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1. oUflmary Tho frn':u»jntlj usod tag-procedure of eitimetlng the lî^timetlnp, the 

Intlon has va^l- 

îrier which the 

elze of a biological population muy be invalid if the population has vari¬ 

able stratification. Tn this paper conditions are given under which the 

usual eptinsteB, as well as one pr ipoeed by Schaefer Ql] for this situation, >r this situation, 

are valid. Also a new estimate is proposed and studied. 

2. Introductiva »nri w^tjition > '•omo') method of eetimating the size of Ing the size of 

ttioc, after a 

t of estimates 

rsferenoes ara 

of the theory is 

aspect to t4\e 

mobile animal populations is based uror. mplin^ the popuintlon, after a 

known number are marked or tagged Iba catbratioal theory of estimates 

based on this procedure have been vld«!_- euwdiea—numerous refer«noea are 

given in [2] . It is only iv.port-^it *<• noto here that all of the theory is 

based upon the assumption that the sample 1« random dth respect to the 

meit id mamhers of the population. 

If however the population Is stratified, by time o* by are«; for ex- r are«, for ex¬ 

ample, there is no a priori rearen why this assumption ¿.-old be vmlld. For Jd be valid. For 

example the population asy be migrating through a river system with a time lapstea with a time lapse 

between marking and sampling, thus the probability that « member of the pop- member of the pop¬ 

ulation le marked say depend on tne tagging rate and on tha migration rate. i migration rate. 

This type of situation was considered by Sohaefer QlJ and he set up an esti- ie set up an atti¬ 

se tes for the total population else- An example Involving stratiflomtlon by stratification by 

area has been noted in . Where populations are strati fiel by areas with ’1*1 by areas with 

partial mixing occurring between arene with time, the miiing ev- migration rsteig o.< migration rets 

way be ef .nearest as well as the total population mite. The procedure out- he procedure out¬ 

lined below yields estimates of the population movement as well en the total well s the total 

population alee. 

The following notation la required! 
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The estimate derived below is most simply expressed in vector-ms toÄSed in vector-mntrix 

not«tion as 

where n*(n 

and S Is the matrix (e^} 

An alternative foi» of thla «et mate ia 

(5) 

S31 being the levare# elamert >f ln 8. 

The primary property of these eatimatee, or more preolacly eequenT« preoissly sequences of 

estimstore, that will be studied in this paper is consistency. The pppnsietenoy. The property 

of consistency of estimates Issed on samples fros. a finite population » finite population has been 

variously defined; consequently it is necessary to make clear the defif»’*« clear the definition 

that will be followed in this paper. 

Following one such -sat« an estimate 0 of *, would bo called eonKould be called consistent 

if S *!l whenever all n j» 1ij( i.e. whenever the staple, taken with»! ample, taken without 

replacement exhausta the population. Thia usage makee the definition the definition partie¬ 

ller not only to ihr fini tens sa of the maple but also to the method of*® to the method of sam¬ 

pling. Moreover it is certainly satisfied in this problan if, vheneveproblai if, whenever 

a, i s 1.1 for all i, J Ä«*.., and it is assy to construct numerous oeh»truct numerous estimates 
*5 

that mtiefy this condition and are otherwise meaningless. Tha defining!««* îh* definition 

might bo mrde more restrictive by acme mono tonicity reculrcmeat on the recuimaant on the die- 

tfibutior. of », T-« this is difficult to formulate end to use. and to use. 

A'.tenistiveV it is possible to define consistency within an infl*n®y within an Infinite 

secU'Aoe of pop«: .stiens » with R ^ ^ tending to infinity in aometo infinity in some pre¬ 

sorted manner. This ia the device uaed by David & *tadov and by Mft,,0lw 1^3 lB 

priving asymptotic properties o'* sampling without roplaoemon' fron mfl»pl*cement fron finite 

populations. 
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-'o wifíh t,r> «et u,i mo'leln tkui o involve e tr.inlmura of »í-vsura .tiens; in 

eral Uie afsua liions will s ecify only the expectations of various rrnrii 

varinhies in the nodsl. With thin in nind it is sinplar to define coni 

ency as follows (the terra "estimateM will he used ss n tautology for "si 

quesee of estirastors" end p iLi for ll^lt in prchablllt^. 

Definition 1 An estirar te ft of N Is consistent If p lira Sjj»F.(s. 

for nil l, J i-ylles pll"¡ íí»li. (livientlcnlly In Üíc ,> r t.eters Involv. 

M»ny o1’ th» r ■ .".jnptloni will he stated in terns of cocditionsl exp' 

tiens. In tnlr connection F(x|y) or r(x|ï) will he u ed to denote Un 

ditlonnl »x.iect»tlon of the rendo^ v ri'hie 1 flven th* t the r ndar. veri 

ï-y. 

¡•his us» ’e of condltlonel exprstatlon* su -ests two -ddition l def) 

tlons. 
A “> 

Definition 2 An eetlüv te N o'* Ü is -aid to he unconditionally « 

tent with respect to the random vrl- ile ï [u c.(l)J If 

pi in sijm,r(9ij j y) a11 4* J 

■lie! H*M for all values of ï 

A 
Definition *1 An entlaste M of M,, is said to ho conditionally eo« 

ent with respect to y [c.c.(y)J If 

pila j ynEttij j Y*y) for ell 1, J Implies 

pllra ft»N forY-y. 

It may he noted that if th# snr.jÍB site la Increased to #,uel the wi 

porv'latian then , * ^■«i) and coneistency as defined aiiove would im,.] 
* J *J 

finite consistency referred to above. Also in venerai the conditions ir 

upon the sequence of populations, considered for example by Dnvld and h; 

are such as to insu.-e the couver.fnce in probability of the r-.ndon v rii 

*1J t0 o^PocUtions, so th-.t consistency in the sm-c of Definitlc 
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'•fe wlfsh tn cet u,- no lelrs Uím¿ involve u minimum of annun tionss in ^on¬ 

erai Uie rt'sum itionu will s. eelfy on’y the expectations of various renriom 

varinhles in the model. With thin in mind it ie fiin?l«r to define contint- 

ency na followo (the term "e.at4.m.itf'n will -e used se a tautology for "se¬ 

quence of estima tors" snd p itn for limit in prehebi/it^. 

Definition 1 An estim'te ÎI of N is consistent if p lim 

for nil 1, J implies p lim N»N,. (indentlcnlly in the p r i.,et.ers involved). 

M»ny o’’ the i-ssumptloris will be stated in terns of <*' oditionrl oxpecte- 

ti.ins. In tnir connection Fujy) or r(xjï) will V- u *d to denote the con- 

dltlcnnl e;<;ject«tion o'* the random v ri< ble X plven th' t the r ndar. vri^ble 

Y-y. 

This u»»^e o'* conditional exi'e^tstlons ««• two 'ddition’l defini¬ 

tions. 

Definition 2 An estimate M o'* M is -aid to be unconditionally con Ale- 

tent with reepect to the random vrl-'>le ï [u C.(1)J if 

pllm y) for all i, J ir.iies 

pila M"H for ell values of Y. 

Definition 1 An estimate H of M.. is sold to b« conditionally coneist- 

pllm e^ J j Y“y) for a11 1* J iMio* 

plim Ä*N for Y«y . 

It may be noted that if the sar.jfc site le Inc re" sed to equal the whole 

population then #, * E(e, ;) e.>i consistency as defined a'oove would ia^ly the 
-J -J 

finite conslrteney referred to ebove. Aleo In >enerel the condition« imposed 

upon the sequence of populations, considered for example by David and by Midow, 

ere euch as to insure the oouver.ance in probability of tiie random v ritblee 
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woMJ-i imply corislBtt»ncy within such « se uence 

i. Sir tlfied :V.ijuiri tion Models It lins been noted shove th/'t n bn sic rseunp- 

tion in most population estinetlon work is tl.ct of "mndomness" of the nonffc, 

essentislly th“t the properties of being 'smpled uni h*-<nr marked are indepen¬ 

dent. There is frequently no way to test the validity of this asouaption und 

little reason to «pect it to hold for e large heterogen ous population. While 

it may still not be possible to test the s »sumption, it rsy he more re.'sons nie 

to assume some such "randomness" within small homogeneous substrata. 

Tne minimum possible assumption appears to he 

I. 

This merely assumes that a raudee sample, on the average, is taken within 

the ij^ auhetretum however a model conatrueted on aeeunptlon 1 appears to be 

i nade') unte to yield an estlmute tf N for it involves uiu nnvma 
a e 

(Hjj, tjj, Sjj • a) and there are only r^ observable random variablen (e^) plus 

im/ nowBfi 

(“ij. t1Jf äjj 

tion la Inadequate, except in the tilvial ease r»l, eo that it ia naoeseary to 

uaka further asmnptlone to sat up some structure relating the various substrata. 

Mn this respaot it is sufi'iolant thut aithar 

for all i, .» with the distribution of t^ arbitrary II 

or 

for all i, J with the distribution of n^ arbitrary. 
i. 

Assumption II steten that, on the averse, the various substrata are pro¬ 

portion* tely represented amon¿ the sample ~«oovored while assumption II1 states 

that the same property holds among the gmp tagged or mnrked. 

It ie seen that 1 and II together Imply 

III 

Aeaumptlors I and III also imply II but II and III do not imply 1. For example 



sumption toother with II »nri III nre conflstent. Consequontly it follows 

that III alone does not inuly I and II and Is therctore a weaker assumption, 

ilowever in an actual fie^d situation it ia likely that III will he satisfied 

only if I and II rre. 

If assuRption II' is made rather thar II then I ano 11' together imply 

Ill*t 

Assiscpti'ni III re-iuires that« on the everage« in th* sample of sl¿é a,j from 

the population K j, the various ta¿Ke<f. groups are p“cpwrtionstely represented. 

The dual aoeumotion III' makes the same requirement but treats the tapped group 

as the sample and the subsequent recovery t>e the property of using marked. This 

appears to be a less reasonable praotioal assumption in that it requires pre¬ 

dicting the future behavior of the ani:.als mt.rked. It might be of Interes^ to 

note that whereas no effect due to tagging must usually be assumsd (though sel¬ 

dom satisfied), I end 11 put no restriction ou possible differential migration 

between tagged and untagged fish. Astnanptions I end II', however, do require 

that the oifration pattern Into the different recovery strate be the same for 

ta, red and untagged fian. 
A 

Starting with I and II the estimate hj is easily derived, for summing 

r) form a set of r 

equations in r unknowns, which h< s the solution 



ir -y 
tí 

(9) 

Here N N 1 («Js: (_ii 
V 'n 

urovidert Is//- 

Sunanlnr ths estlmetec or « ( yield b 

(10) ^sT^S-1”? as an estimate of N 

If I and II» are made, the came proeeùtu* yield*.th» quation.-« 

(11) ¿ SiiÍLan« (j=l,2,...r^ to estímete «i. . 
1*1 J "i. 

Äe ertiaate obtained <n this wey ia aleo fí^ eine-: 

-^/(s'r1 ’Ut'sr1'? 
Before studying the consistency of these e-timatea, one further ertimation 

problem may be noted. In some situations, partlcobrly mirre ti.» studies, the 

viii be of interest. 

If assumption« I, II and II* are made then N j and are I'O'h estimable 

(estiar.tea er« P,iven by (8) and (11) ). Alsu the three assunytions lasly 

»14 
(12) E^jJ-ti. a.Jiprj 

so that an estimate of 

(13) 
U 

J. 

is 

4. consistency of th» gatlmates In riev of the continuity of the eetiaetes 

¢(^) for e^ in the neighborhood of F.is^), it is neceeeary <mly to ocnslder 

the conditions under which 

(U) « [i(»ij)3a » • 

The basic assumptions ars I and II (stiuivaient results are obtained if .'.I is re- 
. td 4 

placed by II') so that ITj witta ** rtl"trlbution °r Hj 



■ m*** 

n i. 
d«,) 

V t .l J 

i 11 “ 

Thorp''or*» Nq Lp u.c. 
n » 

(tjj) If nnd ouly IT ^--=. ~ con^tfDt l.e. if the ajiplinf; 

is proportional to the po, ulntion si"« at all »tape*. 

Slmllprly, if I end II' nre «•.ssuired, Nq is u.c. if «nd on'y if yil 

is constant, l.e , if the nunher terped in ijro.jortijnal to the pooulntioo size 

*t all atabes. 

:!v»w conxlder Nj with set eiusl to £(6^1^4). men r is u.c. (t^j) if 

n j 

ti¿t3 
wtiIch will h« : nie provided «J «constant, i.e pro^rtionel samplin' takes 

N J 

06, 

plans throughout the several ntaper. 

Similarly, under assumitlonn I and II', $2 1* consistent if and only if 

y*■ is constant. Therefore ^ has the came consistency properties as . 

Now turning to M3 , it is scan that suMtltutin? ÍÍSjj) for sysnd N#4 for 

N j equations (8) are satisfied. Hence If jsj^O » t*1« unicueness of Uie solu¬ 

tion of this ant of linear equations resures that $3 is u.c. (t^), under I and 

II or u.c. (n^j) under I end II'. 

Consider the random matrix S with e^ set a ual to »(Sjj assualnc I 

and II. Denot? the determinant of this new matrix hy Det [^(SjtjjjJ . It is 

immediate that Dot fkislt,.fMo provided the matrix Ti (t..) is nonainrular. 

L 1 ‘ r »ij\ 
If in addition assumption II* ie made Uien jJnicU Is non- 

alntoilnr provided (•’•¿j) is nonalntoiler. 

It mif;ht he possible to construct a tos» of the hypothesis: (S^j) is sin£- 

ultr. however the tedlousnars of such a teat neues it unnlly wortiiw.iile. Per- 
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hops of more ireaainr MoloRically Is i-he hy¡x>thesis that there Is random 

mixing: i.e. that 

V20) S1JCHN1 

(which would imply 

To conetruct such a teat we make Assumjtlon IV. The distribution of tße 

“iJ’S-J mnd th* of »ij Cl»«1 n^j# are multi¬ 

nomial with expectations given by the equations in i anu II. 

it la thus elementary to derive the variance of eacn s^, by wrrkinc with 

conditional expectations. 

(2i) J'*is &■ *rj] 
n a ta 

lienee if H j, ^ tend to infinity in euch a way that ■jp* 

•J 
tend te sers, then under the hypothesis the asymptotic variance of the e^ 

is t, n a I . Under the same restrletlone the 4.. are asymptotically In- 
As •J e e *J 

dependent, «dille asymptotic normality ia proven under weaker restrictions in 

LI rel- the standard way. lima under the reetriitiona that n j and t^^ be 

etive to H , an approximate test of the hypothesle of complete mixing i.e. 

(20), is based on the atetletio 

(22) Xa-: 
i«i j«. 

tiB j 

Ant 
whr-rc «*-1^-: 

If the n j are coneiderably larger than the t^ end are not nail relative 

to > , thie teat should be used with oauwlm,*for the type 1 error may be much 
e e 

larger than the nominal significance levei.. This Is partly due to the feot that 
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A 

N^, is not ernotly the rno:!ified miniraum estirarte of N . The inflation of 

X2 ln (2^)» caused by the underestimate of » is more serioue, The exact 

variant of the Ojj contains terras involvtnr W j » » »ij which cannot he as- 

tima ted by the modified minimum^, raetnod. ience no e Fyraptotionlly efficient 

estimates of these pereraetera exist under the hypothesis. An mproxinate correc¬ 

tion may he ohtni.ied hy estlmstins: the N.j from erur.tiout (8), ani ouhatltutinc 

these eetinatee in (21) 

In many cases no tent is necessary since the "»ture of the situation dic¬ 

tates that S is noneinsular. Thus if the strut!fication is with respect to tine 

and ths tir*; periods ere set >»n so thot an anÍB.1 raarxed In period 1 cannot be 

recovered in any period J, where j<i, then 8^*0 for all J<i. Hence 3 ie 

nonslngular provided all a^j^O; hence it certainly converges in probability to 

e nonalnrilar matrix. 

5. gflO-Ksigthace af KaM—t^. It is to be expected that if etranger 

assumptions are nade. In particular aaeuaptioiis about the distributions of the 

several random variables involved, estimates night be found with stronger pro¬ 

perties. An ac sunptlon such as IV opens the possibility of obtalninp. maxima 

likelihood or r.'niaun^ eetinatee. However tits modified mloiaua eetl- 

Butee obtained by the use of Larrange multipliers would require the solution of 
2 

r 4 2r linear equations. Even for r as nraail as 2 this is »isnlly feasible for 

general usage in the absence of special computing facilities, ttaether those 

procedures could he eln^llfj'.u or other optimum satina tea can he found ranalne 

an open question. However the following negative r-eeu.it nay be of eoaa interest. 

Under asaimption IV, no unbiased estlaate of I with finite variance axlets. 
t . g 

Praof Let »Ke^ } n j , «(t^j V _ ) 



i,' 

inc ,L i'''.ion- .1 di'-trlHtirn o»* • j • çïvtn tjj and of the distribution of 

- t. • flan the . :t: ’Ulty distribution of the sij denoted uy 

"(S! -, , rt j , î'i/i or Bore briefly ¡'(sjO is 

23) Vr T 
j*i 

z.. 
t... 

'-nh 
U «U, 
a "l 

♦ *i 
Ob’ 'i. }| ^ 

vhere iae e.tnation 'rth l'épiéet to t^ ie over all p».-titlone of ta for each a 

(24) TT^b) S'- It 

r(s ¡ t , n , N ^ N Mû M) 
iJ 1 i 1J » 1. » -J » y 

(0) (0) (0) 
b(.<ij} tj , n y , M1< , M j ) 

(k) (5c) (k) 
vtherc S,, • ^ i repre'ent nlmisiiible value* of the unknown par- 

rtoet' e. 

Th« - it foilowd fto . hannklnfi1 theorem f?] that no unblaaed estimóte of M 

with ^nite variance ran exist, if there does not exist a finite const .nt C r:sh 

Uhai lie inec.uality 

*»> -\ß •*<» -M (fs11;»-)2 "(•„I*,..-.,. 

N (0) u (0) „ (0) \ 
1J . i , ".J ; 

holdr for every !=et 7^(s) , 7r2(a), .. 7T,B(i) , for all real numbers 

nl * "2 » “ri aEi¿ for ev#ry integer m. 

'k' îlow r:>r,ei>’ec r secvence of H. = ' toading to infinity. Pbr m*l the left hand 
«2 

side In unboiuidod tnt since F (0)^0, the right hand sie* i* oounded. Henee 

no floltc C exists i>atiefyinf' (25) and henee no unbiased estimate of M exista 

with fini a vnriinoe. 

The tl :iori'i also rexains true if the dlatrilsitiona are multihyperneometrio 

rather tlian I'niltinomiel (as in rcneral In practice they will be). In this con- 
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neculon It ahould he pointed out that formula (21) will then also involve finite 

snmpllnp; correction termo. 

Furthermore it is true oven if the parameter sace ie bounded. The same 

tool, rankins' theorera le condition (25)» 1" applleabie hut a eomewhat more 

tedioue argument in involved. 

6* Aeymptotle Vnrlence of The term anymptotic Is u rd here in the mb« 

eeune as in the definition of eoneistency in the pr«viou* ùsotlon, l.e. ns all 

■ converge to £(«..)• We siso moke answptione I, II and II*. 
ij ij 

Fron theorems on matrix differentiation, H 

to ■ ^ s'1 ■.(,3-1 r (26) 

where Iab le the matrix with 1 la the ab1*1 place and 0 everywhere elee. Ihie 

redueet 

(27) 

Isj being the déterminent of 8, Sjj the signed cofactor of e^j . 

i. .J 

Then substituting E(sab) for sa):) It le readily seen that 

finally than, for the severel parameters tf, n5 t ♦«wiing to Infinity in such 



i.4 

If r»l this reduces to—- , the nsymptotlc ''ari«ncc for sampling o 
uw 

homogeneous or non-stratified population. 

Applying the oohwartz inequality 

H 2 N.2 

<», îaè ii 
JWl °j 

From this it Toiiowa that tha asymptotic varianco of f?0 is tot groator than 

that, of », , if oither Uguing or sampling is proportipùato l.o. if 

tj or n jOM j . Kanos, if valid, !?q is a bettor estimate than 

Since, within this modal simple estimates of tho N, , I . and R,, are ob- 
*• *3 *J 

taina Me it is possibls to use formula (29) to detenslno appro'imte confix» ice 

intervale or testa for I 
e • 

It ie aleo possible to determine the atymptotio variance of ^ j by the -- 

method. Under the seme restrictions noted serlier in this section, this asymptot¬ 

ic variance ie 

(32) A.V(i j)* H *.j».bV» b 
b 

A. e D 

where^ » (R^) 

andÄj is the signad .-pfaovor of in 

tedious to neloulate even for r as email as 4. 

This will ba unpleasantly 



7. V; rl.'ibl'! Number of 3t-atp. In some situations' tue numher of strata will 

chá»?«* between Use tinea of tapping onH sampling. This may occur either where 

the distribution is by ar a or by time. 

Suppose there are m strata at Use timu of tacpinp cr narkinp, r strata at 

the time of sampling or recovery. 

Consider m>r, with assumption III holdinp. The ».uetions (8) yield • 

equations in r unknowns. The simplest device is the onr*; nation of eosw of the 

tagging periods or arses to form a system that has a unites solution. Of course, 

using assumption IV an optimisa asymptotic solution could be found by determining 

the modified minimum estimates. If assumption TIÏ* bolds therm are r equa¬ 

tions in m unknowns, from (11), and no solution is posslbla. 

In case n<r, these canolusiona are reversed i.a no estimtion possible 

under Model III, estlowtion possible with e:sun,ition III'. In gsnsral it Is 

ressonsble to expect that either assumptions III or III* oan be wide so that 

estimation of 8>a Is possible. 

Another variation thr.t nay arias is that vs. 0 or D j^o for son# 1 or 

j. It in easy to construct numsrl'al examples to show that tha conditional dis¬ 

tribution of ths sjj (Ivan tjj nay be the samo with different sets of the param¬ 

eters Njj anJ in particular with different Ma< . Thus a "sumptions Z, XX and XX' 

yield no information as to ths estimation of N<a , though it is possible to es¬ 

timate the total population of ths strata where tagging or sampling takas pines. 

It is conjectured that ever» if brrther aenuaptions are made such as IV, the a- 

mount of information as to N a , is almost negligible. 
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