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No. 119%

11E SPAN ON THX AIRLOAD DICTRIBUTICE
\FRCDYNAMIC THECRY OF OSCILIATING WIINGH

Eric Relssner

A forrmla ie derived for the prevsure distribution on an oscillat-—
g lilting surface of finite span under tho acswunption of a ratio of
an to average chord (aspect ratic) that iz not too small. The range
of validity of this formula, so far as aspect-ratic limitationr are con—
cerned, 1s not less than the rangs of validity of lifting—line theory

for tne non-oscillating wing.

It is found that the effact of throe—dimenciv £ the flow may
bte incorpnrated in the results of the two-Adimens! theory by adding a

rrection factor o +to the btaslc function C(k) f the two-dirensiona

10/ .

The ccrrection term o e a function that depends on wing plan
form, wing deflecticn functicn, and reduced froguency k. Its determi-
naeticn requires the solution cf an integral equaticn which is gimilar to
the integral equatiocn of iifting-line thecry.

The pregent report concludes with en explicit etatement of the form
wvhich the results of the theory asesume fcr the spanwise variation. of
lift, totsl mcment, and hinge moments on & wing which ie oscillating in
bending, torsion, and alleron and tab deflection.

Methods for the numerical evaluamtion of the results ohtained as

well as numerical applications to apeciftic probtlems are given in part IT
of this report.

IRTRODUCTION

The present report deals with the linear aerodynamic thecry of
cscillating airfolls of finite span. It containz the outcome of attemptse
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to obtain silmplificatione end extensions of eariier resulits given in ref-
erences 1 to 3. The gulding thcught In the developments 1s to deduce,
from a ri us formulaticn of the problem of nearly plane 1ilting sur—
feces, simplified results in appiicable Torm which depond on the essump—
tion of sufficlently large aspect ratlo. It is fovrnd thet such results
can be obtained and that thair range of applicatility, sc fer as aspect—
ratio iimitations are concerned, is at least as incluslve as *that of
liftirg—-line thecry for the eirfell in uniform moiion.

In reference 1 wings of rectangular plan form were coneidered and
exrreccions were obtained for the spanwise distributicn ¢f l1lift and mo—
ment on the airfoll for arbliirary, small perlodic displacemente cf the
points of the wing surface. In reference 2 these resulte wereo extended
to wings of arbitrary plern form., In reference 3 expressions were Go—
tained, on the basis of reeults in references 1 ard 2, for the epanwise
variation cf ailsron Linge mement and tab hinge moment. Moreover, it
was establiched that the effect of finite span could be incorporated
into the results of the two—dimensional theory, as given in references
% and %, by a modification of tke besic functicn C=F + G inan
explicitly specified manner. The term to be added to the function C
in order to account for the three-dimensionality i the problem woe
found to te the same for 11ft, mcment, and hinge mcments but to depernd
on the nature of the motion being dealt with, Determination of these
three—dimensional correction torms requiree the solution of ar integral
equation for the variation of the circuletion ealong the epan. The deri-
vation of thie intugral equaticn l1e an important part of the work.

In this report the foregoing reenlts aro obialned in what appears
a8t rresent to be the elmpleet poesible way, In particular, a considor—
oable reducticn in the necossary analyels 1s accowrliced by showing that
the offect of finite span manifeste itself in the expreassion for the
chordwise pressure distribution solely by a modification of the function
C. With this result, use may be mado of the known formulse for 1lift end
momente of the two-dimeneional theory in order to oetablizh the final
results of the precent theory without further integretions.

SYMBOLS
U valocity of flight
R LA AR Carteelan coordinates

u+lU, v, v components of £luid velocity

¥ ime
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"D "

F*, n*

z, {

w

pressure

density

velocity potential

discontinuities of u and v 1in the xy-plans
coordinate of leading edge

coordinate of tralling edge

semichord

somichord of midspan

ratio of span to chord at midspan

velocity compenent w at the airfoil

instantancous deflection of points of wing surface measured
ncrmal to xy—plene

regions in xy-plane (airfoil, weke, remaining)
circular frequency

berring of terms, defined by equation (i2)
circulation per unit of spen

circulation function @efined ty equation (15)

function defined by equations (33a, b) and occurring as
kernel of the integral equation (62)

dimensionless spenwise coordinates; y* = y/b,, n* = n/b,

dimt(:nsionleee chordvise coordinates dofined by equation
L0b) -

dimonsionless coordinate of midchord line; zy=(x; + Xi)/2b,

reduced frequency; k = o b/U

reduced frequency at midspan
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Ko I

function defined by eguation (&7)

functions defined by equations (5°b) and (53b)

function dsfinad by equation (79)

two—dimensional circulation function given by equation (869)

variable of integration

function defined by equation (72)

function defined by Thesodorsen

correction term dofined by equation (77)

location of elastic axis in units of semichord b
location of alleron leading edge In units ¢f o
location of aileron hinge line in units of b
location of tad leading edge in units of b
location of tab hinge line in units of b
ailercn and tab overhanz inunitge of b; 1 =e-c, m=f —-¢
bending deflection of wings

angle of attack of wings

alleron and tab deflection angles

1ift per unlt of sran

mement about elastic exls per unit of span
aileron and tab hinge momente per unit of epan

function defined by equation (8¢)
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FORMULATION OF THE PROBLEM

The wing corneldered is of arbitrarily given plan form and is placod
in the path of a uniform incompressible alr strowi of velocity U. OEmall
cenber, thickness, angzle of attack, ond doformations are ascumed for tho
wing which, for this reason, may be repreconted by a plans eurface of
discontinuity of pressurc and tangential volocity in the fluid, parallel
to the direction of U, In addition to the surface of discontinuity
reopresenting tho wing itsolf, there i1s admittod the poseibility of
surfaco of discontinuity of tangontial velocity (but not of pressurc)
vhich extends downstrevam from the trailing edge of the wing and which 1e
also teken to be perallel to U,

Iet x =2and y bo the coordinetes in the plone of the surfaces of
discontinuity, the direction of U determining the x-axis, and let z
bo the coordinate perpendicular to x and y. Jet u+ U, v, and w
be thu components of fluid velocity in tho x, y, and 2z directions,
recpectively. let p designate the pressure in tho fluld and p the
donsity. With the higher order turme in the velocities neglocted, the
equaticns of fluld motion and of continuity become

N, gl op
ot r ox

(a)

Extorior to tho surfaces of discontinuity the flow is without
vorticity so that in terms of a velocity potentisl ¢,
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From equations (3) und (1) an sppropr
R

follows for the preseure p,

e e o8

f

(o) 7 = (Lu)yeo *

(b) &= (av)puo = (& % )z_o

stand for tho discontinuity distributions of tho velecity components u
and v cver tho surfaces of dlecontinuity in the xy-plane. According
to the Blot-Savart theorem the velocity cocmponent w  in tho interior of
the fluld 1a then given by tho integral

2 ooy, o, tMx =t )+ B(E, q, t)(y —n)
& 20 R BT
M [z =817 & (y =) + 22377

{
~ J

W=

From equations (5) 1t follows that 7 and $ are relatod to vach
otker in tho form

(1)




NACA TN No. 119k

From equaticne (%) and (5) 1t follows that the discontinuity of
prossure Ap 1se given by

X
ex 2 ([

The problem of the oscillating 1lifting surface may now be formu--
lated. Deeignate the coordinatee of the leading and trailing edge of
the wing by x;(y) and =z (7), respectively, with x;(0) = -b, and

x4(0) = b, so that b, represents the semichord at midepan. Let sb,

stand for the length of the semiepen. Distinguish the following three
regione in the xy—plane; (1) the alrfoil region R,, (2) tho wake

region R, which 1s the strip of width 28b, extending downstream from
the trailing edge, (3) the remeining region R,. Then there is the

condition of continuous flow outside the airfoll and wake regions,in Ry,

7 = 6 - 0 (9)
and the condition of continuous pressure in the wake region Ry,
Ap = 0 (10)

At the airfoll the condition of tangential flow ie te be satisfied. If
Z,(x, ¥, t) etands for the instantaneous deflection of points ef thewing

surface measured normal to the xy-plans, thias condition in the regilon
R, 1e
a

oZ
wa-w(x,y,o,t)-%+uﬁ (11)

By introducing ecuations (9) to (11) in the integral represzentation
for w, equation (), end taking account of egquations (7) and (8), there
may be obtained the general integral equation of lifting—surface theory
for the distribution of the velocity discontinuities 7a and &, over

the eirfoll region. With the solution of this integral equation,
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equation (8) furnishos the chordwise prussure distribution A p,. Appro-
rriaete integratior of & p, results in expressions for spanw ise lift,
moment, and aileron and tab hinge-moment distributions.

Further development 1s here based on thre assumption of simply
harmonic motion,

Z&(x) Y, t) = za,(x; Y)eill‘t (12)

As a consequence of the lincerity of the theo%ﬁ it follows aleo that
velocities and pressure bocomo products of e and of amplitude func—
tions independont of time which arc designated by bars.

The first step in the deduction of the {inal form of the integral
equation of the problem consiste in the determination of the values of
y and B in the wako region, by means of equaticnz (8), (7), (9), and
(10). Equation (8) takes on the form

Xt

g 3
o=1n{ |/ 7adx'+/ T &x' )+ 7, (13)
B :

n Xt

If the circulation I' ie defined by
T- /7 a (14)

and the circulation function by

— o g g .
CRO A A T (15)
bo
it follows from equation (8) and its diffeorentiated form that 7, 1
given by
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When 7y of equation (16) is submtituted in equation (7), there is ob-
tained for &,

(17)

Equations (17), (16), eand (11) are now introduced in the integral
representation for w, equation (€), in which the coordinate 3z 1ic
mace to approach zero. As was shown in reference 1, the two limit proc—
esses of integration and of letting z approach zero may be interchanged
if the Cauchy principel value of the integrals ic teken at the points
£t = x, n =y for vhich the integrend becomos infinite. There rocults

S Yy I._'l'.? ﬁv-?a(tl nx =) + g,(¢, qna)/(:' - 1) S
: L(x—§)2+(y-ﬂ)2;

Ra
f
bo £ —ic?"
N
hn.l/

By

Egquation (18) holds for all points x, y inside R,. Its left—hard
eide is the given function

2B M)(x=t) + &2 (v =)
)2 ja/e

dtaq (18)

[(x=t)7+ (v =n
-

Vg =10 Zp + U—2

ax

and, according to equations (7) and (9), sa is expressed in terms of
7a by means of the formula,
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x o~
P 1o 7q
&, = ~—— dx' (20)

a o

.&l

In addition, there is imposod tho Kutta—Joukowsky condition stating
that 7 and & are finite along the trailing edge of the wing., The
amplitude of the chordwise pressure distribution A P, 1in texrms of the
function 7,, for which equation (18) is to be solved, is givon by

= p 4
Apa

—-p——-im fiau'+U7a

7x1

The general problsm is the solution of equations (18) to (20) for
arbitrary shape (plan form) of the airfoil region Ra. Rosults equiva—
lent to this solution are knowm for tho followlng two special cases: (1)
the two-dimensional problem to which the general problom reduces when

tho region R, 1o the strip |x| <b =1b, and w, of equation (19)

is independent of y (see for instanco roferenco 5), and (2) the problem
of the wing with circuler plan form (references & and 7).

The purpoge of the remainder of thls report is to obtain approximate
solutions of the problom which are applicable eubJjoct only to ths re—
striction that the airfoil region R, is of sufficiently large aspect

ratio, a restriction that is roughly equivalent to requiring that the
ratio & of span to chord at midspan 5 sufficiently large. Tho nature
of those results is, presumably, that of the dominant terms of an asymp—
totic development of the exact solution in terms of the parameter s,
Hovevor, no investigacion of this aspect of the problem is made in the
present repcrt.

Concsrning the range of validity of the results as far as aspect—
ratio limitations are concerned the statement may be made, in view of
tho nature of the analysis, that the results obtained in this ysport for
oscillating wings are certainly applicable for all wings for which
lifting-line theory is considered applicable in the case of uniform mo—
tion. There is some reason to bslisve that the results for oscillating
wings may have a somewhat wider range of validity than lifting-line
theory, as tho chordwise waves which occur in the vibration problom may
be responsible for a reduction of the effective chord length while at
the same time having no influence on the effsctive span length.
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DERIVATION OF SIMPLIFIED ININGRAL EQUATION OF LIFTING-SUKFACE UHEURY
Equation (18) moy be written in the form

X £X < x4, ~8hy £ 7 < 8by;

B'bo xt(ﬂ)_ =
f / 7alt, ai{x=1) + & (&, a)My -n

[(x -t)2 4+ (yr-1q)2 }”a

=80, xl(ﬂ)

sbo

1)
/

n I 53 Mix-8) + 8 () -

(x—£)2 4+ (y —n)
xi(n) l,x A3 S ‘!

and wvhere, from equation (20),

A aTe, )

Bt m) = e AT

'11, (n)

The decisive step in tho prosent colution of tho problem ac ex—
pressed by equotions (22) and (23) is tho reduction of tho two-
dimensional integral equation to 2 one-dimensicnal integral equations
vhich can be solved successively. For this reduction 1t 1s assumed that
the alrfoll region is sufficlently elongated in spen directlion, that the
rate of taper is moderate, and that the volocitlos do not vary appro—
clably along the span over distances which aro a fraction of the mean
chord, With these assumptions 1t may be postulated that at every cpan—
wise sectlon the contribution to the normal veloclty w, induced by the

tangential velocities at the airtoil is approximately as 1f every
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cpanvise section were part of a wing without taper and as if tke flow
were two—dimensional. Eguation (23a) then becomes

L
o Tt - bt

¢ - : —
[z =1%o« (y = )" |28

.j i

~o x;(y L
xy{y) _

g 781( E-., ¥) d.E f

Wit el w3

x -t
x(y)

A correeponding approximation 'ig. for the integral I, 1s ob~
tained by a less direct procedure. Write

-b
I.,=-..2(I 1271 )
i NN iy

&by _1“‘3; =
e o U Q'()F=m) 4¢a (26)
Seta f(‘x--g)%(y—n)‘"‘]”agq
-—Sbo It(']) L 4

. o
S
gt

a (n)(x -t) dtay (27)

-/ .. i = 2 -‘ra 3/8
-Bbole,(n) [(x £ )" # iy ) -!
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In the integral extended from x to that is, over part of the

airfoil region, the esamo approximatling as in the expression
for I;. If thiec 1s done, its contr : to I _ vanighes and

I3 \
) 1

— _v_/;.!.;n

L(x—§)‘ + (-1

2 I3

With a new variablo of integration A = f -

a
shy ~1 = A
A a C /r. o+ U (L- & t,)tn. ‘lu!]
Jof Btz

st 4

(29)

In order to approximate the remaining integral I 4 this integral is
separatod into two parts, one peart which equale the value of I4 in the
two—-dimensional theory and the other part being the difference beotlwecen
the two-dimensional and the three-dimensionsl value of I,

I,e1,® g, (30)

w
@ : -
I‘(a) =0 (¥) J 5 e L (x - ¢ )i}_dﬂ

[ (x- B+ (y- n)z_la/a

.

L) .321-,(.7)

on 48t

. U
= D o ponm
 §3 () (x—§)d§

X xi(¥)

Tho factor{l (y) moy be written in the alternate form
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1f account 1s taken of the fact that & ( £sby) = 0.

If oquations (31) and (32) are combined, the value of I‘(") oay
be written
Sbo Py =) @ % s
}2] gl -
14(‘) o = ¥®Q () iy ﬂ_‘__ at dn (33)
B (x- t) (y —n)
—sb, x4(y)

The next step is transformation of I, by integration by parts

with respect to 17, BDefore this stop is carried out it ie noted that it
ie consictent with the preceding approximations to replace in equation
(27) the limit of integration xt(n) oy xt(y). Then

~ sbo =
[t Q (q) &q

4@ ; 14
e Y (x~- t) < [ — ~ de
e i ,_(x- £Y s (3'-71)2]3 g

%0

Q' (n)(y - 1) ay 115
(x- 82/ (x- £)2 4+ (y - q)24

]

ae the integrated portion of the inner integral vanishes because
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G(rem) =0

By combining equations (34%) and (33) there follows

Bsb o ] 51
o = =
I-I(‘?)=AI R / S(n)e
4T 4 4 = / .
- o/ i
-Ebo xt(.y)

[ Rand -
o 7= ly-alg

LGt ar ton

d¢dy

Eguation (35) for A I, may again be separated into two integrals, in
the same manner as Is of equation (28). If thie separation is made,
the integral tetween the limits ¥ ard x.(¥) may ogain be neglected
with the result that

[4i) -
S5 AW
x-— £

y[ o Sl B ]
-t e (yaus)® -0 |

and with A= ¢ — x

© 8bp .
-1 ra N
i 1

/ S(—t=a___.
Y A l\/ha"‘(y—‘]u

AI4:

&',y | -

—-ebo
o
= -4 - A )
<y o |
y-"] Jd
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Now, by combining equations (36) and (31), theve follows:

(37)

From combination of equationa (37),
Tinally as an aprroximate value of the

(29), and (25) there followe
wake integral In,
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for tho applications it is convonient to transform X(x)
graticn by parto of the first integral as follows:

‘—X r
> dA in

—— -= e ——me 4 (%)

(224 x )3/3 x2 STy 2

+ 1 5 o“x(——-—,r_}- =_-—+c>\'}.
3 x2 /22 4 22
o

Tho ri;ht eide acsumes a dofinite value

e(x) = x2
and then

m -

g 0 SR
SR iR e ;

0

By introducing thie formula in equation (392) there followe:

wb wb " aE
e e P R L A R R
U x 14 x/ \
o

Combination of equations (38), (24),and (22) resulte in the approxi-
nate integral oquation of lifting-surfaco theory, which is the basic re—
sult of tho prosent work. Becauso tho ostablishment of this eguation
deponds on the condition of a 1ratio of wing opan to average wing chord
that 1o not too small (o that the wing plan form has the appearance of a
strip), 1t might bo considerecd to call this oquation the integral equa—
tion of lifting—strip thoory to distinguish it from the goneral equation
of lifting-surface theory on the one hand, and from lifting-line theory
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for ths stationary sufficiently elongated wing on the othsr hand. That
it ie not poesibls to speak of a lifting-line theoory for ths oscillating
wing follows from ths fact that according to squaticn (38) and (22) the
sffsct of spanwiss varietion ¢f circulation is not uniform across ths
cherd but varies in a menner depending on ths frequency .

In ordsr to obtain a ncrmalizsd form of the squations of ths prob—
1lsm, the following dimcnsicnlses variables may be introduced:

(a) y* = y/bo

1
1—5(xt+xl)

(1,) 2 B me—— e

E (x¢ = x7)

As the space coordinate 2z does no longer occur, {rom equation (18) on,
introduction of a dlmensionlecs variable z at thie stege will givs no
riss to deubts as to its meaning in the subsequent devslopments, Write
as abbreviations

(a) L (24 - ) = b

(v) -,;%— (¢ + x7) = 2z
bg

Ths quantity zZy, 18 a measure of the local swoep of the mldchord line.

The quantity b stands for tho magnitude of the local chord so that
blo} = b,. With theee symbols equation (LOb) becomes

x = byzy, + bz (42)
Also let
k= %“2 X = KoZp (43)

vhere k 1is the local reducsd frequency and ko the reduced frequency at
widepan.
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Upon intreducing equations (40) to (k3) in equations (38), (2h), am
(22) there follows as the normalized form of the inlogral equation to b
golved

Y -
2 RN O . )
(%, %) = A S at

8

o a )

[ L gy (- 1% Jos (1)
dn L

—1kz
ey

o+ ——

h n

-

Fouation (lih) has firct been ostablished in reference 2. For the
wing of rectangular plan form (k = ko, km = 0) 1t reduces to an equa-—
tion given in reforence 1.

The problem from here on 1s to solve equation (4k) for tho function
78., to obtain an equation for the spanwiss variation of (i, and io

exprecs the chcrdwise prescure dietribution in texrms of ";a°

In terms of the variable 2z as defined by equation (42) the func—
tion {3 of equations (14) and (15) is to be writton as

G (re) = L ot evi)
b

,'J.
/ 7&( gl y )dg

and oquation (21) for 4p, becowss

2

Favi™y /3 T 12" + Talz, %) (16)

- —= = ik
pU
-1
To be establiehed is the manner in which the presence of the term
containing d{2/dn* in equation (kh) modifies the result of the two-—

dimensional thoory for AD,.
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CALCULATION OF PRESSURE DISTRIBUTION

The next step in the analysis is the dotermination of 7, from
equation (L4) in which the follow!ing abbreviation is inserted:

B
1 al ;
LA o %;;K[ko(v*-n)]dn

)
-8

Use is made of the following palr of formulas of integral-equation
theory:

1
a(z) = - f" --*lt'—il aty £(1) finite
2 r —- £

=1

/1% L alt)

—fz-ldg

It may be noted that a derivation of tho rosults of the two-dimensional
theory in this menner hac been given in reference 8,

By applying equations (48) to equation (44) there follows,
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Q
- m—

.__." _._-..‘1_i
n f ./..- z—t.‘l

The double integral in equation (49) is reduced to n single integrel ag
follows:

By intrcducing equation (50) 1in equation (43),
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According to equationa (46) end (45) 1t 1e necessary to intesgrate
equation (51) between the limits =) ang vith 2' as the verisble
of integration, By intercha.ming the order of integration with respect
to 2!, §, and A, respectivoly, the following integrals oceur (se0
reference 8):

142" § - g

z
f i—2' ggr ) -1 /1—5
Z/h—-_ 2+nin z+J1+§A1(z, £)

z
. A ] -—
/ l-z_-L=E+uin_1z+ /-x—l-Aa(z,l)
lez'a-gt o A+l
-1

The funections An are defined by

X 1- gt +»./l—§a-«/l—z2
Al(z,§)=?ln1_z£_J1_§a V)

Ay (22) = 2 tag™ (/M)_,

(1 + z)(a - 1)
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The following formmlas will aleo be needed:

l—z 1- 2z /-1+
WEPT o A J1+z(f1 te /1— 'z—C

Y
Ay «/x—lz—h)

¥ith equations (52a) end (53a) there followas from equation (51),

z 1 e
e o e L g
/ Yq 42 ﬂ/[ T §(2+cin ")+A1J‘-a‘§
-1

=1,

1k
0o = —1 T -1
i { o ¥n /x_l(—+ein z)+Aa_;e ax

1 -
= L 1 s e i e
K f [ __"'._;. (§+ sin lz) + ,";’ | e * at
/ NS ; 4 ‘

=

s
P

Equatlon (54) leads immediately to tho Integral equatlion fer the
spanvise verlaticn of (. ., Iet z =1 =and there follows, In view of
equation (45) and in view of the fact that A,(1,{) =0 and
Ay (1, A) = ==,
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(55)

Fquation (55) can be simplified by means of the following relations
of tho thoory of Bossel functions:

(a) _/'m/ /;{-g--l}e*mu
1

—ik
]

gl (2 (=) i
E(Hl ) (x) + 18, (k)) —

&l
(v) li(—a“ikgac = x (((0) - 13 (L))

Henco
1

| 3 s /1‘1—-
ﬁ -Eboo .Zl l—gwudg

i
P P ‘fg[nl(z) w1 no(a) + °ﬂ' }— %— B X (Jo = 132 ) (57)
h - o




Equntion (61) is the integral eguaticn for the
-() -
tvulatioh. The function Q im the dletribution of {1 according

to the two—dimensional theory. The O-term represents tho infiuvence of
finite span, With equation (47) for § there may bo written

spanwise variztion of
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8

0 (y*) + u(x) & =

b an : Elk(5* ~ 1%)] an* 'ﬁ(a) r*) (62)
ot/ g

The next step in the analyeis is to subtract
1 ( " o T
tiplied by g + 8in z/

quation (55) mul-
from equation (54).

]

= 1/ o W 1 ~i (detky,) =
/ 7adz “<a+51n z}boe Y]
-2

.1
% % e—ikm /.Al (2, t )e—lkg at

=1

(63)

The second and thirg integral in the right-hand side of equation (63)
are now integrated by pects,
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¢ = b 1 (k)

(R S ap e \7o [5)

/ 7 dz ,r(?-rain z/lc

-1
1

1k~ ~ik,
< T Q
=;"/.Alwad§ 7 Re

=Lhc) o oce
X r[g-rein_‘lz-l-llqu, l)] 9:?;-],

&z —ixt
- 52 e-—ikm (A, 2

———

-1k

According to equations (52b) apng (53v),

Ay (2, £1) 2o Ag(z, 1) =

By means of equation (65),

and by noting that b /b = k /k, 1t 1s
Been that the integrated termn 1

0 oquation (64) cancel and
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[--]
7 -1 3 ;
&y u —E-A o lkA 4y
x : oA
1
(66)

Now by combining equetions (66) ana (51), as in equation (46), theys
ows Lfor the pressure distriuuuons on the airfoi)

1
ot P L3% AR TSy
Eo el ] ey et e ¥ v
U - 1\'.){ (/:+z 1-{ 2% iAl) Va 4t
-3

o
+1k° 66-1]‘:“ : ( /1-z/k+1 1 aAa) —1k)
) — bl iR, R, . e ax
n Jy trs Va1 T an oA

1 .
1 = —iky g =F MMk i A, \ -kt
AR ./(/f‘r;,/r_T,_; i o L
=

8 considernbly when equations (52c) ang
(53¢) are taken into account, There follows
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1

A%y o [ 1l-2z Traul 1 ! =

———— -~ ik A da

pU n./ (/l+z ./1-( z - ¢ ,)wa ¢
-1

> -1\
9—1km / L.'.E. f 2—--====.1 ar
l+ 2 -I:l ‘\/)“ Pl
1

g A
+l‘-é-(-le-ikm/1'_-_§. /
b4

la+ 2z,
=1

Equation (68) contains the notewerthy reeult that the term with O and
also the term with § lead to chcrdwise preesure distributicns which

are both preporticnal to ./ (1 - 2)/(1 + z)., Nots that according to
equation {hli) thewze two prossure terms are cavsed by downward velocities

o
acrocs the wing of the form / ':a_ikg (z - L)—ld { and e 12 me
X

fact that theso two differcnt veloclty dietributione lead to the same
aimple pressure distribution is hore arrived at by an analysis which
docs not reveal the inner reason for this occurrence. A modification of
the analysis eo as to clarify this point appears to be worth while, par—
ticularly as the fact itself accounts for the relatively eimple form in
which the aerodynamic span effect mocdifice the expressions for the air
forces and moments of the two-dimeneional theory.

In order to obtain the final form of the expression for A Da, use
the following known formulas of the theory of Beseecl functione:

—i1kA
-—e.-t-—_._—.-z A== gﬂo(z)(k)

J -2

3 okl
at = x Jo(k)
Al
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ond express the quantity Q 1in terms of {3 by meens of equation (61),

P T M
5 2u(k) k/kg (70)

Then write

sikm[ B, (E® . (a- 56 )( 22 Al b i

wp J

e (RIS SR G0 - SR T A B T O R
e : lﬂo + \;(r) l/ ( Hy ﬂk:)' (()

Introduce the valve of ﬁ( ) from equation (60) and the value of p

from equation (59). Then
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Hy N, . J
Hy, + iH, ( o, + iH,  J,

Introduce in conformity with reforence k4 the function

L V27 (k)
C(k) = —

5™ . 11 (2)

LEquation (73) then becomes

s # 2

l + } 4 [, ( O ’ i 'IJ. N}
——i (G5 4 -1 ) (¢ 2t vy | yE:
1 _: wadQ-L 1+ & ———)-ﬁ( : \ * Jo =Tl ( /
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By introducing equation (75) in equation (71) thsre follows:

1
. d 1l -z 1+t 1 \ =
£ -1k A, Jw, 4
x /c \ J1+z J1-¢ z-0 ¥ S ¢

=3

1

(e
/-——il* 7 al

b e

r - 9
+-2-!C+ —ﬁ——l)(c+——1-—Jl-'-—\
L ‘-:‘(") Jo-iJl./

1
s G P o B
X R -_/_1-/1-§ a 4

Equation (76) is the general result to bs established. A corre—
sponding formula for the two-dimensional theory is given in reference 8.
Equation {76) shows that ths aerodynamic span effoct in the present
theory menifests itself solsly by a modification of the basic function
C{k). An additive correction term occurs, which is given in the form

17, (k) ]

T - 10,00 HiL

-

and vhich is seen to dopend on the ratio of threo—dimensional to two—
dimensional circulation function fi. In order to svaluate the corroc-
tion term for a given wing deflection function 2, it is then
necessary only to solve the integral equation (62) for the spanwise
variation of circulation.
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LIFT AND MOMINTS FOR BENDING, TORSIONAL, AILERON, AND TAB DEFLECTION
For the applications (cee reference 1 )) the following deflection
functions are of particular intereest:
nding deflection: Z, = K(y) = B ry(y*)
Torsional deflection: Z, = ay)(x — ab) = a,.(x — ab)f,(y*)

Aileron deflection: Zy = B(y)(x — eb) for cb<ix £ b

Tab deflection: Z = 7(y)(x — b} for @b x <D
Lift and moment functionraccording to the two-dimensional theory may be
found in reference 5. Modifled so as to include the .werodynamic span
effect these functions can be written in the following form, as was
chown in reference 3:

-

/7 g
1+-l-—a)1k|[c+oa [+
A4

@ [ i T 11
- X°C +|Ey +=Es| |C+ 0, |
By '. 2 ] I. P

- .

'ﬂ-rxkc x%c ] rE (a) E‘-E(dﬂrc o by (78)
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Ly \rh ik o "!" P cen
\2""1,'_ 1(“-)+erz(d).10+a7 7

R :
- - + i ik (C + o
2pU2pR 2 Bh:. > E, !_ h

.
- k% 3 1 i
liknqa kBa1]+ Ea[1+(5_a K

o

g
]

1 [, ik 1 1 =
3+11\B'B2-"_—P'111-'+; L3LA1+?—E2 [c""’ﬂ' ]

J

b : 1k i
oo | [Lz(d) + 5 Ea(a) !- (eht 571

~
{
]

r
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q N -

k2 1 2
& -D],,‘+5La(d)1k,b+oh 3

=
"‘D,_,_.'+-l'-]‘-r'("),l+ (%- 5.) k|
- 2 \ /

p r 1r 19
+ -’!—[Dgs+ 1kDg, -lr'Dal., + A E(d) LL’; + = B, C+opg/!p
: : o _

; :
2 xa) (i) 2K 5oca) |
=x z

(l’i.l.)
B, and D are defined”in reference 5, mTpe torme E apg

Ey = Tyo - 11, Ei(a) = myo(a) — wla (a) W,

Ep = Ty, - 2iTo Ea(d) Tia(a) ~ “rTio{d) 2

|
By = Typ 2Txo Ey(d) = Taiz(a) - nlrp(d) :

with the terns ¢ also dofineq in refervnce 5.

The termg 94(J = n, % B, ¥} aa dofined by equation (77) are Biven
by
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l\

13, (k) 2,
] ¢ 0 ) (83)

Jo(lf) = 1J1(k) a3

The functions () J(z) of the two~dimensional theory as definocd by egun—
tion (€0) are given by

1k

et o

g,() -2 _“-*.‘.(’2)--1:(‘;
by xH, 2/ (x)

(a)gl_’_l‘&k:n_[l...( 1k]E
5 knl(a)(k) ? / J

i)
LiCe ‘m_

1 o ik \ 7
— = Ll + EZ L p
o knl("')(k) x ( 2 )

i
b Mee®

% (P *

rEl(d.) + Ex(a) “‘]

J

The functions r'z of the thres—dimeneional theory are, according

to equaticns(62) end (39b), the solutions of the integrol oquation,
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The function p ie defined by equation (59) as

Io(k) = 2 J1(k)

w(k) = - e e

x [ [ Jo(k) =5 o (k)] — 4 [Talk) +¥ (k)]
J

The function F 1e, according to equation (39b),

This function occurred previourly in reference 9, whore a different
theory of the problem of the oscillating wing of finite spen was put
forwvard, A dircussion of the thecory of referenzo 9 ie given in ref—
crence 1, Tablos 1 and 2 contein values of the two functicons u end F
for a significont range of tho variablee k end x.

It is apparent that the main tack in obtaining three-dimeneional
corroctions to the results of the ty_o—dimonsioml theoyy congipts in
solving tho integral equation for (i . The second part of this report
(reference 10), which deals with applications of the thoory, containc n
practical method for doing this.

Magsachusotts Institute of Technology,
Cambridge, Maes., December 3, L9435,
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TABLE IT. -~ VALUES OF 1R FUNCTION u qp EQUATTON ( 59)

uglc! Xk kz

0.5000 ~ 0.00001 .65 0.2139 - 0,06651
4810 ~ L0h231 22062 - 06104
4607 -~ 06651 <1991 -~ 05571
o - 08291 &oo 192k — 05071

.094ny .0h131
10184 ) .03291
10801 > 3 015891
Q1204 ; .00k21
11301 .00314
11391 00661
.11391 .00701
11161 .00721
10991 .00721
.10761 00721
.10231 00701
06641 . 00591
.09031 00661
.08ko1 .00511
07751 5 00571
.07221 s0591 + 00501

++¢-++++++++l
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