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A THEORY OF 1AGHENTATICH ' -
) “.. e . ' b:/ )
T " N. F. MOTT and T.H, LINFOOT,
Bristol Univevsdity Extro=lurcl Group,

SUMMARY, A tentative tiheory Ls given to account for the mean {ragnent
sizes of certain types of bomb and shell, and fov tl.. relative numbers of
lerge and small fragments, = pan

e

1, THE LE) FRAGﬁENT SIZE. The theory given here is applicable only to
casings which expand plastically before rupture. 7This may not be the
case for brittle materincle such as cast iron,

Vle consider first fragmentition of the
type occurring in the 3.7 inch- A.i.shell. -
The lrrger fragments rppecr from inspection
to be formed o3 shovm in fig., 1, vwhich re-~
presents o soctlion through part of the casing.
Creckis start on _the_inside, ot such points
&3 As,An A? eee. and egpread outwards to By,
Bs,Bz. éh s type of brezk-up has been dis-
cussed in Report Mo, 2232 from the Dept, of

; Metallurgy of thc University of Sheffiold,
. Fig. 1 | Ref, £.C.3098, The widths of typical frag-
) ' ‘ ments are of the order 1 cm; the length,’
parallel to the axis of the shell, is considerably gre:ter. ' .

" - At the moment of rupture, let r be the radins of .the shell casing,t -
its thickness and V the velocity with which it is moving outwardsiz:We .. .
vl bt » - suppose. that rupturertalkesiplace’is
) Droceeded
.to_such an-extent ‘that g .crack”
... W4ll .propagatexitself? with!thgs
. -,- expendituro:of¥lessionergythan: ...
further:plastic flow..  Suppose .~ 7.
that the cosing then splits:along -
two lines distent a‘apart; tho
¢cracks oro vepreseited by AB,A'D!
in fi;, 2, vialeh, like fig, ),re-
presents o eross gection through
; the shell casing, A splinter of
_ o , : erogs section ALL'A' 1s then fly-
ing outwards with velofity V. The top surfuce /3 of the fragrient will
have, in addition to thy larse ovtward velocivy V, = velocliy atNright
anglos to it of cmount Ve, whare « = ¢/r. Similarly the bottom surface
ALY will have a downward veloceliy of the somo »wout. Fefoerred to nxes
moving with the fragment, the motzl will hove kinetic encrgy, per unit
longth parallel to lho, axis of th2 shell, ecqu-l to . '

R A A .y B .,  vhen work-hardgning/has

1 (I '
- . TPV t,,v o de = Jﬂ‘ PErod v*
. . ’ . - “i ‘ . B
where P is the density of t?a motel. Eince . ra = a2, this becomes
L 2 1 ‘
a5 EVIpeft @

Wa now mako,tho,aséumption that 12 tho osnorgy (1) is great cnough <o
form a new crack through the fragnont, it will do go, and the frogment
will breck into two..~If W is tho cnergy per unit aroe requirod to form
a crack, the enorgy roquired for this is Wt., Thus no fragmont will ho

formed with thicimess a grentoer thon that given by equeting VIt to (1),
which gives . oL L ' -
' _ Ea.t,r.w 3

' . a = V-

| (2)
For ¥.we may tuke & valuo given by immect tests; accovding to ‘
outhwell (Trans, Manchoster Assoc, of Enginecrs, 1937) this ranges v

to 800 ft/lbs, per sq.-inch, Ve should take ~ volue appropriate. to

e 9l at the momont of rupture, i.e, gﬁgﬁ; ?1ast1c delformation,vwhen -
W 'be very brittle, Wo thorofore tnke tho lowor value, %0 ft/ibsk {
3&.L9 néalised that thp'onorgy‘of~rupturo'is not, in practice,proportion-
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11&‘6 ‘the. arez, so our valiue will e vory ndjvo

v ziante. crcovar neating
of the metal du vlnb its expansion usy have oan efiect. ;ortu* boly,sihcc‘
W occurs as WA/3, the value of 2 is not very sensitive to Uig vilue of
V. A méasuromeat of the rupture, enoezy fou wold-vorked I.B. steel would
be of interosti, -

s - # It ie of iuterest to comparz the smuch sncller rupture onengy

for o brittle substonce such =s quartz, wideh from ermeriments

on grindlng sand appecys to be of the ordcr 61 ft/ibs,uver sq. ft,
(M~rtin, Trons. Cerumic Society, £3, 61, 18u3).

2]

For r we tike 2.2 1nc“es, and for V, the velecity of the firanzmentsy
2500 ft/sec. ¥e obtain for a

= 0,55 inches
in good 2 reement with the observed value.

~

For steels where fracturz is duc to shear we have no information from
- gﬁich the mngnitude of W can be estimzted:

Ve have not been able to {ind a tueory to account for the average
¢ lenrth of the splinters in this tjp of shell. For shells or bombs
* vhich | bulse out in the middlc before brenking up, the éimo 1sion parallel
to the axis misht be determined by the sore aechunlsr r being the
rauius of curvature of on coxicl section of the cosing

-_4- .

We moy use formule (2) to cormpore the menn frasment sizes of borbs

. with different charve~weiaht ratios, sizes etc., SinCu, nowcvnr, we
-have no theory of vhat deterniies ﬁ lenrths the aplisfcrs irom 2
shell, we confine 9u.s~lves to 2 bomb which, ct " tirs momont of _bursting,
is roughly sphorical, Then we cnn toke the :esn wod ht of = fregment to
be proportionhl tof’azt, hnd thus to

ke
F3T wi v

If rg refer to tue bomb beforo expusion, wnd v, the rndinvs at the
moment og rst is equal to £, , thon t = to/gl so t.at thc mean
frogment weight is proportional to

N W%/Vya % (3)

If we kcep the charse constint and vary the thickmess to, We expect
for heavy casings that 'E will be vropori*cnﬁl to Vt ; thus the average
weight of fruament is proportionzl to £, il “is constant;
acturlly, however, thick cased siells expanc Iurthnr ther thin ones be-

fore brehking up, so we exgect & rather less rapid variztion with to
than this.

2., DISTR.SUTION OF FRAGHENT 'EIGHTS.

It win pointed out to the present =zuthors by Dr. D.L.Welch (private
communi.cation dited 24th- Sept.1341) thet the distritutions of fragments
fron tvio such dif”e“ent projectiles as the 3" U,P. (initizl frozment
velocity 4500 ft/sec:) and the 5.7" 4.A.shell (fr"cncnt voloceity about
2500 ft/scc) can be fitted apvroxinantely to the scme law., This law 1is
the following ¢ if N(m)dn is the nuaber of fragments with w-izhts
bctween mand 1 + dn, then

W(a) én. = CeM/° dMm ()

whg oY = m}/3 ana € ang arg constonts. For the shell and the ULPY,
hustrespeﬂt*valy tne values (in (ounces) / 3)

»,“ c 3’?“ shell 3 U.P.
s ¥ .58 ) 0,15
The - .greenent is shOVn below-‘~‘
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{750 ozt , Shell UyP.

S I+ obs, el ohs, . calc
1/50°~"1/25 . not recovered 570 5S¢ .
1/25 = 1/4 . 452 254 751 793
1/4 -2 - [ 131 129 93 101,

3 -4 . 193 181 64 56

4 -8 I 5 13 0 - 0
..y 8 i 1 5 '

The total number of fgazments is CMy and the totald welzht 6Mi4C, so the
average weight is 6Myd, or 0.21 ounces for the 5.7 inch shell. The dis-
tribution is very skevi, however, so that there nre a lerge numoer of
fragments with weights considerably greater than the averages

- This observed disﬁributioi lew suzzested & theoretlcal erplenation
zlong the following lines : m /571s proportionul to tlie mean linear dimen-
eion of & frazment, and if thie is vritten x, it sugzests that the nuaber
Yof frugments with lenqths betweer » and x + dx is given by S
o ..o -glso ’
A *v-:y';';;:-’,,':,.;e,JfC e . dx . . . .
. Such a formula can be-derived for 2 rod or line broken up at random.
in one dimension-onlys}Consider a line AE of length ¢, cut 2t random
into n +./: ~pieces; oach cut is independent of the positions of all. the
. othors:and .is equally {likely to be =t any point betwoen A and B, Consider
then any 1nterva1a§ f %hc line. - The avercye number of ‘cuts that it con-
tained 1is vzg/g d the ch:gj% that it does aot contain.one at all is
. | e_" ' Lo : i

Consider then any one!cut, ond let us colculate the cﬁhucc that the next
cut to the right is in an intcrvel dx at - édistonce x; thic is

g'“?“ vndx N
Thys the number 1nterv#15 of'Ecn;ths between x end x + dx iz
L 6'1110 Cl e : (r)
’ X T e ke
::: ’ %o n

This immediately suggests that (4) is 2 threc dimensiounl anzuogue of
(s). Ve misht expect that if a solid is brokon up "at random", e.r. by
planes cut 2t random throuzh it, the distribution of fragment weights -
will be given, at any rate approximately, by (4). Unfortunately we have
beoniunable to prove this; a2 mathemcticel discussion ic glven in
Section &, '

Inspection showvis, howevcr, that for the 3.7% shell fragments of
welght greater than about half zn ounce usuzlly hove part of the original
inner and outer surfaces on them; thus we should expect that, for the

heaviar fragments at any rate 2 Q£stribution lav of the type
. odmL
Nai = Ce d (%) (6)

would give a better fit than (4). It was in fact found that for this
shell and for the 4.7" A,A, shell nnd 3" U.P,, eithcor formula (4) or (6)
would zive an equally good agrcoment for frogments of moedium size, and
that (§) wes somawhnt better for the largest frapgments. -

For' o detailed comparison with experimint, Dr. Paymens results with
model bombs are the most suitable, because thoy include an analysis of
fragments dovm to one milligzram, Ve should expect to get the most oxact
it with (6), and tho greatest divergence from (4), for very thin cas-
inzs., Tig. 5 shows the ‘fragmontation of = imodel boul with casin; of
thicikmogs 0,018" filled with tetrvl (W. Paymon, Fregmentetion Roport 1V,
R.C.278), The quentity v,of which the logerithm is plotted as ordinate,
iz tho number ofufrggment; betwoon two given weighta my ond my, divided
by tho intervel (ma% - me2), or m*§ - m¥ , according to the method of
glot ing; the ab;cissao areafho mean of the extreme magses, namely

(my® + ?3 ) or #(ms + my$ ), It will bo soen that tha fit with
formula (6) is much botter then with formula (4)., The weigkts are hors
in grammesy ' '
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" Fig. 4 shows what hzppens for a much thicker casing 0.3 inches thick:
't will. be seen that iormula (G) gives fair agwveeneat for the larger

1i ~wments, but thetithere 2re too many verr sinll oncs. This to be
exr. >ted, because shall [rizments vill b2 Brozen ofl the ends or edzes of
the large ones.,

s
1<

-

The slopes of all thesc curves, plotted
g€ive what seams to us thy best indication of
cuantity a of formula (2) might be eq. ted

fle have not, however, attemnted at thic stege to compare formulae
such as (3) wita the mean frognent weight of any bomb or shell, because
our thszory ic incomplete, as it does not account for the length of splint~
ers from shells, but only for their breadth, and Ffor bombs which do not
give long splinters we have not bean able to {ind experimental informat-
lon about mean weights =nd swecds. Further, 2 direct comparison with
thcory twould oaly be possible wvhore most frapments are projected under
the same conditions, e.g. from a long cylinder Cetonzted from onn end, or
a spherical bowb detonateu in tho middla.

according to formula (8),
thoe mean linear size, The

to 1/« .

TUR

2 wrals

-
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MATHFIATTICAL DISCUSSION Or DISTRIBUTION LAV FOR FRAGHENT SIZRS,

e

Distribution laws of the tyves (4) and (6) h.ve been proposed in a
nuiber of puapers for tihe weights or di~meters of minerzl particles after
crushing, of sand rarticies and so on¥, We do not lmow of any attempt to
derive mathomatically the two or three dinensionzl formulae.

¥ cf, Liennu,
referenceA are

J, Frankiin Inst. 1985, p.485, where other
given,

We Aiscuss first the essc vilwere =2
rectangular fragments by two scots of parallel lines. ‘The caslysis uil
ba apnropriate if 2 shell casiag is broken up by craciks parallel to the
axig ai an average distancs, say, %, 2mord, ond the longths have an aver-
age value Yo indopendent of the brecd:t!i and arc distributed according %o
the usual law, According td. our cosumntions, the number with breadths
betweon x aud x + dx is proportional to  oxp(-u/%5)6x, and the number
with lengths betweon y and y + dy proportionzl to  cxp(~y/yo)dy:  Thus
he number par wnit crea with arce grosteor thon a2 is givon by

A .
("o‘io)l jg cx‘»{:— % - ::"j:l dx d:s

where the integration is for 211 vositive values of xv for vhich
xy » a2 . agntugrating with respect to y we obtzin

i

Fa.

thin clhicet iz broken up into
LI o |

J%?x'

" Putting x = @ [X.

g

This is equal to

L GsyY
:for large

LI

dtd for Smell 2z 1like

4 ,

Différcntiating with respect to a, we
- for which g lles between a ¢nd 2 + da

ot (-3 - 55, 14w .

6 the integr2l bacomes

. A ° _zcoohO
5,2 ) e kb b

[+

Z . K
""a‘:\o N

(z)
Yind for the nunbeyr of fragzments

z KO(’Z.)Aa

z this behaves like

Crme)ie™

'1(031;

W emme SnAtgt v

\.

)

o ol

'

o uto

T

S 50 Ak

S

;

ahm 4

YT

P ]

£ a0

SRR i

#

{

il




\
\

RS T P

The function 1og(zK (z)) is plotted against u in fig., 5; 1+ vill be |
secn that it is nearly lirear except for sumall z.

b il

If a thin shell casing is broken u up 2 rvondom, nind 2 derotes the L

§§d°§€"'£ ot of the n~rea, znd wvda Auwnber ol fr;»gn._--. s such that a LB
dthen o plot of log v 2 st & showld zive a closer

appro*cim:*.tion to o streight line tnan fig. 5. The proof is as i‘.ol:.!:o'sss H

4 A B

o
ki A

‘We must f:u'st define vhat we menn, by "ot randon". We suppose that
the sheet is cut by o large mumber of st".xi'*ht lines, of which the
directions arc .randon, Con.udnr ~my one of these’ lines; then we mey tak
it thet o length L of this line is cut by L/x, other lines, "19 that the
number of intervals of length between x and x + dx is Ldx e °‘°
Also thot L swm0d0/2x, of theso lines rr‘!:c an ongle with :I.g%e—

~ tween 8.and & +d9 (0 £ 6 ¢ T ). '

AR

e o

WO o Sdams G

[T

N L L

( - . If-the fragments wore 2ll of the sum2 snepe, thcn we should have
v v =exp(-a ) cxactly, They are, however, =uch more ncarly all the
same shape than whon the sheet is cupfup by two par"llel sets of 1lines,
o as was assumed nbove. Then, if one side of = frogment is very small, :
t . theye }s.no particular liknlil'ood that thg other one is On .the H
- othePFy°vith rendon fragnestation, wny very small interval 2 on ono of .
: . the lines cutting the sheet is vrobably one. side of a sinnll trizngle of ¢

. area‘of the order|a®., Thus we hove norc yery sasll fragnents .than with

thé above distribition. 4 sinilar srrument shows tant we should have
. more vory. large ones. Trus if log v is plotted z230inst g, 2 strg.i ghter
N 1ine should ‘oe obtain\.d then that shown in fig. 7. .

- We can p*ove ‘that v tends to a constant noun-zero value as a -0,
. The very small fragnents will nearly a1l be triangles. If 0, @ are the

two angles of . onc fof these tiiang les .;dju.certt to 2 sme of buse x the
4 arga is ¢

I TSN SN

. Vst
P e ‘. " -

2 R 4 n
g (0ot 8 + cotg) _ Lo

0 > o e ey

Thus the nunber of frocments with nrea less thon 22 :is pronortio....l to

:t
{§§ @7 ™% 6iaB Sing dxdodg
] the integral beix\g over ~ll values of X, 9, 95 such that

i—x.z { o? (cotei-cd: $) <
The mtebr‘-l becomes, on integrating .with raspect to x,

{ ‘K - {l % (fectB + cot ¢)T}

b0 d6 sin b 395 .

The ﬁrst t»rm in: the expansion of this funciien ir. ascending powers .
of a is . ot ;A

a.§§§f2(60te+60t¢} Sun 8 Sw.4> Ry, ds{; ’ . SV ’

. which cdoes not v.nish. Thus v(a) tends to a constaint volue as a
tends to zero: -
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