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Preface 

This report is the, twelfth monthly report of Division 2, NDRC,  on Air 
and Earth Shock,  covering the period from June 2$ to July 25>f I9if5,    These 
monthly reports are compilations of  informal repcrts submitted in advance of 
formal reports.    In no qase is it to be presumed that the work is complete 
or that the results reported are other than tentative. 

The work described in the report is pertinent to the project designated 
by the War Department Liaison Officer as OD-03 and was performed under 
Contract OEMsr-260 with Princeton Un- versity. 

The present volume contains  only one paper. 
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REACTIONS OF SIITLE 3ISTEMS UNDER BUST LOADING 

by D.  I font gomery and A. H.  Taub 

Abstract 

The differential equation Mx+F(x)=p(t) is considered for some 
simple cases of blast loading.    The right-hand side is assumed linear, 
and F(x)  on the one hand is taken as constant and on the  other is 
taken as linear from the origin to the constant and then as remaining 
constant for larger values of x.    It is shown that the situations in 
the two cases differ moderately.    An approximation formula is de- 
veloped by which certain information in the  latter case can be ob- 
tained from the former. 

1.    Introduction 

In discussing the behavior of various targets under blast loading it is 

often possible to reduce the mathematical problem to that of a one-dimension- 

al system governed by the equation 

H§+F(x]  =p(t), (1) 
dt" 

Yrtiere x is the displacement of the. system, F(x) is the restoring force, M is 

the equivalent mass of the  system, and p(t) is the force   [-pressure x area] 

acting On the system where p(t) is dependent  on time. 

Equations of this form arise in many problemsj for example, if the tar- 

get is clastic and has various modes of vibration, its response is determined 

by solving a set of equations of the type of Eq.   (1) where F(x) is of the 

form k^x.    Again, this equation is found in the treatment given by Christo- 

pherson—'  in R.C. 3U9 of the action of brick rails.    There it is shown that 

F(x) may bo replaced by a constant. 

In the application wo have in mind   (blast vave) the function p(t) is 

zero for negative time, has a finite initial value p    at t*0, decreases to 

1/    "A modification of the impulse criterion for blast damage," by 
G.~Christopherson, R.C. 3k9, Sept. 1°1|2  (Confidential). 
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zero again at time tQ, and becomes negative thereafter, rising to zero at 

soiiie later time.    The problem with which we are mainly concerned may be 

stated as follows: 

Tfliat relation must exist between p0 and t   in order that the maxi- 
mum of the solution of Eq.   (1) be a specified quantity, say x3? 

If the  solution of this problem is known, then for a target such as a brick 

wall we can determine the relation between pQ and tQ that will just cause 

the target to fail — that is, reach a critical displacement with zero veloc- 

ity.    The quantity p   is called the peak pressure acting on the target, and 

tQ is called the duration of the pressure wave.    The area under the pressure- 

time curve between t = 0 and t = tQ}  called the positive impulse, may be re- 

lated to p0 and tQ.    The result may then be expressed in terms of the peak 

pressure and positive impulse  just necessary to cause failure.    If the rela- 

tion between peak pressure and impulse_acting en the target and the same 

quantities in the blast wave are known, then for any charge weight a dis- 

tance can be determined that is the limiting distance at which the target is 

destroyed.    In order to perform the last calculation the dependence of peak 

pressure and impulse in the blast rave on weight of charge and distance must 

bejenown.    These quantities must bo corrected for. reflection,  diffraction, 

and motion of the target in order to obtain the peak pressure and impulse 

acting on the target. 

This paper will be concerned with the determination of the relation be- 

tween peak pressure and impulse acting on the target for a given maximum 

displacement for special cases of Eq.   (1).    The  specializations made are as 

follows: 

A:    p(t)  - PoA - jjfcA. 

Case I:    F(x)   = constant  = P, 

or 

fp 
x, 0 < x < xx; (a) 

Case II:    F(x)   =' 
l 

P, x > xx. (b) 

CONFIDENTIAL 
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Case I is a limiting cage of case II.    If the desired deflection is x3 

and if x1/x3 approaches zero, then general existence theorems guarantee that 

the solutions in case II approach those in case I.    Hovrever, there is no 

guarantee that a given value of X3/X3, say 0.01 for example, rill bring the 

solutions near each other to an accuracy of about the same size.    Actually 

v;c find that the solutions can differ to a greater degree than 0.01 in this 

case, although the difference is not excessive.    Ua exhibit numerical calcu- 

lations bearing on this, point, and tre also develop a formula that makes it 

easy to calculate from the limiting case r;hat the situation is for a given 

value of xx/x3 provided this value is not too large.    Yfe consider only cases 

v;here x3> xx since in such cases a target "will be destroyed vihen it reaches 

a deflection x3 tilth zero velocity.    At the end iTe also take up a related 

question v/hose description we postpone. 

2.    Solution for case II 

He shall treat case I as a special case of case II and proceed first to 

obtain the solutions in the latter case. 

In the interval from 0 to xx the solution is as follows: 

Po 
x    Ji*? 

HLÜ       *   ♦ ! -cosotj, (2) 
"0 "0 J 

vfaere oi2 ■ P/Mxx, and hence in this interval 

x ■ ■ [cos cut  + wt0 sin wt - 1]. (3) 
Jaw^tg ° 

Let tx be the time at v.hich the displacement reaches xx.    Lfeking use of 

the fact that o2 ■ P/Mxu vie see that 

_ PoXi  Isintjtn     ti   .  A ~\ 

Dividing by xx and rearranging, TO find as the equation determining tx 

u)tQ cos ut + wt    - sintot     ■ iJt0(1 - ~|. (U) 

CONFIDENTIAL 
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Yfe let Xx be the value of x at tx and we denote by I the quantity 

§p0tovihich is the area under the curve p(t) from 0 to tQ.    Then from Eq; 

(3) . • • ; 
* ■ • 

-yl ■ (^o s^ri "^l + C0S ^i ~ ^* 
0 

TThen t is greater than tx and x is greater than xx Eq.   0) becomes 

l£ ■ p(t) - P■- (p0 - P) -|2 t. 

T.kking use of the fact that x = x1 and x   =x1 when fc"tu ne find that 

(5) 

1    /      ti\ 
ISx. -J&i +  !P0|1  -r-i   - P 

<* " *i> " fe <* - **>? 

and 

* --"^*>^^*-*x**.J[i^(i-|^^ ^^^^ÄfeJ^r*^ 

(6) 

(7) 

Let t3 be the value of t at'-which the solution given by Eq. (7) has its 

maximum value, and let x3 be this maximum. TJhen t = t3 the left-hand side of 

Eq.   (6) is zero and v/e obtain ,'■'.«'. ■.-.. ' 

Let  T3- (t3- tx)/t  .    Rearrangement gives 

(t3-tx). 

(l-ri)-fk. 
\       °o/      P0 

Solving for  t^, 

r3 -   1 - U - 
1/2- 

(8) 
-o      PoJ      [X      .V    ,*o     Po, 

■«here TO must choose tho  sign before the -square root so as to make t3 posi- 

tive.    In developing tho approximation formula avo consider tho  cane where 

1 - t1/t0- P/p0 is positive. 

To find x3 we substitute this value in Eq.   (7): 

1.X3 = isx.x + t0r3. xx + ? ('-£)- t,r,-£#at«,r. 

CONFIDENTIAL 
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Replace Mxi by its value from the equation preceding Eq.   (8): 

Iftc, - ifca + Ssi^Sä fa"», - 3(i -|i. _p_ 

?0 

Now p0 = -p- P - -p- M<J
2
XX, and hence 

(8a) 

sA;4HT-^nk-^--^-ß (9) 

Instead.of plotting pQ against t    it is more convenient to plot l/v£PMx3 

against pQ/Pj and we shall next derive a formula expressing the first of 

these quantities in terns of the second in the limiting case.    In this  case 

t1 = x1 = 0.    Here Eq.   (9) becomes meaningless because in Eq.   (9) we have used 

the expression P/xx for a slope.    However, from Eq.   (3a), in this case 

.2r2, 

MK3      —g— 2r3-3(1-i) 

and also in this same case by Eq. (8) 

Hence 

I  -il. 

2Bfea = 4SI (1  - 2.V 
3?o \    p0y 

and 

I2 

2PI.K- 
3   Po  1 

T6* T T      FT*' i1-^)' 

(10) 

(11) 

From Eq.   (11) a table of values may 

be computed relating pQ/P and l/y2PMx3. 

Table I and the graph of xx/x3 = 0 in 

Fig.  1 present these values. 

Notice that for some computations in 

case II it is convenient to use the fol- 

lowing relation 

Table I.    Values of I/V2PI.K3 in 

the limiting case. 

1   po    ,2     1» 
_ 2 ~p"       *   ° 

V2PI'.&3       VilPuP X1X3 

1        PO      jXn < 

»0 I Po 
P 

I 
p V2PI.fr: 3 v£PIfrc3 

1.2$ 5*1*13 6 1.391* 
1.5 2.756 7 i.U*U 
2 1.732 8 1.U96 
3 1.378 9 1.550 
I* 1.333 10 1.60U 
5 1.353 

CONFIDENTIAL 
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The quantity I2/2PMx-3 has the follovdng physical interpretation; it is the 

ratio' of the kinetic energy given to the target if the loading is truly im- 

pulsive   (the impulse I is communicated before any displacement or velocity is 

acquired by the target) to the static v.-ork done pn the target vihen it is dis- 

placed to failure.    This ratio vrould be, one for impulsive loading.    Actually 

in the limiting case this ratio is a function of P/pQ and its minimum value 

is U/3.    Thus the fact that the loading is spread out over a finite time has 

an appreciable effect on the behavior of the system. 

The fact that the value of l/v2PIÄx3 rises slowly for values of p /? 

greater than four, implies that.in this range of po/P the ''impulse criterion'! 

is approximately true.    That is, if the impulse in the pressure wave acting 01 

the structure is greater than and approximately the minimum value the target 

Tall break, provided of course P0/P is greater than four.    In the range -nhero 

p0/P is less than two, but greater than one, the value of l/\/2PMx3 changes 

very rapidly for small changes in p0/P.    This means that the breaking of the 

target is following a pressure  criterion. 

3.    Approximation formulas 

¥e shall nor; find a method to obtain approximately the value of l/v2PMx3 

for a given value of X]/x3 from the value of l/\/2PMx3 in the limiting case. 

The equations we need for this purpose are Eqs.   (U),   (?),   (8),"and  (9). 

For convenience wa collect these formulas in one place 

wt    cos ut    + «t^ - sin wt    = ut   (1 1. 11 i \       P0/ 

15c l _ 

uH% 
(wt0 sin «Jtx + cos <jtx - 1), 

-d-Jk- V "T* + 1 - ** - ~ 
■) 

xl  P0      o.p^o 
3        \       to     Po/ 

(U) 

(5) • 

i/a- 

» (8) 

I (9) 

C 0 N F I D E AL 
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Suppose, that P/p0 is fixed.    If we also fix ut0, then ut± is deter- 

mined by 3q.   (h) ■    Then MXi/l is given by Eq,  (£) and,  since t1/t0 = ut^/utQ, 

?3 is given by EG.   (8) and Xj/6cg is determined by Eo.   (9).    Hence for each 

value of P/p0 there mil be a value of tjt0 which gives Xx/x3 a fixed value. 

Assuming that x /x3 and P/p0 are fixed we now estimate Tvhat the value 

of ut0 will be -when xn/x3 is small. 

For a first rough estimate assume that t1 = 0 and that T3 = 2(l-P/p0) 

as in the limiting case.    Then from Ec.   (9) 

xi 3   P       o\     p0/ 

17e may drop the one as unimportant when Xs/xi is large and get as a first 

estimate  {(jt^j^ of ut0, 

x3   p 

TTe nor; assume that a second approximation (tjt0)2 is given by 

(ut0)2  = /3(Wt0)x, (1U) 

where £ is a quantity to be determined. 

From Eq.   (li) it is seen that a good approximation to «Jtx is 

<otn   = arc cos (1 ), 
\       Po/ 

and from Eq.   {$) an approximation for m.j/1 is 

I'bCi      2 sin ot 

(15) 

(16) 

Tfe also make the follcrnng estimates for  T3 and t%: 

%-zk-U -iWSk-, 2 ^ (17) 3  .     \       t0     p0/ .      1^ 2 1 - £i - —^ 
V       *o      Po/ 

and 

rlf2r3_3(1-^-4 = h(l-^3-i2h-f!> + 6^(l-f). (18) 
(•-•-.   5    ^    Po/J       \    Po/ \    Po;   t0 i    \     p0/ 

CONFIDENTIAL . 
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The value  (wt0)x has been chosen so that the desired value of x3/xx is 
given by 

>3 x3 = 2 Po / .   ,a /. ■    P \    ■ 
(19) 

but substitution of Eq.   (18) in Eg.   (9) and use of the second approximation 

UJ^/JU^ gives 

Equating these two values, again dropping the   one as unimportant when 

X3/X-L is large, and dividing, we find 

k(v-i| •? 
V.      Po/  .      " \       Po/    to X   \       Po 

Hence 

.2  - 

where 

oc = 

1   - 

1   +<* 

3/2 _   I.^i •        tx 

1  _   P  ' 
Po L       Po 

Substituting the relation given by Eq.   (16) and remembering that \/t0^dbx/ti,t 

ot 

\        Po/ 

1 

and then using the relations given in Eqs. (13), Oh), and 05), 

« = 1       3  5-73-   sin<arc cos|1 —-U -«-.- — tare cos   1 ] • 
(l-—)    L      1 \     po/j     V      Po/ V    Po/J 

v   pQy x3 

or 

at. 
ß ' 

OONFIDENTIA 
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inhere 

7 = 3 

Po 
T 

¥3 
Hence 

1/2 

sin arc cos (l  _ JL\i  -   (l  - — | arc cosll - 
Po 

ß 2    ■ 
1    +06 

1    + 
7VX3 

„ 1 V x3      r      af2x1/x3 

(20) 

Thus -we have achieved our 

purpose — to find the approxi- 

mate value of ^.    A table of 

values of y/2 and 3^/8 as well 

as the values of ß when X]/x3 =0.01 

is given in Table II. 

If we replace cjtQ in Eq. (12) 

by (cjt0)x we see that we obtain 

the value of l/V2Plfc3 for the 

limiting case.    Kence the factor 

ß is also the factor which when 

multiplied by l/V2PMx3 in the 

limiting case yields the value 

(approximately) for any value of 

Xi/x3. 

Table III shows lf\ß£W-Z as computed in certain cases and as given by 

the approximation formula derived above.    It can be seen that the approxima- 

tion formula is quite accurate in these cases. 

Table II. Values of 7 and /i. 

! ä f or 

Po 
P 1 7 

2~ 
7* 
T x3 

1.25 l;. 323 2.162 2:337 O.76O 
1.5 2.767 1.38U 0.958 .852 
2 1.677 0.838 .351 .920 

3 0.959 .h80 .115 .953 
If .688 •3UU .0592 .966 

5 .522 .261 .03U1 .97U 
6 •U25 .212 .0225 .979 
7 •359 .180 .0162 .982 
8    ' .311 .156 .0122 .98U 
9 .27h j   -137 .009u .986 

10 • 2U5 .122 .007U .988 

G 0 N FIDENTIAL 
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Table III.    Comparison of exact and 

approximate values of l/v2P!k 
Hence, to get a good esti- 

mate of l/V2Plk3 for a given small 

value of .X3./X3,  compute £ from 

Eq.   (20), using in many cases the 

values of 7/2 and 72 /o from Table 

II.    Then multiply a and the 

,limiting value  of l/v2PIk3 from 

Table I.    This approximation 

formula is quite accurate when 
xi/x3 is small, and is fairly 

accurate for values of X]/x3 as 

large as 0.3 or O.k.    Figure 1 

gives the values of l/v2PIb:3 

for various values  of xj/x£ be- 

tween 0 and 1. . The case xa/x3 = 1 
/  \ 2/ may be handled as follows.    In this  case F(x; is a straight line and— 

Exact Value Value Given b 
Po *1 

x3 
of      X Approximation 

p vmk3 
Formula 

1.5 0.0205 2.2^0 2.265 
2.0 .0U2h 1.U57 1.Ü58 
2.0 .01214 1.577 1.578 
3.0 .0150 1.300 1.299 
3.0 .0069 1.32h 1-3214 
U.o .0223 1.269 1.266 
li.O .0129 1.263 1.281 
7.0 .0091 1.L.20 1.U20 

10.0 .0220 1-575 1.575 
10.0 .0125 1.583 1.532 

x3 

ire tan out   I 

Cut J 
using the fact that w .2  = we obtain 

W,3 

P   _ = o 1 - 
arc tan *A>0 

Ui\j. 

Vfe find also in this case, by Eq.   (12), 

_1    _       1       Pp      . 
V2TIE7      2^   P  U °' 

The graphs for this case and for the cases r.here x1/x3=0.0, 0.01, 0.1, 0.2, 

and 0.5 are shown in Fig. 1. 

The curves of Fig. 1 all have vertical asymptotes on the left. To find 

them proceed as follows.  Looking at the Eqs. (lj), (5), (8), (9), and (12), 

2/ The following equation is derived by solving the differential equa- 
tion for x(t). Determine the time at which the maximum is obtained from the 
equation x(tj.) = 0. Substitute this value of tx in the equation x(t;i_) = x3.. See 
R.C. 6, "The design of buildings against air attack (Part 2)," March 1939. 
Restricted. 
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let Ot    approach infinity.    Then Z3 approaches zero.    Let -y> jp * -y.,% 1, 

be fixed, and atterf.pt to find the corresponding value of Xj/x3.    Since 

1- tx/t0- P/p0 is negative, the approximation for  r3 given by Eq.   (17) is 

to be replaced by the expression obtained by the choice of signs in Eq.   (3) 

TÄiich makes V3 positive.    Tliis gives 

- Ms 1 
»•■-T-JU1 - tyt, - ?/?0) • 

Since t-^tQ = tit^/o/to is negligible cornered to 1 - P/p , we obtain 

<>•    =        sin utx 

Substituting in Eq.   (19) and replacing sin2otxby 2P/pQ- (P/pQ)2 we  obtain 

x3 _ ,   .  1 Po 2P/Po - (P/p0)2 

=7     1  + 5 T      (P/p0 - 1)ü      ^3 - 3(1 - P/p0)]. X 

IJaking use of the fact that ^3 is small compared to 3(1-P/P0) we write 

xT"1 + g(E/pn-UM 3(P/P0-D 

and 

.1   ^ 2 - P/Po 1    P7^T 

xi _ 2P/p0 - 2.     •    • 
x3      ~T^       • 

This may be written 

P       1       2 x^* 

Kence this is the location of the vertical asymptotes for the curve asso- 

ciated with yix/y:3. Yslhen x1/x3=0 the asymptote is at 1, and as xx/x3 in- 

creases to 1 the position of the asymptote shifts linearly to ■§•. 

As lve have seen, the curves all have a vertical asymptote given as 

above.    After this they drop rather soon to a minimum and then rise gradu- 

ally.    The position of the minimum varies from about 1.5 for x1/r*3 = 1 to 

h for x1/x3 = 0. 

1T...0 II F ?,.U1L ill  1  1 if 
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h.    Comparison of case II to an elastic system 

Returning to the differential equation Eq. 0), rie discuss next a prob- 

lem ■which arises in connection with F(x) as given in case II and as given in 

still another case called case III. 

The function F(x) =kx where k^P/xx is the value given in (a) of case II 

Thus the curve of case III is merelj'" a continuation of the straight line with 

which the curve in case II begins.    Suppose that the desired maximum deflec- 

tion in case II is x3 and that the desired maximum deflection in case III is 

x'.    The area A2 under-the curve II from 0 to x3 is 
3 

' kxi Ag   - kxxx3 - -rr-. 

The area under the  curve III from 0 to x3 is 

-3 
A3 = 

led2 

2 

Under some conditions it is reasonable to suppose that if A2 " A3,  then 

the p   and t    -which produce a maximum deflection x3 in case II ivill produce a 

maximum deflection x3 in case III.    This conjecture will be examined below, 

and it will be shown that it is not always true. 

For A2 = A3, the following must hold 

x3
2 = 2xxx3 - xi, 

or when Xi is small, 

"   x3
2 - 2xxX3. (21) 

Let XJTT be the maximum deflection in case III.    Then 

x'-^i,- 

■ •*$*, 

For small values of xx this is approximated fairly '.voll by 

.,Po 
XIII   "F"Xl* 

arc tan ut~\ 
mt0        J 

arc tan ot_ 
1 utr> 

n T H.T.A. 
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In case II assume that xx/x3 is so small that the maximum deflection 

XJJ is approximately equal to .-what it would be in the limiting case, 

-12/.,        P \3      . ?      . 
X
II " M 3" [ - i£j   Mfr 

According to Sq.   (21) we wish to compare the quantities 

lii-p-y   x*    and   ^1 -~j   p0t-x1(. 

It is clear that in general these two quantities do not approximate each other, 

and as a further check it is easy to choose special values of the constants 

■which shot; a substantial discrepancy between the two quantities. 

P       1            XII_ As a numerical example suppose that M=1, t0
= 1, —- ■ *   and — 100. ' 

Po xl . 
Then ■  ■ 

_ Po" 
XII     ft* 

XIII = hx*> 

and 

p0 = 1200Xl. - ■' 

Yfe "wish to compare the quantities 

16xx      and      —r—, 

or 

16XX     and     -r-, 

or   

16x3.     and     200xx. 

These quantities differ by a factor of more than 12.    ?or this numerical case 

practically all of the action takes place while the right-hand side of the 

differential equation is positive. 
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TITLE:Alr and Earth Shock - A Compilation of Informal Reports Submitted in Advance of 
Final Reports - Vol. 12 - 25 June to 25 July 1945 

ATI-  60554 
REVISION 

(None) 
AUTHOR(S)         : (Not known) OttO, AGENCY NO. 

(None) 
PUBLISHED BY     :OSRD, NDRC, Div. 2, Washington, D. C. PUBUSWNO NO. 

OSRD5393; AES-12 
DATE 

Aue • 45 
o.». axis 
Unclass, 

COUKTIY 
U.S. 

IANOUACI 
English 

PAGB 
17 

IUUSTIATIONS 
tables, graph 

ABSTRACT: 

The differential equation Mx + F(x) = p(t) is considered for some simple cases of blast 
loading.  The right-hand side is assumed linear, and F(x) on the one hand is taken as 
constant and on the other is taken as linear from the origin to the constant and then as 
remaining constant for larger values of x .  It is shown that the situation In the two cases 
differ moderately. An approximation formula is developed by which certain information 
in the latter case can be obtained from the former. 

DISTRIBUTION: Copies of this report obtainable from CAfcCK 
DIVISION: Army Materiel (27) 
SECTION: Army Ordnance (1) 

ATI SHEET NO.: R-27-1-2 

SUBJECT HEADINGS: Explosions - Shock and pressure 
measurement (34458); Blast effects (16210); Shock waves, 
One-dimensional (86309.25); Pressure waves (74620) 

Control Air Ooctrmonts Offtco 

I    WrlnrrfcPorrorion Air Force Bos**, Dayton, Ohio 
Air) TECHNICAL INDEX 




