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FOREWORD 

This is one of a series of reports which summarises the first 6-month 
phase of a planned 3-year study of thermal and atmospheric control systems 
of manned and unmanned space vehicles. The study was conducted by the 
Space and Information Systems Division (SfclD) of North American Aviation) 
Inc.» under AF 33(616)-7635 and was sponsored by the Flight Accessories 
Laboratory of Aeronautical Systems Division (formerly designated Wright Air 
Development Division). The Los Angeles Division of North American Aviation 
and AiResearch Manufacturing Company were subcontractors in the 
study effort. 

The reports comprising the series are as follows: 

ASD TR 61-164 
(Part I ) 

Environmental Control Systems Selection for 
Unmanned Space Vehicles (secret) 

ASD TR 61-240 
(Part I ) 

Environmental Control Systems Selection for 
Manned Space Vehicles, Volume I (unclassified) 
and Volume II (secret) 

ASD TR 61-161 
(Part I ) 

Space Vehicle Environmental Control Require¬ 
ments Based on Equipment and Physiological 
Criteria 

ASD TR 61-119 Radiation Heat Transfer Analysis for Space 
(Part I) Vehicles 

ASD TR 61-30 Space Radiator Analysis and Design 
(Part I) 

ASD TR 61-176 
(Part I) 

Integration and Optimisation Concepts for Space 
Vehicle Environmental Control Systems 

ASD TR 61-162 
(Part I) 

Analytical Method' for Space Vehicle Atmospheric 
Control Processes 

The thermal and atmospheric control program was under the direction 
of A. L. Ingelfinger and Lieutenant N. P. Jeffries of the Environmental Control 
Section, Flight Accessories Laboratory. G. Zara of the Environmental 
Control Section acted as monitor of this report. A. C. Martin served as 
project engineer at SblD. The space radiator studies were conducted by 
^ %#_ _ 1-'__ . Jl *■% .. 
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ABSTRACT 

Th« th«rm«l «nâly«i» of component «l«ment« of »p»c« radiator« is 
described herein. Elements include rectangular and circular plates of 
uniform thickness, triangular and trapeaoidal fins, and constant temper ature- 
gradient fins. A complete condenser and a radiator are analysed an 
illustrative examples given. 

The thermal analyses produced relationships between the physical 
properties and dimensions, element and environmental temperatures, and 
rat!« of heat transfer. These are shown graphically for all tYP« 
elements. The optimum proportions of space radiator elements having the 
greatest ratio of heat radiation rate per pound of weight are jetted 
graphically, and procedures for their calculation are shown. The 
slons on condensers and radiators include dimensional-tnermal relationships 
and weight-optimising procedures for complete unite. 

PUBLICATION REVIEW 

This report has been reviewed and is approved. 

FOR THE COMMANDER: 

w xi^j-aswv. 
Chief. Environmental Branch 
Flight Accessories Laboratory 
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Section I 

INTRODUCTION 

STUDY PROGRAM 

The Thermal and Atmospheric Control Study made for the Aeronautical 
Systems Division is an analytical and experimental program concerned with 
the problems of the control of the environments of future military space 
vehicles. Three broadly defined tasks were designated for this study. 
They are: 

1. Development of improved methods of analysis for predicting the 
requirements for and performance of space environmental control 
systems 

2. Development of improved methods, techniques, systems, and equip* 
ment required for this environmental control 

3. Development of criteria and techniques for the optimi*ation of 
environmental control systems and the integration of these systems 
with other vehicle systems 

One endeavor made to accomplish these tasks is a survey of industrial 
organisations and military establishments to obtain data concerned with 
current and future state-of-the-art of thermal and atmospheric control. 
Other endeavors include evaluating existing and newly created methods of 
analysis, selection, integration, and optimisation of control systems and 
components. The refurbishing and developing of existing and new analog or 
digital computer programs, applicable to this study, are included. In 
addition, laboratory verification of analyses and new design concepts form 
a part of the effort associated with these tasks. 

To guide all of the endeavors along lines which would find immediate 
and practical application, components and systems associated with specific 
vehicles were studied. The vehicles selected were representative of a 
number of earth-orbital and cialunar missions. These hypothetical vehicles 
were carried through preliminary design and used as thermal and ätmoepheriw 
control models. 

Manuscript releáBcd by authors April 1961 for publication as an ASD Technical 
Report. 
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ROLE OF SPACE RADIATORS 

On« problem common to all «pace vehicles is the disposal of waste heat 
produced by the generation of power» operation of equipment, or physiological 
functions of ths human body. Although transfer of heat within the vehicle may 
be accomplished by conduction, convection, or radiation, the only practical 
long-term means of removing heat from a vehicle in space is by radiation, 
The design of a space radiator to dissipate excess heat, takes on primary 
importance in the control of the thermal environment of a space vehicle. 

The configuration of a space radiator can take any of several forms, 
For the earlier, smaller vehicles, it has been possible to employ the exterior 
skin as the radiator. As space vehicles become larger and more complex, 
necessitating additional power requirements, the skin structure will have to 
be augmented by auxiliary radiators. Some of the suggested elemental forms 
of lightweight radiators are the following: 

Flat plates of rectangular form 
Flat plates of circular form 
Fins of trapezoidal cross section 
Fins of triangular cross section 
Fins of tapered cross section and with concave surfaces 
Moving belts 

This report documents a study of the thermal behavior of each of these 
elemental forms. The mathematical relationship between temperature, flow 
rate, dimensions, and other physical properties is established. The method 
of finding the dimensions of the optimum-weight configuration is determined 
for most cases, and the procedure for designing space vehicle condensers and 
radiators is shown. In performing the analyses, material previously compiled 
at SfcID was used as well as published literature. 

HYPOTHETICAL VEHICLES AND RADIATOR REQUIREMENTS 

The type of the space radiator to be used depends to some extent upon 
the mission to be performed. Thus, vehicles carrying personnel and 
operating continuously for long periods would require larger radiators than 
would unmanned vehicles having missions of relatively short duration. To 
illustrate this with examples, the thermal and atmospheric control program 
includes the design of several hypothetical space vehicles. Their mission 
will be assumed to range from relatively short observational surveillance 
flights to the extended duty of large space stations. Other reports of this 
program will illustrate the manner of designing these radiators and will 

V* A ties» AmmXmtrnm /a«« 4-1*4» •••» **4 
-1-- — **%.-*#*»w *«éw V «** vwtAWAVSe 
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Thes« vehicle» were designed in order to provide a concrete frame of 
reference for the »election of all types of control system». Each vehicle 
presents a series cf system problems, the solution of which will serve to 
demonstrate the principles and procedures presented in the analytic reports 
of the program. Because of the differences in character and mission of the 
various vehicles, opportunities occurred for developing a wide range of 
unique methods of integrating and optimising components and systems. 

In the first phase of the study, one manned and one unmanned vehicle 
were selected to serve as base point designs; others were developed later in 
the study. As each of the first two vehicles was developed, its missions, 
configurations, internal equipment, environments, and other requirements 
were defined. The objective was not to obtain working drawings from which 
these vehicles could be constructed; rather, realistic examples of thermal 
and atmospheric control areas requiring development were derived and the 
methods and procedures resulting from the thermal and atmospheric control 
program were tested. 

NOMENCLATURE 

Because the material for the thermal and atmospheric control study 
program reports was submitted by several organisations and was written by 
different authors, an effort was made to establish a nomenclature which is 
common to all the related reports. Therefore, publication ASA Y10.4-1937 
of the American Society of Mechanical Engineers, entitled’ "Letter Symbols 
for Heat and Thermodynamics" (Reference 1), was adopted as the standard 
for the nomenclature and should serve as a useful guide. 

It appeared more effective to provide separate nomenclature lists for 
each analysis of the report. These lists are found near the beginning of each 
separate discussion, 

- 3 - 



Section ÍI 

DETERMINATION OP SPACE RADIATOR REQUIREMENTS 

SOURCES OF HEAT TO BE RADIATED 

The first step in the design of space radiators is to determine the 
amount of heat to be radiated, for this will usually be the principal factor 
influencing the sise of the radiator and other features, To find the required 
rate of heat dissipation, all possible sources of heat that may exist in a 
space vehicle or satellite must be considered. The following list has been 
compiled as a guide to the principal categories of heat sources: 

Propulsion 
Secondary power 
External environment 
Internal environment control 
Ecological systems 
Guidance and attitude control 
Communication 
General and miscellaneous 

The categories were made as general as possible so as to cover all 
types of vehicles, Each has a number of specific sources of excess or 
unusable heat. For example, communication could include radio, radar, 
television, and recording equipment. 

HEAT QUANTITY AND TEMPERATURE DETERMINATION 

Having identified all of the heat sources and sinks that will affect the 
sise and form of a space radiator, the next task of the designer is to 
determine the quantities and intensities of heat to be conveyed to the radiator. 
This determination can be made only by an analysis of the thermal 
characteristics of each source of heat. 

It is not the purpose of this report to discuss methods of finding the 
magnitudes and intensities of heat quantities. Detailed procedures for the 
computation of heat transfer by conduction and convection can be found in 
standard texts on the subject. Another report of this study, "Radiation Heat 
'T'I* «• 4— e — • ~ ~ tr : -1— h acts 'T» r» At tin -1 - j_+Vi ~ 
**fl»AA9*«* as* ^asscaayoio lux kjyahcc vdUiViAeai x i\ wax 7» cjwpaaiuo tue 

principles of radiant heat transfer in considerable detail. 
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CONVEYANCE OF HEAT TO RADIATORS 

The r».diator is only one part of the system by which excessive or waste 
heat is rejected to space. Another is the path by which the heat is conveyed 
from its source to the radiator. After the sources» quantities» and 
temperatures of heat within a vehicle have been determined» the next step in 
a thermal study is to establish the routes by which the heat is to travel to 
the radiator. This is important in radiator design because the final form of 
the radiator will depend» to a large extent» upon the means of bringing the 
heat to it. Some of these means are indicated here. 

The routes for conveying heat may use one of the three fundamental 
modes of heat transfer - conduction» convection» and radiation - or any 
combination In unmanned vehicles» convection would probably not occur 
because of the lack of a convective atmosphere. In a manned vehicle 
operating in zero-gravity» natural convection would be limited but fans or 
blowers could serve to move portions of the atmosphere in selected directions. 
Forced convection of fluids in ducts is relatively simple and probably would 
be used as a method of conveying heat to space radiators and condensers. 

Conduction as a means of moving heat would probably be limited to 
those situations wherein the source of heat is relatively close to the 
radiator. Because the best conductors are metals» of relatively high density» 
long conductive paths could add excessive weight to a vehicle. On the other 
hand» removal of heat by conduction requires no moving parts or fluids, 
which could result in greater reliability than some other means of con¬ 
veyance Other factors to be considered are the radiation from conductors 
within the vehicle and the need for insulation to reduce this radiation or 
prevent injury to the crew. 

While radiation is the means by which waste heat will ultimately be 
removed from a space vehicle, this means will ordinarily not be used for 
conveying heat from the source to the radiator. Heat is transferred by 
radiation at a relatively low rate» and its flow cannot be directed or 
channelled. Not that radiation should never be relied upon as a means of 
cooling components, but rather the heat so dissipated will usually have to be 
conveyed to the external radiator by some other means. 

- 6 - 



Section III 

ANALYSIS OP SPACE RADIATOR ELEMENTS 

DESCRIPTION OF RADIATOR ELEMENTS 

ELEMENT FORMS 

For purposes of the present analysis, space radiators may be divided 
into two classes: (1) those which are only secondarily radiators and 
primarily parts of tne space vehicle etructure, outer skin, or some other 
functional element, and (2) those which have been designed principally for 
the emission of radiant energy. The first type may be of a complex 
configuration resulting from its location on the vehicle. The second class of 
radiators are usually of simple geometric shape or are composed of 
combinations of simple elemente. The forme most often used in the design 
of radiators of the second class are described in the following paragraphs 
and are illustrated in Figure 1. 

Rectangular Plates 

Plates of rectangular shape and uniform thicknese forming part of the 
external surface of a vehicle may function as space radiators. When 
uniformly heated over one of the large surfaces, their thermal behavior is 
relatively simple. As space radiators or condensers, however, they will be 
heated along one edge and heat will be radiated from one or both surfaces. 
The heat flow rates in this case are much more difficult to determine, and 
it is this problem that will be analysed as part of the present report. 

Circular Plates 

Circular plates may also act as radiators Integral with the structure, 
receiving heat on one surface and emitting radiant energy from the other. 
They are also used as "fins" or extended surfaces of radiators, receiving 
heat along the edge of a circular hole concentric with the outer edge of the 
disc and radiating from one or both plane surfaces. 

Trapesoldal and Triangular Fins 

Fiâtes of uniform thickness do not represent the most efficient 
radiators from a weight standpoint; fins of trapesoldsl or triangular cross 
section have been found to be more effective. The triangular fin is a special 
trapezoidal fin case. Both types are analyzed here. 

- 7 - 



COLD 
EDGE —i 

HOT EDGE—' 

HOT EDGE 

COLD 
EDGE 

FLAT PLATE 
EXTENDED SURFACE OR FIN 

CIRCULAR PLATE 
EXTENDED SURFACE OR FIN 

COLD TIP 
/- 

COLD TIP 

HOT EDGE 

TRAPEZOIDAL A CONSTANT TEMPERATURE-GRADIENT 
TRIANGULAR FIN OR "TAPERED" FIN 

SECTION OF CYLINDER SEGMENT OF SPHERE 

Figure 1. Various Radiator Elements 
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Comtant Tempe rature »Gradient Fim 

The fin emitting the moit heat for a given weight for which data are 
available ia one that produce! a conatant temperature gradient from root to 
tip. Such a fin has curved radiating surfaces, as shown in Figure 1, which 
taper to a sharp point. 

Cylinders 

The outer surface of a cylindrical space vehicle may be used as a 
space radiator. Segments of cylinders can be used as two-sided units, 
although the effectiveness of the concave side is reduced by elements of the 
surface "seeing" one another. Cylindrical ducts conveying fluids may also 
act as radiators. Such tubes may have extended surfaces to assist in heat 
dissipation. 

Spheres 

Spheres and spherical segments are similar to cylinders and cylindrical 
segments in that they are more often a vehicle outer surface than an 
independent radiator. Although the advantages to be gained in having a 
separate spherical radiator are nebulous, it would be possible to use 
radio or radar antennas, shaped as segments of spheres, for thermal 
radiation. 

FORMATION OF RADIATORS FROM ELEMENTS 

The elemental shapes described here may be combined in a number of 
ways to produce complete space radiators or condensers. Examples are 
shown in Figure 2. In Sections IV and V of this report, the thermal 
behavior of complete condensers and radiators is analysed and procedures 
for their design are given. 

RADIATION FROM ELEMENTAL FORMS 

The radiation characteristics of most of the elemental forms just 
described are analysed in the following subsections. Some of the material 
is based on previous studies conducted by SkID and other companiea. Two 
such early studies are documented in the Appendix of this report in the form 
of society papers presented by D. B. Mackay of SkID. In some cases, the 
previous work has been rewritten for simplicity and clarity. Also, much 
new material has been added. This additional effort includes the optimization 
of configurations to produce an extended surface of minimum weight for the 
heat to be rejected. 

- 9 - 



® CYLINDRICAL DUCT k FLAT PLATE EXTENDED SURFACES 

(§) SECTION OF THIN-WALLED TUBE k EXTENDED- 
SURFACE CONDENSER 

© SECTION OF SPACE RADIATOR OF RECTANGULAR DUCTS 
k CONSTANT TEMPERATURE-GRADIENT FINS 

Figaro 2. Formation of Radiators From Elemental Forms 
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RADIANT HEAT TRANSFER FROM FLAT RECTANGULAR PLATE 
UNIFORMLY HEATED ALONG ONE EDGE 

In thin analysis, relationships ars determinad between the dimensions, 
temperatures, and rats of heat dissipation for a flat plate heated at a 
uniform and constant tsmperature along one edge. Equations are developed 
by which the dimensions of au optimum-weight plate may be computed. The 
final results are presented in terms of sevsral dimensionless numbers, For 
example, heat transfer is given in terms of plate effectiveness, and 
effectiveness, in turn, is related to plate profile number. Effectiveness and 
profile number are both dimensionless groups of variables and constants, 
Effectiveness is here defined as the ratio of the heat radiated from a plate to 
that radiated in free space from an identical plats having a uniform 
temperature equal to that at the hot edge of the first plate* 

One advantage of this method of presentation is that complex systems 
can bs analysed for various aspects of performance, while only the profile 
number and environmental parameter are used throughout as the basic 
variables. The environmental parameter is the ratio of the heat received 
from the environment to that which would be radiated from the plate if it were 
at a uniform temperature equal to that of its hot edge. These nondimensional 
numbers are flexible enough to accommodate not only the constants 
specifically indicated in the analysis, but also such other influencing factors 
as plate finishes and re-radiation from a number of bodies surrounding the 
plate under study. 

The basic assumptions made for this study Include the following: 

1. The temperature along the hot edge of the plate is uniform and 
constant, 

2. The flow of heat is in straight lines from the hot to the cold edge 
of the plate, these lines being normal to the hot edge. 

3. Heat leaves the plate by radiation from the two large surfaces 
only, none being radiated from the edges. 

4. The emissivity f of the plate surfaces and the conductivity k of the 
fin material are independent of variations in temperature. 

- II - 



St Heat radiates from the surfaces in accordance with the Stefan- 
Boltzmann law. 

6. The total operation le In a steady-state condition. 

This analysis Is based. In part, upon a report by D. B. Mackay and 
E. L. Leventhal (Reference 2) of SfcXD. New material on the determination 
of the configuration of plates of optimum weight Is also presented. 

NOMENCLATURE 

Ap Plate area, (L w) (Lh), eq ft 

o 4 
C. Radiation constant, 0 (( + (. )» Btu/(sq ft) (hr) ( R) 

1 ft D 

C. Radiation constant, heat received from environment by unit of fin 
area, Btu/(sq ft) (hr) 

Cj Aggregate of thermal and dimensional constants, nondlmenslonal 

Radiation form factor for plate side facing sun, nondlmenslonal 

F. Radiation form factor for plate side away from sun, nondlmenslonal 
b 

k Thermal conductivity of plate material, Btu/(hr) (ft) (°R) 

L Distance from hot edge to a point on plate (variable), ft 

L. Total plate length, ft 
h 

L Width of plate normal to heat flow, ft 
w 

q Heat transfer, Btu/hr 

Net heat radiated from plate, Btu/hr 

q External heat Into plate, Btu/hr 

* u«»» tvanafarvatd hv conduction Into oíate throuah hot edae. eoual to nu ----. „ _ 
net heat lost by radiation, Btu/hr 

q. Internal heat transferred across any section of plate, Btu/hr 
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H«ftt lost from plats by radiation, Btu/hr 

Hsat transferred from plats in space as if temperature is uniform 
and equal to root temperature, Btu/hr 

5 Solar constant, Btu/(hr) (sq ft) 
c 

T Temperature of point on plate (variable), °R 

T Temperature of cold end of plate (tip), °R 
C 

Th Temperature of hot end of plate (root), °R 

T Surface temperature of environment, °R m 

Wf Extended-surface weight, lb 

<sft Absorptivity of plate surface facing sun, nondimensional 

Absorptivity of plate surface away from sun, nondimensional 

S Plate thickness, ft 

f Surface emisslvity of plate, nondlmenslonal 

Emisslvity of plate surface facing sun, nondlmenslonal 

Emisslvity of plate surface away from sun, nondlmenslonal 

C Profile number, nondlmenslonal 

6 Angle between sun's rays and a normal to environment surface, deg m 

6p Angle between sun's rays and a normal to plate surface, deg 

p Density of plate material, Ib/cu ft 

P Reflectivity of environmental surface, nondimensionai m 
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o Stafan-Boitzmann yadlation conatant, 0.1713 x 10-8 Btu/(«q ft) 
(hr) (0R)4 

O Plata effactivanaas, nondimanalonal 

MATHEMATICAL ANALYSIS 

The ganara! caza of tha problam explorad hare ia illustrated by Figura 
3. Heat la tranafarrad into tha plata along ona edge from aoma source, such 
aa a condenser tuba, at a uniform and constant temperatura; tha other three 
edges of tha plata ara aa sumad to be thermally insulated. Although this 
assumption la seldom completely valid, tha amount of energy radiated from 
these edge surfaces is usually small enough to be neglected. Heat entering 
the plate, from radiant solar and environmental sources only, is given by* 

S A a cos $ 
c p a p + S A F a P COS0 c p a a m m + S A F.«. P cos $ 

c p b b m m 

A f aF T4 
pa am A f.ffF. 

p b b 
T4 

m (1) 

Environmental sources of radiation include the earth and other planets. 
The heat loss from the plate is; 

,, . ApVT< . ApVT* (2) 

The difference between the heat radiated out qf and that received by 
radiation qg is the n.t heat transferred by radiation q, where 

q « qrqg 

or 

q - A < <rT4 + A <.ffT4 - S A a cos* 
P* pb cpa p 

p a ä m c m pbbmc m 

A F < oT 4 - A F, I ,0t 4 
P a a m p b b m (3) 

T a» J «a « 

Cj * i b) (4) 
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Figure 3. Environment for Fiat Plate Analyeie 
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and 

Equation 3 then become e 

q . (CjT« ■ C2)Ap ,6, 

Equation 6 may be conaidered ai a general equation for caiea either more or 
leía complicated than that of Figure 3. In all caaea, the Ci group Includea 
the terma multiplied by T* and the Cg group includea all other terma. The 
differential equation for the heat radiated from a aeetion of the plate la 

dl» ' (c,T4-Cj)LwdX, (7, 

where L paraUela the direction of heat flow through the plate and L«# la 
normal to it (Figure 4). 

The heat transfer by conduction through a aeetion of the plate, at a 
distance L from the cold end, is expressed as 

,.-kiL £ 1 w dL (8) 

This must be equal to th* net heat q radiated from ihn plate. In any element 
of the plat«;, the net heat radiation from the element, dq, la equal to the 
difference In heat conducted inte the element along its hotter edge and that 
conducted out along the opposite edge, dq^. That is 

dq ■ clqj « - kdLw^-7 dL (9) 
dL 

After equating Equations 7 und 9, Integrating in two steps, and 
determining the value of the constant of Integration by the substitution of 
boundary conditions, 

lie T 5 
/-li-JL \ I m% + 

\j MO 

[7~4 I T5 ! 1 ‘ 
J(i-\ Ji_\^ 
V\Tc/ \Tc/ ’\Tc/ ' \Tc/T* 

5C. 

C.T ^ 
1 c 

(10) 
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I 

Figure 4. Dimensional Relationships of Flat Plate 
Heated Uniformly Along One Edge 

Equation 10 ie difficult to integrate. Graphical solutions (Reference 2) and 
digital computers (References 3 and 4) have been used for this purpose. 

To present the results in a form more useful for radiator design, the 
rate of heat transfer was converted to plate effectiveness. This term can 
be defined by first considering the amount of heat that would be transferred 
if it were to have a uniform temperature equal to the plate hot edge 
temperature throughout the plate, with no radiant heat being received from 
any source. This would be 

LUL C1TU h w 1 h 

- 17 - 
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Plate effectiveness is the ratio of the net heat radiated qf to this amount 
of heat qu, or 

n* M^CÏTh* 

and 

«i * h, Wh4 n 
The results compiled from the data of References 2 through 4 are 

shown in rectangular coordinates in Figure 5 and in logarithmic coordinates 
in Figure 6. 

OPTIMUM-WEIGHT DESIGN 

In both Figures 5 and 6, a line Indicates the optimum-weight 
configuration (theoretical profile). The determination of this line and its 
significance is shown in the following analysis. 

The weight of a flat plate extended surface is 

Wf ■ LwLh dP (14) 

(12) 

(13) 

The abscissas of Figures 5 and 6 are aggregates of dimensional and 
thermal constants which produce a dimensionless quantity called the 
profile number £ , where 

, . C»VV. 
{p 

(13) 

Equating equations 14 and 15 to eliminate 0 , 

c 

3 3 C.T. L. 9L P 1 h h w (16) 
kW f 

Solving for 

K ( 
\ 

_i-3— ) 
\~rh"w i 

1/3 

(17) 
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Subütituting Equation 17 into Equation ¡3, 

■ 0 L C, T. w 1 h 

1/3 

Solving for W^, 

(18) 

(19) 

Ordinary method• of calculus can now be used to determina the 
relationehlp between these terms which will produce the plate of lowest 
weight for the dissipation of a fixsd heat rate. If the length L* is fixed 
or unity, then all terms within the first bracketed group will be constants, 
or 

(20) 

Differentiating Equation 20 with respect to 

(21) 

Equating the differentiated equation to sero and rearranging, 

or 

d(log4p) " 5 
(22) 
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The optimum-weight configuration for each tnvironmental parameter 
ii then located at the point at which each curve of Figure 6 has a slope of 
-1/3. The loci of these points are indicated in Figures 5 and 6 as the 
optimum-weight configuration (theoretical profile) line. 

Very often, the optimum-weight configuration prescribes a fin so thin 
that it would be impossible to manufacture. In other cases, the radiator 
surface area becomes too large for satisfactory usage. In either event, a 
heavier but more compact design should be used. For these reasons, the 
minimum-weight profile is designated as the theoretical profile to emphasise 
that it may not be the "optimum" configuration when requirements other than 
weight are considered. However, the theoretical profile is the best known 
starting point for selection of the final configuration. 

DESIGN PROCEDURES 

The principal worth of the relationships shown in Figures 5 and 6 is 
that they aid in the rapid and adequate evaluation of a flat extended surface. 
The key to this is the profile number. If the configuration and thermal 
characteristics are known, the profile number can be evaluated. For a wide 
variety of problems, however, the route followed is to determine a profile 
number from which the dimensions are established. In either event, the 
profile number is the important criterion. 

Where the plate sise and shape are known, the normal procedure would 
be as follows: 

1. Evaluate the profile number (Equation 15). 

2. Evaluate the environmental parameter C./C.T*. 
4- In 

3. Obtain surface effectiveness fl from Figures 5 or 6 using the profile 
number and environmental parameter. 

4. Compute the heat transfer (Equation 13). 

Where the required heat transfer per unit of length is known, a 
different procedure is followed: 

1. Evaluate the environmental parameter C,/C,T. 4. 
¿ 1 h 

2. Select the appropriate values of effectiveness and profile number 
from Figure 5 or 6. If minimum weight is desired, effectiveness 
and profile number are obtained by the point of intersection of the 
theoretical profile line with that of the environmental parameter. 
If higher or lower values of effectiveness are desired, another 
position on the environmental line is selected. 

3. Compute plate length Lh (Equation 13). 
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4. Compute plate thickness B using the computed plate length 
(Equation 15). 

Step 2 ot this procedure demonstrates another valuable feature of the 
curves of Tigures 5 and 6 — the direct identification of the optimum-weight 
configuration. In space vehicle design, weignt saving is usually of paramount 
importance. The ability to find, in uncomplicated fashion, the dimensions 
of the plate having the least weight for a given amount of heat radiation, is a 
very desirable characteristic of these graphs. 

Tor both procedures given, the assumption was made that the 
environmental parameter can be evaluated. Reference to Equation 5, 
however, indicates that to do so requires knowledge of the form factors F 
and Ffc, both of which depend upon the sise and shape of the plate finally * 
selected. The required procedure must then include assuming the values of 
iuese factors, in order to start through the steps, and checking the final 
results against the assumptions. A series of trials may therefore be 
required before arrival at a final solution. 
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RADIANT HEAT TRANSFER FROM FLAT CIRCULAR PLATE 
UNIFORMLY HEATED ALONG INNER CIRCUMFERENCE 

The problem of steady-itate radiation from an annular fin is analysed 
here. The relationship of fin effectiveness 0 to fin profile number Cp i* 
established for a range of ratios of radii 0r. All these three factors are 
dimensionless numbers. 

The first discussion is a mathematical analysis abstracted from a 
paper by R. L. Chambers and E. O. Somers (Referencs 5). In the second 
discussion, configurations having the least weight for the heat radiated are 
determined. This analysis is more complex than that for rectangular flat 
plates because of the presence of an added variable, the radii ratio ¿r. The 
procedu.es given were developed by D. B. Mackey of SfcXD. 

NOMENCLATURE 

C Radiation constant, o{« + fw), where f. generally equals aero, 
Btu/(hr)(., itXOR)« * b b 

K Aggregate of constants, nondimensional 

k Thermal conductivity of plate material, Btu/(hr)(ft)(* R) 

*n Total number of concentric elements that subdivide the plate, 
nondimensional 

n Integer, nondimensional 

<lj Rate of heat radiation from plate, Btu/hr 

\ R*te oi heat radiation from plate in free space as if temperature is 
uniform throughout plate, Btu/hr 

r Distance of any point from plate center, ft 

r^ Inside radius of plate, ft 

rQ Outside radius of plate, ft 

- 25 - 



.... 

T T«mpe¿ature oí point on plate, * R 

T. Temperature oí point on inner circumference, *R 
n 

Tn Temperature oí any concentric element, * R 

T Temperature oí outer concentric element, *R 
nm 

Ratio oí temperatures, T/T^, nondimensional 

Z Ratio oí temperatures, T /T., nondimensional n n n 

Z Ratio of temperatures, T /T., nondimensional 
nm nm n 

W Weight oí circular plate, lb 
cp 

Ar Width oí concentric element of plate, it 

6 Plate thickness, it 

Emissivity of exposed surface, nondimensional 

f . Emissivity oí other surface, nondimensional 
D 

Plate profile number, nondimensional 

ir Circumference-to-dlameter ratio of circle, nondimensional 

p Density of plate material, Ib/cu it 

• 8 4 
o Stefan-Boltsmann constant, 0.1713x10 Btu/(hr)(sq ft)(* R) 

0 Ratio of radii, (r - ^)/(^ • r^), nondimensional 

Ratio of radii, nAr/(r0 - r¿ ), nondimensional 

0 Ratio of radii, r /r., nondimensional 
oi 

0 Ratio of radii, r /Ar, nondimensional 

ft Fin effectiveness, nondimensional 
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mathematical analysis 

The configuration of a circular fin which conforme to this analyeie 
ie shown in Figure 7. Heat from eome eource is conducted through the peg 
to the circular plate fin. Here the heat ie transferred to the inner 
circumference, and then conducted throughout the plate and radiated into 
space. For the case illustrated, insulation confines the radiating area to 
one flat surface of the circular plate and, in effect, dictates sero emissivity 
of the insulated surface. Any radiation from the exposed end of the peg does 
not influence the thermal behavior of the circular plate. Figure 8 is a 
•chematic drawing of the plate. 

The assumptions for this analysis are essentially the same as those 
made for the flat plate of rectangular section. The important difference is 
that the only environmental situation considered is the one in which heat 
radiates to a space having absolute sere temperature. Further work is 
required to extend the analysis to other values of the environmental 
parameter. 

The physical laws of heat transfer and the assumptions were combined 
to produce a second-order nonlinear differential equation describing the heat 
flow within the fin, as well as iwo boundary conditions. The differential 
equation is 

where 

(23) 

The boundary conditions are 

r * rj, 0 * 0, Zh = 1 inner circumference 

dZh r = ro, ^ s 1, -rjji. s 0 Outer circumference 
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Figure 7. Configuration of Circular Plate Fin Acting ae Space Radiator 

Figure 8. Dimensional Relationships of Circular Plate Heated Uniformly 
Along Inner Circumference 



»..».Jî , . I ,“ti0n " WM comPut*<i numerically for varloue 
*î,*“™*d ™luV oi ,h» «“« ot radii ¢, and profile number ¢,,. The 
adiabatic boundary condition at * » 1.0 wae checked on an IB& 704 h,.,.., 
computer ae aero to within five aianificaut fiaurei The r.’.,j k. ®. - 
*> * i. found from the eolution of Iquatto» A »“«‘•n.hip of Zh 

concentric annuli of radial width Ar, 
n ft ■ a Ar/(r - rj. By definition, fin effectiveness is 

0.¾ (24) 

where the rete of best radiation from 
temperature T. ie 

h 
a fin having the uniform hot end 

(25) 

The heat flow rate is approximated by 

Wh4*'2' (VïM^rVî^ai+ 2¾ (" + «,)Z 
ne 1 

(24) 

Combining Equation. 25 and 26 and reducing the ,uoti.nl. 

Q: 
(¾ +l)+(* 

, V A m-1 

r^d ' 4)Znm + 2Í f" + z„ 
n» 1___ 

(27) 

By »electing a sufficiently large number of elements, the approximation 
of Equation 27 can be made an equality. The effectivenes* would then be a 
function only of the ratio of radii 0rand profile number £ , since Z is 
also a function of 6 and ¿ . P h 

r 
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Oí V4lue. of th. tt'oo7„d7"^rp r.d ***í“ I,r0,lle aumb” lor * rAn8 
charactarliti.. of It. 1,.ri¿ ír^ln i *h* 0Í the «» “«* «>• 
d.termtned front ,h... curv.7 Th!!««» J««*1«“” ">»/ « 
c«n than b. clcttl.t.d u.ing EqulllTÔnd 2« “~r*íU,,d ,rom the fl” 
aignificitc. of th. 0,..,.,iLfromlm T^LZl 

pr...Mld*n,R.fo«n^lJ*diCd0M,1,XtUM ln ï* IBM progr*m' *ork 

1. Í. th. diff.ranc. in a,*?"«!»*.'."*'” <or ^ * >• 01)1 ‘»d 
th«.,.,. r«.oMbl. ,0 con.lr Z . , ï , ,0 b# ™«U«lb1«- » » 
hy • i. 001. ** * fln m»y b. approxlmatad 

OPTIMUM-WEIGHT DESIGN 

»nd plate thickne• I VwhVch^m p'roduce'a "*1 ^ 0Î * circulllr PUt« 
radiating a given quantity of II et r minimum-weight plate for 
i® «pecified, then a rela*ionihiD ûf ..0nver-ely, if the w®ight of the plate 
radiate a maximum Imount õf h.at ^ be £ound which *U1 
that the weight is fixed and th»» »h * líÍ 1 y,un,ed in th® present analysis 

of the extended surface which will enableV ^ fÍn»d ^ thickna,, Änd rtáii 
radiated. 1U enaWe the *r«t®®t quantity of heat to be 

The weight of a circular plate is giver, by 

or 
(28) 

W 
cp 
22; 

W 

^^0 -i ) 
SJL 

Pnr-Z(trZ - 1) i 
(29) 

The profile number is 

C T 3r 2 
clTh ri 

1. » JV V 
(«r - n2 

¿ ^ K 
\JUI 
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Substituting Equation 29 into Equation 30. 

VhV'”' 
kW (^r • 1>i(^r2* 1) 

cp 
(31) 

.11 «.rl"*,1?”.' "C.«on *0 ^ 

C T 3 4 
ClTh r| 0" 

kW ■ K 
cp 

(32) 

whers K is a constant. Equation 31 then becomes 

íp * ‘»V D2 (») 

ratios 
the value 

. ¿""»■ti0** “c?pt t,h*t curv**,<,r °"iy ,w° r»d» 
lu.rif K „ ’ . . h : Ai"' »»y point auch aa point 1, 
. "•‘"'»mad by Equation 33. A aacotid oolnt a..,.. .1 

aama valu, oí K but with a radlua Vatio ¿"ïnatoad'oî'«*0'“1 T.*?' !“vin«“‘e 

ä« .T.hrí,u oí Ä^Sn. 

Since 

then 

xi * k2 

<*, • mr - d' 

or 

¿pi Cp2 

W,l ' ^(^y! * 1) (0,2 ■ l)(0r2 -1)¿ 

ÍP2 cpl —T--— 

(0rl 

(34) 
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n*Ur* U' Pu“,E¿.!ÍiLia*0Í^P,in’Um'W*,«ht c«“<U«r»tlon 
Ut* E“"«“v.n.M Vtriua Profil. Numb«r 

on 

d.t.rmi„.r*n¿7:‘^^tcn..3:w\ri.\nro4fTr ^ -> Tic,h c*n no*b* 
con.t.nt K c.n b. dr.wn, ,hown ,n mZ ll ' & 0' ‘h* lin• °f 

to b« By combining Equation. 24 and 25. ,.,. of h..t r.diltion ,. fo<md 

qf • 1)n 
(35) 

Since C T a 

maximum when thîfprodîct (V^VllftT.0 qUA"titie,‘ th® r*te will be 
»re plotted in Figure 12 againeíorofiu *T>Um* Valuei oi ihie product 

K. Th. maximum point, of th.» curv»U«ubli.°h f th* í*® oí 
numb«, for which heat tr.n.f- :. . _ * , Ubli,.h ,h* v*lu'* of profil. 
number. ., which th... m.xim',‘cccur*.T“|";- .i" Í'l8Ur', “• the Profi1« 

Är;Är;-ru.» 
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Figure 12. Location of Profile Numbers of Maximum Heat Transfer Rate 
for Circular Plates 
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weight flat plate at it* correeponding value of effectivene*«. The line of the 
optimum configuration wae then transferred to Figure 9. From thie line, 
the combination of radii and thickness that produces the maximum heat 
radiation for a given weight can be determined. 

It should be noted that the curves of Figure 12 are relatively flat in the 
region of their maximum value. This indicates that the profile number is not 
critical in this region. Changes in the value of profile number by *0. 2 from 
the peak value will reduce the rate of heat transfer by only approximately 2 

Figure 9 can be used by the designer in much the same way as Figure 
5 would be used in designing flat plate radiating surfaces. If the dimensions 
of the circular plate are known, the effectiveness can be read from Figure 9 
and the heat that can be radiated calculated. Conversely, with the heat to be 
dissipated known, a ratio of radii can be selected, the profile number and 
related effectiveness read from the chart, and the dimensions of the plate 
calculated. The chosen coordinates are usually in the neighborhood of the 
line of optimum-weight configuration, but need not be if some requirement 
prevents this. However, it must be pointed out that Figure 9 is limited to 
the environmental parameter of free space only and that other similar 
families of curves are necessary to design for other conditions. 
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RADIANT HEAT TRANSFER FROM CONSTANT 
TEMPERATURE-GRADIENT FIN 

The term "fin" hae been applied to extended aurfacea uaed to diaaipate 
heat by radiation or convection or by a combination of theae. Thia analyaia 
placea aome reatrictiona upon thia general concept - namely, that no 
convection exiata, and that the temperature of the root of the fin ia conatant 
and remaina uniform along the entire width of the fin. Another apecial 
characteriatic of the fin conaidered here ia the linear temperature gradient 
from the baae to the tip of the fin. Attaining thia relationahip requirea a fin 
that ia thickeat at ita baae and tapera to the tip ao aa to form convex 
aurfacea of the aidea. Thia configuration la ahown in Figure 13. 

In later analyaee, "triangular" and "trapeaoidal" fina are conaidered. 
The triangular fin différa from the conatant temperature-gradient fin in that 
ita aurfacea are flat planea; the trapeaoidal fin haa the profile of a truncated 
triangle. Conatant temperature-gradient fina are of intpreet becauae they 
have a more effective diatribution of material and enable more heat to be 
diaaipated per unit of weight. 

The thermal analyaia haa been made for combinationa of three 
variablea: (1) the fin root thickneaa, (2) the fin length from root to tip, and 
(3) the ratio of the abaolute temperaturea at the hot (root) and cold (tip) enda 

Figure 13, Configuration of Conatant Temperature-Gra.di«nt Fin 
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oí the fin. The third factor, temperature ratio, in moat casei enters 
equations as complex functions which have been grouped together. Because 
the evaluation of these equations by hand is very tedious, numerical values 
have been determined by digital computer for a range of temperature ratios 
and curves relating the variables have been plotted. Most fin design 
problems of heat transfer, v eight, and contour can be solved by the use of 
these graphs. The optimum-we ght configurations have also been 
determined and are shown on the appropriate graphs. 

The mathematical analysis given here was abstracted from the work of 
D. B. Mackay listed as Reference 6. (Reference 6 is reproduced in the 
Appendix of this report. ) The discussion on weight optimisation was 
prepared subsequent to Reference 6 and, for this reason, is in greater 
detail than is the thermal analysis. 

NOMENCLATURE 

Cj Radiation constant, ¢^), Btu/(sq ft)(hs )(• R)4 

Radiation constant, heat received from environment by unit of fin area, 
Btu/sq ft 

k Thermal conductivity of fin material, Btu/(hr)(ft)(#R) 

L Fin length measured from tip to root (variable), ft 

Total fin length, fn 

Width of fin normal to heat flow, ft 

q Heat radiated by both sides of fin from tip to section considered, 
Btu/hr 

Heat radiated by one side of fin from tip to section considered, Btu/hr 

q. Heat radiated by opposite side of fin from tip to section considered, 
Btu/hr 

q^ Heat radiated by both sides of entire fin, Btu/hr 

q^ Internal heat transferred past section of fin, Btu/hr 

qu Heat radiated from fin in free space if as temperature is uniform and 
equal tu ruut temperature, Btu/hr 

T Temperature of point on fin (variable), *R 



T Temperature of cold end of fin (tip), *R 
c 

T Temperature of hot end of fin (root), * R 
A 

Weight of fin section, lb 

Total weight of fin, lb 

Z Ratio of temperatures, T./T , nondimensional n c 

ß Exponent, nondimensional 

5 Fin thickness at any point (variable), ft 

£. Fin thickness at hot end (root), ft 
A 

( Emissivity of one surface of fin, nondimensional 

Emissivity of opposite surface of fin, nondimensional 

Fin heat transfer number, nondimensional 

¿p Fin profile number, nondimensional 

C Fin ratio number, nondimensional »r 

Fin weight number, nondimensional 

¿ Fin differential ratio number, nondimensional 
A 

P Density of fin material, Ib/cu ft 

o Stefan-Boltzmann constant, 0. 1713 x 10 ^ Btu/(sq ft)(hr)(°F)* 

Relationship of temperature ratio and environmental parameter, 
nondimers ional 

Ç&2 Second relationship of temperature ratio and environmental parameter, 
nondimensional 

0 Fin effectiveness, nondimensional 
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MATHEMATICAL ANALYSIS 

Dimenaional and Temperature RaUtlonihlp» 

The amount of heat paeeing a section of a fin that ie normal to the 
direction of heat flow will be, from Figure 13, 

(36) 

With the physical properties of the fin material known, the heat flow rate may 
be determined if the temperature gradient dT/dL can be evaluated. One 
objective of this analysis is to determine the tin profile which will produce 
the temperature gradient which radiates the most heat per unit weight. 

It is demonstrated in References 7 and 8 that, in a gaseous medium 
with convection, the maximum heat dissipation per unit weight occurs when 
the temperature gradient is linear along the length L of the fin. For 
radiation without convection, however, some investigators feel that a 
modification of this assumption is necessary. From the several temperature 
gradients proposed, the one most often used is that presented in References 
9 and 10. This gradient is mathematically expressed as 

(37) 

For a minimum fin profile area, and consequently least weight, it has been 
stated that ß m 0.5. 

This gradient, although commonly accepted, appears to have a number 
of deficiencies. Equation 37 indicates that fin temperature decreases as the 
tip of the fin is approached, which is a behavior not in itself contrary to 
actual fin behavior. Equation 37 also expresses the requirement that the 
temperature at the fin tip be absolute zero; however, this may not always be 
desirable and may not be attainable in an actual fin. Further, as can be 
shown, in that part of the dimensional spectrum where most space radiators 
will be designed, the fin of Equation 37 is not of optimum weight and the 
constsnt temperature-gradient fin is lighter. 

In the following analysis, it is assumed that a linear temperature- 
distance relationship exists from the base of the fin outward and that the 
temperature at the fin tip is not at absolute zero. Although these 
assumptions do not represent the best contour, they produce only a slight 
weight increase over a hypothetical optimum configuration and may be further 
justified by the simplification they produce in the analysis. 
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The general ahape of a minimum-weight fin and ita temperature 
gradient relationahip are shown in Figure 14. The temperature T at any 
section is 

T * ViT'W h 

or 

Differentiating Equation 38 with respect to L, 

dT 

Substituting in Equation 36, 

k«L 

h 

(38) 

(39) 

(40) 

(41) 

Figure 14. Dimensional and Temperature Relationships of 
Constant Temperature-Gradient Fin 
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Thi. i* the quantity of heat radiated from both «idea 
tip and the aection, or, from Figure 13, of the fin between the 

(42) 

.0 *“ 
elemental area of the configuration ihown in Figure 14 ia 0, r°m * * 

dq ■ (C T4- C,)L dL 
1 2 w 

where 

(43) 

ci ■»('»+ 'bi 

»nd C2 accounts for host transfer from the 
Equationa 4 and 5 for flat platea, 

environment, aa deacribed in 

the fin turfic* C£ "Z*1? ^ in ValU#' E<*uatlon 43 can be integrated over 
integration* Comblnlng “l““0" 40 »»4 « ‘"d setting limits of 

f* frL k 
Tc ‘l> c 

C2) dT (44) 

.^•s.1:,;:: “ r,di“,d by ,h*fln ^ «p 

Integrating Equation 44 and combining with Equations 41 and 4Í, 

k<L C.L L.T 1 w h c C2LwLh /T 

~ 

where 

(45) 

(46) 
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Substituting Equation 39 into Equation 45 and solving for fin thickness, 

Vh3^ 
5kZ3(Z - I)2 

1 + ~(Z - 1) 
Lh 

5C, 

C T 
uV - d 

(47) 

Equation 47 relates fin thickness 5 to length L in terms of fin material 
constants and temperature variables and makes possible the determination of 
an exact fin profile for any set of conditions. However, it must be noted 
that values of Z cannot be chosen Indiscriminately. It is obvious from the 
nature and function of space radiators that the minimum value of Z must be 
1.0 (Tc ■ T. ). The maximum value of ï is shown in Reference 6 to be 

Z - 
max 

Combining Equations 46 and 48, 

iVmin 

(48) 

(49) 

This restriction produces configurations having the fin tip in equilibrium with 
the environment with sero heat flow to and sero radiation from the tip element 
of the fin. In free space, both the minimum tip temperature and Cg Are 
absolute zero; under other environmental conditions, the minimum tip temper¬ 
ature will not be zero. 

Evaluations of Equation 48 appear on Figures 15 through 19 as the 
locus of theoretical limit line. Temperature ratio Z must be numerically 
below that limit. 

Fin Profile and Profile Number 

At the hot (root) end of the fin, L and are equal. The maximum 
thickness, as obtained from Equation 47, is now 

6 h 

--3.2 
^1^ ^h 

5kZ3(Z - I)2 

r 

ciTh 

(Z4)(Z - 1) 
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-y ^nob'rr‘r.^«.uM‘oft"'4 •* ^ L ftom tn. «1P 
Equttloni « .„d 50 PerC,nt*<' of «>. máximum «.ick»... by eZunlnÍ 

-f 

Equation 50 may b. raarrangad 

[‘+1(z • "\ 
I5 5C, 

' 7Tî(2,(z-"l 
_ 1 h ft) (âl) 

ClTh 
ta 

C.T.^ 'l4h 
ka, SZ3<Z- l)2 

i 
SC '— 

77* (z4,<2 • ^ 
(52) 

Tha lait-hand aida ot Equation «2 u .1 
•IgMgata of conatanta of Equation 1S <h id,ntlc»l with tha 
»«■»bar {p. A proilu nuX“« ««»Ull.d a. th. p!.,. preflu 
<»om Equation 52, fonatant temp*ratur«-|rad<«nt fin la, 

(55) 
Tha valúa of tha orofll» .„.L. . 

wof«.1'“ bK *" COmpu,ed íqMtlonTíVndT ZZ' 0‘ ‘•’"»««'.ra 

“ r J: 
’“I”""*™ ,-...1, Uf.c,V.Î1,";“""“1 M 

»•at Tranafai» RaUtiomhip« 

Propartiaa, tampiÎaturM'^n^d^m”6^*1 Va^iÄble, o£ h««t tranafar 

u7£7 K“* q£ £rom th* «tira ¿„ câ'n ba'obUi* MUbll>h«d‘ Tha haat 
and aubatituting Th £or T in tha limité ÎÎÎÎ" xby integrating Equation 

aï.uon. Thia, than, become. 
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Figure 15. Relationship of Profile Number to Temperature Ratio of 
Constant Temperature-Gradient Fin 

- 



(54) 

An alternate equation for exproiaing the heat tranefer from a fin is 
obtained by combining Equations 50 and 54 and simplifying. 

(55) 

where is identified as the heat transfer number and is defined as 

Fin Effectiveness 

As for other extended surfaces, a measure of the performance of a 
given fin is a comparison between the heat that it radiates and the heat which 
would be radiated from the same fin in free space at a constant and uniform 
temperature equal to that at the fin root T^. The ratio of the two heat 
quantities is called fin effectiveness 0. As a measure of merit, this term 
has the deficiency of being unable to indicate the benefit of any fin over no 
fin. It is a convenient method, however, of comparing different 
configurations. The equation for fin effectiveness is 

(57) 

C,L L. TjV5 - 1) 
1 w h c 

PiL-Jl 
4 

or 

2 (58) 
5Z4(Z - 1) 

4 
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Fin Weight 

The weight of a differential element of Figure 14 is 

dW ■ p6L dL 
s w 

Substituting the relationohip of Equation 47 for fin thickness 8 and then 
integrating, over the entire fin length 

PC L L * 
Iwh Ah 

5kZ(2 1)' 
(59) 

Another useful equation is obtained when L. ^ in Equation 59 is 
eliminated and Equation 52 is combined with Equation 59. 

W 

where is identified as the weight number and is defined as 

(60) 

Weight/Heat Transfer Ratio 

The fin weight per unit of heat dissipated to space is often of 
interest in preliminary design. This ratio can be obtained by dividing the 
value ox W£ given in Equation 59 by the heat rejected to the environment 

+V%sa mm U.. V* «••••» *J CC r%J..I J » . . vm - « • 
... •••• uy i^^UdllOll O'} Dy 

Equation 55, substituting value of given by Equation 52, and simplifying, 
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(62) 

wlMM ir la idanttflad aa the ratio numh.r and la defined aa 

i... irrrrh,,t wh“««' 
«ranaf., which r.ault. fr=m an incr.aa. fin ^ 

paginent ^ R,i,"ne* 6- which P«»anta the followin, 

(64) 

Wh"' (à U l<,,n»‘“*d “ «» differential ratio numbar «d 1. defined a. 
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*nd where 

(66) 

DESIGN ANALYSIS 

The equation« of the mathematical analysie diacuaaion have the 
diaadvantage of containing complex temperature ratio function« which 
make the determination of deaired information a long and often repetitioua 
proceaa. To aaaiat in the deaign of theae fina, the graphe of Figure« 16 
through 21 have been prepared. The variable groupa and parameter« were 
evaluated by uae of a digital computer. 

Basic fin properties have been grouped together to form the profile 
number ¿ defined in Equation 53. This profile number is very similar to 
that of a flat plate of uniform thickness, and is identical to the one to be 
diacusaed for a fin of triangular or trapecoidal profile. The difference 
between thie and the flat plate number la the uae of the fin root thickness A 
instead of the thickness 8 of the uniform plate. A compariaon of thermal h 
behavior of tapered fins and flat platea can therefore be made upon the basis 
of the same root thickneaa. 
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Heat Transfer 

The heat radiated from a fin may be found from Equations 55 and 56, 
or from Figure 16 where heat transfer number ¿h plotted against profile 
number. It is seen that the curve of heat transfer number, and 
consequently the radiation, rises quite rapidly with the first increase of 
profile number above aero. It then becomes relatively flat, showing that 
radiating power cannot be improved greatly by increasing the value of fin 
profile number alone. 

Fin Effectiveness 

The relationship of fin effectiveness to fin profile number is shown 
in Figure 17. Effectiveness is seen to decrease with increasing values of 
the profile number, comparatively rapidly at first and then more slowly as 
the locun of theoretical limit is approached. 

Fin effectiveness 0 can be used to obtain the rate of heat radiation q^ 
by means of Equation 57. This method may have some advantages, in 
certain design procedures, over the use of Figure 16. 

Fin Weight 

Figure 18 shows the relationship of weight to fin profile number. A 
striking feature is the small difference in fin weight, for low values of the 
fin profile number, caused by the variation of environmental parameter. 
However, the difference does become significant in the region of the 
optimum-weight profile number. 

Weight/Heat Transfer Ratio 

The ratio o5 weight to heat transfer rate of a fin may be obtained from 
Figure 19. Since both abscissa and ordinate contain the root thickness term, 
5 h> it i® difficult to observe the effect upon the weight/heat transfer ratio 
of root thickness alterations. However, with a fixed value of 5h* it is 
possible to observe the result of changing fin length Lh< As this dimension 
increases, the weight/heat transfer ratio at first increases quite rapidly but 
then its rate of increase falls off. The difference in the ratio for two 
different lengths is enhanced by the appearance of fin length as a squared 
term in the abscissa. 

An evaluation of the differential ratio number was made using 
Equations 64 through 69. Because the algebraic manipulations are complex, a 
digital computer was used to determine the coordinates of these curves. 
The value of increases markedly with increase in profile number, 
especially for high values of the environmental parameter. Further, since 
the profile number itself is a function of the fin length to the second power, 
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th* value* oí (¿ and of the ratio dWf/dqf increa*« very rapidly with an 
incraa** in fin length. 

Therefore, when deaigning a optimum-weight condenier, a modest fin 
length should be expected. Numerical quantities obtained from Figure 20 
will necessarily be less exact than those obtained by direct substitution in 
the related equation. However, they should be adequate for most desisn 
purposes. * 

Tin Shape 

In Figures 21 and 22, the thickness ratio 6/B h is plotted against the 
length ratio L/Lh for various values of temperature ratio Z and for the 
environmental parameters of 0 and 0. 2. The resulting curves are relative 
portraits of the fin cross section, the profile becoming more and more 
concave as the temperature ratio increases. 

The effect of Increasing the environmental parameter is to increase 
the concavity of the fin, for values of Z greater than 1, 0. For an 
environmental parameter of 0. 2, the maximum temperature ratio Z at th* 
th.or.tlc^ limit 1. 1. 49733. Wh.n Z 1. 1. 3. theory predict, t "n.,»tiv.' 
thickness at the tip, which is not apparent on the graph because of the 
•cal*. This curve does serve to emphasise the sharpness of the fin at its 
•"Í*,''ion -‘'•"««iltion. near the theoretical limit of Z are approached. 
Difficulties in fabrication and handling would make fins of extreme 
concavity undesirable. 

OPTIMUM- WEIGHT DESIGN 

♦k a?1* ?"t*rminAtion oi th# optimum-weight fin profile, the one for which 
the ratio of heat radiated to weight is greatest, is importent in space 
radiator design. Although this configuration may not be desirable for all 
ntended applications because of fabrication or some other difficulties, it 

can serve as a base point for arriving at an acceptable design. 

Two useful dimensionless numbers have been developed. The fin 
heat transfer number (Equation 55) is 

w x/s Th k*h 
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and the fin weight number (Equation 60) ie 

Rearranging Equation 55» 

(70) 

Substituting Equation 70 into Equation 60» simplifying» and rearranging» 

For any given situation, the radiated heat qfis a constant, as is the quantity 
P/Lw2 cj* Tu* k. Fin weight Wf therefore depends only on the value of the 
ratio Cw/Ch3, and the weight is least when this ratio has the lowest value. 
Since both numbers are functions of profile number, the ratio can be plotted 
against ¿p, as shown in Figure 23. 

The flatness of the curves of Figure 23 shows that the ratio of weight 
and heat transfer numbers is not very sensitive to variation in profile 
number in the region of the optimum-weight fin. A fairly wide range of 
profile numbers can therefore be used without an appreciable change in fin 
weight. In fact» because it is difficult to locate the minimum-ratio profile 
number for most of the environmental parameters» a second method was 
developed to Improve accuracy. 

In this alternate approach, Equation 71 was differentiated with 
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For th* condition of minimum w.ight, d Wf/d Í ia „r0, from which 

or 

Thi* mfcy be exprtaeed ai 

(74) 

or 

1 
3 

d OoR CJ d (log {h) 

3 d log * d log C, 

(75) 

(76) 

Solution« can be found for 
logarithmic coordinate«, or log 
conrH'inst*« n«»j _».t. . 

Equation 76 by plotting against Ck on 
>w *g»in«t log ih on rectangular 

Th. -? wnicn tne B1°P« ot the curve i« 1/3, 
rue first of these procedure« is shown in Figure 24. The points of 
tangency, which can be easily detected, are joined by a smooth curve The 
values of abscissa and ordinate from this curve were used to produce 
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Figure 24. Relationship of Heat Transfer Number to Weight Number of 
Constant Temperature-Gradient Fin 
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the optimum-weight configuration (theoretical profile) lines of Figures 15 
through 19. 

DESIGN PROCEDURES 

In designing constant temperature-gradient fins» the procedures 
outlined in the discussion on flat plates may be followed. The practical 
necessity for obtaining high radiator effectiveness generally dictates the 
use of profile numbers lower than those indicated for the optimum-weight 
configuration. The use of lower profile numbers could produce stubbier fins 
of greater root thickness and lesser area than those having theoretical profiles. 
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RADIANT HEAT TRANSFER FROM TRIANGULAR 
AND TRAPEZOIDAL FINS 

Hu« ,Jh‘ o£ *rUn*ul»r »■x* trapeioid*l fine over flat platea le 
t‘î'y rkf‘‘te âl,no,t “ much haa. from a give» but w.teh 
,." ? y *,,J, Th* “‘''“•»«a thay poaaa» ovar tha conatant 
the«fr*tUr*Jei*?UJlt fin 11 lh* comP*retive elmpllclty of thair profile and 
therefore, of their fabrication. It will eoon b. .vide«, howevér. teet tee 

iecaTe*. TS'1* 1, ,rUn«UUr ^ “ ranch morTcomplex' 
^ “**.af no"1‘"**r iradlent of temperature from tip to root 
Pioneering Inveetlgatlona of thle profile have been conducted by WUkln. 
(Reference 11) and Nil.on and Curry (Reference U). 

nomenclature 

Cj Radiation eon.tant, a(fa + ,b), Btu/(«q £t)(hr)CR)4 

°2 Bte/Î“ftn COn,Unl’ h**' r,e*‘V*d fr0m ,nv4roiunant by unit of fin area, 

Kj Thermal and configuration ratio, 1/ft 

Kj Configuration ratio, ft 

Thermal and configuration ratio, (Btu/hr)* 

k Therr«al conductivity of fin material, Btu/(hr)(ft)(* R) 

L Fin length measured from tip toward root (variable), ft 

Lh Total fin length, ft 

Lw Width fin normal to heat flow, ft 

11 BWhr r*“ fr0m b0th ,id" 0f írom “P *° •««» coneidered, 

1* Heat transfer rate from both eidee of entire fin, Btu/hr 

q, Internal heat transferred past section of fin, Btu/hr 

Sf Configuration ratio (slope), nondimensional 

- 65 . 



T Temperature of point on fin (variable), *R 

T Temperature of cold end of fin (tip), * R c 

T^ Temperature of hot end of fin (root), *R 

W{ Fin weight, lb 

Z Ratio of temperatures, nondimensional c 

8 Fin thickness at any point, ft 

6ç Fin thickness at cold end (tip), ft 

Fin thickness at hot end (root), ft 

Fin profile number, nondlmensional 

P Density of fin material, Ib/cu ft 

0 Fin effectiveness, nondimensional 

6> Variable relating dimensional and thermal characteristics, 
nondimensional 

Evaluation of at root end, nondimensional 

u) The evaluation of <u at tip end, nondlmensional 
w 

MATHEMATICAL ANALYSIS 

The form of trapezoidal fin to be analyzed is shown in Figure 25. 
Although the profile of the actual radiating surface would probably be an 
Isosceles trapezoid, the form shown assists the analysis without changing 
the results. Triangular fins may be considered as special forms of trape¬ 
zoidal fins. 

The internal heat transfer across the indicated section is 

-k L 5 w 
dT 
dL (77) 
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Figure 25. Dimensional Relationship* of Trapesoidal Profile Fin 

Differentiated with respect to L this becomes 

The heat lost by radiation from an elemsnt of the fin is 

dq » (C. T4 - C,) L dL ^1 2 w (79) 

Since the heat lost by radiation represents the difference in heat 
passing across the two internal faces of the element, then 

and 

dq « (80) 

(81) 
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From iae geometry of Figure 25, 

(82) 

(83) 

Equation 81 if operated upon by dividing both eidee by C.T* and 
•ubitituting Equation 82 for 6. After rearranging, thie becomes6 

(84) 

(85) 

(86) 

Then 

After substituting, Equation 64 becomes 

Z 
4 

c 
C.T 1 c 

dl [k, (K2 + L) 

(87) 

(88) 

(89) 

- 68 ■ 



1 — 
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Introducing & new variable into Equation 89, wherein 

and 

Then 

i> ■ Kj (K2 + I.) 

do 
lL * K1 

Subatituting values and rearranging terms, 

(90) 

(91) 

(92) 

s 

The ratio of the temperature at a section to that at the cold end, or tip 
temperature, is dependent upon the value of o. This can be written as 

Zc ■ f (w) (95) 

Equation 94 then becomes 

/a * 
— • 

¿i / 
* \uji 

r,, ,1 * iw; j 
c. 

C, T 
(96) 
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Equation 96 il an important expression of the relationship between the 
variables. Since it is a nonlinear differential equation, its solution is 
numerical, but even the solution must be modified somewhat before it can 
be used for actual problems. 

Where the profile length Lh and root temperature Th Are Known, the 
heat transfer is established in terms of these quantities. The environmental 
term C2/C1 Tc of Equation 96 can be converted into the normal 
environmental parameter by the operation 

(97) 

From Equations 87 and 95, 

tM ■ £ 
C 

(98) 

Letting subscript h denote the condition where L a L., 

c 

From Equation 97, 

Placing Equation 91 in a form to be integrated, 

(99) 

(100) 

K 
1 (101) 
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The lower integration limit, co , il obtained from Equation 90 at 
L - 0, as 

Ú) c Kj K 2 

After substitution and integration. Equation 101 becomes 

(102) 

KiLh (10J) 

The termKi can be expressed in terms of L. by combining Equations 83 and 
85 and substituting, so that 

By combining Equations 99 and 104, 

K!Lh (105) 

The first parenthetical expression is recognised as the profile number £ , 
or P 

ciTh/h 
k (106) 
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Combining Equationi 103, 105, and 106, 

(, ■NrKr- (107) 

K1KZ 

Sinca the profile number can be obtained directly from the physical 
properties and shape of the extended surface, and can also bo determined 
at any value of «h during the numerical integration process, it is an 
extremeiy valuable group of terms. In fact, all performance characteristics 
of these extended surfaces will be presented as a function of the profile 
number. Further, since Cp is a fundamental property, the results of 
•pecific examples can be converted into generalised data by the use of this 
number. 

Cr, it ?ume,;icAl integration process, it is desirable to evaluate 
p at »»Y v»lue of wh »long the extended surface. The corresponding value 
fh « th® ®nd of a given section is evaluated from Equations 82. 86. 

and 103 as ' 

(108) 

Dividing both sides of Equation 108 by $c and combining with Equation 86, 

(109) 

simpUfyin* the ValUe oí 8^ 8c glv*n by E(lu*tion 109 into Equation 107, and 

(110) 



J '' ■- ' - ' ' ' • - ' ' • — —- RMWH 

I m 

The heat transfer from an extended surface such as that shown in 
Figure 25 can be obtained by combining Equations 77 and 80. 

q£ ■ k L «„fé?) w h VdL/. 
' fL ■ L-Lh 

Substituting values from Equations 87, 88, 92, and 95, 

(HU 

% * k Lw äh Tc K! ['■«“h’l (112) 

The heat transfer from an extt .ded surface can also be expressed as 
a surface effectiveness, similar to that defined for flat plates or for 
surfaces contoured to give a constant tempe rature-gradient. Thus 

<L » C. V Lu L 0 * 1 h h w (113) 

Equating Equations 112 and 113 and simplifying, 

n 
k 8. T K, h c 1 

ci Th4 H 
f(«h) (114) 

Combining Equations 103, 108, and 114, 

k S 
tl Í 

c.Th 

• f“h 
K2 + k7 d“ 

K1K2 

tcki f,K> 

i_fh. 
kJk.k“ 

1 ¿ J 

(115) 
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However, by combining Equations 85, 87, 95, and 115, 

(116) 

The desirei results can be obtained using these equations and a digital 
computer. Details of the procedure can be best explained by referring to 
Figure 26. 

CURVE DEFINED BY EQ. 96 
WITH VALUES ASSUMED FOR 

Figure 26. Relationship of w to f(cu) for Triangular and Trapezoidal Fins 
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For an amumed set of values for C2/C1 Tc4f Ki, and K2, a curve 
such as that illustrated in Figure 26 can be obtained by the numerical 
integration of Equation 96. During the iteration process, the known 
differential quantities can be used to compute the desired items by using 
Equations 100, 110, and 116. However, for the purposes of obtaining 
useful points along the curve, only those giving prescribed values of Íc/Ôh 
need be considered. The environmental parameter, effectiveness, and 
profile number (as well as the desired thickness ratio 6c/dh) were printed 
out by the computing machine at these prescribed points. The process 
was repeated several times for successive changes in one of the initial 
variables. 

The actual programing for most of the work presented here was for 
a fixed value for both Cl Tc4 and íc. For a given set of data, a value of Cg 
was chosen, and the slope Sf was varied so as to obtain the desired spread 
of data. The work was then repeated for another value of Cg with a variety 
of slopes. The corresponding data for successive runs were plotted on a 
double graph, as shown in Figure 27. The values of effectiveness and 

ENVIRONMENTAL PARAMETER 
C2 

PROFILE NUMBER, Cp 

Figure 27. Relifitionahip of Fin Eff 
Profile Number uf Trian 



profile number, for the deaired environmental parameter», were then 
obtained by following the dashed line from the desired environmental 
parameter to the profile number as illustrated. 

Obtaining data for the triangular fin is somewhat easier than for the 
trapeaoidalfin. In this case, £c ■ Kz ■ 0, and the data can be printed out 
rom the machine at any desired value of the environmental parameter. 

The data can then be used directly and no cross-plotting is necessary. 

OPTIMUM-WEIGHT DESIGN 

Equation 113 can be modified to take the form 

(117) 

An expression for the weight of % trapexoidal fin is 

Combining Equations 117 and 118, 

Substituting an expression for Lh obtained from Equation 113, 

9_2.2 

(120) 
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I 
Thea, in order to eimplify Equation 120, let 

K. ’vjCc,21'2 

' (' 'k) 

w 

•O that 

^ a (121) 

In differential form, Equation 121 become! 

3qf2 dqf « Kj (f)3 d^ f íl2díl) 
(122) 

To determine the relationship producing minimum wrinhi; V-fy. ■*! 
122 is equated to aero, or 

n3d¿ +3< n2dflr. o 
p p 

and 

Then 

Q d £ + 3 £ d fi = 0 
p p 

f ■ 
d log n * " 1 ^ ^ 

d logfi 1 
d log £ 3 
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r!'* ^^m-weight coniiguration is then located at a point where the 
•..vc, »lotted on log paper, of th,. relationship of effectiveness Q to profile 

""»mîjc r ^ have a slope of M/3. prome 

HK6IGN CURVES 

From the data computed for trapezoidal and triangular fins, a 
comparison of several types of profiles plotted in Figure 28 for two 
environment parameters. The flat plate has the highest effect!venes., for a 
low ° number* while the constant temperature-gradient has ths 

. ^ <?wever, it must be remembered that the flat plate is also the 

rV', I'"*' PUl! "“»b' lWlC' “ « * triangular fin of 7. 
«ame .uut thickness and transmits only about 12 p.rcent mora haat (In th. 
vicinity of the theoretical profiie). Therefore, an .por.cUbî. w.Uh, 

v ng..i” r'"Uz'd by u,in8 triangular profile. A timlUr but not nearly 
so striking comparison can be made between triangular and conatant * 
emp, ratu. e- gradient fins, with the latter having the advantage. The curve 

separation is slightly greater for free space operation (Ci . 0) than for 
operation m the other environment. Actually, the little difference in 
effective, e s between the different profiles may be somewhat eurprialng. 

"*'* ,B'' ... »ith thickness ratlob íc/¿h 0f 0. 75, 0. 50 

approximstely 2. 0. Theorell. al ' ,, prOÍU' numb"' “P “> 
weight were otf.iined by plotting 'ht ’’T“ 7 c_0.ndi,ion, oí minimum 
and transferring the fügen, pSfn.'. b sc? fT” 3l*hr0Ugh 36 
curve, are uniform, and the d.U can u j*, '* ’ lhr°'lgh U' A1‘ 
flat or constant temperature-gradien, p'roHl'e.. * “ l0t 

is so Slight that the exactSporients3of'tang4,h 36 th*'7' curvatur' °f ‘he lines 
make, the theoretical pro«.e difficult f ;1;,4" ‘“í“1' '0 Thi' 
Wide deviation,! from the theoretical proi n! "' 7V?' HoJWever* £*irl>' 
weight penalti«a. P e CAn be tolerated without large 

V 
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RADIANT HEAT TRANSFER FROM TRAVELING BELT 

The use of a traveling belt asa space radiator has been recently 
advocated for satellites. The advantages claimed are its ability to operate 
in spite of damage by meteroidst to be rolled into a small package at take^ 
off, and to meet changing load requirements by changes in speed. 

In operation, a section of the belt is in contact with part of the surface 
of a rotating drum. The drum acts as a sink for the heat to be rejected from 
the vehicle. The heated segment of the belt moves out so that heat can be 
radiated into space. Figure 37 is a schematic representation of the system. 

Ld 

Figure 37. Dimensional Relationships of Traveling Belt Space Radiator 
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NOMENCLATURE 

Cj Radiation conitant, a[rk + rb), Btu/(*q ft)(hr)(#R)4 

C« Radiation conitanti heat received from environment by belt) 
Btu/(eq ft)(hr) 

c Specific heat of belt material, Btu/(lb)(*R) 

L'j Belt width, ft 

Effective length of belt, ft 

dL Length of element of bolt, ft 

q Heat transfer rate, Btu/hr 

T Temperature at point on belt, 'R 

Tc Temperature at cold end of belt, *R 

Th Temperature at hot end of belt, 'R 

V Belt velocity, ft/hr 

Weight rate of belt travel, Ib/hr 

5 Belt thickness, ft 

p Belt density, Ib/cu ft 

Radiation number, nondimensional 

MATHEMATICAL ANALYSIS 

The heat radiated from an element of the belt is 

dq . (C,T4 - C2) Ld dL (U4) 

Difficulty will be encountered in evaluating C¿ exactly because it is dependent 
upon the view factor between the element and the opposite side of the belt and 
the drum or rollers. The temperature of the opposite side of the belt and the 
idling roller may also be elusive. All heat may be assumed, for some 
configurations, tobe transferred from the outside of the belt, or an average 
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tempemture o£ the opposite face may be aaaumed. 
be solved without difficulty. 

Equation 124 can then 

Another expression for the heat given up by the element of the belt is 

dq ■ -WbcdT (125) 

Equating Equations 124 and 225 

- WbcdT ■ (CjT4 - C2) Ld dL (126) 

Arranging in a form for integration, 

L X 

'-±1 I‘^LL 
I Ld ¿ C T4 - T, V 

(127) 

Th# int«gr»tion of Equation 127 leads to complex relationships, and a 
step-by-step procedure can be found in Section V of this report. The 
Integrated form of Equation 127 may be written as 

■■•fây 
(128) 

The term ^ is defined as a radiation number and its mathematical 
expression is given in Equation 163. Values of this term for various 
temperature ratios and environmental parameters are plotted in Figure 56. 

An expression for the weight rate at which the belt travels is 

Wb ■ 

Substituting Equation 129 into Equation 128, 

\ 1 h / 

(129) 

(130) 

The distance Lw required to cool the belt from temperature Tv to T 
can be determined from Equation 130. If Lw is known, can be eíaluateCd 
and temperature T computed. ^ 

C 
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Section IV 

DESIGN OP CONDENSERS FOR OPERATION IN SPACE 

Analyses have been made of such heat radiating surfaces as plates» 
fins, and moving belts. The purpose of this section is to present the 
procedures and data needed to design an optimum-weight condenser Intended 
for operation in space or on the lunar surface. 

The heat to be rejected from space vehicles or extraterrestrial 
Installations will be primarily from power-generating or refrigeration 
equipment, the chief difference in these being their temperature. The heat 
to be radiated may be assumed here to have originated at either source. 
This analysis of condenser design is based upon a paper by D. B, Mackey (Ref. 
erence 13). The presentation of the interradiation correction factor and the 
first two sample problems to Illustrate the optimiaation procedures are new 
and do not appear in Reference 13. 

NOMENCLATURE 

Inside cross-sectional area of duct, sq ft 

Radiation constant, o( + ^), Btu/(sq ft)(hr)(* R*) 

Radiation constant, heat received from environment by unit of fin area. 
Btu/(sq ft)(hr) 

Inside diameter of circular section duct, ft 

Outside diameter of circular section duct, ft 

Radiation form factor for one side of fin, nondime ns ional 

Radiation form factor for other side of fin, nondimensional 

Inter radiation correction factor, nondimensional 

Heat transfer coefficient, Btu/(sq ft)(hr)(* R) 

Latent heat of vaporization or condensation, Btu/lb 

ui constant terms , it 
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K2 Aggregat« of conitant term«, ft 

k Th,rn“1 c<mduc,ivity oí «» »«.rW, Btu/(hr){it)(eR) 

Ld Duct width, ft 

L, Äquivalent length, ft 

Length of extended surface, ft 

length el condena«r •action (parallal to tuba), ft 

W/activ. watt«! parim.t.r of ».p.r pa..a,.way, ft 

Toui watted p,rímate, 0í vapor paaa.g.w.y, ft 

Haat tranaiar rat, (during cundan,«ion). Btu/hr pa, .,ctlon 

P«r section 
Haat tranafar rata from antira duct aurfaca, Btu/hr 

Haat tranafar rata from fin, Btu/hr par «action 

H... tranafar rat. from ona-^artar ., tub. aurfaca, Bm/hr pa, ..etton 

Solar conatant, Btu/(hr)(aq ft) 

Tampa ratura of fluid in duct, *R 

Temperatura of hot and of plata (root), • R 

Temperatur, of aurfaca of environment, • R 

Temperature of tube wall, • R 

Velocity of fluid at entrance of duct, ft/hr 

Specific volume of vapor, cu ft/lb 

Specific volume of aaturated liquid, cu ft/lb 

Chang, of apacific volum. of fluid during cond.n.ation, cu ft/lb 

Specific volume of saturated vaeor. m **/iw 

Weight of lection of condenser, lb/ft of length 

Weight of vapor duct, lb per .ection 
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Wf Weight of fin, lb per aectlon 

Wt Weight of circular section tube, Ib/ft of length 

w Weight rate of fluid being condensed, Ib/hr 

X Quality of fluid entering condenser, nondimensional 

aa,Äb Ab,orPtivity oi »urfaces, nondimensional 

8Ç Extended surface thickness at cold end, ft 

Thickness of wall of vapor passageway, ft 

^h ®xtsnded surface root thickness, ft 

Emissivity of surfaces, nondlmensional 

Angle between sun's rays and a normal to environmental surface, deg 

Angle between sun's rays and a normal to plate surface, deg 

¿p Extended-surface profile number, nondlmensional 

Extended-surface weight number, nondlmensional 

{4 Extended-surface differential ratio number, nondlmensional 

fi Density of condenser material, Ib/cu ft 

Pm R-fl#ctlvlty o{ •nvironmental surface, nondimenslonal 

0 Stefan-Boltsmann constant, 0. 1713 x 10*8 Btu/(hr)(sq ft)(*R)* 

0 Extended surface effectiveness, nondlmensional 

Actual integrated effectiveness of plate surface, nondlmensional 

MATHEMATICAL ANALYSIS 

Rectangular Vapor Duct 

flrmHana* a»a»« ji _»... ., ., -- ... uiiivr irum uioee ox xana-based 
installations principally in the method of heat dissipation. In space, heat 
must be rejected by radiation, whereas convection plays the most imporUnt 
role in gaseous environments. Space condensers, as a result, will usually 
consist of ducts with extended surfaces, the overall configuration being 
essentially a flat plane. To design an optimum condenser, it is therefore 
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neceaaary to conaider the heat to be taken from the fluid, the aurface over 
which thia tranafer will occur, the area from which heat will be rejected to 
apace, and the weight of the related ducta and extended aurfacoa. 

The configuration of Figure 38 may be aaaumed to repreaent a aection 
of a typical apace condenaer. The heat tranaferred from the amall external 
vertical aurface of the vapor paaaageway may be neglected. Therefore, from 
a given linear aection, the heat rejected ia that from the top and bottom 
aurfacea of the duct or vapor paaaageway and from the top and bottom of the 
extended aurfacea. If the emiaaivity of all aurfacea ia the eame, then 

, - <0,7/ - C2) LdLw + 20,7^01^ <13!, 

A correction factor Fr may be applied to Equation 131 to account for 
the inter radiation between the duct and the extended aurfacea. Equation 131 
then becomee 

[<ClTw4 ■ C2> LdLw + 2C1T >W] Fr (132) 

Rearranging Equation 132, 

q ■ (C.T - C,) L ^ ' 1 w 2' w. 
1 - 

C.T 1 w 

(133) 

The bracketed term may be conaidered to be the width of an area which 
ia equivalent in radiation effect to a aection of the condenaer auch that 

q (C.T - C,) L L 1 w 2 w e (134) 

where Le ia the equivalent length, or 

(135) 
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Figur« 38. Dimensional Relationships oí Rectangular-Duct Condenser 
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IntermdUtiott Correction Factor 

Although tho correction factor ii negligible for the flat ducte of 
Figure 38| there may be a considerable interchange for an arrangement of 
large tubing and extended surface such as that in Figure 39. The direct 
effect of this interchange is an increase in the temperature of the extended 
surface, which results in an increase in radiation rate from these surfaces. 
For tubes of relatively small diameter, interchange effects are small, and 
the projected diameter D0 can be used as a constant-temperature duct 
width to replace the term L¿ in Equation 135. When large-diameter tubes 
are encountered, it is advisable to determine a correction factor that is at 
least approximately correct. 

Values of the correction factor Fr are not yet available for all types of 
extended surfaces. The special case of the flat plate in free space with a 
surface emissivlty of 1. 0 is considered in Reference 14. These data have 
been analysed and put into a form compatible with the present discussion. 
An expression for the correction factor is found in the following manner. 

Equation 24b of Reference 14 was rephrased to conform with the 
nomenclature of this report and adapted to the configuration of Figure 39. 
It becomes 

Figure 39. Dimensional Relationships of Cylindrical-Tube Condenser 
With Extended Surfaces of Constant Thickness 
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q ■ C.T L ' 1 w w f D 2 o ■ C.T 4/?)d L 1 w \2/ o w 
2Lh°(x) (136) 

whara fla ii an Intagratad affactlvanaas accounting for losaa» in heat tranafar 
causad by tha intarcaption of radiant energy by tube aurfacai and by the non- 
uniform distribution of temperature in tha extended surfaces, Rewriting 
Equation 132 for free-space conditions, 

q C.T 1 w w (Do + 201^) (137) 

(138) 

Values of 0^/0 *nd of Sq^/CiT^irDoI^ are found in Reference 14 
(Figures 2 and 4), plotted against profile number £p. The conventional plate 
effectiveness 0 may be obtained from the Reference 14 or from Figure 5 of 
this document. These data were used to prepare the relationships of 
Figure 40. The dashed lines of Figure 40 signify that these curves were 
prepared from extrapolated data. The significance of the theoretical profile 
will be discussed later. 

The highest practical limit of the profile number ¿p and of the 
dimensional parameter D0/Lh is about 1. 0. This results in a probable 
maximum correction factor of 1. 07» a surprisingly small number. 

It would appear, therefore, that use of projected areas of the tube in 
the calculations is highly accurate. A further conclusion is that the 
correction factors for all extended surfaces (triangular, trapeaoidal, and 
constant tempe rature-gradient fins) also require small correction factors, if 
any. Figure 40, then, can well serve for all extended surfaces and for all 
environments. 

Duct Length and Diameter Relationships 

The heat radiated from fin or plate surfaces is equal to that given up 
during the condensation of the vapor in the ducts. Assuming no subcoollng 
of the condensate, this may be expressed as 
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£ß fg \ V y fg ^v£ + xVfj (139) 

where x le the quelity of the entering vapor. 

If the quality of the entering vapor mixture ie high» Equation 139 may be 
reduced to 

q 

Combining Equatione 134 and 140, 

(140) 

L w 

h, A. V 
fl d 

VClTw • C2> L. 

(141) 

It ie evident from Equation 141 that the duct length becomee fixed 
only when a du« external configuration and an inlet velocity are cpecified 
for a particular vapor. Further fixing of the area c&uees the length to 
vary directly and only with the velocity. Fixing of the velocity doce not 
create a direct relationehip between length and area becauee of the implicit 
preeence of the tube diameter D0 in the equivalent length term Le. The tube 
length ie Juet long enough to produce complete condeneation with no 
eubcooling. 

When low-vapor-preeaure fluide euch ae eodium or potaeelum are to be 
condeneed, the epecific volume of the entering vapor ie I'.rge and the duct 
length ehort. To minimise the effect of theee conditions on weight, passages 
which taper to a smaller exit diameter have been proposed. 

For a straight circular duct, as in Figure 39, the tube diameter for a 
given tube length is found by combining Equations 133 and 140. 

til 
V 

8 
w D.+ 
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Since 

irD 
A. ■ 

Do * V28d 
(143) 

Equation 142 become! 

D, - Kp, - K,K2 . 0 (144) 

where 

and 

„ 4viL*Fr (ClTw4 • Cj) 
K, . _»- 

»l>igV 

K. 3(4,+ 0Lh 

1 ■ 
C.T 1 w 

The only usable root of Equation 144 is found to be 

(145) 

(146) 

(147) 

Equation 147, together with Equation 141, ii very useful for determining 
the size of heat exchanger elements. It must be noted that Equations 141 and 
147 are mutuallv t*% «s+v.~ _. 4  .. --/ -—... -...-. nw/ua, w,to w* uie iwo uimensions, jjj 
or Lh, must be assumed, if only tempoirarily, before the other can be 
determined. 
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,h»„ thM or!ÎÎÏ ^ UC ny,htp'' p<ru"itof •>«« rad!*t.d 1. higher 
tivelv^mê l n, .*“ . " “ ,h*r*for* «'••‘»W* that duct, be rela- 
“y 7 ** •Ih0wn in E<P“*lon 147- «• ■tangly influenced 
volume I, f n lur"deP,n,i* <“"««/ «» ‘he value oí the vapor apeciflc 
heavier* JîJ.ÎT, ' c<,nd“*”* lor low-d.n.ity vapor, will tend to be 
t0MÍ.ÍXTJ^t‘. lr TiPOr: 0i h,,h d,n,i*y- determining the 
fluid it cíJeií. condene.r, it ie nececaary to Include the weight of 

uld it contain«. Thi« may bo a major part of the total weight. 

OPTIMIZATION PROCEDURE 

oo.im,lP"C«dUr*.!' |l?n h,r* whlch c“ *>• «•«t i" determining the 
»Ptlmu» conflguratlon, from a weight atandpoint, of a finned radiator- 

e.tabliahine JL*111 ^ '“1proc,dure *• directed primarily toward 
establishing the configuration of the extended surfaces. 

11 i- not ■ufficient for optimisation to know only the weight and heat 
cHaract.rl.tic. of the profile of an extended eurface For example, 

CUW i«*, fe Reí"*BCe 6 pr,dlct **“*lh* «■> weight per Btu wfll be num.ri- 
üiV.1*** to.r. ,.hort" »■ “PPO'cd *0 longer fin length, or for thinner a. 
tJS! . ' r00t Mc,,<,n,• A 1‘t.ral extenaion of thia reaaoning lead. 
mÍÍ ,r*C e0nclu,1°n ““t A. "optimum" fin 1. of aero length aJd 

A^reaU.tic nroTd h**d*r* “ lh* toM h*»‘ ‘»«ai« ayatema. 

,h* co",id"M,on of ^ -- ^ 

two hJ»«*'!'*1’"*1"101" th*: câB b* locremented are indicated ae dLw and the 
twMd.ntical aegmente marked dLh. The firat reaulta in an incremTnt of the 

By inalvainc Vh. h«.^’ *"1 -* ‘’i1“” ÍB incr*m*nt* ‘0 the baaic fin length, 
th. diff.,.*uí. 'T“", *nd W-ight oi *»• b“lc •action and then 
h... * . ’ ,h* °l>*trnum configuration can be eatabllehed. The 
heat output, and » eight, of duct and of fine are computed aeparately. the 

ír™ rtí ,trtB,í*"*d <l b-in« th* •um at th» two quantitlea. Heat tranefa, 
acroa. i.To*”^ k0^"1.0*<—* dU<:,’ ‘••“"’l'** n° temperature gradient 
•ectione i. found tT th* St,í*"'Bol‘»n'»n» •quatiom heat tranefa r from the fin sections is found by the equations derived in Section m. 

?Um7*igh.t con£i8uration is the one giving the best ratio of 
„;*•;** kW aitnough this may not be the most practicable 

siM of th ÍOn,rfí Ff°r íhe.0rÍgÍnal condenBer section, the ratio is W/q. If the 
* , * °£ th® ,rfdift0ru ig increAB*d by extending the condenser (e. g., by the 

dition of dLw), the ratio of the added weight to the added heat transfer 
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Figure 41. Section oí Condeneer Showing Incremental Segmente 

•hould have the eame numerical value at the original ratio, W/q. Change« 
in flow of the condeneing fluid caused by extending tube length are considered 
negligible. 

The ratio of the changes resulting from increasing the fin length is 
dWf/dqj. Ordinarily, this is different from W/q. It should be noted that 
dWf does not represent the weight of the added segment dLh only, because 
the addition of this segment requires the thickening of the entire fin profile 
from the root outward. The total change of fin weight is dWf and the total 
change of heat transfer is dq¿. 

The method of determining the optimum dimensions is now arrived at 
by the following reasoning. If the ratio dWf/dqf is less than the ratio W/q for 
the original section, it is profitable to reduce the section length Lw and 
extend the fin length L^. With this change, the same amount of heat can then 
be dissipated from a radiator of lower overall weight. Changes in this 
direction are continued until a point is reached at which dWf/dq¿ is equal to 
W/q. Since the extension of always causes an increase in the ratio of 
weight to heat rejected, continuing the extension of fin length beyond the point 
where the ratios were equal is unprofitable. 
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Having thus established the optimum lengths and for a given root 
thickness <5h, the next step is to investigate the effects of changing the root 
thickness. This is done by determining the weight/heat transfer ratio for 
successive decrements in root thickness while maintaining the optimum 
lengths. The root thickness which yields the lowest ratio is optimum from a 
weight standpoint. Again, it must be pointed out that the fin thickness for 
this condition may be too thin for use on an actual vehicle. 

The rate-of-change ratio is obtained from Figure 20 where the fin 
differential ratio number is plotted against fin profile number. Recalling 
that, from Equation 64, 

the desired ratio can be obtained for a given root thickness. Since Cj, Th, 
and p are known when plotted against fin length, the intersection of this 
curve with that for W/q fixes the weight-optimum fin length for that fin 
thickness 5¾. Repeating this process for a series of fin thicknesses, the 
intersection of the W/q and dW¿/dq¿ curves produces a curve, the minimum 
point of which is the weight- optimum profile. This procedure is presented 
in detail in Illustrative problem 1. 

The procedure just outlined is completely satisfactory for many design 
problems. It should be recognised, however, that a number of omissions 
make the process not entirely complete. Some of these omissions are the 
following: 

1. The effect of length on pressure drop is not considered. 

2. The effects of changes in duct shape (e. g., tapered tubes) are not 
considered. 

3. Changes in heat transfer rates with fluid state changes are not 
considered. 

A complete analysis should include the weight of the fluid condensing 
in the duct, its condensation behavior in zero-gravity, latent heat of 
vaporization, and fluid-to-wall heat transfer characteristics. The foregoing 
list is not intended to minimize the value of the suggested procedure but 
rather to point the direction for further investigation. The influence of some 
of the listed factors is certainly minor at teat; however, not enough is 
presently known to permit any one of them to be discarded. 
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ILLUSTRATIVE PROBLEMS 

Ab an aid in dtBigning and optimising a condensar for space use, a 
number of sample problems are included here. These have been selected to 
cover as many principles and important points as possible. 

Problem 1: Design of Constant Temperature-Gradient Fin for Space 
Condenser- 

Given 

The condenser of a refrigeration plant is to operate in free space, 
oriented so that no face is directed toward the sun. The vapor passageway 
is aluminum tubing and the extended surfaces are of the same material. 

Required 

To determine the dimensions of a constant temperature-gradient fin of 
optimum weight to be attached to the vapor passageway. 

Data 

Th 

id 

k 

f. ■ r 

w. 

Procedure 

215F > 675R 

3/8 in. 

0. 028 in. 

133 Btu/(hr)(ft)(* R) 

172.8 lb/cu ft 

0.95 

0. 18 

0. 037 lb/ft 

1. 00 (assumed) 

The heat radiated from a 1-foot section of tubina la found (mm 
Equation 137. 
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¾ * ClTh4Do * 

■ (0.1713* 10*8)(0. 95 + 0.9!)(6?5)4(~|^) . 31. 1 Btu/(hr)(ft) 

The step« of the procedure used are aa followi: 

1. The optimum weight profile number of 0. 571 and the fin effective- 
neea of 0. 543 were obtained from Figure 17» at an environmental 
parameter of 0. 

2. A number of fin lengthe were assumed. 

3. Using these values of Lfa and Equation 137, the total heat radiated 
from a condenser section 1 foot long was determined. 

4. The fin root thickness associated with the assumed fin lengths 
were calculated from Equation 53. 

5. Using the profile number of 0. 571, a value of 0. 288 was obtained 
from Figure 18 for the weight number £w. 

•6. Weights for each fin of the set were obtained by using £w in 
Equation 60. 

7. The total weight of two fins and the tube were determined for each 
set. 

8. The weight per unit of heat transfer was obtained by dividing the 
total weight from step 6 by the total heat transfer from step 3. 

9. The results were plotted in Figure 42 as weight per unit of heat 
transfer versus fin length. 

Data fixing other variables was also obtained, using a slightly 
different procedure. For this part of the analysis: 

10. A fin root thickness was specified arbitrarily. 

11. A variety of fin lengths were assumed, compatible with this 
root thickness. 

12. The profile number for each fin length was calculated using 
Equation 53. 
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Fiaure 42. Relationihio of Walshi Pur TTn4* u«*» 
— * -   * ——«»«i ••«»««• ***»**«»*W* (*4éWk 

Ra^e of Change of Ratio to Fin Length (Problem 1) 
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13. U«ing the profile number, the fin effectiveness was found from 
Figure 17. 

14. Using Equation 57 and the assumed fin lengths, the heat transfer 
from each of a set of 1-ioot fins was determined. 

15. The total heat transfer was obtained by adding together the heat 
transferred from the tube and two fins. 

16. Using the profile number for each fin of the set, values of the 
weight number £w were read from Figure 18. 

17. Fin weight was then obtained using the thickness assumed in 
step 10, and the weight number £w from step 16. 

18. The total weight of two find and a tuba were then computed. 

19. The weight per unit of heat transfer was calculated by dividing the 
total weight from step 18 by the total heat transfer from step 15. 

20. The value of was read from Figure 20, using the profile 
number of step 12. 

21. Using (step 20), the root thickness (step 10), and Equation 64, 
the value of dWf/dq; was computed. 

22. Steps 10 through 21 were repeated for various root thicknesses. 

23. The values for W/q and dWf/dq£ versus were plotted, as shown 
in Figure 42. 

The pertinent information needed to make a fin selection can be obtained 
from the curves of Figure 42. The weight per unit of heat transfer along the 
theoretical profile is shown to be lowest for a root thickness of approximately 
0. OO9 inch and a fin length of 1. 82 inch. As expected from the theory, a 
reasonable tolerance in thickness and length give almost the same results. 
However, the fabrication of fins so thin in section would be difficult if not 
impossible. Therefore, it will probably be necessary to use other configu¬ 
rations than that of the theoretically minimum weight. 

Comment 

The values of W/q for a fixsd root thickness are seen in Figure 42 to 
be very flat over a wide range of fin length. This relationship for a root 
thickness of 0. 030 inch has been extended for emphasis. Using data read 
from curves such as these, it is impossible to precisely locate the minimum 
point. A close approach is made by the use of the dWf/dqf ratio which 
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“ie*^ th« Wï «>"« »t th. minimum point. Obviou.ly. . 
deviation from the loweet velue will re.ult in only e elight weight penUty. 

»«. J"'10'11’ ’í"® th,ou*h the Intereection pointe demonetretee the 
f .t n'U l '' of th* •y“«"». The loweet point ie where the locue line 

«nein ór fÔ 4 P,,0fl1®- ror *M* C,M’ • »«• »I weight to heet 
eecííí! Í 4‘ 25vX ,10 4 p0UBd'1'0ur" p,r B» >• obtained. Thicker root 
trän““! r"*, ™ r,M ^ ‘h® tMo oí w*1*1“ >° heat 

of the^y “d ,h4 of the errore encountered in reading curve valuee. ^ °®C*UM 

fin b® d*,l'4bl* trom » etandpoint oí mateorltlc protection to uee 
tr Jímifmfí!*b “í?** ,h0wn by th® loeu, The longer fine transmit mor« heat (at reduced eífectiveneie) and require 'esa tuba Un>th 
whV„L?íUCÍftg vulnerftbllity® Sh0ft” length, may ^ so be con. We re? ^ 
a r^d ÄreÄ ** crltica1, A »horter fin 1. more effective and permit. 
i^r 0" * if4*1 rftdUtor artÄ whil» »t the .ame time dlcUtlng an Increa.e 
in the actual tube area and, therefore, an Increa.e In vulnerability to 
meteorite.. The best fin 1. that having the optimum combii Ation^f practical 
thickne.., low weight per unit of heat transfer, and the required reliai?^ 

i«Toorr:.d:t*u:d;r,d,y,oi ÍActora !• needed to iully ••tabliah tha beat fin length and thickneea. 

Problam Comparl.o, ol Flat Plata ami Trlanaular rin txt.ndad S..W.... 

Given 

aoaca ÄrPlS* COnd<®nMr U »° b* in«i»Uad on tha axtarnal wall of a 
Iu.1 a^h Î1 c.ond*”,,r htbae are circular cylindara oí auinlaaa 
ataal and tha extended aurfacaa are of tha aama material. 

Required 

To determine the dimension, of the weight-optimum flat olata end th» 

weight- optimum triangular fin capable of reje'eting^h. ïtTpul.Âott^f 

Data 

Lw 

T... = T. 

1 ft 

700 F (1160R) 

D0 * 5/16 in. 

s 0. 010 in. 
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k* 16. 2 Btu/(hr)(ft)(#R) 

p • 0. 286 Ib/cu in. (tube» plate, and fin) 

< ■ 0.90 

Wt - 0.0313 lb/ft 

Fr ■ 1. 00 (aaBurned) 

■ 0.9(0.1713x10 ®)(1160)^« 2. 43 Btu/(hr)(aq ft)(*R) 

CjTh4 ■ 2. 43 (1160) » 2820 Btu/(hr)(aq ft) 

From the data, the following evaluations may be made: 

W ’t * Vh4“» ' ~"°i[5/U> * 73- 5 Btu/(hr)(ft) 

(b) 
»K2 • (d0 •2 *d>2l Wt- b ^ J(0.266) . 0. 0313 lb/ft 

(0 3,, . 2ClTh4 (Ä)» ■ 470 0 Btu/ (hr)(ft) 

(e) 2Wf - 

(0 2Wf ■ 

2(12)pLhfih . 24 (0. 286) » 

2(12)?!^^ n 12 (0. 286) 1^^ 

6. 86 per foot for 
two flat 
platea 

■ 3,43 fi per foot for 
two trianjfîilar plates 

Procedure 

The steps taken in the case of flat plates are as follows: 

1. The value of the fin profile number for several lengths and thick¬ 
nesses was computed by Equation d. 



2. A value for each corresponding plate effectiveness was found from 
Figure 5. 

3. Values of heat ejected by plates of various length and thickness 
were found from Equation c and that ejected by the tube from 
Equation a. 

4. Heat ejected from the tube and fins was found by addition. 

5. The weight of plates for various lengths and thicknesses was 
computed by Equation e. 

6. The weight of the tube was computed by Equation b. 

7. The total weight of tube and fins was found by addition. 

8. The weight/heat transfer ratios were found by dividing the results 
of step 7 by the results of step 4. 

9. The results obtained were plotted in Figures 43 through 45 as 
functions of fin length L^. 

The same basic steps were taken in the case of triangular fins, except 
that the weight was computed by Equation f and the surface effectiveness was 
found from Figure 32. 

Comment 

Some results of these calculations are shown in Figure 43. The 
weight/heat transfer ratio is plotted against fin length for various values 
of flat plate profile number £.. The pattern for all profile numbers is one of 
sharp decrease in weight/heat transfer ratio as the fin length increases, the 
reaching of a minimum point, and then a rapid increase of ratio with 
Increased fin length. Since the profile number equation for this problem 
reduces to 

it is apparent that holding this parameter constant fixes only the relationship 
between length and thickness, not the sise of the fin. 

The significance of the 0. 815 profile number can be noted by referring 
to Figure 5. It is seen that the profile number for the optimum-weight plate 
is 0. 815, for a value of the environment parameter of 0. The other profile 
numbers of Figure 43 wore arbitrarily selected. 
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Figur« 43. R«Ution»hip of Weight Per Unit of Heat Tranefer to Fin Length 
for Environmental Parameter of Zero 

(Problem 2) 
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Figure 44. Relation.hip of Weight Per Unit of Heat Transfer to Fin Length 
for Theoretical Profile 

(Problem 2) 
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Figure 45, Relationship of Weight Per Unit of Heat Transfer to Fin Length 
for Flat Plate and Triangular Fin 

(Problem 2) 
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.V n i™1? ,‘hî °' 815 curve twh•• ,h" lowe.t ratio, the minimum pointe of 
, 6„a,nd >• 0 curve* »« ”«« very much different, end the minimum velue 

of the 0. 2 curve 1. only 7 percent higher. It muet be remembered, however, 
that while the ratio for the 0.6, 0.315, end 1. 0 profile numbere ere very 
nearly the aame for a fin length of 0. 4 to 0. 45 Inch, the amount of heat 
radUted ia different in each case. 

k 

Another point ia the effect created by adding any extended aurfacea to 
a radiator tube. It can be teen that for the "beat” plate length, the weight/ 
heat tranifer ratio ia about one»half that for aero plate length. Thia la a 
aignificant reduction, but not nearly aa great aa might be expected. Further 
reductiona could be made by ucing a material for the fine of a denaity lower 
than that for the tube. 

i JT/1*1" the ParAmet#r o{ Pl»te thickneaa ia introduced into the 
weight/heat tranafer ratio and extended-aurface length relatlonehip. The 
poaitiona of loweat ratio are aeen to be occupied by the thinner platea» aome 
•o thin aa to be more in the nature of metal folia. The fabrication and 
handling of extended aurfacea 0. 002 inch thick would present insolvable 
problema. It la necessary, therefore, to consider the effects of the 
deliberate use of off-design thicknesses. 

... AA”u,n;#» ,for examP1#' thAt computations have indicated the use of a 
P e . 002 inch thick and 0. 4 inch long, or one having very nearly the 
minimum weight/heat tranafer ratio possible. Assume, further, that the 
thinnest plate that can be used is 0. 010 inch thick. If the plate length 
remains fixed, the profile is no longer of optimum weight. On the other 

tH\n>Vei#r,#r t0 uigUre 5 ,how# thÄt with the PUt« Ave times aa thick, ao 
Pr? e TÍm,ber 11 now one-£ifth original value, the effectiveness 

increases from 57. 2 percent to about 84 percent. Thia increase in 
effectiveness of almost 30 percent implies an ability to reduce the radiating 
area, since • 

Then 

niAi n2A2 

* firK ■ °-MAi 

saving in area can therefore be r ide by the reduction of length in the 
direction of fluid flow or normal to the direction of heat flow. This may be 
sufficient justification for taking on the extra weight of the thicker plate. It 
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ihould be noted that this analyaii i» not entirely accurate; the effect of the 
tube or duct lurfacea ha* been ignored. However, with small tubes, this 
procedure may be considered sufficiently accurate. 

It would be possible, as seen in Figure 44, to maintain an optimum 
weight profile for the 0. 010-inch fin by increasing its length to 0. 8 inch. 
This would permit much more heat to be radiated, but this is not required 
* Th®r® would alB0 b® Me® *• much area and hence weight. 
The additional area could be used to increase reliability in a meteoritic 
environment. 

It would al.o appear that extending the 0. 010-inch curve to the left 
would cauee it to intereect a eecond time with the optimum-weight profile 
"n*', i;?““’* íln» of a»» •»">• thickneee and different length,. Thle Li * . f’, , U wi,h0,,t •linificance; the eubetitution of thia length 
does not satisfy the equation for profile number. 

fins .i"**18 ¡f*,45’ J0"1^/1®0"® ®r® made between flat plates and triangular 
n» as extended surfaces for the radiator under consideration. The weight- 

minimum configuration has a profile number of 0. 787 for the triangular fin 
(Reference 9). The minimum ratio is 1. 92 x 10-* pounds per Btu-hour 
:Xm.ddWhin2' * >0:4 '«<•>. 0»t put.. (Computation, more r.c.ntly 

Äm t.iy,M-i. 0. ““ y thÍl th* t,U,VÜM “n Pr0fl1' 

0 80 \:00t ‘hi1ckn*M of 0. 010 inch, the triangular fin length is about 
0. 30 inch, at a minimum weight-heat ratio of about 2. 07 x 10“« pounds per 

r®Pr®®®nt* an increase in weight of approximately 21 percent 
entire section, including the tube, over the optimum triangular fin 

having a root thickness of 0. 005 inch. Reference to Figure 28, hLever, 
oermUH* the e£fectiv®ne®® i# i«cr®»®ed by about 30 percent, thereby 
parmitting a correspondingly large reduction in radiating area. These 

wiihoit t0 P°1int|UP the £alUcy 0f ®P®cifyin8 the lightest configuration 
w'i” ÄnÄly,iB• Li«ht wei«ht l® almost always associated with 

lower effectiveness, and therefore with large radiating areas. 

^ i?terej®ting comParlion can be made between the flat plate 0. 010 inch 
thick and the triangular fin having a root thickness of 0. 020 inch. Both weigh 
the same for any profile length Lh and have nearly the same weight/heat 
transfer ratios. However, the triangular section is more effective and will 
dissipate more heat from a given area because of a more favorable distri- 
oution of material for conductive heat transfer. 

Conclusions 

This example shows that an optimum-weight approach to extended 
■urface design results in thin profiles, some so thin that an arbitrary 
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thickening of aeveral hundred percent ie required to reach the realm of 
practicality. It il then found that a compeneation exista for this added weight 
in the form of a reduction in required area. 

Also found was that little difference in performance is expected between 
flat plates and triangular fins in the region of the minimum weight/heat 
transfer ratio. This raises the question of whether there is a need for 
complex profiles, such as those of constant temperature-gradient fins with 
their concave surfaces. The answer to these and other related questions 
can only be found when all requirements and restrictions are known. 

Problem 3: Effect of Fin Materials 

Given 

A turbine discharges wet vapor into a stainless steel cylindrical 
condenser tube. Extended surfaces on the tube are in the form of fins of 
constant temperature gradient. The condenser is mounted vertically on a 
level area of the moon terrain at a subsolar point The fins and tubing are 
coated with a material having an emissivity of 0. 90. 

Required 

To determine the optimum configuration of fins made of aluminum, 
beryllium, and copper. 

Data 

Tw * 1450 R 

■ 0. 035 in. 

D0 - 1. 0 in. 

Sc s 430 Btu/(hr)(sq ft) 

0p a Odeg 

em * 90 deg 

Tm = 674 R 

a = a, = 0. 18 
a b 
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'a ■ *b * 0,90 

ï'r ■ l.O(aaiumed) 

followJb* thermal conductivlty denaity of the three materiale are ae 

Material 
Thermal Conductivity, k 

lBtu/(hr)(it)(*R)J 
Density, p 
( Ib/cu ft) 

Aluminum 

Beryllium 

Copper 

155 (at 1392*R) 

124 (at 852« R) 

205 (at 1392* R) 

172.8 

114.05 

559 

fhe equations ueed and numerical values of terme are ae follow«: 

ci ■ <'â + ,b>» 

• (o. 9+ 0.9)(0.1713 xlO'8) . 0. 30834 Xio’8 

C2 ' $C 'Vo* V V. Vo*+ Pb«bV»*V 
+ 'r. *. + i-fc«,,) 

* 341 Btu/(hr)(eq ft) 

ciTl ■ ’•« 

ClTw * ■’•«O 

c. 

4 
C.T 

1 w 

0.025 

Procedure 

Various fin lenetha ond •••a—._ » # 

byEquaüon ti ^ computed' oy equation 133, Fin eifectlvene.. 0 wa, determined in each ca.e by 

- 117 - 



reference to Figure 17 or by the use of the appropriate equations. The 
weight of each fin configuration was found by using Figure 18, For each 
case, the ratio W/q was computed and the ratio dW/dq was computed or 
taken from Figure 20. The data were then plotted as shown in Figure 46. 

Comment 

The intersections of the W/q and dWf/dq; lines mark the optimum fin 
length Lfc for each root thickness considered. A line connecting these 
optimum points, for one material, has as its minimum point the optimum 
fin length and root thickness. 

For copper, the line of fin thickness of 0. 020 inch lies very near the 
minimum point. For aluminum and beryllium, the values are approximately 
0,40 and 0.085 inch, respectively. The lowest weights were found for the 
design using beryllium fins. The optimum aluminum fin configuration is 
only 4 percent heavier, but the copper fin configuration is approximately 
30 percent heavier. It is questionable if a saving of only 4 percent of 
beryllium over aluminum can justify the selection of beryllium, since it 
is such difficult material to handle and so much more expensive. 

For practical reasons, a root thickness larger than that shown at the 
minimum point on Figure 46 should be used. The exact thickness and length 
depend somewhat upon the area the condenser requires to dissipate a unit of 
heat to the environment. The data plotted in Figure 47 present a comparison 
of the configurations, As longer and thinner fine are used, the condenser 
area ii.creases sharply. 

For example, with copper fins, the condenser area increi ises by 
approximately 16 percent, and the weight decreases by 3 percent when fin 
thickness is reduced from 0.30 to 0.020 inch. An even more striking 
comparison is obtained with aluminum where reducing the root thickness 
from 0. 075 to 0. 050 inch results in an area increase of 19 percent and a 
weight saving of only 3 percent. A similar comparison can be made for 
beryllium. For these configurations, it appears that a root thickness 
approximately 50 percent larger than the minimum point gives a reasonable 
compromise between area and weight. 

In Figure 46, the loci of the points of intersection of the ratio and 
change-of-ratio curves form a curve which is markedly different from that 
formed in Figure 42, The reason for this difference has not yet been 
investigated. It has been suggested that the difference may result from the 
fact that, in one case, the tube and fins are of the same material whereas, 
in the other case, the tube and the fins are of different materials. An 
attempt will be made to find the exact cause of this apparent anomaly, and the 
results will be reported, 
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2.2 

2.0 

SC 1.8 
to ~ 

3 ^ 
2 p 
H H 1.6 
H * 

S d 
H 1*4 
B C 

Oí BÍ 
W 0 1.2 

Ë 
c ^ 
S * 1.0 
* * 

0.8 

0.6 
1.0 

COPPER TINS 
k - 207 BTU/ (HR)(rT)(°R) 
P ■ 559.9 LB/ CU FT 

0. 015 

• ALUMINUM FINS 
k ■ 155 BTU/(HR)(FT)(°R) 
P u 172.8 LB/CU FT 

•FIN THICKNESS AT 
HOT END (IN. ), 8h 

0.025 

0.075 

0.075 

•BERYLLIUM FINS 
k ■ 124 BTU/(HR)(FT)(°R) 
P ■ 114 LB/ CU FT 

1.5 2.0 2,5 3.0 

FIN LENGTH, Lh (INCHES) 

3.5 4.0 

Figure 46. Relationship of Weight Per Unit of Heat Transfer and 
Rate of Change of Ratio to Fin Length 

(Problem 3) 
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Problem 4: Determination oí Fluid-Wall Temperature Difference 

Given 

The condenser designed in problem 3 is assumed. 

Required 

To determine the difference between the condensing vapor temperature 
Tf ãnd to® ‘«be wall temperature Tw when the fluids are mercury, rubidium, 
potassium, and sodium. 

Data 

» Pa/ln! ar® »tominum with root thickness 5h of 0. 070 inch and length 
Lh °f inch, The vapor tube inside diameter Dj is 0,93 inch. The vapor 
tube is mounted vertical to the lunar surface. The quality of vapor entering 
the condenser is 85 percent. The gravity of the moon produces an 
acceleration of 71 x 106 (foot/hour)/hour. 

Procedure 

Evaluating the fin profile number, 

kah 

2 
h 

9.4 (2.8)2 
0.565 

From Figure 17, fin effectiveness fl is 0. 528 

From Equation 135, 

L e 
2fïk n 

r T * * 
~rw / 

F r 

+ 110, 528)(2.8)] 
(1 - 0.025) 12 J 1.0 * 0.3364 ft 

- 121 - 



From Equation 143, 

-'I 

»(0.93‘) ..3 
i (144) * 4-72 x 10 »q ft 

Using the method of Reference 15 (p 335) and the fluid properties found 
in Reference 16, the following values of heat transfer coefficient were 
obtained: 

Inlet 
Velocity 
(ft/sec) 

Heat Transfer Coefficient, h Btu/(hr)(.q ft)CR) 

Mercury Rubidium Potassium Sodium 

100 

300 

500 

700 

96, 000 

145, 800 

177, 000 

277, 000 

33, 500 

36, 300 

41,000 

44, 700 

68, 500 

45, 900 

39,100 

35, 200 

277, 000 

175,000 

136, 800 

133, 700 

An expression for the temperature difference is 

T\ - T * 
f w 

<ClTw -C¿)Le 
ph (M8) 

Since all the necessary terms are known, this difference can be determined 
and is found to be quite small, as indicated in Figure 48. Hence, it can be 
neglected in most cases. The reason for the small difference is the high 
value of the heat transfer coefficient, h. These would not be so large in 
land-based powerplants because of the presence of noncondensible gases in 
the condenser. Such gases should be more readily eliminated or reduced in 
a space powerplant, so that values approaching those listed above would be 
realized. 

Problem 5; Determination of Tube Length 

Given 

The condenser of problems 3 and 4 is assumed. 
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VAPOR VELOCITY AT TUBE ENTRANCE, V (FEET PER SECOND) 

Figure 48. Relationship of Temperature Difference Between Vapor and Wall 
to Vapor Velocity at Tube Entrance 

(Problem 4) 
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Required 

condsn^ determlne the len*thi Lw of condenser tubes required for 
condens.ng mercury, rubidium, potassium, and «odium, 

Procedure 

Using Equation 141 and the data of the 
presented in Figure 49 are obtained. previous problems, the results 

Comment 

«. ,uit. iimiUr, that for m.rcury iï much dlff.»« ^ ,hr** 

... :odium ^ prob*biy “>• 

tub. l.ngth. indicated, con.id.raW. wai.ht .avlñ. * k! •*•»*•* 
of th. .mailer tub. diam.Ur. r.quir.d. * b.e.ua. 

Given 

The condenser of the previous problems, 
assumed. ’ with aluminum fins, is 

Required 

To compare the required tube diameters 
rubidium, potassium, and sodium. for the working fluids mercury, 

Data 

■ 2,5 in. 

Lw * !ft 

5h » 0, 075 in. 

k ■ 155 Btu/(hr)(ft)(* R) 

Tw - 1450 R 

ô d » 0. 035 in. 
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CONDENSER OF PROBLEM 3 

ALUMINUM FINS 
<h ■ 0.070 IN. 
Lh ■ 2. 8 IN. 

MERCURY 

RUBIDIUM 

VAPOR VELOCITY AT TUBE ENTRANCE, 
V (FEET PER SECOND) 

Relationship of Tube Length to Vapor Velocity at Tube Entrance 
(Problem 5) 



Cj » 0. 30834 X 10‘8 

C2 * 341 Btu/(hr)(aq ft) 

C T 3 ■ 9.4 
1 w 

C T 4 ■ 1. 363 X 104 Btu/(hr)(iq ft) 
1 w 

» 0.025 

Procedure 

The inside diameter D} is to be computed with the aid of Equation 147. 

Since Equation 146 states 

K 2 

it is necessary to obtain the fin effectiveness Q from Figure 17. The value 
of K¡ was obtained from Equation 145 for a number of fluid velocities, using 
data obtained from Reference 16. The results of these computations are 
shown in Figure 50. 

Comment 

It is evident from the solution of this problem that the tube forming the 
vapor passageway of the condenser is extremely large for sodium and 
extremely small for mercury. In condenser design, this gives mercury a 
distinct advantage over the other fluids, since the vapor passageway is 
considerably heavier than the extended surfaces per unit of heat transfer. 
This is especially true when a light material such as aluminum is used for 
the fins and steel is used for the vapor passageway. Within the passageway, 
hownvAr. th« vannr nreaaur« is hioher for m*rrurv *nri nroorAssivalv 

- --9 s 4-. s» -- -* -r — m-- — /- 

for rubidium, potassium, and sodium. Their lower pressures may help 
reduce, to some extent, the weight of the vapor conduits. In any event, the 
large passageways required by sodium, potassium, and rubidium increase 
the condenser weight over that required for mercury. 
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ficin« ft! IÎÏ,.! ï " f0r th“ proW*m illu,lr*<' on. of the dilemme. 
eree de^ienên / *! ?""• A v*f,or P»”*««w.y of .mell croe.-eeotionel 
. , d,*d tot » minimum-weight eyetem dlctetee the uee of email 

“urí«.. mb..*t*Í * ÎUrlher r*dUClng the «« of «h* oxtended 
tube* of Ä ,ti11 croM-«ectional area can be ueed. In like 

Won, large ducte theoretically require large extended surfacee. If atill 

eo that «tm#i *re U*,ed' radiation increaaea and eubcooling of the liquid occurs 
•o that atill larger duct, with greater flow rate, are needed. Thi. tvoe of 
rea.oning chain must be broken in order to achieve the design of a ^ 

»Î» «d^Tu.T.Vw.r*, “d efe?d,d ,Urf*e*' 0oo<i J-Hment will be 

*1«. if .^pelVte“7. .TÍetu^* Wr0PrUl‘ *nd 
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Section V 

DESIGN OP RADIATORS FOR OPERATION IN SPACE 

Because the te.nperature of the fluid changes from entrance to exit» 
the analysis of the heat transfer characteristics of a radiator may be more 
complex than that of a condenser in which temperature of the fluid is 
assumed to be uniform and constant from end to end. Both devices reject 
heat by radiation, and therefore both may be termed radiators. The 
distinction mad® here, however, although somewhat arbitrary, is useful. 

The heat transfer behavior of a series of radiators is analysed in this 
section. Four configurations were considered: a rectangular section duct 
and a circular section duct with extended surfaces, each first with two and 
then with one emitting surface. Illustrative examples are included to 
demonstrate use of the derived equations. This section was abstracted from 
a report by D. B. Mackay (Reference 17). 

NOMENCLATURE 

^ej Cross-sectional area of duct, sq ft 

Cj Radiation constant, + ^), Btu/(sq ft)(hr)C R)4 

Radiation constant, heat received from environment by radiating 
surfaces, Btu/(sq ft)(hr) 

Cj Ratio of constants, environmental parameter, nondimensional 

cp Specific heat at constant pressure, Btu/(lb)(*R) 

Dh Hydraulic diameter, ft 

Dj Tube inside diameter, ft 

Inter radiation correction factor, nondimensional 
« 

G Mass velocity, lb/(hr)(sq ft) 
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h 

k 

L 

Pt 

w 

Heat transfer coefficient, Btu/(eq ft)(hr)(#R) 

Thermal conductivity, Btu/(ft)(hr)(* R) 

Duct length (variable), ft 

Duct width, ft 

Section effective width, ft 

Extended surface width, ft 

Duct length, ft 

Effective wetted perimeter, ft 

Total wetted perimeter, ft 

Heat transfer rate, Btu/hr 

Solar constant, Btu/(sq ft)(hr) 

Temperature of fluid at any point, * R 

Temperature of fluid at duct entrance, #R 

Temperature of fluid at duct exit, *R 

Equivalent temperature, *R 

Temperature of duct wall at any point, * R 

Temperature of duct wail at duct entrance, *R 

Temperature of duct wall at exit, * R 

Fluid velocity, ft/hr 
t 

Weight rate of flow, lb/hr 
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a , a. Surface absorptivity» nondimensional 
a b 

Tube wall thickness, ft 

5. Extended surface root thickness, ft 
h 

, t. Surfaces emlssivity, nondimensional a b 

P Density of fluid, Ib/cu ft 

a Stefan-Boltamann constant, 0,1713 x 10"8 5tu/(hr)(sq ft)(* R)* 

Film resistance number, nondimenslonal 

i// Radiation number, nondimensional 
2 

Q Extended surface effectiveness, nondimensional 

Q1 Extended surface effectiveness at duct entrance, nondimenslonal 

(I. Extended surface effectiveness at duct exit, nondimenslonal 
¡L 

MATHEMATICAL ANALYSIS 

Radiation From Two Sides of Rectangular Duct (No Extended Surfaces) 

Figure 51 shows a duct of rectangular cross section which radiates 
heat extracted from the conveyed fluid, As the fluid moves from one end to 
the other, a distance Lw, its temperature falls from Tfl to T^. The 
corresponding temperatures of the duct wall are T^j and Tw2' The 
relationship of these temperatures to duct length is also shown in Figure 51, 

Assuming that the outside wall temperature is equal to the inside wall 
temperature Tw, and is the same for both faces of the duct, the heat 
radiated from an element of the duct will be 

dq * <ClTw4 * C2) LddL (14q) 
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Figur« 51. Dimensional and Temperature Relationehipe of Rectangular 
Cross-Section Duct Radiating Heat From Both Surfaces 

The heat given up by the fluid to the walls, then, is 

dq > -w cpdTf (¡50) 

The same quantity of heat must be transferred across the fluid boundary 
layer, or 

dq ■ ph(Tf - Tw)dL (151) 

Equations 149, 150, and 151 can be combined to obtain expressions 
for determining the required dimensions of an exchanger. 

As a first step toward obtaining the required length L of the 
exchanger, Equations 149 and 151 are combined. w 

4 
oh(T. - T>«irT _r\T 
* *1 -w' ""l-w "¿'“d 
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After differentiating and rearranging, 

/4C.T L. V 

»i ■ (-^ • 'K 
Combining Equations 149 and 150, 

<ClTw4 * Ci>Ld iL ■ •* cp dTf 

Substituting Equation 153 in Equation 154, 

<ClTw4- C2)LddL- -wcp(4Íi^ 

(153) 

(154) 

+ li dT 
w (155) 

If Cl and Qz are constant along the heat exchanger, Equation 155 can be 
integrated along dimension L, 

An intermediate step to the solution produces the following set of 
relationships. 

where 

and 

(156) 

(157) 

(158) 
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The terme and defined in Equation* 157 and 158 are important 
in obtaining the heat exchanger length; chart* of their value» appear later In 
this report. Solving Equation 156 for the length give* 

If the heat transfer coefficient h 1* high» little temperature drop 
(Tf - Tw) occur* between the fluid and the duct wall. The coefficient of ¢, 
ia small, and the product of the coefficient and i* likewise small. For 
this case, the heat exchange length is controlled almost completely by the 
value of its coefficient The term ¢1 can be considered as arising 
from the resistance to heat transfer in the fluid film and has, therefore, 
been given the identifying name of film resistance number. Likewise, the 
term ^ more closely associated with external radiation resistance and is 
identified as a radiation number. 

Integration of Equation 157 produces 

where 

S ■ 
C.ï * 1 wl 

(161) 

The film resistance number can be evaluated by means of Equation 
160 for all values of C3, including sero. The evaluation of the radiation 
number is somewhat more involved. In free space, where radiation from 
the sun or other sources may be blocked or may be negligible in value, 
C¿ and C3 are zero and 

Cl - 1 (162) 
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If C2 is not zero, 

*i ’ 737¾1°1. zc, 

wl 
4_ T 
7c7- ^ 

3 Twi 

4 
/c7-1 

(163) 

w2 

1 Twl 

Vê; 
tan -1 1 

Võ; 
Substituting Equations 160 and 163 into Equation 156 (C3 ¢ 0), 

Substituting Equations 160 and 162 into Equation 156 producás a much simpler 
relationship (C3 ■ 0), 

ph l^w 
w 

P 
t% L m\ 
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that 
In all equations; in order to avoid imaginary answers» it is necessary 

or 

(166) 

or 

The equations developed thus far are all functions of wall temperature 
Twl TW2. The corresponding fluid temperatures at the entrance and the 
exit of the duct are usually known; the relationship between the two sets of 
temperatures is given by Equation 152. However» the solution of this 
•quation is awkward, requiring trial-and-error efforts. On the other hand, 
the total quantity of heat transferred by the exchanger can be easily computed 
by using the integrated form of Equation 150, which is simply 

(167) 

In some cases it may be desirable to determine an equivalent or 
effective radiator temperature (e.g., a uniform temperature Tr at which the 
same amount of heat could be rejected from the exchanger when located in 
free space). The equation for the heat transferred would then be expressed by 

Combining Equations 167 and 168, 
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The dimensione of a heat exchanger of rectangular section, radiating 
from both sicles of the duct, can now be determined. In some applications, 
such as where the radiating surface is a part of the external surface of the 
vehicle, it may not be possible to reject heat from both surfaces of the duct. 
This case is considered next. 

Radiation From One Side of Rectangular Duct 

A rectangular duct radiating heat from one surface only is illustrated 
in Figure 52 along with the corresponding temperature history. The 
equations developed for two-sided radiation, with only small changes in some 
of the constants or dimensions, can be used for this case. 

The heat radiated to space is expressed by Equation 149. 

dq ■ (C.T 4 - C,) L.dL ’ 1 w 2 d 

In this case, no heat is leaving one side of the duct, which is the same as 
equating the emissivity of that surface to sero. Thus C¡ is the product of 

Figure 52, Dimensional and Temperature Relationships of Rectangular 
Cross-Section Duct Radiating Heat From One Surface 
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emiaaivity of the aingle radiating aurface and the Stefan-Boltzmann 
conatant, or 

ci . <, «ã 

inatead of 

and C2 it the heat reaching a unit area of the radiating aurface from the 
environment inatead of heat reaching unit areaa of both aurfacea. 

The heat tranaferred from the fluid to the radiating wall ia, aa 
axpreaaed by Equation 151, 

dq * ph(T.- T )dL f w 

where 

p • Ld 

inatead of 

p . 2L, 

Radiation From Duct and Extended Surfacea (Heat Loaa From Two Sidea) 

Becauae of ita weight advantage, the extended-aurface radiator ia 
expected to be uaed more commonly in apace applicationa than uingle 
rectangular ducta. Unfortunately, there are many variablea in auch 
atructurea, and exact mathematical analyaia ia difficult. The following 
procedure, however, ia aufficiently accurate for moat preliminary deaign 
purpoaea, and the analyaia ia equally valid for all extended-aurface radiatiora 
(i.e., flat platea, trapezoidal profile, and conatant temperature-gradient fina). 

A aection of radiator uaing tapered fina with a conatant temperature- 
gradient ia repreaented in Figure 53. Aa in aimple rectangular radiatora, 
the fluid entera the duct at temperature T£. and leave a at aome lower 
temperature, T^- The correaponding wall temperaturea are Twl and Tw2. 
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FLUID FLOW 

Figur« 53. Dlm«n«ion*l Relationship of Duct and Extended-Surface 
Heat Exchanger Radiating Heat From Both Surfaces 

Assuming a constant temperature in the duct wall over the length dL of 
a differential element, the heat transfer to space can be written as 

dq 

Rearranging terms, 

dq 

,ClTw4-C2>LddL + 2ClTwXdL Fr (170) 

(C.T - C.) 1 w 2 Ld + 
2tlLh 

.\ Cl Tw4/ 

dL (171) 

The bracketed term in Equation 171 can be defined as the effective 
width Le of the heat exchanger (i. e. , a width of duct and extended surfaces 
over which a uniform temperature T would radiate the same amount of 
heat as the actual width, L^ + 2L, , with its nonuniform temperature). Thus, 

- 139 - 



Subitituting Equation 172 into Equation 171, 

dq ■ <ClTw4-C2)LedL 

(172) 

(173) 

The heat transferred from the fluid to the duct can be written as 

dq - ph(T£- Tw)dL (174) 

Equating Equations 173 and 174, 

<C,Tw4 ' C2) L. ■ P*1 <Ti ■ V 075> 

Writing Equation 175 in differential form, 

4ClL.TwdTw ■ PMdTf-dTw) (176) 

or 

4C.L T 

Combining Equations 150, 173, and 177, 

(177) 

4 f4CiL T ' 
<ClTw • C2> L.dL ■ ■ w cp\-' pî, W" + 1/ dT 

w (178) 

Equation 178 can be solved if Cp C^, and L are assumed constant 
throughout the length of the heat exchanger. An evaluation of Equation 172 
averaged over the wnole length Lw of the exchanger can be used for L«, 
■ince, in most instances, the equivalent length does not change greatly 
from one end of the heat exchanger to the other. If large changes are 
encountered, however, the heat exchanger should be sectionalised and each 
section treated independently. 
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which la identical to Equation 156 
term. 

Equation 178 can be rearranged and integrated to produce Equation 179, 
ii identical to Equation 156 except that L replace! L. in the third 

e d 

phL 
w 

w c (179) 
P 

Äre d*íin*d bV Equ»tioni 157 Änd 158 or by EquÂtioni 160( 
161, and 163. With the le numberi evaluated, Equation 179 can be lolved. 

The total quantity of heat removed from the fluid in the duct can be 
computed uilng Equation 167. The pretence of extended lurfacei doei not 
affect thii relationship in any way. 

An effective temperature Tf can be evaluated for the extended-lurface 
radiator in the tame manner ai for the rectangular duct alone. The heat 
transfer from the fluid (Equation 167) is 

When heat ii radiated to free space from the surfaces of the exchanger, the 
neat tranifer rate may be expressed as 

(180) 

Then 

4 
C.T L L , . a wc (T - T 1 1 r w e(avg) p'1!! 

and 

Radiation From Duct and Extended Surfaces (Heat Loss From One Side) 

The configuration of this exchanger (Figure 5a) is similar to that 
shown in Figure 53 except for the addition of "insulation to the underside. 
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The equation for the heat radiated from an element of length dL (Equation 
170) can be written ae 

dq - (C.T 4 - CJ L.dL + 2C.T 4fiL.dL 
^ ' 1 w 2 d 1 w h 

as in the case of two-sided radiation. The constants Cj and C¿ have the 
significance as before in that a value of aero is used for the underside 
surface emissivity The value of effectiveness Q must be determined 
for the same condition. 

The equation for heat radiated, on an equivalent length basis, is 
expressed by Equation 173. 

dq * (C,T 4 - C.) L dL 
^ 1 w 2 e 

Figure $4. Dimensional Relationship of Duct and Extended-Surface 
Heat Exchanger Radiating Heat From One Surface 
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The transfer of heat from fluid tc duct wall remains as expressed by 
Equation 174. 7 

dq « ph (Tf - Tw) dL 

The determination of effective wetted perimeter p, however, may be 
much more complex in this case due to the fact that part of the Insulated 

«i*1? ° *he dUCt i?7 reÄch Änd remain at the fluid temperature, thereby 
I!? ‘ï* uÄte heat fl0W, 0nce the extent of thii e£f«c‘ has been 
established, the effective perimeter can be evaluated and Equation 174 
m!0, Tith attention t0 these Provisions, the equations derived for two- 

s ded radiators can also be ueed for single-surface heat exchangers. 

DESIGN FACTORS 

Although the equations derived in the mathematical analysis are 
sufficient to design a radiator, the use of graphs is sometimes more 
convenient for obtaining values for the numbers ^ and^2. The graphs of 
Figures 55 and 56 were plotted from Equations 160, 162, and 163. These 
graphs can be used to compute the dimensions of an exchanger and are 
especially helpful in obtaining preliminary estimates. 

The radiator dimensions computed from Equations 156 and 179 depend 
ireUly on the values of and ^r2. Large values for these numbers dictate 

me use of a long radiator. It can be seen in Figures 55 and 56 that the 
values of \ír j and \jt 2 are large for low temperature ratios and high values of 
C3. For example, Equations 160, 162, and 163 give values approaching 
infinity for and ^2 at a temperature ratio of 0. 88 when C, is 0. 6. This 
e ect is to be expected, since only a small temperature drop in the fluid can 
oe obtained when the heat exchanger receives so much heat from the 
environment. 

It should be noted in Equations 156 and 179 that the multipliers applied 
to the radiation number are usually much larger than those associated 
with the film resistance number Also, when Figures 55 and 56 are 
compared, it is evident that the numerical value of ^2 is somewhat larger 
than that of \¡t j. Therefore, i/r 2 usually plays the predominant role in heat 
exchanger design. 
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ILLUSTRATIVE PROBLEMS 

Problem 1; Determination of Exchanger Length 

Given 

A horisontal rectangular duct heat exchanger with no extended 
surfaces is to be mounted on the flat roof of a manned lunar base. Its 
purpose is to cool the air of the building. 

Required 

To find the required length L of a heat exchanger of a given cross- 
sectional configuration. 

Data 

Air density at inlet 
Air temperature at inlet 
Air temperature at exit 
Air velocity at heat exchanger entrance 
Air passage height 
Heat exchanger surface coating 
Heat exchanger surface absorptivity 
Heat exchanger surface emissivity 

0. 0663 lb/cu ft 
120 F (580 R) 
45 F (505 R) 
40 ft/sec 
1/8 in. (0.01042 ft) 
Magnesium oxide 
0. 08 
0. 90 

The weight rate of flow w and the duct width are unspecified. The 
underside of the duct is insulated sc that no heat can be transmitted from 
that surface. The position of the sun is directly overhead. 

Procedure 

The heat transfer coefficient h is foundfrom Reference 15 (page ¿2¿) to be 

where 

h 
0.0144 c G0< 8 

G « Vp » (40 X 3600) (0. 0663) * 9500 lb/(sq ft)(hr) 

and 
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4 (0. 01042 L.) 
0. 02084 ft 

Pt 2Ld 

Note thet although the total perimeter ie called for here, the end dimeniiom 
are negligible in comparieon with the duct width. Aleo, 

c » 0. 24 Btu/(lb)(*R) 
P 

Then, 

h . 0' 0144(0. 24)(95500,8) 

0. 02084 

s 11. 4 Btu/(hr)(eq ft)(*R) 

The constant Cj is 

« 0. 90 (0. 1713 X 10'8) » 0. 1542 x l0‘8 

and the solar heat absorbed by the exchanger surface is the product of the 
solar constant and surface absorptivity, or 

C, * s a 2 c 

a 430 (0. 08) a 34. 4 Btu/(sq ft)(hr) 

The wall temperatures Twl and Tw, were obtained by trial-and-error 
solutions of Equation 152 as 569 and 499. 6 R, respectively, and 

Tw2 499. 6 
T . = 1ST“ = wl 

0. 877 

Also 

r. T 4 
'1 'wl 

34. 4 

0. 1542 X 10‘8(5694) 
a 0.214 
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From Equation 160, 

■ 0.742 

and from Equation 163, 

■ 1.37 

Tha weight rate of flow it determined by the equation of continuity at 

w > * V Ad 

> O. 0663 (40 X 3600) (0.01042 Ld) « 99. 5 Ld 

Rewriting Equation 156, 

ph L r w 
w c 

P 

L. (11.4) L 
d w 

99. 5 (Ld) 0. 24 0. 742 + 
Ld(11.4) 

6 (0.1542 x 1O'0) (5683) L 
^ 1.37 

L - 20. 8 ft w 

Note that the perimeter p ueed here is the width L. of the radiating eurface 
only. d 

Thie length for a heat exchanger appears to be prohibitive, and some 
compromiee or change of design would probably be made. One possible 
change is the addition of extended surfaces. 

Problem 2; Determination of Extended.Surfaca Exchanger Length 

Given 

The same conditions as problem 1 and the exchanger configuration of 
Figure 57 are assumed. 
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CONSTANT TEMPERATURE 
GRADIENT FIN 

INSULATION 

L—Sfa • 0.020 IN 

Figur« 57. Configuration of H«at Exchanger (Problem 2) 

Required 

To find the required length Lw of a heat exchanger of the given 
configuration. 

Data 

The tame conditions obtain as in problem 1. except that duct 
diameter is known. The exchanger tube and extended areas are made of 
aluminum, and 

k ■ 118 Btu/(hr)(ft)(#R) 

Procedure 

The heat transfer coefficient is found, from the equation of Reference 
15, to be 
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- —1 

h * 11. 25 Btu/(«q ft)(hr)(*R) 

From problem 1, 

C. • 0. IS« X 10'8 

C2 • 34.4 

The value of duct width L. wae assumed, conservatively, to be equal 
to the tube diameter, or a 

L. « 0.3125 in. ■ 0.026 ft 

The effective perimeter for this case is approximately equal to the 
inside perimeter of the tube, or 

p . »TDj 

ir(0. 2425) 
12 0. 0635 ft 

The wall temperatures Twl and Tw¿ were obtained by a multiple-step 
trial-and-error process, as fellows: 

1. The wall temperature was assumed equal to the adjacent fluid 
temperature. 

2. The values of effectiveness fl were obtained from Figure 17 for the 
fin at the tube entrance and exit. 

3. The inter radiation correction factor Fr was checked and found to 
be nearly equal to 1.0. 

4. The equivalent length Le at entrance and exit were computed by 
using Equation 172. 

5. The "new" wall temperatures Twl and Tw2 were then obtained, by 
trial-and-error, using Equation 175. 

6. With these wall temperatures, steps 2, 4, and 5 were repeated 
until consistent values of effectiveness and wall temperature were 
obtained. 
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The following resulta were obtained after calculation: 

T . ■ 516.25 R 
wl 

wl 
■ 0.9065 

w2 

C2 
Ct ■-7 ■ 0. 327 

Cl Tw} 

C2 
-7-0.477 
Cj Tw2 

and 

(l: m 0.478 

Alio 

L « 0.6185 L ■ 0.6835 
®1 *2 

and 

w ■ P V Aj 
a 

■ 0. 0663 (40 X 3600) (3. 205 x 10’4) 

From Figure« 55 and 56, 

■ 0.67 

468. 0 R 

2 ■ 0.412 

■ 0.651 (average) 

3. 06 Ib/hr 

- 1.18 
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Rewriting Equation 179* 

ph L 
w 

w c *1* 
Ph 

i. '.V ‘ 
0. 0635 (11.25) L. 

3. 0¿ (0. 24) 
w 0 67 + _0. 0635 (11.25)(1.18) 

6 (0.1542 X 10"8) (0. 651) (516. 253) 

Lw ■ 1. 735 it ■ 20. 8 in. 

Heat exchanger« oí thee« dimension« would seem to be convenient ior 
their intended uee and to offer no difficulty in fabrication. Other application« 
may preeent problema requiring several trials before arriving ft a 
satisfactory solution. 
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Thi« paper is included because it contains inter¬ 
mediate iiteps of derivation and development not 
included in the corresponding sections of the report. 
This should enable the user to follow the complete 
analyses which produce the physical and thermal 
relationships of the flat plate. 

This analysis is reproduced here in the form in 
which it was submitted for publication and presenta¬ 
tion at the meeting of the American Institute of 
Chemical Engineers in August I960 at Buffalo, New 
York. It is Identified as Paper No. 23. 
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RADIANT HEAT TRANSFER FROM FLAT PLATE 
UNIFORMLY HEATED ON ONE EDGE 

by 

Donald B. Mackay 
Z> La« Laventhal 

Mlieila Division 
North Amarican Aviation, Inc. 

Downay, California 

ABSTRACT 

Basic relationships ara derivad for the paramotars 

affecting heat transfer by radiation from a plate which 

is uniformly heated on one and. Graphs are plotted to 

help the designer choose the optimum plate dimensions, 

and Instructions are given on how to take into account 

more complicated conditione than those shown. An 

illustrative problem indicates how to optimiae a plate 

for minimum weight. 



INTRODUCTION 

An ever preient problem in enact vehicle« ic the disposal 

of waste heat produced by generation of power, by operation of 

equipment, or by human beings. Due to the absence of any matter 

around the vehicle the only feasible mechanism for disposing of 

this heat is by radiation. 

A study was made of the factors that affect this means of 

heat transfer. The factors were combined into parameters by 

the use of constants which include groupings of physical properties 

representing either the material or the environment. With the 

help of the data presented here, complicated systems can be 

analysed without altering the basic parameter relationships. The 

parameters presented are flexible so that they can include not 

only the constants specifically mentioned but also any other influ¬ 

encing factors, such as different plate finishes or reradiation 

from a numoer of bodies surrounding the radiating plate. 

This discussion is divided into two parts. The first part 

presents the solution to the heat transfer problem of a plate 

heated on one edge and thermally insulated on the other three 

edges. The plate loses heat into free space solely by radiation from 

the two remainine flat surfacaa. In an actual n^Ki***, »w* »w.... 
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narrow edges oí the plate are not usually insulated but the area 

involved is often small enough that the heat transfer effects can 

be neglected. The second part gives the solution of heat transfer 

from a plate wherein the transfer of heat is affected by the 

environment. 
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RADIATION HEAT TRANSFER TO FREE SPACE 

In th. configuration .hown in Figure 1, heat enter, the hot 

lurface of the plate, flow, toward the cold end, and laavee the 

plate from the flat eurface. by radiation. A heat balance can be 

written for the differential element who.e width i. L* and length 

i* dL. The heat being tramferred through the plate into this 

differential element i. 

O,*-M (1) 

The heat leaving the element is 

dTD 
02- -M )f (2) 

and the loe. of heat by radiation from the element i. 

(3, 

It follow, from the .teady-.tate heat transfer condition that 

the radiant heat leaving the surface must equal the difference in 

the amount of heat entering and the amount of heat leaving the 

element. Therefore 

dQ. • 0,-02 
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or 

dORa - ML# (4) 

The temperature gradient at 2 (in Figure 1) can be written ae 

Substituting this condition into Equation 4, 

w- *M sfi?)<L (5) 

Combining Equations 3 and 5 gives 

- 

kt 

This differential equation can be integrated in two stepst the 

first being 

where D is an integration constant which can be determined from 

boundary conditions. When Lt is equal to the total length of the 

plate, dTp/dL ■ 0 because it is assumed that no heat is trans- 

ferred from the end of the plate* For these conditions. 
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(7) 

o ■ - «g-y 
Skt 

and 
d Ti 

dl 
■ • 

Rearranging Equation 7 in a form for integration! 

/' <tp , , /«tr r 

( ‘ y9M /o 

dL (a) 

However, equation 8 cannot be readily integrated. To obtain a 

more tatlifactory form, a tramiormation was used. Setting 

(9) 

then 

dl 
TedW 

P sw4^ 
(10) 

and 

rVi.jJi. 0» 
T» v W 

Subatltuting the valuee shown in Equations 9, 10, and 11 into 

Equation 8, 

iV w"Tli-v*)'V_ . . ÆET fL,Hi „„ 4,.j, —*vsr Jo (U) 
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wh«re Zb T^/Tc 

Equation 12 can ba further modified to 

W'r(l-W)“#dW 

Equation 13 can be numerically integrated by uee of the 

tables of the incomplete beta function*. The incomplete beta 

function can be written in terms of the variable W as 

jf (U, 

For th. eta* eonaidarad Kara, p « 0. 3 and $ • Ü, 5. 

Tha tablaa for Equation U uaa limita of inta|ration axtand- 

ing from 0 to W, but in Equation 1} tha limita «Rand from »! to 1. 

Tharafora, bafora tha raquirad valuaa for Equation 13 could ba 

obtainad, tha dlffaranca in tabla valuaa from W a W] to W ■ 1 had 

to ba computad. Aleo, tha tablaa ara normaliaad eo that tha 

dlffaranca betwaan tha limita W - W, and W . 1 muat ba multl- 

pUad by tha complat. bata function avaluatad from 0 to 1. Equation 

13 can ba wrlttan to uaa tha normaliaad data aa 

(15) 

* c!Xm1.K,VÍ <E<Uu rí: 01 *“ ■»«'»pi«» Bata-Function, n Cambridge Univaralty Praaa (Propriatora of Biometrika), 193d 
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whtr« ß (p, q) is the complete beta function evaluated from the 

integrrtion limit of 0 to 1 tmd IWj (p, q) is the normalised value 

obtained from the tablee. 

Unfortunately, the required value« of p ■ 0. 3 were outside 

the range given in the tables. To approximate the required 

Etju^tlon 15 wac evaluated for the condition where p ■ 0 

and q ■ 0. 5 and can be written as 

•C, ¿fcr ■ (1 * i»‘) 
Equation 16 can then be integrated to give 

0<p,q> [l-IW|(p,q)] • «[ton-'^rW]' 
"W| 

where p ■ 0 and q ■ 0.5 

This equation was solved for a number of Wj values, as 

shown in Figure 2, and plotted along the abscissa, p ■ 0. Also 

plotted in Figure 2 were other ordinate values for q ■ 0. 5 and 

p ■ 0. 5, 1.0, and 1. 5 which were obtained from the tables. 

Smooth curves were drawn through the points, and readings were 

taken at the Intersections of the curves with the line p ■ 0. 3. 

These results were plotted on Figure 3 as a function of the inte¬ 

gration limits. 



In plotting the curve of Figure % the values of Wj shown ir 

Figure 2 were replaced by the corresponding values of Z. This 

curve shows the relationship existing between the temperature 

ratio Z at the hot and cold ends of the plate and the corresponding 

plate parameter Lt ^20 Tc3/kt. 

The quantity of heat entering the plate was then computed 

using Equation 7. When L ■ 0, the temperature Tp is equal to 

Tjj and Equation 7 can be written as 

The heat entering the plate can be computed by substituting 

Equation 17 into Equation l and simplifying 

This equation can also be written as 

Equation 1« gives the total heat transferred into the plate or, its 

equal, the heat transferred away from the plate by radiation. 

The efficiency of the plate for transferring heat can be 

/, 

expressed as a ratio between the heat actually transferred 

(expressed in Equation 18) and the heat which would h. 



-  ----- - ——-—~ - . 

from the leme plate at a uniform temperature T^. This condition 

can be expreeeed mathematically as t 

a ■ d») 

The denominator of Equation 19 can be written as 

°Th * V i20j 

Using Equation 20 for the ideal quantity of heat and Equa¬ 

tion 18 for the actual heat, the efficiency becomes 

which can be rearranged into the form 

a- 

Equation 21 was ussd to compute the plate efficiency, and 

the results are plotted in figure 4. Values of Z were assumed, 

and the corresponding values of the denominator read from 

Figure 3. Figure 4 shows a useful relationship between the plate 

efficiency and the temperature ratio. Equation 21 can also be put 

into the form 
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Vãlu0i of Z were •«looted and the correeponding value« of 0 

read from Figure 4. Theee value» oí Z and 0 were substituted 

into Equation 22 and a series of values computed for /5 ra/kt 

at various assumed temperatures T^. The results are shown in 

Figure 5. 

The heat transferred from a plate can be computed readily 

using Figure 5, The heat transferred from a plate at a uniform 

temperature T^ can be computed using Equation 20. The plate 

parameter L; to /ht (ordinate of Figure 5) can be evaluated 

and the efficiency 0 obtained for a value of T^. Using the values 

thus obtained for and 0 in Equation 19. the actual heat 

can be calculated. 
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RADIATION HEAT TRANSFER TO ENVIRONMENT 

Presented herein are data for determining the heat radiated 

from a plate heated on one end and situated in an environment 

which influences the heat transfer. Although only a general case» 

such as shown in Figure 6» has been analysed» a more compll* 

cated environment can also be solved by these data. For the case 

shown in Figure 6» the external heat coming into the plate is 

Of * SA,a( «M0, + SApF, a, rm cm 8m ♦ 

»Aprbafcrm eo«é|B*A>«,ff'F,Tm4 * Ap«»<r Fk(23) 

The heat loss from the plate can be written as 

V S*«*7'V+Vl^V (24) 

The difference in heat lost and heat received is equal to the net 

internal heat supplied to an element of the plate, or 

°» * V (25) 
and 

Op- Api^crTp + ApfptrTp — SApQq cos dp “ 
Ap^aorm8 cot 6m — ApFpaprmS cos 6m — 

Ap^Ca? T,n4 “ ApFpfpc Tm4 (26) 

Letting 

C, (27) 
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and 

C. ■ S( a. cot 0. ♦ F. <l_ r cos 
■ o poom m m ♦ rb ab,meo' + 

T»V ['l‘.+ Fb*b] (28) 

then 

Op* (C,Tp4-C|)Ap (29) 

It should be noted that Equation 29 also applies to a heat 

transfer environment which is more complicated than that con¬ 

sidered in the example. In this case, the constant Cj includes 

the terms which are multiplied by Tp4, and C2 includes all others. 

Equation 29 can be rewritten in differential form as 

«V <C»V"C*) LW*L (30) 

The last two terms in Equation 30 represent the differentiated 

area Ap of an element having width L* in the direction normal to 

the heat flow and width dL in the other direction. The Internal 

heat transferred past a section of the plate is equal to 

(31) 

Also, as derived in Equation 5, the heat radiated out of any 

element of the plate is equal to the change in the internal heat 

transfer from one side of the element to the other side. This 

relationship can be represented by 
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Equating Equations 30 and 32, and simplifying, 

¿>Tp ,. C L T 4-f SL 
7tj nrrfp+ if 

Equation 33 was intagratsd by stops, the first of which is 

(33) 

d7e 

dl 
. /2Ci Tt 2C. - . c 
vTm » ~ tp + c* 0«) 

who?o Cj is the integration constant which can be evaluated using 

boundary conditions. At the cool end of the plate, 

dJK 
Tl ’ 0 • l-L,, Tp-Tc 

Then 

r 2C| ,, 
c* ' Tm" t‘ + kt (33) 

Substituting the value of C3 into Equation 34, 

Tl"9 v^Tm" ^ V"TC } ^VTC^ (36) 
and rearranging the variables, 

dJ, 
dL CiV 

(37) 

Because Equation 37 is not easily Integrated in this form, 

a substitution can be made where 

■/F 

(38) 
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or 

X* ■ -^--1 (39) 

DUf*r«nti»ting Equation 39, 

</Tp ■ 2«Tcrf* (40) 

Substituting vsluss from I,ustión. 38, 39, and 40 into Equation 37 

*nd rearranging terme, 

_ a* 

I - 

Equation 41 wae graphically integrate« by plotting, 

¿L 
(41) 

in 

Figure 7, the value of 

_ I 

>/(Uîi)44(I4»«*),+ (I+**)1 + (1.».*«)+ , . 

ae a function of the transformed variable x for eeveril values of 

SCg/CjTc4. The area under any given curve in Figure 7 is equal 

to the right-hand member of Equation 41. The measured areas 

were plotted in Figure 8 as a function of the temperature ratio Z. 

However, use of Figure 8 is inconvenient because of the 

manner in which the unknown temperature Tc occurs in the 

ordinate, abscissa, and parameter. Therefore, the curves were 

adjusted in Figure. 9 through 11 to be more usable. The ordinate 

was modified as 
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and the ordinate points of the curve were divided by the corre- 

.ponding ,entity /iTsiT The re.ulting value, of L, v^TT^ 

W,r* pl0,u<l on rl«ur. 1 ver.u. Z for different value, of the 

parameter ÏC2/C,Te«. TM. param.t.r wa, aimUarly modlfi.d 

- 5Z4 (4S) 

The new parameter shown in Equation 43 as the bracketed 

term wa. then computed from the former parameter 3C2/ClTc4 

at a number of chosen values of Z. The value of the ordinate 

Lt VCjT^/Zkt »a. then plotted in Figure 10 ver.u. the new param 

«*«. Cg/CiTh4, at the .elected value, of Z. Point, from tho.e 

curve, were then plotted in Figure 11 for ,h. ..me ordinate, but 

the po.itton of C2/ClTh4 and Z wa. interchanged. The temper.. 

tur. ratio Z can now be obtained from Figure 11 for . wide rang. 

of value, of parameter. Lt t/CjT^/ikt and Cj/CjT,,4. 

The h.at tran.forred from the pl»„ can b. computed u.ing 

the parametric r.lation.hip. .hown in Figure. lOandll. The he., 

transferred into the plate from the hot .ource and thence lo.t by 

radiation from the plat, .urf.c. can be obtained from Equation Jl. 

The temperature gradient dTp/dL (Equation 31) in ,h. pi.,. ., th, 

hot end can be taken from Equation 37 when Th i. .ub.titut.d for 

T„, or 
r 
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yr=T y? ♦I1*!1* Z ♦ I - 

«4) 
Substituting Equation 14 into Equation )1 gives 

Mt» J'U z*» z** z « i - 
C,V (4S¡ 

und rearranging terme, 

(46) 

Using sithar Figure lOor 11, the quantity QpLt/ktLwTh can be 

computed for chosen values of the parameter Lt v'CjT^/Zkt. 

(Figure 10 was used for this paper. ) 

Values of C2/CiTh4 were chosen, and the corresponding 

values of Lt >/C]Th3/2kt were read from the curves for the values 

shown for Z. These parameter values were substituted in Equa¬ 

tion 46, and values of QpLt/ktLwTh were computed and plotted in 

Figure 12. The heat transferred can then be computed from 

Figure 12 for a plate of known width, length, thickness, and 

material. 

An alternate method of presenting the heat transfer, in a 

form useful for heat exchanger design, is by an efficiency term. 

The ideal heat transfer is defined as the amount of heat transferred 

from the same plate at a uniform temperature Th in an ambient 
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condition where no radiant heat is received from the environment, 

or 

°Th ' 1-,1-,,0,1,,4 ,47) 

Using Equation 47 as a basis, the plate efficiency can be 

written as 

û ' ~mÏc,v <«> 
Equation 48 can be modified to 

The parameter in the numerator of the right-hand side of 

Equation 49 is the ordinate of the curves in Figure 12, and that of 

the denominator is twice the square of the abscissa. The effi¬ 

ciency was then easily computed, and the results are shown in 

Figure 13. 

The actual heat transferred from a «late can also be calcu¬ 

lated using the data of Figure 13, Values of Cj and C2 are 

obtained from Equations 27 and 28, respectively, and are then 

used to compute the plate parameters and the envirorjnent param¬ 

eters. With the parameters computed, the plate efficiency can be 

-O 
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read from Figure 13. The ideal heat transfer can be obtained 

from Equation 47, and the actual heat transferred can be calcu> 

lated by Equation 48. 
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CONCLUSION 

Presented herein are a eerie« of baeio relationship« which 

can be of great help to the designer of waste heat disposal systems. 

These relationships are valid when the density of matter around 

the radiant object is negligibly small and the only working 

mechanism for the transfer of heat to the outside is radiation. The 

design data presented can be used for a vehicle in free space or 

on the surface of a celestial body (the moon, for example) if the 

body has no appreciable atmosphere. 

The parameters presented are flexible so that they can 

include not only the constants specifically mentioned but also any 

other influencing factors. They can account for reradiation from 

a number of bodies surrounding the radiating plate and for 

different plate surface finishes. 



NOMENCLATURE 

k Thermal conductivity of plate material 

p Parameter in beta function 

q Parameter in beta function 

rm Reflectivity of environmental eurface 

t Plate thickness 

X Transformed variable for integration 

Ap Plate area 

D Integration constant 

ra Radiation form factor for plate side facing sun 

Radiation form factor for plate side away from sun 

Lv Normalised beta function 

L Plate length, variable 

Lf Total plate length 

Lw Width of plate normal to heat flow 

Qg External heat into plate 

Q| Heat lost from plate by radiation 

Qp Internal heat transferred into plate, equal to net heat 

lost by radiation, variable 

Qr Heat lost by radiation 
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QTh H«t tramferred from plata If tamp.r.tur. war. uniform 

,,Th 

Q1 Hott transferred past Section 1 of plate 

Q2 Heat transferred past Section 2 of plate 

S ®°Ur <h«‘ from aun pa, tt.lt „„ 

unit of time) 

Tc Temperature at cold end of plate 

Th Temperature at hot end of plate 

Tm Sur*»ce temperature of environment 

Tp Plate temperature, variable 

W Transformed variable for integration 

z Temperature ratio, T^/Tg 

«a Absorptivity of plate surface facing sun 

«b Absorptivity of plate surface away from sun 

0 Complete beta function 

Incomplete beta function 

* Surface emissivity 

'* ïmiMlvity of pint« •urfaco ftcln( aun 

'b Imlaatvlty of pinto aurfnca away from aun 

«m An,l. batwaan aun', ray. and a normal ,0 anvtronm.nt 

surface 
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0p Angle between eun's rays and a normal to plate surface 

o Stefan-Doltamann radiation constant 

H Plate efficiency 
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APPENDIX 

SAMPLE PROBLEM 

A mlisile electronic eyetem diseipates 1 kw. of heat to its 

environment. Thie heat ie tranemitted to an aluminum fin which 

ie painted white on both eidee. The heat entere the fin at 1000°R, 

and the fin ie 5 ft. long (length 1^). 

Determine width Lt and thickneee t for a minimum weight 

of fin for the following conditione. (The weight of the fin ie pro¬ 

portional to the product tLt, thickneee timee width,) 

1. In free epace. 

2. On the eurface of the moon when the plate ie parellel 

to the moon'e eurface at the eubeolar point. The die- 

tance from the fin to the moon'e eurface ie large 

compared with the dlmenelona of the fin. 

3. Same ae condition 2, except the elde of the fin facing the 

moon ie coated with platinum black. 

SOLUTION 

The following data were aeeumed for the material of the 

fin: 

k 133 Btu. /(hr. )(ft. )(°R) 
fb 0.95|,_u_ 

«a-ab o jai 



«b 0.97 i ÍOr Platinum blllck 

Condition i 

Using Equation 20, 

V IL*Lw»ö'V 
Substituting valúas, 

■ t If K SxO.töX 0.179 X 104 

or 

rrom Equation 19, 

Substituting valúas, 

Or« 16,498 Lt 

n- -¾ 

a 9419 
16,4961( 

or 
0.806 

Lt *T 
Tho plats paramatar per Figure 5 is 

(A-l) 

or 
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Solving for plat* thicknect, 

Tht desired conditions are obtained by the following 

procedure: 

1. A series of values for A are assumed. 

2. The corresponding values for the plate parameter are 

read from Figure 5. 

3. By substituting 0 in Equation 1, is computed. 

4. Using the plate parameter from step 2 and computed 

in step 3, t is computed from Equation Á-2. 

5. The product t is computed. 

The results of the above are plotted as curve a of Figure 14 

to determine the conditions where the product tLt is a minimum. 

Using the minimum point, the value of the product t Lt and the 

plate efficiency A are read. By using Equations À-1 and A-2, the 

required width Lt and the corresponding thickness t are as follows 

A > 0.55 

tLt ■ 1.45 X 10"3 sq. ft. 

Lt ■ 0.378 ft or 4. 54 in. 

t * 3.83 X 10“3 ft. or 0.046 in. 
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Condition 2 

Using Equation 27, the value oí C¡ is determined, or 

Cl » «■(«, +«») 

and, after substituting values, 

C, ■ 0.173 X K)-1 10.93 ♦ 0.93) • 3.285 X I0‘* 

From Equation 47, the ideal heat transfer QYh is computed. 

or, upon substituting values, 

Qr • U X 5X 3.285 X I0'# X IO11 ■ 16,425 Lf 

Using Equation 48, 

n a» 
a * L, iwc, V 

and, by substituting values, 

Í1 
3413 

16,425 Lf 
or 

0.206 
L‘' “S- 

(A.J) 

The values of the constant Cj, which takes into account 

environmental conditions, can be computed from Equation 28. 

C, ■ 3ta,e«»0p + F0 a0 rm CO. 0m ♦ Fb ap rm col Sm I , 

TmV(F0i0+Fp«bl 

For the stated moon environment, 

S * 430 Btu, /(hr, )(sq. ft. ) 
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1 

coa 0p ■ 1 

co. 0m ■ 1 

rt - o 

rb *i 

rm ' »• ” 

fm ■ «4°R 

Subatltutlng tha known values into the previous equation 

C| B 450 (O.H X 1.0 + 0 + I X 0.18 X 0.13 X I) «► (674)4x 0.173 x 

I0"*x(0 ♦ IX 0.98) 

or 

C, ■ 424.5 

The environment parameters Figure 3 can now be evaluated. 

_£i_ _ 4«4.a 

c,V J.iaa »io'8» io* " 0,,fM 
In a similar manner, the plate parameter of Figure 13 Is 

equal to 
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and for known conditions 

" V 2X 133 
/ S.2t8 X IQ'» X IQ*-! . o.llll 

or 
s 

(A. 4) 

-/¾^ ■ 

To datormine width and thickness« the following procedure 

(similar to that given for Condition 1) is used: 

sumed for H . 1. A series of valu 

2. Using the environmental parameter already determined 

and fl from step 1. the corresponding plate parameter 

3. Substituting the value of fl assumed in step 1 into 

Squatlon A-3, the corresponding value of Lt ie computed. 

4. Using the plate parameters from step 2 and L( computed 

in step 3, the plate thickness t is computed using 

Equation A-4. 

5. Using t and Lt from step 4, the product tLt is obtained. 

The results of these calculations are plotted as curve b of 

Figure 14. Using the minimum points from curve b in Equations 

A-2 and A-3. the following is obtained: 

il * 0.533 
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tLt ■ 2, 28 X IO"3 

Lt ■ 0. 39 ft. or 4. 68 in. 

t ■ 5. 85 X 10“3 ft. or 0. 0702 in. 

Condition 3 

This problam in lolvod in much the same way as that for 

Condition 2 except different abeorptivities and emlssivitiee are 

used. With new values, 

C| ■ 0.173 X 10'* (0.99 + 0.93 ) -0.323 X 10'* 

®Tj," Lf x 9x °-325x WVlO11 « 16,290 Lt 

and 

(A-5) 

Using the same procedure as for condition 2, and 

Equations À-3 and A-6 Instead of Equation A-3 and A-4, curve c of 

Figure 14 is plotted. The following is obtained at the minimum 

point: 

ft - 0.53 

t Lt « 2. 41 x 10"3 
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manará"" 

Lt ■ 0. 393 ft. or 4. 72 in. 

t ■ 6.13 X 10“3 ft. or 0. 0736 in. 



Figure 1. Typical Plat« Schematic 

;>06 



—— -— 

FUNCTION p 

Figure 2. Evaluation of Beta Function 207 



Figur. 3. Relation.hip Between Plate Parameter and Temperature Ratio 
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Hguro 5. Plate Et*iciency Veraus Plate Parameter 
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Figure 9. Parameter Relationship (Step 2) 
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APPENDIX B 

transfer from tapered pm 
WITH CONSTANT TEMPERATURE GRADIENT 

UNIFORMLY HEATED AT ROOT SECTION ' 

Donald B. Mackay 

Space and Information Syetemi Diviiion 
North American Aviation, Inc. 
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Thii paper is Included because it contains Inter¬ 
mediate steps of derivation and development not 
included in the corresponding sections of the report. 
This should enable the user to follow the complete 
analyses which produce the physical and thermal 
relationships of the constant temperature-gradient 
fin. 

This analysis is reproduced here in the form in 
which it was submitted for publication and presenta¬ 
tion at the meeting of the American Institute of 
Chemical Engineers in August I960 at Buffalo, New 
York. It is identified as Paper No. 24. 
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R^T»?AT TRANSrER FR°M tapered fin 
WITH CONSTANT TEMPERATURE GRADIENT 

uniformly heated at root section ' 

by 

Donald B. Mackay 

MisviU Division 
North American Aviation, Inc. 

Downsy, California 

ABSTRACT 

A m.thod i. pr.a.nt.d for d.t.rmiMn, th. .mount of hoot 

th.t con b. rojoctod from t.p.r.d fin .urf.c by r.dl.tlon hont 

Intorchanj. with tho onrironmont. A fin of minimum mni.rUl 

With Unotr t.mp.rntur. ,,.di,nt i. .mphn.l„d. Th. r.mov.1 

of matorial from . fin to provid. thl. gr.dl.nt L.v.. th, fin with 

a two •dimensional concave surface. 

To thi. typ« of fin, m.th.m.tic.1 uinly... ... dlr.ctly 

.pplicbi.. For .implicity, th. d..lr.d quintitl.. of .uch 

factor. .. h..t tron.f.r and w.ight ar. .*pr„..d in t.rm. of 

thr.. p«r.m.t.ra: (1) th. fin roo, thick«..., (g, ,h. i.ngth, ÏBd 

(3) th. r.tio of th, nbaolut, t.mp.r.tur.. of th. hot and cold and. 

of th. fin. Th. third pftram.t.r, in mo.t ln.,.nc.., iB,0 



th« equation« ai complicated function« which, for convenience, 

*re grouped together. Because the evaluation of these group« 

was quite tedious, value« were computed on an IBM machine and 

the results plotted for use in graphical form. Most problems 

encountered can be solved with the use of these graphs. 

Methods are presented for computing heat transfer, ?in 

weight, and fin contour as well as for design optimisation. 

Sample problems illustrate the method and the magnitude of 

results to be expected. Approximate evaluation of triangular 

fine is also presented. 

INTRODUCTION 

The rejection of waste heat from either a powerplant or a 

temperature control system is a major problem in a space vehicle. 

Even for the spmewhat futuristic powerplant described in Refer¬ 

ence 1, the radiator was estimated to account for 35 percent of 

the total powerplant weight. Tor one refrigeration plant studied, 

which was to operate on the moon, the condenser area (assuming 

heat dissipation from both sides of the radiator) was found to be 

in excess of 20 sq. ft. /kw. of heat removed from the refrigerated 



On« way of reducing weight is by th« u«e of extondtd «ur» 

face«. With this design, the probability of disabling meteoric 

damage is reduced almost in proportion to the percent of area 

used in the extended surfaces. The heat transfer from a radiator 

using constant-thickness flat plates for the extended area surfaces 

was considered in Reference 2, and the use of a uniform triangular 

taper was analysed in Reference 3. The triangular taper is 

lighter in weight than a fin of constant thickness, but it is still 

not the lightest configuration. The Reference 3 analysis of the 

triangular tapered fin was limited to space applications where the 

presence of other surfaces would not Influence the amount of heat 

transferred. A more rigorous and more general analysis is 

presented herein. 
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MATHEMATICAL ANALYSIS 

To «xplain rhe nature of the problem and to eetablieh useful 

relationships between the variables, the Internal heat transfer in 

a tapered fin was considered first, from Fourier's law, the 

amount of heat passing a given section of a fin, such as shown in 

Figure 1, can be written as 

0| . (1) 

The amount of heat can be computed providing the value of the 

temperature gradient dTf/dL at the given section is known. 

For convective heat transfer in a gaseous medium, as 

analysed in Reference 4, the maximum amount of heat dissipation 

from a fin per unit weight of material occurs when a linear tem¬ 

perature gradient is established «long the length L of the fin. At 

most, only a small error should result from assuming this as 

optimum from a weight etandpoint for radiant heat transfer. 

Further, thle assumption greatly simplifies the analysis and there¬ 

fore warrants consideration. 

Assuming a linear gradient, the temperature along the fin 

can be drawn as illustrated in Figure 2 and the temperature at 

any point along the fin can be written as 



(2) Tf.T.+T^VTc) 

and 

Differentiating Equation 2 with respect to L, 

dTf <4) 

Combining Equations 1 and 4, 

°i ‘ (»I 

This heat must be equal to the heat lost by radiation through 

both sides of the fin or, by referring to Figure 1, 

Q|‘Q0 + Qb (6) 

However, the quantity of heat, Qfc + 0¾. radiated to space from a 

fin of nonuniform taper can be expressed in the same form as 

derived in Equation 30 of Reference 2 for a flat plate. 

When end effects are neglected and the taper is small, the 

heat can be assumed to radiate from both sides of the projected 

area. The quantity of heat lost from the elemental area shown in 

Figure 3 can be written 
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where 

dQ, =(0,1/ -CjlL.dL 
(1) 

C, *«• («o +«b) 

»nd C2 i. . constant which taka. Into account ths h.at transfer,.,! 

to the element from the environment. 

Equation 8 can be integrated throughout the entire eurface 

for apecial condition« providing the value« of Cj and C2 are 

constant. Combining Equations 4 and 7 «nd indicating th- limit* 

for integration. 

After integrating and «Implifying, 

where 

(10) 
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Equation 13 glvas tha tklcknaaa of tha fin at any point L la tarma 

of tha othar paramatara. Howavar, it should ba pointed out that 

valuaa of Z cannot ba ehoaan Indiacrimlnataly. Tha valúa of ft 

can navar ba laas than aaro at any point in tha fin and can ba aqual 

to aaro only at tha tip. Thus, by axamlning tha tarma of Equa¬ 

tion 13, tha limiting valúa of Z can ba obtainad. 
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Because the group of multiplying factors on the right-hand 

side of Equation 13 is positive« the positive terms within the 

bracket on the right-hand side must be larger than the negative 

terms. Therefore 

ÍU) 

The left-hand term can be expanded by the binomial theorem to 

os) 

•••■K-ferf (z-i)' 
However, for small values of L/Lh, only the first two terms of 

the expansion need be considered, and 

l+8u(z-') > '♦ 
After eliminating equal quantities, 

06) 
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From Equation 16, the maximum value of the temperature ratio 

Z is 

Combining Equations 17 and 10 for this condition, 

The condition of Equation 18 represents aero heat flow to the tip 

and aero heat transfer from the tip end to the environment. 

When the generalised data are analysed, the maximum 

value of the temperature ratio Z must be kept within the limits 

expressed by Equations 17 and 18. 

At the hot end of the fin, L is equal to Lfc and the maximum 

thickness can be obtained from Equation 13, or 

9KZ*(Z-l)‘ 

9C 
&. U9) 

Equation 19 can also be solved for the total length Lj^, as 

C T * 
Vh 

(20) 
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, . ._,v. 

where 

(21) 

It ia often deairable to have the thlckneee expreiaed ae a 

fraction of the maximum thickness. An equation giving this ratio 

can be obtained by combining Equations 13 and 19. 

Having thus established the relationship between the main 

variables, it is easy to derive a number of possible heat transfer 

equations applicable to the fin. 

The heat transfer from the entire fin can be obtained 

from Equation 9 by substituting the temperature for Tf at the 

root of the fin. 

or 

C|L,»-hTc (Z-Q 
' » (Z-l) ClL«Lh 

l?A\ 



where 

Z -• 
f “ 1P(zh) (24i 

It i. of interest that the term Cj Lw Lh Th4 of Equation 23 is the 

quantity of heat which would leave the plate if the plate were in 

free space and had a uniform temperature equal to the hot tem¬ 

perature Th. The multiplying factor accounts for the decrease 

in heat transfer due to the temperature gradient along the fin. 

The second term on the right-hand side of Equation 23 represents 

the heat coming into the fin from the environment. 

The efficiency Ä of the fin as a heat-dissipating device can 

be expressed as a ratio of the heat actually leaving the fin divided 

by the amount which would leave the fin under the aforementioned 

ideal conditions of free space and uniform temperature. 

A 
4 

Cl LwLhTh 

After simplification, 

A «*t - Ct 

C|Th4 

(«) 

(26) 
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By combining Equation* 23 and 25, a u*eful formula for 

computing the heat transfer is obtained. 

°f " ClLwLhTh4 ® (2 

An alternate equation for expressing the heat transfer from a fin 

is obtained by combining Equations 20 and 23 and simplifying. 

where 

Equation 28 is preferred to Equation 27 for optimising a radiator 

design, but for other purposes either equation can be used. 

Using relationships already expressed for the variables, 

the weight of the fin can be computed. For the differential 

element of Figure 3, 

dWf « p 8 LwdL 

Substituting values from Equation 13, 



Th« first t«rm within the bracket can be integrated by eubetituting 

y « I + (31) 

and 

«■(-¡y (z-i)di 

Further, the new integration limits are 

when L ■ 0, y ■ 1 

when L ■ y ■ Z 

and 

(32) 

The remaining terms in Equation 30 can be Integrated 

directly. After performing the integration and rearranging the 

terms, Equation 30 becomes 



(34) 

A mor» u*«ful formula la obtained whan Ljj* in Equation 34 

ia «lim in at ad by combining Equationa 34 and 20, or 

' ** ,35 

whara 

[?<*)•-Z**-4 

1 **< Z-')_ |H (3 

Tha fin waight par unit of haat diaaipatad to apaca ia uaually 

of paramount intaraat in praliminary daaign. Thia unit can ba 

obtainad by dividing tha valúa of W glvan in Equation 34 by tha 

haat rajactad to tha anvironmant from tha fin (axpraaaad by 

Equation 28). Dividing Equation 34 by Equation 28 and aimplifying, 
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where 

e. 
zl >z’ 1 - z+ 

« 2 V C|T, (ZH »■] 

[z (z-i) 
ciV 

iz4(z-y 
(39) 

For the Bpecial case of a fin designed to operate in free 

•pace where no heat is transferred tn from other bodies, Cg ■ 0 

and 

♦ t ^ “ 
B 09) 

The fin weight per unit of heat transfer can also be written in an 

alternate and more useful form by substituting into Equation 37 

the value for given by Equation 20 

^ c,V • WO) 

wh«r« 

ZUH'l 
A ,A A, -L-iSilÜ__ J 

(41) 
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The function depends only upon the temperature ratio Z and 

the environmental parameter CjC^. The remaining terms 

in Equation 40 are usually fixed by the design requirements and 

the available materials. The problem, therefore, is reduced to 

selecting the best temperature ratio for the conditions encountered. 

In optimising a system, it is necessary to know the ratio 

between the increase in weight and the increase in heat transfer 

resulting from increasing the temperature ratio in a fin. This 

ratio can be obtained by differentiating Equation 40, or by a more 

dir.ct method in which 

(42) 

However, to simplify the analysis, Equation 35 can be written as 

where 

(43) 

(44) 
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Similarly, Equation 28 can be written as 

Differentiating Equations 43 and 4T with respect to Z and 

simplifying, 
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Substituting values from Equations 49 and 50 into Equation 42, 

By further substituting the values from Equations 44 and 48 and 

simplifying, 

where 

ÎÎ1 
dQ. 

f * 

elTÄ 
(K> 

Also, by differentiating Equations 45 and 46, 

and 

I -5 Z® (SZ-2) (Z-l) 
(54) 

>s z (55) 



Although Equation 52 la compUcatod, It la Important for 

optimlaatlon purpoaoa. Tha computation of thla aquation raquiraa 

th. araluatlon of Equation. 45, 44. 54, and 55 for any Taina of Z 

and aubatttutlng tha raaultaat valuaa la Zquatlon 52 la order to 

arrlr« at a final valu« for dWf/dQf. 
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DESIGN ANALYSIS 

Equation* in th* previous discussion expressing 

dimensional relationships, heat transfer, and weight contain 

complicated temperature ratio functions ÿ which, in turn, can be 

evaluated for any given temperature ratio Z. Further, no prac¬ 

tical method was found for eliminating the temperature functions, 

Therefore, it is necessary to consider three variables, 8h, 1*., 

and Z, when determining the optimum fin configuration. Any two 

of these variables can, within limits, be chosen arbitrarily, and 

the third computed. (See Equation 20. ) However, because the 

temperature ratio Z and the length 1^ are in a sense specifying 

the same condition, the length parameter has been eliminated 

from most of the equations. This reduces the problem to one of 

choosing the temperature ratio and the root thickness best suited 

to the requirements. With these dimensions established, the fin 

length and shape can be computed. 

The relationship existing between the basic factors (root 

thickness overall length L^, and temperature ratio Z) can be 

determined from Equations 19 and 20. Equation 20 is used for 

eliminating length from the other equations presented. 



To aid in establishing the relationship which exists between 

the variables, the temperature function 01 has been plotted in 

Figure 4 for the expected range of temperature ratios, After 

the curves were plotted for a number of environment parameters, 

the locus of the point representing the theoretical limit as 

expressed by Equation 17 was drawn on the graph. The area below 

this locus line represents the useful region of the graph. How¬ 

ever, actual fin designs will probably use temperature ratios in 

the region of one-half the difference between 1 and the value at 

the theoretical limit. This value is denoted as "midpoint locus" 

on Figure 4. 

Curves of Figure 4 for environment parameters of high 

value are steep and give high values for at compantively low 

temperature ratios. According to Equation 20, a large value of 

indicates a long fin length for a fixed root thickness or a 

thin root thickness for a fixed fin length. Therefore, in the 

applicable temperature ratio region, a fin designed for high 

environment parameters is either longer or has a thinner root 

section than a corresponding fin designed for a lower environ¬ 

ment parameter, 



To establlih the beet fin design for a particular application, 

a number of the more important equations must be analysed. Fin 

effeciency is important because of its effect on the radiating area. 

(Efficiency is defined as a ratio of the actual heat dissipated 

divided by the heat which would be transmitted to free space 

from the same fin at a uniform temperature Th. ) Low efficiency 

means high total radiating area. The efficiency expressed by 

Equation 26 is a function of two dimensionless ratios, the 

environmental parameter C^CjTn4 and the temperature ratio Z. 

The relationship is shown graphically in Figure 5. 

The best efficiency (100 percent) occurs In free space 

where ■ 0 and Z ■ 1, For this condition, however, the length 

of the fin is sero. Increasing the value of Z reduces the effi¬ 

ciency but permits heat to be dissipated from the fin. It is 

therefore evident that the use of fins in a heat exchanger will 

increase the total heat transfer area over the area required for 

prime surfaces, 

An environment which restricts the loss of heat from a 

fin will cause an additional reduction in efficiency. This loss of 

efficiency is a function of the value of C2/CjTh4. Minimum 

efficiency is encountered when the fin is designed so that the tip 
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of the fin reaches the equilibrium temperature of the environment. 

This limit was computed by Equation 17 and la shown on Figure 5. 

Thus, the possible fin efficiencies are confined by the environ¬ 

ment to the region below the line of aero value for the environ- 

ment parameter and above the line designated as locus of 

theoretical limit. Fin efficiencies at the theoretical limit may 

be higher than expected for the usual range of environment 

parameters, and temperature ratios approaching this limit could 

be considered but for weight and other practical considerations. 

Again, if the midpoint locus is regarded as a limit for the 

practical design, then the region of efficiencies at the high 

environment parameters is truly restricted to a narrow range of 

Z values. 

It will be difficult, if not impossible, to manufacture a fin 

according to the established dimensions when the maximum 

temperature ratios are used. It 1. mathematically possible (by 

differentiating Equation 12 with respect to L) to show that the 

slope d 8/dL at the fin tip is zero. In other words, the fin would 

be more than razor sharp at the tip end. 

To determine the quantitative Increase in area resulting 

from a decrease in efficiency, it is only necessary to determine 



th. direct r.«0 oí ft, r.r .»mpl., 1» .» nyit0B. 

m.n« »h.r. ft. v.lu. of Cj/CjT,,4 1. 0. S, ft. prim. .«ri.c 

r.dl.tion .tflci«Cy I. 0. J. Wh.n ft. »«np.r.tur. ntl. 1. 

to ft. fteoretícâl limit, ft. .fflcLncy 1, .pproxlmet.ly 0.22«. 

Dividing 0. S by 0. 22« glv.. . ,tt.tl.n» of 2.19. Phy.lc.lly ftl. 

moon, that ft. t.p.r,d fin dwlgn.d for a t«np. ratar, ratio of 

1.185 would hav. 2.19 Urn., a. much ar.a a. a prim, .urfac 

Which ha. ft. .am. •mlaaivlty and 1. h«at.d to a uniform 

twnp.ratur. «qual to ft. hot t.mp.ratur., Th. 

EfflcUncl.a ar. Ind.p.od.r.t of both th. thermal conduc 

tlvlty of ft. material .«d ft. mmdmum fln thlckn.,,. Th«.. an 

fin d..lgn.d for a given tamparatur. ratio would hav. 

th. .am. afflc lane y .. on. of pi., tic deigned for th. .am. 

tamparatur* ratio, providing, of cour... ft. 

“** *r* •,“1, •»"»• •rjum.nt, a fin with . ft|ck ,eot 

h», ft. .am. .fflcLncy a. on. with a ftl« root. How.v.r, ft. 

aluminum fln would hav. ta b. long., Lan ft. pi..«« .«d . ft¡ck 

fin would hav. to b. long.r than ft. thin. Thu., whll. ft. 

•fflcLncl.. ar. .qual, l.ngft and root thlckn... chang. dr..«- 

«Hy, when th. material chang... Th. .olutlon to a practical 
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Prow.» Involves mors «hsn .«iclsney,. iuch ., img& ^ 

w«ight, must also ba conaldarad. 

Th. h.„ sctuslly 1.., from . fl, c.„ compuUd 

Wlr'' d0P•ndi,“, "P0B *' '“*«»»• •< «h. problem. Equation 27 
•how. tta, the he», „ . ^ ef 

which can be obtained from n,«,. 5. The .«.nd m.ftod .... 

Equation 28 which exp...... ¢. h.„ „ . fuKtiea of 

«o, thickness and ,empetatar. Baca... tt. une, 

Won give, a cl..,., r.pr.e.nuaon of wha, ta .*p,c from a fin 

•nd 1. th.,.,.,. more useful for optlmleatlon. th. value of ¢, 

hn. been plotted on Figure 6. I, b. .... ef ^ 

mere.... ,.„<Uy ., a, „mperatur. ,»«. .bor, 

vlu. of one. The ,.,. .,., *. vU#, #f z 

become. Urge,, however, and the curves reach a maximum at 

the locus of th. theoretical limit. In th. region near th. th.o. 

retid „mit. ta. ma,ta,«de of change, very „0wly. Indica,. 

ing that 1«„tau... ,0 ... a ,empetatar, ratio approach,», 

this limit. 

A useful concept for e.tabll.hlng a pr.cttcal limit 1. 

denoted by ta. midpoint locue. By compart,, val... .1.», 

line wita taoe. a, tt. ta.or.Ucal limit, eom. .urp„.,n, f„„,„ 



. .-11 

•rt obtained. When the environment parameter le 0. 5, the value 

of change, from 0.171 to 0.190, which repre.ente only an 

11.1 percent improvement in heat tranefer in the laet half of the 

ratio increaee. At higher value, of the environment parameter, the 

percentage gain i, even le,,. When the environment parameter 

equal, 0.2, only a. 1 percent improvement in heat tranefer occur, 

1« the laat half of the ratio increaae. The correapondlng 

percentage increa,,, in fl« laagth computed from the date 

la Figure 4, are 1J2 and 122 percent for environment parameter, 

of 0. 5 and 0.2, reepectively. In other word,, it require, more 

«han twice the fin length to obtain an approximate 10 percent 

Increaae in the heat tranafer. From the,, companion,, it 

would appear rea.onable that the actual fin .hould be de.lgned to 

temperature ratio, below thoae ahown by the midpoint locua. 

It i, aUo Important to conalder weight, which i, expreaaed 

by Equation, J4 .,d JJ. when the temperar, function ^ given 

by Equation )4 wa. plotted for a variety of temperature ratio., 

the curve, were ahaped .omewhat like an inverted parabola. 

However, becauie the theoretical limit I, exceeded for tempera, 

ture ratio, higher than the value obtained at the maximum, only 

the portion, with poaltlve alope, are applicable. The.e are 
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problem Involve« more than efficiency; factore each ae length and 

weight« muet aleo be considered. 

The heat actually lost from a fin can be computed in two 

waye, depending upon the conditions of the problem. Equation 27 

shows that the heat transfer is a direct function of efficiency A, 

which can be obtained from Figure 5. The second method usoe 

Equation 28 which expressos the heat transfer as a function of 

root thickness and temperature ratio, Because the latter equa¬ 

tion gives a clearer representation of what to expect from a fin 

and is therefore more useful for optimisation, the value of ^ 

has been plotted on Figure 6. It can be seen that the value of 

increases rapidly as the temperature ratio increases above the 

value of one. The rate of increase is less as the value of Z 

becomes larger, however, and the curves reach a maximum at 

the locus of the theoretical limit. In the region near the theo- 

retical limit, the magnitude of changes very elowly, indicat¬ 

ing that it is fruitless to use a temperature ratio approaching 

this limit. 

A useful concept for establishing a practical limit is 

denoted by the midpoint locus. By comparing values along this 

line with those at the theoretical limit, some surprleing figures 
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shown in Figur« 7. Although th« locus line through the maximum 

points falls below portions of other curves, this neither invali¬ 

dates any of the conclusions nor does it imply two theoretical 

limits. The question raised is why is it possible for a long fin 

designed for a temperature ratio equal to the theoretical maxi¬ 

mum value to be lighter in weight than a somewhat shorter fin 

designed for the same temperature ratio but for a lower value 

of the environment parameter. The answer lies in the fin thick¬ 

ness which is less for the higher environment parameter. In 

fact, all fins designed for maximum temperature ratio are 

extremely thin for some distance back from the tip end. Because 

the values of ^ given in Figure 7 increase rapidly at a tempera¬ 

ture ratio increases, low values must be used for L if weight 

is Important. 

It is of paramount importance in radiator optimisation to 

obtain the lightest fin per unit of heat dissipated. According to 

Equation 37, the density of the fin material should be low and the 

thermal conductivity high. Both of these qualities depend on the 

material. It would appear that the value of should be small. 

However, for a fixed thickness 8h at the root of the fin, a change 

of value in would mean a change in the temperature ratio Z 



and a change in the value of ¢5 The value of ^ decteaaee 

rapidly ai the temperature ratio increaaea. It is difficult to 

arrive at the optimum configuration because it is hard to visual¬ 

ise the product of two terms, one of which increases with the 

square of the length while the other decreases in an almost 

inverse manner. For this reason, Squation 40 which gives the 

weight per unit of heat transfer in terms of the root thicknese is 

preferred over Equation 37 for design purposes. 

Equation 40 shows that the weight per unit of heat transfer 

ia directly proportional to the product of the density of the mate- 

rial and the root thickness and inversely proportional to the 

product of the constant C, and the fourth power of the temperature 

Th. The temperature function *6, the remaining item, takes into 

Account all other factors. It is therefore important to study the 

temperature function. Its value is plotted for several environ- 

ment parameters in Figure 8, which shows that the temperature 

function increases as the temperature ratio increases. The rate 

of increase is very modest for low values of the environment 

parameter, but with increasing values the rate of increase in ¿ 
»Uo becomaa higher, and at an environment parameter oí 0. 5 

the curve 1. extremely eteep. In a practical deeign, when the 



•nvironmtnt ptram.t.r 1. M,h, it i. important to k.ep the tom- 

peratura ratio a. low aa tha condition, parralt. Convar.aly, tha 

tamparatura ratio can ba comparatively high whan tha environ- 

ment approacha. tha condition, in Ira. .p.c. wherein tha 

environment parameter i. ,.,0, A temperatura ratio below tha 

midpoint locu. i. .ygga.tod a. a vary rough approximation. 

It ia of internet that tha weight par unit of heat transfer 

axpraaaad by aquation 401. indépendant of tha thermal conduc- 

«vity of tha material. Whll. thi. 1. theoretically true, tha thar. 

mal conductivity mu.t ba con.idarad in a practical problem where 

«ha heat 1. generated near tha root of tha fin or in .orna way trana- 

ported to tha root. A fin of low-conductivity material designed 

for a givan tamparatura ratio Z will, according to Equation 20, 

ba .hartar than a fin of high-conductivity material. Tha length 

l* *otUoMl «O «l'a .quara root of tha thermal conductivity. Tha 

heat tran.ferrad from a fin, a. axpraaaad by Equation 27, 1. 

directly proportional to tha length of tha fin. Therefore, tha 

heat radiated from a fin of givan root thickna.. and fixed tampar¬ 

atura ratio la proportional to tha .quara root of tha thermal 

conductivity. Thu., i mat.rlal of high th.rmal conductivity 
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permit« the u«e of longer, more effective fin«, thereby reducing 

the length Lw. 

By «imilar reasoning for a case where the fin length is 

fixed, a high-conductivity material will reduce the temperature 

ratio and thereby increase the amount of heat transfer. It is 

possible with a high-conductivity material to reduce the root 

dimension and thereby show a weight saving as well. Therefore, 

high thermal conductivity is important, but its influence appears 

in an indirect manner, 

U.ln* Figur«« * through 8 and the prop.r «quation., it i, 

poMibl« to comput. wtight, hont tr.n.i.r, and th« ratio batw.on 

them for fins. 



HEAT EXCHANGER OPTIMIZATION 

The data presented ia not in itself adequate for optimising 

a fin radiator system. For example» the equations predict 

reduced weight per unit of heat transfer when the temperature 

ratio (or the length) is reduced. Also, reduced weight per unit 

of heat transfer is indicated for a thin root section. Taking both 

of these literally and extending the reasoning to a logical conclu¬ 

sion, the optimum fin design would be obtained when using aero 

thickness and sero length. However, under these conditions, the 

ducting and tubing, or their equivalent, would have the total heat 

transfer task. A realistic optimisation must Include the system 

and all factors Involved in fin design. 

Finned surfaces will probably be used in a wide variety of 

applications, and it is impossible to obuin & general optimisation 

procedure to fit all conditions. Howevsr, the largest amount of 

heat from a vehicle or lunar base will be lost from radiators 

associated with either the powerplant or the refrigeration equip- 

ment. In either case, the problem is one of condensing a working 

fluid, with the principal difference being in the temperature level 

mainUined in the heat exchanger. An optimisation study there¬ 

fore has been directed to those particular applications. 



To olmpllfy the .n.ly.1,, tho working fluid wn. ...umod to 

puo through roettngulor ptMtgowayo. Tho hoot exchtngor woo 

o.ouinod to bo eonotructod with ttporod fino 1» . monn.r Uluo- 

tntod by tho two oocHono shown in Figuro 9. It Is of llttlo 

conooquonco In a boat transfor study whothor tho fins or# 

oxtrudod, braissd, woldsd, or attaehod In sonto othor mothod, 

SO long os thoy aro fabrlctod .. on lnugr.1 p.„ with tho fluid 

possogoway. With this configuration, It Is possible to analyao 

«bo systam and to determina tho optimum thickness #h .nd 

length 1,, for uso with a given fluid passagoway. 

It 1s assumed hero that tho working fluid in tho section Is a 

condensing vapor which produces a uniform temperature through¬ 

out tho length of the paesageway. Further, the heat leaving a 

given section of tho radiator of Figure 9 1. very nearly ,qu,l ,0 

heat calculated to leave tho projected conterplan. .,.. cf tho 

surfhe. This assumption Is somewhat conservativo eine. th. 

passageways, which aro the hottest part of the elemont, will 

transfer some heat from the end section to the colder fin 

surfaces. This will cause a slight Increase in fin surface tom- 

porature and in«.... tho amount of boat leaving the syotem. On 

«be single section shown ln Figur« 10, thro, dlffer.ntlal arses 
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are designated. One ia obtained by adding the length dL^, to the 

fluid passage way and fins. The other two, which are equal, are 

obtained by adding the length dLh to each of the fine. This 

involves adding material to the basic fin and extending its 

length. By analysing the heat transfer and weight of the basic 

section and the differential areae, it is possible to establish the 

optimum configuration. 

The heat output and weight of the section can be obtained by 

separately computing the heat output sand weights of a rectangular 

passageway and of the fins. For the rectangular passageways, 

the values are computed in an ordinary manner; for the fine, the 

values are computed as outlined in this paper. The total heat 

tranefer Q from the section can then be computed by adding the 

two parts. 

If it is now assumed that the section must dissipate the 

additional quantity of heat dQ, one of the two methods mentioned 

can be used, Each method will result in a weight per unit of heat 

transfer \ hich must be computed and compared. The weight per 

unit of heat transfer dW/dQ, resulting from an increase in length 

in the fluid passageway and fin dL^, will be equal to the amount 

computed for the section. While the ratio dW£/dQ£ resulting 



from an increase in fin length dL^ can ba computed using Equation 

51t the method yielding the lower ratio should be used. 

By continuing the same reasoning, it is possible to estab¬ 

lish the optimum configuration. If the value of dWf/dQf, 

corresponding to the additional fin length dl^, is lower than the 

ratio W/Q computed for the original section, it is possible to 

shorten the length and increase the fin length With this 

change, the same amount of heat could be dissipated from a con¬ 

figuration of lighter weight. At the optimum fin length Ljj, the 

value of dWf/dQf computed for the fin is equal to the value of W/Q 

for the s«ction. 

Having thus established the optimum length for a fin of 

given root section, it is now possible to analyse the effects of 

changing the root thickness. For each assumed thickness, the 

best overall weight-to-heat transfer ratio W/Q can be computed. 

The fin root thickness 8h which yields the least total weight per 

unit of heat transfer is theoretically the optimum configuration. 

To aid in this analysis, the value of ^ of Equation 53 has 

been computed and plotted in Figure 11. The temperature para- 

meter can be used exclusively in the optimisation work without 

regard to length because, for a fixed value of &h, the change in 



th® valu® oi hi i* equivalent to a change in the temperature ratio 

Z. When the optimum fin thickneee and temperature ratio have 

been determined, the aaaociated length can be computed. At 

■hown in Figure 11, the ratio dWf/dQ£ increaeee rapidly with 

increasing temperature ratio. Therefore, the optimum design 

will probably use modest temperature ratios. Because the 

curves for higher environment parameters are much steeper 

than for lower parameters, lower temperature ratios for higher 

«BVi?or.mer.t parameters are recommended. It can also be 

observed that the ratio dW£/dQ£ is proportional to the root 

thickness 3h and low values of 8h should therefore be expected 

from an optimisation. 

To aid in understanding the optimization procedure, two 

illustrative problems are analysed. For both of these, a vapor 

condenser of a refrigeration heat exchanger was assumed. The 

passageway for the vapor was assumed to be aluminum in a 

rectangular shape, as shown in Figure 12. 

Problem 1 (Operation in Free Spaeaj 

In determining the best fin dimensions to be added to the 

vapor passageway of Figure 12, assume that the heat exchanger 



la orientad ao that the aun doea not hit a face of the heat 

exchanger. Alao aaeume the following; 

Th • 675 R. 

•a ■ «b ■ 0,95 

*a a ¿b ’ 0.18 

k ■ 133 Btu. /(hr. )(ft. )<°R. ) 

172.8 1b. /cu. ft. 

The heat tranafer from a 1-ft. length of the rectangular 

vapor paaaageway can be computed from the equation 

°v ,C1 Th4 Ar 

and 

Qv '(«e-Mb» 9 Tk4 0.487 
12 

■28.24 Btu./hr./ft. 

The weight Wy of 1 ft. of vapor paaaageway la 0. 0216 lb. 

Aaauming a variety of temperature ratloa Z In Equatlona 

35 and 28. the weight and the heat tranaferred from a aingle fin 



ar« computad. Tha raapactlva valuaa íor tha vapor paaaagaway 

and tha two flna ara thon totalad. Tha ovar.il walght par unit oí 

haut tranaíar W/Q U obtainad and plottad for tha uaaiul raglon on 

«gura 1J. Alto, valuaa of dWf/dQ, for tha fina .,. computad by 

Equation 52 and auparimpoaad on tha othar cuma. Tha intar. 

.action of tha W/Q and dW{/dQ( curvaa rapreaanta tha baat tam- 

paratur. ratio val», for tha givan root thickn....and tha locua Una 

through tha intaraactlon pointa rapraaanta tha baat poaaibility for 

«»a ayatam. Tor tha caaa analyaad, tha thinnaat root aactlon 

conaldarad wa. o. 008 in. A thlnn.r fin waa conaidarad imprac 

tical and snly of academic imerest. 

The value« obUined along the locua line demonstrate the 

possible reduction In weight per unit of heat transfer resulting 

from adding the fins. The passageway Itself has a value of 

Wy/Qy equal to 7. 65 x 10'4 lb. /Btu. /hr. By comparison, the 

finned configuration with root section thickness 8 h of 0. 030 in. 

has . value of ... 0 x lO’4 lb. /Btu. /hr. In other words, the 

weight of this configuration is only 51. 7 percent of the weight of 

an unfinned passageway. Even greater savings are possible from 

using thinner fins. When the root section thickness is 0. 008 in. , 

the weight is only 27. 5 percent OÍ th* nVlt rtf uaa ..../1-- - J 
- -■ ^* *••• 4*A4All 



pftsaagtw&y, From the reaulte of thla problem, It would appear 

that very thin fine give the beat performance. 

The beet fin la that which haa the optimum combination of 

practical thlckneaa and low weight per unit of heat tranafer. A 

mere detailed atudy of manufacturing proceaaea and tolerancea 

ia needed to fully eetabliah the beat fin thlckneaa. 

Problem 2 (Operation on Moon) 

Aaaume the aame condltiona aa in Problem 1 except that 

the vapor condenaer la deaigned for operation at mid« day on the 

lunar equator and la mounted vertically on a level terrain. The 

lunar condltiona applicable to thia exchanger were taken from 

Reference 2 and are aa followe: 

3 ■ 430 Btu. /(hr. )(aq. ft. ) 

coa 0p ■ 0 

coa 6m ■ 1 

Fa ■ Fb ■ 0. 5 

rme 0.13 

Tm > 674 R. 

Ualng Equation ¿8 of reference 2, 

Cg (Cf0 COS COS 6m + Fb cf* r*COS ) + 

«341 Btu./(hr.)Uq. ft) 



From the dat« of Problem 1, 

C1 Th4i <Vfb,0,Th4 

•M2 Btu./(hr.)(*q. ft) 

By combining thaae two remits, 

c2 
-j-«0.5 

Th. hut ,rom , ft. oi V4por pM,M,W)r,, 

°v ,(clTh4 0.^97 

• 14.12 Btu/hr, 

A. in Problem 1, the weight of 1 ft. of tube ie 0. 0216 lb. 

Th. d.t. of rt,ur. 14 w.r. obuln.d by computing .nd 

plotting vtluoo of W/Q .nd dWf/d0i .. m Problom 1, with 

altnlUr M.ulf. Th. Wight p„ u,„ 0f hM, tr.n.f» ,. v„y 

clo.. to twic. th. .mount for th. cond.n.., d..ign.d for f„. 



•pace, This difference la largely due to the heat transfer for the 

lunar environment parameter being one-half the amount obtained 

for free apace. Alio, much lower values were found for the 

optimum temperature ratio than were obtained in Problem 1. 

For the thinnest fin analysedi the optimum temperature ratio is 

shown to be approximately 1,12, The theoretical limit for an 

environment parameter of 0. 5 is only 1.189 (Figure 4), and 

therefore a value of Z equal to 1. 12 is 63. 5 percent of the maxi¬ 

mum temperature ratio increase. 

It should be noted that the midpoint locus occurs in an area 

where there is little change in the weight per unit of heat transfer. 

Little reduction in weight is possible by using fins thinner than 

those «hown at the midpoint locus. Although the thinner fins are 

more efficient from a weight standpoint, the best configuration 

will be a compromise between light weight and the practical 

considerations of fabrication and durability. 

A further study of the fins of Problems 1 and 2 can be made 

to determine the actual fin lengths. Optimum temperature ratios 

for the various root thickness shown in Figures 13 and 14 are 

used with Figure 4 and Equation 20 to determine the lengths. The 

results are shown in Figure 15. All of the actual lengths fall 



between approximately 1.75 and 2. 2 in., the larger root thick¬ 

ness requiring a shorter fin than the thinner root section. The 

fins for free space are longer than those for lunar operation, but 

with very small difference. The interaction of several param¬ 

eters is responsible for the very slight variation of fin length 

with both root thickness and environment. Interacting factors 

are the length, shown by Equation 20 to be a function of both the 

root thickness and the temperature ratio value, and the marked 

change of the optimum value of the temperature ratio with the 

environment. 



FIN SHAPE 

Th« Influença oí temporetur« ratio on fin «hap« ia ahown in 

Figuroa 16 and 17. Th« data wer« obtained from Equation 22 and 

plotted for the thickneaa ratio 8/8^ veraua the lengtii ratio L/L^. 

The fin ia almoat triangular in ahape at low temperature ratio« 

but becomea more concave aa the temperature ratio increaeea. 

Aleo, at a given temperature ratio, the fin becomea more con¬ 

cave aa the value of the environment parameter increaaea. 

For an environment parameter of aero, the fin ahape doee 

not change greatly aa the temperature ratio changea from 1.05 

to 1.5, aa ahown in Figure 16. Greater changea are ahown In 

Figure 17, which waa plotted for a more aevere environment. 

For the environment parameter 0. 2, the maximum temperature 

ratio at the theoretical limit la 1.49735, and at thia value the fin 

ie very concave. The mathematical theory of the Figure 17 curve 

for Zr 1.5 predict« a negative thickneea near the tip end. How¬ 

ever, the amount of negative thickneaa ia ao amall that it cannot 

be detected on the plot. The 1. 5 value waa plotted to ahow the 

•harpneee of the fin at the end aectlon where condition« near the 

theoretical limit prevail. 
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TRIANGULAR FINS 

Th. comp«.«« 0/ Runufaceur« mtk*. th. trUapU., 

fla attr.ctlv. for m.ny u.... How.«,, .ecu,«. compuUUon of 

«h. h..t trtnaf.r i. „iff,cult. M.chi.. p,og,.m. for deul.ha, 

•h. ndl.tloa hut .xch.n*. tr. complic.t.d ud oft.» r.q«ir. 

ron.td.robl. mochín. «m. t0 p.rferm .. 

For th... r.t.on., opproxlm.t. on.w.r. or. uulul. 

Th. .hop. of o fin having a coûtent t.mp.rotur. ratio of 

low vu« 1. not gr.otly dlff.ru, from that o, a triangular fln, 

and ft. two typo, of fin. hav. bun compar.d. Th. wight of ft. 

triangula, fl» i. .qual to ft. volum. tim«, ft. du.lty, 0r 

(56) 

Whu -qui 1.»,ft fl», or, comparad, ft. valu, of I* gl,.,, by 

Equation 20 can bt »ubitltuUd into Equation 56. 

»,. *»_ /1557 
! V 
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Dividing Equation 35 by Equation 57, 

W, 2 $ 4 
V-/*T 

(>•) 

Uiing Equation 58, a constant tamparatuxe gradiant fin of a 

givan tampa ratura ratio Z can ba comparad with a triangular fin 

of tha sama length. The comparison is shown in Figure 18 whore 

values for and^j were substituted into Equation 58. The 

weight ratio falls with increasing temperature ratio, and values 

from 0. 75 to 0. 85 can be expected. At tha theoretical limit, 

values of 0. 65 and less are encountered. In many cases, the fin 

is already of low weight and this 15 to 25 percent of additional 

weight is not excessive. 

Figure 19 indicates the difference in the amount of material 

and temperature between the two fins. The distributif a of this 

extra material in the triangular fin is less favorable to internal 

heat transfer than the distribution of material in the constant 

temperature gradient fin, and it is therefore much less effective 

to boat transfer. To illustrate the change resulting from the 

added material, the temperature along the triangular fin is also 



compared in Figure 19 with the temperature in the constant 

gradient fin. Because the temperature at the tip is higher for the 

triangular fin, this type of fin will radiate more heat. However, 

the 15 to 25 percent more weight will increase the heat output by 

approximately 5 to 7 percent. The latter values were obtained 

by analyzing the probable effects of the added material. 
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CONCLUSIONS 

Th« «quation« and method« pr«««nt«d p«rmit computation of 

th« h«at transfer and weight of a tap«r«d fin. Also, th« optimi¬ 

sation curvos and procedures presented can aid the fin designer 

in performing preliminary design analysis and in selecting the 

best configuration. 

In certain instances, particularly in the case of large 

vapor passageways connected to thin fins, considerable radiant 

heat transfer will toko place between the end of the vapor 

passageway and the fin. This creates a condition where the 

radiation interchange factor along the fin is no* constant as was 

assumed in this study. The overall effect is an Increase in 

temperature along the fin, resulting in in increase in heat trans¬ 

fer from the system to the environment. Studies are needed to 

establish more accurately the amount of increase in heat 

transfer. 
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NOMENCLATURE 

Af Fin arta 

C¡ Radiation com tant (Equation 8) 

C2 Radiation constant equal to heat received from environment 

by unit of fin area 

C3 Constant defined by Equation 44 

C4 Constant defined by Equation 48 

Radiation form factor for fin side facing sun 

F^ Radiation form factor for fin side away from sun 

k Thermal conductivity of fin material 

L Fin length (variable) in direction of heat flow 

Fin length (total) in direction of heat flow 

Lw Width of fin normal to heat flow 

Q Total heat lost from vapor passageway plus heat from 

connected fins 

Qft Heat lost by radiation from fin surface facing sun 

Heat lost by radiation from fin surface not facing sun 

Of Heat lost by radiation from both sides of fin 

Qj Internal heat passing through section of fin 

Qv Heat lost from vapor passageway 

rm Reflectivity of environmental surface 
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S Solar constant (heat received from sun per unit area in unit 

of time) 

Tc Temperature at cold end of plate 

Tjj Temperature at hot end of plate 

Tm Surface temperature of environment 

Tj Fin temperature (variable) 

W Weight of vapor passageway plus fins 

W{ Weight of fin 

Wt Weight of triangular fin 

Wv Weight of vapor passageway 

y Variable (Equation 31) 

Z Ratio of absolute temperatures (root temperature divided 

by tip temperature) 

Ga Absorptivity of fin surface facing sun 

Absorptivity of fin surface away from cun 

8 Fin thickness (variable) 

8h Fin thickness at root section 

« Surface emisslvity 

*a Emisslvity of fin surface facing sun 

*b Emisslvity of fin surface away from sun 

27! 



¿ln Angl« between lun'e raye and a normal to environment 

eufíace 

Qp Angle between eun'e raye and a normal to fin surfs ce 

P Deneity ol fin material 

9 Stefan-Boltamann constant 

Temperature function defined by Equation 21 

Temperature function defined by Equation 24 

Temperature function defined by Equation 29 

Temperature function defined by Equation 36 

¢5 Temperature function defined by Equation 38 

Temperature function defined by Equation 41 

Temperature function defined by Equation 45 

^ Temperature function defined by Equation 46 

Temperature function defined by Equation 53 

A Fin efficiency 
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Figur« 1. Fin Diagram 

Figur« 2. Temperature Prcíile 

Figure 3. Element Analysis 



Figure 4. Length Function 
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Figure 5. Fin Efficiency 
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Figur« 6. Heat Transfer Function 



TEMPERATURE RATIO, Z 

Figure 7. Weight Function 
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Figure 8. Function £or Wf/Qf 



Vayor Pa««a|tway 
k~Lh—H 

Figuro 9. Hoat Exchanger Configuration 

Figure 10. Hoat Exchanger Section 
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Figur« 11. Function for dWf/dQf 



Figur« 12. PMsagcwty Dimensión« 
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TEMPERATURE RATIO, Z 

Figur* 11. Wtight Comparitou 
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Figura 19. Fin Comparison 
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