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Preface 

The inception of the idea for this report occurred on a familiar¬ 

ization visit to the Martin Aircraft Company, builders of the Titan 

ICBM. This was an introduction to the critical procedure of aligning 

the missile guidance system, which is a limiting factor on the missile 

accuracy. A missile, however sophisticated, is only as accurate as 

the ini tial alignment. 

The investigation was given furüier impetus during a discussion of 

the GAM-77 air-launched missile. Since only the equipment aboard the 

carrier aircraft is available for alignment, the guidance system is 

more susceptible to inaccuracies due to initial alignment errors. At 

this point, I decided to investigate the magnitude and effect of these 

errors when a Doppler velocity is used to align the guidance system. 

This report represents a qualitative determination of the sources 

of these initial alignment errors. Then the propagation of the errors 

due to reference velocity error and their effect on final missile position 

are investigated. The results apply to no specific missile, but give 

some idea of the relationships between the missile system gain constants, 

and various reference velocity noise error frequencies. 

My sincere thanks to my sponsor, Captain Harold J. Shir?ey, for his 

invaluable guidance and advice in spite of considerable personal 

inconvenience. 

Joseph P. Crocco 
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Abstract 

Doppler velocity can be used to perform the in-flight alignment 

of inertial guidance systems. Reference velocity errors, both noise 

and bias, cause initial guidance system velocity errors and initial 

platform tilt errors, which in tura cause position errors. The values 

of these initial errors must be found to determine their effect on the 

position errors. 

In this report, the position error propagation equation is developed 

and the position error and CKF of the missile due to reference velocity 

errors are found. Also, the dependence of the position error on the 

half-power frequency of the rei'erence velocity noise is investigated. 

X 
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AIÍALYSI3 OF INFHTIAL GUIDANCE POSITION FRftOHS 

CAUSED ßY NRROilS IN HFFiiHSNCK VFLOGITY 

I. Introduction 

'Inertial Guidance 

An inertial guidance system depends on dynamical measurements by 

accelerometers. These measured accelerations .are integrated twice to 

produce positional information. Unfortunately, the accelerometers are 

unable to distinguish between gravitational and non-gravitational 

accelerations, and the total acceleration measured.is the sum of these 

two quantities. This can be written-analytically as 

Gme 

In this expression, a(t) is the measured acceleration and the second 

term is the acceleration due to specific gravity force, where G is the 

universal gravitation constant, me is the mass of the earth and Rq is 

the radius of the earth. 

■Schuler Timing. If the accelerometers are mounted on a truly 

horizontal platform, the gravitational acceleration and the resultant 

false acceleration measurements are eliminated. A system of this type 

was devised theoretically by .Schuler in the form of a pendulum. The 

pendulum has a natural period in which the angular acceleration of the 

pendulum bob due to its inertia reaction torque is equal to the angular 

acceleration of the true vertical at the horizontally accelerating pivot. 

1 
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A Schuler-tuned pendulum may not be realized physically, but it is 

possible to design a closed-loop servo system with these dynamic 

characteristics. The entire system is a second-order system with a 

natural frequency of Qlj.lj minutes and no damping. The equation 

governing the system is of the form, 

+ Ws 2) R - ã(t) 

where ^ _ , is the Schuler frequency. 

Since there is no damping, initial errors in position and velocity, 

and distrubances which occur in flight will initiate the 8h-minute 

oscillations. Once begun, the oscillations will continue indefinitely 

and undiminished in amplitude. The resultant maximum errors are 

prohibitively large, especially those due to initial position and 

velocity errors. It is desirable to damp these oscillations, and a 

common solution is the introduction of velocity measurements to the 

system. However, the damping is accomplished at the expense of a forced 

dynamic error proportional to the error in velocity measurement. This 

dynamic error increases the total error in the system caused by acceler¬ 

ometer inaccuracies, gyro and integrator drift, and other system 

imperfections. This solution is always a compromise between the desired 

damping of the transient and the forced error introduced. 

Effect of Vertical Misalignment. Therefore, especially in an 

undamped system, precise initial alignment is necessary. In long-range 

surface-to-surface missiles, great effort is nade to align the inertial 

guidance system before launch with elaborate, permanently emplaced 

equipment at the launch site. For air to surface missiles, the problem 

2 
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is complicated because the initial alignment must be made with the 

navigational equipment of the carrier aircraft. The final accuracy 

of the missile, therefore, will be a function of the error in initial 

alignment and initial velocity supplied by the bombing-navigation system 

of the aircraft. Ihe effect of these errors in velocity and alignment 

on the final position of the missile will be investigated in this report. 

Reference Velocity Errors. Ihe missile system used as a model is 

hypothetical, but is based on an air-to-surface missile of the GAM-77 

type. It is a high-altitude, short-range, air-breathing missile. Ihe 

guidance system used is an undamped inertial guidance system during the 

free-flight phase. Before the launch, however, the Doppler radar of 

the aircraft navigational system provides damping'for the guidance 

system. 

During the initial alignment period, position fixes and Doppler 

velocity provide initial conditions for the missile guidance. After 

the missile guidance system is in operation, the Doppler velocity and 

missile velocity are compared, and any error is interpreted as a missile 

platform misalignment. The platform is then corrected to eliminate the 

error. Therefore, at launch, any error in the Doppler reference velocity 

will be reflected in the missile platform alignment and in the missile 

velocity. The initial errors in platform alignment and velocity will, 

therefore, be a function of the reference velocity error. 

oincs the reference velocity consists of both bias and noise errors, 

both will have an effect on the missile velocity and platfonn tilt. In 

the case of bias error sources, the errors in tilt and velocity are 

, correlated. The bias error is constant and may be treated as a step 

3 
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input. The final value theorem is then used to determine the steady- 

state value of the error in missile velocity and platform tilt after 

the transient has ceased. 

The noise error, however, produces errors in tilt and velocity that 

are both correlated and uncorrelated. Therefore, the power density 

spectrum of the noise is used to detemine the correlated and uncorre¬ 

lated errors. The correlated errors are combined, but the uncorrelated 

errors must be treated independently in order to find the total ms 

value of the error. 

Scope of the Report 

In this report, the position error propagation equation as a function 

of the initial guidance system velocity error and the initial platform 

tilt error is derived. The initial velocity error and the initial plat¬ 

form tilt error are both functions of the reference velocity error. 

Since the reference velocity error is composed of both noise and bias, 

statistical methods are used to detemine the effect of the noise 

component. Finally, the effect of various noise half-power frequencies 

on the missile position is investigated. 

Error propagation. The position error propagation equation for 

an undamped inertial guidance system is derived to detemine the effect 

of initial system velocity error and initial platform tilt on the final 

missile position, since, in this case, the missile guidance system is 

undamped after being launched from the carrier aircraft. This equation 

is derived primarily for one channel, the X channel, since the errors 

propagate similarly in both dimensions. 

U 
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From a block diagram for a velocity damped inertial system, since 

the missile guidance system is velocity daitped before launch, the system 

transfer functions are derived. These transfer functions relate missile 

system velocity error to reference velocity error, and relate platform 

tilt to reference velocity error. After the system equations have been 

derived, the nature of the two errors, system velocity and platfom tilt, 

is determined using spectral density analysis. 

Spectral Density Analysis. Spectral density must be used because 

of the noise component of the reference velocity error. The transfer 

functions relating platform tilt and missile velocity error to reference 

velocity error are used with the power density spectrum of the noise to 

determine the correlation and c ross-correlation functions of missile 

velocity and tilt error. Then, the effect of varying the half-power 

frequency of the reference velocity noise on the correlated and uncorre¬ 

lated errors is investigated for a representative range of frequencies. 

Finally, the position error caused by these initial errors in velocity 

and tilt is found using the previously described error propagation 

equation. Again, the effect of a variable half-power frequency is 

investigated. For an assumed time of flight, the ms value of position 

error is then detemined, and with the ms value of y position error, the 

Circular Error Probability is calculated. 

Coordinate Systems. There is a description of the reference coordinate 

systems in Appendix J. 

5 
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II. System Equations 

Althou^i the missile guidance system is Doppler velocity damped 

before launch, it operates as a completely undamped guidance system 

after launch. Therefore, the initial system velocity and platfom tilt 

'errors will be propagated according to the equation governing undamped 

guidance systems. The propagation equation will be derived using one 

form of a typical undamped inertial guidance system. 

Error Propagation Equations 

In a simple undarped inertial guidance system, a straight-forward, 

double integration of acceleration gives position. In the x dimension, 

this may be represented as shown in Figure (1). The block diagram is 

a mechanization of the second order equation 

(p2+u)s2)x = ax(t), (1) 

for the x coordinate of the position vector R. In this equation, p is 

the operator notation for differentiation, and Ws is the Schuler frequency. 

This equation assumes that the centripetal acceleration and Coriolis 

acceleration are negligible or have been compensated for. Since the 

accelerometer is measuring both gravitational and non-gravitational 

accelerations, there is an error in the position, Ax, caused by any 

platform misalignment. The error propagation equation is shown to be 

(2) 

(p2**/)** *0 

in Appendix A. 

6 
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Initial Condition Errors. When the La Place transformation of 

equation (2) is made, the transient effects caused by initial errors 

in position and velocity are introduced. The La Place transform of 

equation (2) is 

(s2 +u)s2)Ax(s) * sAx (o) + Ax (O)» (3) 

The solution of this equation in the time domain is 

x(t) =. Ax0cosv8t &x0sinnfet , (U) 
uTi 

showing that the transient effects are functions of the sine and cosine 

of the Schuler frequency. These oscillations are excited by initial 

errors in position and velocity. 

Error Driving Functions. The above solution assumes no external 

error driving functions. However, when the missile is accelerated at 

launch, an error driving function is introduced by any platfom mis- 

aligranent. If the misalignment is small, as it must be in. any acceptable 

system, the error driving function is expressed as 

[ÃX*,] , as shown in Appendix B. 

In the above expression, vector angular error between platform and 

computer axes. There is a brief discussion of the vector representation 

of angles in Appendix C, and the angle V'is illustrated in Figure (2). 

The acceleration vector of the missile is 

ï = ÍX (vx - vxo) S(o) + iy (Vy - Vy0) i(0) + V- (5 

Since the acceleration time is relatively short compared with the total 

7 
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time of flitfit, the acceleration is expressed as the difference in 

missile velocity before and after acceleration, multiplied by the unit 

impulse S(0). The x component of the driving function, 

[ãxMx * y* * > (6) 

is then included on the ri^it-hand side of equation (2). 

The effect of the gyro drift rate vector, £ , as a function of time 

is also a driving function of equation (2), and the x component, 

6yt , 

of gyro drift is added to the right-hand side. Equation (2) now takes 

the form 

(p2 + u)s2) Ax = [ÂX?0 x +g€yt = AyVz - A^y + g€yt CO 

Taking the Laklace transform of equation (7) results in 

(s2 + Ul32) Ax(s) = (Vy - ïy0) y'î - + gíy 

“T“ w 
+ s ^x (0) + Ax (0) 

Substitutions for the components of acceleration, Ay and Az, were made 

from equation (5)* 

The vector angle £, the angular error between the platform and 

computer axes, can be defined further in terns of the tme axes reference. 

It is made up of two components, the computer axes error and the platform 

axes error. Therefore the angle £ is function of the vector angles 

8 
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0 and S6 as shown in Figure (3) or 

^ = $■ - se (9) 
where 

0 s the vector angular error between platform and true axes and 

?§ « the vector angular error between computer and true axes. The computer 

error angle, ¿9 , is a function of the position error as shown in 

Appendix D. Therefore, the error between computer and true axes is 

expressed vectorially in component form as 

where AX and Ay are the components of the position error and Rq is the 

earth radius. The components of the initial vector angle at launch, 

Ho), are then written 

*,0) -- - sex(o) = 4>k(0) + 
Vv(0) = <A,(o) - S6y(0) = Öy® - ( 

Vj.(0) = 0zio) t 0((0) * <t>z(0) 

In the expression for the z component, oí is the angle of platform wander, 

(5> and is small enough to be neglected. Also, since the Schuler frequency 

Us2 - , 
Re 

where g is the gravitational acceleration, and Re is the earth radius, 

then 

Re a - g • 
Us2 

(12) 

9 
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Substituting the expression in equation (12), and the expressions in 

equations (11) for the appropriate components of Y*, into equation (8), 

produces the final fom of the error propagation equation. When solved 

in the time domain, this equation becomes 

x(t) s (Vy - Vyo) $ Z()sinu/8t . Re (0yo - Ax0) (1- cos<J3t) 

u)g R© 

(13) 

Re£y (<jdst-sinuJ8t) + AXpCoauJat 4. ^XpSin at . 

+ a>s 

In equation (13), the position error is a function of the azimuth mis¬ 

alignment, platform tilt, initial velocity error, gyro drift and initial 

position error. 

The position error propagation due only to initial errors in missile 

velocity and platform tilt, Ax and 9^y, is written 

x(t) * AXoSinüJgt - Re0yrt (1 “ cosWJ3t) 
—wr 

This is the position error propagation equation for an undanped inertial 

guidance system, since the system being investigated operates as an 

undaxped system after launch. This error propagation equation due to 

initial errors in system velocity and platform tilt will be used through¬ 

out the remainder of this report. 

The transfer functions which relate the initial missile system 

velocity error and platform tilt to the reference velocity, which is 

an input to the system before launch, must now be found. 

10 
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Sys taw Transfer Functions 

The transfer functions relating missile system velocity error to 

reference velocity error, and relating platfom tilt error to reference 

velocity error must be derived in order to find the individual errors^ 

resulting from a particular reference velocity error. Using the block 

'diagram in Figure (U) for a model velocity-damped inertial guidance 

system, the required transfer functions are found. This block diagram 

describes the system before the missile is launched. The transfer 

functions ares 

2 
&»(») . K,3 -t- Kgt)._ _5(s) (l5) 

lvx(s) s2 + KjS + ^ + Kj) !0,2 

and 0y(s) r aH(s) (16) 
SVx(s) Ref s2 + KiS +(1 + K2) u)a2] 

or Ax(s) c G(s) SVx(s) 

0y(s) = H(s) SVx(s) (10) 

These equations show that both the system velocity error and platfom tilt 

are functions of the reference velocity error. Since the reference 

velocity has a noise error component, the velocity and tilt errors will 

be composed of both correlated and uncorrelated errors. The correlation 

between the two errors, velocity and tilt, must be found using the 

power spectral density of the noise and subsequent error propagation 

must account for this correlation. 

11 
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III. Spectral Density Analysis 

Now that the position error propagation equation and the transfer 

functions that describe the effect of the reference velocity error on 

the initial system velocity and platform tilt errors, have been derived, 

the reference velocity must be analyzed. The reference velocity error 

is corrposed of a noise and bias component. The noise error, being a 

random function must be analyzed using a statistical approach. 

Spectral Density of the System Noise 

To analyze the errors in the system velocity, Ax, and platform tilt, 

qiy, caused by random noise in the reference velocity, &VX, a statis¬ 

tical analysis is used. The noise is approximated by the exponential 

decay function, 

R(t) » e -kat' (4) (19) 

and the spectral density of the noise is expressed as 

$ ( s jJ-Ê— 
(Oi2 4- fr1) 

(20) 

where 

^ ( ui) = spectral density of reference velocity noise 

e « rms value of reference velocity noise (power/rad/sec) 

fa ï half pow.er frequency of reference noise (rad/sec) 

The quantity -1—is called the correlation, time constant. Then the spectral 
A 

density function of the resultant system velocity noise is written 

$s(ûî) = ÿ( uJ)F(j uw)F(-ju>) (21) 

12 
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or in terns of the La Place variable, s, 

ÿ8(s) s ÿ(s)P(s)F(-s) (22) 

lhe expression F(s) is any transfer function between the reference velocity 

error and some system error, or 

F(s) - AV(e) 
TV(s)" 

2 
The value of the mean squared system error, es , is found by performing 

the indicated integration 

2 

es s (23) 

Using the transfer functions derived in Section (ÎI), the correlated and 

cross-correlated functions due to initial values of the velocity and 

platform tilt errors are, 

AX AX (O) = _1 
2J 

is) 
(s)G(s)G(-s) 

l-o 

7*0 

e2^rfy(0) - 2 ^ Í $(s)H(s)H(-s) (2U) 

(ô) - 
2j 

^(s)G(s)H(-s). 

In equations (2li), (0) is the mean squared value of the velocity 

error, (0) is the mean squared value of the platform tilt error, 

and e^4Íd)y (^) ^16 mean squared value of the cross-correlation between 

the two errors. These integrals are evaluated using the table of integrals 

shown in Appendix F. 

13 
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Error Correlation 

A measure of the correspondence between the correlated errors due 

to noise, is the relationship of (0) to (0)» snd 

relationship of (0) to e2^^ (0). Complete correlation exists 

if 
(«) 

®2AX^y s y e2Axax^ e 
Wien the individual errors in Ax and (f)y are multiplied by 

(25) 

A = e2a¿^y (0) 

AKAX e (0)‘ 

(26) 

the products are correlated. When the errors are multiplied by 

B s 1 - 

6 AX AX (0)e <My (0) 

(27) 

the products are uncorrelated and treated as independent random errors. 

The correlated and uncorrelated errors are expressed as 

AX (cor) = AeA¿A¿(0) 

AX (une) •= Be ax Ax (o) /äOV 
(28) 

<t>y (cor) = Ae^^y^) 

^y(unc) sBe^y^yíô) 

Althou^i there is a possible reduction of the final error by proper 

correlation of Ax and 0y, it is also possible for the opposite to occur 

2 
if the errors are added algebraically due to the sign of e axip) 

as explained below. 

lU 
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Position Errors 

The two correlated and two uncorrelated errors found thus far, 

when substituted in the error propagation equation derived in Section 

(II), result in the position error contribution of each source. The 

error propagation equation is repeated below for reference. 

Ax , AXpSln(o8t _ . coauljt) (29) 

^ s 
The correlated position errors due to system velocity and platform tilt 

are then combined algebraically. The sign of e^jt0y(°)^ves rela^on 

of the signs of the two errors. If e2^^(o)is positive, the signs of 

the two errors are the same, and if the sign of 62a¿$y(o)ís negative, the 

signs of the two errors are opposite. The combined correlated errors 

and the independent uncorrelated errors are then used to compute the 

rms value of the total position error by the equation 
__________i 
j 2 2 2 

AXms^ytAx^ (cor) +AX*, (cor)]+AX4i <™c) +Ax^(unc) (30) 

If the rms value of the error in the y direction is found, using a 

similar procedure with thé characteristics of the y channel, the Circular 

Error Probability is computed using 

(5) 
OBf = .589 I ÛXm3 + ôyms (31) 

Bias Error 

The bias error in the reference velocity is treated as a steady state 

error since it has a constant magnitude. The bias error is approximated 

by a step function and in the La Place notation is 
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bv (t) . bvx (32) 

Bierefore, the error in system velocity caused by the bias error is 

A¿(s) = bVx(s)G(8) _ ¿Vx Kl8 + k2íJ» (33) 

s * s2 + ^s + (1 + K2) W ^ 

uhere G(s) is the transfer function derived in Section (II). Applying 

the final value theorem, 

lim sF(s) a lim f(t) 
s-»*0 t-*0 

to the system velocity error to find the steady-stàte error yields 

(3b) 

Lxmm s sG(s) bV„ ' _ bv 
ss 

s-*0 

— °x K2 (35) 

s (1 + K2) 

Similarly, the steady-state error in platform tilt caused by bias error 

in reference velocity is 

0yss s sH(s) J>VX 

s*»0 8 

^vx 
(36) 

16 
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IV. Resulta 

Bffect of Variation of the Half Power Frequency A. 
The effect of varying the half-power frequency of the noise, fc , 

on the ms value of the system velocity error, e (0)* end the ms 

value of thé platfom tilt error e ¿y¿y(0), and on the correlation 

constants, A and B, is investigated first. Ihe frequency is varied 

through a representative range of values and the following values are 

assumed for the system constants: 

= 10"3 see"* 

K2 - 1 

$Vx * 1 fps 

ujtx s 1.5x10sec'2 

Rc = 20.9xl06 feet 

r 10“6 to 10'^ sec'1 

Computations similar to those in Appendix G, give the results shown in 

Table I, and the curves in Figures 5> 6, and 7. The values are plotted 

for a unit reference velocity noise error. 

The further effect of a variable ß on the correlated and uncorre¬ 

lated velocity and tilt errors, and on the ms value of the x position 

error is shown in Tables 11 and III and, in Figures 8, 9* 10, and 11. 

Again, these errors are due to a unit Doppler reference velocity noise 

error. 

17 
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Variation of Correlated and Uncorrelated Position 

Errors with ß for Unit Reference Velocity 
Error 
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Tnble III 

Variation of RKS Value of Position Drror vrith ß 
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c 

C- 

Circular Error Probability 

X Position Error«. In practice, the half-power frequency of the 

noise in a particular system, in this case the Doppler velocity, is 

fixed. Therefore, to determine the rms value of the x position error . 

for a specific reference velocity noise and bias error, a representative 
i 

value of £ will be assumed. System constants artd a reasonable flight 

time for this type of missile are also assumed. The values used are: 

K-^ s 10” 3 sec“1 

K2 s 1 

5 =■ 2xLO~3 

fcVx(noise) - 5 fps 

iVx(bias) = 2 fps 

t =20 rain. 

The sample confutations in Appendix G indicate the method for confuting 

the total rms value of the x position error, Ul80 feet, as shown in 

Table IV. 

Since the curves of Figures 5 through 11 are plotted for a unit 

reference velocity noise error, they may be used to compute the errors 

for ary larger value of reference velocity noise error. The appropriate 

half-power frequency is used as the entering argument, and the extracted 

values of the errors are multiplied by five, in this case. To find the 

position error, the system velocity and platform tilt errors thus 

obtained are substituted in the error propagation equations. The values 

of sintt;8t and (1 - cos(U8t), for the given time of flight are extracted 

from the curves in Figures 12 and 13. These position errors, computed 

28 
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■for both the correlated and uncorrelated velocity and tilt errors, and 

the correlated error due to reference velocity bias, are then combined, 

in accordance vith equation (so), to give the rms value of the x position 

error. 

I Position Error. Using a parallel derivation to that in Section (II), 

the error propagation in the y direction is shown to be 

Ay . Ay sina)3t _ Re0x^ “ cosu3st). 

<o8 

Therefore, to determine the ms value of the y position error, identical 

confutations to those in Appendix G are made, or the x position error 

curves may be used as described above. To determine the y^ms position 

error in this case, the following values are assumed: 

Kx « 10’3 

K2 * 1 

£ = tadCf3 

fcVy(noise) = I fps 

hVy(bias) = 2 fps 

t - 20 min. 

The results are shown in Table IV for rms value of the y position error, 

which is 3020 feet. 

To determine the circular error probability due to the rms value of 

x and y position error, the relationship 

CEP. .589 lòx^ + Ay^l 

is used. In this case, the CEP as shown in Table IV and in Appendix G, 

is U2U0 feet. This is the error probability caused only by Doppler 

reference velocity noise and bias error. 

29 



ï,Yule? IV 

Circular 3rror Prol/.'.bilit':,' Caused u;/ boi'crerce Velocity 

boise mkI lias iirror 

“ ! * > » 

^ (zlU"3 sec."^) 0 
Cm 

» 
^ i 

HeferciicG Velocity 

Error (fps) 

noise 5 4 

bias Cm 
o 
Cm 

Systein Velocity 

Error (ft) 

o o
 

\ 

1050 932 

une 2610 1660 1 

Platform Tilt 

Error (ft) 

cor 955 Cb8 i 

une 2390 X5£0 i- 

Total bias E-ror (ft) cor 230 PIO 1 

RMS Position Error (ft) blfo 3O59 i > 

CEP (ft) 
k ?r'f) 

C Cm 
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Conclusions 

1. ma mean equared Talue of the IniUal ajratan velocity error, 

•2Í»»¿ (O, i» *°w> to approach limiting value» aa the noise half- 

pouer frequency, , approaches aero or as it beccoes infinite. See 

Appendix H and Figure 5. As /0 approaches aero, p2 ÛXAX (°) approaches 

a constant value dependent only on the value of the erstem gain, 1¾. 

In this case, since the value of K2 is one, e2 ¿xax (0) approaches 

.25e2 (fps)2, «here e2 is the reference velocity error squared. As ß 

becomes infinite, e2^ (0) approaches aero. 

2. me mean squared value of the platform tilt error also approaches 

a constant value as the noiae half-power frequency goes to its limits. 

As ß goes to aero, e2^*, (0) approaches a constant dependent upon the 

gain constants, Ki and «2, earth radius and the reference velocity error. 

In this case with 10-3 sec"1, and K2 = 1, e2*v^(0) approaches 

2.55xltr10e2 (tad)2. As ß becomes infinite, e2^y (0) approaches aero. 

3. me correlated initial system velocity and tilt errors become 

aero when the correlation constant. A, is aero. In Appendix H, equation 

(26) is used to show that A and the correlated error become aero when 

£ V K1/K2. Since in this case, K2 = 1, the correlated error goes to 

aero when /6 - ^ or 10"3 sec"1, me uncorrelated initial velocity and 

tilt errors depend upon the correlation constant B, which is expressed in 

( 

terns of k as 

E = (1 - A2)^ 

Hence, the uncorrelated error is a maximum, or equal to one, when the 

correlated error is zero. This relationship is shown in Figure (7). 

33 
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U. Figur® (11) ahows that the position error, is a maximum 

in the Ticinity of /6 = therefore, in this particular system con¬ 

figuration, the maüdmun final position error occurs when the half-power 

frequency of the noise is approximately equal to the system gain 

constant 
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Appendix A 

Derivation of Position Error propagation Caused 

by Inertial Platform Tilt ^ 

inertial 

ùd - 9?- 6t 

Figure 1A Position Error Caused by Tilted 
Inertial Platform 

An accelerometer on the tilted inertial platform will measure the 

apparent acceleration, 

%eae s Hrue - ( 0plat “ Qtrue) 

true + g( Rç- Rt 

(1A) 

36 
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Subatltuting, p2x « â and U)s2 - £_ 

into equation (1A) gives 

Seas = (p2 + ’ ^82^ + AX) 
observed inherent platfom 

horizontal - accelerometer - position 
acceleration measurement f eedback 

(2A), 

But aneaa * p2(x + Ax) 

Therefore, 

p2(x + Ax) s (p2 + CUb2)x - U)82(3c 4- A x) (3A) 

or 

(P2 + «s2)** a 0 (UA) 

37 
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Appendix B 

Derivation of the Error Driving Function Due to Acceleration 

and Platform Misalignment V'. 

In order to determine the acceleration error driving function due to 

the angular error between computer and platfom axes, the error components 

of the acceleration vector, 

*5 + Vy + V« (5A) 
must be derived. A right-handed coordinate system is used, with the X axis 

in the direction of the velocity vector and the Z axis up. For the pur¬ 

poses of this derivation, the computer axes and true axes are assumed to 

be aligned. Misalignment of the computer axes is treated in a later 

appendix. The components of the vector angle are treated separately. 

38 



OGC/EE/61-5 

Introducing a confondit of platform angular error? and resolving 

the acceleration components to platform axes, produces acceleration 

error components in the (-)X and (4*)Z directions, as shown in Figure 2A. 

In the figures, the subscript c indicates computer axes, t indicates true 

axes, and pi, p2, and p3 indicate successive positions of the platfom axes. 

Introducing a component of platform angular error, , and resolving 

the acceleration conponents to the new platform axes produces acceler¬ 

ation error components in the (4*)Y and (-)Z directions as shown in Figure 3A. 

A component of platform angular error, V^, produces acceleration error 

components in the (+)X and (-)Y directions as shown in Figure 1¿A. 

39 
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fxp3 s (V08 • AjjSinV'yJcos V^z 

+ (Aycos y*x + Azcos V^ySinV'x + A^sin V'ySin ^Jsin V^z 

Ayp.^ = (AyCos + Azcos V'ySin +• A^in y^ySin V^x)cps V* 

- (A3JCOS V'y - AzsinV'y)sin Vz 

Azcos V»yCos + A^inVyjos \t>x 

- Aysin 

Ïp2 

Figure 4a Acceleration Error 
Components Caused by 
Platform Alignment 
Error Angle y,/ * 

Therefore, the acceleration components in platfom coordinates are: 

kyp a Axcos *yC08 V'j - A^sinV'y.cos + AyCos vyinV^ (6a) 

4-AjCos VySin Vx81“ +■ Ax81« ^y81*1 V^sin V*z 

Ayp a AyCos V'jCOsV'j + Aacos Vysin V^os Vz + Axsin'/ysin^cos ^ (7A) 

- Axcos V'ySin Va Azsin ^sin V'z 

Agp a A^oa^yCosy^ + Axsin y^cos Vx - ly&'V'x 

UO 
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' ft« error components of acceleration caused by platfom misalignment 

are therefore: 

A*(.nor) = * V” ^ + V08^31" + Vo* ^y81" ^8111 ^ (5,A) 

+ Axsin ^ySin V^sin ^ 

V(error) »A.co's^n ^ + V-yrtn ^xcoe V-, 

- A^cos V'ySinV-, + Azsin^ySin^ 

Az(error)= Vinocos** - AySinV^ 

If the platform misalignment is assumed to be snail then, 

BinV8«^ » cos V* « 1 and sinV'sinV-^ 0 

ften the acceleration error vector is written, 

Ã,mr = ‘ Ai^ ‘ 

(10A) 

(11A) 

(12A) 
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Appendix G 

Vector Representation of Angles 

The vector representation of an angle is derived from the definition 

of a vector cross-product, 

I X B «Ijj^ASsinA^ (1^) 

where ï .«-is the unit vector perpendicular to the vectors A and B, and 

A^is the angle between the two vectors. Dividing through by ABsinA^ 

and multiplying both sides of the equation by A^ gives 

<iÄ_ =î A .-A 
ABsin Aab ^ » 

which is the definition of the vector angle Ã 

a# 

(HlA) 

U2 
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For flmll angles, the quantity 

A»a 
Sin Aj 

i. uidtj, therefor«, the vector engle i. epprorlaated 

I A X B A»«-—-lkI 1, 
(15a) 

„0 
For oxeóle» «hen AAR =■ JJ 9 

- *523 * * ,5 

(16a) 

U3 
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Appendix D 

Computer Axis Angular Error as a Function of 

Position Error 

lhe vector angular error, ¿9 , between the computer axis and true 

axes may be defined in terms of the components of a position error. In 

Figure 6a, the X component of the angular error, S©* , is defined in 

terns of ï component of the position error,- The coordinate system is 

assumed as shown in the figure and Rq, tiie earth radius is assumed equal 

to the position vector R, 

In Figure ?A, toe Y component of the computer axes angular error is 

defined in tenas of the X component of the position error. 
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40 = .-1, + (17a) 

US 



SV, 

-ppcnc.i:: J 

Derivation of Sys ten Velocity Drrcr 'uií. Plntforr.. 
r 

Tilt Transfer ¡'tactions 

■ see“^ 

Kl 

velocity 
meter 

AX 

6 

He 

gyro 

Figure 8A Error Block Diagram for X Channel 
of Model Inertial Guidance System 

(5) 

¢.- ( Óyj + ntK, ) 

é- - - (&yS + h*Ki) 
4X s T - -s- 

a - ÈL + 0*-!ü£- 
Ä - l?l Tí 

/)<= -S^X +4X 

Substituting equation (19A) into (21A)i 

Ox = - áVx - ^ ) 

(ISA) 

(19A) 

(20 A) 

(21A) 

(‘22 A) 

1.6 
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So* = -- Vyj-nxk' 

r - ô^* + 

S+Kt 
0* 

(23A) 

Thon substitut inc (20A) end (21A) into (22.0, 

(Z)v = 
Ax , Oxkz. 

y~ R*s Re 5 

A X _ S^x .Ax Kz. 
RçS Res RcS 

JL (i+kx) - 
(24-A) 

Substituting the value of a.:: fron equation (19A), the value 
of /)x fron (23A), 

. _ _ ¿VxKi 

^ = ß-S1 

@y$(/+Kx.) 

Re'S2-' 
f 

A, (7**3 )(?b\/x +<by4) 

ReS*-(s+£,) 

MK* 
Re 5 

Clearing and simplifying, 

<¿>yReSz(stK,) 4 (pycjOt-kiHSiK,)- (fiygK'Ct+K^) 

= Ki (1+^2)5SVp, - K~¿ (s+K,)S&Vx 

(fly(ReS5 + ReSllC,-tqS +cjski) = (^i ~&$) SÍfy 

SöyRel5** ãt:i +í(i+Ki)J - (k,-Rií)síVx 
7 A’£ 

Fin; •lly, substituting a>nz for JL gives the renuired function 
fit. 

(fiy __ __RxS}_ 

¿l/* - ^[S24K,5 4CulCl+Kzï3 

U7 
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AppcncU:: í’ 

Table of Intecrals 
(4) 

The follo\:in is a table of intecrals of the type 

1 f Cn(") 
^ “ 27rj / linCs)hnC-x) 

^ m -O 

vrtiero 

hn(x) a +a,:în ^ + + an 

gn(x) = b.x31“2 + b, x*n"*1+ . +^-1 > 

and the roots of i^(x) all lie in the upper half plane. The 

table lists the integrals In for values of ñ from 1 to 3 in¬ 

clusive* 

I2 

bo 

2aea, 

a i 

O'í o 
-‘-«a i 

-a2b0+a0b, - 
a«a|bx 

'3 s 
a 5 

2ap (a^cij — a J a ji ) 

U9 
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Appendix G 

Sa:- inle Co; ron tâtions 

ü’rom equation (2+) 

f'* 
“ 2lt j J 

/•M 

0s(i) Cr(t)G(-i)dLS 

*> j \ 3*<*) ififfaV+tW ) (f, , _i 

* i«r / r Ml J h'MhJ-*) 
dx 

where 

4 
5ní*)* b**2*”1 + biX™ +••* + bh-i- "*+ Ki % 

hn(i) - ûiX* 4 dfX** i’t û'i’' 

• S*+ (KiHi)Si+ [<«i'(l+Ki)+*•&]*+ ßu>}0+*i) 

n* 3 2/1- 2*4 2/1-4 * 2 

From integral table, Appendix F, 
Uod.lox 

- + ú.o¿>/ - 

= 
Z ¿Lo C ~ 4*! (b *) 

v/here 

<1/ = /5) 

<LZ- Wiit+Kt.}+*\& 

Â»3 s £><&£{,! 

boé O 

¿/r -*|Z 

50 
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Appendix G 

Sa? wie Co; inu ta t i o: :s 

From equation (2^) 

3 mft 
0t(t) (?(*)(>(•*) ¿S 

JU./ 
V) J 

) ds s 3*(*) 

* 2vTJ /(StA) [3*+*,S (/**•)] 11 hm(x)hß(-*) 
¿* 

where 

i.. 4 
• +b«-r-K's'+ «i»* 

h.(t)- a,xñ-fi,**'1 + ••■+*>. 

. s*+ (KiUils1-*- C<O-'-*'-)+ K-ÔJS + /5^+¾) 

no 2 Z ' 4 2/1-4 * Z 

From integral table, Appendix F» 
floÆ.fe* 

— <Lxbo + &obi — 

Z<Lo C- *>' &■*) 

where 

dd= / 

£ / s (^r* ß) 

di- W? (,1+K i)+*16 

Cb£ Z +*l) 

bç* o 

b, - ~^\X 

5o 
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vhore 

Then 

and 

Also, 

a* * / 
tu, * 5*io~* 

eu i - St io‘* 

«3 s 6 X /0'^ 

X, - 

-bS 
-/» X /0 * 1 

-/ 

/crfc 

. 2/0<Z 
eW‘>1 

b0 - O 

b, = -¿i ’ 

^ / _ 3y/o~* x/o“4* 
"* ' ~_6V/0-1 

tféx/o"* - /5 Jt/o“* J 

B . 0232 X /©* 

z(iyi/Om9K2S)0onZ^lo^) 

43$ X /o 
/i 

. 0/*Z X /O 

.I31S*I0~5 rid. 

. /31* X/0-3 
4.^4 tio"^ htA/&c 

22 3 5*6 

^ÄX^y (¾ = 
/"2/3^ [wit* + (^+^^1)5 +MiV? 

J (t+*i)ir 

do * 1 

Ob, “ ? X /0 ” ^ 

a2 » Sti^L 

=. 6x/«"^ 

b0* o 

6, a /^,^= /o“5 

ò2 - i s* to'* 

52 
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-¾ /y/o** X/-SKto“ * 
y ^ ""_6 y/0-4 

5 ~ %[bH6m1- /SK/crlJ 

.isxio'* 
-itx/o'* 

elix *,(“)* Ij 
Re 

- ->0134 x/o 

ZCIX/O'*) (2S) 

Therefore, 

s - e-ésx/cT^ 

C*Ax$y(o) 
'4 

^ixAxí6) 6i^re>ô3) 

6-6Í X/o’^ 
'4 

i //•* X- CtfiXIO -L 

and 

/ l+X/f1' * .374- 

i. 

/.34X/04 
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Thenj the correlated Uid u:.corcel ted systo;, 

platforn tilt errors are; 

velocity and 

**<ûr s -374 (3 44) i /.24 

iXone 5 430 (3M)* 3-lofpS 

tycor - • 374( MS X/£>‘J) * .OSH x/o'3 nd/nc 

Qioht * 'WoC'HIS*">*)- 'liotio'0 Hd/tec ■ 

Using a flight time, t ■ 20 min., the x propagation equation 

and renenbering that since o"^y is negative, the signs of 

the correlated errors are opposite, then; 

AX - 4X StniUst _ (¿¿Oy (/ - COS ) 
U/s 

AxCor- O1*)*'* - [- (^x/ù^CôsiTx/ù *)(■ rrj] 

r /050 + ISS = 2Ô05 ft 

Mime- (3¿)(*,s) ~ (¿o*!^10^)(.130.10 *)('*%) 

- - 23^0 

Bias Error 

From equations (35) and (36) 

¿*5S = 
5-*© 

5G(s) SVx(s) 
/+-¿1 5 
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Appo:i('i:: II 

Linitinc Valuec of Systc:.'. Velocity Error ana 

Plat for:'. Tilt 

In Arpendi:: G, it ic ci'Oirn t'nat 

z fie.9 

where 

u -- 
- ¿tzl?® + dob» 

do d» bo 
A3_ 

and 

2 (bo Cdo Cb% ~ d, (Lx ) 

a» s t 

at * (*•*&) 

Air 

«5 * /2<V ('+**■[ 

Therefore, 

fi«4xW* 

bom o 

bx9 Ki 

(*,+/*>)ds f*iL 
-K* - fitu? (me.*) 

= 
-K,A(i+Ki) - (¡¿1+6) (OszKi 

Junv‘ e\xA*(0) « CZ 6-+0 0+K 1.)(-Kl *1 drS -Y,^ ) 

= e1 K» Kf 6l>4z 

Y'tufClIZK,. + Yix ) 

= e‘ 
Yi7- 

( / + 2./Ci /- /c¿ ) 
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öince = / 

¿70 --■“S 

C4¿AX(0)= *5C,e 

To fi;tü lir.it as úiviòo tlTov/jh by ’.Ií;. est never of fi 
ill ’(lenomii'^ator* 

<IX6 ine.) - (K,l â) 

fix fi1 

(H Kl ) (-K,Ki U)t*-K,U)S-K,6- *1 bX ) 
/6: 

^ €>¿¿*x(0) - O 
«O 

Similarly, 

e%*y (c) = £^r I, 
if: 

¿2.0 ~ 

a, = 

¿Za s 

¿z5 

(K,tÂ) 

6 

=■ ßu’iO**'-) 

P* /„, - C <Py0y<.¿O " 

- 

bo~ o 

b¡ - “Ai 

b2 - £,* 

Q~! / /6) b/ 

ficüfCH ïl) 

» { ßulfOtKl) - [lOs(ltKi)+ t,6]^ 
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s l£l 

4í^» ä* /Ä\. •* 
4^o c M/o) ’ ipc» 

-^,5 

%%0*<i.)('Vtx£, - A41 Mi) 

c* 

/¾1 

- k, 

-*lUti4 (/4 ZKx+ki1) •] 

s J 
^:1, cJi4 (/+2f:x+Kil ) ] 

Since Kl = 10“3 sec“^ and Ko = 1> 

Jm* -ï ez ¿4 0 eV^-« (,7—Tj /0 -£. 

(/•sx/t-yifa) 

z ss X /o e -/D ö ^ 

Jj£j0 ¿tyty (o) = /.6x/o’se r*¿¿ 

To find the liirdt as /$-+<* divide through by the highest 
power of fi in the denominator. 

^V^/0) - Q-, 

K,6u)?04Kz) _ (K,*A)K,* 
— 6* 

^ÿÜLïhl (- »tX- "¿Mí- iïô -K-if) 
&1 

eV/°)= o 
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For ti e corj/oir.teà iiiltic.1 erste::- volocit: 
error to en\ 1 ”cro, 

Mid Tïloti’orn tilt 

4 = J 

% 
- o 

or 

7 /½ 

ji4lx 
/?e 

where 

-ûibù + ^•ohi'“ 
ioCUi bi 

*0 

l(b0 (dioû/Q — Q’tCLx) 

- O 

dû = I 

(L, 9 

dl " LUfCl+tl)**'* 

01)* fiU)i(' + ‘x) 

<^iA) frKiU'i’ - < 
" ßüjPTiTTT) 

ktKiWfO+h) = 

k,ZKi 

bo = & 

b,= t,K* 

¿,2» *,jraft/5a 

A" KtKiCl+Zi)'*!^ 

KI(KÍ+Z¿ <*) 

Since 1^^10^3 and IÍ2S1> 

ß * ¡(T 3 5«C” 1 
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appendix J 

Coordinate Systems 

Figure 9A Reference Coordinate Systems 

'P'»« Inertial reference coordinate system has its origin assumed at 

the center of the earth and is non-rotating with respect to inertial 

space. The Zj axis is northward along the polar axis and the Xj and 

axes are arbitrarily located in the equatorial plane, forming an orthogonal, 

right-handed system. 

The earth reference coordinate system has its origin and Z6 axis 

coincident with the inertial frame, but the axes are fixed in the earth 

and are, therefore, rotating with respect to the inertial reference frame 
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with an angular velocity equal to earth rate, u),s . The Xt and YE 

axea are also arbitrarily oriented in the equatorial plane to make the 

system orthogonally right-handed. 

The missile coordinate system is also an orthogonal, right-handed 

system with the origin located at the center of gravity (CG) of the 

missile. The z axis is directed upward along the local vertical and 

the X axis along the longitudinal axis of the missile. The y axis is 

located in the horizontal plane to make the system right-handed. 
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