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. . h e Effec t 

1 • In trod 1J c t i on 
0 

As soon as an e x p l osive detona t es , it is converted i n to . . . 

'-• gci s o. l high pres sure • 

. L s ca 11 e d th c II b u ·ob 1 e n • 

In -:m underHa ter e .xplo·si on this g::is 

I t expa nd s r api dly until its pre DsurQ 

fa 11 s b "- ... ow tha t of t ile 8u rrow1d ing wate r and it is then 

comp r essed again to a h i gh pressure, after whic h the cycl e of 

r:xpa n sion.s -::i..nd contract ~o!1s is rep c Rted pe riodically with 

d i minishin~ amp litude . Corresponding t o the pressure 

variations in th e bubble, t h e~e are pressure waves tran sm itte d 

outward in to the wa t e r. Tho fi r: t J r es s ur e wave is 

a sh ocJ.:. These wave s o. re res p onsible f or the dam2.1;rc 
'-.., C 2 U S G d 

by the cxpl os i on . A~, th o bubble os c ill 2. t o s it :J l :::; o ri so s and 

f l o. tt c ns due to grovity a n ; th o influen ce of n0 igh ooring 

surfe. c c s, '.lnd it ulti; :-; t C; ly b re aks up or vents. 

The h onomcna de sc r ib e d abov ~ hav~ be en the subj e ct of 

0 xt 1n s ivc thc orctic~l i n6 e xnc rimc nta l inv cs ti~ations [l]. 

Tn he s,~rius o f r eport s of wh ich thi :s i s the f ir st, we inte nd 

to p r esent vari ous im· ·rov e::non t s wh ·~ch .12-. v c b ...,c n .~,n dc i n the 

t:1 " ory of una. Grwa t c r ..:x r J.osion bubbl e s . 1;t t ll,:.- s am t.i. me we 

r ~c l t ha t thc s r e port s will prese nt a ccura t e ly th~ t h eo ry of 

t i S "'U D j • Ct in it S p r C S C Tl t f O ::,,m • 

Th e simo l e t h uory o f undu rwa t 0 r c xp l os j ort bub~ l o s is 

b Sl: d on thre e m'1 in c:..s sum· tions: l) ·:t ~1c bu'bb l r.; i s 6 ssu.mc d to 

be spho rica.l n t a.11 t ime s, 2) thL' p r e ssure i s a ss ur,!c d to b0 

t '.1 ·: s nrnc 2t all point s o f t:1c bubblo 2 t ,Ja ch insto.n t of time , 

J) t:-ic wa te r is 2. ssumcd to bo inc ompr e; ssitlc. T'n:i.s the ory 

y i e l d s two somowhQt uns :.1 t i sfnctory results : 1) the b1Jbbl c is 

found t o p e rfort"l 1.1nda1r1pc d oscill o. tions of const~nt pe riod, 

2) t he pr e ssure variations a r e; foun d t o propaga t e to o.1 1 

points of ~he wat Gr insta n t ly. • 

" 

• ., 

Cl • 
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l U t:,- o " P .., . . h -· n . inc! dampe d s c 1 1 1 ., t 1. on s 

• d •• i . t c '.)r o;,n ga ti. n s c e ' , o r th 

• r w v Ln t.1 w.,t r. 'Th•:-: t:1cory ancl r e sults a r- ., 

.J~· ., .tin lly t h s m" c4.'.3 t :1 os of Zoller [ 3], w.tt:i !'>Orne 

a 1 .htt ons·/ . 

In s e ction 2 tho pro'.J l om is formulated mat i10mntic c1. 11y, 

nci t h ls formul a tion in volve s one; no•;cl f e nture wh ich may ::::- c 

of more · gc nor·aJ_ interes t. ~i'his is th0 u se of thu wave 

o q u.:ition, r a t he r t ha n ti10 t.: :rn2.l Lnpl u ce e q ua tion, for t l1e 

p ot e n ti a l functj_on :l n t:10 Ha ter. It is surprising t hf'. t 

a lthough the wav e e qi..mt j_ on :Ls closer to the o.x: s!\ct non--linenr • 

0 aw-1t :i.ons for the potc n ti 2. J. t h a n is th e :I:ia p lace e qua t :L on, 

st:lll it is wide].y hole~ ·c~H";t tho wo.v c equation i.s applica bl6 

onl; to small mQtions, wj il o La p l 2 ce's equa tion is employe d 

f or l a r go motions. 

A demonstration of t h e a ~plicability of th o wav o 

oqu9tion to large motion s h n s be en given by G. I, Ta ylor [ 2 ), 

wh o comparG~ t h e ex a ct s olution for the flow produc n 

uniformly 0xpund ing !3phorc . w:i.th the :: ;:-Jprox im::t te solu . 

c;:i.vo n by the wav e e qu,,:i. t i on • . 1'hc a g r eement wn s cxc c ll ._, 1tc, 

·v c n for very 1 ::i. r p.; e vc locj_ t i c s or th spher e , ;...;hil f: t ho 

c orr e sp onding s olu t ion : qs o ~ on Ln o l u cc 's e aun tion miss e s • ' 
some of t h e mn.in f ont1·.r c s o f th e Clow. 3c c :,_ us c o f t he 

~; i.. !,--. 1.lcn·i t y of To.ylor' s • :,,o 'o1 c:i'l t o t h e pr e s e nt on e it s e c11s 

cle a r t h~ t t~ c wa v~ cqu~'-i on should ~lso yie ld a good sol ution 

in , this ' c u s o , and t hi ~$ cx ~, ~cta t J.on is bornr ou t by t h r e sult s . 

In s e ction 3 t he il . 1.t '·1.e1m:tic :1 l probL~m i s s o1v c.. d ..--.n c'. i n 

Sc ct .•L c n ) 1 t'l " rl j ..., ,c, c r ·'Lo.1n ., ~ ~1c~ '-J l--1 1 c 11 c :•1" 1, .., ct-. r ,r•',.., r:, e , ~, . l' f <:. l l t, . ! · t- L v , '-' - - J. 4 u . {[ " I• __ ( _, I • ~ • - • 11 • '·• ,'-' 't;;J, • , /, V •~ ~ L,, . ~ :.--

_i E; ci. n n lyze d. ·· s:,~c t _ch c.<., o .t' t h :i.s fi e ld, ,rn :_ th0 c or :._' (, S':)0:1d i.n0 
on v o btn incd b : s " c L~l:i.:,: i nt~ th e r e sult to c.'.!1 i !1.::011p1' c ss ibli2 

f l Pi.ri, 2. .ro, gi von. _(\ gr .'.1.. ph of bub·'.)l c r ::-, d i u s vc r su~. t i!EC: 0:1s 0d 

on '.1 nwnoric ::i. l intcr;r t .. t :i.on · f or t h • comp r e ss ible; c ::i. s c , i s t:. lso 

P, ·i. v,)n an d corrip:.lr-c d 1,,1:l_t h a n c_x norimc nt ::i. l curv e . G1· ct1_).hs 8. r o 

a l :;o Fiv c n from w::-d .ch tr10 qr ~ Psnr c. in t i1c· we. t or c .J. n oo 

d e t e rmine d :.l s a fun i!tion of po s i tion ,':'.nd time. 



• 

~ u tlon r r the ! u bb l • 1 1 _u L , i v n. This o pli c . to a 

o· l wh ose : rc:.suro 1..., n t :,u ~1 <.! i. f:'cr nt fr o:-. t h · surroundl~ 

hJdro t :, tlc . r P- ssuro. 

~cction 6, the conclus.:on, discu s s ~s th 8 r e:; sult .s ln the 

li g!!t of ot~cr work :)n t h is subject. In the Appendi;~ th e Hn v c 

quation is derived. 

2 . Formulation 

We consider a sphere of Bas (the bubble) of initial 

radius A
0 

surrounde d by an unbounded fluid (the wat er) 

initially at rest. 1.-!e as s u..rne that tho bubble remains sphcrlcal 

at all later times, that the pressure throughout the bubble :i.s 

constant at each instar.t of tiin8 "'and that the pressure TT ( '1::-) 
C 

i n th e bubble i.s rel a te d to it s radius A(r) by the ad iabatic 

r e lation 

( 1 ) • 

We furthe r asswn( tlY. t th o wat r vc loctty i s cl ·r lva bl · 

from a pot ential function I(R,t) which de pe nd~ only up on radi a l 

ciis tn.~cc R from tho bubbl e cente r nn c~ time ~ , o.nd s r. t Ls ! i. ; 

th 8 w~v~ equation (se c AJpcndix) 

( 2) 

:icr , C i s the sound S:Y:c :--1 5.n t ~ •- Clui d , as;- u_"Tl ., d t o 1• con .,t r.nt. 

T 1c pr es sure P(r,t:) 1n t h e wc t ~r i s ~iv ·n by t,' -:i ·1,.; r u] l l 

e qua tion 

( 3 ) P(r, ·r) = p - p(r ... ! I ·2 
" o j!'t' C P. • 

; o r e pis th ., d e n s i t y of t h e fiuid ' '.1C P
0 

is it .s in i j_ . 1 

) r e :-, sure . 

At th e hu b :)l o su.rf e:. c c , ;1r cs8u.r mu3t be cont i nuou ~3 c.nd 

th o ro.t o of chr,ngo of b1.1b b l c. r n rl.iu s mu st ·::: qu ::tl t lVi p rticJ. e: 

vc;locity in the wc:i. t · r. '?:'hu8 :._r e !1 :::. ,, c 

··-• .... ... "" .. :f""\ 

/. 
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( L ) K(¥ A3(1::})•y _ 
, .. 2 

p - p I . t -~) at R = Id Z" ) 
• 0 • t 

( r:.' ) ~ = A 't' 
at R = A( -r') • 

The problem is to s olve (2), (4), (5) for !( R, r) and 

fl. ( ? ) g i v en that 

In the simple theory C is i nfinite so that½} in (2) does 
C tt: 

not appear--the problem i s otnerwise the same. He will obtain 

t 10 8olution in tha t case a s a specialization of our r e sult. 

f3e for·e • solvinll' th .Ls i)roblem, we will introduce 

d imensionl~ss vari a bl es a s follow~. 

( 7 ) 
T. 2 -1.J. 

A = 11L, ?:=Tt, ,:r=L •~ 'f, n =Lr, 
-1 

C = LT C ' 

- [ .1 ( po)-l/yll/3 
L - Tur K ' 

• .J 

r 
"' ;:: T J .. -I 
• • 0 • 

( [ ) 6. 
1 

't t t 
. ,. - - - • 

4' . . > - ) • ~ .; 

•t • n r t r !l 

( J l ) ·· ( , ) ·- .· ) • • n .' -= ., I 
\ . ' 

• olu t \. on 
: o .. e f l , r • u l 1. r ~ o 1 1 • • ,J . 

( 12 ) 
rp~(t,r ) ) 

r 
J . 

u - ··---
(; • 

rrh c n ( CJ ), (1 0 ) b e come 

!\ 
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Eliminating f'(~(t,a)) bct~ccn (13), (14J and diffcrcntl~ting 

tho result with respect tot yields 

(15) • 

now eliminating f 1 (~(t,a)) between (13), •(15) ~1nd sir,1plifyir.3 

yi e: lds 

( 16) • •• 1 • 2 • ◄ y .2 -Jy • 6 

( a - c) ( + u a + ~ a. - - n ./ + 1) - ( u + ( 3y - 2) a. + 2) :i. == 0 
c.. 

Eque t 1 on (lo) l!. :1. ;1011 l!r:cur second order ord.i rw.ry 
(·11"f .t" o1' nt_t~1 cqu"~ion ~01' a (t), nna• t'1 ini~i" l clnt· n "''C ai,,c n _ u. u. - .._ i , .., v '-4 ~• • '-~ - O 

.:.:1 ( 11). Onco a ( t) L , 1:n wn, f and r' cun be do tor·· .in d from 

( 1.1) , ( lh), ~,hic~1 yi vlcl 

( J. I ) 

.. . ·" 

• 
I :i a. 
, 
t ·~· 
,. ,,.. 

f ( (t,,. )) 

, ( _ J.), ·H 
• .. ( 17) ·· ~1dn 

• . ~o ·- (• 

. u · t b 
• 
=i. 0 

,,,. 0 or ' i n .. ,.. 
< • 

(
. )-1/)y 

< 7+1 , • 

.. 

-Jy ) 
- l 

• 

C, :r. . 1 1 !J t • .. V f C) • 

~ J _ 
1
• · 3v) 1 • 0 

· o ;,. t (' . l . , .. , . . .. 
• .... J • 'i'n • r (: L n r 

0 ;.. 

. , . 
1. t o 1 ~ :: i i 

. 
n:J • I ,l, . ~, . 

. ,. \ intt1~1 b tb a •• :. ~ co .. ... ! ~ :-· :·uro 
. 

6 ). 

to hi ~1 . If i. l o.r • co. ~ nr d to 2(1 -3y) r: t ( f) ) ,· co. 1 ... 0 - t,! r, ., . . 

- l+ - 3y 
( l • no 

0. 0 ~ C • 

,_ • • \"l o note thnt r bocom::; s -· ~- and c.o bccom c• .., w1on c i s inflni ~o . 

-. ~- -~" , 
, - · ~---... ---

... 

0 
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Since t do0 3 no t occtU" cxpli ci tly ir:. ( 16), i l C W.'.y r a duc v 

the equation to flr3t order by defining 

( 20) 

Thon (16) bocomos 

) _ h{v,a) 
V 

1 
( [l -- 0. V { C • V) 

(21) 

" 

v(n) 

, 

• == a • 

I n t erms of v( u ), tho s olution is given by 

(22 ) 

Thu:; WO must 

{22 ) n'nd fin lly d 

To cn lcttlu t o 

( 3 ) 

solve ( 21 

tcr-r.15.n f 

da 
v{n) 

for v~ a)' 
from ' lrl ' \ I • 

th re:; :.J ~ o P(r,t) 

• 

then o:i t~in 

HO have fron: 

:'.. ( t) frot~ 

( J) .' ( 12) 

• 

·'h arr,tlln nt o f · ; ( J) ls l:; (t, s ). Ho·-, o ✓ -:r i 2. ( 17 ) f i s 

g : ·; n l n •· r:n~ of r 1;1· .• ' .. ,~(t , o (t)). 
" 

I U 

l n 1 ( (t , ") ) = I . ) . .nd G 1 !j th .1 . \ 
. ( 1 ) . ~, l . 1r w ci . .. :- 1cl t.l. ~ 4-. . 

) 0. , :: - X = l' - t 

, r ) ) = c (x) 

i O ; ( ) 

= P r 2,., - 2 
0 • p I •' • [ --=-c_L -

(n-c)r 

To fi l d 
1,.,., br 

• 

• 

•. 

f (. ( t , r)) , WO 

·.1 ' '\.t , ;, t id 

+ . • f,2 2 •., j' . 
2 ( ;-c) r'-

• 

. 
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(25 f • I I' \ th .. r ~ :1 { . .n d ! .-.: , ,.. . v • • . ·-.~ n - ... • 
h:: nr; • W:1. :-i L1.--; • I +- i ;;·. ~ wh :ch 1 th·· qU 1 !'L 

l . 0 ur t. . . .... - ' 
r· 

C 

f or ci sound wcv _· t o tr : v .., l 0 ~1 · bubbl , r :: dlus, c ·m b n cg l r- . t ~d . 

( 24 ) y l 0 lrls 

(26) X = t - !:_ + ,l( X ) ~ t - _!: 
C C C 

? or la_r gG va lue s of c, whe r e only the fir s t t or m in ( 1 7) 

need bG r e t a ine d for g(t f , ( 25) be come s · t 

(27 ) I-' ( r, tJ 

t;hc s (.; cond cxprc s~ion i1 ( 2 -1) .1 ~1 s thL s1.im0 form et t11 ·; t r; i v n 

by t h e incompr 1.,; ssib l o tl11.., l"';,· ( ~ = co ) bu t h r • ti o t .l ct1· n 

( t) i s diffe r nt from · 'v:1 t of ~h" l:1compr : s ~i bl t i c: or:,· . 
• 

Als o the .. r gur-ic nt of~ :~ 1 u t:; x i:ist ·•nd o. t, : h 

t ' } 1'cs s •1r pul ~ s pr '1 . s • .., · th finit v .:.: lo :i.ty . 

Th fir s t t ·r m in i. 1
· : <.s r br• c l<i_ t nbov 1. l m .rt~ nt: w} 

• i 

·! u~ • ... ·11: l~J r ·, gp o ; :?l e• o , t . • ,~ r 1...~ sur • n • ( 1 t ::t ,. 

~ h o c l : w r. !) • :, rl 1. • s •. : . , '"' 1 _ 1 • , r e ., , r ,:. . ~· k " • Th f • • r; r 

( 1 -~) in th · d ~n omi? .'1 . r A i t . t s t •r m i 1 
C 

t: l r ., • .' rm f 

( 27) m, y 1:,cr• .. '.ls c. t .. i. m '"01·1 \o. t (· r ~-} r· v . ll~ 1 ·. wo1 ld 

' n. v in the, tnco:-q r •. 3 ih l ,) the or r wh ·r · ... l [' m 
" ' 

I, 

TLc l e.s t te r m tn t ~ -.. ,., ". 'I L r ~ C ;.~<: t 3 ls c! ~J ' • t o t! . . o · 'on f 

t-1~ WO. t r ·1nd i C! ., ' ' l., .. ]t, H: ft crflow" pr 1, ~ :n 1r e: . ! ,. i mo . 

i rip or t n n t b t w c n p :r ,.. f' i r o ' .1 ks , or b t w 1...: n b b ,) 1 c :n .l n l m . • 

• L~ • Th c D i r "' c t i on P i c 1 d J H ~ s u. l t :3 

To de t e rmin e the qua l it~tl v bah nvi or of t tu r oluti on 

v ( a ) of (21) we will n ow cx~mino t1 0 ~ir ··ction fi e l d i · t h~ 

., . 

v , a p l a n e de t e rmin e d b y t] right sl dc of (21). We rt r 8t not 

....... - · 

- ., ' .. 
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e. 

~bat thla tlel• baa Juat t 110 alngular polnt•--e aaddlo point 
at a • O, v • Jc 1 an<l a :,•,iral point at a • 1, v • o • . Ve next y•-
ol>aorve that v• (a) oocoucs infinite on the llu• a =. o, v • O 

an<l v = c and it becomes zero on the llne.h(v,a) a o. It also 
changes sign on erossinc those lines. Thia 1n1'ormation 
su1't1cos to det~rzn:Lne the topological character of tho 
diroction field. In order to_ present a more precise skotch ot 
t:lin tiold, wo will firs·~ cxanine tho curvo h(v,a) = o. 

'lhc oqua tion h( v ,a) = o may be rewritton aa 

(28) a 3Y=2(Jy-l)(v-
3
;_1)[(v-c) 3 -(2+Jc2 )(v-c) -l~c- 2c31·1 

• 

Tho denominator haa only one real root, and thus n booomos 
infinite for only ono :vnluo of v, provided that 

-( J' + c2 ) J + ( 2c+o3) 2 > o. 'i111s is satistlod it 

c
2 >~(1"S-¾> =.103, wr.i.c:1 ,1 .. ass\1110 to bo tho oaso. Tho root 

is t~ lon oa::117 aeon to lio in the lntc1•vt1l )o<v<)c(l+ 82>• 
27c 

l•'-.:~thormorc a, g1 von by ( 2 ) has onl7 one max1tav:l w·10n y < 
1 .'lth this lntorffltltlo'!, ao !:l •.jing that c

2 
> .103 nnd ~ >T? 1, 

dJrcction tlcld h:la th~ tO!ologlcal bcha•ior indic~tod in 

;. 
tho 

r curo 1. Vo aco that :1,1 solutions vlth lnltlal velocity v • o 
a,1cl Cl< a < 1 lncr~nso to '\ 1 AX!Jma, thon dooroa10 to a ~1n1nna, 
anti portom cbalpod oaclll:-.tlona :ipprocachlng a• 1, y = • 'lhla 
ls oxactly tho boh.-tvior ohacrvcd ln f'l'!lctlco. \-lhc n o ls 
lnrlnlto ( 19) boc01110:1 t·1 v~tlon or tho slnnlo 1ncon~r""ealblo 
t hoor7, and haa onl7 A v rt:,x point :it Y • o, a• 1. 7110 
direction tlold ror t.1'11 a case la shown in tlguro 2,. All 
~olutions arc porlodlc, undanlpod o~clllatlona. 

We havo doto""1ncu a(t) tor ca pcirtlcular :,ot ot 1n1tlol 
data bJ nU1110rlcal lnto~tion or (16). The result ot this 
calcttlatlon 1:a shown ln r1~0 3 Qlong with a. oot or :·1oaour d 
v~luoa or tho bubble rauiua obtained oxporlmontally. 1'hoso 

Jta)orimontal points woro t'4!;on tl'Olll {l), p. 271, tig. 8.1, o.nd 
O.'?PlY ton .55 lb totryl cho.rgo tirod nt )00 foot below the 
~ur.!'nco of we tor. 

\. -• 



to Ou-f7 out lh• lntcpetloa w aa•t know A0 , P0 , I, y, P end r, or an equ1Yalont act ot *ta, aGo cqa. (7) nnd (18). 
Pl-en tho upc,rlllental data vo estlaatod that tho ultllnato bubble 
radiua in our caae would b~ 6 1nchos which vo t!1orofore choao 
111 the unit ot longth L. . lho tlrat maxim.Ill bubble r~diu3 waa 
moaaurod to be ~J ln~s, w~1ich bocomos 3 in torma 0£ our unit 
of longth. Sinco the r40nsurod data was poor initially, wo 
started tho numerical integration trom tho first maximum using 
initial volocity O imd iaitinl rndiua 3, integrating both 
forwards and backvo.rds. in. timo trom this point. 

'.Ibo values y • 1.25, p = 1 g/cm3, C = 1,485 m/aoc wero 
used. Thoao yiold, 

c = 46.S 
7 = 4.83 milliaoconda • 

Prom the tlguro it aeo111s t:13t tho theory agrooa ao.ti.atactorily 
with tho obaorvationa. It is in particular worthwhile to note -t:uit the calcul:itod tirot oaclllatlon poriod in 27.9 li;illl• 
seconds•• compared with tho reported oxpcrlmcntnl v~luc or 28 
m1ll1aoconda. Sano or t:H • 1acrop1-.,c1 ln tho radius tinso curve 
i:l undoubtedlJ due to c~ror 111 oatllllllttnr, the ultlno.to rndlu., 
tr0111 th oxncrhlont:il curyo. 'Ibis not onl7 ntrc.ct:; t' ... unl t 
o; lonf'th but nlao tho ln1t1nl rmdlua. 

Using th~ e0111putc· v~1Uo3 or Q(t), thl function~ re~, and 
r•·~) vcro computGd tron (17). Graph• or tncin~ functlona arc 
showr. ln Plguroa 4 t1nd :; ros· \cctlYglJ. Thoeo tunction:1 co.n bo 
uar,d to dctel'lllno the :~1•~aauro f(r,t) vhlch is e;iv\Jn 1.1 (2)). 
·n r~ct, tor large. dlst:incoa r, the oxcc:as-preas~c v,. tlns"' 
c1.:rvc ltJ oaaontially n I ml ~1plc or the. t' curve. For VGrJ •c.11 

_:1t1ncoa, howovor, th, ot· :.\.ir tor1111 ln oq. (2)) mny bcccao 
ii,iport:int, eapocially hotucon tho bubble ainima. Yet nt r • 6, 
1.c.. a.ta dlat:inco ot tuo m.cutirmlll bubblt r:idll, the. coM-octlon 
due; to the no~loctod to:a·:ts la 11t moat .85 pt.rcont which occurs 
a.t?; = 1.0 . 

. -- ,- ,...,, _____ -4..--,~--------=-

.. 
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5. ~11 Osetllatlr✓na 
--------------If the initial radlvs is nearly equal to 1, V'l-ch 1• 

the equllibrlu.~ radius, we may write 

( 29) a( t; = 1 + b( t) • 

If we assu'fte that b(t) !3 small, insert (29 ) into {16) and 

retain only lln~ar termA in b, we obtain 

.. h . 
( JO) b + b +•Jyb = 0 • C 

ti 

Thus 

b( V)o-}t t cos (hv ( 31) b(t) = - (*)2 t) • 

The !olut1on (31) yields e~~onentially da~ped sinusoidal 

oscillation,. DurinF' one :""eriod b docreases by the factor 

_ J!.l!i. 
e c , lf (*)

2 is &"13~. 1 compared to 3·r• 

The E>ner~y ln the bub · le consists of internal c:1e rgy 

3nd pctentlal ener(O' and ls given b7 

{ 32) 

e t us ea~.l th" excess e err.~p t',e dlffere!'lce b.:,twoen .:he 

ac t1u11 energy and that cor r c s·1ond lng to t,1O eq•.111 lbr 1 u.."Tl 

rn~tua a= 1. '!'hen to~ ~ru ll oscJ,llatlons, using (2 1! in 

(32), the cxecs3 enerl'C{ t ~ ~ t von by 

ft'ro:, ( Jl) and ( )~) we se 

- 2,t Di 

• 

h : t~1e factor e c t'".rin~ caci1 ')C rt ':Jd. 

I . 

In T-ibl u I, a.re pro sont cd some cnlcnl ~ t io?1s based on the 

small osc1ll!.'.t1on theory j,.,st de scribed. The dimc:1sfonlc~ s 

sO;1nd st)ocd c = c}p~lp w~s com:,utc d for throe dep t h ~ J. C) , 200, 

~nd 1000 foot ros!)c ctJvcly. Th(; sound speed C = 14.~c; 

meters/sec a.nrl density p = l ~/cm3 we re used . 

• 

- - -. ' ., 
- - ..... - ... -. . 



11. 
1~ r 

t:alculatlont! :11111,-d :. S.•11 O•clllatlon Thoor7 

" 1.z--

Dl•n•lonle•s Decrea1e ln I N\llllber or , Perloc1 I !:ound ai,eed uplituC,e perloda tor correct ton 
I I 

~ per '.Jeriod ' usplltude raetor 

I I to be halved . . •IJX ! • pj -1/2 I e C 

I (l- > i 

--+--- ~·:_ -7 -- .. -- ·- . . ·-
72 .919 . c.2 I 1., -oc r9 55 • 894 6. J 

1 
1. (;l'0lo I 26 _J .791 

J.O L.~•- .. ~~74 I - ___,_..-.--,~--• · -

6. Conclusion 
The present theo1•y of a spherical bubole tul~cs a ccou."'lt or the compressibility of th<. water. Consoquentl~r it yields damped radial oscillat ~ons of the bubble and finite propagation gpeed for the nreslllure 1Julscs 1.n tho water, in agreemont with observation. ThFJ t?icory is essentially the same us thnt of Zoller (3], from which it differs in minor det:iils. The feature which ma~cos the t :'loory sirriple analytic:llly ts the use of the wave equation for :.~1c wo. tcr motion. 

Zoller co!l'lnutcJd t '.1c µres su~o 1n th(; water and CO!nparod 1 t with more exact ca!culo.tio:-is b:iscd on numerical lntogration of t"ic i10n l incar fluid dynEl!nJc aqua t tons in t~c wn t cr. Tho so co.lc11lations were also ~ased on the asswnption of unlform -.Jrcssurc through t;1e bubble. The afl'J'ccm,.:::it was excellent near· the bubble, which was the only rev -n considered. H(} a.lso compared the radius-time c'.lrve; s obta 1nc., d b:'t t:10 sc two d i. f!'crent calcul~i t ions nnd they n lso =~ P.T .: r: d W L 11, b'-4t the time over which thuy were extended was not very long. 

"I- • 

- . 
; 

___ ... . f ....... ~ ----11 3 • ~ -....:~ - ... 

.• 

• 



• 

Our ealc:ulat 0-,1 ~~ -•tltut• uot!wr etwek ~ a, 
theory. V• :1aYe c .-put~d t~~ radl11••t lJle c11"• rot ,warl7 

fr,ur oscl~latlon•, an~ ·1aYe round lt to cllae.c Yer, wll wlUI 

an experimental cur•• cor.:·ea:>ondl~ to th• .... ln! tlal 

con(!ltlons. fllua we my co,1clude that ln water t.\Js t!'leor7 

ts adequate to describ~ the bubble oaclllatlon• and the 

pressure in the w~ter near the bubble. 

It is narticularly important to point out thst !n 

these calculations all the energy is accounted for. Since 

the radius-time curve cheeks with experiment, we conclude 

t~~t all the energy tn the experimental situation is 

similarly accounted for. 'rhus the question of "missing 

energy", which was raised in recent years seems unnecessary. 

It sh~uld also be pointed out t~at certain 

co~pressibility effects were taken into account by Herring (41 

in an attempt to esti:ute energy loss from the bubble, More 

recently Trilling [SJ also considered compressibility of the 

water in showing that wave ~otion within the bubble did not 

modify the bubble n1otion d~infZ the first half-period from 

that coifputed nn the basis of uniform pressure throughout 

the bubble. 
By exftmining th~ period for the first oscillation, we 

f ind that it does not d1. ffer a?preciably from that r; ivcn by 

the 1ncO!'!lprossible thoo:ry since c in large. Therefore 
• 

calculations of the porioC: i.>ased on t.!'le incom1 rcssible theory, 

~uch as tho~e or Prlodm.~n (6), c1n st111 be 

employed for- the fir~t :"C"•riod. The subsequent per1oc1 !l will 

rl i rrcr been.use of enorr,y 1-,~sc s due to comnro rsibl!. i t y • 

............. --,·-
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Hl'f1A1 r DtrlNI tan ,r u .. •n .:.cruat Ion 

Ill ,. ... Ider t,._. .~••l ■cou• Mt,tlon ot • c~pre•slble • rhatd ln •t~a preanre • 1 • tun-:tton or denalty alone. 
'!!le e.-attona of IIIC>tlon for such a r_uld are 

(All Pt + V • ( pu) • () 

(A2) 

(AJ) 

ut + (u .V)u + p·1Vp • - VO. 

p = p(p) • 

In these equations p ls the density, p the pressure, u the 
velocity vector, and .n. tho potential of external forces per 
unit mass. We further assume that the motion is irrotatlonal, 
which il'IIJ)lies the existence or a veloc1ty ·potont1al ♦ such that 

(A4) . • u = V ♦ • 
From ( A2), ( A4) we have the Bemoull1 eq11at1on, in whl,.:h 

arbitrary: F(t) is 

(AS) ½< V. I 2 
+ / 2£ + • t + .fl = F( t I JP p · o 

• 

Now differentiating (A5) with respect tot yields 

( A6) 
• 

With the use of (AJ), the derivatlvos of p appearing in (All 
may be eliminated in te1~s of derivattvcs or p. 'l'hoso !n turn 
May be eliminated by moans or (A2) and (A6). We have, in tact 

( A7) 

r--·---------------·-•-------._.,- -· .___, ----- . ----If pressure is a 
called barotropic. 
Thus if th~ ~ntro9y 
and heat-conduction 
thus barotropic, in 

function of density alone, the; flow ls 

- r 
--·· ·~....-: ....... ~~ .. 

An 1sentrop1c flow ·'\~ always barotrop1c. 1s initially constant, and if visc0sity are absent, the flow is iscntro?ic and tho ab~ence of shock~. 

' .. ·. 
•· -

• 



• 

0 

• 

• 

(.,a > • 

•stn11 (.4.7), (A8) in ( 1- .l) yields 

(A9) 

Equation (A9) is the exact non-linear equation for tho 

velocity potcnttal, in which pp ls to be clin lnated by means 

of ( A3) and ( A5). When the right .c,1dc is nogli~it>lc. ond pp 

constant we see that ♦ satisfies the linear wave equution 

-1/2 
with ~ound speed c = p

9
•• • If pp♦tt is also noglieiblo, ♦ 

sntisft~s Laplace's cqu'"'tton. . 

In the present r,roblom 1\.: o, Ft can be s e t c quul to 
• 

zero, and tho terms remaining on the ri~ht arc doriv"J.tive,s 

2 
ot ~ . r.r we assume the speed (V ♦) is 9mall compnr'- d to 

C 

~ound speed c, these tormg ~3n be ne~lcctcd, yie lding the 

wnvc '--quati,,n. We also assU!llc truit pp ts constant which 

socm~ valid for th<.. range ot pressures we considor wh~:n the 

!'llcdlum is W!lter . 

• 
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