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BuLf «!» BCHHAB !HC 

DAMPING OF BINDING V IliHATIONG IN THIN PJATBS 

I. INTRODUCTION ^ 

This meiioraiKiur.1 pi events a review of some of the aspccta, ^>oth 

theoretical and exprrirvental, of the <3:-.uplr'g of thin plates by 

applied damping layers. 

Scope of this KeaorP-ndum 

Much of the previous experir^ental and theoretical work hat' been 

conv erne-l w!th damping of relatively simple elastic structures, 

such is flat plate. However, many applications of interest 

involve com Heated elastic structures such as may be found in 

aircraft, submarines or other marine vessels, automobiles, ap¬ 

pliances, etc. 

Ne rtaelesa understanding the danpinr of flat plates is essential 

because 

1. A complete understanding of this probelm will provide 

qualitative a.d semi-qualitative inderstauding of the 

problem of d^nping of comp leaved structures, and 

2. Before ccr.piete understanding of the problem, of the 

damping of complicated structures can be obtained, com¬ 

plete underst anding must be achieved for the undamped 

motion of the structures., To date such understanding 

has not been achieved for many complicated structures. 

Thus one is faced wich the necessity of investigating and develop 

ing new and improved damping materials largely in the context of 

the flat plate problem. Actually In spite of much previous work 

or. flat platas, a great deal of work still retains. In this 

neue random we restrict our discussion to the fist-plate problei. 



aOLT BCIANCff AMD K(WHA« IQC 

Rt fore we discuta tl»e et plat«! ln di tail, lot uo con- 

aldor tno nature of dooping aiid aoao of the reasons fer ualng 

damping materials. 

What le Damping? Let ufl define damping as the extraction of 

power from a vibrating ays tern. The vibrations In the system can 

be either travelling or standing waves in a distributed system 

(e.g.# a bar or plate)* or vibrations in a lumped-pa rame ter system 

(e.g., a mass on a spring). The syateci vibrations may be steady- 

state or transient in nature. 

Why Dang)? The direct ana«m* to this question is "to reduce the 

amplitude of steady-state vibrations or to hasten the decay of 

transient vibrations (or botn)". By accomplishing the»»? ends damp 

Ing can : 

a) limit the motion (e.g.* at resonance) of structuras sub¬ 

ject to vibration excitation* 

b) Attenuate structure-borne waves* 

o) reduce the radiation of acoustic power from aysterns 

driven in vibration, (o.g., from ship hulls, machinery 

housings, air conditioning ducts, etc.) 

d) Increase, in certain cases, the transmission loss of 

structuras subjected to acoustic or fluid-dynamic excitation, 

e) Unit fatigue and wear in vibrating structure«, 

f) inhibit hydro- or aevo-dynamic flutter. 

Adoquate damping can be Important. It can mal:m the difference 

between acceptance and rejection of an appliance or vehicle by 

oonsvMera, between adequate and unsatisfactory hearing oonditiote 

In a critical ares, or possibly beteean safe passage and de "age 

er tectr-ootljn for a naval vea»el er. a a)selon. 



■Olí l¿IARCK ARO RIVMAR IRC 

ttrtat KlncU of Danpln^ Are Th«r»T Tto* typ« of draping tiiat 1» 
of lnt«r«st her« c&n b« ¿«scribed as linear, dynamic, aeohanical 
hysteresis. Vlsso elaetlc taaterlele exhibit such hyetereals. 
The tena "visco-«laatio" is deicriptive of materiels that have 
both elastic and viscous properties. The distortion of & sneptfi 
of such a material is accompanied both by an elastic restoring 

force and by energy dissipation within the material. 

By definition, the Young's modulus (modulas of elasticity) of a 

purely elastic ^t^rial is the ratio of stresn (force per unit 
area) applied to the material to the strain (fractional elongation) 

of the material in response to the applied stress. If w® extend 
this definition to the caso of a visco-elastic material, wo find 

that the elastic modulus becomes a complex quantity. Thus, we 

define: 

1?P - S^( 1 + (^ 

where S2 1s conqplex Young's modulus, E2 1* the real pa. t of 
the modulus, and tj,2 is defined as the loss factor. The sub¬ 
script 2 is used here as applied to a damping material in antici¬ 

pation of the notation required In Section II. 

In general, both E2 and are functions of frequency, température, 

and, in some temperature ranges, of moietui« content. As we shall 

see later, both E? and are important in determining the effec¬ 

tiveness of a damping material. 

When a periodic (sinusoidal) stress is applied to a vlaco-elastic 
n»terial, a stress-strain relationship ike that of Pig 1 il» ob- 
talnod. Here, because of the dissipation within the material, 
tb« strain lags behiM the stress In time, resulting in the ellipti- 

oel peth shown. The energy dlew peted during each cycle in a unit 

voluat of tits nalerial la Just the area within the atreaa-at/hin 

ellipee 



8fiT BfHKfK amo PinrilIAII INC 

Other krlndü of (ÍAirplng that may affect vibrating syatema Include 
the following! 

a) friction darnping 

b) acoustical rcdlatlon daaplng 

c) dainylng due to energy loaaea at bo indarieB, mounting 
pointa, etc. 

1) magnetic or eddy-current damping 

e) n>n-linear lanping where the damping factor dependa on 

the ®B«?litude of displacement, or whsre the damping force 
varies with a power of velocity other than the first 
power. 

In this rr*.i:oranàuïû, however, we are concerned only with the 

doping in vloco-elastic ateríale. 

e 

-4- 
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H. ANALYSIS ÜP A SINUU> t AMP^/I L> Yffl 3N A PLA1 Í3AH 

In this siîction wa dloousa banding va ve s in a bar, 
the affect of a dating layer applied to the m.-, 

and methoda for optlrrlzl'ig thla damping, 

A. Bending Wavea in a_Bar 

Figure 2 shews an ei’e.ruint of * bar subjected to pure ban-'ing. 
Binding roorranta, M, acting at etch s Ki of thu iler.ent giv rise 

to tho stress diatribitlon ahov.n for the cross section. Xf the 
bar cross section is ractruigular or otlxerwisj aysnetrical atout 

an axis in the plane of bending, V-ho neutral pUue, jt >/hich tie 

longitudinal stress is zuro, pas.iec hrojgh the ccntex- of the 
bar cross section, Tho ntrain o.‘ a fiber of the bean 1¾ pro¬ 
portional to the dista )oo from ttr- f .ber to the neutral ¿ laño 

The bending stiffness, Bj, of a bar la defined as the ratio of 

the bending moment, H. to the curvature of the olun nt. In 
terms of the properties of the ber 

i 

B ' I^ E (g-^dl i2) 
Y-° 

where 

y - coordinate roasurad ri'‘.>ra tho bo .tom of 
ttie bar croas section, 

y0 - coordinate of the neutral plane, 

d « thickness of the bar, 

w « Viidth of the bir at y, and 

2 - modulus of elastloicy of the bsr a.itertal. 



COtT BfPAXfl AnO NC^MAfl 11 

Note thãt ln general boUh w and E aty be functions of y. 

For a oar of rectan/jiúar croau cactioi and of one material 
only, Sq 2) becomea 

o 

where Io ia the area trorajnt of the bsam croa.i naoti n t ;.cj. 

about the neutral axis or tie croas section., 

lîie differential equation governing tho pro t.lon of free 

bending waves on a bar w’o^e thlcl i :aa ia ama.] rali . to 
the waveleng M of bending waves) ie 

(4) 

where 

r. •• dlapl&cemcr.t of the bar normal to 
its length, 

B of the oar per unit length, ami 

s «• Polftaon’s ratio for Un Le? matorral 
Udually, aa we shall do heiaaftar, a 
nay be negleuted relative to 1. 

Prom Eq (4) we fino the velocity, nB, of banding wuvob In the 
bar to be 



••if •filan «ai ai*ai* •« 

® " * tt* angular rr+qv+ncf of th* 
Andins vibration. 

tf we aay iho bar material rtaa r.o In.iarant locaau, then S, ß, 
.ind _g sro x'ca! Quanti ties # and tti/f viuvas travil ulthout 
attenuation. 

®* A Bar With an Applied Panying Layer * 

Consider a bar with a hoiao^cr sous la,/er of damping; B.aterial 
appiiyci to Dü* M, its sidos. An element of such a bir is 

shown In Pig 3 with bending moments, M, applied at its ends. 
In ¿general, thff damping ia_terlal would be cons id erab ly less 
itiff than the bar materia!.. Accordingly, the atreon- 

•iiatrli.iutlon diagram shov^o relatively snaller stressoe in 
the damping layer. 

The neutral piano moves un slightly fron its position In the 

undamped bar. ?or a rectangular cro:js section the new co¬ 
ordinare of the neutral plane is 

The hundir.g stiffness of ;he compos e bar i.í uulculatvd by 
applying Eq (2) as follows: 



I 

/ ß » £ Íy-J.)v~, 

i 

Here we use autsorlpU 1 and 2 for tie fear and the damping 
layer roapectlvaly. Cusmtjtioa without, cubsjripu, a.g 

fi, refer to tiia compoalte bar. A raotar-uJar cross section 
Is assumée. Note that S wii: ba n compli.-x quantity bacauce 
fi2 for the damping œaterlal la complex (tiee íq (i)). 

By analogy with our earlier results for the undamped bar, we 
way define for the cocual te (ùarapori) bar 

B * E r0 - 6 ( IV Y| ) (8) 

Here tna ?.cca factor, r», for the coroxvjite bar la relatsd 
directly to the caerp '.tx beixUng stlfi’ntsi.. 

>• 
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i* ~ aut« titutlon of aq (1) ir-o Xq (7) 4: vaa an oxpraajlon 

for A m tomo Of B|* 22, d, , ar-<3 Xf a<* anka Um 

aaauarp ti on Uva t « 1, wo find Um following: 

-L- . 
n2 1 ♦ ai 

J3 ♦ oj + kl2 + 2ae3 ♦ aV 
1 ♦ ♦ 3Ç2 * 2i3} 4 a2«4* 

(9) 

and 

2- - A±5a£* 2a(3 * 2aHg < gtt(g ±jiâli3_t 
BT 1 + r*i + a24 

582¾^ a3e5 

(10) 

where for convenience we have written 
fr- 

an 

The analysis leading to Bqs (9) and (10} Is the same as that 

first reported by Oberst In 195^ Eq (9) la exactly as he 

presented it. In re-deriving the results, however, <a fire 

that Oberst'a aquation for the quantity B/B, should be cox*- 

rected to agree with Eq (lO). Numcricfilly, the correction 

ia small, arxd it ahould liitve no great effect O', -ris conclieions. 

Lis relation -»xpresand by Eo (9) has been y lotted by Oterst, 

a.vl is repraated here as Pig 4. We have not yot nad the oppor¬ 

tunity to plot up Kq (lO) for comparison with dî î^et’s results. 



Zt follow« from the conventional dafiJiitlon of wavelength 

that 

S-T5 <12> 

Thui direct measurea^nto of frequency and of the wavelength 

of bending wave» determine Cg. The ratio °r bending- 

wave velocitlea after and before diraplng la related, throutçn 

the use of Zq (ii), to the quantity B/Bj* WirotJgh an auxiliary 

calculation (aeo Obérât* ene may uae nwiaaureaente of the natural 

frequencies of the bar instead of measuring Ag. 

Now we sea that by making two measurements one may determine 

q and B/B1 (cß may be calculated). Presumably, dg/dj 18 

measurable and B1 is Tnown, Therefore, Eqs (9) and (10) may be 
used to determine &0 and the basic properties of the damping 

material. 

C. Interpretation of Reoulta 
• 

Inspection of Pig ^ shows that the máximum obtainable value of 

1} is of the order of the loss factor of the damping material. 

Thl?i result is reasonable; and, as one would expect, it la ap¬ 

proached with thick damping layers. 

The real importance of Pig 4 lies in the quantitative guidance 

it can provide in the specification of damping layers. We may 

write the following approximate relation, valid for values of 

-1C 
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i«3 0 than about O.tt 

•nü 10’2: 

(13) 

This relation apullea i’or many cases or practical interest. 

Values oi or i;<oat damping materials (the reference is 

Ej for ateei) :c lie n the range ICT^ to 10* . Also thickness 

raMos, dpy'dj . aro often of tho order 3 or greater, and thus 

f t_n wJt-h’r n" ange of interest. Some applications of Zq (13) 

are disctred in the following section,, 

For * aferenc some typical values of rj are given 1r the following 

LOSS FACTOR, r\, FOR SOME COMMON MATERIALS 

AND STRUCTURES 

Ma ter1 a] Approximate Loss 
_Fac tor T| 

Mort metals 

AutoiTJobi !e 

Soft rabbet 

We LI dam; e.j p, 

r? r, ’nome with very 
Uilck coatings 

up tc i 



D. (frtialzlng Singl«-L*yer Dating 

It follow« from fiq (13) u»at for a fixed .'atio of diuaylng- 
materlal thicioie«« to plate thickness and for a fixed plate 

material, the maximum value of r) resulta from maximlaing 

the product K2\9 for 8°°0 Sampln« In thle caae one 
requires not simply a large value of rjg, but a large 

product. This fact, flrot pointed out by Obérât, is a very 
important contribution to damping technology. It io important 
to note that Uv» weight of the damping material Is unimportant 

in determining its damping effectlveneae. This is in direct 

contrast to the rometimes-proposed intuitive requirement that 
“In order to dainp well, a damping material must be lossy and 
heavy.M 

It ia perhaps trivial to obeerve that for a given damping ma¬ 

terial (fixed Kg, tjg) iflm the losa factor for the damped plate 

increases with incraasing thickness of the damping layer. How¬ 

ever, Kq (13) tells us quantitatively that the loss factor varies 

with the square of the thickness ratio, a fact which allows quan¬ 

titative specifier» ;ion of how much additional material is needed 
in a given case to obtain, say, a factor of two Increase in q. 

¡When the weight of the damping material is the limiting factor 
In a giver application, E2q2 is no longe*- the quantity to be 

maximized. Noting that the surface mass, m2, of the damping 
material is equal to the product d2¿>2 where is the density 
~ * A.U _ J____^. 



• •ti •••«•«• ê»0 • mm*,a ••• 

How fro» Sq (14) wm ••« UtAt for a £lv«n pUt# (fLxorl «j, *1# 

and for a fLxad valu« of »• MaAlmlra the loaa factor 
H by Maximizing th« quantity 

'Wïero la another c.iaatj of problems, for example, the trea'yaent 
of stationary machinery, in which nelthei the weight nor the 
thickness of the clajuping »aaterial la particularly critical. 
Under these clrcy*¿t¿waiiúeá we juay build up tliô thickness of the 

damping material until we reach the upper limiting values indi¬ 
cated in Pig 4, There we see that the m<? , v/..;: j__ 

or Tj is sisç>ly r\2» lose factor for the dating material 

Itaelf. Obviously, the material appropriate for euch a case is 
that with the maximum value of more or less without regard 
to the value of E2. 

2. Recent Developments 

Recognizing that a high product and a lew density are 

desirable qualities In a damping material, workers In Oermany 
have guidea their development work accordingly. The results 

have been gratifying. Several filled high-polymer materials 

with very good characteristics have been developed. Values of 
are moderato,about 0.2 at room temperature over the frequency 

range 20 - 4000 cps. In addition, the materials are very stiff, 
having values of Ep somewhat greater than 1010 dynes/cm2. (Per 
steel B1 ¿ 2 X 101^ thus E2/E]L - 0.,5 * HT2, a relatively 
high value.) 

In this country considerable attention has bean given recently 
to damping tapes for application to thin plates. These tapes 

-13- 
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consist of « Jâjror of oümoIvo í%^plr<f aotorlal «ppllo<j to « 
■•tal foil (a.f. aluairua) backlr* )êjmr. T)* doaria« la/«r 
adh«r«a to th« aurfac* to ahlch tha tap« la applied, with 
th« foil backlr.f expoaoc on the outside. 

Somr. oopea ooraprioe two *ape»plus^adhesive layers, and In 
some applications a number of layers of tape are appl e<l to 

give che desired damping. At this time we have not yet been 
able to make a direct comparison between the dancing tapes 

and the new filled high-polymer materials. Tests (of which 
we aro aware) to date have not led to a determination of 

equivalent values of and r]? for a given thickness of 

danç>ing tape. This type of problem deserves further study, 
as we point out in Section IV. 

— 
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in. IOEA5UNIBO rs mamfrip or daivdvo mmuia 

A. of 

«r« a nuabar of dlffaront paraxsatara thav. aay daaorlba the 
deaping of e structure. Aaong these ere the following: 

rj - loee factor, ee defined in Eq. (l) 

Q » "Factor of Merit", indicative of the sharpneea of e 
of a resonance of the plate. Q - f^'df, Mh< ro f0 is the 
resonance frequency and Af is the band wldti. De tween 
"half power" (0.7 - amplitude) points of the resonance. 

T - reverberation time of free bend Ir.» vi bratic^ui on the 
plate, l.e., time for e«eam^: amplitud# to drop to 0.001 
of its initial value. 

Dt - decay rate, or x&te of decrease of squared amplitude of 
fre# bending vibrations on the pinte, (db/iec), 

- attenuation of a progressive bending wave in a distance 
equal to 1 wavvlength. (db^Vavelength). 

m attenuation of a progressive bending wave in & unit dis¬ 
tance. (db/unit distance). 

All of thess parameters describe the san» dissipation phenomenon. 
They are uniquely inter-related ,*s follows* 

T - 2,20/nfo (sec) 

Dt « 60/r - 27.3nf0 (öb/aeü) 

" 13.6rj (db,^?#length) 
m 13.6 (db/;nit length.) 

-15- 



of Lh*M 9.g.0 ThuB It 14 poMibl# to 4loouoa anlj 
n# without Iom of Rororality. 

*• TTP— of Tmts for Dmnplnq ha triai a 

^ 111 ^111 «"«tor It hu bMn populju to im «nd 
lnteroo««r* tho oiMr.otorl.tio« of dlff.ront (U^jn* mterl.l. 
with ui «pporat« Known u . Oolgor Plato. In thl. test . doping 
■•torial 1« appllod to on. .la. Cf a .tool pint. approxJcatoly 
2C ä 20 i 1/¾ la. Th. .rf.etlYono.o of the duping mtorl.l 1» 
oharaotortzod by th. rat. (db/wo) at Mil oh th. fundoaontaj node 
of vlbratloa of th» plato do/»«« aftar b.Tln. ►>-*«„ eaolted to 
atawly-atato notion. He.iiurota.nt. with thl. appai-atua are often 
carried out ov#r m rang» of temperatures. 

Tha Oelfar-Plate method of testing auffers from several dlaadvan- 
t&goa,. First of all, moaeuretaents ara mode at caay one ireqieocy, 
although the character Ist.tea of a damping ¡aaterial are k xjwn to 
vary with frequency. (See the work of Molle, Oberst, and many 
others). 

In addition, because the teat plate la not large with respect to 
the wavelength of bending waves in the plate, edge effects be¬ 
come qui :« l^portAnt. Under these circumstances tin; results are 
not quantitative!/ uaaful in predicting tJu» damping; to be expected 
when the same dating material is applied to other structures. That 
ia, the BMthod la limited to determining the decay rsfce or, equiva¬ 
lently, the effective damping, of the delger plate. Furthermore, 
it does not determine both the real and imaginary parts of the 
elaatic module of Urn damping material, as such it is an ln- 
oomplate teat of danaplng oateriala. 

-16- 
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A ■ew'» 41^1 4Rd U^*A1 4ch4— hi* tmm* 4«^i0 «<j bj 

0t«r4t Ln terMAj, 4no t^-n u»^i •uooí/mAUIj by am mnû 
othmr wk»r*. In «1I4 t*4t th* ^sploc *t«rlAl is 4i>|Ul#d 
to a 4trip or bar of ■•tal. Both Um r—J und itm+lr+ry p*rU 

of •Ustlo «»AUu4 of uh* riejipiAg att^rîAl a*ui h# Ootoxmlr^ 

by ■444ur4aant4 of bonding motion* la th« 004tod 4trip. (s»e 

Sootlon 11-h. ) furthermore th# ui.myn4lo.14 of such 4 strip are 

cix>**n ,0 tba wsv^liuigth of banding wave« is appreciably 

»mllsr than the langth sf the »trip. Thus #nd «iffsets ara 
minimised. 

For Mil lose factors, way, in the range 10‘3 to about 3 x 10“2, 
the test atrip is suspended. (See Fig 5.) Than n 1* detonnin^' 
either from Q-aessuremMite or deoai^rate (Dt) meesurementa. 

For larger loss factors, however, it is probably beat to meat'ire 

the attenuation (¾ or and wavelength of progressive bend- 

ing waves. An appropriate apparatus is shown in Fig 6 where a 

shnd termination is used to reduce reflections from the end of 
the test strip. 

expect that future experimental work on damping notarial» will 

lead to a more complete understanding of these various testing 

techniques and their limitations. 



Dp to mia t imm cmlj a vrj llml t#d mmount of wortt wta boon dor« Íon oo^oo 1 to dooplng trootawnt«. Br aorpooito trootwnU wo 

mmmn thoor involving ••▼oral dlfforont Mitón alo. Tîsoa- o« to rial a 

■aj bo daatplnc patoriala with différant ciAi-actorlatloa or some Immy bo dooping oatorlala and other* aay bo «traotur&l or atlf- 
foning isatorlala. 

Oam of a compoalto struct or# Is th# matai-backed damping 

t&pu irtiioh has boon used, f»>r o.taunplo, on th# Inside of the skin 

of an aircraft fuselage, (See Section II-E.) In this particular 

case, the vlamplng tape Is in offset a layer of damping material 

backed up with a otiffening layer of aluminum foil. A similar 

damping structure was reconsoimded by BBN for uss In damping large 

stool plates on Naval vessels. In this ouso, the damping struc¬ 

ture comprised a layer of visco-elastic damping material applied 

to the plate and backed up with a lighter stsel plate. 

Figure 5 fihows severail possible composite damping structures. 

Figure 5-a shews a r^snsral 3-layer structure, layer l being the 

plate to be damped, and layers Ö and 3 being the composite 

damping structure. Figure 5-b shows what has been termed a 

'checkerboard' composite structure. treatment applied to 

the plate Is envisioned as a series of strips of two different 

damping material«, with the strips taking el tarréate positions 

ad ¿acor t to and spaoed away from ths plate. To our knowledge, 

such a structure has ïjot yet been tested, ih© purpose of such 

a structure would be to take advantage of the pr-jpertles of the 

îaio different damping materials. For sxampls, it might te 

pees lb l* to obtain relatlvsly hi gh damping over a broad tempera¬ 

ture r'Arge oy using materials whose loes factors peaked at 

different temperaturee. 



typ« of tiUAklAf Might »oll aotlv«to toot« of «truo- 

turos 11k« that la Tig 5-«. ttoworor, the ■truotur« of Fig 
5-b tiM th# xâvtnf^m of placing ««oh of th« a« to rial« "far 

fron thm plat« <rr»r half of Um or«a Our ««rilar 

thcoratloal work iiaa oh own that th« ou r.«r layara of a (leaping 

BLitorlal are und«r a kt«atar strain than th* Inner layers, 

asd thersfors aro mor« effectlv* In lamping. 

Still other composite structures can be oonoeived aad ahould 

be evaluate! and perhaps tested in tho futui-e. Such struc¬ 

tures might include filled or reinforced structures. Por 

example, it has been suggested that glass fiber cloth or n»t 

might be impregnated with a high polymer material and used as 

a damping layer. Initial tests made ty others have shown acmm 

privoise for this type of structure. Li any cose, *fe see Umt 

considerable work remains to be done in the field of damping 

of flat plates. 
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