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On cccaslion scme of us here have considered the possibility
of plcking out special strategles, called "best" strategles, vhich
have the special feature that, 1n addition to belng optimm in the
usual sense, they teke advantage of the mistakes of one's opponent.
I show here that such best strategles always exlst, in tke cass of
finite games, and I raise scme questions regarding the nature of the
get of all best strategles.

If | i3 & zero-sum two-person game then by

Er (é »7)

we s8hall mesn the expsctation of the first player when he uses the
mixed strategy % , and the second player uses the pure strategy y;
vhen there 1is no denger of =mbiguity, we shall omit the " ", writing

merely

E§(£,y).

' -
"We gay that a strategy él dominates a strategy S if, for all y,

(&, 1) >E(&2, 7).

BIN
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with the inequality Holding Po¥ at least one y.' ;is ‘salled a best
strategy i1f it is optimal, and is not dominated by any other strategy.

A best strategy 1s called uniformly best, if 1t dominates every other

strategy.”
It 1s easy to give an infinite game for which the set of best
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gtrategies is empty. Thus suppose, for exemple, that the first
player can choose any positlve integer, while the second player
can choose eilther 1 or 2, and that the payoff function H (to the

first player) 1s defined as follows:
H(1, 1) =0 for all 1
1-1

H(1, 2) = = for all 1i;

thus the (infinite) payoff matrix for this geme 1s as follows:

8] 0
1
0 3
5
° 3
o ¢

The matrix has a saddle-point at <(n, l> for every n and the second
player has a unigue optimum strategy -- namsly, he should always play
the first coluwmn. On the other hand, every strategy is optimm for
the flrst player. Moreover, every strategy for the first player is
dominated by scme other: 1f Q = <§1, éz, e is any strategy,
then &'= (0, &1, €5, ...> 1is a strategy which dominates 1it,

for
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E( %’l 1) = E(%: 1)

Thus there 1s no best strategy for the first player.

In contradistinction, for the case of finlte games we have the
fcllowing:

Thecrem 1. The class of best strategles for a finite game 1s not
enpty.

Proof. Let

te the payoff matrix of a finite game.
Let Bo be the set of optimum mixed strategles for the first player.
As 1s well-known, Bo i1s a bounded closed set in m~-dimensional space. Let

the functien £; be defined as follows:

hull
(1) Pi(xX1y «eey xm) = ) a,,%-
i=1
Since £y 1s a continuous function, and BO is bounded and cleosed, thers

exists a point (\le) y eeey xlgl) > in Bo such that
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1) 1l
(2) 2P, ..., M) - . yes, 101, ooy T

Now let By be the set of 2ll points (x, ..., xm-> of B such that

(3) ti(z1, ..oy x) = (=D, L, M)

Fraw (1) and (3) we conclude that B, is bounded and closed. From (3)
we see that By is not empty.
Now suppose that By, ..., Bk (vith k < n) have been defined, and

ere known to be non-emply, bounded, and closed. We set

m
T (T - 1) = gg% &y k411

Since B, 1s bounded and closed, ani e s continuous, 1\, essuzes

k
1 \
its maximum et some point <x£‘c+1), ceey xlgk"'l’ > of B,: l.e., we

= mex £ (X1, eeey, X )
k+1 ’ ? T
{Xyy ceny x>¢3B,

We denote by B the set of all points (=x, ..., > °f By suck that

k+1

k+l k+1
fk+l(xl, ceey xm) = fk+l(z§ ), ceey xx(n )),
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and it 1s readily seen that Bk+l ig non-empty, bounded, and closed.

Thus we have a sequence Bo’ By, evey :Bn of sets of points of n~space

which satisfy the following condlitions:

(1) B_ is the set of optimal strategles for the first player;
o
(2 fork=1, ..., n, B, is the set of points of B, , at vhich

the fom
a, .X
= i,k1

asgsumes its maximum.

(3) Bn i3 not empty.
It is now easlly seen that every member of :Bn is a best strategy.

For suppose that (w, ..., um>eBna.ndthat {1y aeny vm> is an

optimum strategy such that, for kX =1, ..., n,

m
24k 2 1—21 245"

T

Since B C B, C ... C By C B, we see that {w, ..., u )¢ 3By, and

hence that
i m
:%.Tl 1% T <z, M, X >ec¢B ?LZ_J. 1171
m °
go that
i &
Pt AL B e i
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We conclude that <v1, cees vm> € B;;

then since
. .
/. a,av. 2 8,5, ,
i i2"'1 . 1271
and
n n
Z 8400 = max Z aiaxi,
1=1 <xi, ooy X H€By d=l
we 86 that
A
a,,v =/ A, U,
i2'1 =i 1271

and hence that <v1, ooy vm> ¢ Ba. Continuing in this way, weo see

that @L, cees ¥ D €B, for k=1, ..., n, end that

fork=1, ..., n.

Bix7y < i &%

i=1

e

[N
i
=)

Thus <u1, -e+s W > 13 not dominated by Vg aeny v.> s as vas
to be shown.
It would apparently be of interest to study the gemmetrical

Remark.
propertles of the set of all best strategles for a finite gams.

It can be shown that every optimum strategy which is not best is
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dominated by a best strategy. (It would be desirable to give a simple
proof of this; the only proof I have found so far is rather tedious.)

Some interesting questions regarding the set B of all best
strategies are the following:

Ig B a closed subset of n-space?

Under what conditions is B finite?

Is B connected?

Is B polygonal?

Can it be shown that B is non-empty for the case of a contlnuous
game with a continuous pa.yoffbftmction?

There are also questions regarding uniformly best strategies. What,
for instancs, are necessary and sufficient conditions that a finite game

have a wniformly best strategy?

Je
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