deviates to angle &i 

on azimuth i2 - ^ y ¿9, where ia Is the AP transmission factor. Con¬ 

sequently, for a rotor with automatic pitch-control mechanism there 

exists an angle of a ivance (with respect to ^pimuth) of the deflection 

of the resultant of the aerodynamic forces as compared to the angle of 

defleetl n of the automatic pitch-control mechanism, in consequence of 
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which the longitudinal and lateral control of helicopter turns out to 

be interconnected. For excluding this interconnection the rig points 

of the longitudinal end lateral control bars of the automatic pitch- 

control mechanism are moved along the longitudinal and transverse axes 

of tne helicopter at angle o, which is, therefore, called the designed 

advance angle. The latter can differ from advance angle which Is 

equal to 

where o, is the angle between the lines connecting the end of the 
blade guide with the center of thç FH axis and with axis 
of rotor rotation; 

Cq Is the constant part of the blade lag angle. 

In this case the interconnection between longitudinal and lateral 

control of the helicopter is completely excluded. 

The guides on the blades are levers on butt parts, which are 

connected by tars to the mobile AP ring, revolving together with the 

rotor shaft,and serve for control of the blade-setting angle. If the 

ends of guides, to which the bars are braced, do not lie on the FH ax^s, 

the rotor has a ”blade-flapping control." In the absence of r. blade¬ 

flapping control, the blade-setting an.'le v practically does not depend 

on its flapping angle ß. The presence of a blade-flapping control 

creates a dependence of T on ß: at positive ß the magnitude ç de¬ 

creases and at negative, it increases. Besides balancing the flapping, 

the blade-flapping control decreases the angl^ of advance Aÿ. The 

smaller the spacing of the FH from the axis of rotor rotation, the 

smaller the angle of advance. When p / 0 the blade-setting angle 

? also depends on blade revolution with respect to the DH. 

The geneiftl change of 9 from blade flapping, in the presence of a 
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blvlp-riappinc cuntrul, will be 

+At«" -»Incj« (9.4) 

Whore A^i " tan °1 is the change of the blaie-settIng angle 
due to the Influence of Its oscillations 
in the flapping plane (with respect to 
the FH); 

« ß sin Cq is the change of the blade-setting angle 
due to the influence of its oscillations 
in the plane rotation (with respect to 
the DH) ; 

^bfc * tan °l " s^n co blade-flapping control factor. 

Thus, for calculation of the effect of AP inclination and the 

action of the blade-flapping control, the expression for the blade¬ 

setting angle should be written in the form 

t * f* + Af*n + âff 

or taking into account expressions (9.3) and (9.4) 

+ + (9.5) 

Prom this formula it is clear that angle ¢, and consequently also 

the blade flapping, depend on angle t, l.e., on the direction of in¬ 

clination of the AP ring. 

Happing is also influenced by the elasticity of the blades, 

especially on rotors of large diameters and at high-frequency oscil¬ 

lations. The shank of an elastic tlade oscillates in a different way 

as that of an absolutely rigid one (see Fig. 9.3). Oscillations of 

elastic and absolutely rigid blades in end sections differ even more. 

In an absolutely rigid blade the oscillations of the first har¬ 

monic of angle ß [formula (9.1)] usually composes up to 90-^ of the 



total value. Every subsequent harmonic with respect to magnitude of 

amplitude is 3-4 times less than the pre- 

cedinc one. In certain conditions of flight 

the second harmonic Is essential. 

For an elastic blade, with respect to 

magnitude of flapping, the first harmonic is 

also a main one, but the amplitudes of the 

subsequent harmonics decrease considerably 

slower than in an absolutely rigid blade, 

especially in the region of higher harmonics, 

where, due to the possible resonance of blade 

frequently observed at low speeds of flight 

(n < 0.12), the blade oscillations Increase. 

Since flapping (with respect to magnitude of 

amplitudes) determines the first harmonic of angle ß, and higher har¬ 

monics usually compose a slight portion of total flapping, the in¬ 

fluence of elasticity of blades on their flapping Is not a determining 

factor. However, with respect to the strength o:’ blades, the most 

important (due to the possible resonance of blades^ are flapping oscll 

lations, namely with higher harmonics, occurring I .e form of higher 

tones of natural oscillations of blades. 

The use of the first harmonics In expressions (9.1) and (9.2) 

makes It possible to determine angles ß and Ç with an accuracy of Io, 

and the use of the second harmonics Increases the accuracy to a tenth 

of a degree. The thus-obtained accuracy of determination of the tra¬ 

jectory of blade motion can be increased by the introduction of sub¬ 

sequent members of these series. 

fig. 9.5. Forms of 
oscillations for an 
absolutely rigid blade 
(y0) and for the first 

three tones of a real 
elastic blade (y^, y2# 
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For steady conditions of flight, as shown by the results of mea¬ 

surements on helicopters in flight, in the expressions for angles ß 

and i it is sufficient to preserve only the first two harmonics of 

their series expansion: 

(9.6) 

V-fiCosît-^nnîf (9.7) 

For transient and transitional flight conditions the high-fre¬ 

quency components of flapping and lag angles become essential. In 

these cases, in the expressions for ß and Ç one should consider at least 

8-10 harmonics. 

Calculation of high-frequency components of blade flapping, in the 

determination of variable forces on the rotor, leads to considerable 

technical (calculating) difficulties. However, the application of 

high-speed computers makes it possible to considerably facilitate this 

problem. Owing to this it is possible to directly calculate the vari¬ 

able forces having an effect on the rotor. 

Forces Acting Upon Rotor Blade 

On the i-th blade of a rotor in flight the following aerodynamic 

and mass forces are effective (Fig. 9.'Oí thrust rotation resis¬ 

tance Q1( gravity of blade G^, centrifugal force of blade ( in plane of 

rotation) Pcen Coriolis force ( in plane of rotation, perpendicular 

to axis of blade) PCor 1, tangential force of inertia from blade 

flapping around the FH (in flapping plane F^, inertial force from 

blade oscillations around the DH ( in plane of rotation) P^. 

Those forces, with the exception of blaie gravity are 
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variable ( in forward flight) and cause blade oscillations. Upon 

being transmitted to the rotor hub, they 

cause vibrations of the helicopter fuse¬ 

lage. 

Let us consider the forces acting 

upon a blade. For simplicity we shall 

consider that the blade is absolutely 

rigid, flat, untwisted (setting angle 

%{t) * const on radius of blade) and have 

constant width (t = const). This assump¬ 

tion will not affect the qualitative side 

of the results which it is required to 

obtain, but considerably simplifies cal- 

cluations. The permissibility of different simplifications in quan¬ 

titative calculations of variable forces should be studied for each 

specific rotor. 

Thrust P^. For a certain blade 

Fig. 9.1*. Forces acting 
upon a rotor blade. 

(9.8) 

where Wx and W are the longitudinal and axial components of resultant 
speed W of flow on an element of the blade during 
forward flight; 

r is the radius of a section of the blade; 

R is the radius of the blade. 

Resultant speed W of flov; is formed by the corjnation of induced 

speed, the speed of forward flight, the peripheral velocity of rotation, 

and the blade-flapping rate. 



Component Wx lies in the plane of rotation and is perpendicular to 

Fig. 9.5. Components of flow rate on blade, 
a) breakdown of flow rate V into components 
along rotor axes; b) flow rate on blade 
element in plane of rotation; c) component of 
resultant speed W on blade element during 
forward flight (ar is the angl" of attack of 

blade element); d) flow rate on blade element 
in flapping plane. 

tne blade axis, while W is perpendicular to W and is directed 
»/ X 

parallel to axis y of the rotor (Fig. 9.5). These components are equal 

to 

Wt — •/■ -f- Veos a sin <Ji; (9.9) 

IF,- y tinacos? ~ o —Veos acos^sln?, (9.10) 

where v is the average induced speed along the rotor disk; 

V is the horizontal speed of flight; 

a is the rotor angle of attack (between vector of flow rate and 

hub plane, passing through axes of flapping hinges). 

The statement concerning the constancy of induced speeds along the 
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rotor disk is a defined assumption which significantly simplifies 

calculations, but lowers their accuracy. The true distribution of 
•t 

induced speeds differs from uniform distribution bo^h with respect to 

the length of a blade, and also with respect to its azimuthal position. 

This distinction depends on the form of blades in the plan, their 

aerodynamic twist, the rotor angle of attack, the speed of flight, and 

other factors. For hinged blades with setting angle variable with 

respect to azimuth, the irregularity is distribution of induced speeds 

is greater than in rigidly fixed blades. In horizontal flight with 

sufficiently high speeds (u > O.15) the absolute values of induced 

speeds are less and are distributed more uniformly than at low speeds 

of flight = O.O3-O.IO), when induced speeds are large in magnitude 

and are distributed around the rotor disk very nonuniformly. 

The majority of theoretical works on the determination of aero¬ 

dynamic loads on blades originates from the simplifying assumption 

about the fact that a rotor has an infinite number of blades. For a 

real rotor with a finite number of blades the relative position of the 

vortex sheet and revolving blade is variable in time, in consequence 

of which the induced speed at some point of the rotor disk also (some¬ 

times very strongly) changes due to the change of structure of the 

vortex sheet which passes through this point. Magnitudes of instan¬ 

taneous induced speeds essentially differ from the time average value 

of induced speed. Experimental investigations of the rotor vortex 

system testify to the large influence of wingtip vortices descending 

from the ends of the blades on the instantaneous induced speeds. 

Variable aerodynamic loads, acting upon a blade, depend on the 

instantaneous induced speeds. Therefore, the introduction of 
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Instantaneous induced speeds into the calculation will allow a fuller 

investication of the peculiarities of the aerodynamic forces acting 

upon a rotor blade. However, theoretical research on the vortex sys¬ 

tem of a rotor with finite number of blades and the interconnection of 

this system, the Instantaneous induced speeds, and aerodynamic loads 

on a blade still arc not completed. Therefore, in engineering calcu¬ 

lations we usually use different simple dependences for induced rotor 

speeds. One of such simplifications is the assumption about the fact 

that Induced speeds are uniformly distributed around the rotor disk. 

As shown by the comparison of calculations with results of experi¬ 

ments, such an assumption is permissible in design calculations for 

comparatively high speeds of flight (u > 0.20). In carrying out more 

exact calculations or in calculations for low speeds of flight 

(u <, 0.20) it is necessary to consider the variability of induced 

rotor speed. In these cases the values of Induced speed are usually 

determined experimentally for specific rotors or dynamically similar 

models In wind tunnels. 

Passing in formulas (9.9) and (9.10) to relative soeeds, we obtain 

r + Mln t: (9.11) 

* 9 ¿ - .tgicrn J - Õ-7 ^ , cut ? sin (9.12) 

where r « -p la the relative radius of a blade section. 

Formula (9.3) may be written in the form 

(9.13) 
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where 

C—-i —const. 
2 11 

■ 

In the future, it will be useful to calculate the integrals which 

erçter expression (9.13). Putting in the first integral the value of ♦ 
Wx (9.11), after integration we obtain 

i 

jWÜdr - (j + 7 t**) + - jp>cos2f (9.1^) 

Let us calculate the second integral. 

Considering the dependences (9.11) and (9.12), we obtain 

i 

j WjXPydTr= |-I J*sir. <i»J(|itgacosß—Õ—>co$<|>slnP). (9.15) 

Blade*setting angle ç (9*5) does not remain constant with respect 

to azimuth upon deflection of the automatic pitch-control mechanism. 

In horizontal flight, angle t, which determines the direction of 

inclination of the automatic pitch-control mechanism, has an insignif¬ 

icant magnitude. For simplicity we shall take t = 0. 

Then 

• ôsint-*,?, (9.16) 

whe re 

ft, 3* ctg a = coast. 

Putting the values of integrals (9.1^) and (9.15) and angle <p 

(9.16) into formula (9.13), we can determine the thrust of an individ¬ 

ual blade P^. 
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HesjstInf! force Q1« For an individual blade in the plane of 

rotation 

»»(9.17) 

where c is the average coefficient of profile drag of blade, which 
is taken as constant (in reality it varies somewhat). 

Passing to relative speeds, formula (9.17) can be written in the 

following form: 

Tp.M'-jff.vj. (9.18) 

where C » const has the same value as in formula (9.13). 

The first two integrals in expression ,13) are already deter¬ 

mined. It remains to determine the third integral. Let us place, 

instead of its value by formula (9.12). Raising Vy to a square. 

Integrating, and producing the appropriate conversions, we obtain 

(9.19) 

where 

7 M*. + ^ + + » ^ ; 

(tt - T F (l| • - t) CM >; 

•no 

Mt)--F*-H,.CMt tin 



Putting the values of Integrals (9.1^), (9.15), anJ (9.19) Into 

formula (9.13) and taking Into account expression (9.16), we can de- 

termine resisting force of rotation of an individual blade Q . 

Centrifugal force Pccn 1# During blade flapping there occurs a 

displacement of the blade’s center of gravity (CJ) in the plane of 

rotation. Due to this there appears an unbalanced centrifugal force 

on the blade. Since the centrifugal force is many times greater than 

the other forces (in usual flight it Is approximately IOO-I50 times 

more than the weight of a blade), one should expect that a change in 

tne magnitude of centrifugal forces of individual blades during their 

flapping can be an essential source of vibrations of both the blades 

themselves, and also of the entire helicopter. 

Centrifugal force of a blade is 

^■1* l(r.» + fa , «) CO* J|, 

or during steady motion (u> « const) 

+ (9.20) 

where k4 

ki“>£ 

^f.h. » const; 

is the constant part of centrifugal force, 
blade flapping; 

not depending on 

l 

r 

k2 * “b^e.g.* lf.h. ’ const¡ 

f.h. ÎÎ îî?e 2}sta?ce from the axis of rotor rotation to the axis 
of the flapping hinge; 

c.g. »? th? iI?t;»nce (along radius) from the axis of rotor rota- 
tlon to the center of gravity of the blade; 

is the mass of the blade. 

Coriolis force PCor in flight, the moment which excites blade 



oscillations with respect to the drag hinge is basically created by 

the Coriolis forces which appear due to blade flapping and act In the 

plant of rotation. These forces are transmitted to the rotor hub and 

are an essential source of helicopter vibrations, which Is embodied In 

the actual principle of work of the rotor In an oblique flow. 

In the calculation of force p£or ^ we shall disregard the addi¬ 

tional angular blade velocity from oscillations with respect to the 

DH as compared to the basic velocity u) - const (this velocity does not 

exceed 2% of velocity cd). 

The Coriolis force appearing on an individual blade Is 

*f/|liO?COSt, (9»21) 

*here ld h iS the distance from the axis of rotor rota¬ 
tion to the axis of the drag hinge; 

* * ld.h. " *f.h distance (along length of blade) between 
the drag and flapping hinges. 

With respect to the smallness of the angle of lag for simpli¬ 

fication of calculations we shall take cos Ç « 1. Then, considering 

that 

¢ 

it is possible to write 

(9.22) 

where k? « const has the same value as In formula (9.20), 

Inertial fore- of Mai- flapplnr P^. Tangential Inertial force 

of blade flapping la 
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(^n. T “ U. m)- (9.23) 

Considering that 

formula (9.23) can be reduced to the form 

(9.24) 

where » const has the same value as in formula (9.20), 

Force of inertia P^. Due to blade oscillations in the plane of 

rotation there appears a force of inertia 

(9.25) Pi/ ■» (^»T ■)• 

Producing the same actions as for force P^, expression (9.25) 

may be reduced to the form 

where 

('a. T - k ■) - const. (9.26) 

These forces completely appear on rotors with triple-hinged blades, 

i.e., in the presence of feathering, flapping, and drag hinges. At 

presemt such hinging is possessed by blades of helicopter rotors. The 

attachment of tail rotor blades of contemporary helicopters have no 

hinges that are analogous to the drag hinger of main rotors. Due to 

this, the tail rotor blades have no forces P^ (more exactly, only part 

of this force is active, depending on the elastic oscillations o.’ the 

blade in the plane of rotation). In other respects, the forces acting 



upon tho tall rotor blades are analogous to the forces acting upon the 

main rotor blades. 

As can be seen fr^m expressions for forces, which are acting upon 

a blade, they contain the squares and products of components of speeds 

on blade elements, trigonometric functions of azimuth t, flapping angle 

ß an! angle of lag £, their products and derivatives. If we expand 

the fucttons of complex arguments of ß and £ In a series, then after 

Involution and reduction of powers and products of trigonométrie func¬ 

tions to functions of multiple angles, we obtain that in expressions 

for forces on blades there are possible variable components of the 

first, second, third, and higher harmonics with respect to rotor rev¬ 

olutions. 

The expression for any of the indicated forces on an individual 

rotor blade may be written In general form: 

(9.27) 

where PQ Is the constant component of force on the blade; 

A and Ü are the amplitudes of variable components of force on 
n the blade; 

n is the order of harmonics to rotor revolutions. 

Depending upon the number of harmonics taken In the calculation for 

angles ß and £, and the number of members of expansion of cosines and 

sines of these angles in a series, the quantity of harmonics n in ex¬ 

pression (9.27) can change, shall correspondingly change coeffi¬ 

cients k and B. n n 

Coefficients A^ and B are complex functions of many parameters, 

including the structural ones (spacing of blade hinges, designed angle 
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of advance, blade-flapping control factor, mass characteristics of 

blade, and others). In the investigation of oscillatory properties of 

the blades of a new rotor, one should consider the influence of all 

these parameters. 

For a specific rotor, the number of parameters which enter the 

expressions for forces is constant. In the investigation of oscilla¬ 

tory features blades, with respect to conditions of flight, they may 

be considered constant. In this case, the formulas for forces on 

blades are somewhat simplified. 

Coefficients of aerodynamic forces for a rotor depend on the 

following basic parameters: speed of flight (or characteristics of 

rotor performance n), magnitude of collective rotor pitch angle of 

deflection of automatic pitch-control mechanism 6, and coefficients of 

blade flapping a^, a^, b^, and Cq, cn, dn# Expressions for coeffi¬ 

cients of aerodynamic forces have the form 

^=+11 (/u4*/%?# + 4>-ô) + *•</,. + + /^): » 
+ M?,. r ?*?. + fub) + -I +J 2 ' 

where fln and f are functions of coefficients of flapping, Induced 
speeds, and rotor angle of attack. 

Inertial forces on blades, arising due to their flapping around 

the flapping and drag hinges, depend basically on th*' coefficients of 

blade flapping, determined by equations (9.6) and (9.7). The form of 

coefficients An and Bn in this case is considerably simplified, since 

in formulas (9.28) there are no members which contain u and due to 

the fact that in expressions for inertial forces the speed of flight or 

parameter u do not enter in evident form. Expressions for coefficients 

Ayj and Bn of inertial forces are quite simply determined from the 



formulas given above. 

Coefficients of variable components of forces on blades may be 

calculated with the known coefficients of flapping jnd induced speeds. 

Consequently, the change of forces on absolutely ri^gid blades can be 

studied, depending upon the variation of parameters of flight u, 9 

w, and others. The accuracy of the calculation determination of 

variable forces on blades depends on the degree of authenticity of the 

iniomation concerning flapping and induced speeds on the rotor. 

The external aerodynamic forces on flexible blades differ some¬ 

what from the forces on rigid blades due to their deformations. In 

particular, for,flexible blades we must additionally consider the 

aerodynamic forces caused by the oblique flow around a bent blade and 

tne change of the effect of deflection of the automatic pitch-control 

mechanism and the operation of the blade-flapping control for flexible 

blades due to their deformations. The inertial forces will also change 

somewhat,since flapping oscillations y(r, t), and consequently also 
• • 

accelerations y(r, t) of different points of the blade along its radius, 

will depend on its elastic deformations. 

Oscillations of Rotor Blades in Flight 

Under the action of external aerodynamic and inertial forces, 
• •» 

rotor blades experience forces oscillations. 

A revolving blade, which is flapping, is equivalent to an oscilla¬ 

tory system with many degrees of freedom. The resultant motion of a 

blade can be broken down into simple motions, i.e., oscillations of a 

blade near its hinges. For an absolutely rigid blade each of these 

simple motions Is equivalent to the motion of a oscillatory system 



with one degree of freedom. 

The motion of such simple oscillatory systems can be described by 

the equation 

+ + ^ -^(0. 

where the right side represents, in general form, the perturbing force 

on the blade, under the action of which the blade accomplishes forced 

oscilli.tions. 

The equation of forced oscillations of a flexible blade In the 

plane of least rigidity (in the flapping plane), taking into account 

equation (3.11^) for natural oscillations of a revolving blade, may 

be written in the form 

*• ’**)~m* + + "‘Jr (9,29) 
« 

where member 2b^ considers the damping properties of the blade. 

The equation of forced oscillations of a flexible blade in the 

plane of rotation, taking into account formula (3.12t>), has the form 

+) + 2h%- •’*' T W £ -PM (9.30) 

Forced oscillations of revolving flexible blades depend both on 

the properties of the oscillatory system Itself [its natural oscilla¬ 

tions, determined by the left part of equations (9.29) and (9.30)], and 

also on the form of the function of perturbing force P(t). In view of 

the periodic change of flow rates on the blades during flight with for¬ 

ward velocity, the perturbing forces are also periodic and variable 

with every rotor revolution [see, for example, formula (9.27)]. The 



Calculating tht current distribution function (2), we obtain 

where 

and 

Sintra > 

A - 

( j! ) 

(V) 

Prom (10) and (11) it follows that to determine currents with an 

accuracy of it is sufficient to determine with an accuracy of 

1 f. 
tr-. With this accuracy Ft is determined by relationship (5)* Sub- 
n0 ^ 

stitutinr " ) In (10) and avi/aginf (here It is necessary to allow 

for the lac, tn*t ^ Ä k/k’" >- • the t> r over the memhers y * y 7 
»ifn5 4 5 es fc*r* sij possible • coir¡ on* ^ • c ^ \Kr*\ 

V), ..( obtai*' 

X itjra - CJ.J + Y, If ,.r. 4 rjM)t (12) 

Inasmuch as o clllationr are longitudinal, ~therefore, 
•a* d* 

finally for we obta-.n 

a - - à- 2 - '» i1 H- ( U) 
'v* 
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helicopters are mounted on the tail beam. Under the action of the 

main and tail rotors the tail 

0./-0,72 

h » 
öt3H?-o,w 

Fig. 9.6. Recording (oscillogram) 
variable stresses in a rotor blade 
spar in horizontal flight. afiap 

- in flapping plane, orotat - in 

plane of rotation of blade, r - 
relative radius of blade section. 
n m.r. period of oscillation, 

corresponding to one turn of main 
rotor. 

^/Y^Aa/VA^VV'A'' o., vz 

^^/vVWIAaA/ 

AMArW1^ 
MY* 

F-0M2 

•» •• 0,J5 

Fig. 9.7. Recording of vari¬ 
able stresses in a rotor blade 
spar in conditions of decel¬ 
eration before landing. 

beam experiences vibrations. 

Due to the proximity of certain 

frequencies of oscillations of 

the beam, occurring from the 

main and tail rotors, It expe¬ 

rience the phenomenon of oscil¬ 

lation beating. Beats, appear¬ 

ing due to oscillations of the 

tail beam, lead to a consider¬ 

able increase of amplitudes of 

oscillations of tail rotor blades. 

Thus, in the study of oscilla¬ 

tions of rotor blades one should 

turn attention both to the pos¬ 

sible cases of resonance of 

blades, and also to cases beating 

due to oscillations of the rotor 

mounting bases. 

Oscillations of helicopter 

rotor blades are combined and 

can essentially change with the 

change of the conditions of 

flight (Fig. 9.6 and 9.7). These 

oscillations, as noted, depend 

on many factors. By means of calculation it is difficult to find the 



conditions of flight at which there can appear dangerous oscillations 

of rotor Hades. In view of this, special attention is allotted to 

the experimental study of oscillations and dynamic loading of rotor 

blades directly on helicopters during flying tests. 

9.2. Helicopter Vibrations 

In view of the fact that blades are hinged to rotor hubs, it has 

been considered. In disregarding the friction in the hinges, that only 

the forces acting upon the blades are transmitted to the hubs. From 

the forces of separate blades on rotor hubs there appear the following 

forces and moments (Fig. 9.8): 

1) from blade thrust - vertical force Pyl * Pj^ cos ß, rolling 

moment Mxl » pyilf#h. sln anJ Pltohlnß moment Mzl » Pyllf h cos * 

(Pig. 9.8a); 

2) from the resisting force of blade rotation - longitudinal 

force Pxl » sin lateral force Pzl * cos torque M i » 

* Vd.h. <F1C- 9.8t)i 

3) from centrifugal force . - longitudinal force P , » cen 1 ° cen xi 

“ Pcen i cos ^ ^ lateral force Pcen zl - Pcen i sin n* (Fig. 9.8c),- 

A) from Coriolis force PCor 1 - longitudinal force PCor xl - 

3 PCor l sln lateral force PCor £l - PCor i cos and moment 

MCor yi * PCor 1^.h. (F1^- 9.8d)* 

8) from inartlal flapping force PH. - vertical force P,. . » -P,,. 

cos ß, mcmcnts M, 
ßxi “ Pßyllf.h. sln ^ Mßzl “ Pßyllf.h. cos ^ 

(Fig. 9.8e)i 

*6) from inertial forces P^ — component forces P^x^ 

sln and P^z^ » -P^ cos i cos ÿ, and moment . * -P^ 

^ ^d.h. f,h. ) cos p] (Fig. c.3f f)# 

» -P^ COS i 

cos 
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This case pertains only to rotors that have drag and flapping 

Ma*Prlrm siftip 
Mi»P9ltm cosy 

X» •-•-r 

Fig. 9.3. The determination of forces and 
moments on a rotor hut. 

hinges in the blale 

mounting. 

It Is obvious 

that If the variable 

parts of forces act¬ 

ing on the blades 

have frequencies 

which are multiple 

to rotor revolutions, 

then the variable 

forces and moments, 

created by them on 

the rotor hub, will 

also have frequencies 

that are multiple to 

rotor turns. In gen¬ 

eral, each of the 

enumerated forces and 

moments, formed on the 

hub by forces of a 

separate blade, may be represented by a trigonometric series with any 

degree of accuracy: 

e-'i—'Sm: co* a + sin ify), 
•-i 

(9.31) 
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irt'er*' "h" means that the forces are applied to the hub. 

The resultant force on the hub of a k-blad^d rotor constitutes 

the sum of forces created on the hub by all blades: 

a-t 

•'E Hl «os «ti f sin n^j. (9.52) 

Considering the known property of trigonometric functions, in¬ 

cluding the fact that when ^ = *0 + U - 1) ^ and n / m* (m » 1, 

2 ...) 

Vcofn^seO, V tinfl¢,» 0, 
«-» i-i (9.33) 

under the condition of full identity of blades, we obtain 

Pj cos mk ÿ 4- sin mk v). ( 9.34 ) 
•-i 

In other words, the total components of variable forces and moments, 

formed on the hub by the forces of all blade. . nave frequencies that 

are multiple to the number of rotor blades k. All component forces of 

other harmonics are mutually damped and are not transmitted to the 

helicopter fuselage. 

Coefficients and of the total forces on the hub are 

analogous in form to coefficients An and Bn of the forces of separate 

blades in formulas (9.28). They are functions of the same parameters 

and constitute a linear combination of coefficients An and B 

Consequently, they nay be presented in the form 

A 
B, -C* + * (rimk + , + r^èà)+j»* (-^+^ (9.35) 
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Where fImk and ^imK arc functions of coefficients of flapping, induced 

speeds, and angle of attack. 

h means that the indicated coefficients pertain to forces on 

the rotor hub. 

Total forces on a hub may be calculated with respect to the known 

forces of separate blades and can be used for analysis of vibration 

phenomena which appear in a helicopter. In practice, however, such 

calculations are rarely conducted because of their complexity and low 

accuracy. Usually preference is given to experimental investigation 

of vibrations, conducted directly on a helicopter during flying tests. 

The peculiarity of forced oscillations of helicopter parts con¬ 

sists in that the total vibrations of a helicopter fuselage have fre¬ 

quencies that are multiple to the number of rotor blades. Therefore, 

it is always possible beforehand to Indicate the frequencies of pre¬ 

dominant vibrations of parts of a helicopter. This is fully confirmed 

by the results of investigation of fuselage vibrations and variable 

stresses in its assemblies. 

The change of amplitudes of oscillations of helicopter parts with 

conditions of flight and the stresses appearing in the supporting 

members of the structure basically correspond to the change of dynamic 

loads on the main and tail rotors. 

Vibrations of helicopters, caused by rotor rotation, independently 

of conditions of flight, occur in two types: 

- vibrations which appear due to periodic changes of forces act¬ 

ing on rotor blades in forward flight; these vibrations have fre¬ 

quencies that are multiple to the number of rotor blades; 

- vibrations which appear due to poor balancín* of blades and 

xotor adjustment; these vibrations ha/o a frequency that is equal to 
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the rotor revolution:;. 

Vibrations of the first type arc inevitable on helicopters and 

they are of basic interest for study. The intensity of vltrations of 

J 
4 

9.9. Typical recording of vibrations 
of a single-rotor helicopter. 1) cockpit; 

) cargo cabin; 3) nose section of fuselage 
tail beam; 5) eni beam, y and z - coor- 

dí?aÍC?Lor helu’0Pter, in the direction of 
which the vibrations were recorded, 
*Sn.r.0». r. ~~ 0 illation period, conespond' 
ing tc r tor turns (k^ ^ is the 

number of *rot blades, nm “’"are the rotor 
in# r# 

is the oscillation perio( tUrns)' Kt.rA.r. 
corresponding to turns of the tail 

rotor (kt is the number of tail rotor 

olades, nt.r. are the turns of the tail 
rotor). 

the second type chrnges 

depending upon the 

quality of balancing of 

blades and rotor au- 

J-stment on the wnole. 

From me caeillo- 

rair.s that are snown in 
• 

Fi.jmes -.S and 9.10, it 

is clear that vibration* 

with frequency k ^ n 
m#r. m.r# 

are predOTilnant for 

helicopters with k-bladed 

rotors. The variable 

stresses caused by them 

in the structural ele¬ 

ments have the saune 

frequency. These vi¬ 

brations and stresses 

lave frequencies that are multiple to the number of rotor blades. 

On the tail and end beajns, which the tall rotor Is mounted on, 

>esldes the vibrations which were mentioned above, there also appear 

'lbratIons, a source of which Is the tall rotor, with frequencies that 

ire multiple to the number of its blades. 

In certain commons of flight, oscillations of the 2k-th 

larmonlc of rotors also become essential. Oscillations of higher 
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haraonics are practically nonexistant on helicopters. 

2 

J 

l\N\N\N\N^^ 5 
Fig. 9.10. Typical recording of 
vibrations and stresses in heli¬ 
copter assemblies during horizontal 
flight. 1) flapping angle ß of tail 
rotor blade; 2) bending moment of 
tail rotor blade in plane of rotation; 
3) normal stresses in mounting rods 
of rotor reduction gear; 4) normal 
stresses in stringer of end beam; 
5) vibrations in cockpit. 

All other forms of vi¬ 

brations, in particular motor 

vibration, have a smaller 

value than the vibrations 

caused by the main and tail 

rotors. The results of mea¬ 

surements of motor vibration 

on helicopters show that it 

essentially does not differ 

from that observed on air¬ 

craft with identical pro¬ 

pulsion systems. 

Thus, predominant (with re¬ 

spect to amplitudes and dynamic loads caused in assemblies) vibrations 

of helicopters have frequencies n^ r , 

“n.r.Vr.' Itt.r.nt.r.’ The Poleai 

values of these frequencies vary in 

small limits and for contemporary heli¬ 

copters they are correspondingly 

2-3# 9-14, 40-55 oscillations per second. 

In distinction from aircraft, where 

predominant oscillations are usually ob¬ 

served in one (vertical for the most 

part) direction, on helicopters vertical and horizontal oscillations 

are equally as large. The character of change of amplitudes of basic 

oscillâtlone with respect to conditions of flight for all helicopters 

is practically identical (Fig. 9.11). The lowest amplitudes of 

H«U*opt«r*r 

Fig. 9.11. Graph of ampli¬ 
tudes of oscillations in 
cabins of three different 
helicopters for frequencies 
equal to k nm . 

m.r. m.r. 
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oscillations are observed in hovering, when the rotors work in con¬ 

ditions of axial airflow. In this case all rotor blades are enveloped 

by a flow of air with Identical (with respect to azimuth) speeds, and 

vibrations with frequency km#r#nm^r^ appear only due to the flapping 

of blades because of the small deflection of the automatic pitch-con¬ 

trol mechanism while hovering. At low forvard speeds of flight heli¬ 

copter vibrations are sharply increased, and upon further increase of 

flight speed they at first decrease, and then again increase. 

The causes of the increase of vibrations nt low speeds of flight 

are still Insufficiently studied. One of them is the sharp redistrib¬ 

ution of high induced speeds along the rotor disk. The level of os¬ 

cillations in these conditions also depends on the position of the 

rotor disk with respect to the vector of forward velocity. Thus, in 

conditions of deceleration before landing, upon lifting the nose of 

the helicopter, when the rotor has a large angle of attack, the rear 

part of rotor disk goes into the wake and helicopter vibrations reach 

their highest magnitude. In conditions of acceleration of a heli¬ 

copter, in takeoff, and at low steady speed* of flight, when the rotor 

has a smaller or negative angle of attack, the vibrations decrease, 

îhe biggest vibrations on helicopters appear in a rather narrow range 

of low speeds (20-1*0 kn/hr). In transitional flight regimes (during 

acceleration and deceleration) intense vibrations act for a short time, 

corresponding to the tim: of passage by the helicopter of the Indicated 

speeds oí flight. However, vibrations and dynamic loads on assemblies 

of the helicopter can be so considerable that it is Impossible to 

disregard them. 

The boundaries of the appearance of considerable vibrations at 

low speeds of flight on all helicopters have been inspected quite 
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sufficiently. The dynamic loading of all basic structural elements of 

helicopters at these speeds of flight has been studied. However, ways 

for the full removal of this phenomenon on helicopters have not yet 

been found. 

For the purpose of lowering tne harmful effect of vibrations, for 

flying operation of helicopters limitations on flying time (service 

life) are sometimes introduced under conditions of the appearance of 

increased vibrations. Furthermore, in flight instructions of heli¬ 

copters indications are usually given to the crew about piloting 

methods during acceleration and deceleration before landing, which have 

the purpose of limiting the time the helicopter remains in conditions 

of raised vibrations and lowering the level of these vibrations. Thus, 

lowering of vibrations may be attained upon the fulfillment of a shal¬ 

low approach glide. In certain helicopters it is possible to avoid the 

appearance of large vibrations in the fulfillment of a steep glide with 

subsequent sharp deceleration to hovering of the helicopter and smooth 

landing. However, it is not always possible to execute such landings, 

especially with poor approaches and small dimensions of landing strips. 

9.3. Oscillations of Helicopter Parts Appearln,‘T 
with Rotor Hlsedjustment * 

The basic causes, leading to disturbance of balancing of mass and 

aerodynamic forces on a rotor, are the inaccuracies in weight balancing 

of the rotor on the whole, In transverse^balancing of blades (with 

respect to their longitudinal axis), and in the blade setting angles 

allowed during assembly, and also incorrect adjustment of trio tabs 

and blade dampers. 

Due to the inaccuracy of weight balancing of the rotor on the 

whole, the center of gravity of the rotor does not coincide with the 

axis of rotation and there appears an unbalanced centrifugal force. 
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Weight unbalance of a rotor can appear in operation for various rea¬ 

sons, In particular due to the chan.je of weight of blades from weather 

effects, fall of moisture on the blades, damage to the skin, and others. 

With inaccurate transverse weight balancing of blades the centers 

of gravity of sections of an Individual blade are not on its longi¬ 

tudinal axis. Due to this, under the action of centrifugal forces 

there appears a certain moment which tv.ms the blade around the feath¬ 

ering hinge (Fig. 9.12): 

AU.-P.^sin?, 

where Pcen is the centrifugal forc<! of the blade; 

ob Is the distance between the center of gravity of the blade 
and its longitudinal (flexiole) axis; 

^ hlngtT tlade"fiaí)pin¿ with respect to the flapping 

In this case (with re¬ 

versible control) the bar of 

the automatic pitch-control 

mechanism receives a force 

which leads to a certain de¬ 

flection of it. During rotor 

rotation the automatic pitch- 

Due to oscillations of the ring 

of the automatic pitch-control mechanism tne thrust vector of the 

rotor will describe a certain cone and balancing of aerodynamic forces 

will be disturbed. 

Blade thrust, due to the difference in setting angles, will be 

unequal, and consequently the balancing of aerodynamic forces will be 

disturbed. The "co-taper” of blades will be disturbed, l.e., a blade 

1% 

9*1 . Diagram of appearance of 
moment with inaccurate trans¬ 
verse weight balancing of a blade. 

control mechanism will also deviate. 



with changed setting angle will "fall” from the cone of rotation which 

was formed by the motion of the other blades. Due to this, the bal¬ 

ancing of mass forces is additionally disturbed. 

Incorrect adjustment of trim tabs of blades, intended for compen¬ 

sation of moments appearing on the blades due to the disturbance of 

aerodynamic properties, lea.ds to phenomena which are analogous to 

those which appear with incorrect transverse mass balancing of blades, 

and It also causes unbalance of aerodynamic and mass forces on the 

rotor. 

In unbalance of mass forces on the rotor there appears an un- 

balanced centrifugal force of the rotor Pcen< ^ (In distinction from 

the centrifugal force of the blade Pcen)> which causes oscillations of 

the entire helicopter: 

K*m*y*. 

where raro^ is the mass of the rotor; 

e is the eccentricity of the rotor's center of gravity. 

Fig. 9.13. Diagram 
of formation of com¬ 
ponents of unbalanced 
centrifugal force 
Pcen. rot “lth unbal* 
anee of mass forces on 
a rotor. 

The components of this force, along the 

rotor axes x, z, coinciding In directions with 

the connected axes of the helicopter, will be 

(Fig. 5.13): 

Upon deflection of the automatic pitch- 

con trrl mechanism to an., le 5, for Instan *e due 

to inaccuracies in transverse weight balancin' 

of blades and Incorrect adjustment of trim 

labs of blades, there appears a revolving 

unbalanced force 

159 



\ 

wher*í La li» the transmission ratio of the automatic pitch-control 
mechanism. 

This force will form variable components: 1onritudinal P . * P i 5 
xo y a 

cos i and transverse P.K*Pi5sintf, z 0 y a * 

With inaccuracies in blade setting angles there appears an addi¬ 

tional blade thrust APy» which leads to the formation of variable 

moments on the rotor hub: 

áAf,K> á/yr.ssln$. 

àM, «= A/y, .cos*. 

where 1,, is the distance from the axis of rotation to the flapping 
* * hinge of the blade. 

With unequal adjustment of the dampers of drag hinges of the 

rotor the variable part of total torque from all blades on the hub can¬ 

not be equal to zero. Due to this the dampers of the blades transmit 

a certain perturbing torque to the hub 

■ * k\, 

where k is a certain constant; 

i is the lag angle of the blade. 

In basic flight conditions with a sufficient degree of accuracy, 

angle £ may be approximated by the first harmonic of expansion in 

Fourier series. Consequently, moment Md h also will vary basically 

•♦ccordlng to the law of the first harmonic to rotor turns (more exact, 

according to the law of change of angle £). 

Thus, due to the different inaccuracies in rotor adjustment there 

appear variable forces and moments, which always bave a frequency that 

Is equal to rotor turns. They cause oscillations of helicopter parts 

with the same frequency. The amplitudes of these oscillations, all 
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other conditions being equal, are proportional to the magnitudes of 

variable forces and moments; In other words, they are proportional to 

the degree of rotor misadjustment. 

If with normal rotor adjustment the oscillations of parts of a 

hellcryter have a basic frequency which is multiple to the number of 

rotor blades, then with rotor unbalance there predominate oscillations 

with a frequency that Is equal to rotor turns. This Is confirmed by 

the results of measurements of oscillations on helicopters. Usually 

the amplitudes of these oscillations are small, but depending upon the 

degree of rotor unbalance they can attain a considerable magnitude. 

Oscillations of a rotor through Its mounting (reductor frame) are 

transmitted to the entire helicopter. The biggest amplitudes of os¬ 

cillations of the reductor frame, with a frequency that Is equal to 

rotor turns, are observed in the plane of Its rotation. Amplitudes of 

the reductor frame In the direction of axes x and z of the helicopter, 

as shown by the results of measurements, are changed equally with the 

change of rotor turns. The lateral oscillations are then larger In 

amplitude than the longitudinal ones, and vertical oscillations are 

practically absent. Amplitudes of oscillations In other places of the 

helicopter are changed In conform,Ity with the change of amplitudes of 

oscillations of the reductor frame. 

Operational experience shows that even Insignificant rotor unbal¬ 

ance leads to the appearance enlarge vibrations of a helicopter. The 

causes of such vibrations frequently are the DH dampers, especially 

the frictional dampers. Considerable vibrations, which can appear In 

operation due to rotor misadjustment, are undoubtedly Impermissible. 

They are eliminated by Improving the balancing of blades during 

manufacture, assembly, and mounting of the rotor on the helicopter, 
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and also by checklnc tho correctness of rotor adjustment in operation. 

In practice there frequently occurs rotor misadjustment because 

of operational reasons (moisture on blades, nonunlform wear of covering, 

especially wooden coverings with varnish and paint coatings, a certain 

change in the adjustment of Di! dampers, etc.). The permissible limits 

oí such misadjustment are determined by the permissible level of vi¬ 

brations on the helicopter. In the determination of parameters of 

dynamic loading of assemblies connected with the helicopter fuselage, 

it is necessary to consider the possibility of some rotor misadjust¬ 

ment. For this, flights are sometimes made with defined, predetermined, 

rotor misadjustment in order to determine the influence of the degree 

of misadjustment on the level of dynamic loading of the helicopter 

structure. 

9.^. Flutter of Helicopter Rotor Blades 

Flutter of blades of main and tail rotors can appear in flight 

and in ground conditions (in the absence of forward velocity) at a 

defined speed of airflow around blades, which is composed of the 

peripheral velocities of rotation of blades and the speed of flight 

(see Fig. 9.2). Therefore, the critical state of flutter of blades is 

usually estimated by rotor turns (critical flutter revolutions nf) and 

by speed of flight (critical speed Vf). 

Divergence of blades in existing helicopters does not have prac¬ 

tical value, since the rotor turns, at which this phenomenon appears, 

Is usually greater than the critical turns n^. or maximum operation 

turns of the rotor. 

However, in certain cases the divergence of blades can present a 

real danger. 

Flutter of blades presents a large danger for helicopters due to 
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the possibility of fast destruction of the rotor In flight. 

Cases of flutter of helicopter rotors were sometimes accompanied 

ty fall" of the blades from the cone of rotation. There is even a 

case of blades touching the helicopter cabin during flutter. On heli¬ 

copters with coaxial propellers this can lead to "whipping" of blades 

of the upper and lower rotors. 

On helicopters, cases of flutter were noted in basically two 

forasi stalling flutter of tall rotors at large blade-setting angles 

and flexural-torsional flutter of rotor blades (it is also called 

torsional-flapping flutter). 

Stalling flutter was considered in Chapter VI. The basic mea¬ 

sures for preventing it are limitations of blade-setting angles 

(rotorpitch) in operation, increase of torsional rigidity of blades, 

and forward displacement of centers of gravity of end sections of 

blades. 

For convenience of analysis we distinguish flapping and bending 

forms of flutter of rotor blades, although both of these forms are 

flexural-torsional flutter, but have different tones of natural blade 

oscillations. 

Flutter of rotor blades is called flapping or torsional-flapping, 

if during oscillations the motions of the blades as a solid about the 

flapping hinge are predominant (zero tone of natural oscillations); 

bending strain of a blade in the flapping plane is insignificant. 

Flutter is called flexural or flexural-torsLonal, if during os¬ 

cillations of blades bending strain of blades is predominant. In both 

cases it is assumed that blades during flutter accomplish collective 

flexural-torsional (torsional-flapping) oscillations. 

In practice, basically flapping flutter of rotor blades was 
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encountered. 

Flutter of rotor blades can be In two forms: without shift of 

phases between oscillations of blades, and with phase shift. In the 

first case the problem.can be reduced to the investigation of flutter 

of one Isolated blade, secured in the shank, and the analysis of 

flutter is considerably simplified. In the second case the analysis 

flutter is considerably complicated, since it is necessary to con¬ 

sider the rotor on the whole, and not a separate blade. But in this 

case it is also possible to reduce the problem to the investigation of 

one Isolated blade under certain simplifying assumptions, which some¬ 

what lower the accuracy of calculations however. 

In the first case flutter is more Intense$ therefore it presents 

the biggest danger. Main loads in this fora of flutter are experienced 

by the collective rotor pitch-control system. In the second case 

flutter is less Intense, and main loads are experienced by the cyclical- 

control system. 

Thus the simplest, and at the same time, the most Important cal¬ 

culation cases in the investigation of flutter are the Joint flexural- 

torsional oscillations of one isolated blade taking into account the 

different tones of flexural oscillations of the blade in the flapping 

plane. Including zero tone. 

A basic influence on blade flutter, as also in the case of 

flexural-torsional wing flutter, is rendered by the torsional oscil¬ 

lations of a blade. Minimum values of nf correspond to the 1st tone 

of torsional blade oscillations. Practical interest is, therefore, 

presented to the consideration of forms of flutter with the partic¬ 

ipation of torsional blade oscillations in the 1st tone. Forms of 

flutter with the participation of torsional blade oscillations of 
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other tones usually have critical turns nf which considerably exceed 

the maxlnua operational rotor turns. 

Flutter of rotor blades can have two, three, and more degrees of 

freedoa. Calculation of flutter with degrees of freedom of more than 

three presents considerable difficulties. 

In all cases the combination of different flexural tones is 

usually considered with the fora of the 1st tone of torsional blade 

oscillations. For example, during flutter with two degrees of freedom, 

torsional blade oscillations of the 1st tone and blade oscillations in 

the flapping plane in the zero or 1st tone are considered. During 

flutter with three degrees of freedom, torsional blade oscillations 

of the 1st tone and flexural blade oscillations in the flapping plane 

are considered in two tones (for instance, in the zero and 1st tone, 

or the 1st and 2nd tones of natural flexural blade oscillations). 

Torsional blade oscillations appear due to elastic deformations 

of the blade itself, elastic deforaations of the blade-control system, 

and due to the action of the blade-flapping control. Therefore, in 

calculation the blade is considered to be fixed to the shank on a 

flexible base with equivalent rigidity of the control system. Cal¬ 

culation is simplified if the blade can be considered to be absolutely 

torsionally rigid, while torsional blade oscillations basically occur 

due to clastic deformations of the control system. Such simplification 

of calculation caribe made when the control system possesses small 

rigidity as compared to the torsional rigidity of a blade. In a very 

rigid control system one may assume that torsional blade oscillations 

occur basically due to elastic deforaations of the blade Itself. In 

this case the calculation may also be simplified. 

Rigidity of the system of longitudinal and lateral control in the 
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first approach may be considered as identical. Such an assumption in 

most cases does not lead to large errors. With the consideration of 

the distinction in rigidity of longitudinal and transverse control the 

calculation is complicated. 

In fleatural-torsional rot,r flutter the blade oscillations in the 
plane of rotation do not render a large influence on nf and in cal¬ 

culations they will be frequently disregarded. 

The permissibility of those or other simplifications in the 

analysis of flutter of rotor blades is estimated in every specific 

case. 

Selection of a calculation fr -m of flutter in many respects de¬ 

pends on the experience of the researcher. Therefore« a study of the 

cases of flutter, encountered in the use of different helicopters, 

helps in the correct deteratination of a calculation form of flutter 

for the rotor of a new helicopter. 

In a number of cases the calculation case of flutter with two 

degrees of freedom may be considered as the simplest; for instance 

Joint torsional oscillations and blade flapping as a whole with re¬ 

spect to the flapping hinge. Under certain assumptions, with respect 

to the form of torsional blade oscillations, flutter equations in 

this case can be reduced to a system of two differential equations 

with two variables i angle of rotation with respect to the feathering 

hinge 9 and angle of rotation with respect to the flapping hinge ß. 

In those cases when such a simplification can lead to large errors, 

flutter of a more complicated form is considered, but the analysis of 

flutter is strongly complicated because of this. 

A large Influence on rotor flutter is rendered by centering of 

blades, the magnitude of the blade-flapping control factor and 



the rigidity of rotor control. With rear centering of blades nf de¬ 

creases and with forward displacement of the center of gravity n^. is in¬ 

creased. There then exists such a value of centering x# that if 
• c *g. 

Xc.g. i xc.g.' flutter is possible neither at any rotor speeds nor at 

any speeds of flight. IXie to this, in the creation of the necessary 

centering of blades, flutter of rotor blades is removed. On finished 

rotors the magnitude nf can be increased by installing balancing 

weights on the blade nose, especially on its tips. 

With the decrease of the blade-flapping control factor X^, the 

purpose of which is to change the blade-setting angle during its flap¬ 

ping about the flapping hinge, nf is Increased. By changing the 

magnitude of this factor, it is possible to affect flutter in the 

needed direction. 

A large influence on critical flutter speed is rendered by the 

torsional rigidity of a blade. The frequencies of natural oscilla¬ 

tions of blade torsion in a strong degree depend on the rigidity of 

control of its setting angle. Due to this, the rigidity of rotor 

control strongly affects flutter of blades. With the increase of 

torsional rigidity of blades and rigidity of control, nf is increased. 

Blade flutter is largely influenced also by friction in the 

hinges. With the increase of friction (especially in the feathering 

hinge) nf is increased. 

In calculations of flutter only friction in the feathering hinge, 

which is loaded by the centrifugal force of the blade, usually is con¬ 

sidered. Friction in the other hinges is disregarded. In this 

instance the possible change of the coefficient of friction is con¬ 

sidered with the change of temperature of the lubricant of the feath¬ 

ering hinge. f 
<* 
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Flutter of rotor^fclades can arise In conditions of hovering and 

In flight at defined critical rotor speed nf. In this case. In for¬ 

ward flight nf is lowered. Due to this, the rotor, which safe from 

flutter on the ground, can be unsafe upon the appearance of flutter in 

flight. 

J The *nfluence of forward velocity of flight on flutter of rotor 

blades has not yet been studied sufficiently. It Is known that the 

same factors can differently affect the characteristics of flutter in 

conditions of flight with forward velocity and in conditions of 

hovering. 

In flight, a strong influence on flutter is rendered by the com¬ 

pressibility of air, which in the first place appears in the blade 

tips. Due to the influence of compressibility of air the position of 

the aerodynamic focus and the aerodynamic coefficients c® and c® 

become dependent on Mach number. In forward flight the aerodynamic 

coefficients and the position of the focus of blade sections period¬ 

ically change in azimuth. With the Increase of the speed of flight 

the range of these changes increases, which can essentially lower the 

flutter characteristics of blades. 

. Inasmuch as flutter is Influenced by a number of parameters 

(centering of bladee, friction In hinges and others), which can -h.ne. 

In operation due to various causes In defined limits, the rotors must 

possess a defined flutter margin. 

For guarantee of helicopter safety from rotor blade flutter It Is 

necessary that two conditions simultaneously be executed: 

F.XU0-I4S) F«.«,. 
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ntax "»xíbu« permissible rotor speed; 

V«*x MX **p^® Mxlnua permissible flight speed of the hell- 

Sooetlmes there two conditions can be replaced by the equivalent 

requirement of guarantee of a definite centering margin of blades. 

Fulfillment of this requirement can be monitored In the manufacture of 

blades and In operation. 

The magnitude of the margin depends on the rotor speed, the 

centering of blades, the degree of reliability In determining nf and 

Vf, and the degree of facility in exceeding n_ and V in 
max max max 

piloting errors. 

The safety of rotors from flutter is checked In ground conditions 

directly on helicopters at rotor speeds which are determined taking 

into account the margin, and In the centering of blades which are 

artificially shifted back taking into account the required centering 

margin. Inasmuch as In forward flight nf is somewhat lowered. In the 

ground check of rotor safety from the appearance of flutter, this 

lowering of dynamic stability of blades Is simulated by corresponding 

backward displacement of the center of gravity of the blades. 

Investigation of flutter directly on helicopters in flight Is 

extremely dangerous. Therefore, larje propagation has been obtained 

by laborat y methods of investigating rotor flutter In an oblique 

flow on dynamically similar model. In wind tunnel, and by an ex- 

perlmental safety check of rotors for flutter in ground conditions 

directly on the helicopter. 

9.5. Ground Resonance 

Ground resonan denotes the self-excltlng oscillations of a 

helicopter, which appear In ground conditions due to the Interaction 
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of oscillations of the helicopter on flexible landing gear with os¬ 

cillations of blades near the drag hinges. The name "ground" is 

connected with the fact that this phenomenon usually occurs in ground 

conditions, e.g., during takeoff, landing, and during operation of a 

helicopter on the ground (secured and unsecured). 

An analogous phenomenon under certain conditions is also possible 

in flight due to the influence of elasticity of the structure which 

the rotor is mounted on. In particular, if the frequency of natural 
I 

oscillations of the fuselage is close to the rotor speed, the danger 

of appearance of the indicated oscillations in flight becomes quite 

realistic. In this case, the tandem-rotor helicopters in which the 

antinode of fuselage oscillations in the first tone Is near the rotor 

are more predisposed to such oscillations than single-rotor heli¬ 

copters in which near the rotor we usually find the node of natural 

fuselage, oscillations. The most possible oscillations on helicopters 

are transverse ones, in which large masses (rotors and engines) are 

located on the ends of the transverse boom or wing. 

The appearance of self-exciting oscillations of the ground 

resonance type is connected with the presence of drag hinges in the 

blade mounting, which allows displacement of blades in the plane of 

rotation. In the absence of drag hinges ground resonance is practically 

impossible. 

The mechanism of the appearance of self-exciting oscillations in 

ground resonance is the following. With an asymmetric impact of the 

landing gear of a helicopter on the ground, during a landing or upon 

takeoff, the blades are displaced at an angle with respect to the drag 

hinge (Fig. 9.1*0. There then appears a large magnitude unbalanced 

centrifugal rotor force ?Qe^ rQt (perturbing force), which rocks the 
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helicopter. If the frequency of naturel oscillations of the heli¬ 

copter on the landing gear coincides with or Is close to the frequency 

of the perturbing force Pcen# m, there appears the phenomenon of 

ground resonance. Swaying of the helicopter (amplitude of oscillations) 

then Increases, the unbalanced centrifugal force on the rotor Increase, 

and the prerequisite for Increase of oscillations Is created, which 

leads to helicopter failure. 
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F-g. 9el*a Diagram of the appearance of an 
force on * rotor upon 

impact of the landing gear of a helicopter 
against the ground« 

Ground resonance can also appear without an Initial "impact" of 

the helicopter against the ground, if the rotor Is unbalance in the 

weight aspect and there la a sufficiently large unbalanced centrif¬ 

ugal force Pcen> rot» However, In this case the ground resonance Is 

usually less Intense. 

The pendular frequency of oscillations of an absolutely rigid 

blade with respect to the DH, in accordance with formula (3.126), is 

equal to 

A-K/J+vÍ.* 
' " Km 

(9.56) 
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where and Jd are the static moment and moment of Inertia of 
the blade with respect to the DH, correspondingly 

The angular velocity of motion of the centers of gravity of the 

blades in the plane of rotation, considering F, « 0, is 

•**-(!-*.)* (9.37) 

The magnitude of is 25-30^ less than the angular velocity 

of rotor rotation. 

Centrifugal force is 

(9.38) 
. 

Ground resonance appears upon coincidence of the frequency of natural 

oscillations of the helicopter on the landing gear P . with fre- 
*0 w 

quency of perturbing force Pcen (9.38): 

(9.39) 

Hence, critical rotor speed In terrestrial resonance can be deteralned 

from the relationship 

(9.40) 

The problem of ground resonance is complicated by the fact that 

upon change of rotor thrust the natural frequencies of oscillations 

of the helicopter on its landing gear change in very large limits. 

This is connected with the fact that the landing gear is affected by 

the difference in the weight of the helicopter G and the rotor thrust 

T. Il we schematise a helicopter on Its landing gear as an oscillatory 

system with one degree of freedom, then in accordance with formula 

(3.2) the frequency of natural oscillations strongly depends on the 

difference of G - T and the rigidity of damping, which changes with the 
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change of the difference of 0 - Tt 

Due to «hat has been pointed out, it is difficult to avoid the coin¬ 

cidence of frequences of natural heUcoptar oscillations on the l«nd- 

in* gear with the frequency of the perturbing force. Therefon , the 

conflict against ground resonance is conducted nalnly by aeans of 

•tamping the oscillations. For this, the drag hinges are equipped with 

special shock-absorbers (frictional or hydraulic). In the absence of 

such shock-absorbers the self-exciting oscillations of a helicopter 

on the ground having a rotor with drag hinges, are practically inev¬ 
itable. 

However, shock-absorbers lead to the appearance of a considerable 

bending moment in the blade shanks. The latter is very undesirable, 

since the blades of helicopter rotors experience large loads. There- 

fort. the characteristics of shock-absorbers are selected so that they 

do not lead to considerable loading of blades. In this case the 

application of shock-absorbers for the drap hinges would bo insuf¬ 

ficient preventing ground resonance. Additional shock-absorption Is 

attained by the selection of lending gear shock-absorbers or by the 

Introduction of special shock-absorbing devices In the landing gear 
systaa. 

For the determination of the necessary shock-abaorptlon the hell- 

copter it calculated for ¿round résonance. jjii 
In the calculation of a helicopter for ground resonance a nunber 

of simplifying assumptions are made, sines It Is too coaq>llcated to 

conduct such a calculation In full voIum. 

The assumptions made In the calculation of helicopters for ground 
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resonance Include the following. A helicopter fuselage is considered 

to be absolutely rigid, since the elasticity of a fuselage hardly 

affects ground resonance. However, this assumption is unacceptable if 

we are considering natural oscillations of the ground resonance type, 

which can appear in flight when elastic oscillations of the fuselage 

(or rotor shaft) are necessary conditions of excitation of such os¬ 

cillations. Rotor blades are considered to be absolutely flexurally 

rigid in the plane of rotation. In the presence of drag hinges the 

elasticity of blades practically does not show up in the characteristics 

of ground resonance. However, in certain special cases it is theo¬ 

retically possible to have ground resonance (in the absence of drag 

hinges in the blade mounting) due to the Influence of elasticity of 

the blades. 

The nonlinear characteristics of elasticity and shock-absorption 

of landing gear are replaced by certain equivalent linear character¬ 

istics. This makes it possible to compose differential equations, 

which arc necessary for the analysis of ground resonance, in linear 

form. 

Further •simplification of the problem consists of in that indiv¬ 

idual longitudinal (in the plane of symmetry) and transverse oscilla¬ 

tions of the helicopter are considered on elastic landing gear. Since 

a helicopt r fuselage always has a plane of symmetry, the consideration 

of individual longitudinal and transverse oscillations of the heli¬ 

copter is fully permissible. This makes it possible to considerably 

simplify the problem of analysis of ground resonance. 

Instead of a system from six differential equations, describing 

the motion of an absolutely rigid fuselage with six degrees of freedom, 

we consider two systems with three differential equations each, which 

determine the longitudinal and transverse oscillations of a helicopter. 
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If the difference between Individual natural frequencies of os¬ 

cillations of the helicopter on its landing gear are sufficiently 

largef then in rough calculations it is possible to consider the fuse¬ 

lage on landing gear with one degree of freedom (for each tone of 

natural oscillations separately). 

Ground resonance in the form of transverse oscillations of a heli¬ 

copter is more intense and consequently it presents a larger danger 

than ground resonance in the form of longitudinal oscillations. 

Therefore, in the analysis of ground resonance, in the first place 

transverse oscillations of the helicopter are considered. 

The calculation diagram of a helicopter in each specific case can 

be different. For the investigation of transverse oscillations a 

diagram with three degrees of freedom is usually used: vertical shift 

of helicopter on landing gear, lateral shift, and angular shift of 

helicopter (Fig. 9.15). 

The frequency of vertical oscillations 

Py * V$kf m practically does not Influence 

ground resonance. Ground resonance is de¬ 

termined by two other degrees of freedom. 

A system with two degrees of freedom has two 

frequencies of natural oscillations: the 

frequency of lateral oscillations of the 

helicopter ?z and the frequency, of torsional 

oscillations Pç. In actual helicopters the oscillations with these 

frequencies are always collective. They can only be separate when the 

line connecting the spring with rigidity k2 passes through the center 

of gravity of the helicopter. 

Fig. 9.15. Diagram of 
a helicopter for the 
calculation of ground 
resonance. 

In helicopters, which are schematized in accordance with Fig. 9.5, 
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there exist two tones of collective helicopter oscillations on the 

landing gear. In the first tone the helicopter oscillates near a 

certain point 0^, which ic located below the center of gravity of the 

helicopter. During the oscillations the helicopter deviates and turns 

to one side. The node of oscillations of the second tone is located 

aoove the center of gravity of the helicopter (point 0^). With these 

oscillations the helicopter deviates and turns in different directions. 

Inasmuch as tne natural frequencies of oscillations of a heli¬ 

copter on landing gear can change in a wide range depending upon rotor 

thrust, a check for ground resonance is necessary for all combinations 

of thrust and rotor speeds. In the determination of the n3cessary 

damping the calculation selects minimum damping according to the con¬ 

sidered tones of oscillations. The selected minimum damping of blades 

and the shock-absorption should be taken with a definite margin, 

inasmuch as the characteristics of damping for various reasons can 

change in operation in defined limits. 

Ground resonance is very int»nse. Based on its consequences it 

is like flutter on aircraft. If oscillations do not stop development 

in good time during ground resonance, a helicopter accident is prac¬ 

tically lncvltaol<% The structure will be destroyed in several seconds. 

A basic means of stopping ground resonance is turning off the 

motor. Sometimes it is sufficient to decrease the collective rotor 

pitch. The source of energy which supports the oscillations is the 

motor, the power of which is expended in rotating the rotor and thus 

will almost completely be converted into the energy of the perturbing 

forces which support the oscillatory motion. If we stop the entry of 

energy into the self-oscillation system (which is a helicopter in the 

presence of freedom of rotation of blades about drag hinges and freedom 
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of aovement of the entire helicopter on its landing gear) or we de- 

creaae the entry of energy to a level which la leaa than is necessary 

for overcoalng the work of the re.l.tlng forces (analogous to how this 

la shown in Fig. 6.4), the oscillations will be daaped and the ground 

resonance will cease. If a helicopter during ground resonance still 

does not "rock" severely, and there Is a possibility of leaving the 

ground by aeans of Increasing the rotor pitch, then such a neasure 

leads to the cessation of oscillations, since the closed cycle of 

energy exchange between degrees of freedoa of the oscillatory systea 

Is disturbed. If, however, the helicopter still cannot get off the 

ground, a slnllar neasure can only add to the situation. Such cases 

have been encountered in practice and have led to helicopter failures. 

VWV/V/WWVl/i 
,i/^wVAAA/^AAA/V\AAAA/V^ 

Itec°r?}n« of the beginning of ground 
- lÄ« or blade 

(with respect to DH); p - blade-flapping angle 
(with respect to FH). 

Figure 9.16 shows the noment of the beginning of ground resonance 

on a helicopter which was the aubject on an investigation of this 

phenonenon. Before landing the helicopter was rocked by the control 

stick and ground resonance was brought about by a sharp Impact of the 

helicopter against the ground during landing on one strut. At the 

tine when the Increasing oscillations began, they were stopped, by 
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decreasing the collective rotor pitch or by turning off the motor. As 

can be seen, even in several cycles the oscillations of rc»to* blades 

around the drag hinge reach a great magnitude. Oscillation of the 

entire helicopter on the landing gear are also increased in this pro¬ 

portion. The oscillations of blades around the flapping hinge in the 

initial moment of development of ground resonance remain practically 

constant. The suddenness of the appearance of ground resonance and 

its emergency character create a large danger for the operation of 

helicopters. 

Ground resonance is a complicated phenomenon. Recently all heli¬ 

copters in some measure were subject to the danger of the appearance 

of ground resonance. Due to this, it was considered that constructive 

measures cannot, completely exclude ground resonance and therefore 

ground resonance is an inevitable hazard. The pilot in good time had 

to cease oscillations in case of their appearance, not giving to them 

the chance to dcvclope to dangerous values. 

At present, ground resonance has been studied to a definite ex¬ 

tent; methods of calculation and graphic constructions have been de¬ 

veloped, in which it is possible to quickly and simply conduct check¬ 

ing calculations for specific types of helicopters; there is a number 

of successful constructive solutions which completely remove this 

phenomenon in certain helicopters. Theoretical research on ground 

resonance shows that the selection of parameters of the landing ge^r 

can prevent ground resonance for a helicopter. Since the removal of 

ground resonance on a completed vehicle is very complicated, in the 

designing of landing gear of a new helicopter it is necessary to con¬ 

sider the safety requirements against ground resonance. At present 

there has been developed a number of recommendations for certain types 



of helicopteri, the fulfillment of which ensures the prevention of 

ground resonance. Safety of a new helicopter from ground resonance is 

checked by flying tests. 

9.6. dynamic Strength of Helicopter Structures 

Increased vibrations on helicopters are a basic factor of dynamic 

loading, which determine their service life and operational reliability. 

The determination of forced oscillations and variable stresses in 

structural elements of helicopters by means of calculation is diffi¬ 

cult. Therefore, of large value are the experimental methods of study 

of dynamic loading of helicopter assemblies. The data presented 

below Is based mainly on the results of experiments. 

Pynanic Strength of Rotors 

The conducted neasurements of stresses in rotor blades of a 

number of helicopters indicate that elastic oscillations of blades 

have a complicated character (see Figures 9.6 and 9.7). In conditions 

of hovering and horizontal flight the predominant oscillations are 

those with frequencies which are equal to the rotor speed; however, 

the high-frequency impositions are also substantial. In other con¬ 

ditions the character of the oscillations of b *s, and consequently 

the stresses in them, changes. In particular, during deceleration 

before landing, the predominant oscillations are the high-frequency 

ones. 

The greatest variable normal stresses in rotor blades appear in 

the flapping plane (Fig. 9.17). Variable normal stresses in the plane 

of rotation are usually considerably smaller. Tangential stresses 

from torsional blade strain also are small and they sosmtimes will be 

disregarded in the determination of the service life of a blade in 
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laboratory conditions due to the technical difficulties of their 

reproduction. 

Ã . In tfvtrp teMl«rn*.lra| ür 
■ «tli d«Ml«mlan| 

I,In fit pln< pinn« <°rup)» 

¡I» plan* *f ntatlon (^otat)| 

—aMantUI rr^M^XC». 
sp«ad «r nuit. V 

Fig. 9.17. Dependence of 
variable stresses in the 
spar of a rotor blade on 
the speed of flight. 

Stresses In rotor blades attain 

maximum magnitudes at speeds of flight 

20-40 Km/hr. With the Increase of speed 

of flight the stresses decrease« and 

then a^aln increase (see Fig. 9.17). 

The smallest stresses in rotor blades 

are observed In conditions of hovering 

(without wind) and the largest are 

witnessed in conditions :>f deceleration 

before landing. In deceleration before 

landings« executed with a landing run. 

the stresses in blades are considerably less than in deceleration 

before landings without a run. In transitional regimes of flight the 

magnitudes cf stresses can change in wide limits. In steady regimes 

of flight the oscillations of blades and the variable stresses caused 

by them also become steady. 

The dynamic strength of rotor blades is characterized« first of 

all« by the fatigue limit :r of the supporting blade members (for spar 

blades it is characterized by the fatigue limit of the spar as the 

basic supporting member of a blade) and secondly, by the level of 

dynamic loading of blades in operation. 

In the variable stresses in a blade spar under any conditions of 

flight, including brief flights, do not exceed the fatigue limit 0 , 

and under conditions of sustained flight, are not more than 0.5 or to 

0.6 or, the service life of such blades will be increased (on the order 

of several thousand flying hours) and will depend not so much on the 
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dynenlc strength of the supporting Member, as on the wear and state 

of covering and the internal set of blades, If, however, under cer¬ 

tain conditions of flight, although brief, the stresses in a spar 

exceed the fatigue liMit (o > or), the service life of such blades 

will be sharply lowered« This lowering will then be even greater, the 

larger the inequality o > or# Thus, if o « 1.5 op, the lowe Ing of 

the service life with respect to nuaber of cycles to destruction can 

attain several Multiples, and when o - 2.0 or, several hundred mul¬ 

tiples. Therefore, the service life of blades Is stronly lowered even 

after a brief period In conditions where there appear stresses which 

considerably exceed the fatigue liait. 

The aost iaportant factor, which affects loads of rotor blades 

and hubs, is the proxiaity of natural frequencies (especially the 

lowest tones) of revolving blades to the frequencies of perturbing 

forces and the phenoaenon of resonance connected with this. 

The possible growth of stresses in blades due to resonance cannot 

be coapensated by a corresponding Increase of the fatigue liait. 

The refore, the absence of blade res nance is the most important con¬ 

dition for increasing the service life of blades in operation. For 

preventing resonance in designing parameters are selected for blades 

so as to ensure the needed dynaaic response characteristics of blades 

in the range of operational roto- speeds. 

Another important index of dynaaic strength of a blade Is the 

magnitude of the fatigue liait op. The ouignitude of op in many re¬ 

spects is deteralned by the design of the aaln supporting aember of 

the blade, in particular the spar. Depending upon the presence of 

stress concentrators, the magnitude of or can change a few tines. 

Fron past experience it is known that in blades which have spars Bade 

froa several at*el pipes, united by neans of rivet Joints, the fatigue 
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limit was small. Therefore, the fatigue strength and service life of 

such blades were also small. Replacement of these blades by blades 

with homogenous steel spars considerably increased their fatigue 

strength and service life. 

Por the creation of reliable rotor blades with long service life 

it is necessary that the stresses under no conditions exceed the 

fatigue limit. This requirement in a defined measure is satisfied by 

all-metal blades with spars pressed from a light alloy and which have 

a honeycomb filler. The use of adhesive connections in these blades 

reduces the concentration of stresses to a minimum. 

At present, to a sufficient extent we have studied the factors 

which determine the dynamic strength of rotors. Thus, for instance, 

for the Soviet helicopters Mi-1 and Mi-4, rotors have been made that 

ensure sustained and reliable helicopter operation. 

It is necessaxy to consider that the selection of an incorrect 

technique in the manufacture of rotors and a deviation from a fixed 

technique can lead to considerable lowering of the fatigue charac¬ 

teristics of a rotor. 

Steel and especially aluminum alloys are extraordinarily sensitive 

to stress concentrators. Therefore, the variance of fatigue charac¬ 

teristics of blades, made from these materials, remains considerable 

even with the observance of all rules of the technological process of 

their manufacture. Due to this the service lives of such blades are 

established with a large margin. 

Sufficiently good results (with respect to reliability of blades) 

were exhibited by the perennial use of wooden blades made from special 

kinds of wood with the application of plastics. Such blades are used 

for tail and main rotors with respect to small diameter. They are 

1*“ '*n*ulve t0 ‘he concentration of atreatea and have a amaller 
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variance of fatigue characteristics. But wooden blades, especially 

for rotors with large diameter, are Inconvenient for operation, since 

due to weather effects (moisture In blades) they change their *ass 

characteristics, which leads to the necessity of frequent balancing 

of blades (especially of the main rotors). 

The physlco-mechanlcal properties of certain new plastics Indi¬ 

cate that from them It Is possible to manufacture blades for rotors. 

It Is possible to consider that the application of plactlcs will 

considerably Increase the safe period of service of blades as compared 

to the service lives of metal and wooden blades. 

tynamlc Loads of Tall Rotors 

The oscillations of tall rotor blades In flight are basically 

analogous to the oscillations of main rotors. The blade shanks and 

the hub of a tall rotor experience considerable dynamic loads In the 

plane of their rotation from the Coriolis forces due to the absence of 

hinges which are similar to the drag hinge of the main rotor blades. 

The frequency of change of dynamic loads Is equal to the doubled an¬ 

gular velocity of rotation of the rotor (see Fig. 9.10, curve 2). The 

other components of dynamic loads differ considerably from the bending 

moment In the plane of rotation and contain large high-frequency Impo¬ 

sitions. However, the total quantities of these loads are small and 

do not have a decisive value in the loading of tall rotors. 

I>ynamic loads on blades of the tall rotor. Just as in the main 

rotor. Increase with the growth of the speed of flight, attaining 

their maximum at speeds from 20 to 50 kjq/hr, then decrease, and again 

Increase with the increase of the speed of flight (Fig. 9.18). Urge 

dynamic loads aro experienced by tail rotors during hovering turns, 

during sharp deflections (depressions) of a pedal in flight, and 
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during side-»lips (especially during recovery fron skidding). 
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Pig. 9.18. Drpendonc'' of 
variable bending moments In 
a tall rotor blade on the 
speed of flight. 

The service life of tail rotors, 

Just as of main rotors. Is determined 

by the relationship between the fatigue 

limit and the effective dynamic loads, 

effective In the plane of rotation on a 

copter. 

Mr »> nmm>. 

i n ft n fl 
Fig. 9.19. Loading 
diagram of tail rotor 
blades. 1) during a 
turn; 2) in all con¬ 
ditions of horizontal 
flight; 3) on curves; 
**) during side-slips; 
5) in conditions of 
sharp deceleration 
before landing. 

Figure 9.19 «hows the loads 

tail rotor blade of a heli- 

Loads (variable bending moment «bend) on a blade of this rotor 

almost in all conditions are lower than the fatigue limit (with respect 

to bending moment Mr). This ensures the blades and the rotor on the 

whole with high dynamic strength. 

Figure 3.26 shows the characteristics of a rotor which has res¬ 

onance of blades in operating conditions of flight (1st variant of 

blades in Fig, 3.26). Due to the proximity of the frequency of natural 

bending oscillations in the plane of rotation to the frequency of basic 

dynamic loads on the blade, i.e., the Coriolis forces (second harmonic 

to turns of rotor), the loads on the blade, and consequently also on 

the hub. Increase a few times. Especially large loads are experienced 
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by the tail rotor In turn# on the ground, in curves, side-slips, at 

low speeds of flight near the ground, and in 

certain other conditions of flight with large 

tail-rotor pitch (Fig. 9.20). 

Upon replacement of this rotor by another 

with more rigid blades, which also correspon¬ 

dingly possessed higher natural frequencies 

of oscillations, the resonance of blades 

shifted to the region of non-operating turns 

and blade-setting angles (Fig. 5.26, 2nd 

variant). Therefore, the dynamic loads on the 

tail rotor under the same conditions of flight 

were considerably lowered. 

Dynamic Strength of Helicopter 
Fuselage Assemblies 

As shown above, the basic dynamic loads 

on a fuselage and its assemblies arrive from the main rotor. The tail 

rotor renders an influence basically only on the end and tail booms 

and on the place of its mounting. 

The change (in amplitude) of dynamic loads of the majority of 

fuselage assemblies with respect to speed of flight is analogous to 

the change of loads on the main rotor. Lowering of variable loads on 

the main rotor as a rule leads to lowering of vibrati ins and dynamic 

loading of the entire helicopter. 

The biggest dynamic loads (with the exception of the control 

and transmission of a helicopter) are experienced by the rotor mount- 

ints, in particular the reductor frames. Figure 9.21 shows the change 

in amplitudes of variable noraal stresses in frame rods according to 

speed of flight. It is clear that in a number of conditions of flight 

Fig. 9.20. Loading 
diagram of blades of 
two tail rotors, a) 
with unsatisfactory 
dynamic response char¬ 
acteristic (see Fig. 
5.26, 1st variant); 
b) with improved 
dynamic response char¬ 
acteristic (see Fig. 
5.26, 2nd variant). 



the frase experiences considerable variable stresses. 

In the tall and end boons of heli¬ 

copters the stresses under all conditions 

of flight have such magnitude that within 

the limits of ordinary flying service 

lives of helicopters the dynamic strength 

of the fuselage, tall, and «nd booms is 

basically sufficient. However, upon 

further increase of the service life of 

helicopters, it will apparently be nec¬ 

essary to consider the influence on 

dynamic strength exerted by large loads which appear during landings. 

The variable forcea on the main and tall rotors create considerable 

variable loads on the helicopter controls. The strength of the con¬ 

trol system during the action of these loads within the limits of 

comparatively short service lives of contemporary helicopters is not 

noticeably lowered. However, dynamic loads on controls require 

thorough study for determining a safe service life. 

The most sensitive to variable loads are the various welded 

components. Operational experience of helicopters testifies to the 

small reliability of assemblies with welded Joints. Such Joints have 

small fatigue limits due to the great concentration of stresses in 

the places of welding. Furthermore, the reliability of welded Joints 

In a considerable measure depends on the quality of the welding, the 

monitoring of which is complicated. 

Welded Joints are applied In the reductor and engine mounts and 

in other assemblies of the helicopter which possess comparatively low 

fatigue limits. However, the design of these assemblies is continuously 

improving, and at present they have sufficiently long service lives. 

Pig. 9 •21. Dependence of 
variable normal stresses 
In the reductor frame of a 
helicopter on the speed of 
flight. 
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9.7. 
Of prlae importance in the proble« of strength and reliability 

of helicopter» 1« the correct determination and guarantee of »afe 

•enrice life. The aaln aethoda of estimating dynamic strength and 

••tabllshlng a »afe service life of a structure at the present are 

fatigue tests of full-scale samples. 

As shown In Chapter VII, the fatigue strength of a structure is 

Influenced by many factors. Including the magnitude and frequency of 

change of loads, the static load, the order of alternation of loads of 

different magnitude, the Imposition of components with another fre¬ 

quency on the base load, and others. Therefore, the basis of estimating 

dynamic strength Is the programmed fatigue test. 

Programming, l.e., establishing a law of change of magnitudes, 

frequencies, and quantities of load cycles, which are encountered In 

operation. Is carried out on the basis of data obtained experimentally 

or by means of calculation. More reliable data Is obtained experi¬ 

mentally. The development of a program of fatigue tests originates 

from the necessity of calculating tha loads which are encountered In 

all. Including brief, conditions of flight. 

Programmed tests undoubtedly are the best approach to real oper¬ 

ating conditions, a safe rvlce life, established In this way. Is 

more reliable than an estimate of dynamic strength only with respect 

to one equivalent load, The basis for compiling the program of such 

tests could be the results of Investigation of recurrence of loads in 

flight. These loads are measured In several flights during the entire 

time of their fulfillment, whereby flights are c»,'.ducted according to 

a definite program which Includes all conditions of flight. The pro¬ 

gram of every flight Is composed by taking Into account the probable 

Hying time of the helicopter in the given conditions of flight. 
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Flying time for different types of helicopters is determined on 

the basis of collecting and studying statistics on the conditions of 

flight in accordance with the assignment of the helicopter approximately 

according to the following chart: 
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For an example. Figure* 9.22 and 9.23 show the load capacity of 

the main structural assemblies of a helicopter In different flight 

conditions. 

lovarlnni—J Ou la law rati*« «-Infiltra’ 

ru#t condition* 

f’ig. 9.22. Stresses appearing in the 
main rotor blade cf a helicopter in 
different flight conditions (o8t - 
stresses from static load). 
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Fig. 9.23. Relative load capacity of 
aaieablies of a single-rotor helicopter 
in different flight conditions (variable 
bending Bornent 1fbend and stresses "a in 
every structural assembly refer to the 
■oaent and stress which appear In hor¬ 
izontal flight at cruising speed). 

In .«tabllthlng the service life of a structure on the basis of 

results of laboratory tests It Is very Inportant to determine the 

safety factors. During flying tests the safety factors cannot be 

detected In view of the extreme danger of such experiments. In lab¬ 

oratory tests the dynamic (fatigue) safety factor Is taken simulta¬ 

neously both for stresses (loads), and also for the number of loading 

cycles. 

Laboratory tests, even if they are conducted taking into account 

the required safety factors, do not give a direct answer about the 

safe service life of a helicopter and its assemblies in actual oper¬ 

ating conditions, since these tests are conducted under certain ideal 

conditions. In operation, besides loads, the dynamic strength is 

influenced by a number of factors, the main ones of which are the 

atmospheric conditions, corrosion, wear of parts, and several others. 
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Tuere fore, the service life, which is determined with the help of lab¬ 

oratory fatigue tests, is checked by endurance (operational) flight 

tests. 

Such tests are conducted on several helicopter models of the 

leader group to full performance of a fixed service life. The program 

of these tests is developed by taking into account the necessary flying 

tine in all basic operational conditions of flight. Althoi ÿi these 

tests cannot establish dynamic safety factors, they can determine the 

reliability probability of a helicopter within the limits of a fixed 

service life. Furthermore, the results of laboratory tests on assem¬ 

blies, which have undergone the full flying service life, can be the 

basis for increasing the service life of structural assemblies above 

that which was initially established. According to such tests it is 

also possible to determine actual the fatigue safety factors of as¬ 

semblies of a helicopter. 

Only a group of strength tests (laboratory, flight with the mea¬ 

surement of stresses, and flight endurrnce) can allow an estimate of 

the dynamic strength, the service life, and the reliability of ¿ heli¬ 

copter. 

In conclusion one should note that the basic criterion of a good 

helicopter is its operational reliability, which is understood as the 

ability of the structure to operate without accident in actual oper¬ 

ating conditions within the limits of a defined service life. Bringing 

the reliability of helicopteis, with respect to dynamic strength, up 

to such a level so that the probability of destruction of the heli¬ 

copter from the dynamic loads would be not greater than the probability 

of destruction from static loads, is the most Important problem. 
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9.8. External Loads and Strength of Hellcortors 

External loads of a helicopter are determined by the conditions 

of Its normal operation. The design should ensure safe operation of 

the helicopter In accordance with Its assignment. For a strength 

analysis, and also for static and dynamic tests, there have been 

determined a number of cases of loading, which have been encountered 

in practice and determine the strength of a helicopter and the as- 

semblles of Its structure. The basic conditions of loading of a heli¬ 

copter are regulated by strength norms. 

Cases of loading In strength norms are divided Into three groups: 

flying cases of loading, landing cases of loading, and cases of loading 

in ground conditions. 

The flight conditions of a helicopter are determined by Its gross 

weight, the altitude and speed of flight, the overload In the center 

of gravity of the helicopter, the power supplied to the rotor, and the 

action of the controls. The gross weight of a helicopter during cal¬ 

culations in all cases of loading In flight and during landing Is taken 

to be equal to normal takeoff weight. In ground conditions of loading 

(during tie-down tests) the calculation uses the minimum weight of the 

helicopter. Altitude and speed of flight are determined by the purpose 

of the helicopter and are assigned by the technical requirements for 

the helicopter. 

The basic Index of static loading of a helicopter Is the magnitude 

of overload which appears during operation. The magnitude of overload 

determines the maneuvering possibilities of the helicopter In flight. 

If aircraft can theoretically have in overload in flight with a mag¬ 

nitude of nr . 15 to 2e and maximum operational overload nop Is 

limited by the seleetlon of corresponding characteristics of control, 

then for helicopters the maximum overloads, determined by the aerodynamic 
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possibilities, are coaparatlvely small and usually do not exceed 

n ■ 4 to 6, During overloads greater than this magnitude there 

appears rotor stall. Therefore, usually for helicopters the nag- 

nltude of n^x Is taken from 2.5 to 4.0, depending on the assignment 

of the helicopter. 

Maxlm'im permissible overload is complicated to obtain in flight. » 

During zooming and in emergence from gliding the maximum overloads on 

norunaneuvcrlng helicopters usually do not exceed n • 1.5 to 2.5 

(depending upon the type of helicopter). During landing* helicopter 

overloads also usually do not exceed n * 2.0 to 2.5. Due to this, 
ji:| 

the guarantee of static strength of helicopters does not present any 
* 

serious difficulties. 

The strength noras of helicopters use the principles of stan¬ 

dardization which were founded in the creation of aircraft strength 

norms. The development of strength norms of helicopters also uses 

the experience of autogyroconstruction. But their basis contained the 

results of generalization of operational experience of helicopters 

and operational experience of designing bureaus for the creation of 

helicopters. The basic cases of loading in strength norms of heli¬ 

copters are determined by the results of numerous theoretical and 

experimental works. 

The most Important peculiarity of helicopters is the high level 

of dynamic (vibration) loading of their assemblies. This determines 

the large value of fatigue strength for guarantee of safe operation of 

helicopters. Inasmuch as the methods of studying the strength of 

structures up to now have almost been completely experimental, the 

possibilities of calculating fatigue characteristics, during the 

designing of a new helicopter with the help of calculation methods, 
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•re very limited. Calculation basically determines only the frequency 

of natural oscillations of a structure (in particular, the rotor 

blades). In order to exclude resonance with frequencies of perturbing 

forces, which always are multiple to the rotor speed. 

Calculations of dynamic stresses and fatigue strength are insuf- 

flciently reliable for estimating the fatigue strength of structures, 

especially those whose failure presents a danger for flight. There¬ 

fore, at the basis of estimating the fatigue strength of helicopters 

and their assemblies we find experimental methods. They consist of 

laboratory methods, with the help of which the carrier ability of a 

structure is determined with respect to strength, and of the methods 

of measurement of loads acting upon a structure in actual operating 

conditions. The combination of these methods makes it possible to 

determine the fatigue strength of a helicopter or its separate equip¬ 

ment during the action of variable loads which appear in operation. 

Conditions for determinating the safety of helicopters with re¬ 

spect to fatigue strength are regulated by the strength norms. 

In the process of creating a new helicopter, the most important 

individual structural elements undergo preliminary fatigue tests for 

the purpose of estimating the dynamic strength. These tests are con¬ 

ducted on loads which are determined by calculation and are taken with 

a sufficiently large safety factor with respect to stresses. The mag¬ 

nitude of the selected safety factors depends on the degree of reli¬ 

ability of the calculation determination of loads. These preliminary 

tests terminate the construction of the vehicle or its assemblies and 

determine measures for increasing fatigue strength. 

The order and volume of work, which is performed for checking the 

dynamic strength of new helicopters, depend on the type of structure 
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Md îwually are based on the experience of Industry. However, both 

the Soviet designing bureaus, and also foreign helicopter construction 

firms are trying to check the dynamic strength (fatigue strength, 

flutter) of a helicopter as fully as possible before beginning flights. 

The possibilities of lowering the level of variable stresses In the 

supporting members of the structure and methods of Increasing their 

fatigue strength are carefully studied. The most responsible ready 

articles (usually full-scale equipment In assembled fora) are checked 

on corresponding rigs or directly on the helicopter In ground condl- 
tlons. 

At present, variable external leads on structural assemblies can¬ 

not be determined accurately enough by means of calculation. There¬ 

fore. the state of strain of the structure Is usually investigated 

directly on the helicopter. 

During flying tests of a new helicopter, from the very first 

flight, the stresses and dynamic loads are «asurad In the supporting 

members of all basic structural assemblies of the helicopter, the 

failure of which In the air leads directly to an accident. Such as¬ 

semblies In the first place Include the blades of the main and tall 

rotors, their hubs, the automatic pitch-control mechanism, the heli¬ 

copter controls, the reductor and motor mounts, etc. The parameters 

of oscillations of the helicopter structure are simultaneously mea- 
sured. 

These neasurements are conducted in all basic operating conditions 

Of flight, including limiting conditions. The program of tests should 

anticipate especially thorough measurements In conditions which are 

characteristic for losdlng of the Inspected part of the structure. 

Thus, for the main rotor. Its blades, hub. and reductor frame, a 

thorough investigation Is conducted on loading in all conditions of 
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horizontal flieht with noma: and aaxlaua gross weight at different 

rotor speeds and helicopter centering, during acceleration and decel¬ 

eration before landing, during zoonlng and emergence from gliding 

with maximum overloads, during climbing, and other conditions. For 

tail rotor«, furthermore, the loads which appear during entry and exit 

^1-0- sldc-sllps. In the execution of curves, during ground turns with 

critical angular speeds of the helicopter, and 1» other conditions are 

thoroughly measured. For the tall boom It Is Important to study 

dynamic loading during landings. 

Chi the basis of the results of measurements a program of lab¬ 

oratory fatigue tests 1« composed for the basic structural assemblies 

of the helicopter. The results of such tests serve as a basis for 

establishing the service life of the helicopter and Its assemblies. 

The service life Is calculated In accordance with the principles which 

are presented in Chapter VII. 

During flying tests a check is also made on the safety of the 

helicopter from the appearance of ground resonance. The technique of 

these tests consists In that at différent rotor speeds and thrusts 

ground resonance is attempted by means of asymmetric Impacts of the 

landing gear of the helicopter against the ground during simulation of 

landings (vertical and with a run) and running takeoffs. The heli¬ 

copter, before ground contact. Is rocked by the control stick (trans- 

verse, longitudinal, or circular motions). 

For determine the Influence of Individual operational parameters 

on the characteristics of ground resonance (friction In OK dampers, 

pressure In struts and tires of Unding gear, etc.), these parameters 

are varied In defined limits, corresponding to their possible change 

In actual operating conditions. Control of the appearance of ground 
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resonance. In addition to visual observation, is carried out by re¬ 

cordings of appropriate parameters, e.g., compression of shock-absorping 

struts of landing gear, blade flapping with respect to mounting hinges, 

and others. Preliminary simulation of ground resonance is produced, 

in which the influence of different parameters on ground resonance is 

studied. The results of this simulation serve as the basis for the 

defined change of separate parameters during flying tests of a heli¬ 

copter in ground resonance. 

Thus the estimate of strength of a new helicopter is produced by 

a group of tests, including both laboratory, and also flying tests. 

Before a helicopter becomes operational, it undergoes an extensive 

check on the strength of the vehicle and all its most important as¬ 

semblies. 

It is necessary to note that the results of checking the strength 

of a helicopter are impossible to automatically transfer to all its 

possible variants. Thus, for Instance, It Is known that conditions of 

low speeds of flight (conditions of low uniform speeds of horizontal 

flight near the ground, acceleration, and deceleration) are accompanied 

by increased vibrations and dynamic loads. These conditions, with 

respect to flying time, compose a relatively small percent of the 

service life of the helicopter. If, however, a helicopter is used as 

a rescue vehicle or helicopter-crane, the indicated conditions become 

basic, and most of the time it experiences increased loads. Conse¬ 

quently, the estimate of strength and especially the estimate of 

service life of a helicopter must be definitized in accordance with 

the change of loading conditions. 



CHAPTER X 

EXPERIMENTAL INVESTIGATION OF THE STRENGTH 
OF FLIGHT VEHICLES 

of Designations Appearing In Cyrillic 

np • w - wire 

R - cob - compensating 

0 ■ bal ■ balancing 

A • d - dlagnonal 

tap ■ cal - calibration 

pea - res - resonance 

T » cal - calibration 

Aon - add - additional 

r » g « galvanometer 

» ■ e ■ electrical 

ci5|) « dr « drop 

cea a sec 

a ■ op - operational 

nr a eg a center of gravity 

ror . t - tip 

Ropa . r - root 

* - act a actual 

fu - fR - model flutter 

$R - f. act a actual flutter 
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cr * st * static 

B * up « upper 

H » low « lower 

Kp » tor » torque 

oil « ohm 

■ * l.g. * landing gear 

T * sg * strain gauge 

aBp * aer * aerodynamic 

3 * m * measurement 

Ä » en » engine 

a » rec * recording 

war » bend « bending 

*P * w » wing 

* f » fuselage 

4 * 1ft « left 

np » rt « right 

Maw « mens * measurement 

For the Investigation of strength of a structure, aiong with 

theoretical calculations, experimental methods are widely used. These 

methods are divided Into two basic foras: investigation of the load- 

ing conditions of a flight vehlcie and investigation of the carrying 

capacity of a structure and the peculiarities of its performance. 

Investigation of external loado Is carried out In wind tunnels 

and during flying tests. 

Investigations of the carrying capacity ani the peculiarities of 

performance of a structure Include static tests of full-scale struc¬ 

tures (exact models), fatigue tests, dynamic tests of the landing gear 

and sometimes the aircraft on the whole, frequency (resonance) tests 
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for determining the characteristics of nai.ral oscillations, thermal 

tests (for flights vehicles whose structures are essentially heated 

in flight), simulated tests, and flying tests In limiting flight con- 

dltloni. 

An experimental estimate of the actual strength of a structure, 

l.e., determination of the degree of conformity of the carrying ca¬ 

pacity of the structure to external loads, requires the harmonious 

development of both forms of Investigation. However, in practice 

the Investigations of carrying capacity of a structure are conducted 

In a larger volume than Investigations of external loads. This is 

explained by the fact that, first of all. Investigations of the 

carrying capacity of « structure basically have a laboratory character 

and can be carried out more simply than a flight experimenta secondly, 

a flight experiment Is frequently connoted with a definite risk and 

therefore can not always be conducted In sufficient volume. 

Experimental methods of Investigating the strength of aircraft 

structures are very extensive and frequently are very complicated. 

Below we shall consider some of the basic experimental methods that 

are applied at the present. Each of these methods has Its own de¬ 

veloped theory and a corresponding method of carrying out experiments. 

More detailed information on experimental methods of Investigating 

the strength characteristics of aircraft structures are presented In 

special literature concerning this question, and In handbooks and 

techniques for carrying out the experiments. 

10,1, Equipment for Structural Performance Tests 

Testing equipment which Is used In structural performance tests 

of aircraft and helicopters can be divided Into three basic groups: 

1. Airborne recording equipment. This group contains the 
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■echanical and optical-mechanical recorders, oscillographs, and mag¬ 

netic recorders with transducers and commutating devices. 

2. Telemetric equipment. In ths use of equipment of this type, 

on board the flight vehicle there are installed transducers with 

converters and commutating devices. Signals from transducers, through 

an airborne radio station, are transmitted to a ground point, where 

the investigated parameters are recorded rn! the appropriate automatic 

processing of measurements is conluct d. 

Notion picture equipment and photorccor ers. This group 

contains motion picture photorecorders for measuring deformations and 

motion picture equipment for aerial photographs and for filming the 

takeoff and landing. 

At present, testing equipment has obtained a large development 

and It can ensure measurement of almost all parameters which char¬ 

acterize the loading conditions of structural parts of an aircraft 

and helicopter. Equipment for monitoring flight conditions (recorders 

of speed, altitude, angles of deflection of controls, etc.) is de¬ 

scribed in sui1iclent detail In a number of works and is not considered 

here (see, for example, V. S. Vedrov and M. A. Tayts "Aircraft flight 

tests," Qboronglz. 1.51), 

A special group is composed by statistical instruments which 

permit the recording of the necessary parameters which characterize 

loading of a structure in conditions of macs operation (see Chapter 

I). 

A flight t xperiment for the Investigation of strength is connected 

with the registration of a large .oantlty of parameters. Of important 

value for fast processing of recordings and analysis of recorded pro¬ 

cesses is the application of automatic and semiautomatic systems. In 
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particular« in the investigation of random dynamic processes spectral 

analyzers and autocorrelators are used. 

In conditions of mass measurements it is expedient to apply 

analog computers. Although they have somewhat smaller accuracy as 

compared to digital computers, they possess large productivity and 

pemit the introduction of different converters which are necessary in 

the analysis of recordings. They are simpler in design and less 

•xpensive than digital computers, and they permit the obtalnment of 

sufficiently full data on dynamic processes (spectral density, auto¬ 

correlation function, average magnitude of amplitude, standard devi¬ 

ation, and integral distribution function). 

At present such equipment is being continuously improved. 

Equipment for Measurement of Strecses and 
Loads (Tensometeric Equipment) 

At present, stresses and loads in aircraft structures are mea¬ 

sured in many points. Such wide measurements, especially under con¬ 

ditions of flight tests, can be carried out only on the basis of 

electrical methods. 

The electrical neasurenent of stresses In a structure requires 

transducers which convert the change of physical parwetcrs into 

proportional electrical signals. These signals are recorded by 

appropriate instruments (airborne or ground). 

For measurement of stresses, capacitance and Inductance methods 

and methods of resistance measurement are applicable in principle. 

Mound (not glued) resistance transducers, capacitance and inductance 

pickups are applied in measurements of large shifts and in such in¬ 

struments as pressure transducers, accelerometers, etc. 

For measurement of loads and stresses on flight vehicles the 

most frequently used are wire strain gauges. These strain gauges 
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have UMll dimensions, small weight, and are easily glued to any part 

of the structure. Wire strain gaures are simple. Inexpensive, re­

liable In operation, can be applied In remote recording, and permit 

the construction of systems which maKe It possible to determine loads 

with a minimum quantity of recording channels. Strain gauges can 

work at elongations of up to 1-?J< without damages. Specially designed 

transducers ensure measurem< nts at el .nret-ons of to 10^. The fre­

quency measured by them Is pruct'cnlxy unlimited.

Strain gauges can utilize power supplier ty both alternating and 

direct current. Temperature compensation Is easily carried out by 

application of an alJltional compjiisatlona.1 trensdur* i . The advantage 

of this transducer is its simplicity of assembly of measuring circuits. 

All this permits the wide application of tensometerlc methods of mea­

surement in structural performance tests.

The strain gauge Is a converter of a mechanical magnitude - 

elongation - Into an electrical magnitude - Increase of ohmic resis­

tance — which can be measured by electrical method...

Strain gauges applied on flight vehicles 

consist of a sensitive grid made from special 

wire In the form of several loops or In the form 

of a flat grid made from foil (Fig. 10.l), which 

is attached by special glue to the base. Such 

a transducer, glued to the surface of the Investi­

gated component, is deformed (Is stretched or 

compressed) together with it. Due to the deforma­

tion of the transducer grid. Its ohmic resistance 

changes In proportion to the deformation of the component. The 

property of wire, made from certain materials, to change Its resis­

tance during deformation _ strain sensitivity _ may be characterized
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Pig. 10.1. Di­

agrams of strain 
gauges, a) wire 
strain gauge; b) 
strain gauge made 
from foil.
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by the relation 

AR 
ííhere Is the relative change of oh*lc resistance; 

t la the relative deformation. 

The »train »eMltivity of the transducer grid is less than the 

»train »eMltivity of separate wire, since the wire does not coapletly 

enter work on curv.tures. The fomul. for coaputlng the .train sen- 

sltlvlty of * loop transducer has the form 

where >w Is the strain sensitivity of the wire; 

(10.2) 

n la the number of rectilinear aectlona of aire, 

I la the length of rectilinear sections of aire; 

r is half the distance between rectilinear sections of wire; 
It la Polaaon's ratio. 

Jig. 10.2. Graph of the 
dependence of strain sen¬ 
sitivity of a wire gauge 
on its base. 

Froai formula (10.2) it is clear that 

the strain sensitivity of the transducer 

depends not only on the strain sensitivity 

of the wire, but also on the dimensions 

of the transducer. 

The most wide-spread material for 

the manufacture of strain gauges is con¬ 

atantán wire with a diameter from 0.025 to 

0.050 mm, which possesses relatively high 
strain sensitivity (y^ . 2.I). 

The dependence of strain sensitivity of the transducer on Its 
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dimensions (base) Is represented In Fig. 10.2, from which It Is clear 

that for transducers with a base less than 10 mm the strain sensi¬ 

tivity sharply drops. The largest distribution has been obtained by 

strain gauges with base 25 mm. With limited dimensions of a component 

strain gauges with a small base (to 3 mm) are used. However, in these 

cases one should consider the Influence of transverse sensitivity of 

the transducer. 

There exist many types strain gauges, for structural per¬ 

formance tests on aircraft equipment the biggest propagation has been 

obtained by strain gauges with a flat wire loop grid or with a flat 

grid made from constantan foil. For preservation of ion. the trans¬ 

ducer grid Is glued to a paper base or to a polymer base. The ends 

of the strain-sensitive grid have welded discharge conductors made 

from copper tinned wire with a diameter from 0.15 to 0.25 an. 

Hire transducers are widely applied with nominal resistance of 

120, 200, an 1 ohm and maximum working current 25-30 ma, which 

ensure measurement of deformations at temperatures from <40 to 30°C. 

Certain special types of transducers work stably at temperatures 

^ram +0-0 to 750 C. Transducers, made in the form of a thin foil 

grid, have nominal resistance from 45 to 200 ohm and maximum working 

current from 5u to 500 raa. 

Strain gauges are most often glued to the surface of a component 

mlth polymerized glues. The gluing technique Is determined by the 

type of glue. ' 

Registration of the change in resistance of strain gauges In 

■ost cases employs bridge measuring circuits. 

The circuit of a bridge consists of four resistors (aj-ms of 

bridge) which are series-connected in the form of a ring. The oppo¬ 

site points of the connection of the bridge arms have a supply source 



•nd • aeasurlng device (Fig. 10.3). The circuit 

Ignations. 

shown in Fig. 10.3 contains the following des- 

coa f8 compensâting strain gauge, which 
is equal in resistance to the working 
strain gauge and usually serves for 
temperature compensation during mea¬ 
surements; 

\ is the working strain gauge; 

*ig. 10.5. Di¬ 
agram of a mea¬ 
suring bridge. 

"bal are balancing resistors for balancing 
the measuring bridge; 

u is the voltage of the power source of 
the measuring bridge. 

Th« aensltlvlty of bridge circuit« «ay be raised both by In¬ 

creasing the feeding current, and also by applying highly sensitive 

loops (galvanometers) for the neasureaents. Furtheraore, foil strain 

gauges are used, the working current In which may be Increased up to 

200-250 ma (In special transducers up to 500 ma). The magnitude of 

maximum permissible working current Is determined In every case 

separately depending upon the design of the transducer and the mass 

of the component on which the transducer Is glued. Sensitivity can 

be Increased also by Including two and more transducers in each arm. 

Kith the use of electronic amplifiers AC bridges are employed. 

Usually two aims of the bridge are formed by transducers which are 

glued to the Investigated component, while the two other arms are 

structurally connected with the amplifier. Sometimes for the reg¬ 

istration of dynamic stresses CC feeding of the bridge Is employed. 

The measurements can determine the stresses In the elements of 

a structure and the forces acting on one of Its assemblies. A sep¬ 

arate strain gauge reacts to the total relative deformations which 
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appear on the surface of the component In the place where It Is glued. 

For isolating the components of stresses and loads in a combined state 

of strain of a structure the inclusion of strain gauges in the mea¬ 

suring circuits is employed. The principles of such combined con¬ 

nection of strain gauges are presented below. 

For strain measurement of revolving components, in particular 

propeller blades, special slip-rings are used. The basic requirement 

for slip-rings is to guarantee the constancy of contact resistances. 

As contact pairs we find the use of mercury - copper, silver — silver- 

graphite, and others. In the application of slip-rings che measuring 

bridge is made up from transducers which are glued to the revolving 

components. In another diagram of transducer connection it is diffi¬ 

cult to avoid the influence of the change of contact resistances. 

Tensometric measurements in flight employ amplifying electronic 

equipment and oscillographs with highly sensitive loops. At present 

there exists a large variety of tensometerlc equipment. The equipment 

with amplifiers consists of a measuring bridge, electronic amplifier, 

power unit, and recording device, e.g., an oscillograph or magnetic 

recorder. 

A block diagram of a tensometric amplifier is shown In Fig. 10.4. 

The input on this diagram serves for connecting the external half¬ 

bridge from the transducers, which together with the internal resis¬ 

tances from the measuring bridge. The inputs usually have balancing 

attachments for balancing the stress components of the measuring 

bridge. From the input a modulated signal proceeds to the control 

grid jf the voltage amplifier stage. Usually every measuring channel 

has several amplifier stages. Output stages are power amplifiers 

(during recordln*’ on an oscillcrraph loop), A phase-sensitive detector 
M * 

serves for demodulation of the amplified modulated signal. Signals 



.» recorded with the help of « loop, the devl.tions of which arc 

recorded on the photographic fil» of the oscillograph or another 

recorder. 

Fig. 10.4. Block diagram of 
equipment with amplifier. 

tensometric 

Highly sensitive loops permit the use of equipment with limiting 

small dimensions. But such loops have a small working frequency 

range. Usually the working frequency range of an entire tensometric 

channel Is detemlned by the frequency-response curve of the oscll- 

lograph loop. 

Different types of tensometric equipment for the most part have 

from 4 to 3 channels for simultaneous measurement. With a large 

quantity of channels the dimensions of the equipment are Increased 

and it frequently is difficult to Install on a flight vehicle. 

The equipment has several stages of sensitivity and ranges of 

measured aspect ratios. Such ranges are from 2 to 8. During the 

measurements, depending upon the magnitude of m asured stresses 

(forces), this permits the sensitivity of the equipment to be changed 

and the necessary scale of recording of signals to be obtained. 

The advantages of tensometric amplifiers Include: 
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a) measurement with sufficient accuracy of small aspect ratios 

(0.1—0,2*10 4) and variable stresses with great frequency of change; 

b) decrease of quantity of ^lu-d transducers in connection with 

the application of half-bridees; 

c) simplification of calibration, since it can be do*te with small 

loads with large amplification of the equipment. 

Along with this, tensometric amplifiers have deficiencies, in¬ 

cluding their relatively large dimensions, great sensitivity to ex¬ 

ternal interferences (which requires more thorough shielding of wires 

and insulation of strain gauges), and the continuous heating of the 

equipment for stabilization of electrical zero. 

Oscillographs with highly sensitive loops possess a number of 

advantages as compared to electronic amplifiers. Their application 

reduces the overall dimensions of equipment and lowers the sensitivity 

to external interferences. However, highly sensitive loops have a 

limited working frequency range near 0 to 40 oscillations per second, 

a relatively email sensitivity of the measuring circuit, and insuf¬ 

ficient stability of loops during the action of high accelerations 

in flight. 

Selection of equipment for measurements is deterained by the 

possibility of its installation (with respect to dimensions) on the 

investigated object and the frequency range of the investigated pro¬ 

cesses. For high-frequency procecses (more than 50-30 oscillnticns 

per second) equipment with highly sensitive loops should be employed 

only after an appropriate check. 

Calibration of strain measurement equipment is executed in the 

laboratory with the help of a apodal calibration beam of equal re¬ 

sistance or with the help of an aspect ratio equivalent to the full 
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range of aspect ratios expected during neasurenent. Calibration is 

usually conducted before installation of equipment on the object and 

after termination of measurements and removal from the object. In 

necessary cases control calibrations are conducted directly on the 

object «ith the help of portable calibration devices. 

The problem of calibration of tensometric equipment with respect 

to stresses consists in obtaining a graph of the dependence of the 

ordinate of the recording on photographic film of an oscillograph 

or on another recorder on the aspect ratio of the structural material. 

For this, strain gauges, which are glued to the calibration beam, are 

connected to the equipment, then the be« is loaded «d signal, are re 

corded. Thu. a number of measurements are obtained with defined loads 

on the beam. The dependence of the aspect ratio cf the beam on the 

load It known beforehand. 

Strcat In kt/mt 

Fig. 10.5. Typical call, 
bratlon graph of ten- 
soaetrlc equipment. 

waxioraiion is accomplished with 

various sensitivities of the equipment 

(for equipment with amplifiers); the strain 

gauges during calibration and tests have 

to be of the same type. As a result of 

calibration, calibration graphs are ob¬ 

tained for tensometric equipment depen¬ 

ding upon the aspect ratio e or stress o 

(Fig. 10.5). The calibration coefficient 

Of the equipment with respect to aspect ratio is determined by the 

formula 

*-■5. (10.3) 

where Ah is the deviation of the recording line in ». 

Strain gauges can be glued to components that are made from 
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different materials. The calibration coefficient for stresses is 

detenlned from the following relationships: 

if 
9 

kg/mm 
mm (10.4) 

where E is the elastic modulus of the material. 

Inasmuch as th characteristics of the equipment within the limits 

of the ranges of measurements are u- .-.1 : y linear, coefficients k and 
c. 

k0 are constants. 

In calibration, along with obtaining calibration coefficients 

there is a final check o'* the equipment and measuring circuit before 

carrying out the measurements. 

It is necessary to consider that in flight while carrying out 

measurements the amplification factor of the tensometric equipment 

can change in defined limits. The causes of instability of the 

amplification factor o the equipment are connected with the defined 

Instability of the supply voltage of the equipment, with the influence 

of ambient temperature, which can essentially change in flight, and 

also with the influence of a number of other factors, which are diffi¬ 

cult to consider precisely. For calculation of the possible change 

of amplification of the equipment during measurements the calibration 

signal is recordea, the magnitude of which corresponds to a definite 

magnitude of unbalance of the measuring bridge, i.e., definite mag¬ 

nitude cca^. The equipment anticipates devices for supply of the 

calibration signal from the generator of carrier frequency. According 

to the changes of the recording scale of the calibration signal, which 

is accomplished in flight during measurements and in the laboratory 

during calibration, the change of the amplification factor of the 

equipment is considered. In the absence of a device for supplying 
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the calibrated signal, for Instance, with the use of DC swasurlng 

circuits without an anpllfier, on on oscillograph (recorder) record¬ 

ings are nade of the supply source stresses. Such recording also 

■akes It possible to consider the changes in sensitivity of the 

equipment, which Increases the accuracy of measurements. 

Equipment for Measurements of Oscillations and Overloads 

In connection with the study of dangerous oscillations (buf¬ 

feting, flutter) and motor vibrations, the ISJO's saw the development 

of aircraft vibration-measuring equipment, which began to be widely 

used in flying tests. 

At present there exists a largo quantity of types and designs 

of vibration-measuring equipment. Let us consider the basic char¬ 

acteristics of certain types of this equipment. 

Principles of action of Instruments for measurement of oscll. 

iStlons (overloads). The basic elements of any Instrument for mea¬ 

surement of oscillations or overloads is the transducer which "mea- 

•ures- oscillations (overload). The sensing element of such a trans¬ 

ducer is a seismic mass which is suspended on an elastic spring (see 

Pig. 3.3b). 

»br a transducer the motion of the point of the structure where 

it is attached 1. assigned. The body of the trans lucer moves together 

with the flight vehicle, and the motion of the mass of the sensing 

device, with respect to the booy of the transducer, measured in the 

appropriate way, gives Information about the parameters of oscillatory 

motion of the structure in the place of installation of the transducer. 

For the solution of practical problems In most cases it is 

sufficient to know the frequencies, amplitudes of displacements of 

oscillatory motion of the structure, and amplitudes cf accelerations 
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(overloads), which appear In flight. The problem of measurement con 

slats In ensuring tl*at the readings of the transducer (relative 

■otlon of the mass of the sensing device) are In proportion to the 

measured parameter. If the readings of the transducer are 

(10.5) 

tilimim i Is the motion of the transducer body, the transducer 

measures displacements during oscillations. Such a transducer Is 

called a vibrómeter, ir 1 a transducer with an attachment for record¬ 

ing Is Known as a vibrograph. If the transducer readings are 

#10-1«. (10.6) 

the transducer m. asures speeds during oscillations. Such a trans¬ 

ducer is called a velocimeter. And finally. If proportionality Is 

observed 

#<0-1(4 (10.7) 

the transducer measures accelerations (overloads) during oscillations. 

Transducers which are founded on the principle of measurement of 

acceleration are called accelerometers, and special self-recording 

Instruments for measurement of overloads are designated as overload 

recorders. 

It It necessary to note that this classification is conditional, 

tlnce contemporary measuring equipment employs the conversion of 

mechanical oscillations of transducers Into electrical or other mag¬ 

nitudes, which then can be integrated or differentiated, and the final 

recording on the recording Instrument can be other than that Indicated 

above. 
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The principle* of work of seismic instrusents can be completely 

.«Plelned on the b.sl. of the theory of o.cliation. of linear systems 

*lth one degree of freedom. Detaching ourselves from the methods of 

recording the readings of transducers of seismic Instruments, we shall 
consider their work. 

at us assume that on a transducer (see Fig. JJb) there acts m 

harmonic perturbation, whereupon the body of the transducer move, 
according to the law 

10-1,11.-1 .(10.8) 

In this case the equation of relative motion of the seismic »as. of 

the transducer coincides i„ form with equation (3.51). and its solu¬ 

tion coincide, with solution (3.56). If i„ fornula (3.56) both parts 

are divided by t0, we will obtain the expression 

ft—A 
(10.5) 

«hich 1. analogous to expression (3.39) for the dynamic coefficient. 

The magnitude k is called the sensitivity factor of the transducer 

and constitutes an increase in the amplitude of oscillations of Its 

seismic mass as compared to the amplitude of oscillations of the 
transducer body. 

The coefficient of sensitivity k (10.9) differs from the dynamic 
coefficient X (3.39) by the factor q2¡ 

. (10.10) 

The dependence of the coefficient of sensitivity on frequency is 

CaUei1 • ¿^wncvresoonse (Flg. It dlffcr( fr0B the 

analogous curve in Fig. 3.5 when a perturbing force 1. applied to 

513 



the mass of the system. 

• 0,02 

OJ 

lo,* 

1 i i 
•* i? V V V V m 
Fig, 10,6. Frequency-response 
curves of a vlbrometric trans¬ 
ducer. 

Frum the graph on Fig. 10.6 it 

is clear that when q » 1 the re¬ 

sponse curves converge to the value 

of k * 1. Consequently, at fre¬ 

quencies of oscillations, which are 

cons liier ab y larger than the natural 

frequency of the seismic element, 

the transducer measures displacements 

of oscillations. When q « 1 the 

transducer readings change approx- 

lately in proportion to the frequency squared, and consequently, it 

measures accéléré ions of oscillations, since the amplitude of accel- 

eratIon 

11.-4-¾ (10.11) 

Changes according to the same law with respect to q (Fig. 10.7). 

t Tiius, seismic transducers for mea¬ 

surement of oscillations may be classified 

In the following way, 

A Vibrometer is an instrument for the 

mea^ur ment of oscillations, whose natural 

Fig, 10,7. Frequency- * frequency of the seismic element is con- 
response curves of an 
accelerometer with slderably lower than the lowest frequency 
various damping (dotted 
curve is a parabola), of “easured oscillatory motion. 

An accelerometer is an Instrument for 

the measurement of accelerations, in which the natural frequency of 

the seismic element is considerably higher than the highest frequency 

of measured oscillations. 



The resonance region of the anplltude-response curve of a trans 

ducer 1. not co»only used for ne.sure-ent. due to the great depen¬ 

dence of Its reading, on the degree of damping. In accord«« with 
formula (3.40) 

Up»** 
t 

Taking into account that In man/ case, y strongly changes «1th the 

change of temperature, «d It depend, on other factors, which usually 

In ««urement. on flight vehicle, do not yield to exact calculation, 

the error, of measurements can be very large. The degree of approx- 

l-tlon the Wklr«’ frequency-response curves of transducers to the 

natural frequency depends on the permissible measuring error. 

In principle the same seismic Instrument can measure both dis¬ 

placements (in the right part of the frequency-response curve), «d 

aso acceleration, (in the extreme left part of the curve). In p,.c. 

tice, however, different Instrument, are used. Vibrometer, are de¬ 

signed for measurement of high-frequency oscillations, and accel¬ 

erometers for measurement of low-frequency oscillations. 

The necessity of different transducers for measurement of high- 

frequency «d low-frequency oscillation. 1. caused by the fact that 

one transducer cannot combine both function, without damage to the 
quality of measurements. 

Vibrometers, due to the low rigidity of their springs, can work ' 

only under condition, when the linear overload, which 1. acting on the 

transducer. Insignificantly differ, from unity (by not more ttun 

♦0.5). During large overloads the seismic mas. descend, to the base 

of the transducer and It ceases to function. Thus, Vibrometers on 

flight vehicles can be applied basically only In rectilinear flight 
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ar.d under conditions where the overloads, acting In the place of 

Installation of the transducer, insignificantly differ from the 

overloads In horizontal flight. 

Permissible operating frequency ranges of transducers. Beginning 

from q > ? (see Pig.10.6) the frequency-response curves straighten 

out and the relative oscillations of the seismic mass of a vlbrometer 

become practically equal to the oscillations of its base. This 

coincidence is more exact, the larger q. Deviation of the curve from 

* « 1 is greater, the nearer the resonance period Is to the natural 

frequency of the transducer. For practical problems a measuring 

error of amplitudes of oscillatiom. from 5 to 1JJC Is considered fully 

peimlsslble. This condition corresponds to the value of q » 2 to 3. 

This error can be decreased and even completely excluded if for every 

frequency of measured oscillations one considers the change of the 

coefficient of sensitivity k. Thus the vlbrometer measures oscil¬ 

lations with frequencies that are 2-3 times larger Its natural fre¬ 

quency. 

It Is necessary to note that damping hardly affects the vlbrom¬ 

eter readings. Therefore, Vibrometers are frequently constructed with¬ 

out damping. However, during the work of a vlbrometer there always are 

possible random perturbations (shocks), which cause natural oscil¬ 

lations of the seismic mass, building up on the forced oscillations. 

For decreasing the Influence of such perturbations and faster damping 

of natural oscillations damping is introduced Into the transducer. 

The readings of an accelerometric transducer within the limits 

of 0 < q < 0.5 practically do not depend on the degree of damping 

(see Pig. 10.7) and sufficiently accurately follow parabolic law, 

i.e., its readings are proportional to the effective acceleration. 

When q > 0,5 the readings of the accelerometrlc transducer to a strong 
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dagree dapand on during. Wth doping > . 0.6 to 0.7 the transducer 

readings sufficiently well approximate parabolic law up to the value 

of q - 0.7 to 0.8. Consequently. If the accelerometer has no damping, 

it can be applied for measurement of accelerations with frequencies 

from tero to half the natural frequency of the transducer. If the 

accelerometer receives damping, constituting O.6-O.7 critical, the 

wording frequency range of the transducer Is expanded to 0.7-0.8 of 

Its natural frequency. 

Depending upon the applied equipment with seismic transducers 

or the conditions of Its work, the recording of oscillations will be 

represented In a certain scale by a graph of the time change of dis¬ 

placement, speed, or acceleration of the Investigated oscillatory 

process. In all these cases the recording should satisfy conditions 

(10,5)-(10.7). This means that the frequency spectra of the re¬ 

cording and the Investigated oscillations should be Identical, the 

relationships of amplitudes of harmonic components of the recording 

and the Investigated oscillations should also be Identical, and there 

should be no phase distortions. The first two requirements are usually 

fulfilled If the vibration-measuring equipment works within the limits 

of the linearity of Its frequency and amplitude response curves. The 

last condition can be exactly carried out only In the full absence 

of resisting forces. However. In real measuring Instruments with 

damping y . 1.4, the phase shift of different harmonic components for 
values of q from 0 to 1 approximately follows the law (see Pig. 3.6) 

(10.12) 
where t Is the proportionality factor. 

Putting formula (10.12) for the 1-th harmonic component In the solu¬ 

tion of the motion equation of the transducer's seismic mass, In a 
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for» coincidlnc with expression (3.36), we obtain 

ft - fa sui (10.13) 

It follows from this that there Is a constant time shift of the 

recording with respect to the real process, which Is Immaterial. The 

magnitude of phase distortions is determined by the deviation of the 

phase response from a straight line, which la damping > « 0.6 to 1.0 

li* small. For the values uf ^ 1 there is a constant phase shift 

B (®ce Pig. 3*6), and phase distortions of the recording are 

Insignificant. In the majority of practical problems only the fre¬ 

quencies and amplitudes of oscillations are determined and the phases 

oscillation components do not have value. 

Measurement of displacements of oscillations. Frequencies and 

amplitudes of displacements are the basic parameters of an oscillatory 

process. 

The equation of motion of the seismic mass of a transducer under 

the action of oscillations of Its base (point of attachment of spring) 

has the form 

f(10.14) 

where £(t) (10.3) represents oscillations in the place of Installation 

of the transducer. 

Subsequently we will not make a distinction between the motion 

of the seismic mass of a transducer and the recording of this motion, 

since In virtue of the linearity of the frequency and amplitude re¬ 

sponse curves of the equipment they differ only In scale. 

Considering, for convenience of use, the coefficient of sen¬ 

sitivity to be equal to k - 1/k^ and constant, and considering (10,12), 

formula (3.56) may be reduced to the form 
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»“¿A «■<•/-4 (10.15) 

Fro. . coop.rl.on of fomui., (10.15) «d (10.8) it 1. clor th.t 

‘h* r*COrdln« of »•clllttlcn. jr(t) dlff.r. froo th. r..l pro«.. ?(t) 

by con.tant f.ctor 1A, «.d by ph... (th. Utt.r 1. loo.t.rl.1). 

lhU*' th* reCOnllnf ln * CerUln con.tltut.. . graph of o..„ur.d 

oadllatory motion. Th. .c«l. of th. recording (..n.ltlvlty of th. 

•qulpoent) c.n b. . fully defined con.tant, ... for .x.opl., ln Be. 

chanlcal «cord.r., or It can change m d.fl„.d ii.it. on th. de.lr. 

t th. .xperlaenter, a*, for .xaoipl., in electronic ylbratlon-n.a.urlng 
equipment. 

lh. «cale of th. rwordlng - th. co.fflcl.nt of ..naltlylty k - 

can b. calculated. Howey.r. ln pr.ctlc, lt l# d<t<by th# ^ 

•ult. of calibration of .qulpoent. Knowing th. co.fflcl.nt of .en.l- 

tlylty k,. on th. b.«l. of recording (10.15) It 1. ...y to determine 

th. aaplitud. of dl.pi.c.o.nt. of the lny..tlgat.d o.clliation. *0. 

During th. action of a combined perturbation on th. tran.duc.r 

a 

f f*). 

Formula (10.15) 1. reduced to th. form 

(10.16) 

<-• 1-1 
(10.17) 

wh.r. {Q1 and 
corim.pondlngly ar. th. joplltud. .nd ph... .ngi. 0f 

t?î.;rîh co???nent of the Inv..- 
tlgeted oecilletory procee*. 

Froo a coop.rl.on of formula. (10.17) and (10.16) It 1. 
clear thet 
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recording y(t) differ» from the Investigated process $(t) by the 

common constant factor lAa *nd by the phase shift of the harmonic 

components when q > 2 by magnitude n (for estimating the ampli¬ 

tudes and frequencies of oscillations the latter is immaterial). Thus, 

In this case the recording also differs from the measured oscillations 

only by scale. Knowing the coefficient of sensitivity it is easy 

to determine both the amplitudes o: ik» lacements of components of 

measured oscillations, i#nd also total displacement. 

Measurement of accelerations fcverloadsV In this case the 

acceleration of oscillatory motion of the point of spring suspension 
•• 

of the transducer Ç(t) Is given. Let us assume that «(t) as before 

la determined by formula (10.8). The amplitude of accaleratlon is 

equal to 

1.-¾. 

•men equation (10.14) can be written In the form 

(10.18) 

9 + ? Ay + l’y -• £, sin W (10.19) 

Expression (5.56) la the aolutlon of thia equation. The amplitude 

of forced oscillations Is 

r"7r~«VffY -• 

The coefficient of acceleration sensitivity 

4 _ I __ Jt _»_ I 

* % », . 

(iO.ÍO) 

(10.81) 

do.» not differ from the coefficient (3.Î9) end it determine* 
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the frequency-reeponae ecceleretlon curre (eee Fl«.3.5). The phase 

response of acceleration coincides with the phase response of dis. 

placament (... F1«. 3.6). In the measurement of accelerations, just 

« in the measurement of displacements, the phase distortion. In 

recordings are immaterial. 

Assuming, a. before, that the ».lue of y(t) correspond, to the 

recording of the Instrument, the conclusion cm be mad. that the re¬ 

cording in a certain scale represent, a graph of the measured acc.l- 

erations 

(1-1.28) 

where coefficient kj ha. th. »alue of (10.21). « cm be calculated 

or determined by the «suit, of calibration. Knowing coefficient k . 

It la easy to determine acceleration on the basis of the recording ^ 

of ths instrument. 

in case of complex measured oscillation the motion of the seismic 

mass gf the transducer Is determined by the formula 

(10.23) 

The recording of acceleration, of complex oscillation, has the 

.am. frequency spectrum a. the measured oscillation, themsei»,,. 

Amplitude, of sinusoidal component, of the recording, .. may b. .eon 

fro. the structure of coefficient (10.21). are directly proportional to 

th. square of the frequency of corresponding component, of measured 

oscillations at Identical amplitudes. Knowing coefficient k . 1A . 

on the basis of th. recording on. can determine the amplitud« of ^ 

accelerations of th. oscillation co^onsnt. or total acc.i.ratlon in 

any moment of time by slmpi. multiplication of th. ordinate of th. 
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recording by coefficient k.. 

Meeeurement of overloads in principle does not differ at all from 

measurement of accelerations. 

Measurement of speed of oscillations. Py itself the speed of 

oeclliatione usually is of no interest and is rarely determined in 

practice. However, the recording of speed of oscillations as a method 

for extensive manifestation of the peculiarities of oscillations during 

flying tests is applied frequently. 

The advantages of a recording of the apee! of oscillations are 

evident from the following example. Let ua assume that s transducer 

la influenced by complex oaclllations with the frequencies and ampli¬ 

tudes shown in Table 10.1. The oaclllations approximately with auch 

parameters correspond to real onaa (for instance, on passenger turbo¬ 

prop aircraft). Let us assume that diaplacementa, speeds, and accel¬ 

eration» of oscillation* are conaecutively recorded. We ahall then 

consider that the equipment does not have phase distortion«, and ita 

amplitude end frequency-response curves are linear. Then the inves¬ 

tigated oscillations will be completely reproduced on the recording 

in certain scale. 

Such a recording, for the example given in fable 10.1, la thown in 
Fig. 10,8, 



* 

* 

For the considered example the ampli¬ 

tudes of displacements of high-frequency 

and low-frequency oscillations differ by 

250 times, and the amplitudes accelerations 

fey 6<?,5 times. Such recordings present 

difficulties during processing If It Is 

necessary to determine the frequencies and 

amplitudes of all oscillation components. 

At the same time, in the recording of 

speeds, oscillations with different fre- 

Fig. 10.8. Graphs of 
displacements y, speeds 
y# and accelerations ÿ 

« of the same oscillâtoiy 
motion {illustration to 
Table 10.1). 1) compo¬ 
site graph of oscilla¬ 
tions with frequencies 
of 2, 10, and 50 oscil- 

• lations per second; 2) 
composite graph of os¬ 
cillations with fre¬ 
quencies of 2 and 10 
oscillations per second; 
3) graph of oscillations 
with frequency of ¿ os¬ 
cillations per second. 

quencies are obtained equally as well. 

Therefore, in the study of complex oscil¬ 

lations it is frequently useful to re¬ 

cord the speeds, inasmuch as it is possible, 

without extra effort, to determine all 

components of complex oscillations on the 

basis of the recording. 

Transducers for Measurement of 
Oscillations and Overloads 

The basic types of transducers for 

measurement of oscillations are accelerometric and vibrometric trans- 

ducers. Instruments for sieasurement of overloads have as their basic 

sensing device an acceleronetric unit whose readings are appropriately 

recorded by a device which is incorporated in the Instrusant's design. 

Instruments for measurement of oscillations and overloads can be 

mechanical and electrical. In the last case for measurement of over- 

loads vibration-measuring equipment with accelerometric transducers 
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is used. 

Electrical systems for measurement of oscillations and overloads 

possess a number advnntacoc ^vor mechanical instruments. Electrical 

systems permit simultaneous measurement and recording on one photo¬ 

graphic film of parameters of oscillations in large quantity of points 

of a structure, and they allow remote-control measurement. Further¬ 

more, along with recording of oscillations and overloads, the same 

film can be used to record other parameters which are necessary for 

subsequent analysis of the Investigated phenomenon. 

The measurement of oscillations and overloads by electrical 

methods requires appropriate transducers which convert the mechanical 

oscillatory motions of the seismic mass of the transducer into an 

electrical signal that is convenient for measurement. The broadest 

application has been found by magnetoelectric, electromagnetic, 

piezoelectric, and ohmic systems of conversion. 

The magnetoelectric system of conversion 

uses the phenomenon of electromagnetic induction. 

In transducers which are built according to this 

principle (Fig. 10.$) the mass of the seismic 

element consists of a magnet 1 which is attached 

to springs 2 and us in the direction of axis 

3. The body of the transducer 4 has a built-in 

wire coll 5. During oscillations the magnet 

moves with respect to the coll and Induces e.m.f. 

Into It, which Is proportional to the rate of 

motion: 

E-ÄVilaf. (10.24) 

Fig. 10.9. Di¬ 
agram of a mag¬ 
ne toe le: trie (In¬ 
ductive vlbrom- 
etrlc transducer. 
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«her» B 1« the magnetle induction of the field; 

* “ « ÄiÄÄ““or ■" “• 
I 1» the overall length of the conductor» 

V U (to 0f th? C0ndUCt0r ln the magnetic field 
of the transducer1? I’y )1 t0 th* ,p**d of th# "'•as 

The aagnetoelectrlc system of conversion is widely applied in 

vibrometric transducers. These transducers have a rather low fre- 

quency of natural oscillations near 4-7 oscillation, per second and 

they ensure measurement of oscillations with frequencies from 10-12 

to J00-5O0 oscillations per second. Transducers of this type can 

work with corresponding amplifiers, integrators, and differentiators. 

case it is possible (at the desire of the operator) to r»cord 

displacements, speeds, or accelerations of the oscillatory process. 

In the presence of loops in the oscillograph with sensitivity 15-20 

mm/ma such transducers can be employed without an amplifier by con¬ 

necting them directly to the oscillograph. In this case the speed of 

the oscillatory process will be recorded. In the use of integrating 

loops the recording of readings of the transducer on an oscillograph 

is a recording of displacements in a defined scale. 

The application of transducers without an amplifier has an Im¬ 

port«* advantage, since the dimension, of the equipment are sharply 
decreased. 

— e*-ectromagnetic system of conversion of mechanical ngMn.- 

tlona into an electrical signal uses an Interconnection between the 

change in the magnitude of the magnetic flux in the magnetic circuit 

•nd the magnitude of inductance of coll 5. inside which there passes 

a magnetic flux (Fig. 10.10). The magnetic circuit is carried out 

to the form of an iron core 6 which has an air clearance. The 
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permeability of iron is 500-6OO times more than that of air. There¬ 

fore« the main part of the resistance 

of the magnetic circuit is obtained 

at the expense of the air clearance. 

Inductance of the coil with iron core 

varies in inverse proportion to the 

magnitude of the air clearance. 

The change in conductivity of 

the magnetic circuit is attained by 

the introduction of iron plates 3 and 

4 into the air clearance. ‘These plates 

and spring 1, on which they are sus¬ 

pended« constitute the sensing device 

of the transducer. The seismic mass 

in this case consists of the iron plates. During oscillatory motion 

of the transducer, frame 2 moves with the plates, and in coil 5 the 

modulated voltage varies in proportion to movements of the frame. 

Separate inductive colls are connected in the circuit of the AC mea¬ 

suring bridge. One or two arms are in the transducer ani the others 

are inside the electronic amplifier. The signals, taken from the 

measuring diagonal of the bridge, are fed to the inlet of the elec¬ 

tronic amplifier. 

« .* 
taatlit*' jrstta 

Fig. 10.10. Electromagnetic 
accélérons trie transducer. 

The electromagnetic systems of conversion is widely used for 

accelerometrlc transducers with natural frequency of sensing device 

40-1000 oscillations per second. Electromagnetic transducers in 

defined limits are insensitive to the change of ambient temperature. 

Damping in transducers with natural frequency to 100 oscillations 

per second is carried out by vortex currents which are Induced into 

the lower part of frame 8 during its oscillations around constant 
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■•enets c with pjte piece* 7. The electronaenetlc field, appearing 

from this current and Interacting with the constant magnetic field of 

the transducer, creates a resisting force to the free oscillations 

of the frame. 

Electromagnetic accexerometrlc transducers permit the measurement 

of oscillations and overloads with frequency to 0.7-0.8 of the 

natural frequency of the transducer. 

The piezoelectric system of conversion uses the properties of 

certain substances to create electrical charges during deformations. 

For this, plates are usually employed that are made from quarta 

crystals or artificially prepared sensing devices made from barium 

tltanate. The magnitude of the charge, taken from the sensing device, 

is very small, and therefore for decreasing the Influence of leakage 

of charges near the transducer a cathode follower Is usually Installed. 

Transducers with piezoelectric sensing devices are usually of 

the accelerometrlc type with sufficiently great natural frequency 

(in certain cases over 10.000 oscillations per second). Due to this, 

the sensitivity of such transducers to oscillations with low frequency 

is lowered. Piezoelectric transducers have small dimensions and 

weight. Their shortcoming Is the Increased sensitivity to changes of 

external conditions (humidity, temperature). 

The ohmic system of conversion usos an ordinary strain gauge 

which Is glued to a laminar spring. A seismic mass Is attached to 

the spring. The deformations of such a sensing device are In propor¬ 

tion to the amplitudes of oscillations of the seismic mass. A signal, 

taken from the strain gauge. Is fed to the conventional tensometric 

equipment. 
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Vibrâtlon*Meaiuring Equipment 

The power of »IgnaX« from electrical transducers Is frequently 

Inaufflclent for mebsurement with the help of loop» of magnetoeletrlc 

oscillographs. Putheremore, In the neasurements It Is frequently 

necessary to Integrate or differentiate signals from transducers. 

Therefore vibration-measuring equipment includes electronic amplifiers. 

Integrators, and differentiators. Electronic amplifiers of vitiation 

equipment In principle do net at all differ from amplifiers of strain 

measurement equipment, but Include blocks of integration and differ¬ 

entiation. 

The block diagram of an amplifier of vibration-measuring equip¬ 

ment with electromagnetic transducers of the accelerometric type is 

shown in Fig. 10.11. Amplification is produced on the carrier fre- 

Fig. 10.11. Block diagram of vibration¬ 
measuring equipment with electromagnetic 
transducers. 

amplification factor. After several voltage 

quency. The input 

•ervea for balancing 

of the meaauring cir¬ 

cuit of the AC bridge. 

Two arms of the mea¬ 

suring bridge are in 

the transducer and the 

two others are in the 

amplifier. Amplifiers 

have a regulating de¬ 

vice for changing the 

amplifier stages the 

signal enters the power amplifier and phase sensitive detector. 

Further, this signal can be fed to the oscillograph loop. In thla 

cate the recording in a certain acale represents s graphic of the 

change of acceleration (overload) in time. Upon necessity the signs! 
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can be fed to the Integrating caecedee. After Integration and ad¬ 

ditional power amplification the algnal 1. fed to the oeelllograph 

loop. In thla caee. In a single Integration the recording consti¬ 

tute. a graph of the change of the speed of oscillations, while In 

double Integration It represent, a graph of displacements. In . rt.ln 

case, for Integration there can be applied special Integrating os- 
cAllograph loop». • 

Mechanical Recorders of Oscillations and Overloads 

These Instruments use kinematic methods of Increasing displace- 

“*nt of th* nee<lle wi.lch records the oscillations, as compared to the 

notion of the mass of th. sensing device. Th. simplest method of 

euch an Increase la the use of a lever. The relation of the needle 

lever arm to the seismic mass lever arm characterized the Increase 

of amplitude of the recording as compared to the amplitude of oscil¬ 

lation. of the sensing device. Usually the transmission ratio In 

•uch in*tmoments composes a magnitude from 3 to 10. 

In mechanical .ecorder. the transducer, amplifier, and recording 

device are combined In one Instrument. Because of the pen-recording 

on paper (stencil, blueprint) the usual development and proce.slng 

for electrical systems of measurement Is not required. 

The sensor of recorder, of oscillation. Is a transducer or the 

vlbrumetr.c type with a natural frequency of t-i oscillations per 

second. The range of frequencies of measured oscillations composes 

from 10-15 to 200-200 oscillations per second. 

Tne sensing device of recorders of overloads Is a transducer of 

the accelerometrlc type with a natural frequency freo î-io to 15 to 20 

oscillation, per second. Recorder, of overload, are dl.tlngulsned 

by th. range of measured overloads and by the system of recording. 
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Furthermore, they can be one-, two-, and three-component, and can 

measure overloads correspondingly In the direction of one, two, or 

thr«e coordinate axes of the instrument. 

Mrchanical recorders of oscillations and overloads have been 

applied for a very long time. There is large quantity of types and 

designs of such instruments. They are durable, reliable, and simple 

to operate, and therefore are presently in use. Recorders of oscil¬ 

lât! ns are used basically for control measurements In separate 

structural points os aircraft ani helicopters. 

For measurements on transport aircraft we frequently find the 

use of mechanical instruments, i.e., vlbroprobes. The sensing device 

of this instrument la pressed to the vibrating aurface. An estimate 

of the magnitude of amplitudes of oscillations is produced on the 

*'-ale oi tue instrument or on a tape recording. 

Calibration of Equipment for Measurement of 
Oscillations and Overloads 

The basic problem of calibration is the ottalnment of coefficient 

for transition from recording to the parameters of the investigated 

process. Within the limits of the linearity of work of the equipment 

these coefficients determine the recording scale of the investigated 

motion. 

Calibration or vlbratlon-meaaurlng equipment utilize, a »pedal 

calibration stand, on which It Is possible to create sinusoidal oa- 

oUlat.:ry motion with different frequency and amplitude. Calibration 

1» produced In tne following way. Transducers are rigidly mounted 

on the platform of the calibration stand and connected to the channels 

of equipment and osclllot-raph to which they will be connected during 

the measurements. The range of revolution» (frequencies of oacIlla¬ 

tions) of the stand and the amplitudes of oscillations of Its platform 
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.hould correipond to th. expected frequencle. end amplitude, of the 

Investigated oscillations of the flight vehicle structure. Then a 

series of recordings of transducer signals are made at fixed révolu- 

tlon» of the calibration atand. 

Calibration coefficient« are detemined according to the following 

formula« s 

1. In the recording of displacement* 

'•-û 

2. In the recording of speed 

4,-/l._22@L 
^ v t* * 

3. In the recording of acceleration (overload) 

(10.25) 

(10.2() 

f 
(10.2/) 

Formulas (10.25) - (10.2,-) contain the following designation.! 

“ ' bmioHt^d0"™?“'" of the plutfom or the 'll- 

f bratio^ït«1 Pilfor« of the cali¬ 
bration stand In oscillations per second; 

“ " ÄÄ“$ic?f 0,ollutlOB*of the of 

“cal “ tMeef of calibration recording of oscillations In mm. 

Calibration of overload recorder. Is carried out on centrifuges. 

For these Instruments, which frequently do not have optimum duping, 

it 1. wry Important to determine th. dynulc coefficient snd thereby 

establish the limit of applicability of every Instrument with respect 

to frequency. Such a check can be produced on th. calibration stands. 1 

t 
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which are used for calibration of vibration-measuring equipment, and 

on «pedal stands for dynamic calibration of overload recorders, 

whicn make It possible to simulate single forces of small duration 

with different chance of their magnitude in time. The range of mag¬ 

nitudes of measured overloads, the natural frequency, and the dynamic 

response of an Instrument usually are Indicated In the log book of 

every overload recorder. 

Thermomeas»ring Equipment 

The registration of temperatures of a structure in different 

points employs thermoneasurlng equipment. Such equipment consists 

of transducers, whicn are Intended for measurement o: temperatures, 

an amplifier and a converter, plus switching and recording equ'pment. 

The transducers in the thermomeasuring equipment are thermocouples 

and film resistance transducers. 

Measurement of temperatures with the help of thermo.-ouples is 

based on thermoelectric effect. This consists in the fact that in a 

closed electrical circuit, which is composes of various materials, 

tnere appears electromotive force under the condition that in the 

places of contacts different temperature is maintained. In this case 

the simplest electrical circuit from two various conductors carries 

the name of thermocouple. 

Thermoeloctromotive force (TEMF) depends not only on the tem¬ 

peratures of hot and cold Joints (places of conductor contacts), but 

also on the nature of the materials making up the thermocouple. The 

TEMF of a thermocouple does not change if the electrical circuit 

consecutively includes any quantity of other materials. However, It 

is then necessary to the observe condition that in the additional 

places of contacts a constant temperature is maintained. 
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Th. hot p.1,. of giving the blgge.t TEW, ar. Chromel- 

Cop.1 «d Chromel.Alur.el. The me..uri„g circuit of temperature with 

Joint 

Fig. 10.12. 
Measuring 
circuit of 
temperatures 
with the help 
of a thermo¬ 
couple and 
galvanometer. 

• the help of • thermocouple and galvanometer 1. »hown 

Fig. 10.12, Stabilisation of thermocouple reading. 

U attained by welding a :.ot Joint to a 10 x 10 mm 

copper plate. In turn the copper plate 1. attached 

to the aurface, the temperature which 1. mea.ured. 

In the Installation of thermocouple, the conductor, 

are thoroughly Isolated from each other and from the 

•tructure. For lowering heat withdrawal a wire 15 

to 20 mm in length 1. Inserted along an l.otherm, 

beginning from the hot Joint. 

In view of the complexity of Installation of a 

the necessity of a sufficiently reliable cold Joint, 

and other Inconveniences of work with thermocouples, 

resistance transducers began to be used (Fig. IO.15) 

for the measurement of temperature, of a structure 

In flight. The sensing device of the film resis¬ 

tance transducer Is a grid made from copper wire In 

Fig. 10.13. ^ lMul*tlon approximately 0.02 mm In dlam- 

fíSTresu-* *t*r* the copper wire, the sensing device 

K f~n'* U,e* nlckel wlrt* *"d in certain cases platinum. 

of'temper-1 The wlre grld of the tranjducer Is glued to a base, 

baïrSf trans- f°r lritttnct t0 thermorésistant film with a thickness 

p.r*wírej J)P‘ °f ‘bout 0'05 A* • ™le, such transducer, work 

tâchlng^òn- ln * rans* of temP«ratures from -60 to 250°C. The 

írí^ct1"^ err0r of the transduc.r 1. .bout 2%. 

Wlre' Transducers placed In a special body are also 

used. Resistance transducers In the form of a plate, 
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tube 9 or plug can be attached to different placea of the structure. 

Receivers of temperatures in the form of resistance transducers, 

placed in the body, can be used at higher temperatures. 

With an insufficiency of the thermotransducer signal amplifying 

equipment is used. The recording equipment employed for measurements 

of temperatures are ordinary loop oscillographs. Increase of the 

quantity of points of the structure, in which temperature is recorded, 

during work with oscillographs is attained by the use of switching 

devices. 

A schematic diagram of thermomeasuring equipment is shown in 

Fig. iO.it. Transducers are included in the arms of the aecsuring 

bridges, one of which consists 

of a receiver resistance and the 

other, a line wire and corre¬ 

sponding meter multiplier, while 

the third and fourth arms are 

formed by resistances R1 and Rg, 

which are common for each group 

(channel) of receivers. The 

bridge diagonal with the help of 

a third line wire is removed 

directly from the receiver. The 

latter excludes the error due to 

heating of the other two line 

wires which enter the bridge arms 

which are adjacent to the diagonal. Signals from diagonals of bridges 

are fed to the commutator, which in tum connects them at the ampli¬ 

fier input. Voltages of already direct current are taken from the 

amplifier output; tney ar: proportionate to the temperatures of the 
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Fig, 10,14, Schematic diagram of 
equipment for measurement of tem¬ 
peratures. ,»» - transducer, R,„„ - 
additional resistance, R1# ..7, 

Rc - resistance, 1 - tube, K - 

commutator. 



rccclvera. All receiver, ere united in group, which foi* channel, 

of atafurements• 

Calibration of theiwocouple« it uaually produced on aliened con¬ 

trol thermometer« or on the basis of known physical constantst the 

■elting point of snow (0°C), the boiling point of water at normal 

pressure (100°C)# the fusing point of sulfur (236°C). 

During calibration of theraomeasuring equipment with film resis¬ 

tance transducers the dependence between resistance of a transducer 

and ambient temperature is deterained in the beginning. This depen¬ 

dence, with sufficient accuracy, is described by the equation 

(10.28) 

where Itj is transducer resistance at temperature Tj 

is transducer resistance at 0°C; 

a« 1§ îhe genual coefficient of electrical resistance 
transducer wire; of 

During calibration the resistance transducers are glued to ma¬ 

terial which is analogous to the material of the object of measure¬ 

ments. Knowing the resistance of the transducer, which is glued to 

the object, at constant temperature and mean coefficient of electrical 

resistance for the given group of transducers, it is possible to 

construct a calibration curve. This curve Is used subsequently in 

deciphering the results of tests. After calibration of transducers 

calibration of the equipment itself is conducted by assigning corre¬ 

sponding changes of resistance in the bridge circuit. 

In measurements of non-stationary temperatures it is obligatory 

to consider the thermal inertia of the transducers. The distinction 

of the transducer readings from the actual values of temperatures 



dependi on the itructural layout of the transducer mounting. The 

true values of temperature are obtained by introducing a corre¬ 

sponding .correction into the results of measurements. This correction 

is deterained from the relationship 

where k is the time delay constant of the transducer; it depends on 

the design of the transducer, the material of the sensing device, 

and the coeflicient of heat radiation of flow. 

Magnitud« k is deterained by means of processing the recording 

change of temperature of standard and test trsunsducers in 

time. 

10*2« Laboratory Tests of Aircraft Structures 

Static Tests of Aircraft Structures 

Static tests are a basic means for controlling the strength of 

airplane designs, for checking the methods of calculation, for selec¬ 

ting a rational type of design, and for giving it the necessary 

strength. 

Static tests of elements and models of structures. In the 

process of designing a flight vehicle, static tests are conducted on 

a large number of separate supporting structural members. Such tests 

definitise the constructive solution of a given supporting member 

which is brought to the necessary strength, and the tests definitise 

the method of its strength analysis. Separate tests are usually con¬ 

ducted on rods, camples of panels, spars and stringers, attachment 

Joints, and so forth. 

Por a more precise definition of the method of calculation and 



»•lection of an optlnum con»tructlve solution structural models are 

sometimes tested. 

The models are made with full similarity to the original with 

respect to geometric shape and applied materials. Sometimes models 

ara prepared with fulfillment of only the basic supporting members. 

Static tests of full-scale assemblies of airplane design«, this 

form of testing was Introduced for the first time In the practice of 

aircraft building in 1910-1912. At present, static tests of full- 

scale assemblies are the most wide-spread experimental method of 

checking the strength of a structure. 

In principle, static tests are a check of strength analysis. 

The structure Is loaded with approximately the same loads which were 

accepted during calculation. 

In serial production of flight vehicles static tests are a check 

of the confomity of their strength to a standard cample (experimental 

model). 

The basic deficiency of static tests Is the Incomplete confomity 

of load distribution of the design to the actual conditions of loading 

In flight. In particular, large difficulties- are presented by the 

calculation of the influence of deformations on the distribution of 

the aerodynamic load. For the majority of calculation cases the 

dynamic load is replaced by a static load, which distorts the char¬ 

acter of application of the loads. Furthemore, It Is impossible to 

correctly calculate the Influence of local skin damages on the change 

of aerodynamic forces and the character of destruction of the »true- 

ture. 

For a long time loading of a atructure during atatic teata waa 

produced with aacka of aand or ahot. Subaequently loading began to 

be done with the help of hydraulic or electrical power-excitera with 
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th* application of a lover system which permits cariying out distri¬ 

bution of total load on the structure (10.15). Aerodynamic load is 

applied to the surface 

of an assembly through 

canvas straps or rubber 

washers which are glued 

to the surface of the 

aircraft. In static 

tests on the whole the 

aircraft is in a sus¬ 

pended state under the 

action of mutually 

Pig. 10.15. Diagram of static tests of an balanced loads (see 
aircraft. 

Fig. 10.15), Separate 

parts of the aircraft 

can be attached to atanda or aupport columna during tcata (Fig. 10.16). 

Slmultaneoualy with the nan* 

Ifestation of carrying capacity of 

structures while carrying out static 

tests» the stresses in different 

points of the structure and its 

rigidity are detemlned. Deforma¬ 

tions of the structure are measured 

by rods which are suspended from 

it, and by a level. Stresses are 

measured basically with the help 

vira .train gauge» (up to aeveral thousand wire atraln gauge* are 

InataUed). The reglatratlon of algnala from atraln gauge* employ* 
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tmaooetrlc «quipment with tutonatlo twitching to 100 and more strain 

gauges and with autonatlc recording on paper In the form of graphe 

of tne dependence of deformatIona on load or In the for* of tablea. 

Before the proof (exaninatlon) test the structure Is ’stretched," 

i.e., the entire system is checked up to a load that la equal to *0-50* 

of the rated load. After the "stretching" stage-by-stage (through 

10* of the rated load) loading la accomplished to a load equal to 6/* 

of the rated load. For uniform loading of a large quantity of struc¬ 

tural pointa automatic programing devices can be applied for con- 

trolling th« power-exciter«. 

On every stage stress and strain Is aeasured. For manifestation 

of stresses, which considerably exceed the stresses corresponding to 

those rated for a given stage of loading, the tests are continued 

“d the of their appearance Is clarified. Upon necessity, local 

reinforcement of the «tructure 1« accompllfhed. 

During the tests they thoroughly deck for penument deformations, 

local loss of stability of skin and structural elements, and so forth. 

Wien there are considerable deformations the tests stop, the cause 

of the appearance of these deformations Is cleared up, and the struc¬ 

ture Is reinforced. 

After achievement o' a load, equal to t¡% of rated, the struc¬ 

ture Is unloaded to the primary state. A thorough check Is then 

made on the state of the structure and permanent deformations are 

examined In detail, if local and general permanent deformations do 

not exceed permissible values, the static tests are continued until 

achievement of the rated load. 

Testing to destruction for the purpose of finding the actual 

•afety factors Is conducted for a rated case which corresponds to the 
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Flg* 10.17. Results of static 
tests. - components, — full- 
scale assemblies. 

load of the structure. 

During static tests of experimental structures a considerable 

Purt of the structures is destroyed under a load less than 100* of 

rated. According to British in¬ 

vestigations, in which 67 tests 

of full-scale assemblies and 100 

tests of components (elements) 

of airplane designs were gener¬ 

alised, 20* of the full-scale 

assemblies are destroyed under a 

load less than the maximum oper¬ 

ational and 55* under a load less 

than 95* of rated. Combined data 

on these tests ere shown In Pig. 10.W. These date show that In spite 

of the great experience of aircraft construction plants and the de- 

velopment of rethods of strength analysis, static tests are necessary 

for control and finishing the strength of aircraft structures. 

Pile-Driver Tests of Aircraft Structures 

During landing, the structure of a flight vehicle should perceive 

a definite magnitude of kinetic energy without damages. Por checking 

the shock-absorption, a landing gear strut, which is loaded by part 

of the weight of the aircraft. Is dropped on a pile-driver (Pig. 

10.18). Drop height Is determined proceeding from the magnitude of 

absorbed energyt 

*—^*+<*+*>«*. (10.29) 

where a and 0 correspondingly are the mass and weight of the leadj 

sto 



* 

S##,' 

k it the coefficient of load decrease of an aircraft wing 
during the drop (it characterised the decrease of 
wing lift during landing); 

h is the movement of the shock-absorber; 
* 

6 is the magnitude of pressure in the pneumatic tire. 

During free fall the drop height is 

it 
U 

(10,30) 

From expression (iO.29) we obtain 

(10.31) 

Placing this expression in formula 

(10.30), we determine 

(10.52) 

’77777777777777777Ï77777777. 

Fig. IO.I8. Diagram of *“ 
pile-driver installation. 
1) load; 2) slide wire 
for recording the move¬ 
ments of the center of 
gravity of dropped load; 
3) slide wire for record¬ 
ing the process of shock- 
absorption. 4) hydraulic 

dynamometer. 

For reproduction of frontal loads 

on a strut -nay sometimes employ a drop 

to a slanted surface. In this case the 

frontal load is 

where a is the angle of inclination of 
the support surface. 

A more exact simulation of frontal 

loads can be attained by dropping a strut on a movable support (drum) 

which has a speed that equal to the landing speed of an aircraft. 

The preliminary acceleration of the wheels before the drop can also 

be used for this purpose. 

In the drop of landing gear on a pile-driver the movement of the 
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shock-absorber, the pneumatic tire pressure, the reaction of the 

strut to the support, the forces and stresses in the basic elements 

of the landing gear, and other parameters are measured and recorded 

by oscillograph; These measurements can subsequently be used for 

calibration of transducers of forces and movements for a flight ex¬ 

periment. 

Figure 10.19 shows the approximate fora of an oscillogram of the 

recording of support reaction and movement of a shock-absorber during 

tests of a strut on a pile-driver. 

Fig. 10.19. Diagram of 
the change of the support 
reaction and the move¬ 

ment of shock-absorption 
S during the drop of land¬ 
ing gear on a pile-driver. 

Fig. 10.20. Diagram of 
work of landing gear. 

- maximum work, 

Aop - operational work. 

The results of measurements during pile-driver tests are presented 

in the fora of a diagram (Fig. 10.20) and are compared with calcula¬ 

tion data. By means of introducing corresponding structural changes 

and repeated tests the characteristics of shock-absorption are brought 

to those required for normal operation. 

On an actual aircraft kinetic energy is perceived not only by 

shock-absorbers and pneumatic tires, but also by the aircraft struc¬ 

ture. For a more exact appraisal of the work of the landing of the 

landing gear and structure of an aircraft during landing, the whole 

aircraft is sometimes dropped from a given height. These tests 
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additionally measure forcee and stresses In the basic elements of 

the alrfreae structure, and also overloads In different parts of the 

aircraft (on the wing tips and empennage. In the nose and afterbodies, 

in the center of gravity of the aircraft, and so forth). 1» the drop! 

of the whole aircraft it 1. possible to e.tlnat. the dymualc coeffi¬ 

cients for Its basic assemblies during landing. 

For an appraisal of the perfonance characteristics of landing 

«ear and a check of the strength of it. structure, aultlple drop tests 

are employed. Periodically, In a certain number of drops, a diagram 

i! of work 1. made for checking the functioning of the shock-absorption 

system. On the basis of the number of drops, which the structure 

sustains. It Is possible to Judge the number of permissible takeoffs | 

tnd landing! In operation. 

Kxpe rlmental De terminâtIon of «aturai Prequencie. 
and Foma of Oacillation* 

Ivery flight vehicle undergoes frequency (resonance) tests for 

detemining It. natural frequencies «d foms of oscillations. Such 

test, are conducted so that by me», of comparison of experimentally 

detemined frequencies and form, of natural oscillation, with rated 

one. the calculation, of flutter and dynamic loading of a structure 

are refined. 

The method of frequency testing consists In the fact that to 

the flight vehicle or a separate part of It there Is applied an ex¬ 

ternal perturbation, the frequency of which can be changed at the 

desire of the operator, upon coincidence of one of the frequencies 

of natural oscillation, of the structure with the frequency of the 

perturbing force, there appears resonance which Is determined by the 

•harp increase of amplitude, of oscillations. Frequency and fom of 

osculation, during resonance are taken as the natural frequency and 
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fora of oscillâtions of the structure. 

In general, the reaction cf a structure to an arbitrary perturb¬ 

ing force is a summation of a series of normal (natural) forms of 

oscillations of the structure. For Isolation of separate forms and 

frequencies It Is necessary to select the fora and place of applica¬ 

tion of the perturbing force. Usually a sinusoidal disturbance Is 

applied with a variable frequency. Analysis of the Influence of a 

sinusoidal perturbing force on an elastic structure shows that for 

the excitation of oscillations of corresponding form It Is necessary 

that with the equality of frequencies the amplitude of perturbing 

force In every point of the structure would be proportionate to the 

product of the amplitude of standardized initial fora and the reduced 

mass in this point. 

The excitation of oscillations on full-scale objects employs 

vibrators of several typest 

1) vibrator with revolving unbalanced load, which constitutes 

an unbalanced flywheel fastened to the structure and set into rotation 

by an elastic shaft; 

2) electromagnetic vibrator with generator of audio-frequencies. 

A sinusolially changing current in the vibrator windings excites a 

corresponding force in the structure. These vibrators are convenient 

to use in the electrical registration of structural movements; 

3) spring-eccentri- vibrator, in which one end of the spring is 

attached to the structure, and the other moves according to sinusoidal 

law. In this case the amplitude and phase of the perturbation depend 

on the relative displacement of the structure and the end of the 

spring, which is connected with the drive of motion. 

For excitation of oscillations of models air-jet vibrators can 

be applied in which the structure reflects pulsating air flows 



directed towards its opposite surfaces« 

During ln»tallatlon of a vibrator on a atruoiure It la neceaaary 

that Ita Data not be too great aa compared to the maaa of the atruc- 

ture. If the additional maaa compoaea aeveral percent of the local 

**** of th* htructure, ita Influence may be diaregarded. 

For determination of oaclllatlon forma of a atructure during 

frequency teata It la neceaaary to neaaure the amplitude of oacilla- 

tlona in a large quantity of aectlona during auatalned excitation at 

reaonance frequency. The meaaurement of amplltudea employa optical 

or electrical tranaducera. An optical tranaducer (vlbroacope) la 

made in the form of a mirror whoae angle of rotation 1* proportional 

to déplacement of the atructure. A beam of light, reflected from 

the fluctuating mirror on a aereen, given an Image of the amplitude 

of oacillatlona with a large Increaae. Thla method glvea a graphic 

Image of the diatrlbution of amplltudea in the atructure. 
» 

During the uae of electrical tranaducera obaervation la conducted 

on an oaclllograph aereen and recorded on photographic film. Appli¬ 

cation of electrical tranaducera peralta the complete automation of 

regiatratlon of the reaulta of frequency teata up to conatructlon of 

foras. 

Sometime, atrobo.coplc illuminating device, are applied for de¬ 

tailed atudy of oaclllatlon fora. 

With the appropriate vibrator parameter, one jan determine any 

quantity of frequencle. and foraa of natural oaclllatlon. of a atruc¬ 

ture. In practice we u.ually are limited to the determination of 

aeveral firat tone, of natural oaclllatlon. of the atructure or It. 

separate parts. 

During frequency teat. It 1. neceaaary to almulate the condition, 

of free flight. Thla require, auapenalon of the aircraft or another 
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flight vehicle on *oft iprinf« (rubber «hock absorbers), which are 

■ounted on the vehicle in sites of large loads. The natural fre¬ 

quency of the craft on the suspension should be considerably lower 

than the lowest natural frequency of elastic oscillations of the 

structure. During the analysis of results of frequency tests the 

influence of the suspension and vibrators on the natural modes of 

vibration of the structure are thoroughly analyzed. 

Tests of Elastic Models 

For checking theoretical calculations and developing new cal¬ 

culation methods in the area of aeroelasticity we find the wide 

application of tests of flight vehicle models. Models are prepared 

in different forms depending upon the type of tests. At present, 

models are used for investigations of flutter, reversal, the influence 

of gusts of bumpy air, loading during landing, and so forth. 

Models for investigations of flutter started to be applied in 

the 1950's. Models began to be used later for other problems of 

aeroelasticity. 

The main object of simulation is to obtain a similarity of the 

investigated phenomenon in flight to one reproduced in the laboratory. 

In this instance the selection of appropriate simulation scales and 

constructive fulfillment of the model is very important. 

The basis of selection of simulation scales Is the reduction of 

equations, which determine the given phenomenon, to dimensionless 

form. Typical dimensionless parameters in aerodynamics are elongation, 

Mach number, Reynolds number, given frequency, and so forth. 

In the reduction of an equation, which describes a physical 

phenomenon, to dimensionless form, it is always possible to decrease 

the number of independent dimensionless variables as compared to the 
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nuaber of Matured parameter». 

Introduction of dlmentionlett parameters into simulation has 

a number of advantages. First, the problem is conveniently formulated 

with • minimum «mount of variable, (parameter.) «d. .econdly, the 

dlmen.lonle.. equation doe. not depend on the .cale effect. The mag¬ 

nitude. of dlmen.lonle.. parameter, have to be identical for a full- 

•cale de.lgn and it. model. Thl. 1« fomilated in the n.theorem, 

which e.tabllahe. that if a phy.lcal phenomenon can be described by 

■sans of ths equation 

♦01» (10»35) 

(where n arguments include all basic magnitudes, derivatives, and 

measured constants, which must be considered in the problem), then 

equation (10.33) can be written in the form 

♦01»*4 (10,34) 

where 1^, tt2, n^, ..., represents (n-m) Independent combinations 

of arguments S2, ..., Sn. These combinations are dimensionless 

values with respect to 9 basic magnitudes. The form of these dimen¬ 

sionless values with respect to a basic magnitudes. The form of these 

dimensionless values of H can be determined, by expressing 8 through 

measures Plf ?2, ###, of a corresponding series of basic magnltules: 

(10.35) 

whera C 1. a dlmen.lonle.. number. 

Indice, kj are called the dimension of the derivative with re- 

•pect to ba.lc P1. For instance, through the baalc magnitude. - mas. 

h. length t, and time T - force F will be expressed in the form 
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The fonn of fl can alao be detemlned with the help of direct 

Inveatlgatlons and general conalderatlona. 

Aa an exaaple we ahall consider the problem of Investigation» 

with the help of a model of natural fora» and frequencies of a wing. 

Oscillations of the wing structure are described by the equation 

««/»rwr-s'-w/w-o. (10.36) 

where 

P«rt of the parameters may be expressed In standardised foras 

iw-i—m, 

■r «nd Jr are «»"«•Ponilnslytoe measure 1 m^itude of 

root*secu'"j “““nt °f ln#rtu ln th® 

*,(1) and Jjjfs) are standardised magnitudes which have values 
In the root section that are equal to uni- 
tyi 

on the wlngtlpj 

•(ï) Is the standardised fora of oscillations. 

Then equation (10.36) will take on the fora 

(10.3Í) 

The dimensions of parameters s, B. J,. p. and » .re comblnatlo, 

of three basic magnitudes, 1..., mas. M, length t. and time T. 

r-k 

*~T*. sl_~ML->. 
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1 

Parameter« JK(t). «„(«), wid «(«) «re dlmenalonle««. 

The meaaured parameter« can be combined in order to obtain a 

•«rles of diintniionle»» value» of the form 

-L ^ , #, -=, - — - »eral-»pan of wing) 

In virtue of the n-theorea the number of dlmenalonle«« parameter« 

are three unit« le«a than thoae measured, «Ince In our cate the 

dlmenalonle«« parameter« are combination, of the three baalc mag. 

nltudes• 

Then the dlmen.lonle.« fora of the motion equation (10.3/) take, 

on the form 

a 

1^7)^(7)^(^1^1^(7^(7)-01 (10.38) 

«here the prime« «Ignlfy the derivative with re«pcct to i. 

In thle caae the Independent parameter« are referred to the 

linear dlmen.lon t. time T. and ela.tlc modulu. B. During the con- 

«traction of a model the linear «cale ^ 1. determined by the dimen¬ 

sion. of the wind tunnel and by «tractural con.lderatlon., 

where i* tue ¿:ze of the r.oielj 

where LÄCt 1» the actual »lie. 

Usually . 1/5 to 1/20. 

The time «cale fcj - yr^ 1« deteralned by the capabllltle« of 

the mea»urlng equipment. 

Th. .cal. of ela.tlclty of the material 1. deteralned fro. the 

relationship 
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fr- «. t*-‘r-\ (10.59) 

These three scale factors determine all necessary parameters 

of the model. Por Instance, after solving relationship (10.39) with 

respect to masses, we obtain the coefficient of the scale of masses 

Oha can analogously determine the scales for the other parameters of 

the model. 

The location of the axis of rigidity, the line of centers of 

gravity of sections, and centers of gravity of all concentrated loads 

of the model should be similar to their location in an actual wing. 

The manufacture of a flutter model should ensure actual similarity 

with respect to distribution of rigidity of the structure, distribu¬ 

tion of mass, and with respect to external fora In the air flow. If 

one prepares a model, which is an exact copy of an actual design with 

all similar supporting members (spars, stringers, ribs, skin, etc.), 

there will be obtained very small skin thicknesses (less than 0.2 mm). 

In this case there appears a number of difficulties of a structural 

character in making the connections of the skin, wing ribs, stringers, 

and so forth. Therefore, wide propagation has been obtained by models 

(in the form of beams of rectangular cross section) which satlfy the 

necessary rigidity requirements. 

Since the outer skin can considerably Increase rigidity of the 

model, the external skin is made in the fora of sections (Pig. 10.21). 
# 

Th* Min part of the model la eufflclently light. In order to obtain 
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4 corresponding mas« reeerve for ell eectlone of the model. For 

changing (more preclee definition) 

rtg. .^®*21e Fora of ft flufctftr 
■odftl with ftectioni. 

the aft«« of the model ftddltional 

load» ere applied In separate sec- 

tlonta 

Th« flutter model is tested 

in s wind tunnel. During the wind 

tftst of the model the flow rate 

increased gradually until the appearance of signs of flutter. 

During strong oscillations of the model the flow rate Is lasedlately 

lowered. In order to prevent breakage of the model, «hen oscillations 

of the model tenslnate, the flow rate Is again brought up to critical. 

In order to deflnlttse Its magnitude. The speed of flutter of the 

■od#1 Vfm* obtalne<i In an experiment. Is recomputed for a full-scale 

(actual) design In accordance with the scale of speedsi 

in case of necessity, additional correction, for compressibility are 

introduced. 

Wind tests of dynamically similar models make It possible to 

definíase flutter calculations and to develop measures for Increasing 

criticei flutter «peed. 

Beside, the method of simulation according to the beam system, 

the Investigation of flutter employs structural simulation with the 

application of plastic iich have a small elastic modulus. 

During Investigation, of flutter there usually ,r, appii«<, the 

following types of modelst 

1) structurally-similar modelst 
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2) conditionally-»!ruetural (dynamically »imilap) model»* 

3) control system» with amplifier» and automatic pilot controls; 

4) flying models with accelerators; 

5) electronic and electronic-mechanical models. 

Different methods of simulating flutter have advantages and 

disadvantages and not one of them can be giver explicit preference. 

It all depends on the complexity of the phenomenon, the urgency of 

its solution, and the required accuracy of results. 

In recent years methods of electronic and electronic-mech¬ 

anical simulation began to be widely applied not only for the inves¬ 

tigation of flutter, but also for the investigation of certain dynamic 

processes during loading of flight vehicles. The methods of electronic 

simulation, when mechanical oscillations of a structure are simulated 

by an appropriate electrical circuit, make it possible to Investigate 

a large variety of forms of dynamic processes. However, this method 

is limited with respect to the number of investigated oscillation 

modes, since the majority of electronic models usually do not permit 

more than 10-20 first order equations to be investigated. 

Electronic-mechanical 

models combine a dynamically 

similar structural model with 

an electronic model (Fig. 

10.22). All external forces 

are simulated on the electronic 

model, which consists of a 

computer block 1, that sends 

out pulses which are proportional to the aerodynamic forces corre¬ 

sponding to deformations of the model, and an excitation pulse gener¬ 

ator 2. These forces are transmitted with the help of special 

Fig. 10.22. Diagram of electronic- 
mechanical simulation. 



1 
. ft 

power-exciter. 3 to • dynaalc.lly .1.,11., nodel of . flight vehicle 

*. Feedback 1. carried out with the help of bla. pickup. 5 which are 

located along the length of the .tructure, «d a corre.pondlng .witch¬ 

ing device 6 which transit. .Ignal. fro« the pickup, to the cooputer 

block 1. Thl. fon. of .laulatlon »ake. It po..lble to Inve.tlgat. 

<l»na«lc phenooena, taking Into account «ore than 50 o.clllation «ode. 

of an aircrmft. 

jtodel. for Inveatlflatlng .tatlc aeroela.tlcltv phen^.n. (di.ver. 

••nee, revereal, and other»). The»e Inve.tlgatlon. »tudy the ela.tlc 

defonatlon. c.u.ed by air load., «d their Irfluence on the redl.- 

trlbutlon of air load.. The «odel for «uch Inve.tlgatlon. .hould 

reproduce the aerodytualc .hape of the aircraft, the rigidity dl.- 

trlbutlon, and the relatlon.hlp between aerodynamic force, utd ela.tlc 

ehar.eterl.tlc. of the .tructure. Na.. dl.trlbutlon u.ually 1, not 

reproduced, but flutter .hould be excluded within the limit, of the 

Investigated .peed.. 

I«t u. con.lder the criteria of .Ullarlty m „ .„„pi, of . 

model for Inve.tlgatlng aileron rever.al. A. wa. thorn above, the 

toralon angle of an ela.tlc wing on a .prlng In « air flow, having 

•P*ed V, 1. determined from equation (2.27), which upon transition 

from a unit .action to wing area 3 ha. the fon» 

l-T=- 
(io.ko) 

Inasmuch a. the con.ldered problem 1. . .tatlc one. It 1. pc.lble 

to tue force F and length t a. the ba.lc par«ter,. The «..urea 

magnitude., entering exprewlon (lO.AO), will be k„ - FL, b ~ L, 

* ® » o# Cy» •« c*» !•••» dimensionless coefficients. 
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Prom the paranetert in eqüation (10.40) It la possible to for® the 

following Independent dimensionless valuest 

In this case# according to the II-theorem, the number of dimensionless 

relations Is two units less than the number of measured parameters. 

In dimensionless parameters relationship (10.40) will be 

■^cëT (10.41) 

Prom this relationship it is clear that a model and an actual object 

must have the same wing profile, identical dimensionless distance e 

of the elastic line from the line of the center of gravity of wing 

sections, identical initial angle of attack o, and equal relation of 

aerodynamic forces to elastic forces qSb/kg. 

Two Independent scale parameters b and q are determined by the 

parameters of the wind tunnel and the type of model. 

The scale of forces Is determined by linear scale and ly the 

relation of dynamic pressure in real conditions to dynamic pressure» 

which can be obtained during model tests. 

# Relationships can be obtained analogously for similarity of 

modeling during the Investigation of static problems for an elastic 

wing with variable torsional and flexural rigidity. During wind tests 

of a model the Re number should be as high as possible, and Mach 

number should be equal to the actual Mach number. 

During the investigation of aeroelastlclty special requirements 

are presented for bracing of the models as compared to the usual wind 
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t*»t* of rigid models in a wind tunnel, since it should not introduce 

additional errors due to the influence of deformation. 

Models for the investigation of landing can be similar only In 

their rigidity and mass characteristics. Curing tests such a model 

is placed in the position of free flight with lowered landing gear, 

on which there act perturbing forces which are similar to real forces 

daring landing. Sometimes it is expedient to investigate the influ- 

once of vertical and frontal loads separately. 

Forces in structural elements of the model are measured with 

the help of wire strain gauges with recording on an oscillwgiuph. 

They simultaneously record overloads in different points of the struc¬ 

ture with the help of seismic transducers. 

For investigations of dynamic loads during landing it is possible 

to use the models that were applied for the investigation of flutter 

and additionally equipped with landing gear struts. The Influence 

of a gust of bumpy air on the structure can also be Investigated on 

flutter modela. Teats are conducted in a wind tunnel, where tur¬ 

bulent perturbations are simulated. These tests determine the field 

of overloads and the forces in the control sections of the model. 

On the basis the results of model tests it is possible to def- 

initize the magnitude of the correction factor that is utilised 

during conversion of the measured overload to the speed of the gust 

of bumpy air. In a wide variation range of frequencies of perturba¬ 

tions it is possible to detennine the function of mechanical conduc¬ 

tivity H(iö>). 

Test of Structures at Raised Temperatures 

In carrying out actual tests of airplane designs in conditions 

of high temperatures testing-units are necessary, in which the 
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processes of heating and loading are mutually connected. These 

installations must ensure the fulfillment of a number of conditions 

in carrying out the tests: 

1) heating of the structure, which is applied for simulating 

aerodynamic heating, should be used in combination with loading by 

air and inertial forcesj 

2) the heating element should be deformed together with the 

structure; 

3) the systems of loading and heating should ensure the simula¬ 

tion of boundary conditions; 

4) the heating system should allow for the change of density of 

tneraal energy both as a function of space, and also as a function 

of time; 

5) heating elements should not render an influence on the strength 

of the structure and should not cause a considerable change of inertial 

forces during dynamic tests. 

The reproduction of aerodynamic heating during tests of aircraft 

structures employs different methods, as for instance: 

a) heating by electrical heaters; 

b) heating at the expense of heat radiation from a heated body; 

c) heating of the structure during testing in a wind tunnel; 

d) heating by hot gases; 

e) the induction method of heating, and so forth. 

Heating ofa structure by electrical heaters (contact methods). 

Contact methods of heating propose a tight contact between the heated 

surface and the heating element. Heating elements are made in the 

form o:' blankets, tape elements, and various coatings which conduct 

an electrical current well, 

A heating blanket consists of an electric lead which is placed 
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In a flexible matrix made from inaulatlng material. 

The atructure is usually loaded with the help of cables which 

pass through the heating elements and are fastened directly to the 

skin of the flight vehicle or to the internal elements of its struc¬ 

ture. A thorough check is made of the electric insulation of the 

heated structure and the load-carrying parts of the loading system. 

Density of energy that is obtained with the use of heating 

blankets« which are glued to the atructure usually with silicon glue, 

makes it possible to create a heat flow of about 10,000 kcal/m2*hr 

with an efficienty of i4 « 0.9 that corresponds to a heating temper¬ 
ature of - 250°C. 

Heating blankets are applied in tests of structures under con¬ 

ditions of steady-state and transient temperatures with limited 
capacities of heat flow. 

The deficiencies of heating blankets Include the drop of themal 

conduction during heating, the possibility of electrical interlocking 

in places of application of loads, the complexity of replacement or 

repair of structural elements, and also the complexity of monitoring 
the state of the surface. 

The tape heating element Is arulagous In 1 ,c principle of opera¬ 

tion to the heating blanket} however. It will not fom a monolithic , 

atructure. Such a heating element conalata of tape with aluminum 

foil on It. The foil haa one aurface insulated wim an anode film 

made from aluminum oxide. The Insulated aurface of the aluminum foil 

cornea Into contact with the heating tape when Ita aecond. uninsulated 

aurface, touches the heated surface. The external aurface of tape 

heating element« 1« Insulated by several layers of fabric made from 

Uberglass. with the help of such heating elements It Is possible 

to create a heat flow with a density of approximately 300,000 
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kcal/m «hr, and the temperature of the atructure can be raiaed to 

30O-350oC v.ith an efflcienty of *, ■ 0.9. 

Bealdea contact heating devlcea« ao-called film heating elementa 

are employed. Such elementa are uaually glued to the atructure. The 

surface on which they are placed la preliminarily covered by a layer 

of electric Insulating material. 

Heating at the expense of heat relation from a heated body 

(methods of radiant heating). The sources of radiant energy employed 

are Iflchrome heating elements. Infrared lamps, graphite rods, and 

so forth. 

Hlchrcme spirals are usually placed In the focus of parabolic 

reflectors. With the close location of spiral colls there can be 

obtained a density of heat flow up to 200,000 - 300,000 kcal/m2*hr 

with Tj - 0.5. 

The deficiencies of Nlchrome heating elements Include their 

large thermal Inertia and the limitation of maximum temperature. 

Hlchroae heating elements are expediently used when It Is re¬ 

quired to obtain low rates of heating and when stationary heating 

la being Investigated. 

The Investigation of strength of structures in conditions of 
« 

non-stationary heating at high temperatures utilizes Infrared lamps. 

Reflectors for Infrared lamps are prepared from plated aluminum alloy. 

The necessary distribution of heat flow through the structure Is 

attained by separation of all lamps Into sections, each of which 

creates a specific heat flow. 

For simulation of transient heating conditions it Is possible 

to apply graphite rods as heating elements. This type of.heating 

element makes It possible to create extraordinarily large densities 

of thermal energy of order of 1,000,000 kcal m2*hr. 
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In the radiant method of heating a atructure It la uaually 

difficult to create an external load, alnce the elementa, through 

which loada are tranamltted to the teat atructure, muat occupy . 

mlr.lmum surface area In order to lower the effect of ahleldlng th 

atructure from Infrared lampa. In thla caae loading la alao most 

conveniently carried out with the help of a ay.tem of cablea which 

are faatened directly to the Inveatlgated atructure. A lever eyetem 

and hydraulic power-exeltera are placed outalde the heated area. 

Heating by hot gaaea. Heating of a atructure by hot gaaea la 

uaually carried out In apeclal fumacea, or thermochambera. Although 

In a themochamber It la Impoaalble to obtain a high rate of heating, 

owing to the dlmenalona and tne hot gaaeoua environment auch a chamber 

la convenient for teatlng different actual conatructlona during 

stationary heat flow. 

Besides the enumerated methods, in the investigation of strength 

in conditions of raised temperatures, the induction method can be 

applied for heating a atructure. In thla method, with the help of a 

magnetic field, vortex cúrrente are Induced In the material. By the 

aeleetlon of the frequency of alternating current there can be obtained 

different heating of.the aurface of the atructure, which enaurea 

a laudation of the effect of aerodynamic heating. Thla method of 

heating can obtain a temperature of the atructure of about £00°C. 

Heating elementa In the form of flat Induction colla are traced 

to the heated aurface with the help of vacuum cover platea made from 

alllcon rubber. Loading of the atructure la accompllahed by methoda 

that are analogoua to the above-indicated onea. 

During thermal teata automatic heating control la carried out. 

Tula makes It possible to preserve the boundary conditions, depending 

on time, to regulate the thenaal load, and to aynchronlxe It with 
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loading of the «tructure by external power load*. In automatic con¬ 

trol the coefficient of heat radiation from the boundary layer and 

the determining temperature (temperature of adiabatic wall) are 

programmed. 

10.3. Structural-Performance Test* 

Above we considered the main forms of laboratory tests. However, 

the fulfillment of a complex of laboratory tests for checking the 

strength of contemporary flight vehicle structures is only the first 

preliminary stage of evaluating strength, since the standardized loads, 

which are adopted during strength analysis, can essentially differ 

from the actual loads during the operation of an aircraft. Further¬ 

more, laboratory tests do not completely consider the redistribution 

of aerodynamic loads due to structural deforaatlons. Upon replacement 

of dynamic loads ty static ones the conditions of work of the support¬ 

ing members of the structure are changed. In conditions of static 

tests it is impossible to create full similarity of distribution of 

loads. 

It is considered that laboratory tests are the basic preliminary 

stage oí checking strength before the beginning of flying tests. 

However, only on the basis of a special complex of flying tests and 

comparative.analysis of the results of laboratory and flying tests 

can there be given a final evaluation of the strength of a contemporary 

flight vehicle. Based on the actual state of strength of a flight 

vehicle, flying and operational limitations are definltized, in par¬ 

ticular the terminal velocity of flight, maximum permis* ble overloads, 

flight and landing weight, the variant of loading, the type of air¬ 

port, (degree of permissible roughness) and so forth. The complex of 

operations for checking the strength of a flight vehicle in flight is 
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conmonly called «tructural-perfomance testing. 

It Is necessary to consider that a crew cannot, on the basis 

of their sensations. Judge the sufflelenty or structural strength. 

A crew can note only Intense oscillations of the structure or the 

beginning of failure of structural elements. In connection with this, 

the strength evaluation of a flight vehicle during flying tests re- 

quires the complex measurement of a large quantity of parameters. 

In most cases, on the basis of the materials of measurements. It Is 

required to estimate the highest possible loads under the most un¬ 

favorable conditions of operation i.e., to extrapolate the results of 

the measurements carried out. Furthermore, during structural-perfor¬ 

mance tests It is necessary to execute flights In limiting conditions, 

which presents special requirements for ensuring the safety of these 

flights. Due to this, the strength check of a flight vehicle Is very 

time-consuming and more complicated as compared to the evaluation of 

other characteristics during flying tests. 

The volume of structural performance tests was very limited for 

a long time due to the absence of the necessary equipment. After the 

development of remote-control vibration-measuring equipment, wire 

strain gauges, oscillographs, and corresponding electronic equipment, 

structural-performance tests began to develope quickly. At present 

they are widely used for Investigating the strength of aircraft struc¬ 

tures, for Improving their quality, for^IncreasIng reliability, for 

lowering the weight of the structure, and for Improving the perfor- 

nance data of a flight vehicle. 

During structural-performance teata, aa waa noted, fllghta are 

conducted In llmltlng-permlssltle conditions. In these flights, and 

also in flights that are not connected with the achievement of limit¬ 

ing conditions, measurements are conducted. The main ones arei 
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a) datermlnatIon of loads acting upon structural assemblies under 

the main conditions of operation; 

b) determination of parameters of structural oscillations 

(vibrations); 

c) determination of general structural deformations in flight; 

d) measurement of stresses in separate supporting members of 

the structure; 

e) measurement of temperatures of structural elements (for flight 

vehicles in which heating of the structure to more than 100-150°C is 

possible). 

Furthermore, during mass operation of flight vehicles, statistical 

measurements of overloads are conducted. The order of carrying out 

and the content of structural-performance tests depends on the problem 

on hand. 

Tests in Limiting Flight Conditions 

The character and magnitude of a load are determined by the 

conditions of flight and deformations of the flight vehicle structure. 

Recalculation of measured loads in other flight conditions is connected 

with difficulties and in certain cases does not give reliable data. 

Therefore the strength evaluation of a flight vehicle structure re¬ 

quires that all conditions, which are ieclded upon for operation, be 

checked during flying tests with corresponding reserves. During 

structural-performance tests all conditions are attained that are 

accompanied by the appearance of the biggest loads on the flight 

vehicle on the whole or its separate assemblies. These conditions 

are commonly called limiting. 

limiting conditions are considered to be such conditions 

In which there is attained the biggest value of overload, dynamic 
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h**d’ ^ nu-ber' •P'6'* of flight with lowered landing gear and wing 

■echanliatlon, .peed of flight with varlou. open hatch doore. angle, 

of .lde-.llp. angular velocltle. around axe. x and y, and deviation, 

of control, (vane, and aileron.). Limiting condition, al.o Include 

takeoff, flight, and landing with corresponding maximum weight of the 

flight vehicle» 

In the procès, of flying tests condition, are also attained 

which correspond to the po..lble combination, of limiting value, of 

the enumerated parameter.. Upon the achievement of limiting condition, 

the appropriate flight parameter, and performance condition, (load., 

stresses, o.clllatlon., temperature, general deformation, and so 

forth) are Measured» 

Before the beginning of structural-performance tests an analy.l. 

la conducted on the .trength calculation, and re.ult. of laboratory 

t*.t*. A borough .tudy 1. made of structural unit, which have new 

material., new design form., and also those place, of the atructure. 

where permanent deformation, were ob.erved during laboratory te.t., 

there 1. an analysis of the behavior of the main supporting neater, 

of the .tructure before de.tructlon (based on the re.ult. of .tatlc 

taat.). On the basis of this Information one can determine which 

•tructure element, .hould be given .pedal attention during the pre- 

flight and po.tfllght In.pectlon. of the flight vehicle. 

Before beginning the tests In limiting condition«, an external 

Inspection 1» made of the .täte of the wing, empennage, landing gear, 

motor mounts, etc. 

In the compo.ltlon of a test program main attention la given to 

the safety of achieving limiting condition*. In the assignment of 

condition, for .tructural-performance tests we originate from the 

fact that In flight there are reproduced limiting condition, which 
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ÄW possible during operation, and also all cases that are accompanied 

by the biggest load (by calculation) of the flight vehicle on the 

whole or Its separate assemblies. A gradual approach to limiting 

conditions of flight should be ensured. 

The pilot should be ensured with the possibility of objective 

control of the conditions to be executed by visual Instruments. It 

is expedient to use light or sound signalling In the approach to 

limiting conditions, which are difficult to control by the crew. 

Visual instruments for control of limiting conditions must be thor¬ 

oughly checked in preliminary flight. After every flight there Is 

an obligatory thorough Inspection of the structure. 

Oeteralnatlon of General Structural Deformations in Flight 

Measurement of general structural deformations makes it possible 

to judge the mc-nitude of general external load on a given assembly 

under the accepted law of load distribution on Its surface. However, 

it Is difficult to iiave an opinion on the correctness of the selected 

law of load distribution on the surface of an assembly. The deter¬ 

mination of general deformations has large value for estimating their 

influence on the stability and controllability of a flight vehicle, 

and the work of different equipment. 

The ■eMuraient of general deformation« utlll*ed optical methods 

with the use of special cameras having continuous film feed (opto- 

graphs) or movie cameras. In the first method the assemblies In the 

control points are equipped with special mirrors. Registration of 

deformations Is conducted with the help of an optograph with several 

objectives. Each objective fixes the motion of an Investigated point 

of the structure where there Is a mirror (Fig. 10.2J). From the 

eight source 1 a beam proceeds to the mirror 2, from which It Is 
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r»fleeted« and with the help of 

pplam 3 it proceeds to lent 4, 

On photographic film 5 there is 

obtained an image A of a lumines¬ 

cent point which is called the 

standard point. During defor¬ 

mation of a structure the image 
fig. 10,23* Diagram of mea- _ . 
sûrement of general deformations point moves along the 
by the optical method. 

width of the film. During con¬ 

tinuous notion of the film there is obtained a recording 6 of de¬ 

formation of the structure in time. 

With the use of a movie camera it is possible to place any 

markings (little pins, noticeable bands, and so forth) on the struc¬ 

ture. By photographing the structure in flight, we obtain data on 

its deformations. The deficiency of this method is the complicated 

and -Tie-consuming deciphering of photographs. Photographs can be 

taken by a modified movie camera with continuous film motion. 

The registration of deformations can also employ the cinethe- 

odolite method. With this method it is convenient to record local 

deformations. 

Detennination of Load Magnitudes by the 
Method of Load Measurement 

Measure ent of overloads gives an important loading characteristic 

of a flight vehicle, since the product of overload and weight char¬ 

acterizes the inertial load of an aircraft. For flight vehicles, 

when elastic deformations are small, the overload in the center of 

gravity characterizes the total magnitude of the external aerodynamic 

load. In this case for overload-registration they use ordinary over¬ 

load recorders which are placed in the center of gravity. 
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In evaluating dynamic loada, when oacillatlons of the structure 

play an essential role, it Is necessary to measure the distribution 

of overloads around the structure, l.e., determine the field of 

overloads. For this purpose transducers of oscillations of the 

accelerom'iteric type are usually applied. 

The magnitudes of overloads, measured in different points, are 

referred to the overload in the center of gravltys 

(10.42) 

where An^ is the relative increase of overload in the 1-th point; 

An* is the measured increase of overload in the 1-th point; 

An is the corresponding Increase of overload in the center 
6 of gravity. 

According to measurements, graphs of the distribution of overloads 

along the fuselage, wing, and so forth are constructed (see Fig. 4.23). 

To determine loads the structure is divided into sections. The 

product of the weight of a section and the magnitude of overload 

n^ gives the su^nitude of inertial load p^ on the given section* 

The magnitude of overload and the position of the center of gravity 

of a section have to be definltised taking into account the irregular¬ 

ity of distribution of the magnitude of overload along the length of 

the section. Transducers for measuring overloads on aircraft are 

usually placed in the center of gravity, cn the end and in the center 

parts of the wing, in the fuselage (in the center of gravity, in two 

points of the nose section and the two points of the tall section), 

on the end sections of the stabiliser and fin, and on the motor. 
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Figur« 10.24 gives an approximate diagram of the distribution 

of accelerometers. Depending upon the peculiarities of arrangement 

of the flight vehicle, the diagram 

of distribution of transducers Is 

changed. In a more precise defi¬ 

nition of the diagram. It should 

anticipate the Installation of 

transducers In places of distri¬ 

bution of large loads on the wing 

and fuselage. 

During the analysis of mea- 

surements one should consider that 

the recording of overloads, mea¬ 

sured on the structure In the 

region of the center of gravity, 

cm have lapoeitiona from elastic oscillations of the structure. In 

this case we Introduce corresponding corrections for the magnitude of 

measured overload. 

Fig. 10.24. Diagram of arrange 
ment of overload transducers. 
0 — overload transducers. 

Investigation of Pressure Distribution Along the 
Surface of a Flight Vehicle 

The study of distribution of air loads along the surface of an 

assembly utilizes the method of pressure measurement In different 

points. This method began to be applied In the 1930»a with the 

carrying out of detailed Investigations of loads acting on an aircraft. 

The surface of the Investigated assembly Is drained, l.e., to every 

point there Is attached an Individual pipe of small diameter (1.0 ~ 

— 2.5 mm), Cn the surface of the assembly the pipe terminates In 

a receiving hole. The other end of the pipe Is Joined to a multiple 

pressure recorder. Such a recorder makes It possible to record 

567 



pressure ln 1C.-20 points of the surface. Usually the recorder also 

receives static pressure p#t and then excess pressure Pj^ - p>t i, 

recorded (pt Is the pressure In the 1-th point of the structure's 

surface). During the analysis of the results of measureaents the 

magnitudes themselves of excess pressure are not used, but the so- 

call*d presiure coefflgiont. 

(10.44) 

Distribution of pressure along the surface Is usually depicted 

In the toxp of diagrams (Fig. 10.25). By summarising the forces of 

aerodynamic pressure along the surface of an 

Fig, 10.25. Di¬ 
agram of pressure 
distribution along 
a wing profile, 
p is the pressure 
coefficient, p 'up 
^ Plow corre¬ 

spondingly are the 
pressure coeffi¬ 
cients on the upper 
and lower surfaces 
of the wing. 

assembly, one can determine the necessary 

aerodynamic loads (lift, moment, and so forth). 

A long length of pipes from the surface 

of an assembly to the recording Instrument 

leads to considerable delays during investi¬ 

gations of transient conditions. Therefore 

such investigations began to employ electrical 

transducers, i.e., pressure converters (ten¬ 

sometric or capacitance), which are practically 

inertialess and make it possible to investi¬ 

gate pressure in transient conditions (during 

oscillations, stalls, and so forth). These 

transducers may be used for the time of Inves¬ 

tigations, for instance instead of rivets. 

In this case the measurements are usually 

recorded with the help of tensometric equipment. Methods of inves- 

tlgation of presaure dl.trlbutlon are more specifically described In 
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experimental aerodynamic* courae*. 

Determination of Loads ty the Electrotensometrie Method 

On any assembly of a flight vehicle there act simultaneously 

several components of loads* Thus, on a landing gear strut during 

landing there Is a frontal load p , a vertical load p , a lateral 

load pt, and torque Mtor* During test flights It Is necessary to 

determine the magnitude of the basic components of loads and their 

dependence on operating conditions. Considering that frequently 

a flight vehicle can only hold a limited quantity of equipment, It 

Is expedient to perform the measurements In such a way that for 

determining one load component one channel of the measuring equipment 

is used* 

In general a structural assembly experiences six basic components: 

^x* *y* K*. (three components of force and three 

component* of moment correspondingly along axes x, y, and z). Let 

u* designate these components Qg, ..., respectively. 

In order to analyze the state of strain of the structure. It Is 

necessary to make certain assumptions. 

Hypothesis of statlonarlty. During repeated structural loads 

the dependence of deformations on loads Is kept constant and linear 

and it does not depend on the sign and character of change of the 

load In time. In the case of a dynamic load, the effective load 

(with respect to force in a given section) and the dynamic coefficient 

are determined. 

Principle of Independence of deformation. Defonnatlon of any 

structural element during the combined action of all loads Is equal 

to the sum of deformations which appear during the separate action 

of these loads. 
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Within the liait, of operational load, (during ela.tlc deforaa- 

tl«u of the atructure) the.e hypothe.e. are valid «d are confined 

by mea.urexent. of atreaaea during atatlc teata. 

In virtu, of the flr.t hypothesis, for a strain gauge which Is 

glued to the surface of an assembly, we have the dependence 

<*~l, 2,(iota 

•her. .u 1. deformation of the 1-th .train gauge during the action 

ftik *# coefficient which i* determined by ealibruM™ 
Of the .train gauge that 1. glued to^Â ÍtíSÂ 

During the almultaneou. action of all load components. In virtue 

of the second dypothesls It Is possible to write 

+ ••+«.£, (10.46) 

We then consider that the assembly experience, all six load components 

which to not depend on each other. In case of their Interconnection 

the number of Investigated component, correspondingly decreases. 

In view of the Independence of the action of load components In 

• given section of an assembly It Is possible to glue correspondingly 

six strain gauges In such a way that tnclr deformations will be 

linearly Independent. In this case, for defoliations of strain gauges 

w obtain the ayatern of eqaationa 

**" •iru + •ir*» flitQ«; 

In virtue of the linear independence of the equationa the de- 

terminant of system (10.47) * , 0. and the system will have only on. 
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- |M<; L( (_ >f| ¿ ... ., |, | ......,1,1,,...,,1,.1.,.,... ..i,,,', ninii^iir r'|| ^ 

solution. Con*equently, any load component may be expressed through 

deformations of strain gaugest 

**• + (10.48) 

where Is the cofactor of alk(alk . Alk/Alk)j 

Let us assume that A^ Is the lowest of coefficients Alk (If 

another coefficient Is the highest, then It Is possible to change 

the order of designation in the appropriate way). Then dependence 

(10.48) can be presented In the form of 

+ + + (10.49) 

Introducing the designation Alk/A . we obtain 

s 

(10.50) 
*-a 

Condition |alk| 1 is then fulfilled. Here magnitude Bk Is constant 

for the given diagram of attachment of strain gauges to the structure 

and Is determined by calibration. 

From expression (10.50) It Is clear that the determination of 

one load component requires the measurement of deformation of several 

strain gauges and then the corresponding calculations for every moment 

of time. Therefore the method of load measurement by means of separate 

registration of deformations of strain gauges Is very time-consuming 

and can be used only for the measurenont of static loads. By using 

the summation of electrical signals. It Is possible to connect the 

strain gauges In such a way that on the recorder there will be signal 

which Is directly proportional to the load, l.e., the sum 
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(10.51) 

For tnU we change the aen.itivity of the .train gauge, by mean, of 

lerle. or parallel connection of additional ohmic resistance, to them 

In such a way that, by connecting the .train gauge, in a group, we 

obtain, at the output, a signal which 1. proportional to the sum of 

(10.51). 

For a number of cases It 1. possible to simplify the working 

formula (10.50) and to reduce It to the form of 

(10.52) 
••I 

If coefficient« au «re equal to one or tero. In the laat cate It 

1« potaltle to apply .erle« or parallel connection of «train gauge« 

without additional re»l«tance». During aeaturaaent of load« on air¬ 

craft. the reduction of worker formula (10.50) to the farm of (10.52) 

In moat caaes 1« po«»lbie owing to the fact that In an aircraft «truc- 

ture there exlita a distribution of different form« of load« on sep- 

srate .tructural element«. For In.tance, In the wing the bending 

■<*ent 1« basically perceived by the «par«, torque 1« experienced by 

the skin, and so forth. 

For measurement of loads the strain gauges should be placed on 

those structural elements which perceive the main part of the given 

form of load. The accuracy of measurements msy be Increased by plac¬ 

ing strain gauges in places of the biggest stresses, since with the 

increase of the level of stresses the relative error introduced by 

the measuring equipment is lowered. 

ngur. 10.26 give« the aporoxlmate dl.trlbutlon of «train gauge« 
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In cate of the action of six load components 

Diaf»« ef fore*» anJ ar«*ntj 

4Ï 

on a thln-walled shell. To simultaneously 

measure all components. It is necessary to 

use 13 strain gauges, since In the connection 

to the measuring circuit each strain gaut’e 

can be Included In only one bridge. 

Figure 10.27 shows the diagram of 

connection of strain gauges and corresponding 

nm9 nm$ 

working formulas. In the measurement of a 

smaller number of components the measuring 

circuits can be correspondingly simplified. 

? 4 In measurements with the help of wire 

Fig. 10.26. Distri- strain gauges, as a rule, the bridge mea- 
bution of strain 
gauges on a thin- auring circuit is used (see Fig. 10.3). 
walled shell for mea¬ 
suring the main load The following basic dependences take place 
components. 

In this Instances 

a) for equipment with amplifier (diagram I) 

(10.53) 

where u^ Is the voltage in the measuring bridge diagonal; 

u is the supply voltage (usually alternating current), brought 
In to the bridge; 

AIL is the change In the resistance of the working strain gauge 
during deformation. 

Considering dependence (10.1), we obtain 

(10.5*) 
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Fig, 10,27• Diagram of connection of strain gauges 
for measurement of basic load components, R^, ... 

*13 " Jf I» 2, 19 strain gauges, glued 

according to the diagram shown In Fig. 10,26, - 

balancing resistances, Rc°m and R0^® - compensating 

strain gauges. 

b) for equipment without amplifier (diagram II)i 
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(10.55) 

i I 

J — * ** < 

a * « K+++VU' 

•here Jd 1. the current Inten.lty In the mee.urlng bridge diagonal. 

If realetancea of oppoalte ama of the bridge are equal (f^ . 

" ■ R). then 

A- « *+«i ' (10.56) 

Senaltlvlty of the bridge (relation of output algnal to relative 

deformation), during work of equipment of the firat type will be 

JL—SL«-!!.. di 4 (10.5/) 

Figure 10.23 glvea the approximate dependence of aenaltlvlty on 

the realatancea of the atraln gaugee. In a wide range of change of 

R the aenaltlvlty of the bridge according to diagram I la kept con- 
•tant. 

ft 

Pig. 10.23. Change of 
sensitivity of equipment 
with amplifier (diagram 
I) depending upon resis¬ 
tance of transducer R. 
SQ Is sensitivity at 

nominal resistance of 
transducers (120 ohms). 

Pig. 10.29# Change of 
sensitivity of equipment 
according to diagram II, 
depending upon resistance 
of strain gauge. 
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Sensitivity of bridge In diagram II 

S.mmJL_I_ 
' 4 t+it (10.58) 

to a considerable extent Is determined by the magnitudes of resis¬ 

tances R (Fig. 10.29) end Rd« For Increasing the sensitivity of this 

circuit, low-reslatance strain gauges are employed with high permis¬ 

sible current Intensity. The most expedient In this case Is the use 

of flat strain gauges made from foil. 

Connection of Several Strain Gauges to 
One Bridge Arm 

By combining the series and parallel methods of connecting strain 

gauges. It Is possible during the measurements to separate specific 

components of total load and to affect the sensitivity of the mea¬ 

suring bridge. 

g«ranel connection frig, lo.-w). The working am ha* tran*- 

ducera with resistance* 1^, 1^, ..., r^. During deformation the 

resistance of every transducer is changed 

correspondingly by magnitude AR^ AR^, ..., 

ARn- 

Total resistance of arm Is 

A- 
O U &. u 

«•I 

(10.59) 

Fig. IÛ.50. Par¬ 
allel connection of 
strain gauges. 

Let us Introduce the designation P1 • R/R^ 

where R Is the magnitude of resistance, taken as nominal. 
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i 
1 

Then 

i-i 

Full change of resistance of bridge arm during deformation of 

•train gauges will be 

(10.60) 

For diagram I the signal magnitude Is 

Sur«« 
: (10.61) 

#•1 

correspondingly for diagram II, 

ï »,**». 
#•1 (10.62) 

Usiully . Rj.. Then 

It-.* <-l 
I*,*«, 

«•i 

(10.63) 

Serlee connection (Fig. 10.Jl). Tot*l re.Utance of an m 

•erlea connection of n transducers will be 
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(10.6¼) 

connection of strain 
gauges. 

a-E* 
«•i 

Pull change of arm resistance during defor¬ 

mations of transducers is 

«•a 
(10,65) 

I^t us introduce the designation « R^/R, 

Then 

*”*2¡V (10.66) 
•-a . 

For diagram I the signal magnitude is 

£*4 

<«i 

correspondingly for diagram II, 

E«4 
/,-.1_bi _!_ 

* & *+*E»*+«fc »E** 
«•a Umt 

^en "ba • *1' 

(10.67) 

(10.63) 
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* 

(10.69) 

•I «•! 

Hmvlng these basic dependences for the bridge circuit, it is possible 

to rationally apply connection circuits of strain gauges. 

Combined connection of strain gauges. Let us consider the main 

ways of connecting transducers in groups for producing a recording 

signal which Is directly proportional to force, i.e., sum (10.51), 

and let us give the relationship for the sensitivity of these circuits. 

In the series connection of strain gauges (Fig. 10.32) for 

changing the sensitivity of the measuring circuit we connect shunting 

resistors r1 parallel to the strain gauges 

so that the change in resistance of the bridge 

ara would be equal to alk>e1. Then, consid¬ 

ering that 

• ï • 
Fig. 10.32. Series 
connection of strain 
gauges with shunting 
resistors r^. 

we obtain 

Vith such connection of transducers the magnitude of voltage on 

the measuring instrument will be 

(10.70) 

i-i 
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Shunting resistance is 

(10.71) 

The recording line of the instrument with voltaçe on the measuring 

bridge diagonal ud [formula (10.70)] deviates by the magnitude 

A|-C|*â. 0r *1--f*5- 

1*1 

Considering expression (10.51), we have a signal which is pro¬ 

portionate to forcei 

where 

Cm 

***• J/küT 
lot 

For diagram II 

where 

A*-?- 

£%i«i 
2=J_ 

4 • 
tS/OT+ir. 2/W 

*.-C^or 

J_«L._I_ i 
* «*. • -- 

«-» <-i 

5S3 

(10.72) 

(10.73) 
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In thi* cate the measured force 3 It obtained by tlaple multi¬ 

plication of reading« r* of the recording Inatrument by the coefficient 

of tentitivity k^. Thit coefficient It a conatant and la determined 

by taking into account the data of the equipment, the tentitivity of 

the meaauring bridge, and the atructural parameter«. 

Analogous dependence« car* be cbtalned for parallel connection 

of «train gauge«• 

• • • 
Fig. 10.33. Simplified 
diagram of parallel con¬ 
nection of «train gauge«. 

Fig. 10.34. Simplified 
diagram of «erlea con¬ 
nection of «train gauge«. 

In practice It 1. expedient to »lapllfy the bridge circuit by 

replacing the two additional realatancea by one realatance. Flgurea 

10.33 and 10.34 give working diagrama for almpllfied connection of 

atrain gaugea. The working formulae for parallel connection of 

following form: 

with the use of an amplifier (diagram I) 

4 (10.75} 
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with registration without an amplifier (diagram II) 

(10.76) 

»Ith total (huntln realator» (aee Fig. 10.J4) the working fonaulaa 
a 

have the formi 

for diagram I 

for diagram II 

(10.77) 

(10.73) 

where 

I— 

Thua, the combined circuita of connection of strain gauges 
e 

ensure an output signal which Is proportional to Ja^t, (10.51), During 

work with equipment without an amplifier It Is more expedient to use 

parallel connection o:* strain gauges with additional resistances. In 

the use of equipment with an amplifier It Is more profitable to use 

series connection of strain gauges with total shunting resistors. 

In many cases It Is possible to apply special amplifying 



î I ' n ( 

t«iuometric equipment which hat teve ral input* on each channel with 

teallng retistort that enture the change of tenaitivlty in accordance 

with magnitude a,*. 
Ik 

The ute of electronic mathematical machine* make* it poatitle 

to perform the necettary calculation* ;ather quickly after meature- 

■entt. In thia cate the retult* of meaturement* ahould be recorded 

on magnetic tape by applying code recording or frequency modulation 

of the tignal. 

In certain catet during flying teat* it it necettary to clarify 

the state of etrain of aeparate element* of the atructure. If the 

direction of the main atretaea la known, then two tranaducer* are 

glued along the axe* of main atreaaea. If the direction of the main 

atreaaea la not known, then a roaette of three or four atraln gauge* 

la glued. The form of the roaettea and correapondlng formula* for 

calculation of main atreaaea are ahown in Fig, 10,35. 

In aelectlng the place of Inatallatlon of atraln gauge* on the 

atructure while carrying out meaaurementa we conaider the following: 

a) atreaaea in the place of Inatallatlon of a atraln gauge muat 

be sufficiently large during the action of the inveatlgated load 

component; 

b) the atructural element in the region of inatallatlon of a 

atraln gauge ahould not loae atabillty within the limita of the mea¬ 

sured loads; 

c) baaed on the results of measurements during static teats, the 

dependence of deformation* of a atraln gauge on the load anould be • 

linear; 

d) the place of inatallatlon of a strain gauge ahould be con¬ 

venient for meaaurementa. 
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An approximate <}lagr«m of In.tall.tIon of .train gauge. 1. .hown 

in Fig. iO.Jt. 

Strmln gauges are glued and 

are protected by a special coating 

according to the technology fixed 

tor the ¿iven type o;* transducers 

an: *lue. Durin,* assembly a thor¬ 

ough check is made of the water- 

Fig. 10.36. Diagram of instal¬ 
lation of strain gauges for the 
investigation of loads, à - 
place of installation of strain 
gauges. 

calibration, simultaneously with 

pro:flng of the strain gauges. 

Before the measurements, cal¬ 

ibration cf strain gauges and mea¬ 

suring equipment is made. During 

the determination of calibration 

coefficient., a final check 1. made of the aeaaurlng circuit and the 

work of the »train gauge*. The calibration coefficient (with re.pect 

to load) 1. the magnitude of the load, which cau«e. displacement of 

the line of recording by 1 mm, l.e.. 

S-«1*. (10.79) 

where h 1. the dl.plaeement of the recording line under load Q. 

Calibration coefficient, may be detenlned by mean, of calibration 

of an aircraft prototype by .peclfled load. In a .tatlc te.tlng lab- 

oratory, either under airport condition., or by calculation baaed on 

the material, of aea.urem.nt. that were obtained during .tatlc te.t. 

of another of flight vehicle prototype. 

Calculation method, do not give the po.elblllty of checking the 

efficiency of equipment and .train gauge»1 therefore, they chould be 

conaldered a. preliminary method*. 
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Calibration of a flight vehicle prototype it coniucted by loading it 

with apeclfied load« which are applied in one or two «ections (Fig. 

Fig. 10.37. Diagram of cali¬ 
bration of equipment for mea¬ 
surement of wing bending moment. 
P1# ?2 are the force« applied 

to the wing, P. ^ 1« the force 
4.g. 

acting on the wing from a land¬ 
ing gear strut. 

working formula«. In the process 

10.37)• During loading, special 

collars are used with soft linings, 

in order not to damage the struc¬ 

ture. The magnitude of the load 

during calibration should not 

exceed 60% of the rated value 

for the most loaded section. 

During calibration the measuring 

circuit is eisembled into a final 

variant in accordance with the 

calibration the Influence of 

other load components on the sensitivity of the measuring circuit 

should be estimated. 

Calibration coefficients can be preliminarily determined by 

means of calculation. Based on the results of strength calculations, 

the magnitude of stress is estimated in the place of installation 

of the strain gauge under a specified load Q. The calibration coef¬ 

ficient is 

(10.80) 

where k Is the amplification factor of the equipment, detensined on 
the basis of the calibration signait k ■ h/t. % 

For Instance, for structural elements which are working under 

extension or compression, the calibration coefficient during regls- 

stration on an oscillograph without an amplifier can be determined 

In the following wayt 

*-Si • (10.81) 
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whtre F Is the size of a component| 

K Is the elastic modulus• 

for structural elements which are working under flexure. 

I _ mti+nj 
(10.82) 

where W is the moment of flexural resistance. 

Measurement of Loads Acting Upon a Flight Vehicle 
Uhder Conditions of Aerodynamic Heating 

For flight vehicles of high supersonic speeds, during flying 

tests it is necessary to Investigate not only loads, but also heating 

of the structure. The heat flow, which Influence the structure of a 

flight vehicle, can be detennlned by means of analysis of the basic 

Fourier relationship! 

n Is a coordinate which Is normal to the external surface 
(with respect to the source of heat) of the considered 
structural element. 

The indicated gradient of temperatures, with respect to a body 

which is normal to the surface, is easy to determine with the known 

field of temperatures. Inasmuch as in the very general case an air¬ 

craft structure is a body of volume measurement, for the manifestation 

of a temperature field the temperature is measured along three '.xes. 

As shown in Chapter VIII, the question is solved most simply in 

the case of a one-dimensional thermal space. Examples of structural 

elements, in which it is possible to consider the field of temperatures 

to be one-dimensional, could be structural elements in the fora of 
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pUtet and rods» ikin, ipar wall, and so forth. 

For determination of any heat flow, which acts upon a etructure. 

It Is necessary to measure the change of temperatures along the thick- 

neis of the structural element. The temperature profile along the 

thlekMM Is determined by the values of temperature! In no leu 

than three points. This requires the Installation of additional 

testing equipment. 

For thin metallic elements of structures the temperature gradient 

along the thickness can be considered as Insignificant and It may be 

disregarded. If we do not place the receivers of temperatures on 

these structural elements near the places of thermal drains (re¬ 

quirement of uniformity of heat flow), we can determine the thermal 

load of structural surfaces of the flight vehicle and compare It with 

the rated load. 

Heat flow Is calculated according to the equation 

*m-«l»-J + -n-d,se.». (10.8k) 

which 1. valid for every point of the structure. For mwilfestatlon 

of general regularities we compare the rated and actual coefficients 

of heat radiationi 

•“TÊT- (10.85) 

flnatlon of external load. Heating of a flight vehicle at 

• supersonic speed of flight leads to a drop In rigidity. Due to 

this, the calibrations of assemblies of a flight vehicle, obtained 

in ground conditions at normal temperature, for the determination of 

external loads In conditions of aerodynamic heating are Impossible 

to use. At the same time, calibrations on full-scale (actual) objects 
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uiuUr tho condition of obiervanc« of ilmuUtlon of aerodynaalc heating 

are alao extraordinarily complicated to conducted. However. In the 

•election of placee of dlatrlbutlon of etraln gauge* on the etructure. 

one can detemlne the external load* of a**emblle* of the flight 

vehicle by the u*ual method «train measurement with the application 

of callbratlona under normal temperature condition*. Correction* 

are then Introduced for the Influence of temperature) 

(10.36) 

where fcj 1* the coefficient which consider* the Influence of tem- 
peratures; 

Pq is tha load which Is deterained for a "cold" structure. 

Measurement of Oscillations (Vibrations) 
of Aircraft Structures 

The basic purposes of oscillation measurements are: 

a) quantitative determination of characteristics of oscillations 

(amplitudes and frequencies) under different operating condltlone of 

a flight vehicle; 

b) manifestation of the character and type of oscillations with 

the determination of the causes of their appearance; 

c) development of recommendations for decreasing of increased 

oscillations; 

d) estimating the peraU.lblllty of oscillations from the con- 

dltlon of strength of the main assemblies of a flight vehicle taking 

into account the assumed service life. 

Proceeding from the problem of Investigation, we detemlne the 

diagram of Installation of oscillation transducers (vibration pickup*) 

on the structure. Usually vibration pickups, are mounted on the main ! 

structural assemblies for measuring the flexural and torsional 

589 



©■dilations. In th« determination of flexural oscillation modes 

the vibration pickups should be placed near the axis of rigidity. 

In the selection of places of installation of vibration pickups one 

should also consider the data of frequency tests of the full-scale 

structure. Vibration pickups should not be placed near the nodes of 

the investigated oscillations. 
t 

For the measurement of torsional oscillations, vibration pickups 

are placed at approximately identical distances (symmetrically) from 

the axis of rigidity. Figure 10.gives the 

approximate distribution of vibration pickups 

in the Investigation of wing oscillations. 

The places of installation of vibration pick¬ 

ups should be as accessible as possible for 

checking and mounting the pickups during mea¬ 

surements. During the mounting of vibration 

pickups the rigidity of their attachment to 

the structure is checked. A mounted pickup should have a frequency 

of natural oscillations higher than the top investigated one by 5-10 

times. The frequency of natural oscillations of the pickup mounting 

is usually checked ty tapping along the bracket with simultaneous 

recording of oscillations. 

The type of applied vibration pickups and recording equipment is 

determined by the mode of the investigated oscillations. Here we 
« 

consider the frequency and amplitude range of measurements, the sen¬ 

sitivity (amplification factor), the form of recording, the number 

of channels of registration, and the dimensions of the equipment. 

In a number of cases, for estimating the permissibility of os¬ 

cillations it is expedient to apply tensometric equipment, since it 

is possible to estimate the magnitude of stresses in the structure 
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Fig. 10.3d. Diagram 
of distribution of 
vibration pickups on 
* wing. 
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during oscillation* with It. Measurement of oscillations Is conducted 

under basic operating conditions of flight with a gradual approach 

to limiting conditions. 

In an intensive increase of oscillations with the Increase of 

speed of flight, overload, or other parameters which characterize 

the approach to critical conditions of flight, the materials of mea¬ 

surements are thoroughly analyzed for determinating the safety of 

further increasing these parameters. In this case for expanding the 

conditions of flight in the first place we are guided by the data 

of instrument recordings, inasmuch as the crew can give only a sub¬ 

jective estimate of oscillations in places of its distribution. The 

crew»s estimate of oscillations of other parts of the structure usually 

has a too approximate character. 

All conditions of flight during measurements of oscillations 

are usually repeated several times. It is expedient to use long 

recordings of oscillations for manifestation of conditions with a 

high level of oscillations and for an estimate of the relative time 

of the flight vehicle stays in different conditions of flight. 

In the investigation of oscillations in the crew and passenger 

compartments it is expedient to use manual vlbrographa (vibration 

probes) which permit fast Inspection of a large number of points. 

An estimate of the permissibility of structural oscillations is 

produced with respect to the .level of variable stresses. For a rough 

estimate of the level of variable stresses in certain cases it is 

possible to convert the amplitudes of oscillations into the stresses 

of the structure, considering the oscillation mode. For a more pre¬ 

cise definition of the level of stresses in separate points measure¬ 

ments of stresses are made with the help of wire strain gauges. In 

certain cases the magnitude of permissible oscillations of a flight 
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vehicle is limited by the physiologic sensations of the crew or the 

passengers. Figure 10.39 gives curves which make it possible to 

estimate oscillations in a cabin*. 

Jig. IO.39. Graphs for estimating oscillations 
from conditions of physiologic sensations. 
0 ~ 0 - based on the results of generalization 
of test data of helicopters and aircraft 1 0-1 
- not noticeable, 1-2 - hardly noticeable, 2-3 
- noticeable, 3-4 - slightly unpleasant, 4-5 - 
unpleasent to a limit, 5 — very unpleasent, 
f-f - based on the results of laboratory and 
flying tests i 1) recommended limit; 2) un¬ 
comfortable; 3) very uncomfortable. 

Estimation oí Flight Safety from Flutter Conditions 

The contemporary technique of making measurements of structural 

oscillations with the help of vibration-measuring and tensometric 

equipment makes it possible to investigate the reserves for critical 

speed of flutter during flying tests. 

Tï!??ry “?,de,lÄn of » helicopter, EnglUh trani- 
r Helicopter Flight Vibration Pro- Diems, Aeronaut, Eng, Rev., I955. 
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At present, on aircraft with eubaonlc epeede. owing to laboratory 

teete, the probability of the oneet of flutter, with the exception 

of the trln tab of control fom, la email. For eupereonlc apeeda, 

eepeclally during aerodynamic heating, the eetlmatlon of critical 

epeed of flutter by calculation methoda or almulatlon methoda la con- 

alderably complicated and becomea leaa reliable. In connection with 

thle the value of flying teeta for flutter Increaeee. 

Curing flying teata for flutter we originate from the f. llowlngi 

1) the approach to critical oondltlona of flutter ahould be 

determined by ob.ervatlon of the atructure-a reaction to perturbation.; 

2) the approach to theae condition, ahould be conducted quickly 

with the obaervance of aafety condition.; 

3) during the Inatallatlon of experimental equipment the prob- 

ability of the appearance of flutter ahould not be Increaaed. 

The diagram of aircraft equipment and the method of excitation 

depend on the fora of flutter, on the part of the aircraft which 1. 

enveloped by flutter, and on ths required range of frequenclea and 

the expected danger of development of flutter. During the Inve.tl- 

gatlon of flutter we atudy the character of change of the damping 

decrement of oectllatlone with the Inereaae of flight apeed In caae 

of pulae dleturbance or change of amplitude, of forced oaclllatlon. 

during •inutoidal excitation*, 

For lafety of flying teata the aaaumed perturbation calculation 

and character of change of dar,ping decrement ahould be estimated 

during laboratory model teatlng. During the flying experiment we 

compare the obtained data with the data of laboratory Inveetlgatlona. 

On the tasla of thla comparlaon we eetlmate the reliability of pre¬ 

liminary data on the critical apeed of flutter. 

Let ua conalder the main methoda of Inveetlgatlng flutter In 
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flight. 

Excitation by means of pulies of the control aystem. During 

■anual control the pilot can transmit different forms of pulses by 

a lever (control stick) or by pedals. Such sharp pulses can excite 

©•dilation modes with a frequency of up to 5-7 oscillations per 

second. If the aircraft has an automatic pilot, then It Is possible 

to connect a dcnal transducer to It in order to create a shock or 

a sinusoidal disturbance to the controls. During control with ampli¬ 

fiers the system can nlso be equipped with exciters of oscillations 

of the controls. 

Pulse excitation can be created by Installing charges on differ¬ 

ent parts of the aircraft. By the corresponding selection of the 

grade of powder and the form of Its grains there can be obtained pulses 

of different form and duration. Adjustment of pulse length makes It 

possible to bring about the appropriate frequency of oscillations. 

With a smooth change of force during the time of action of the pulse, 

equal to approximately half the period of oscillations with respect 

to a given mode, the energy which Is absorbed by this mode tends to 

maximum. The advantage of this method Is that the pulse disturbance 

makes it possible to reduce the time of flight at speeds which are 

close to limiting and, consequently, dangerous for flutter tests. 

Equipment for such tests can be made sufficiently light and small- 

slze. 

Some difficulty In the use of this method consists In transient 

response analysis. 

Resonance method. With such a method sinusoidal oscillations 

of different modes are excited. The amplitude of forced oscillations 

with the approach to critical speed of flight sharply Increases. The 

excitation of sinusoidal oscillations employs a vibrator with an 
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unbalanced flywheel which tranenlte a force to the etructure that la 

variable In direction and la In the for« of a vector of force. Such 

a vibrator ahould have a light powerful motor with good apeed regula- 

tlon. With thla method of excitation of oaclllatlone there appeara 

■uch difficulty In frequency control of the exciting force near the 

reaonance peaka. Since vlbratora require a large amount of room, 

they are difficult to place on the end aectlone of the wing and 

empennage. Therefore, they are mounted In the fuaeUge, the motor 

nacelles, and In special cowls on the wing. 

Flying tests with a vibrator are more dangerous than during 

ahock excitation, alnce they require a comparatively long flight near 

critical apeed. Upon the appearance of reaonance It la expedient to 

auddenly terminate excitation and record the procesa of oaclllatlon 

damping. Thla proceaa la repeated at all reaonance peaka. Baaed 

on the analyala of damping. It la poaalble to eatlmate If the apeed 

of flight la close to the critical speed of flutter. 

At present, owing to the development of the theory of random 

Influence« of gusts of burpy air on a atructure. It la poaalble to 

eatlmate the approach of speed of flight to critical apeed of flutter 

on the baala of an analyala of the Influence of gusts on different 

speeds of flight. 

During flutter teat«, after every flight the measurement materials 

must be thoroughly analyred. The safety of tran.ltlon to the following 

conditions.ahould be determined at a high speed of flight. The analy¬ 

sis of measurement« utillxed the construction of polar diagrama of 

excitation amplitude per unit of reaction amplitude at a constant 

speed of flight. The approach of curvea for high apeada of flight 

to the origin of coordinates Indicates a decrease of dynamic stability. 
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10**« Treatment and Analysis of Remits of Mea»uremenf 

The main part of the parameter* during «tructural-performance 

test. 1* usually recorded with the help of optical, magnetic, mechan¬ 

ical, and other recorders. With the use of a magnetoelectric oscillo¬ 

graph which records on Photographic film, the Initial material for 

treatment Is the oscillogram. The recording lines of the oscillogram 

■ust he easy to distinguish. This Is carried out by automatic marking 

of the recording lines In the form of breaks which are alternated on 

the oscillogram in a definite sequence. Sometimes a color recording 

Is used. The recording lines should not exceed the bounds of the 

film ci go beyond the limits of the recording sweep, which la deter¬ 

mined by the linear section of the amplification characteristic of 

the electronic measuring equipment. The duration of the recordings 

should be sufficient for estimating the main characteristics of the 

recorded process. 

During measurements of static loads and overloads, the oscil¬ 

logram should have a recording of the "aero" lines which correspond 

to their values In the initial position. 

Dependin: upon the required accuracy and speed, the treatment 

of results of measurements can be executed with the help of drafting 

meters, scale and slide rules, special patterns and nomographs, key- 

actuated computers, mechanical and electonic harmonic analysers. 

Furthermore, electronic computers can be applied. They may be digital, 

continuous action, and special computers, for instance, for determi¬ 

nating correlation functions, spectral density, recurrence character¬ 

istics, etc. 

Depending upon the Investigated par.r.eter and the measurement 

problem, we distinguish the following forms of recording processing! 

1) measuring the maximum values of the registered parameter under 



specific condition»; 

2) carrying out frequency-anplltude analy.l. of measured parao- 

eters; 

3) determinating the dependence of magnltudee of measured param¬ 

eter* on time, «peed, overload, and other argument*! 

*) obtaining the .pectral den.lty and other dependence, by method, 

of mathematical statistic». 

The calculation* terminate with a graphic formation In the re¬ 

quired «y.tem of coordinate*, l.e., rlght-urgle, logarithmic, and 

•Imllogarlthmlc, Sometimes for this purpose a probability sc ie Is 

applied (see Fig. 4.3). 

One of the peculiarities of carrying out night te*t*, end In 

particular, structural-performance tests, con*l»t* In that the re¬ 

sult* of measurements must be processed as quickly as possible. 

During tests of aircraft and helicopters, frequently every subsequent 

flight Is executed by taking Into account the results of the preceding 

flight.' In such conditions the application of time-consuming, althougn 

exact, method, of treatment of flight material Is hampered. Due to 

this, development has been obtained by methods of approximation 

processing which, with sufficient accuracy of results, give the 

possibility In a short time to process a large quantity of recordings 

of different parameters and to obtain basic Information on the In- 

veitlgated question. 

The most time spent In the processing of results Is connected 

with harmonic analy.l. and detirtlnatlon of statistical dependences 

for the measured parameters. Therefore, such processing Is applied 

only when carrying out special Investigations. 

As shown above, wide development was obtained by the system of 

measurements with automatic and semiautomatic processing. In such 



meaiurlnr «yatems the required «tatlstlcal dependence* are obtained 

directly In the form of tables and graphs. 

Methods of Processing the Recordings of Dynamic Processes 

Harmonic analysis of periodic curves Is based on the known 

Fourier theorem which establishes that any periodic function, sat¬ 

isfying certain conditions of continuity (Dlrlchlet conditions), can 

be presented In a specific trigonometric series. Curves of record¬ 

ings of oscillations and variable stresses (forces) practically 

always satisfy the required conditions of continuity. 

If under these conditions the function f(x) is determined in 

any point of the interval 0 ^ x v jit, and for points outside this 

Interval the relationship f(x ♦ 2r ) » f(x) is executed, then 

/W*» ^ + (a,co*tor +^stator), (10.8/) 
*»i 

'I" ,:! 

where 

I ? , 
•*——(10.33) 

Expression (10.87) constitutes a Fourier series, while ak and b. are 
a k 

Fourier coefficients. Expressions (10.38), for the determination 

of these coefficients, are celled Caucny integrals. 

There exists a proposition (known under the name of the Rlemann 

theorem), which consists in that a periodic function can be expanded 

in a Fourier series by a single method. The application of methods 

of numerical haraonic analysis for processing recordings during flying 

tests Is limited due to the cumbersomeness of calculating work. 
I 

During tests of even one aircraft hundreds of recordings are obtained 
I I 
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fop different parameter* of a dynamic proce**. Therefore, special 

equipment is u*ed for harmonic analysis. 

The envelope method ha* been quite fully developed and ha* been 

widely applied during the processing of recording* of dynamic pro- . 

cesses. The envelope method is approximation method for processing 

the recordings of oscillations. However, in most cases this method 

gives sufficient accuracy of processing and makes it possible to con¬ 

duct a fast analysis of recordings. During the practical carrying 

out of measurements the envelope method is almost the only method 

of amplitude-frequency analysis of recordings. 

The comparison of the data of preliminary processing by the * 

envelope method and subsequent harmonic analysis of recordings shows 

that with sufficient qualification of the processor in most cases 

the difference is insignificant. However, use of the envelope method 

requires considerable skills in processing and assumes that the 

analyst has a complete understanding of the investigated phenomenon. 

Formal application of this method, without proper analysis of obtained 

results, can lead to incorrect conclusions. With a sufficient amount 

of experience the calculator can visually determine the main harmonic 

(sinusoidal) components of the analyzed recordings. 

Processing of oscillation recordings or recordings of other 

dynamic process consists in determining the sinusoids, whose sum 

reproduces the fora of the initial curve. The envelope method is 

based on the properties of total curves which are obtained as a 

result of addition of sinusoids. Therefore, the essence of the en¬ 

velope method is most easily comprehenued in examples. 

Curves with two components having a large frequency ratio are 

characterized by the following (Fig. 10.40)i 

a) the envelopes are similar to one another and are sinusoids; 

593 



b) the high-frequency componente of the recording have the form 

of the sinusoid lying between the envelopes; 

e) the distance between envelopes Is 

constant and Is equal to the sweep of 

the high-frequency comppnent. 

Curves with three components have 

a more complicated form (Fig. 10,41). 

In the use of the envelope method 

one should determine the period of the 

Fig, 10.40, Breakdown of 
a curve which consists of 
two sinusoids with fre¬ 
quency ratio 6:1, 

^JWWWWln 

Initial curve. If the recording has Insignificant Interferences (for 

Instance, In the form of the high- 

frequency component from the ampli¬ 

fier), they can be disregarded. 

By further construction of a center 

line we separate the high-frequency 

component from the others. This 

Is done by drawing envelopes; the 

Fig, 10.41. Breakdown of a com- center line Is located In the middle 
plicated curve Into simple 
sinusoidal components. between the envelopes. 

The center line of the envelopes 

always constitutes the low-frequency component (or the sum of low- 

frequency components If the Initial curve Is complicate.!). Thus, on 

Fig. 10.4lb, the curve Is the center line of the Initial curve which 

Is shown in Fig. io.4la; curve b differs fron curve a by the absence 

of a high-frequency component (see Fig. 10.4ld). 

The saune method Is applied to the obtained center line of the 

initial curve: envelopes are drawn and the center line of the en¬ 

velopes Is constructed; a curve Is then obtained with more low-fre¬ 

quency components (see Fig. 10.4lb, and c; curve c differs from 

S 



curvt b by tht absence of a second component). This pr :ess continues 

until the center line of the curve of the lowest order becomes a 

straight line In the final result (see Fig. 10.4lc). 

If both envelopes are Identical, the center line Is not con- 

structed, since It will be similar to the envelopes. In this case 

there Is only one high-frequency component (see Fl,% 10.40). 

The frequencies of separate components are determined by the 

timing on the oscillogram. In an extreme case the frequency can be 

determined by the speed of the tape on which the oscillations were 

recorded. The order of harmonics Is calculated with respect to the 

base period which was taken for analysis of the oscillation recording. 

Upon necessity the harmonics can be referred to engine revolutions 

or to another characteristic frequency. 

The frequencies of sinusoidal components of the recording are 

determined In the following way. Take a segment of the recording in 

two or three of the lowest periods and on It cuunt the amount of 

waves with an identical period. First count the frequencies of 

sinusoidal components of the lowest period, then the frequencies of 

components of a higher order. The frequencies of oscillations are 

determined by the formula 

l-T (10.89) 

where If li the quantity of wave* of the Inveatlgated alnuaoldal cob- 
ponent on a selected segment of recording; 

1 U ln f*cond*) "hleh 1» counted off on the 
recording with respect to the time notation. 

T“e amplitudes of sinusoidal components of the recording are 

determined by the envelope* (or center line»). The bandwidth between 

envelope* eon*tltute* the double amplitude (»weep) of a .Ingle high- 
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frequency component (tee Fig. 10.40). Amplitude ie determined by 

the distance between the center line and the envelope. 

The accuracy of determination of amplitudes of sinusoidal com¬ 

ponents by the wnvelope method can be increased, by increasing the 

initial curve with the photographic method. The frequencies of 

sinusoidal components are obtained with great accuracy and without 

magnification. For this, the section of the recording should be 

sufficiently large. 

Imposition method. In certain cases the envelope method does 

not give an accuracy in processing the recordings of dynamic processes. 

This pertains to curves with frequency ratios 2í1,3i1, 3i2il, 

and others. 

The imposition method is a certain average between the envelope 

method and harmonic analysis. It reduces basically to the division 

of the recording period Into a series of smaller periods and to the 

determination of the mean value of the ordinate in these periods. 

The theory of the method is simple and consists in the division 

of even and odd functions, and also In the separation of components 

with an order that is multiple to three. 

If we divide the period in half and make a reading of the abscissa 

from the middle of the period, according to Fourier's theorem. 

« 

Hence 

^ aâ cos kx + V64,ln kx, 
*»i s»i 

• • 

£0, cos tor — £ 6* sin tor. 
••I ft*»i 

/to+/(—«)-«• + 2 £ «*cbs tor. 



Thu«, if on the Initial curve 

Fig. 10.42, Determination 
of sinusoidal components by 
the imposition method. 

(Fig. 10.42a) one half-period AB is 

put on the other BD, then the half- 

sum of ordinates determines the co¬ 

sinusoidal component, while the half- 

difference determines the sinusoidal 

one. Figure 10.4lb gives a curve 

which is an even harmonic (cosine 

curve), and Fig. 10.42c shows an 

odd harmonic (sinusoid). 

In general, the period on the 

investigated recording l*j divided into 

equal parts and their "imposition" is 

produced in tables. For this it is 

also possible to transfer the curve 

on tracing paper, and by bending it in the central part of the period, 

put one part on the other and add or subtract the ordinates. Harmonics 

which are multiple to three cannot be subtracted if the period on 

the recording is divided into three parts and their imposition has 

been carried out. 

The imposition method is rarely applied in practice due to its 

comparative time-consumption. The necessary amplitude-frequency 

analysis of complex recordings can be obtained more simply with the 

help of mechanical harmonic analysers. However, In individual cases 

the imposition method turns out to be useful. 

Treatment and Analysis of Oscillation Recordings 

Recordings of oscillations, depending upon the measurement method, 

can be graphs of displacements, speeds, or accelerations. As a result 

of processing, the frequency and amplitude of displacements, and in 
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certain cases the amplitude of accelerations of the recorded oscil¬ 

latory process should be determined. Coefficients for transition 

from amplitudes of the recording to real magnitudes are obtained, as 

noted above, from the results of calibration of vibration-measuring 

equipment k 

The processing of oscillation recordings includes an amplitude- 

frequency analysis. The main method of such analysis is the envelope 

method. As the result of primary processing of oscillograms the 

frequency and amplitude of sinusoidal components of recordings are 

determined. In certain cases, for instance in the determination of 

the magnitude of total acceleration on an acceleration recording or 

the magnitude of total deviation of a structure during oscillations 

from its average position on a displacement recording, it is suffi¬ 

cient to determine maximum deviations of a recording from its average 

("zero") value, not conducting a breakdown of the recording into 

sinusoidal components and not determining their frequencies in this 

Instance. 

Frequencies of sinusoidal components of a recording are determined 

by formula (10.39). It is necessary to note that durinc processing 

of a recording by the envelope method, the physical values of fre¬ 

quencies are obtained. For the most part they are not multiple to 

each other or to some other magnitude. This especially pertains to 

recordings of aerodynamic oscillations (see Chapter V). During the 

processing of oscillation recordings by methods of harmonic analysis 

the frequencies of sinusoidal components are always multiple to one 

magnitude which frequently is conditionally taken on an oscillogram. 

The latter must be considered in the determination of oscillation 

sources. 

If the amplitudes of displacements are determined on the 
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recording of displacements, then in this case the values of the mea¬ 

sured ordinates of the recording are multiplied by the corresponding 

calibration coefficient ka (10.25). Analogously, the amplitudes of 

speed can be determined on the recording of speed and the amplitudes 

of acceleration on the recording of acceleration. Characteristics 

of speeds of oscillatory motion during structural-performance tests 

usually are not determined. 

In many cases it is necessary, on the recording of displacements 

(speeds or accelerations), to determine both displacements, and also 

accelerations of real oscillatory motion. Besides the amplitudes of 

components of resultant motion, sometimes the total amplitudes of 

displacement and acceleration of oscillatory motion are determined 

according to the following formulas. 

1. If the recording constitutes a graph of displacements, then 

the total quantity of displacement is determined by the formula 

(10.90) 

where A is the measurement deviation of the recording line from its 
average position; 

k is the calibration coefficient, which is determined by formula 
* (10.25). 

Amplitudes of displacements A^. for sinusoidal components are 

also determined by formula (10.90), taking that is the total 

amplitude (double amplitude) of the corresponding sinusoidal component 

on the recording. 

Amplitudes of accelerations J (in percent of g) for sinusoidal 

components are determined by the formula 

(10.91) 
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where the calibration coefficient for acceleration is 

(10.92) 

f is the frequency of the corresponding sinusoidal component; 

Acai is the amplitude on the calibration recording; 

S is the amplitude of the platform of the calibration stand. 

Amplitudes of accelerations or vibration overload may be also 

calculated by formulas (3.3) and (3.9) according to the known values 

of f and A. Total acceleration usually is not determined on the 

recording of displacements due to the complexity of ca.culation of 

the shift of phases of different components of the complex recording. 

2. If the recording constitutes a graph of speeds, then the 

amplitudes of displacements are determined by the formula* 

(10.93) 

where the calibration coefficient for displacement is 

(10.94) 

Amplitudes of accelerations (in percent of g) we found by the 

formula 

jf-HAW (10,95) 
4 

•Calibration coefficient subscripts signify: first subscript 
(a or J) — assignment of coefficient (for calculation of displacements 
or accelerations); second subscript (in parentheses a, v, j) - form 
of recording (recording of displacements, speeds, or accelerations). 
For instance, coefficient k ( ) intended for the determination of 
amplitudes of displacements on the recording of speed. 
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where the calibration coefficient for acceleration is 

(10.96) 

Coefficient in fonr ¿las (10.94) and (10.96) has the value of 

(10.26). Total amplitudes of displacements and accelerations on the 

recording of speed usually are not determined. 

3. If recording constitutes a graph of acceleration, then the 

amplitude of displacements of sinusoidal components is determined 

by the formula 

f * (10.9/) 

where the calibration coefficient for displacement is 

(10.93) 

Amplitudes of accelerations of sinusoidal components are 

(10.99) 

where kj is determined by formula (10.2,). 

Total acceleration is 

*-**«*/• (10.100) 

On the basis of recordings of accelerations one can determine over¬ 

load by the formula 

(10.101) 

where kn Is the calibration coefficient for overloadi 
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(10.102) 

is the total deviation of the recording line from its average 

("zero") position. 

In accordance with formula (10.102) the recordings of overload 

recorders are also processed. During determination of overloads on 

acceleration recordings the high-frequency impositions must be av¬ 

eraged, since they do not reflect the total load of the structure, 
■ 

but are a consequence of the high-frequency oscillations of the 

structure in the place of installation of the transducer. 

The values of all shown calibration coefficients in formulas 

(10.25) - (10.2/) and (10.90) - (10.102) are constants (within the 

limits of the linear characteristics of work of the measuring equip¬ 

ment), which is very convenient when carrying out the calculations. 

Data on the frequencies and amplitudes obtained as a result of 

processing the oscillation recordings, for convenience of subsequent 

analysis are usually presented In the form of graphs. 

Frequency analysis of measured oscillations does not depend on 

the method of oscillation measurement anJ can be conducted before 

obtaining the final processing data. In certain cases it is suffi¬ 

cient to conduct only a frequency analysis. 

In the frequency analysis the source of structural oscillations 

is estábil sued. This Is accomplished by constructing graphs of 

f * f(nen^ (nen 18 the number 0l* engine revolutions) on the basis 

of processing data, wnere for uniform location of frequency-response 

curves on the graph the logarithmic scale of frequencies is usually 

taken. This graph makes It possible to distinguish motor vibration 

and oscillations wnich appear during propeller rotation and from 
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aerodynan.c oscillations of the structure. The dependence of the 

frequency o: motor (propeller) vibration on engine revolutions is 

always linear. Depending upon the order of harmonics, we determine 

the source of the onset of oscillations (motor or propeller), and 

then we find the cause of the vibrations. The frequencies of oscil¬ 

lations of aerodynemic origin are not changed or have little change 

upon chan*e of engine revolutions. 

It has also been recommended to construct graphs of the change 

of frequencies from speed of flight f - f(V) or from the characteristic 

of rotor operating conditions f - f(^) (for helicopters). These 

graphs make it possible to trace the change of the frequency spectrum 

of oscillations with the change of the conditions of flight. Further¬ 

more, during processing of recordings of oscillations, frequency graphs 

make it possible to control the processing: if during processing 

there is an accidental ommission of some compoment of a combined 

recording, then on the frequency graph this error can be revealed. 

Frequency graphs are also necessary for constructing tiie amplitude 

characteristics of oscillations. 

After the determination or amplitudes of sinusoidal components 

oí oscillations, graphs are usually constructed, which reflect the 

dependence of amplitude on the parameters that characterize the con¬ 

ditions of measurements (rpm rate of engine shaft, speed, etc.), for 

instance, A - A(n), A - A(V), A - A(M), and A - A(f). 

These graphs are constructed for every sinusoidal component. 

Tne graph of A » A(n) makes it possible to trace the change of 

amplitudes with respect to engine or propeller revolutions and to 

reveal the possible cases of resonance. Graphs of A » A(V) or A » 

■ A(M) gxve an understanding of the character of ct.ange of oscil¬ 

lations depending upon speed (Much number) of flight. The graph of 
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A - A(f) makes it possible to Jud^a the distribution of amplitudes 

of oscillations w!th respect to frequencies and to determine the 

most dangerous frequencies of oscillations. 

The results of processing, and also frequency and amplitude anal¬ 

ysis, should provide material for a subsequent estimate of the per¬ 

missibility of oscillations. 

In certain cases a statistical analysis of oscillations is 

performed. The fundamentals of the statistical method are presented 

in Chapter IV. Basel on the results of oscillation processing, graphs 

are constructed for the distribution of probability density (see Fig, 

4.4) and Integral recurrence in the probability scale (see Fir. 4.3). 

These data make is possible to determine more fully the characteristics 

of non-ijtatlonary oscillations and to proceed to the estimate of fa¬ 

tigue dam e of the structure, from the action of oscillations on it. 

Processing and Analysis of Recordin s of 
Stresses and Forces 

Dependan upon the investigated process, the recording of stresses 

and forces, according to character, can be of two types: 

— recording of the oscillatory process of loading; 

— recording of a single process of loading with respect to type 

of forces of small duration, shown in Fig. 3.3. 

A recordin' of the first type is obtained as a result of mea* 

sûrement of stresses in a structure during vibrations, the investiga¬ 

tion of stresses in rotor blades, reductor frames, and in other 

helicopter assemblies, the measurement of variable bending moments 

of helicopter tail-rotor blades, the measurement of loads on an air¬ 

craft during the takeoff run, landing run, during flight In a bumpy 

atmosphere, etc. In this case the problem of processing is: 
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— determination of the amplitude-frequency spectrum of stresses 

and forces; 

- determination of maximum total stresses (forces) and time of 

action of different magnitudes of stresses. 

In this case, amplitude-frequency analysis is analogous to anal¬ 

ysis of an oscillation recording that is obtained with the help of 

vibration-equipment. The recording curves are usually processed by 

the envelope method. Frequencies of change of stresses (forces) are 

determined by formula (10,39). Amplitudes of sinusoidal components 

of recorded stresses are determined by the formula 

• -¿M.. (10.103) 

where A is the amplitude of the recording of stresset» on an oscil¬ 
logram; 

k is the calibration coefficient, which is determined by 
formula (10.4). 

Amplitudes of forces are determined by the same formula (10.103), 

but in this case the calibration coefficient is obtained in accordance 

with formulas (10.,9) or (10.30). Total stresses (forces) are deter¬ 

mined also by formula (10.103). In this case Arör, is the maximum 

deviation of the recording from its average position (in the deter¬ 

mination of oscillatory loads) or from the level from which the load 

increase is calculated (in the determination of total static and 

dynamic load ccaponentsj. 

Recordings of the second type are obtained in measurements of 

loads (stresses) durin; the first landing impacts, in the execution 

of different maneuvers in flight, when firing an airborne w< ;on, 

etc. (Fig. 10.43). In these cases the form of the recording is like 

a graph of a force of small duration (Fig. 3.3). Frequency-amplitude 
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analyais of such recordings is usually not conducted. 

During the processing of oscil- 

Flg. Example of a 
recording of wing bending 
moment of an aircraft, 
aj when executing a zoom; 
b) during landing run. 

lograms (Fig. 10.44), with recordings 

of stresses and forces, the reading 

of recorded parameter variation is 

conducted from a base line. Instead 

of a base line it is possible to use 

the recording line of a timer or free 

loop, whose position is stable. 

\r **»^1— — 

V 
I Meond 

Fig. 10.44. Example of deciphering recorded param¬ 
eters: nx - overload, - bending moment of wing, 

Mfi# Mf2* 811(1 M0 ” bendln8 ®o®ents of fuselage in 
1, 2, and 3 sections, Py lft and Py rt - vertical 

compoments of forces on left and right landing gear 
strut, hj^ - magnitude of ordinate in mm, corre¬ 

sponding to maximum deviation of measured magnitude 
from reading level. 

On the oscillogram it is necessary to have a recording of the 

parameter at zero or another initial value, with respect to which the 

increase in the magnitude of the measured parameter is calculated. 

Thus, during measurements of bending moment in a wing under the action 

of an overload, a recording is made before executing a maneuver in 
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condition! of horizontal flight (n ■ 1.0). Furthermore, a recording 

of "zeroea" la made before landing and after landing. The proceaa 

of recording other parametera proceed! in a airailar manner. 

During meaaurements a recording of calibration aignala la made 

from the electronic amplifier equipment before takeoff, after landing, 

and control recordings of these signala in flight. For equipment 

without amplifiers, the same oscillograph is used to record the volt¬ 

age of the power source for the measuring bridges of tht' tensometric 

equipment. For calculation of the change in the calibration signal 

during measurements, as compared to its value during calibration, 

the obtained values of the magnitudes of stresses (forces) are mul¬ 

tiplied by a coefficient which equal to the relation 

where hca¿ la the loop deviation on the oscillogram during the 
recording of a calibration signal during calibration; 

^neaa 18 the 8ame value during measurements in flight. 

We analogously consider the change of voltage of the power source 

for measuring circuits without amplifiers. 

For facilitating the processing of recordings that are performed 

at different equipment sensitivity, calibration and recording of 

calibration signals is conducted at all positions of the equipment- 

sensitivity switch. Furthermore, the frequency-response curves of 

every measurement channel (amplifier - oscillograph) are determined. 

For subsequent analysis, the results of processing tensometric 

recordings are plotted on corresponding grrphs. During the analysis 

of oscillatory processes one should 'construct graphs which are 

analogous to those utilized during the analysis of frequencies and 

amplitudes of oscillations: frequency graphs f - f(nen), f » f(V), 
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f • f(M), f « f(n) and amplitude graphs o - o(nen), a - o(f), o • 

- o(n), o - o(V), o - o(M), o « g(u) (in this case n equals the 
CI A 

engine or rotor revolutions, and n Is the overload in the center of 

gravity of the aircraft or helicopter). 

For an analysis of loads we construct graphs P ■ P(n), P » P(V), 

P - P(M), and other graphs of the dependences of load on the inves- 
I 

For an example, Fig. 10.45 shows a graph 

of the bending moment of a wing with respect 

to the overload In the center of gravity of 

an aircraft. 

Statistical analysis of measured loading 

parameters of a structure is conducted in 

accordance with the methods presented in 

Chapter IV. 

I 

tigated parameters. 

Fig. 10.45. Change 
of bending moment 
in the root section 
of a win,’ with re¬ 
spect to the over¬ 
load in the center 
of gravity of an 
aircraft. 

i 
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