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My dear Do&:tor Stewart:

\

e -T-heve' ths hotdr €6 Torward herewlth a vepsrt by K. H. ‘Sténe, entitlsd ~~ T
The asrod L pies. of 2 slishtly yawing . .supersonic..cone, which- hag-- been- “n

Division 1 and approved by the Division Chief far duplicatien
‘and for the usual distribution that has boen san¢tlioned by the Natiomal De~
fense Research Cmittec. The work desoribed tharein is pertingnt to the
project dosignated by the War Derartment as OD~‘~2 and to the projact desig-
nated by the Wevy Department as NO-26.

The purpose of this investigation wes to nrovide basic infarmation for

use in connectlon with the design of projectilos. It is believed that the..

solution of a throe-dimonsional compressible flow prohlem involving a shock
wave, whercby valws of the cross-wind forco coefficient and position of
centor of prosswe of & high-speced cone con be obtoined by numerical inte-
gratlon of the oqmatlon, vill bo uscful in oxperimontal dotermimtion of
aorodynamic factors cffocting the stobility of the projectiles. The woark

~ ws carried out at tho Geophysiczl Leborntary of tho Carnoglo Institution

of Thshington undor contract OEMsr-51; and tho roport wms transmittod on
bohalf of that Leborntory by Dr. H. B. Morwin, Tochnical Roproaonbative for
the contract. 5

Tho initinl distribution of tho roport appears on tho follord.ng P20,

Rcspoctfully submittod, '

L. I, Adoms

Chiof, Division 1.

Dr. Irvin Stowart, Executivo Scorctery
Nationcl Dofonso Rasearch Committoo
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“THE. AERODYNAMICS OF A SLIGHTLY YAWING SUPZRSONIC CONE*

Abstract

The flow around & cone moving at high velocity at a small yaw .
is worked out mathemctically. The problem is reduced to a form
sultable for computotion, and the. theary is checked by camparing ..
its predictions cbout the shape and yaw of the shock weve with ex-
periment. It is applied to determine the hond contribution ‘to the. . ..
normol-farde  cocfficlent and. conter of pressure of conical—headed y
pro,)ectilo in flight. . , '

1. Introduction

The aorodymmic problem of the flow Jound o cone moving vd.thout ET at .

‘supcrsonic spoods through air ‘has beon worked out’ by T'*ylor and Mcccoll,

and the rosults hoye proved usoful in ovalv..t.j.ng the head drag on conical-

“hoaded projectlles, in calibroting ballistic ch.étﬁ?'omdnts, and so farth. Tho .

object of the presont report 1s to oxtond ths theary to covor the caso in
which the cone-is noving with S.' smll yaw, and to api:ly the theary to evalu-
ate the normal=force coefi‘icient and center of presswre on the conical hoad '
of a pro:jecti le, and to locate the shock weve.

This problem has been considered by Karush and Critchfield,-/ and .the
present repart may be regarded as a continuation ‘of their wark. The main
difference is thot & simplifying assumption ma.de by Kerush and Cri.tchi‘ield,3 /
which led to a y finsl. eQuation not well ad..pted t5 numericsl solution, is

cbandmod. It s remnx:kcble tha.t this c.bo.nd.amont ...c:hmlly leads to a. aimpler

final equction.

¥araterul c.c!mcﬁledgments are due to Col. L. Z. Simon and to tho Ballis-.

tic Regea.rch Leboratory of the Aberdecn Proving Ground for their cooperation.
' 1 Go Io T"yl’)r md Jo Wo hccoll, h‘w R N IJOCQ A 139 (1933)’ ppo °
278=3T1; J. W, Meceoll, Procs Roy. Soce A 159 (1937), pp. L59=LT2.. See 2180
W. Karush and C. L. Critehfleld, Tho drog c':eff:.c:tont for cone moving with
high volocity, HDRC Repurt A=126 aca

2 W. Karush ond C. L. Critchfield, The S5W'c_ OGN & COne i
smll w at h velocity, NDRC Roport A~ re
Ba reforred t5 o8 [K.C.T.

3/ T™e omat..myot $ ([K.C.], pe B8).
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Under reasonable physical assumptions, the problem is hero reduced to {

tho solution of an ordinary linear dii‘forantial cquation of. the second

ordor, vd.th s:melo boundary conditions. The sclution has beon computed in

cne casc by tho Bulliutic Tkucarch Iaboratory of :the 4berdeon, Froying

Ground , (Tahulu.tion of tho solution by mechanical n;oans is _planned by the

Navy Dcpartmcnt bE Tho thcory is choc!cad against o*{pdm,mcnﬁ 3 : :ln t.he cdso
wihich has' boer ‘Sorputed; by cwpar:ing its prodic’cd.ms about “tho- gemetrical _
form of the shock wave with moasurcments (]ikowiso Bﬁppliod, by tho Ba.llis-

tic Rosoarch Laboratory) of spark photegraphs of conical-hoaded projoctilos. T
For this roason, the shapo of the shock wave has not boen pestulatod &, Eriori D .
(cxccpbdnsdfar a8 it 18 nssumod to bo closo to :Lts nony"w positionj‘ Tt'4s 7 B
showm’ theorotics 11y that the shoek wave will remc-in fa) circu]:r ccne, ‘amd

that its ‘semiengle s’ unchanged from.its nonye v*lue (dem‘bed by 9,,),

the rﬂti.o of Lbs Myt '6:'-1-‘-/ to-the ymw. €. of the con'_col nrojectﬂe ie

evalwted. The experimentel gonfirme tion secms, s*tlsfc.ctory. .. S ‘

Tho theory :Ls fhen pnl.: 6d b0 estintte: ﬂopro‘:l.n"teiy the norxm.l—i‘orca ‘ ‘ -
cnefficient and the contor oi‘ nreesuro £or. o ‘contieal-hendod pro:)ectilo, in- ) ‘ S
gofor a8 tho head force is ¢oncornod. This:dnobles.: ‘rougher estimtes to be .o
given for the totil:norm:leforce coefi‘icient., and for the total center of ' .

. pressure, and should indicote how: the norm1 .t‘grce and cr,ntor of preseure

" on 2 conicnlehoaded projectile may be. expected to v*ry with v"rying epeeds
2nd cone. angles. It should be observed that t.he drug on tho y"ning cone
will boc wnoltored fram its: nonynw veluo, since thc eQu ro of tho y::w’ ‘18 nog~
lectod throughout. Morcovor, tho farmule for the contor 01 (hoa.d) proesuro
w1l be idonticel with that in . [X.C.],. since it _doponds cnly ofi tho goneral

'
e e e

. fom of tho proeeum i‘unction. o

- : Fj.mlly, o bricf discussion is m:do “of the m.thcm.tic‘.l]y rovo.lnd pos-
sibi.lity ’c:)nt for mmm oxcopti,onal ccnbin: tl.ons of ¥.ch numbor "nd ‘cono
ﬂ.nglc, thé"aolut.im mrntrb bo un:lqro. It is shom thot this ny o.ffoct ‘tho

: " shape oi‘"tho shock. mvo 3. but not tho forcos on tho como.

i -.--.-,~ e .
L]

That 18, & 48 tho o mgio ‘botwon. tho ‘axis of aymntry of the shock
wavo and tho diroction of xnctj.on of t.ho cmo ’ .

N A " S
[
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An attompt has boen mado to koop tho physical assunptionu i‘cm and sa.fo.
The main assumptions are: . o " . - '

(1) The Mech number Ufay iz large cnough, and ‘tho cono semiangle 0 is
small cnough; .for the nonyaw onseé to glve rise to & conical shock wave e
attached to the cone at the vertex. (This amounts to rthgd.ring Usaq to bq. )
samewhat lorger than 1, and 6y .to be less thon 563 the exnct limits have
been calculated by Toylor and Mzc_colL)_ . ' ‘

(i1) The yrw'e 15 emall enough for €2 to be disregerded throughout.

(Roughly specking, thie will amount to requiring thot € be.not. much.. lnrger e
'tho.n5°) o R

(111) Tho £low rolctive to tho cone 18 Tatondy. (This implics that the
velocity of the conoy ond tho mgxxitudo and diroction of its yow, con change
only rol:*tivcly sl'mly.) : :

(iv) The flnir is 'Lndopendont of the distanco r from tho vortex of the
cono.’ (That is, the oir velocity, pressuro, ond 59 forth, w1l bo tho dame’
for '*ny two pointd on the scmo roy 'bhrough tho vcrto.{.) .

(v) Tho flow is adicbatic, s for as oach air pirticle is concerned,
though not iscntropic. (That is, tho ontropy w1l bae constont =.exXcopt for
2 Jjump ot the shock wove —= for each tir p:«rticle, but vd.ll in general wvory
fram particle to prrticle. This amounts to neglecting tho effocts of vis-
cosity ond hect conduction in the flow botwoen the shock wve ond the cone. )

(vi) Tho cir bohoves. ]ike perfoct (nonviscous) .f.‘luid and on ideal
(polytropic) g8 (Tn perticulor, the standard Hugoniot~Rankine=Meyor con-:
ditions are oboyod

Assmptions (i), (iii), (iv), and (vi) woere usod vory successfully-in .
the nony“w caso by Toylor and L‘:ccoll, of course, in tho nonyaw casoc assump-
tion (i1) 1s trivicl, ond (v) can bo simplifiod, sinco thero will be isen-
tropy. Thorc is 21lso some direct exporimentcl ovidonco in fovor: of assump-
tion (iv). Tho cccuracy of the “thormodynamicel! pert of tho shock-wave cone
ditions involvod in ~ssumption (vi), is not importcnts this'is ossenticlly
because tho vorintion in ontropy twrns out.-to.bo.. vory small. It ahou:ld bo
obsorvod thot tho flow will not bo mqbutiml.

————
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2. Getmetrical diacussion

The geometrical considerations are essentially the same as in [K C ]
The motion will -bs considered. relat:.ve to the cong. Thus & stream of air > i .
originally of uniform volocity U, pressure p,_,and donsity ,oI, encounters .’ r

stationary shock wave, ».nd then flows on past the conc (soo I‘::.g. 1) T

Yo use spherical coordinptes (r,O,y!) , mth origin Lt the vertex of the

cone, and axis (6=0) in tho direction of motion of the mdistwbed air. o

The plane $=0 is choson to bo the pla.ne of yaw; thus-tho ‘axis of the cone
will hove the equation te=c, #-o| {Seo Fig. 2 ) T4 wﬁerStocd Ehet’

0 -X‘go,— 9"=< 9 ;" ", m O “ p 2". .' ‘o\.«..:

Tho semiangle of the cone is denoted by 6g- To find tho equation ot the

cone surface (see, rig. 2), o observe that if A is tho point (1 c,O) on the
cong axis, the point P with coordinies (r, O,yS) 1108 on thd cone (that 1s,

the cone swrface) if ¢ nd only if the inner vector product OF ¢ GA =|0P([. IOAI €089
Now, using tempororily tho rectangular coordinate (1,2,3) ;Lndicated in. Fig.2,
OP 1s (r cos @, r'sin 6css %, rsin 9’811’1 £), end 0L 18 (cos €, sin.e,O)

Thul the eqmti'm of the cone reduces to

'\.'

rcoaGcm;c+ rsinOsinc cos;ﬁ - rcos 9 N \ o

Here < is small; so, disregerdinge?, we may, urite cos €.% 1 cos(c. cos, ﬂ)
and sin € ¢o8 f=c ¢ £ = sin(c 208" #)3 and the. oqwtion bocanel

cos @ cos(c cosd) + 831 @ 'siri(c cus £) '™ obe: 9; S

e coa(O -e coe #) = coa 0

which is equivclent to . )

. 0&9,,4:003}, ()
the OQU..tion of t‘le gong. ' - <o Airoch )

Concerning the shock mve 2 TR "ssume t}nt on it o is an amnlytic furc~

x"’v

“ti 2 of g, depending cmtinuously dn c; it :ls ’ of courﬂe » independent of r

5/ The assumption of arelytiéity is' mcbssnly strong, but is mde

in order to¢ avold discussions ot Gonvergence , bem-by-hm differentiability,
end so farth,
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since the whole flow is so, When €=0, wo are in the nonyaw case and © has
the constant value €, on the shodk wave. _Hence, if ¢ is small, we have
0=Q.+f, where £ is &' small function of £ and ¢ only, (The quantities &g,

U, a3, on which the motion also depends, will be. resarded as constant through-

out.) Since f is now an analytic functdon of g, and moreover is periodic
with period 21, £ can be expanded i a Fourler seriess

f*uo §(o.ncosnd Ahsinn#).

PR VRSN
* FOPRRPERC. - o R R
;& c... T e SowEs

SodE

0 - '__. .
9‘%*2@%“’ ng + &, sin nfd), (2)

where o, and A, are constants (that 15, are independant of r, O, pS) »
.are small if ¢ :Ls small.

Since the function 6 in Eq. (2) is assumed to be annlytic, it will be
legitimte to differcntiate the series term-by-term with respect.to g3 and

similar differentiations, for similar reasms, will be made in what tollowa
without further cament.

Cogsiderations of symmetry immedintely suggest thot Ay =A; = vee.= 03
however, we shall retcoin these terms far the presont, cs it is not assumod

thet the solution 45 wniquo. Lator it will be shown thet A, O in goneral,
a.nda.lsothat%=01fn£1. ‘

For later use we shcll need to know, for cach point of the shock-mve
swface, & voctor normel to the swface, and two perpondiculsr_tingent vec=
tors. A norml voctor to the shock-mave swrfaco ot (r,9,4) is, by Ba. (2),.

1[9 - o -_2@, é°'° ng + Ay sin n#)]'..

whore
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g "-n--\-w»-m dmall.h.m od, s-imidar. txi&d,gf“_veg,t_ors for the ggﬂe_ri{ Ro:int on" j.he

‘mal vector n is found to be

-7 RESSTRICTZD

*

" 4n sphorical v:oordine.tes.é/ Simplifying this, and multiplying it by r, & nor-

e . -

n - [0,1, csc ©° :gn(un sinng - A, qqq--nﬁ):.t . . )

A vector 1.?'.er§eria.ic1ﬂa'r'£c_>.'.thia , which is thorefore & tangent vectar, is
| by = (1,0,0)5 SR (Y

and a perperdicular tangent vector is then

! tz =ty X n=E) -csc e-in(on sinng# 15.! cos ng), ] B 5

L i o s i ol 't :':.:-...*.......,-.4, 0.0 pR Sio0 = fe o
Yt g ot N st ARt om I € 0 . -—u-v 's' ....-—.o..__-«.._

cone. Now, Eq. (2) spectalizes to Eq. (1) if o, is-replaced by 05, @y is re=""""
placed by ¢, and all the other ofs and A's are taken to be zero. Making the

same replacemc_nts in Zgs. (3), (h), and (5), wo obtain - : -

= (0,1, ¢ csc 8sin g), t, = (1,0,0), .ta= (0,-ecsceain£,1) 6)
as, reSpectively, normzl and perpendicu]ar tangont vnctors to tha cong sm'faca
at the point (r 0,8).

3. The diffcrenticl oquotions

let (u,v,w) bc thc camponents of the air velocity in the directions of
increasing r, 9, #, at the pO:Lnt (r,O,!‘) between the cone and the shock wave;.
and let p and p donoto the pressure and dcnsitv thore.  Wo cre assmn:l.ng that

" the offects of viscosity can be neglected (in thoe flow botteen ‘the shook mve

and the cone); thus the oquations of motion cro, a8 in [x.C. ],._..

* T eu, VU 10 1 -
2L A~k AL A (@ + ) =0,

dV,.,_r)V 1

ustost —m% Prgg*';(uv-n‘coto)-o,
A A rmsz,r1' By o wooe) mo. |

> (1)

6/ By the camponents of & v?éctor fiiction of ¢ point P, in spherical co-
ordinctes, we moan the camponents of the vector ;Ln tho diroctim of. increas-
ingr, 6, and ¢ ot P,

/Fwt%ﬁgﬁ%ﬁgdt??eg?%?sw'ka%;tw%?mﬁwem'
}udr cs ~td.one soarch Coun shington (19 » This
doriwvction assumos incompressibility, but nctmlly ppio L, pgelont caso

also.
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And theieg sion of pontimdtyis ¢ Gt . o
5‘-;,- (pr2u sin 8) +§§ (prv sin @) + 563 (p\rw)'!' 0. (8)

There 15 alge an equation of state, which will be discussed later.

In the nonyew case (that is, assuming € = 0), Taylor and IIauco]J.-/ have . ke

obtalned a, solution, which_we shall assume to be uniQue, Using barred ) -
letters u, v, and so forth, to refer to the non.yaw case, and primes te de- . . ', : ’

note differentia.t!.on jrithi respect 40 0, "we t\lmm‘i'ze thotr aoluti.on brieﬂy,. :
for convenience. . ) : - - | 1

In ‘the nomravr oaso, u, v, Ty p, p are f:unetiom of O alma;' and w=0,.. e
. !
h Fu!‘thér, - 'J ) ! . e C Yo e ‘

5 R A At A
[P 5 - o ST B T e
e - N T ,,|.' 3
. G v

| 4
S '

‘; .
-l o

:!f-'!

(X FSTIR g H .t -

"'l/;: -'ﬁl({i’ +ﬁll)j' ER T RTI . 0800 e ost

exp.'essing the oquationa of motion ,-/ and

“+[cot9+(ln',5')]u'+2u =o,.<. (10). ‘

oxpressing the eqw.tion or cmtimﬂty. lloreover s 9. .flow is ad:tabatic, and - T
hence isontropd.c- so _ . . : : !

"-_,:'.-:: Ch el ' ©
. B/pY = constant; 0 it "'(11) '

whore 7, the ratic of spocific. heats,, 3s token tq bo wliogs T T
me BOMIi cquction gives: B T SEC T S . - .': | : ..
% (T2 + 79 +-7—{-T4%-comtan§ ";-c', R ¢ 3
.ﬂhm'c . .- . . . . R R ' x

Oz "IF +2aa/(7-1'~" S :

o3 boing tho volocity o.f sqqmd :I.n the undistm‘bod air:. I‘ran uqs (9), ’(11),
ond (12) one obtains .

-(1“F>"‘"“*fgr::(:1‘%§3 (13)

,_..-_..-. DEd

8/ The ﬁrst of thdso oc\wtiom ahon thnt tho n w not.i.on is g - )
sarily irrotatioml. W m”

e % wte o
¢ g - e
¢ . ..._. 5 v taliivd 3 g
LIRS .
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' The additional rolatlopss... .-

- -9~ ' RESTRICTHD

Eouations (10) and (13) combined enable U, ®', and so forth, and the
semlangle 9 of the shock-mave cone to be determi.ned by step=by-step integra-
tion onde the boundary conditions are known. These boundnry conditions ares

Then 6 = 6., ' =0. ' R
T =Ucos®, _
UF,L Sin o + pv = 0’ 5 ’ (1!‘-)
p=p =Up sinG(V*-UsinO), :
v stnf 0 = (v p, + (7¢ 1)p}/2f1.

Wen 6 = O

~

| "m(m:}'a* "“)U?*”}-:*

When © = 0, 1 r (15)

;)' " - "'.;"T got, 9:
follow easily,9/ and will be useml.

Ve shall regard W, W[=V], P,and 7 as khown functions of © (for given 6,
and U/a;), and 8, as a lnown constant. (Theso Quantitics have been tabulated
by Taylor and Linccolls and more extensive tabulations hove since been made.)

One more cquation remains -- the equation of state. In the nonyaw case,
wo had P/ a constant. Now, however, P/p” will no longer be universally con-
stant, since tho shock veve will alter the entropy by amounts which wry with
the angle of incidonco; and hence with . But it is still postulated thet the
motion is adisbotic oo rogerds oach cir particle. -Since the motion is steady,
the perticle paths cre the stroaml‘l.ms, so that tho cssumption oen bo formulat-
od o8t along o strocmling,

dp . .- ' , :
-p2 7 %—. (16)
A streomline direction is givon bys .

dr . rd® _rsin6ag,
u v w ?

l?.{ Soo Farush and Critchfiold, The drag coofficiont for o cono movi
with volocity, !DRC Roport 1-126 !miimi), . (12), Tor the T'Ea% of
thosc cquetions.
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TEsT TED = d-

henos
oD
. el y 2L ar + 3de + ag
32- -P- °r 35 ‘ﬁ along a streamline
;s P.dP, -f-dr'f%dG*'g%dd .

. BRI FRE 3
T

Here op/dr= dp/dr=0. Further, w, 2p/og, op/d¢ are all small if ¢ is small
(since they are zero if € is-zero), so their products may be neglgct:‘ed. Thus,

for small ¢, the equation simplifies to

-15 g§=;} g%. S : | (164)
Integrating with respect to 8, we see that lnp - 71n p is independent of
©; and 1t is also independent of r, since the whole motion is.” That is, us-
ing 29.c (11) in the form In § - 71np = constant, the quantity In{p/P)-71n(p/7)
is independent of r and ©. Further, as a function of ¢, it is periodic with
period 2nr. Thus the same argument that was used in establishing the shock-

wave equation in Sec. 2 shows that

1n(§) - 71!1(%:) -Z (dp, cos ng + Dy sin n}f): . 1
5 .

whero d;, snd D, are constants (for fixed ¢) and whoro Dy ™0 hes been imtro-
duced for convenicnce. ' ' ]

Tho equations to bo satisfied (epart fram tho i:ourxdaz;y conditions, which
w11l bo considorod later) éro Eos. (7), (8), and (17). :

- L. Substitution
Sinco u*= ¥ whon €= 0, the samo .argumont as boforc shows that

- T "'f(xn.cos nf + X, sin n#):
.9

whore X, ond X, are indepandent of f, and also of r, ond are smell if ¢ is
smll. Thus, for fixod €, thoy apo functions of @ only. As bofore, X =0
hes boen introduced for convonience. .
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Similar argunents apply to v, W, py p: Thus we may write .

&

u-\'z'+%,(xnooan# +aniﬁhd);
v-V+Z’(yncqsnd + Y, sinnd),
. o X G a e )
w=  2>.(~2, cosnd + 3, sinng), oy - (18)
o co. 1 ) H

p=5 +>?"7n cos nf’ + H, sin ng),

7 P . LI [ R o wa e twl e ees amene

- ‘p = ,3.; g(gn c.:os ng! + I, sin ng), -'

P

‘where Xy X,y ¥nsYns 2> Zns Mps His éns S s 8re small if € is'small, and are

(for_fixed <) functions of © only. Here Xg, Yo, 2oy Wgs =4 &re identically
zero, but are introduced for convenience. The peculiar-looking choice of sym=
bols in the expansion of w is likewlse for liter convenionce. (It should be
remembored that ¥+ 0.) S

From now on it will be assumed thot is small .onough for the products, of
any two of tho quantitios Xy Xpy -ees Zps wys & to bo nogligible. Loter it
will bo shown thot thoso quantitios are in goncral 2ll zoro oxcopt £or Xy, Yis
235 M1s b1s %3, ond thot those aro of tho samo ordor of moghitudo.as e thus
tho rostriction on ¢ amounts to roquiring c? "t6~bo nogligible. '

Now o suhstituto tho oxprossions. (18) :Ln .AS. (7), ), :.md (17), and
simplify tho rosults.

In tho first of ,qs. (7), w nate ttmt au/ar-o- ap/a:- and thnt tho. torhs
w du/df end w@ 2pe nogligible (boing products of smell Quintities). Thus,.
multiplying by r, v:‘u/ag - ¥ =0, and so /9" v. Substituting fram Bq. (18),

o+ (? cos ng + z(nsinn{)'v*'g(y cosnd + Y, sin nf).

The tema thet do not venish with ¢ must cancal‘ sinco u, v, and so forth, sct-
isfy tho eomtiq:sof motim with ""O._- 'n;u is,.0f couno, cmfimod byEq 5

i
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Since the remaining equetion holds'identically in , the.ccefficients.of...: .
cos nd md of sin n¢ can be ecuated. ’l'hmn10

y'n “n] i ) S
I (n= 0119 2’ """)’0_'-'. S (1*) J

w.yl ' Sone .
Ty XY e "

In & similar vay, the other eC,uationa of Eos,- (7)’ and. Eqs. (8) and
(1), gve . ) ' - L
ulyl+("|l+u)y +ul,&1+7,t/-_g,p|/-2 “Oa L (15b) : .
Rt L S ,,. u1 o 9) 25w g san o , , — ,.(.19¢> .

v
‘

. i
74+ Fploot @+ (in 5)41+ 2xy's nay icee 9+ _v(g/,;) 120, (194)

'In/- = ‘Mn/ﬁ dns . - (196) %
together with exactly the sa.ne equations ‘for the' ca.pit.l letters (that is, o
with x, rep?lacod by X2, yn by I}l’ and so fowth, and ﬁmlly d replaced by
D, thrmghpgt) ' . .

oS L L L e
Lt N5 ot O Lh s .'.'

S

5. The bound]ary conditions

The flow must satisfy ‘the’ ‘requirenents that ot tho ¢ono the ‘normiél T
valocity 1s to be’ zoro, and ot tho* shock m.'ve, thd simerd Rankim-ﬁugbniot ' .
shbck conditiona are to ‘Bo’ oboyad ' AR . ) HeE

(a) At the cono -— From E'-s. (‘.l) and (6), tho gonor.'l poj.nt of f.he cone '
is glven by 0= 9, v e cos '{, and a normel vector thoroe ic n= (0,1, < csc 9 sin#)
Thus, whon 9'9 » creos £} the Scalir: pi'oduct of ‘the volocity with h must be
goro = that 1s, v+ewcesc 0 sin =0, or v=0, sincc ewis’ nngligible. But
the veluo of v whon 6=.0,+ < cos'f, 18 (noglecting ¢? ) vs.* (€ .cos- Hv vismhore .
Vgs Vi donote tho wvelucs.of ‘v gmd vi!. whon =0, Subabitutim frad Eg.- (18)
‘gives, oo stiplifictlon, . L. . e e

Y1 +cv'_'0, )
hon 6 “ B,,{ ¥, "0 4f 0 £1, b (o)
L %9, (e11n).

N

10/ The crg\mnt Just givoh dood hot’ apply to" tho "coofricionts of sif (O £);
but sfnce Yo=0=X}, g (1%) holds ovon whon n=0. Simil~r conaidorat!.cns

apply to tho subaoqmnt oquctions. -
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. ) = : <
. \-
‘ The first of these equations .can be 3lightly simplified on using the re~
lations ¥ =" = ~2Fat 9y, from Rqs. 10) and (14). Thus .

Ythen 6 = QS, Y1 = 2€us . (2N)

(b) At the shocl. vdve, == As in [K C ],-—/ the Rankine-Hugcniot equatima
which hold at the shock-fvave surface cah be given the form

AT

tangential velocity continuous, " : &
pary =puTa, o e '("contimﬂ.ty") , |
. Pg = p1 * parafre - rl) =0, . '_("impulse") }(21) .
e “.‘ e e e e e sobn . ..‘,-. 2;u ,.,t‘;n_u :,-‘:~_., BN VA o
Lo N ‘———7.,1 : {;:f* + (7“"""1)1":‘.}" b (Menergyt) J '

where the suffixes 1 and 2 refer to the two sides of the shock vave (side 1
facing the undisturbed uniforn air strea.m), 1Ty and ra are the normal veloc-
ities, ’ and 2,,ic the undisturbsd sound velbciﬁy (s0 'that a%= w/p1).

by 2q. (2), the genoral point of - tho. Shock-vave surface is given by
0=, ¥ .(«.n cos ng +4, sinng); and tyo tangent voctors there are'ty and tp -
g.ven by Eqs. (L) and (5). - Thus“the first .of-Ige, S(21) is oquivalont 40 the
two equations: , . - R e
’ mn , 9 -g":* g(un.cm M\tAn Sin rlg), ! ""' ot ‘
(Ucos e, -Usin @9, 0)- t1 (u,v,w) tl, (22)
'(:U cos ©, -Usin®@, 0)- tz (u,v,w) k
For the other oqwtions of Eqs. (21) o obsgrve thot similar]y
= (U cos: 9, -Usino, 0) n and ra (u,v,w) Ly

vhere n 1is glvon by o, (3); for Eq. (3) mokes'n a ﬂ_ vectm-, wthe presont
crdor of appraxim:tion. : o

Wo nog subsiitute from Bes. (18) in Ers.' (22) ...nd (21), ‘and uso the prin-
ciple that, for oxcmplo, the valuc .of @ whoh '~

@=0 + ﬁ(un cés ng+ A, sin nd)

11/ Soo lor ¢ _thoory, ‘oditod by 7. F. Durend (Berlin, 1935),
vol. 3, pp. 237-2339 gor a HEngctlon of thcsu"oq\wuom
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is Co ey ek

u - uw' 2$ (0 o nf ‘A, §in nyf),

ot

neglacting products of small quantitias After this qubstitution, the terms o

that do not vandsh with € Wil cancel, since ‘the nonyew solutions u, vy anct oo

80 farth, satisfy tho same boundary conditions (21) with e 0. "The coeffi~
clents of cos ng and of sinng can then.be squated;. .end e oztain:.

H
,

1

xn - -°<n<u' + U sin@), R

IR

" 2y sin 0 ¢ nov.n(v+UsinG), .
TSRO Gy (6 [~ ¥ cot G + vl * v(ln ,o) ¥+ Yn + éﬂv/f’ '""'1(23)

.._-un('g-zt Y_'_.*'vcote-rZU cos 9) * ¥n * 'qn/,ov "_O,.
; v LT L .

N 281 cot ‘e '_) - 1‘
\ on{ (’) +1)Usin 0 ".‘,.7 | U--C,OG..O}_ +y = O,J

together with exactly the' same equations with the smhll iétters (sy, X, and
so forth) replaced by. capitals (A, Xy and 80 forth) throughowt. It 48,7af

course, understood that.all quantifiés here are eveluated Wwith =6.

Thus the capital lettcrs Xp, Y, and 8o farth, osboy cxactly tho same dif-

forential equations as tho small lettors,. énd also axeetly tho same boundary -
conditions — with, onc oxccption:

Whon 6 =6, Y, = o though yl'-zeu | (:‘q. 20).

Boaring this in mird, ] shall rostrict our attention to.tho small latters
oxclusively for tho prosont; T4 A1) thoh be easy to dotormino the capitala.

To simplify E3s. (23}y o usé the fsropertios glven by uqs. (9), (10),

UV PRPPIPNUPE N -1}

Rt

(14), and (15) ofi tho norynw solutions. - Firthbr, sinc 1t is ‘césily saon thot =~ -

“w + U sin @ cannot bo zoro, tho first of Egs. (23) can bo used 9 olininate
o, fram the othars. ‘Tho, resulting aimp]ifiod eqmﬁm orp.

4

- e

op ==X, /(@ +Ustn®), |, ~ . . .- . v, 1_
nx, *z,8in0 =0, T
Man 0 %Gy (2ot 0 vy * HTA O, @)
' ~Xn O8O + gy R /FW < 0, '
2711 ot e .
: 757 20 - W cot @) + (T + U sin0) =0.
5 \ . .

.
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6. The Bernoulii ecxw.tion

-

Having simplified the boundary conditions ’ the ne:'t step is to simp]ify
the differential eQuat:!.ons

. Now, in Eq. (190), use Eqs. (198) anr {198) to elimimte yn and£ This

results in ‘ iy _, C el
. - . : [
o " I g .
Wl o+ (W + u)xn + ut.'xn ' -;—_ 7 ‘%; (-- - ) : (25)
But since p/'p" is constant [by Eq (11)], it is easy to ses that p'/‘lpp /52
am tha'b N ) - Lo b = 'i' e RS ey s o
iy e ,«-.-w: b 2 AL i "— g T """. o i el ' .
B ~ D vt L
| A 7 =1 ip> :
Thus Ea. (25) can be writtens _ N
- PN Z L .
(ulx;ll + ‘ﬁllxl!l) + (-‘-”"1!1' + 'ﬁvxn) + (n_;. - nf') —-—1-7 _- (.%) = Q.
Integrating with respect to 8, we obtain '
r T T I,
Tix? +E' +)7/-,3_f *;;‘Z‘,-T--I_L.yc ‘=0, N ' (26)

where ¢, is a constant. -To detormine c,, tako 9 8,. For this value of 9,

"y and yn( "X}) cen bo olimimtod fram Ig.- (9.6) and tha fourth f Bqs. (2L),
giving . . :

~.

xn(‘I'*u' cob O) +-—-—1-§+c =0, . . (27)

Again, bn '..nd qﬁ ceni be el:hninatod (still ussming o= 9,,) botwoon the
third and fourth of Tes. (2L) s On using Eq. (190) Tho rosult of this otim{-"
nction can be '%implif iod by using prOportios of tho normnr solut:l.cn, mamoly,

%.‘m‘?rﬂ"-u'<u+'">/<m»" “

"[vhich follow fram ¢s. (9) and (11)]. In this wy wo obtain
%y 00t 0« 2(T+ ) - T (an )Y +5, [T+ rT Q6 5)1) + A Fn F)1/F = 0. (28)

= ;o .0 4 v . BESTRICTED
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Finally, we use Igs. (10), (15), and the last of Eas., (21) to eliminate 4
o, (lxi;ﬁ)".,.--and-yn in Zq. (28), and .obtain on simplification " e S
xn(u+u' cot 9) + dn % 0 when QR (2,9) ,

Compar:l.son of Eqs. (27) and (29) now shows cn-o. Thus Eq'. (26) reﬂuces
to .

d - |-..
EARE +'7//:’+—-—-21§ 0, e (30) . .

: oottt L
~ s
D

holding for all values of @ between 9 and 9 This eQuatlon is analogous to

the first variation of the Dernoulli eqmtion, fran which :lt could 4n facf,
"7"Have been derived’ (care being needed, honaver, s:!.nce the present flow it
" neither irrotational nor isentropic)

For futu.re use, we use Eq. (30) to calculate, (4 /,a)' ~From Bq. .(19e), Lo
":n' AP _ . : ' A —

7 l . .-,
= ._;.t = E... e

- o &= R dn P u*’d—'n- o -.".‘~--...,-.'.,~.f P . ) ' H

from Eq. (30) Thus . . 5o - ,\‘_:. ! _‘ Fa g .

- . LU e g P R e o - ;
o %4' u= (-' *.s:-‘?"n)/?,.',a::’: SR RO b |
and therefore

- H
Y P e W YR a LT W RS BETNEPG b6 ¢ 1 QUL W WY § e [ a2 '-

G /p) {"' x4 (. + ‘)x' $TE I/—Z«- ("r' w ke )(-Ep)

. Frcm the cmtancy of p/",\it follows that PR Y P

. ’ S e T erids
e r‘s b RO . A

%) .-(7- 1)(111 ﬁ'P/"P} P e
further, TR . e

0w B0 B iy (in 3) ._,
;%_"*ﬂ-_ et ey

fram Ea. (9) Hence finally RS e R e e .

(l,n/p)' W'-LE'L‘T [fu'x" + (’E‘H-I!)x' * X )~ (7-1)(u'x'+ux)(1n,6') ] (32) - .
'§rnch§D "
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7. Determination of nx, + z, sin ©

On comﬁining Egs. (19¢c) and (30) to eliminate yn,' we obtain

1

T'z! sin @ + (" s:!.nOHI' cos 0)z +n(ﬁ'xt + Tx +f—“-1-§-) (33) .
4
" Now define §
t’n Xy * %, .8in 9. (3L)
Then Ea. (33) can be written in the form
) nd, = s ‘e yaes -
e e i oy e B B = 08)
an equata.nn which cnsbles t ta be determined explicitly in terma of quadra-
tures. The usual :Lnteg*atinu factor is _
o 1
’!T x{f:—d@l —exp{ ;j +u[cotue'f(ln3)1 }
= 1/a"/~- 17 sin 6,
'b}; Eq. (10), the constant of integration being irrelevant here. (It should be \
observed that W' is negative.) Thus, Xq. (_35) can be written
- Ule ! ndn p . 1 . - ”
(tn/ u'z sin e) *7:1'7%-, ﬁ 0. (36)_
Observing that t, =0 when =@, [from Egs. (2)4)], e obtain
" nx, + 3z, 9in 0 = tn ——-f \/-‘B',o sin © - e . 37 '
~puty= u'p sin 0
0. _

w

When ©=6,, the integral here becomes singular, sinco W' vanishes; but
multiplication by vV~ U' restores the continuity as ©—» 0. - Thus Eq. (37) en~ .

ables t;/d; to bo calculated ovor the ontire rango fram @, to 0. A a check

on the valuos noar ©,, it follows frem Eg. (35) that

t TllgnTﬁa "héﬂ 9.'93.

(38)
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.8. Determination of x,, and so forth

In Eq. (19d) all the unlnown variables can now be e::preséed in terms of
X, and its derivatives. In fact, y,=~x} by Eq. (19a); '(Qn/ﬁ)' has been found:
in Bq. (32); and, from Eq. (3L), 2z,* (t,=nxy,) osc 6, where t,/dy is.a knom
function of © [see Zq. (37)]. After simplification [remcmboring that ¥=Wu',
by Eq. (9)], wo obtain S
x“!'“+u’1np' +ul+x' i(u+"‘)(cot 9+21n,o') (r-1)3'(Inp" )2]
+x {2 - n®osc? 0)(T + ™) +ﬂ'1np' - (7= 13y (39)
+nt, (u + "')csc“@ =0,

* vhore 1n #' has boon used 2s an abbreviation far (ln 2)'.

To bring this equation to a2 form more suit.able for cmnputation, we first
oliminate W', using Zq. (10); this results m

x €T+ T' cot 8) +x} {(@+ T cot @ + T 1n ;*)(cot 9+21npt)+ (-1)T'(In p)‘l

+xnl(2 = csc® 0)(W+Ulcot 0+ Tt1In ') = u'lnp'+(7~1)d(1nf')al ‘ (39%)

+nt, (u +qr cot © + Tt In pgt)csc® 8 = 0.

~ Noxt, from Egs. (10) and (13), (1n ,)' can be oxprossod in torma of U
amd Il"l

(n p* - A(E + T cot 9),

’

W)
whore' . . . '
' A= 2ut/{(r = 1)(P-B) = (v + VWP,
[Hore ¢ 1s gim by Eq. (12).]

Finnlly, tho loading coofficiont in Eq. (39') ccnnot wenish, since if
4+ u cot ©=0, the volocity in tho nonyaw cese will bo mrrollol to its ari-
ginal direction at some point botwoen tho shock wve and tho cone, which can
bo seon (from tho work of Toylor and Meccoll) not to occwr. Thus wo may
divide 2q. (39') through by U+ T cot 6, without impoiring the rogularity
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of 1';1:19 coeﬁ:ici_ents; and, on using Eq. (LO) to eliminate (In ,b')“,, wo then have
X! + xtoot .0 + AT * 3T got'0) + (¥ + 1)MBT(T+ T cot 0)

‘»x,;jz- nioso® 64 MV (1= n c8c? 8) + (7 - 1).N3U(T + T ct O W)
+nt, (1 + AU')csc? 6 '.'0.

From Eq. (29) and the last of Egs. (2l4), the boundary conditions on X,

and x;(*y,) when ¢= @, are' [on simplification by means of Eqs. (1!4.)']"

dn Pp__tan®
n VTS T Y vsin o’

When © = 0, W)

- 2dn 2U sin © - !
' X yn -I%Zu' +Usin9)"
The ogly remaining requirement on X, is the condition at 93, wh:l.ch by
. (19), (20), and (201)] is
- 1 =0 if.n£1, . , ' .
Yhen 6 = 8’ 'xn a= : (h3)
x;' = 2¢,, .

Supposo tomporarily that n % 1 end that dj % 0. Thon, since t, is &
known miltiple of d; [ by Eq. (37)], tho difforential equation, Eq. (41), to-

gether with the boundary conditions at 6, [Eqs. (L42)] detormines xn/dn un:l.qt}e-:

ly. The additionel roquirement, given by Eqs. (U3), that (x /4 )' =0 when
©=6,, can thus in goneral not be met. Hence, barring possible -axceptional
values of the pararcters 6, amd U/a,, d; =0 wherover n % 1. From Bgs. (41) .

and (42) it now follows that X,=0 if n % 13 and 1t roadily.follows that Tps .

%5 4ns Jn> 80d ay, are all identically zero if n ¥ 1.

Since the capital lettors X, Y, Z;, and so fcrth', satisfy exactly the
same equations as x;, ¥, 5,, and 80 farth, except that X) =0 when 8=0, oven

-when n=1, tho samo argument shon that in gonoml _thoy are all gzoro -~

oven when n™1.

e shall lator rotuwrn to a briof discussion of tho oxceptional case, in
which tho solution of Egs. (41) and (42) autamtically satisfios (xp)g=0. -
Apart {rom this, wo shcll alwoys assumo this is not tho case, and thus that

X1s Y1 81y &z: 71s &1 d4 oro tho only unknnms vhich are nt goro.

’
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Finally, considor the case n=1 for the small lettors. Here dy # O
[else x, =0, violating 3qs. (43)]. Equations (41) and (L2) thus determine
xy/dq ‘maiquely; and Eqs. (L43) then determine d, as 2€T./(x,/da)s. Since
this is the only occurrence of ¢ in these equations, d/c is independent
of €, fram which it casily follows that Xi/e, yi/e, % /e, and so forth, are
all independent of & (to the present order of appraximation). oreover, X,
Y1, and 80 forth, are of thb samo order of magnitude as €, as ms farecast
oarlier; thus tho preceding theory applies whonevor €2 is rugl:lgibla. Write

;1./c -3, ’(1/‘ R 7 t:./‘ =%,
cayfe ma, . dyfc =d.
Thus x, y, and so fath, are'rimctions '.c‘»f °] aloné, ‘and o and 4 are constanﬂa
(for given 6, and U/a;). The expressions (18) now simplify to:

u=u+excos g, p=D+epycos g,

ve=v+eycomg, p=p+choos g, (45)
. w=¢3 sin g3
md, -from xq. (2), the equation of the shook wave now roduces to
9 =@, +ecacon g ué)
Conparison with EQ. (1) shows that the shook-wavo surfaco is & c:l.rcnhr
cane, ot semianglc 0., mth a "yaw" § ng ‘ .
T8 meu(may), T - , W)

(By the "yaw" of this conical surface is moant tho anglo botwoen its
axis of symotry and tho diroction of motion of tho undistwrbed flow.) Fur-
thormore, tho plang of vaw of tho shock wawe is tho samo as tho planc of yaw
of the cono, as is, of courso, to bo expoctod fram symotry.

It should bo notod that the shock-mevo angls is unchangod fram its non-
v wluw @ — almys noglocting «?

Incidentally, tho initial asswmptions in the [K.C ] sotwp lnvo at this
point been justifiod. S

-
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9.. The problem .for computation

-

We have now o solve Ecs, (h‘l),

(ua), and (h3) for the case n*1, Ex-.
pressing these eQu..tiOns in torms

Tms -of the nevr variable x(-tx,,/e), the prQbJ:émE: ;
:I.s to solwe : : :
T x" + x'[cot e + hlZu + 37! cot 9 (7 + 1)am (w+ -E'--cot 0)-”
- +x[1 - cota 0+ t\l-u' cot? @ + (9 - DAT(T + T cot 9)“ (h@
-T‘f?'f?_—-(wau')csc?o/ 'mé!ﬁiﬁ ,,. :
hore | -
| A2/ - 1) - 52 o +1>w‘l S
;ca.ua+}_2§;[, :.' - (h9)' .
subject to ; o o S .: Sk
N . . - x ;-;;—-T%f.an o/ (i +Usin0), .. . ,'v '
’.. - ene s, 1e2 B 2Usino-gr. o
: R - o)’
. N ‘m o ’
;.7hen 0 me., xt e (51)
For the actua] cannutatim, it is preforebls to work vd.th nondimensional
- Quantities. Thus wp write Eq. (48) as .
| X'+ Bix! + Byx + Byeq = 0, . (52)
where : .
. By = cot 6 + A2F + 37 GOt @ + (¥ + 1)AT (7 + ' .cat ), . .
L Ba "1 =cot?e + Muit cop2 g = 10X @+ @ cot 9)f, ]
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x/cd. Equation (51) next determines d. This gives x/c ard y/c('x'/c), and
it is then easy to evaluate the remaining cuantities. Thus y/P can be found
from Bq. (30), z/c from Egs. (34) and (37), and 4/ from Eq. (1%). For prac-
tical purposes, the most impartant quantities are a and g, which respectively
determine the direction_of the shock-wave axis and the pressure on the corie.

. From Bgs. (2l) and (h7) , the yaw 6 of the shock wave is ziven by

B tan 8y
8/c .un-%/(%+vsin9w)',_1pz oy +Usin977’

©3)

~ the subscripts w denoting that t.he quantities are to be ovaluvated with @=6.. ... .
oot R S Fina‘lly, the value y, of q vhen 6= 6, will be, from Zqs. (30), (1), and (12),

Mg * "(Psus=~c~ '——T Ps) - 'Fs!ﬁ;sxs * '2%' (c? - Esa)I . .o (Sh)

The solution for the caso 6g=15%, U/a;=1.901, ls zivon in:Table I. The coef-

ficients B,, B., B3, end the nonyaw ouantities W/c, ©'/c, P/p1s ,o/,o;, aro also
listed.

The only difficulty in obtaining tho' solutdiori is that the camputation of
. "By, Bz, and Bj is rather labarious; fortunately, it turns out that (in the

present caso, at loast) groat accwracy is not nooded far Ba. A'ooordingly'tm
valuos of By in Teble I -ero meroly appro:d.mato.

It would bc very dosirable to roplace Eg. (48), wdth its rathor campli-

cat.ed coefficicnts, by & morc casily computod approximation. In tho next two
sections (Secs. 10, 11), we shall consider

a mmbor of possiblec approximtions. Un= Tablo II. Valuss of constants
fortunatoly nonc of thom seoms to bo both (6, = 15°, U/ay=1,901).
roally simplo and safo. .' "
. ) -
Tho velwos of tho constants Gy cfay, (¥ J c/ay | 4 | «(=8/c)

4,0 in the prosont case are glwm in 3535 o)

0.00730 0.377
Table II.

w
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10. Departure fran isentrom

 For the values of e and U/ay of immediate ballistic interest, the shock
will be weak; and this im':liea 12 that the flow will be very nearly isentropic.
Thus one simplifying assumption, which should be applicable, consists in dis-
regarding the ﬂmunifonnity of the entropy. In this section we shall -.outline
the modifications which this simplifying assumption would entail.

We assume, accordinzly, that p/,o’ is constant {(betwean the shock wave and
the cone), not merely for cach air particle or .streamline, but universally.

and all variabloes ith suffikes othar -than 1, arg all zero (in general) will
be substantially um.f.f;oc:i'.cd1b thus vio now consider only tho small letters with
1 as suffix. oo TN :

| Tho firet thange ' is that in the oguation of stato, Ed. (17),. the loft-
hand side will now bo indopondont of ¢, as well as of r and ©. This amounts
to roquiring d, »0., Thus 3g. (19%) reducos to g -

LU SRV AL L | +(55)
t.ho isontropic eqmti':n of stata. '

Next, tho shock-tmve conditions are modifiod by shnph-—amwung tho "emrgy"
roquiromont [tho la.st of uqs. (21)].—3/ This amounts to anitting tho Lnst o.t aaa.
(2h).

In tho Bornoulli oquation, Eq. (26), thore is now no re‘.la_on_ﬂh;Lcl should
bo zero;. thus Bo., (26) must roplaco Eq. (30). This produceg minor changas.-in
(&/3)" [Eqe (32)1 end tn'xy+ 3, sin @ (Eq. (37)). Fimlly, 1t is found that
the difforential oquatiord, Qe (L8) (o Ea. (52)],ia to bo raeplaced by

e 0 x™ #Byx'+Bgx+Ascy *0; . | . (56).

12/ See reforenco in footnoto 11.
13/ On tho hypothosis of isontropy, a modifiod enorgy oQuation still

holds, but merely givos infomation about tho. chonges of intormel cnergy of
tho modium.
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where

8 . .
Ay= (7= 1)')«?(34- Tleot 0) + (14 aul)caéa'g.mL - _;?; ==

and -that the boundary ccnditions s Bas. (50), are to bo replaced by
x = -c, tan §/(T* +U s5in 0),
' (57

x! = 2¢y. (7 +1)UsinOw (2 -7)ul
E R (u"*Usine)i

When © = 6,

- The: vemaining boundary condition, Eq. (51) . 1.'3 \mchanged. !
Thus the assumpilon of isentropy, though 1t has slightly ‘simplified the
initial setup, has actually led to a slightly more complicated final differ-

ential egquation than bgfare.
It is nevertholess desirable to verify that the approod.mation_’qf isen-
tropy, though hardly a simplifying one, is valid; for this approximation is

" often made in prcblems of this type in which an oxact solution is not feasible,

and so should bo choclked whenever possible. Bosidos, this approximate theory
. 1s independont of the thormodynamical bghavior of tho air at the shock wave

* [which intorvonos in tho "exact" theary, in the derivation of tho last of

Eos. (21)]. Thus if this approximation 1s showmn to bo close, tho "exact"
thoory, will bo showm to be relatively ueffectod by any deviations from ideal

/@88 behavior of tho air at tho shock wave.
" Tho diroct vorification of this would involvo solving Ees. (56), (57),
and

and (51) and compuring tho rosults vith tho solution of Eqs. (48), (50),
(51). Thosc two sots of equations roscmblo oach sthor closoly, so that this

.oould ba done without oxcossivo labor. '
Howowvor, it is loss laborioua, and probably sufficiontly convincing,
vorify morcly that the cntropy change in the "oxact® theary is rolntivoly

small — that is, that d; is so sm1l comparod with 74y/% and ¥,/F that Xq.

" (19) 18 appradmetoly ocuivalont to Bq. (55). Sinco

ds /(fg)- d)e).
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this amounts to showing that d/(y/F) is emall throughout. Now for the case

0, 15%, U/az=1.901, o have d=0.0073 (Table II) and the smallest valus of

7)/' is 145k (Table I), u‘pta,ined for ©=0g. . Thus d/(n/5) never exceeds, .. ..
0,0073/1.5k =0,005 in this case. Accordingly, one would in fact obtain a
good appraximation in this case by disregarding the vnriatim of the entropy
(1n the flow between the shock wave and the cone). - '

For larger values of the Mach number U/al, the sh:o'ck becomes stronger
(unless 6, is decreased), and the variation in the entropy ‘can be expscted
to become larger. Thus - tho assmptim of isomtropy cannot bo expected to .

glve a vb.lid a_.pproximtion for vary fast cones, unless thoy -are m-squ:dwé~-

11. Irrotatiomhty and othor approximations -

' A second simplifying approxdmation often mde in treating this and simi-.' .

lar problems is to take the flow to be irrotatiomal, so that the velocity
mey be régarded'as (a.ppré.d.v.ntoly) the grediont of a single scalar function.
Thus it s of intomst t0 see how close tho flow is to boing irrotational in
tho ;resent ca.se.

-

Now, if v denotes the velacity vector' (u,v,w) we have

<

au] .

-

S 1w - du aw w'va'-_
curlL EotortB-ratro :-'msz I

-%[.'éot.g +g§-caco g, cseﬂﬁ‘-'lb 0]

- --}-5 [2sinfdcos @ +alsingd sinO+y sing, -xain\#- u;lnhol

by Eos.’ (h5)
curl - & :in

[tt, -t, O], ' . (s8)’

where £ =x+ 2 sin g=t,/& as befare. Thus curl ¥ is of the same order as ¢.
Moreover, it can be shomn from Eq. (37) that as —0,, t! becanes mte
like 1/ = 04. . Thus the r~component of curl v becames infinite as ©-—0,.
0f course, this does not prove that the,neglect of surl v cannot give good
results; but it does suggest that the ua\npt:lon of apprmd.nnto irrotation-
- ality may be risky, _ £ _-3.-
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A rough approximote method, based on the assumptions of isentropy and ir-
rotationality, but applicable to arbitrary slender bodies of revolution, has
been developed by Tsien;E‘/ and a more refined approimate method, likewise
assuming isentropy and irrotationality, has been glven by Sauer.-‘,'fs-/ Other
simplified abpro:d.mate treatments have been suggested by H lewy, and by
Karush and Cx:itchfield.l-éj The latter suggest treating g and § as comstant.
From Table I, 7 and & do not vary much (7 by ik percent and § by 19 percent )

.in the case which has boen camputed; however, as in [K.C.], rough a priori.

ostimates fail to justify taking evenp = constant.

In all ‘these casos the valldity of the approxdimations could be decided
only by com'paz"ing tho-actwal numerical rosults. i comparison will be made
with tho theory of Tsicn, which certainly loads to -the simplest formulac, in
Sec. 13. I

There is one slight simplification which can safely be-mede in Egs, .(48)
{or Eq. (52)] and (SQ), for the values of 9, and U/ay of immediate ballistic
interest. The results of Toylor amd kaccoll show thoi the. variation of 4 (as
a function of é) is nqt' very large, being at most 20 percent. in the range of

immediate hollistic interest. Since F/PY is constant, B/F 3/a . cons'tant/ﬁo_'ogs, .

since 7 is taken'to.be 1.405, and w1l vary by ot most 2 percent. One can
therefore safely reploce the. quantity 7.1 ?/ 2 in the integral in the comstant
tern of Bq. (43), by p‘/}‘:/ 2 Now write

Then Eq. (h8)'[m:- Eq; (52)] may be replaced by
x" + Byx'.4+ Bopx'+ Cack = O, : (60)

14/ Tsien, "Supersonic flow ovor an 1nclined body of revolution," Journsl

f Asroncuticnl Sciences (1938), pp. LBO-LB83. Sec clso v. Kérmfin and Moore,
gRaeiatame of slender bodies moving with supersonic volocities, with special
referenco to projectiles," Trans., Amer, Soc, lische Zng. 1932 (vol..56).

15/ R. Sawer, Luftfahrtforschung, vol. 19, pp., 1h8-152.

_12/ [Koco]p Pe 15.
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nhere
]

\/ ("'")(% sin®- (1 +v\ﬁ')cec39 ' (_E’ c}‘g ._ 4§ : .- '

-;-)3 vein® -

S , .
and the bomﬂery conditions s Eqs. (50), become s *

-

- x = =K tan 6/(a' + U sin 0), . S
When 6 = 0., ' L r o (61) . .
L =;‘=#T(2Us1ge-ﬁt)/(ﬁt+Usme)? ' -

The remaining boundary condition, Eq. (51), is left unchenged. One can then
solve Eas. (60) and (61) far x/Ke, and determine K .rom Iq. (51). However,

the slight gain in simplicity thus ach:l.eved may perhaps not be mth the
slight loes of accuracy.

12. The shock wave for corﬁ.cal-headod projoctilos

The. pm‘ecedinv thoOry is concernod with an idealiaod projectile consist-.‘ o
ing of an inﬁ.nito cono moving with constant speed and yaw. Now we consider- - -

’ y
instead an, actual nroaoctilo having a cOnical ‘head. Tts speed Wi be chang- - . ."‘ i
ing slowly, and its yaw (in the imitial part of tho trajoctory) Wl change .
coneidorably, though this change is still slow whon coxnpcrod rd.th the speud N -

of the projoctilo if the projoctile is stabla. Despd.to ‘the differences, ‘the -
flows in tho two casos cen be oxpocted 6 bo vory nocarly the same in the -
noighborhood of tho contcal hoad, provided that thoy are locally supersonic.
(Fithout this proviso, thc offocts of tho finitoross of tho como may bo prop-
agoted upstroam, thus modifying tho flow noar tho hocd.) And this expocta~

tion is strengthonod by the pood ngroomont rd.th oxpor:l.mont. of tho Taylor-
lhccoll nommr thoory." :

Thus, for an’ c‘bue.l, fairly stnble coniccl-ho.c.dod nrgjectile moving td.th
2 smcll yow €, and ot c.lich mabor of rethor more, then 1,-7/ the shotk=mavo
swrfaco should bo ¢ circular cono, having tho somo som:L,,n'rlo 8, as if thore
Woro no yow, but yawod 2t on cngle 8, proportioml to €, givon "by Eq. (53).

-

17/ See Teylar ond Iccoll (rof. 1) for dotzils, Far 6, -15°,
lach numbor should bo groctor then 1.2,

RESTRICTZD

-

VY S TN D TR SLT D B W P AP sn ¢ 1§V SR TS WY § WS PILD

™




-29 - ' RESTRICTED

This providos on oxperimontal chock on the thoory. By means of spork photog=
raphy, "shadowgraphs" can be obtained wh:l.ch give in effect the projections of
“he conical head and the shock-wave cone on the plane of the photographic

) plate. Let X be the anzle between the pldne of yaw (which is, of course, the
. same for the conical head and the shock-wave cone) and the plane of the .photo-
- T graphic plate. LAssume that the trajoctory is parallol to the photographic

plate (which is actually vory nearly tha case), and lot 6% and 6% denotoe the
"gpparent" values of 9, and 6 (that is, 9* -donotos half the anglc botweon tho
two lines which form the pro,;oction of tho shock-vave cone on the photographic
plate, and similarly for 9‘2‘ ).

Similarly lot €*, &%, donote tho "apperont" yaws — tho yaws of tho pro-
Joctod images of tha conical hoad and the shock-teve cona. A simplo calcula-
tion now shows that, noglocting <2,

: ' e:-os;

» .\ - ST o (62)

s ' ) e* = g cos X,

&% = § cos X. )

Values of 9:}: , 635, &, and ¥ dorived by measuroments of such photographs
have been obtainod by the Ballistic Rescarch Laboratory of the Abordeon Prov—
ing Ground; and 8" hos boon plotted against ¢ in Tig. 3. Sinco &%/e*= s/e,
which can be calculatod from Eq. (53), thoso valuos provido o tost far the
thoory. The thoaretical line on which tho obsorved points should lio has becn

o drawm in Fig. 3 for comparison.

]

. In mking this comparison, it should be obsoryod that tho theerotical
L " walues huve all boon camputed far €, = 15°, U/a; = 1.901, vhoreas in tho photo-
graphic data 8, & 15° and U/a, varies botweon porhaps 1.9 and 2.1.

A sccond tost for tho theory is the constoncy of O .5 the obsarved waluos
.. of 9* should bo constant. Herc the camparison is hardor to apply, partly be-
cause ©, is rathor sensitivo to variations in Mcch numbor U/ay in tho rolevant
rango, and partly bocouso of optical complications But 1% con bo said th..t
within oxporimontel orrar 0* is constant.
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On the whole, it is felt that the agreement of the theory with these ob-
servations is satisfactery. A more thorough comparison of theory and observa=
tion has been undertaken by I. E. Segal of the Ballistic.Research Labaratory at
Aberdeen Proving Ground, and may be the subject of o repart from the Ballistic
Research Laboratory. ' '

13. ‘The pressure on a conical-headed projectile

The forces on the conical head of the projectile are oxpressed in terms
of xg Just as in (£.C.)5 the only difforonce will bo that hore ng is detor-
minod differontly. /s in [x.c. ], the _mressuro at tho point (r,O * € cos ,f, #)
of~tho- coniccl hoad 1s U

P = Py +p"c cos § + 1€ cos d,

fram Eq. (LS). Sinco Pi =0 [fram Ses. (9) and ()1, this roduces to
) _ p'p,*t.coosd.
ar, mgloctff.ng €2, to
' P = DPg * g€ COS ¥, - (63)
vhere v is tho azimuthel angle measured t‘rcm tho nlanc of yaw around the axis

of the cone. (Soe Fig. 2.)

Txactly as in [K.0.], tho nerml farco I, on tho hood, and tho distanco
hH from the vortox to the centor of head mrossuro, follow readily by integra-
tion. Ve obtain |

N, - g Decng, (64) | "T

9

am S SR -----_-_—----1 Dl

l

hy =% ¢ s0c 0, (65)

where D is the dicmotor of the " . ¢ ' PN
base of th> cme, ond € is the !

|
perpendiculnr distanco from tho
vortax to tho bass (so that Fig. 4. Idealized conical-headed

. , rojectile.
D/2¢ = tan-6;). (%00 Tig. L). —

TR e cenewle derhat o A e b -

-

-G TR WPV § WS GULD § o JRAE MR,

SLITND ® w»




RESTRICTGZED . - 32:-

—

Then tho normal farce coofﬁciont contributed by the' head of tho projoctilo,

say KNH’ is dofinod by
- ‘ Kem - Nu/piD?*Pain ¢,
so that

" .
K =B s ot O5/p, 1P

-..g- cot 9y ;B; "-"axs";; (ca','g)l'/"' .

on using Egs. (5k) and (12).

(66)

(67)

For complctoness, it should be montioned thot the or{'ly remoining compo-
nent of the resultcnt prossurc on the hoad of tho projoctile is the componort

a2long the axis of the projcctile, usu..lly ca lled the axicl drog.

This is

roadily found to hive the velue 4ﬁp D? (séo poge 17 of the report by Karush
and Critchficld citoed in footnote 9), the samc a8 its nonyoy valuo .==.a8

could have boen predicted from symnotry, sincc ez is here noglectod.

© . It ic intoresting t» compare Eqs. (65) and (67) with the rosults of : L

Tsion's thcory. 1

but should be valid in tho limit as G —0."
‘obteins for the farces n tho conic.:'l hoc.d,

. mgm28f3
end '
K -.'1 S VT -
1M h coﬁh""g +4\/4—g—
N u! "-v . .

. cot Gs

Thus Eq. (68).cgroos with ¢, (65) in tho limit 2s 6,—0.
of the prosont thoary writh Tsion's, for tho coso 08'15°, U/ag ™ 1.901, is

‘RESTRICTRED

. ..
. This t.hoory mekos opproximotions 'uh* ch cre crudo in some
weys (for instanco, it involves disrogarding tho oiistonce of tho shock wavo) ’ U

Tho comparison

In thd ‘mrosont notatien, Tsion

'(€8)

(69)
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1

‘shom in Table III, The agreement Table ITI. Comparison with Tsien's
is prdbably close enough t0 confirm theory (6,=15%, U/ay=1.901).
the usefulness of Tsien!s theory

as a convenient working approxima- Quantity | Present Theory | Tsien's Theary
tion. _ hH/8 0.715 . - 0.667

Fimally, the foregdng re~ KNH - 0.677 ) 0.600
sults can be used to give a rough

owalitative estimate of the (total)

normal force coefficiont Ky» and of the distance h from the vertex of the cone
to the center of (total) presswre. For this purpdse, the projectile is taken
to have a cylindrfecal body of length L. (See Fig. L.) The prossure on the
basc of the projoctile can be takon to bo approxdmatoly zero. Tho perturba-
tion in the" prossuro, p=7, w1l be asauned, for a rough estimate, to vary -
1inear1y along the length of the cylindrical body. (The offect of tho shock
mave cmanating from tho driving band of tho projestile will be disregarded. )
Tho contribution to the normal force mado by tho cylindrical body of tho pro-
Jectilo is thon oasily found to be M%DL, acting at a point at a distanco

€+ 3L from tho vortox.. This would give, for the (total) normal foros coqt--
ficient. x", : -

-

Ky KNH(1 + %); (70)
and for the distance h from the vertex to the center of (total) pressure
ha d(28 + 1) +D2/(¢ +1). (1)

If the over-all length of the projectile is greater than, say, 3 calibvers -
that is, if 8+ L > 3D -~ which is uswlly the case in practice, formula (71)
will not differ significantly fram the simpler formula

& 3(28 + 1), . - (72)

It should be* possible to check theée values, and to obtain mare exact

"estimates for I S and h, on the basis of wind-tunnel nbservations which are

expected to be avaiLble eventually. Moanmhile the rough estimate fa h has
been campared with the values found exparimentally for certain conical-headed
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3.3-in, shells 5 given in a report by H. P Hitcheoclk,

3

-3 -

".Stubih.ty factors of

projectiles," Aberdeen. Proving Ground Ballistic Resea.rch Laboratory Report

30 (revised 15L0).

which the. expezjmente.l detem:l,mtion is uncertain,

This re*)ort lists nine such shaell types, for three of

The comparism betwaen

formula (71) and the_ e{permental values _t‘qr the remaining ‘six types is given

in Table IV.

" The probable error is 0.15 cdliber, which is not unreasomble

~ Table Iv. Ganparison of estimated and experimental values of h, for 3 2_-_;,_&

(h=distance from vertex of cone to centor oi‘ pressure, all

"“contcal-heidéd shells.

distanées measurod ih caII'B rs.)

. _1.
e

S ]
st

Shell Type . L' | Boportaoital b | Sstincted b
11 3 26| 2.8 | " 2.68 T +0.35
12 5.26 | 2.9 | " 7308 © 303 - .02
123 3.56 129 ] 7 330 N - .07
125 '3.28" [ 1219 3.0 CramT -39
168 2.58" | 1. 76"’5 X CEm T T o6

in view of experimental erras and the rougltmés of the estim:te leading to
It should bo noted that all but ‘the list. two sholl types had
. varying emounts of b'x'tt.il, the effect of which is cnwrently cm:l,denbh, PR
though it hos of coursc boon diaregmled 1n mld.ng tln ostimcte.’ '

formula (71).

1. Uniggmss , i e S .
So far, it has-baon naaunod that the volues'of @ bnd U4 ‘ere. gonorald “-

enough for Eqs. (41), (:2), and (43) to determine xn/t tiniquely (and thus to

prove x, =Q if n £1). To analyse the matter s Jittle furthor, we begin by

EI

rowriting these equations in a form which clarifies their. depondence on n.
o cbeorve that, from 2q.” (37),.-one can write, -

by = mln'_l‘“.). ’ B

(7'u), :

N .
09 4P CORETTI R T o LT B B # P TIPS s 6 1 S 7 U B WPy § WL GRS U "o yow o
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‘whore T(®) is a nmwn function of @, independent of n. Thus, assuming tempo-

rarily d, # 0 (sinco otherwise X, = 0), and writing q* xn/dn, Eq. (41) oan be
written [campare 2gs. (48) and (52)]

Q" + Byqt + Cpq * n?(1 + AT!) (g = T(G)lcacz o . AP
whoere By and C, are likewise known functions of ©, independent of n. Equatiod -
(b2) gives o ;

‘ ;1 Ty tene,
W TSI W u.g *TUsing,’
w > (76)
@ -t ;‘1 2U sin oy = T
. r? P (“\7 + U.sin OW)’ 3
‘And Eq. (43) glves, if n'# 1,
qy =0 o (77)

The crucial requircment is now that for no value of n are Egs. (75), (76),
and (77) consistont. For if thoy are consistont far n=1, then x! =0 [from
Eq. (77)], in contradiction to Egs. (k3); thus the present solution would be
impossible. And if thoy aro consistent for n=0 or 2,3,.,., the present solu~

tion would no longer be unique, as d, (and similarly D) would be arbitrary.-
To determine the actual motion, it wculd be nocossary to taks the tem of .
‘order ¢* (so far neglocted) into account.

Consider th:.mno gonoral equation

Q' *+ 5;q" +Caq = W1+ MW)[q - T(6)]esc® @, (78)

" obtained from Zq. (75) by roplacing n® by a paramctor V capabls of taldng all

valucs. --For cach valuo of ¥, Eqs. (78) and (76) dotormine q uniquely (6, and

U/a; being supposod fixed). It is known that in gonercl the function q thus

detormined will not satisfy Eq. (77)3 but that thore may bo a sequence VoVaye.. '
‘ of valuos of V, tho "eigenvaluos," for which iq. (77) is a consequence of .

Ecs, (78) and (76). 18/ Tho cusstion can thus bo rowordod: can an eigenvalue

1_8{ Squetions (78), (76), and (77) are not in tho classical form for an
oigonvalue, problam, but can be reduced to substanti2lly this form by roplac~

ing q by x,/d, and olimimting d, by difforontisting Q. (78), and by combirc
ing Egs. (76). This rosults in a hamogonous third-ordor lincar difforential

oquation with hamogonoous lincar baundary conditions, which in gonerel will
have no solution othor than soro.
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of Egs. (78), (76) , and (77) be-{Lor ‘soms particu]ar valuog of e and U/a,l)

the square of an intcgor?
If 1 is an clgcnvaluc, the presen’c solution is impessible; this would,
cf course, be detac%cd autmatically when the solution is calculated, as d,

- could not be dotemuned.

If any of Qyl1y9yveuy sc.y n? , 1§ an eigenvalue, then d,, can be taken
arbitrarily; and so can D,s since identical equations hold for the capital
letters. Thus arbitrary multiples of the sclution of Eqs. (41) and (42) for
X and of the analecgous cqwbions for X, can bo introduccd into the formula .
.. for u, so that [fran uqoo (18)1 .. (hS) must be r\,placed by '

R """"" T u 33 + 3%, coa#* (xn cos ng + Xn sin n}!),

and sixrdlar con.aidor tions u.pply to v, w, aﬁ& 8o forth,. Tic' shall describe . '
this situation briefly by sayinrf that an n-th h&rmonic » in arbitrary _@_;!_.-
-Ls ‘alrgedy renarked, o

tude and phe.se 5. can bo auper')osed onto the motiqg¢_-

this does not mean thot the actwal motmn is indoternﬂ.mto, for the terms }
comparable with €2 have been mglectcd Analogy with lmown situctions «of )
thts kindlg/ sugpests thet if the neglectod ﬁoms are to.l'on into account one (.

of two things may hcppon. ither igho n-th hormonic: cinnot orter all ocowr,
or it moy occur (to = dotéminsto oxbont) when U/a; amd @, are merély cloee .
to the veluos faor vhioh'n?® is on oigenvrluo. It my bo ramrkod that the pos~
sibility of an n-th hnrmonic ‘.r:lsas oqw.lly fa: the nonyawing ctse; for tho
n~th harmonic would bo indc':ondont of €, ;.nd so wayld provide & consistent
solution even vhon €~ 0 (still noglocting, howevor, products of smll quan—

t:l.tloa). . . )
.It.woyld seam t0 be very loborious to canpu‘ﬁd t;iii; ﬁigonvaluoa of Eqa.-"-
(18), ( ), ond (76) in torme of U/zy ond @y, and thonco to dotormine thoo-
roticclly for vhot wlws of U/ay and 6, if any, on n-th h:mmic might
ocour. Onc could tost vhothor tho first fow valuos of n? oro cigonvaluos,
far onch pair of veluos of U/z; ond 6, tobulcted, wiing, far axomplo, on

' 19/( Sop for cx...mple Frenl: ond von'Misos, D4fforontinlzloichungon dor
m 1

930), vo.'-o 1’ PRe h“’h67o
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I.B.M. machinej but oven this, though practicable, would hardly bs woarth the
trouble.

We now outline thc modifications which an n-th harmonic (if it occurs)
would produse m the shape of the shock wave, and on the resultant pressure
on the donical head of the prejoctile. It is assumed that the present solu-
tion is possiblc; thus n # 1.

(a) Effoct on the shock vave. == The n-th hermonic (if it occurs) would
introduce nonzerc torms w, cos ng +4A, sin ng in the oquation of the shock-wave

- surface, 9. (L6), thus suporpesing (if n £ 0 -- thet is, if n ¥ 2) n undula-

tions on its shape. ¥%ith an n-th harmonic present, the flow ncod ne longer
be symmotric about tho planc of yaw. Tﬁe case n=0 is ¢specially interest=
ing: if a O-th harmonic is prosgnt, «, becamos ‘arbitrary; thus the shock-mave
cono, though romaining circular, might have somiangle different from 6.

The yaw-rotio 6/ is unaltored by the occurrence of n~th harmonics; but
its oxporimontcl dotorminction muld bo camplicated by tho fact that such a
harmonic might obscure the truc Nnoan positim" nf tho shock=-mve L£ono, from
which & must nm: bo mocsurcd.

A furthcr_c'xnplica.tim is introducod by the possibility that the n~th
harmonic might, if moscat, occur in sloly werying magnitude and phasc.
(Rapid variatim is oxcludod fram tho present sctup, &s the motion is assumed
approximotoly stoady.) Thus the "apperont" valuo G:: of the shock-mve ongle,
as showm by sperk chotographs, might oscillato. It is intorosting that multi-
plo spark phatogrophs (in vhich sovorel "shodowgraph® photographs of a moving

projoctilo are tolon in vory rapid succossion) hovo showm that this phenomonn

my nccasionally occwr in practice, though of course it does not follow that a
varying n-th h-rmonic is the actual explanation. (Oscillations in 6% may well
be produced by varistions in the yaw and orientation of the projectile, and in
its distance from the photographic plate.) The occurrence of a harmonic could
be checked mors relicbly by taking & number of spark photographs simmltane-
ously, from several angles.

(b) Effect on the pressure. -- The effect on the pressure of an n-th
harmonic would be to add an terms n, cos nf + W, sinng (where n # 1) to the
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.expression.for p [Ed. (U5)]. However, the resultant normal force on the coni- :
cal head would be wnaffected; this fonm easily by integrating the appro-
priate components of the extra terms over the comical surface and obaerv:l.ng
that

Y T 21 .

S e f cos nv cosvdy = 0 "f . sinny cosvdu. :

I 0 0 .- . 0 i e ¢
Similarly, the center of pressure would be unaltered. The same 13 trua ot
the -drag, f n ;é o tlzis follows from the facts ‘that. T

L IR T S0 AR

L T 3“ . . fan ' Fooonn
o f cos-rwdu).- 0 -/. 'Sin!wdw- ) ) . :
Co don L del L :

Honaver, Af n=0 the nonyaw pressure Ps - mu],d in qffect be replaoed by
by * (’?o)s’ reeulting in a:small change in the ‘arag. ' -

To sum up: it seems to be difficult to de“bemine mathembtically whether
the equations of Sec. § can actual]y fail to dotermine :5,1 yniQuely for same
cotbinations of U/a; and.@g. If thoy fail to dotormine x,, the presont solu-
tion bocomes 1mpoes1b1e. But if x, is determined (which is automaticany
: chocked nhen tho solution is computod according to Soe. 9),. tho _resultant nor-
mal forco, on tho cono » and tho conter of proesuro s 8ro rd.ven uniquoly by.the
oquations :I.n 'Soc. 13. 1If X, is. :l.ndotominate (n#1), an n~th harmonic in
‘arbitrary mgnitudq and phasc my be superpoeod ‘on tho motion, as fa.r as the
. .prescnd "first-order ‘porturbation _thoory" (which noglacts products of smIl
qQuantitios) 1is concomod; howovor, tho actual detormimtion .of the mcb:lm
would dopond on tho considoration of tho "socond-crdor" torns. 'l'he occur~

ronco of such o hermonic would affect tho shcpo of tho shock rnvo, and 80
would bo dotootablo (in principle, at loast) by simltcnoous spark photo-
graphss but it would not influonco tho resultent forcos an tho oondcal-hoadod
projoctﬂn, oxoept puublyfcamnmminﬂndmzifn'o. Cot

L
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