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Preface

This report is the twelfth monthly ”eport of Division 2, NDRG; -on Air
and Earth Shock, covening the period from June 25 to July 25, 1945, These
monthly repcrts are compilations of informal reparts submltted in advance of
formal reports, In no gase is it to be presumsd that the work is cemplete
or that the results peported are other than tentative,

The work described in the reporﬁ is pertinent to the project designated
by the War Department Iiaison Officer as OD-03 and was performed under
Contract OLlsr—260 with Princeton Un versity.

The present wolume contains only one paper.
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REACTIONS OF SIIPLE SYSTEMS UNDER BLAST LOADING

by D. llontgomery and A. H. Taub

Abstract

The differential equation &+ F(x) =p(t) is considered for socme
simple cases of blast loading. The right-hand side is assumed linear,
and F(x) on the one hand is taken as constant and on the other is
taken as linear from the origin to the constant and then as remaining
constant for larger values of x. It is shown that the situations in
the two cases differ moderately. An approximation formula is de-
veloped by which certain information in the latter case can be ob-
tained from the former.

1. Introduction

In discussing the behavior of various targets under blast loading it is
often possible to reduce the mathematical problem to that of a one-dimension-

al system governed by the egquation
M aee F(x) = p(t), ' (1)
d dtz

where X .is the displacement of the system, F(x) is the restoring force, Mis
the equivalent mass of the system, and p(t) is the force [ = pressure x.area)

acting on the system where p(t) is dependent on time.

Equations of this form arise in many problems; for cxample, if the tar-
get is clastic and has various modes of vibration, its responsc is determined
by solving a set of equations.of the type of Egq. (1) where F(x) is of the
form k, x. Again, this equation is found in the treatment given by Christo-
phcrsonl in R.C. 349 of the action of brick walls. There it is shown that .

F(x) may be replaced by a constant.

In the application we have in mind (blast wave) the function p(t) is

zero for negative time, has & finite initial value p 4 at t =0, decreases to

.

1 / "A modification of the "“impulse criterion for blast damage," by
D. G. Christopherson, R.C. 349, Sept. 1942 (Confidential).
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zero again at time t,, and becomes negative thereafter, rising to zero at
sone-later time. The problem with which we are mainly concerned may be
stated as follcvrs: '

What relatlon must exist between P, @ t, in order that the maxi-

mm of the solution of Bo. (1) be a 5 specified quantity, say xa?
If the solution of this problem is known, then for a target such as a brick
wmll we can detormine the rela® cion betwecn p, and t, that will just cause

© the target to fail -- that is, reach a critical dlsplaccmcnt with zero veloc-

ity. The quantity p, is called the peak pressure acting on the target, and
te is called the duration of the pressure wave. The area under the pressurc-
time curve between t =0 and t=t,, called the positive impulse, may be re-
lated to pgy and t,. The result may then be cxpressed in terms of the peak

pressure and positive impulse just necessary to cause failure. If the recla-
~tion bets ween peak pressurc and impulsec_acting on thc target and the same

quantltlcs in the blast vave are knowm, then for any charge weight a dls-
tance can be determined that is the llmltlng dlstance at which the target is
dastroyed. In order to perform the last calculatlon the dependence of peak
pressure and impulse in the blast vave on wweight of charge and distance must
be known. These quan’ritics must be corrected for. reflection, diffraction,
and motion of the. target in order to obtain. the peak pressurc. and impulse.
acting on the target. ‘ E ¢

This paper Vill be concernéd with the determination of the relation be-

tween peak pressurc and impulse acting on the target for a given maximum

displacecment for special cases of Eq. (1). The specializations made arc as

follows:
A: plt) = po(‘l - ti’-)
: o
Casc I: F(x) = constant = P,

) or
!

4 e -
| X-;X, (¢] <X'5XI, (a)

" Case II: ¥(x) =
¥ 5 E, A L (b)

CONFIDENTIAL
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Case I is a limiting case of case II. If the desired deflection is 553
and if xl/x3 approaches zero, then general existence theorems guarantce that
the solutions in case IT approach those in case I. dowever, there is no
guarantee that a given value of xi/x3, say 0.01 for example, will bring the
solutions near each r?t,‘ncr to an accuracy of about the same size. Actually
we find that the sé)lutions can differ to a greater degrec than 0.01 in this
case, although the difference is not excessive. We exhibit numerical calcu—
lations bearingon this point, and we also develop a formula that makes it
casy to calculate from the 1:;n.rniting case vhat the situation is for a given
value of x,/x3 provided this value is not too large. Ule consider only cases
vhere X3> %, since in such cases a target will be destroyed when it reaches
a deflection X3 twith Zero velocity. At the end we also take up a related

question wvhosc description we postpone.

2. Solution for case II

Tle shall trecat case I as a speciai case of case II and proceed first to
obtain the solutions in the latter case.

In the interval from O o x, the solution is as follows:

o BB [sin wt ik

oF = po .
x—m[coswt +wbsinwt = 1], (3)

Let t, be the time at vhich the displacement reaches x,. laking usc of
the fact that o? =P/ik,, we seec that

e PoXy rsinwtl_ b2, 1‘- cos wtql .
1 P LUto tO 1

Dividing by X, and recarranging, we find as the equation determining t,

, . it P
why cos wb *wb, - sinwt . u’co( - 5(—)-) (L)

CONFIDENTIAL
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Ve let X be the value of X at ty and we denote by I the quantity
2p°t '7hlch is the area under the curve p('b) from ‘0 to t,- Then from Eq.
(3) ' bE '

- 1 i 2 . . . V ‘
-DI(-l- = Uth (ut, sin wty + cos why = M 2y 5 (5)

Then t is greater than t; and x is greater than x; Eq. (1) becomes

= plh)-~P # (po -~ P) - t-
© Making use of the fact 'bhat X=Xy c.ndx -x1 when by tl, we find that
I.b'c=I45c.+|-p (1-'1\-P](t-t)- 2.t -t ) o !
=g {_.o\ R | 1 2—{5 2 )

and

1B =z-axl+m'<l(t-tl)+%-[p (—%-) Pn (t £)% - ?:.f.t"_‘tl)? (7

o

Let t5 be the value of t at ‘Which the solution gx.ven by Eo. (7) has its
maximm value, and let X5 be this maximum. T‘Ihen t=t3 the 1ef'b-"xand side of

Eq. (6) is zero and we obtain - ) At e s Ty

Wx, = 2t by [po(‘-.--—-)-—P-l(t

et 3= (ta=-t,) /'b Rearrangement gives

M).Cl 2 2 .t'l P "
—I-— TB.- 2[(1 L3 t_') Rt 3— .TB-

Solving for 7,,.-

| e bl sehals .. o
?(L.?l)i(t_i SR )
to pO 1 !to po

vhere we must’' choose the ‘sign befaore the ‘squarc root so as to make Ts posi-
tive. In devel opin?r the appreximation formula we consider the cace where

1=t,/to~ P/p, is positive.

To find x5 we subs‘bltute this value in Eg. (7):

. t
lia = bxy + t0'2'3{157‘1 £ 1§ [Po (1 3 %) 3 P] toTa - p_%_gt%}.

CONPIDENTIAL
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Replace Mx; by its value from the equation preceding Eq. (8):

$ 297 t
Mey = Mx, + PQ-ELa[z“ca 4 3( - ;C—E - I—f—-ﬂ . (8a)

) )
Now p, = %’- %‘3 Mw2x,, and hence -
& 1Po 5.2 2.— t1 P
Xy X ‘*‘B'-Fw toxl'ZS[Z F - "F;""I;'; (9)

Instead of plotting p, against t it is more convenient to plot I/2Pik,
against po/P, and we shall next derive a formula expressing the first of
these Qquantities in terms of the second in the limiting case. In this case
t9.=x,=0. Here Eq. (9) becomes meaningless because in Zq. (9) we have used
e expression P/x, for a slope. However, from Eq. (8a), in this case

aPo P
)

and also in this same case by Eg. (8)

. P
%0 %2 (1 <@
1 ( p°>

Hence ,
2 3
opxy = 16FLZ (; _ B (10)
3P, Py
and
I8 2 2 T B | w
2Piix; 16 P ( i el
%)

From Eq. (11) a table.of values may Table I. Values of IA/2PIk5 in
be computed relating p,/P and I//2PHxs. the limiting case.

Table I and the graph of x;/%x3=0 in Py o Do i

. —_— \/z__—.: = =
Fig. 1 present these values. K -Plixs P V2Pl 3
. d ’ 1.25 | 5.413 6. | 1.39
Notice that for some ~omputations in 1.5 2.756 7 1.Lkk
case II it is convenient to use the fol=- -2 1% 798 8 1.496
loving relation 2 1,378 9 1.550
LA ae o L 1.333 10 1.60L

(S ot S PN =
¢ JETE 2 Po % 5 1.5853
B 3 Xa wto- (12)

1 oJ
VPR3  V21fuw?x x5 22 P

COHNFIDLDENTIAL
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The quantity I®/2PMx, has the following physical interpretation; it is the
ratio’ of the kinetic ‘energy given to the target if the loading is truly im-—
ovulsive '(the impulée I is comunicated before any displacement or velocity is
acquired by the target) to the static work done on the target when it is dis-
placed to failure. This ratio would bg one for impulsive loading. Actually
in the limiting case this ratio is a function of P/p, and its minimm value
is L/3. Thus the fact thet the loading is smread out over a finite time has

an appreciable effect on the ‘behavior of the system.

The fact that the value of I//2Plk; rises slowly for values of p_/P
greater than four, implies thet ih this rangc of pO/P the "impulse criterion'
is approximately true. That is, if the impulse.in the pressure wave acting o
the structure is greater than and approximately the minimum value the target
will break, provided of course pO/P is greauer than four. In the range vherc
po/P is less than two, but greater than one, the valuc of I/\V2PHxs changes
very rapidly for small changes in pb/P' This means that the breaizding of the

target is following a pressurc critcrion.

3. Aporoximation formulas

Ve shall now find a method to obtain approximately the value of I/V2PMxs
for a given velue of X;/x3 from the value of I/\V2Pix5 in the limiting case.
The equations we need for this purpose are Zas. (4), (5), (8), and (9).

For convenience we collect these formulas in one place

g ; 1 y P T
wty cos wt + ot = sin et = wb (1 - i’;)’ . | Gl
"% =5 :
—Ti s 3 ~ (wty sin wty + cos wby = 1), (5)
w to A
\ -!.-". . + 2 \2 1/2_
73=(1-%-]5--3}+—I"*’<1-:—1""£} s (8)
o P Yo Py
=) R a0 < ta P)]
X, =X, * - w272 {27, = 3{1 - 2= = =], (9)
3 RS [ T4 o 0 BL 3 3 po,J
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~ Suppose that B/p, is fixed. If we also fix wt,, then wt, is deter-
mined by Zq. (4). Then Mx,/I is given by Eg. (5) and, since t1/to=wt,/wh,
T5 is given by Ec. (8) and x;/x; is determined by Eg. (9). Hence for each
value of P/p  there will be a value of wh, vhich gives x,/x5 a fixed valuve.

Assuning that x,/x, and P/p, are fixed we now estimate what the value

of wt, will be when :{1/x3 is small.

For a first rough estimate assume that t,=0 and that 73=2(1- P/p,)

as in the limiting case. Then from Be. {9)

We may drop the one as unimportant when xs/x; is large and get as a first

estimate (“:‘to)l of wty,

X3 P
g X3 Po
(wto)i & -2-——-—1;-5' 3 (13)
=2
Te now assume that a second approximation (wt,), is gi_vén by
At o)z = plitg) ;s (1)
where g is a. duantity to be determined.
From Eq. (Ii) it is seen thet a good approximation to wt; is
r TR P\
wtq = arc cos (1 - —-), (15)
Po .
and from Eq. (5) an approximation for IX,/I is
My, _ 2 sin whg
L rTR T At * (16)
Tle also make the following'estiv'vaté"s for 75 and 2‘23:
™, o L E Iixy 1
73-2( -%—5-%),+T2(1_El_£ (.17)
Lo Po

and

. 7%[27;;-3(1-%-%)%u(1-..P_\)3-12 (1--11}2.31 + 6 }-I?[il- (1-—2). (1é)

CONFIDANTIAL
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The value (c.rbo)1 has been chosen so that the desired value of xs/Xl is
given By

= X3 =2po P3.. : 3
}T 3T l-)to_) (1-1)—0) 10 & 2 . (19)

but substitution of Eq. (18) in Eq. (9) and use of the second approximation
(&lto)z =ﬁ(dt0)l gives

2 bRt [uf-Ef - ef- 2 B oo - 2]

Equating these two values, again dropping the one as unimportant when

x3/x1 is large, and dividing, we find

o -8 - 2T -l - e 202

Hence
1 s
2N
A T+ ? 3
vhere
i 32 Mgty L ek
o = 3 {
12121 to |
Do | Po

Substituting the relation given by Eq. (16) and remembering that t /t Wb/t

.28 i, 4 A 2 ey
& ( i _P_\z l'sn.n wty (1 Pe, utl] z—Tu’co —
pO,l i e

and then using the relations given in Eqs. (13), (1k), and (15),

: ] : B 3/e
ey ol B e (R R
o«=_ sin{arc cos|l = =}t ={1.= ==jarc c9s (1-— |||
A (1-_1’-) 5ol Py =4 5 |
r e
3 Jﬁ
ARS
o = et

>
-,

S 0-N & T §N'T. T
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where
2 2o i :
7;3 -——-P-p- ' [s:m arccos(1 -i)l - ( -3) arccog(-l _f.>].
3(-—) L Polj Po : Po/|
po J s
Hence
1 1 S
L =
- e T ﬁ,
A
Xy !
7V X~ f 2
7 X1 2 x3

,?2-1-75 3—(—5‘*-8-}?5. (20)

Table II. . Values of 7 and Ve Thus we have achieved our

purpose — to find the approxi-

3 L] 8 & mate value of g L table of

?o 7 % -78— %= 0,01 values of 7/2 and 72/8 as well
1.25 1 1.323 |2.162 2;~3—3~7 0.760 | ‘as the values of g vhen xy/x3=0.01
1.5 [2.767 1338 | 6.958 .852 is given in Table II.

§ ;g;; Oigg ?f; 'gég If we replace wt, in Eg. (12)
L 688 | .3un | .ose2 966 by (wty), we see that we obtain

g 522 | .261 | Lo3L .97k the value of I/\2Plks for the

6 e 2 | ..0825 L979 limiting case. Hence the factor
2 e ] e p is also the factor which vhen

g 3172‘ lgi :gééi :zgé‘ multiplied by I/V/2PIk; in the
10 - | .28 § .122 | .oo7l .988 limiting case yields the value

(approximately) for any value of
. Table. III shows I/V2Fibr; as computed in certain cases and as given by
‘the approximation formula derived above. It can be seen that the approxima-

tion formula is quite accurate in these cases.

PEONTIDENTIAL
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Hence, to get a good osti-  Table FI. Comparison of exact and
mate of I/\/2PMx; for a given small dpproxdmate values of I/ VEPM}C_

/ . :

value of X1/ Zay SWRPTHS AN Exact Value | Value CGiven k
Eq. (20), using 1in many cases the Po Xy of ball Approximation
values of 7/2 and 72/8 from Table 13 3 VAFES Formula
IT. Then multiply g and the 1.5 |0.0205 2.280 2.265
limiting value of I/\2PIKs from 2.0 | .0L2h 1.L57 1.458
Table I. This approximation S e i 1.578

PO 72 8~ RNy 3.0 | .0150 1.300 1.299

ormula is quite accurate when 3.0 | .0069 1.32) 1.32
Xq/X3 is small, and is fairly 4.0 | .0223 1.269 1.266
accurate for values of x,/xa as L.0{ .0129. 1.283 1.281
large as 0.3 or O0.4. Tigure 1 7.0 1 .0091 1.120 - 1.k20

3 - 1040, 1| HBR2D 575 1515

ives the values of I/V2Plic -

T NEPRS 10.0 | .0125 1,563 1.582
for various walues of x;/x; be-

tween O and 1. . The case ¥3/X3=1

2/

may be handled as follows. In this case F(x) is a straight line and~

X3 3

) ZpO'[1 arc tan ot ]
i b |
M wh, el

L 0,3

using the fact that w? = P , We obtain

.

arc tan «wt
12 =2 1___%_‘09..]

We find also in this case, by Eq. (12),

Laoitol 1Rt
VePiks 22 P oo

The ‘gr_'aphs for this case and for the cases where xl/x3=0.0, 0#01 5 s Ol3ll 1052,

and 0.5 are showm in Fig. 1.

The curves of Fig. .1 all have vertical asymptotes on the left. To find
them proceed as follows. Looking at the Egs. (L), (5), (8), (9), and (i2),

2/ The following equation is derived by solving tle differential equa-
tion for x(t). Determine the time ai which the maximum is obtained from the
equation x(t;) =0. Substitute this value of t; in the eguation x(t)= Xg.. See
R.C. 6, "The design of buildings against air attack (Part 2)," March 1939.
Restricted. -

COWFIDENTILL
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let Lrto approach infinity. Then %3 approaches zero. Let p-T?-, = I_’g s

be fixed, and attempt.to find the corresponding value of x_l/xa. Since

PO}~

1=t1/to= P/po is negative, the approximation for T3 given By Eq. (17) is
to be replaced by the expression dotained by the choice of siens in Eaq. (8)
which rakes ¥ positive. This gives

. = =M U
2 R - T

Since t./to=wbi/wty is negligible compured to 1-P/p , we obtain

sin wtq

T B, - 1)

Substituting in Eq. (19) and replacing sinfwt; by 2P/p - (P/po)2 we obtain

S . 1 po 2P/po - (P/Do)z -
%, TV tE T Ty = nE o L% - 30 - F/Rol

1

laking use of the fact that ¥; is small compared to 3(1-P/p,) we write

2 - P/p
X3 =1 4+ 2 4 <
iy R
ol 2 - P/Po
P7po =IN|E
and ‘
_}_(_‘_!__ = 2P/po e
X3 P;Po i
This may be written
@ = 1 l ).E.].:
ik 2 %3

Hence this is the location of the vertical asymptotes for the curve asso-
ciated with x;/xs. Vhen %1/x3=0 the asymptote is at 1, and as x;/x3 in-

creases to 1 the pOSl‘blOT! of the asynptote sblfts linearly to 2.

As vwe have seen, the curves a_l have a vertical asymptote given as

above. After thls they drop rather soon to a minimum and then rise gradu~-

ally. The poslta.on of the minimum.varies from about 1.5 for x;/x3=1 to
4 for x,/x3= .




L. Comparison of case II to an elastic system

Returning to the differential equation Eg. (1), me discuss next a prob-
lem which arises in comnection with F(x) as given in case II and as given in
still another case called case III.

The function F(x) =kx whore K * P/x, is the value given in (a) of case II
Thus the curve pf case IIT is merely a continuation of the straight line with
which the curve in: case IT begins. Suppnse that the desired maximm deflec-
tion in case IT is x3 and’'that the desired maximum deflection in case III is
%.o The area A, under-the curve II from O to xj is
Ly = kX3 - l%i

The area under the curve IIT fram O to x} is

Tl ®

As = A

Under some conditicns it is reasonable tb suppose that if A, =A5, then
the Py and t s which produce a maximun deflection Xa in cace II will produce a
maximum deflection x} in case III. This conjecture will be examined below,
and it will be shown that it is not always true.

For A, =Aa, the following must hold

or when x; is small,
x4% = 2%.%a. (21)
let Xgpg be the maximum deflection in case III. Then

oDy "1 arc tan “’to‘{
0 ffgz‘l ki e
arc tan ot

=2?P9x1-[1-—T——u °}.

For small values of x; this is approxirated fairly well by

A “
XIII - 2 ‘}'?" ch

'W_n\'rn*:nmx_mj,
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In case IT assume that X,/%s is so small that the maximum deflection
x71 is approximately eqpfa_ll to what it would be in the limiting case,

, 2 y2f B £2.
NUET i Pgbo*

According to Eg. (21) we wish to compare the quantities

" (Po 2 h 3 2]

h(?-/ x5 and 5 \1 - :6';) potoxl.
It is clear that in generel these two quantltlns do not approximate each other,
ard as a further check it lS casy to choose special values of the constants

which shawr a substantial dlccrepc.ncy between the two quantities.
P .3 S

As a numerical example suppose that M=1, t,=1, | and —l-— 'lOO
: o ke
Then
LR
xR o ’
X1 © b
and
XI g, p =
i1 =100 = _,9__’
X9 12}{1
By ™ 'lZOOxl.' '

/e wish to compare the quantities

PoXy

163 an 222,
- e p ¥
16)(1 and zo' 5
or |
16x; and  200x;,

These quantities differ by a factor of more than 12. Tor this numerical case
practically all of the action takes place vhile the rlbht-hana side of the
differential equation is positive.

Sl .
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