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KATIOMAL ADVI®ORY COMMITTETL FOR ALRONAUTICS

ADVANCE RESTRICTED REPAORT

& A SCLUTION OF THT DIRTCT AND INVFESE POTTNTIAL
PROBLEMS FOR ARBITRARY CA3SCADE3 OF ATHFOILS
By Willlam Mutterperl

SUMMARY

Solutionz of the direct potentlal problem for a
cascade = namely, to find the potential flow past an
arbitrary cascade of alrfolls = and of the lnverse prohe-
lem - namely, to find an airfoll having a prescribed
veloclty distribution in cascade - are presented. The
methods used represent the extension to cascades of the
Cartesian macping frmetion method of conformal tranz- p
formation. Numerical examples of the direct and inverse
methodes are riven. The numerical labor required 1s ccne
servatively estimeted &9 double that involved for 1so0-
lated airfolles hy the corresponding methods,

INTRODUCTION

The potentisl flow through a cascade of airfolls
bears approximately the mame relation to the real flow
through axial and through some types of centrifugal
turbines and cormpresscre that the potentlial flow ahout
1sd5lated airfol) sectlions bears to the real flow about
alrplene wings. A knowledgze of the pectentlal flow
through a cascade l# thercfore recognized &r basically
important for the arsrcdynamic study end desipgn of such
machines. The relative difficulty of making mearure-
ments on alrfoil)s in cascace further accentuates the
necessity of a potentlal=-flow solution.

Ls wae the case for 1solated alrfoils, there are two
potential problems for the cascade that are of primary
practical importance. The first, or direct problem, 1s
that of determining the potentiai flow past a given arble-
trary cascade of airfolls, The second, or inversze proba
lem, 1s that of Geriving en airfoll section to kave a
prercribed surfece pressure distribution in cascade,

The thesrstical methods avallable for the molution
of these problemes are, roughly speaking, of three kinds,
namely:
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(1) Hethode that repard a blade of the cascade nas
an isolated alrfoll sperating in a flow composed of a
frerestrean velocity and a édlsturbance veloclty due to
ull the other blades 2f the carcade, The method applies
best to cascaders of thin airfoils with small solidity.
(See refererce 1, p. 70, and hibliograrhy contained
therein,)

(2) Stream-filament methsds, whick regerd the
epace tetween the blades »f the cascade as= channels of
varyine area but in which the streamlines are uniform
or of simple curvature. These methods apply bezt to
cascades of high solidity in which, moreover, the flow
is smooth (rhock free) at entrance,

(3) Method~ based on conformal tranafsrmation of the
cescade. These methodr may be subdivided as follows:

() Method= bhased on the concept of the equiva-
lent cascade of flat platesz: that is, the carcade
of flat plates with spacing equal to thet of the
riven eascade, with blade angle cqual to the zero=-
1ift angle of the glven cascede, and into which the
given cazcade can be transformed eonformally.
Exten=ive ure of thle corcept ie nade in reference 1},
orn the basls »f which are pilven aprroximate eolu-
tione of the direct and inverse problemes for cascades
of varioue types of shape snd for various ranpgesn of
aclldity. The solutlorns are sprroximate mainly
because of the methods plven for the determination
of the equivalent cascade from the plven cascade
or viee versa, 7

(b) Partisulur conformal tranaformatlionas that
yileld speciel clas=ses of share for which the flow
can be calculated exactly (such ar those of refer-
erce 1, p. E5, and reference 2).

{(c) Exact methode for arbitrary airfolls
or preasure distributiors in cascade, =uch as
thoee that exist for lsolated airfecils. PFor
this purrose, Wsinipg (reference 1, p. 90) uti-
1izes the baeic mown transformation from a cas-
cade of flat plates toc a single circle, By this
transformation, the given cascade transforme to
& near circle, The near oirscles, p'-plane,ir then
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transforrmed to a cirele, p-nlene, by a modification of

the Theodorsen-farrick procedure (reference 2Z) consistling
in the use of log dp'/dp instead of log o'/p as

the wapping function., The trunsformatior of the given
cascade to the near circle appear: to be much more
leborious and the rear circle much rore different from

‘a circle than 1« the case for the transformaticn of
isclated airfolls, Thle general procedure has recenily
been treated in reference 4, A almilar method has uleo
been uted in a Fritish paper by 4. R, Howell. The

baric transformation that reduces the given cascaocc to

a eingle shape is taken as { = tanh 2, where 2z 1a the
physical plane, JTnasmuch a® the reaulting {-plane shape
13 not of near-cirecle tyre, several Joulowsk! traneforma-
tions are anrlied ts pracduce a near 2ircle, The transfor-
mation fron rear circle to circle iz then arcomplirhed by
the Theodorszen-SGarrick rethod, Thir method, too, involves
an excessive amount ~f numerical labor,

In the prerent paper, the Carteslan mappine function
method nf reference & s extended to the aslution <f the
direct and inverse potentlal problems for arhitrary case
caces of airfolls, After an exposition of szme baslc
properties of the Carterlan rapping function far cencades,
procedures are glven for the solution ~f the ilrect and
irver=e problems., The procecdures are then !lluetrated
by numerical exammles,

Acknowledprent Ie made to Mre, Lole Fvane srun I the
sorputing staff of the lunilevr [{ull=-rc2le turnel for her
ascistance in makine the caleulations.

YVROLS
x + 1y plane of cascade of airfolle
Z + 1vy plane of cascade of rtraicht
plane of unit circle
central angle of circle

component of Cartesian mapping function {CMNF)
parallel to chord

component of Cartesian mappineg function per-
perdicular to chord

displacement constant for locating alrfoil
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angle ol attack, neasured between riean rela-
tive stream direction and chord line

zoro 1ift ancle, angle of .attack for zero
1irt

anrle of devlation of relative flow fron
leading=- or tralling-edge direstlion of
airfoil (Sece figz. 5.)

denominator of equation (20)

2 2, ar _ daax¥ dav\e

[(f'in ? + 81nh®x) \l & —d?)“ FLE
Vo

P prersure coefficlent [ - (-‘,:)2]

Subs=criptsse

n “  leading edge (nose)

T tralling edrec
upstrean

dnwnetream
APPLICATION OF CARTRSIANl MAPPITG FUNCTION TO CASCADES

The general scheme of application »f the CMF te
cascades of alrfolles was indicated in reference &.
Baslcally, the methcd consistas in relating conforaally
the points of an alrfoll in cascade to the nolnts of
1ts extended chord 1line by mears of the vector dlffer-
ence between palrs of correspording polnts. This
vecter difference, called thé Cartesian meppin;: function
(C!P), 1s a functlon of position in eny of the mapping
planes u=ed. It 1s regular and nerlcdle Iin trec eatlre
region ontzide the alrfoll boundaries, in the corre-
sponding rezion outslide tre strai~ht lince, and is
repular in the entire repion outside the =ingle unlt
circle into which the preceding reglons can be confor-
mally transforried, Instcad of the simple Joukewskl
transformation from thre !saolated siraisiit line to the
cirele, hovever, as vas used for the 1laolated airloll,
the mcre complicated but well-known tranafermation from
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a cascade of stralpht lines to & circle 1g¢ now rnecesrary
to express the CUP ue a regular function outside the
circle, Various preraratory details of these transforma-
tlons are next sget Adown, prior to a dlgcurselon of the
general direct ard inverce problems for cascades,

Ci for carcades.,- The CiP from the cascade of alre
folla to the cascade of flat plutes Ir taken ae 2 = {.
{See fig. 1.,) CFLecaure z = { 1is regular everyehere
outside the cas=cade of flat plates = in particuler, In
the Infinite cstrip outeide one plate that wmaps Into the
entire region outside the unit circle - it 12 recular
everywhere outolde the clirels and_is thercfore exprese-
#lble by the iuverse power series

(1)

Cn the correspordiar bounderiea of airfoll, flat plate,
and clrele

2 =0 = (x %) + 1y

2 Ax + 1Ay {£a)

p = ei® {2t)

Suhstitutiosn of equations (2a) end (2b) in ejuation (1),
with ¢p = a, + ib,, gives for Ax and Ay the cone

Juvate_Fourler serles
»

= o
8x{9) = a, + Z.nn cos no + an ein np (3)
1

1The mapping furction chosen is periodic with respect
ts the same strip in the {-plane that mapa into the
entire p-plane region outeside the urit circle. The
necessity of introducing a cut in the infinitely many-
sheeted p-plane ie thereby eliminated.
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Ay(e) = by + gbn cos 1% = Zan sin ng (4)
T 1

The corresponding integral relations between 4x and
AT are the same as in reference 5,

Flat-platc tranaforamation.- The transfcrmation
from the cascacde of flat plates, {-plane, to a single
unit circle, p-plane, which makes the C!T' a furnctlon of
the central angle @ of the circle, 1s (fier. 2 and
references 1 and 6)

K «K
{ -1= e-18 log, .e‘__L.E + elp lorg ptre (5)
of - p

Z K

p-e

This transformstion 1s periodic In { with a cascade
apaelne (period) of 2w, The points { = e corre-
snord t0 p = tef, The constant displacement 7T 1s
insertad for future convenlence in locatine the casncade
of uirfoils. The correspondence Letween points on the
flat plate and points on the cirele 1s obtained by
substituting { = £ + in and p = el? 1in equation (5).
The result 1s

0osh ¥ +cos 8 4n sMnp tan-1 8in©®

=71 +eon P log, = =
cosh K-cos © sirh K (e)

n=0

The an~ler p,:, pK + 7 that correspond to tho extremi-

tles of the flat nlate are obtalned by maximizing & in
equation (6) with respect to ®. The reasulting condil-
tion 1s

tan Py = tan 3 tanh K (7)

Substitution of equation (7) in equation (€) gives ttre

fmax = Emin

o of a cascade of straipght

solldlty o, =




NaCh ART M2 14K2Zb

1ines in terme »f the blade angle D and purameter X
as

A\ sinhPX + cnhssy + cos B

sinh K

“©
oy = %(coa g lore

+ sin § tan™} sin P

\] ainhPx + con

It 1= reneried that, in the apprlicatlens wricli are
to be rlven, valuee of & corresmonrlinr to selected
p-values will ne determined from equation (s). The
reletively nore 4qifficult lnverss ealeculatlont of ©
for a glven ¥, or the still more aifsicult calculi-
tion of p for @ given b bY equation (&), will not
ne neseasary. Therein lies the escer.tlal nmerical
sirpliclty of the CIF method for cescades,

Alrfoll rosition and adiustments tn_terms of CFew
The coordinates X, y of the airfoil ecorresponding to
the vointsa utb the Brrular poaitions » on tLe unit

circle ere ohtalned from equations (2a) and (6), a=

cosh K + coS o

x = T + cos @ loTe -
cosh K = ros &

+ 2 ain § tan=! 318 4 ax(®) (9)
sinh K

v = Ay(0) (10}

is was the cose for isolated airfoils, 1t will be
necessary to ts on the circle
onding t s of the air=
foll. The abeclss (9) 1is therefore
r;aximizad with resapect to The resulting conditlion
53l
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dAx C sin (¢ = f—‘}'_)

9 T eipnX + sinfo

¢ = 2\’ 00s2p + einh®K

and Pg 1s defined by equation (7). Equation (11) 1is
solved (graphically) for the angles @y 8nd Op corre=-

sponding to the leading and trailing edres of the aire-
foi} (defined as tre extremities of the alrfoil absecis-
san),

The solutlon of ejquatlion (11) will ueually be
carried out in connection with such an adjustment of the
alrfoll that the extremities are syrmmetrically located
and add up to a denired chord (solidity). The adjust=
mente are similar to the horizontal and vertlcal
etretcliings for the isolated alrfoil. The horizontsl
streteching adjustment consaists in finding the length of
straipht line, that ia, ¥, by equation (8) since ¢
1s the known engle of the airt'cil chord lire, which vith
a piven Ax(®) will place the alirfoll extremities at

t% = iw0, where O 1s the given solidity and ¢ 1=

the airfoll chord. The vertical stretching adlustrent
consiats infirding, for a given length arnd angle of
stralight 1line, the factor 3 by which to multiply «
knovn Ax(e) 1in order that the resulting airfoll will
have 1ts extremlties at iE = inG, where apgalin © 1is
tho desired solidity. The equatlon= for these adjucte
ments are ohtained by equating the ahecissas of the
airfoll extremities to thelr Adesired values; that 1is,

xy=g=m0

cosh K + cos %t

Rt a0t §iloky cosh K - cos oy

1 sin O
+2 8in g tan” skt Saxy
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e

-E = =1d
eosh K + cof S

e ———
- 1 + cos § 108e Toen K - cof O

+-2 81 I 1222“*“& (14)
o sin § an” —Toh T Shxg

In addition, equation (11) for the airfoil extremities
ia rewritten 88
csin \®o - Br)
= —---.-——--'( L (15)

elnh®¥ *+ ginfo

gubhtraction of equation (14) from equation (13)
yields

gosh K + c-m O cosh ! cos Oy
2ne = €08 10"9(3»,;}1 ¥ = cos ,5‘1 cosh K + c.-)s :;.r)
n!.n Oy ein ¢ 'I‘
+-2 8in 9 tan™\ 7T — - tan” ﬂin‘

+ 8(dxy = bxep)

sddition of equations (13) and (14) ylelds

coah K + cos @y ﬂeh ¥ + cos Op
-2r = cos P logﬁ(cosh X = co8 Oy cosh K - €OF —eos O,
eln ain
+ 2 sin D‘;m ( Qn + tan 1rh°'£§

+-s(bxy + 8%7)
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In the horlzontal stretching adjustment, equatisne (15)
and (18) with S =1 are solved simultanecusly for K,
Cus and Gy with 38 and o glven. In the vertlcal

stretching adjurtment, equations (15) and (18) are solved
gimultaneouely for £, my, and oqp, with X, 3, and

n gpiven., Finally, equation (17) is eolved for 7.
Veloelty und preasure distributions.- Once the cone-
formaY correspordénce betwetn o caronde »f alrfolls and
the unlt circle hes teen nbtalned = that is az(e),
Ay(0), X, oy, and Op - the veloclty at the airfoll
surface 1s gilver a® usuval by the product of the veloselity
at the correspording point -f the circle and the
stretching factor from the clrcle to the alrfo!l, as
vp(?)
dzl

ap

(18)

V.(X,?) =

The velonlty in the circle plane 1o that due to a
superposition of sources and vortices at the pointe

34
P = zet” (fiz. 2), vhich repraduce the derlrnd flawv
conditinns at i Irn the physical plane ard whleh
maintain the unlt clrele, and Lence the cancade of alre
folle, as strenmliner (reference 6), The effect of a
sourec at p = el 1e to prodnce a velsclty at 2 = &
from pixrt to left of marmiltude &%; that 1¢, the
covplex velaelty 1e -é%eia, where m 1= the total flux
of the s~urce, This fact 1r evident from the comnlex
potintlial for a esurce and the trancformatlon (equa-
tinn (5)) betwren p-plane and fenlane. The additicnal
effect of an equal zource &t the image polnt p = e7%,
together with ar equel e2ink Rt the orifin, 1o to wmeke
the circle (hence the cascade ot flat plates and alr-
follr) a sireamline while malntaininur the same {low
cond?tion at infinlty., 9Sirilarly, the effect of a
counterzlockwise vortex at p = et 1s to p;:duce a

downwerd veloclty at 2 =.. of masritude fﬁ: that 1e,
the campley velaclty e ﬁ%eiﬂ, wiere k Ils the vortex
circuletion., The additiongl effect of an equal and

oppnrite vortex at p = e 1ls t5 rake the circle a
streanline,

T the flow conditisns at Infinity In the phy=icel
plane are taken as concleting cf a mean veloclty V =t

-2
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angle A (fig. 1), on which is superimposed the tan=-
rentlal veloclity t%% at z = §o to correspond to the

circulation about the alrfoll [I' (rositive clockwise),

the complex potential in the circle plane 1s that due to
the system of sources, sinks, and vortices indlcated in

figure 3; namely,

. K)z =¥
Vi= =V cos M\ IQF@LK LLLT)
- -a "

=K
-1V sin A log{R—=CS_ YRt e
+ X - e-K

il 105(1; + e %\fp = o7

+ ek /\p = of

The circulation [' is fixed by the Kutta conditlon of
smooth flow at the tralling edge in the phyrical plane

or &/dp =0 at p = e T 1in equation (19). The
resnlting circulation 1s

Qsinaww + sinhzﬁ

= SN
D= Y e 810 (Orx ) 0)

an Orx 2 ook X

Tt i1s noted here that the resultant force on an
airfoill of the cascade is, by elementary cascads theory,

1 = oVl (22)
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where 1 acts perpendleular to tie relative resan
velocity V. The 1ift ccefliclent of tlie section bhased
on the relative menn velocity V s therefoire, with

c = 2n3,

Setting
Az a+ B 24a)

Grg 2 U= fp+ (24b)

anc fron equations (23) and (£3), tbe 1lift coefficlent
of an arbitrury airfoll in cescale is

4 \F1n®5. + alnhex

TR SR e (Gdg) . .iAes)

cy =

The ancles a and (- are, respactively, the meun

relative stream angle o) attack and the zero-1ift argle
measured from the airfs%l ehoid llne. DTauation (256)

13 reen to he sinilar in forr to the correspording
equction for Isoleted alrfolls, to vhich it reducers in
the 1101t of sero solidlty,

Witk the circulatlon of equation (20}, the velocity
distrihution on *lie unit ecirecle is obtalred by differ-
entiatior of equatlorn (29) and substitution of p = el?,
The result is

(%) =23} noa\ + sm'u"';:i;ln (e~ )‘k) - sin (gT 'NK)-' (2€)

% sin®e + ninhPK -
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where

ten Ay § %an A ganh X (27)

. )
The stretcalng factor l%$| froa Lhe eircle plane

to the flnt-p]atn cnsnudc v-a e L0 cbtalned Ly di”icr-
entiatior of equation (£}, The resvit lr equrl to
vp(m) (equaticn (£€)) with tre circulatlien term omitted

and N = B, (The transfcrmation (£) can, in fact, te
derived (reference €) by a hrarodrustnicul arpumenc
similar to thet lencing to equetisn (19).) fStus,

[Q%] = 2\kos? NS R (22)

cos”] + sink®x 3
#1rfp + slnk®K

where Bg hu® been deflned hy equation (7), &nd

b .
atl . [+
tagj = tla%! dependins on the atuyr of @ = ”K'

'dz
Tize over-pll atretchins factor l%ﬁ' from the
cirele plane to the phynical plans 1s sohtained by cif-
ferentintlon of equation (2a),

z = = Ax + 1Ay
g af A1 dAy
Tl e R

.‘
d'%_! 1 @dm "'Igw

p s \Knp] ) (ﬂ“':-:v 2
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The velocity distribution at the surface of an
arbitrary airfoil in cascade 1s therefore, by equa-
tions (18) and (23) to (29),

¥y 2 \lcosﬁ)\ + sinh2K|:s1n (O; )‘K) - sin (“‘1‘ - )\x)l

Tt (sinch + sinth) m%%)z + (%!)2

Tre numerator of this expression is seen to he dependent
on, bhut the denominator indepencdent of, the stream
angle \.

(z0)

The pressure coefficient 1s given by Rernoulll's
equation

2
1):1-(-‘{7‘l (31)

where P J1s the ratio of the local ircreuecnt of statle
pressure over the pressure at which the veloclty 13 the

rean stream velue V to the dynamic prescure Epva.
Irtegration of this pressure zosfflclent around the eir-

foll section yilelds the 1lift coefficlent defined by
equation (22},

The expression for the icdeal angle of attack may
be noted. Thia engle 1s the mean relutive stream anzle
for which the lesrding edre of tre alrfoil, corresponding
to @ = oy on the unit circle, ie a stagnation point.
Tt 1s obtaired from the conditior vp(o) = 0 1in equa=
tion (£¢) as

0\; + wr -7
A [ AR —
ot 2 a9

(The corresponding angle »f attack measured from the
"rwaxiz" chord 1line 1s glven by cquation (24a).)
Conversely, for any stream angle A, the front starnas-
tion point s given by

@“s S+ 2y = Op (32)
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Suverposition of solutions.~ Equations (3) and (4)
show That ghe sur of two CLP's is itself a CMF. Thus,
as for lsolated airfolls, the superpositicn of scluticns
for alrfolls in cascacde s permissible. Various types
of superposition are possible because the rgolidity and
stagger parameters K and 3 used with a resultant
CiF need not be the same as elther of the=e parumeters
used with the component CiFF's, The use of superposition
1s irmplicit in the horizontal and vertical adjustment
derived previously for an airfoil in cascade.

Tquivalent flat-plate cascade.- The meny uceful
resul®s of relerenceé 1, which are derlved and presented
cn the conceptual basis of the equivalent cascade of
rlat plates, make 1t worth while to note sorme of the
rroperties of the equivalent cascade. In general, the
conforral transformation of a cascade of auirfolls into
a unit cilrcle dete:mines at the sgame time cvery pcsslbvle
cascade of flat plates intc whichk thie glven cascade cén
be conformally transformed, with the spaces at +» cor-

resnording and equal. All such cascades of flat platers
transform to the unit cirecle with the same locaticns for

the pointy p = sek corresronding to the points e

in the caacade planes. The parsmecter K of the flate
plate transformation (equation (5)) 1s therefore fixed.
Of the infirity of flat-piete cascades corresponding

to the remaining pararmetor, namely, the starger anpgle ,
that one of which the stagger anpgle equala the zero-1lift
stream snyle of the given cascade 18 by definition the
equivelent cascade nf flat rlates, Trirs stagrer anple
18 Cny by equation (20). 3Equatlon (21) then shows

that the angle o corresponding to the trailing edse

of the airfoll in cascade corresponds also to the
trailing edge of the equivalent flat plate.

The m:0l11dity of the equivalent flat-plate ca=cade,
a8 given by equation (8), ie evidently somewhat larger
than trat of the given cascade, For a pgiven stream
angle A, equation (20) shows that the circulation T
and thus, by equation (23), the product oc; are the

same for the two cascmdes.

The velocity distribution in the alrfoll caescade
at one streum angle mey be converted to a velocity
distribution at any other etream angle by a knowled;e
of tre equivalent cascade, because the ratio of the
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veloclities nt two different stream ancles is the ratio
of the corresponding numerators in equation (Z0).
Inasmuch as the ronstants of the numerator in ejgua-
tion (3C) are the same for the given easecade and the
equivalent cascade, the desired velocity ratio equals
that for the equivalent cascade. This result 1isa
analosous to that for isolated airfoils and their
equivalent flat plates., It 1s useful when the equiva-
lent cascade can be easily detarmiined to a satisfuctory
aprroxiration (ef. reference 1). If the correspondence
between an airfoil in cascade and its equivalent flat
plate in caacade is known with sufficient accuracy,
however, the CYF of the transformation ax(9) + iaAy(p)
can be set up and the velocity Alstribution obtained
lirectly by cquation (Z0).

SOLUTION OF DIRECT FOTENTIAL FROBLEN FOR CASCADES

The direct potentlal protlem for cascades of ailr-
folls 1s that of deterrmining the general patentiul flow
rast, and in particular the veloclity a%t the surface of,
a ¥rown arblitrary airfoil in a cacseade of “iven
n0l1dity o and stacger ansle g (fis. 17, The =olu-
tion 13 analocous to that in referencea 5 for lszolnted
tirfoilz, The method 1s one of successive approxira=
tion, whereby an airfoll of which the CLF transformation
to 1ts "chord-line" cascuds and henes to the unit cirele

e nown is compared wwith the given airfoll to obtain
an inerermental CUF. The ineremental CL'F plus ths known
O'F yields un alrfoll that may again be compared with
the ¢ilven airfoll, and so on.

The stepe in the procass are as [ollowsa:

Ster 1! An airfoll in a cascade of sta;ﬁer f and
rolidity O 1s ziven and an initial airfoil is assumed,

for which are known the QUF ax (o), ay . (9), the

angles @y » ®p correrronding to the ieadinc and
trailing edges, the cascade parameter FK_, sand the
translation ecnstant T, - 8ll adjus ted 8or a cascade of

the given stagger and solidity. The chordwice locations
x., Tfor this alrfoil corresponding to a set of evenly

aracad values of @ on the unit circle are caleulcted
v equation (9).
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Step 2¢ At the chordwise locatlions x,, the Aif-
ferencee 83y = 4y; = Ay, hetween the ordirates of the
sivan alrf21l and thoee of the assuwred agirfoll are
obtained, graphically or otherwise, It 1= !rportart thst
the given slrf>ll be located relative to th: coordlnate
axes ag suswn in figure 1 ané that, vhern the airfloll
ordinntes Ayl are sbtalned, the airfoil houndary be
traverzed (eounterclockwise) in the eure zerse us i3 the
extended chord line.

3tep 3t The corresponding ccnjurete chordwlise-
displacement inerements &x; are now calenlated In
accordance with equatisns (2) and (4), The rlopes
Gbxq/de and d67y/dp are also computed by means of
the coarrerpondling derivative Fourlier serle-~, Detalls
af thile calculatien are given in appendix A of refers
ence S,

Atep 41 The firet-aprroximation CI*, namely,
4xy = Ax, + Oxy; 6and Ay; = Ay, + 07y, and the corre-

sponding slopes @4x,/dg, dAy,/é0 are nowv ¥nown, In
conjunctisn with the corstante K, Brye s and T,

of the inttial alrfsill, this CT would, In general,
determine an airfoil (equatlions (9) and flo)) af which
the extremities {equations (11), (13), and (14)) would
not add up to the desired chord (¢ = 2u0), slthough the
etacker angle 3  (of the x-axls chord) ie correct,

The constants X, ®w , ®p,, 8nd T, a&are therefcre
corrented hy a horizontal stretching adjustment (equae
tions (15), (18), and (17)) such that tre resulting
constante Ky, o, mTl’ and Ty yleld an &irfoll of

the desired chord,

Step 52 The new chordwise locatione X3 are cal-
culated by equation (9) with the constante derived in
step 4, The resulting airfoil, of coordinates x;, 4yj,
iz compared with the given airfoll, Tf the sgreement
ie not ratisfactorily close, steps 2 to 5 are repeated,
all subseripte being advanced by one.

. Step 8¢ If the agreement 1s close enough, the exact
velocity dlestrivoution of the airfoil just derived (which
s thuz e close enough approximation to the velocity dies-
tritution of the piven airfoil) i1s calculated as indicated
in the rectlon "Velocity and Pressure Listributions."
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SOLUTION OF INVIRSE POTENTIAL PRCOELTYM FOR CASCADFS

ks enrpared with the 1eoloted airro11, there are
eeveral pns=ible varlatlons of the inverrce prohlem for
cascoces, depending on the over-all cascude dats eiven
in acddition to the prescribed velozity dlstribution.
Thes=e cascede data 1nc1uds the wvltirate uprircam and
covmstream flaw anrier conaldered as one quantity, the
e511dity o, and the starrer anple §. ©0Of these three
quantitier, it wppeare that two mavy be =speecificd
inderendently elong with the rrescvived veloclty dlea
tribution.

The irverse problew for caseader can be solved by
the method of comparieon of surface potentiale piven in

reference 5 for the case of the lsoleted alrfoll. A
rurerical example, however, dlscloecd several difficul-
tiee of applicetion. The cver=all aélurtrent for ore=-
to=one correspordence of the true and apnroximate
potential curves was urduly labortions, Furtherrore,
the firet exact veloclty distribution 2btained oecll-
lated avont th~ preseribed dlstriduticn through wide
11Mits. This oecillation appeired to be raured by the

romevhat irdlrect methsd of determining E&x(o),
resultinv in inexact and necilletory valuee rar the
Cerivatives dAx/de, dAy/4Ae.

The mere etrairhtforward nethsd of dervivatives,
narely, determining @éAx/do, dAy/dn  dircetly from the
nreceribed velcelty distribution, wae therefsre ressrted
to. As remarked in reference 5, the method can he
regerded as based on the use of the funetion ip—izai—Ll
This function 1= single-valued and regulur everywhere
outeide the unit einrcle; 1t anproaches the limit zero
as p->»m and on the unit eirecle itrelf p = el®

reduces to %%5 + i%%x. Tf, therefore, theee deriva-

tives can be 2o determined as to satiefy the expres-
e1on for the prescribed veloelty distribution (equa-
tion (20)), the airfnil iteelf can then be cbtained
hy & simple irtegration.

The determination of the derivativer can be made
by succes=ive approximation. The nonrctants A, F are
fixed to ratisfy approximately the over-all ca=cade
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data previouesly mentloned, Tnasmush as the derivatives
dtx/Am, diy/4d¢ ere of the saqe order of ragnitude for
the shaper to be declt with, it 1s aspparent from the
structure of the radical in egquatlion (20) that dix/do
will exert a pgreater Influence on the velccitiers nver
rost of the wirfoll than will CAy/d9. To & siven
epproximation, dAx/de can therefove be rolved far in
term:c of the preseribed veloclty v, and the data
dAy/8¢, A, and K of the previous appraximation., £
new 2Ay/de cmrn then be calouwleted ns the funetion
coniurate to this d4x/30; and A, £ ecnn te eorrected
to eerve ne the ta~ils for the next arvroxlratien,

The steps of the Inverse procesc are outlired as
follower

Step 1: A veloclty dlstributiorn expreared as n
funetion of percentage chord or are and the aprresnriate
carnade data are rlven., The definition of the chord end
the preseribed velnelty ¢!strivution arc taken as 1n
reference £, aAn initilal rirfoll !s arcsumed, which 1ir
Judzed to produee approzinately the desired condltione
and fer whieh the carcade CNF 2&x,, 8F, I known.

3tep 23 If the glven cascede duta are the e2lldity ©
anc stagrer angle £, a lorizontal edjustrent 1s applied
to the CIF Axa, Ays to &chieve theee valves; that 1s,
equations (15) and (1£) with $ =1 are rolved for I,
T anc 7, with the piven vslues of o, 2. 7Therce,
equation (17) 12 solved Iar T..

Step &: Tre 1ift coeffilelent e3, eorresponding
to the preecribed velecitr Alstributlon 1s obtrired
anproxlinately a~ the area unner the curve nof clordwire
pressure dletributior., A correction to thls cg, 1if
necersary, 12 obtained by Integrating the chordwilrse
perpendicular preazure components of _the pre-crived
distribution on the initinl sirfoil. The renuired

2-'-:qu:tions (22) end (2%) ere dyramical equations, halding

only for simply connected alrfells to which Bernoulli's
equation epplles, In order to preserve the conelstency
of the C!F equatlone for fipure-elzht contours, the
eirculation [' can be approximated snd equation (20)
can be ueed directly.
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strean anfle N, for this €}, ond O 1s calculated
fron equations (23) and (20) by use of o7, and I, of

sten 2, If the ultlinate upctrzam and devnstreann flow
urples sra rpeclfied fustead of the =0lidity, au extra
relation between ' and X\ 1s krnown., If this relation
and equatlion (23) are rubsiituted in equation (20), an
equatlior relating om, L, and o resulta. This ejna-

tion i1s sslved sinmultancously with equations (15) end (16)
fee e, mp , Ky, 8nd 05. Thece valuez then deter-

to o
mine T,, N\,, and ©,. A eirilar sliuatior exists if

the upstream oand downstrean angles and the solldity O,
irstead of the atupger enrle 3, &are specified.

Step 43 Tith the conatents derived, the chordwice
locations i, eare calculated by equaticn (9) for a set
of evenly sraced o~velues,

Step §: The first anproxinate derivative ¢Ar,/do

is caleculated by sclution of ejuation (Z0) with the
censtunte already derived, the prescrihed veloeclty vz/v
corresponding to the chordwise locatlonm x,, and the
iritlal dAy./ds.

Thus,

asx . [a8] , (Y - (eaxY
a0 dp vz de

“wo possihle sets of values fcr d:xl/da result from

thils calculaticn, cepending cn the £ipn ¢f the square
roct in equation (34). It appear:s that for about cne
half the @Q-values, one ret of dAxl/do roots sheuld be
taken and for the other lralf, the other set. The
resulting dAxi/do should be cf the right order of
magnitude to lead to a real alrfoll. diny imaginary
roots that occur are replacod by the most favorable
real valuea, {The assmurption 1s that a real rfolution
exists and thet any Inmapinary valuee of dax/ae in
equation (34) are the result of too poor &n initial
eholce of dAy/az.)
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Step 63 The derivative dAy/d9 conjugate to the
dAxl/dm of step £ 13 calculated in accordance with the

derivatives of equatiors (3) and (4). Ths funztlons
axy{%), Ay;(c) are then ovtained by integrution. If

the difference

dbxy _ aadxy

[+T3 £

1s small, it may he more convenient, because of smaller
required accuracy, to compute the inerements dbyl/dc,

0xy, and 8yq and add them to the correspordlng values
of "the previous approximaticn.

Step 71 The rorizental adjustient of sten 2 and
thie calculation of the strear aangle hl, step 3, 1e mace

by usirg the first-approximation CiIf derived in mtep €.

Step 6: The chordwlse locations x; are culeu-

lated os in step 4 by usine the constants derived in
step 7.

Step 9: The first approximute alrfoll and its
cxaet velocity distribution are calculated by equa-
tionas (9), (10}, and (Z0). 1If the velocity distributien
1z not satisfactorily close to that prescribed, the
procedure irs contirued with step £, mll subseripts being
advanced by one.

ILLUSTRATIVE ZXAKELDS

Direct mcthod.- As an 1llustration of the direct
method, & cuscede of solidity o = 1 and blade
angle § = 45° was asrumed, torether wlth the given
airfoil section eliown in fipure %, of which the ordinates
are given in table I. In the resulting cascade arrange=
ment (fig. 1) the flow is frem right to left (compres-
sion action).

As a preliminary step, the direct CNF mwethod
{reference 5) was applied to the pive:n section considered
acting as an 1solated airfoll, The resulting Ci and
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tranzlorratlor eonstarts are 7iver In tadles TT and ITI,
reepaetively. It 12 remarted that the relatively ooor
initial aprrox!mation chiscn, nerely, & JoukowsV! airfoll
of C-repcent carber oend 12-rercert thicknern, necescie
tated threc aporoximatlons tefore enirciderce with the
riven airfo!l (to a seele of chord lenpgth coual to 2C inl)
wes nttalned, .

Per tre alrfoll ir cazcede, the proecedure osutlined
in the eeetlion "Esluticn »f Diveet Potential Prablenm
for Ceecadee" wae follewed, I cecordance with step 1
of the pracedure, the Inttial approxiuation wmas taknno
ar the cascede »f chord lines of unlt enltdity und 45
blade erele. The Inltisl CWF wee &hun Ax, = Ays = O
The peremeter ¥., o determined from equation (€)
with o =1 aréd 3 = 457, war C.37C. The chordwise
lecations x, were calenleted from equatien (8), with
T = Ax = 0.

Stepes 2 tn & were then carried ovt. The pesulting
firet srproxirate "alrfoll" 1s shown %n firure 4. The
aheclerae ure thue chordwlee locatinue xlfc) of t
firast gpproximation and tne ordinate:s are thirese of the
riven alrfoil at the chordulse incatlone ¥,(D) of the
iritfal approximetion, whieh are indicated in flpure 4.
The first approximatlen 1s seen to have accomplirhed
moet of the rejquired chanre from the chord line to the
plven alrloll. The rerultirg shere Lo not w phreleally
real airfo’l, hoveven, bezavge of the loap toward the
trailine edpe.

A =econd anrroziration pave rzsrlts chown Irn Mo~
ure 4. The sgrecment over most of the alrfall ir eiad,
&lthongch arpreclable &epartures over the front uppen
rurface and a rlisght loop near the trailing edre etlll
re~alired. 4 third approximetion removed practleallr all
the rerainire dieccrepancles, The polints that wepe 243111
perceptibly different are indiceted 'n fipure 1, A
tourth arpreximatiosg pave colncldence with the plven aip-
foll to a ecale of 2C Inchoe for the lenpth of rchrord.

The coircildence of the fourth approxirmate airfoll
with Lhe plven alrfnil was obtulired for 24 pointe
(beetdees the leading and trelling edrer). Thene polnts
correerond to 24 evenly spaced values of © on the unlt
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circle. 7Tt 12 seen {rom figure 4 that the airfoll
points are sparsely distributed on the front upper sur=
face and reur lower surface, as eompared with the rest
of the alrfoll. Thin distributicn is due to the
influense of the flat-plate transformation (ejuation (€))
in affeetins the alrloll ahseissus (equaticn (9)).

Slnee the CIT war chtrined in the form of id-term Mourier
expanslonn, 1t wss thcught that alrroll poirts obtaincd
by interpolation from the derived CVI' mickit show some
vaviness relative to the riven alrfoll in these rerilone,
Five sueh Interpolatecd poirnts are elven in table IT and
are showvn in figure 4, The waviress appears to be
negligible in thls euse, It 1s noted that any desirecd
spaeine of polnts on the alirfoil could he ohtalned by
vorking wlth appropriate wmnevenly svaced o-points on
the unit cirele; kowever, tre Aetermination of Ax(7D)
from Ay(m) beeores rmore lehoricus,

Tre =light vaviness in the Fourler expansions for
Ax(®) and Ay(®) glves rlse tec rreater ossclllations
in the eorresponcding derivative expansions for chx/do
end dAy/do. In this example, the slopes were computed
by harrmenic syntheeis cf thelr Fourler exparnsions, and
the results were smoothed out graphleually Lo correspond
to a fairod eurve through the 24 Imown values of Ax
or Ay. The 1limits of oseillation of the derivative
curves were small enourh thet no appreeigble error vans
bellieved to ke incurred in this preceess,

SIn extreme cages, where the higher haimenles in the
Ax(®@), Ay(e) eurves are lorge, the oselllations of
dAx/dc, dAy/de mnay lead to apprcciable inaccuraey of
the veloelty distribution. It 1s possible, howcver,
to solve initially for the derivativen dAx/c9, dAy/a9
instead of Ax(¢), Ay(®) by working from the slores
dy/dx of the given airfoil, for

&Y wpe e
dx d(Z + Ax)

8Ay/da

a5 , dax
a9 ae
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The resultirg CiT''s and the transformution constents
for the airfoll in carcade are given in tables II and IIT
respectively. The column of valves of % under "Cascadel
In table IT gives thr values of tho deromirator In equf=
tion (20} for tle velocity cis‘ribution. This Teotsr
(oe3 not clhangs with englc of incldance af the flow.

The variaticn of 1ift cosfficient with angzle of
attack for the cascade arrangement (equation (285)) was
cbtaired ar

€y = 4.65 ain (1 + 10941)

where, it will be reczlled, c¢; 1s based cn the mean

velocity V end a 1s the angle betveen the meen
veloclty V and the chosen chord line. The 1!ft=-
coefficient varistion for the irolated alrfoll was
obtained as

cp = €.86 =in (c + 11221}

with tre result that

gay . dyfar , eix
2 ex(da g c_c)

Thus, to a4 piven appreximation, d&y/dm can be cdetor-
mined from tke lkrcwn deta of the rrevious spproximation.
To the given approxinetion, dix/de 1s then the func-
tisn conjfugate to dAv/d®. The cerivative dAv,’de can
tren be dntennined to a better sprroximaticn, ete. In
each approximatlion, an exact airfoll ies detcrmined by
integration of dAx/de, dAy/de (the integrated Tourier
serien are smoother then the original =eries). This
method for the rolutlon of the direct problem iz the
counterrart of the nethod of derivatives in the inverce
proolerm. “he accuracy of the derivatives dix/de, diy/de
thus determined depends prirarily on the accuracy to
which the rirfoll slopes dy/dx are knoen. Corre-
eponding remarks epply to tre i1sclated-airfoll ceee, in
which, howsver, thce higher haraonice are usually of
less megnitude,
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4.68

516 - 0.678 and

The ratio of lift-curve slopes s thuns

tge zero=-11ft sngle Ior the cascede hes been reduced by
1918,

Thea equivalent cascade of flat plates has a stapger
anrle of 45° - 10%4' = 34%56' and tre solidity, as
determined by equation (8) with 3 = 24°56' and
K=0.268, 1s ¢ = 1.19. It may be noted that the
ratio of liftecurve slope of the equivulent eascuade to
the 1solsted-plate value 2w 1s 0,824, wileh 1s about
€ pereent lesz than the value for the pglven cascade,

The eorrespending ratlo for the ehord-line cascude

(g = 48%, 0 = 1) 1e 0.844, or about 2& pereent higher
than that for the glven cascade, If the cquivalent
cascade were hased on the lcolated-alrfoll datu, namely,
6y = 1,0912 and @ = 45% - 11%2' = 23°38', the ratlo
o} lift=eurve slopes of the equivalent euscade 1s 0.6E5E,
whlch 1s a satlsfactory approximatlon to the true value
in thls case.

The varlatlor with 1ift coeffleient of the verlous
flow anrles of tke eascads &8s well as the over-all
pressure=rice eoefflelent based on meun dynamle pressure
is rlven in table IV, The values were ealculated by
reans of the veloelty trianrle of the caseade (fig. 5).
The deviatlons &y, Bp of the upstream and dovmstream

flow angles from the mean directions of the leadins and
trailirg edges of the alrfoll (fig, ©) are alss glven,
The dcwnstreem flow angle Ag 1s seen to remaln essen=
tially censtant a2s the upstream [low angle 1la varied.
In thils respeet, therefcre, the cascade acts liikke one
of Infirlte solldity. The deviatlon ©&p of the down-
strecam flow from the directlon of the tralling edge 1s
large, however (about 18B9),

The veloclty distributlcons of both the 1solated
airfoll and the alrfoll iln eascade, &are shown for zero
1ift ecefflelent In figure € and for various other 11t
coefflclents in fipures 7 and 8. The velocity dictri-
butlone at zero lift may be compared directly. FR=xcept
ncar the leading ard tralling edges, the veloeltles for
alrfolls in eascade are higher than the veloeltles for
the 1solated airfoll. This result may be accribed to
the eonstricting effect of two neighboring blades of
the cascade on the streamlines between them., The
veloclty bump about 60 percent chord back on the upper
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surface of the airfoil in carecade is probably cavsed by
the sudden rate of change of flow area in this region
due to the presence of the upper neighboring blade
(fig. ). At the leading ecge, the velocity peak is
lower for the alrfoil In cascade than for the 1irolated
airfcll, preobably tecnuse of the effact of the lover
aglacert alrfoil in deflecting the upstrcam flow upward
toward the nose. At the trallins edge, the velocity is
lover for the airfoil In cascade than for the isolated
eirfoil, probably becsuse the upper adjacent airfoil
provides a divergent channel for thre strearlines in
this rerion.

The proper basis for comparison of velocity Gistrie
butions of the is~lated and cascadec airfoils at 1lift
coefficients other than zero is not clear. Fecaure
the cancade veclocities (fir. 8) have heen expressed as
fractions of the riean velonity, the velocitles tovard
the leading edge are higher than if the ultinate ur-
stream velncity had bcen uaed as a basc; whereas, toward
tre trailing edge, the velocities ere lower than if the
ultimate downetream velocitles had beern used as a base.
The ultimate upstream and downstream veloc!ties for the
various 1lift coefficients are indicated by the hori-
zontal lines in figure 8. In gensral, it appears that
the adverse velaclity gradients neer the leading edre are
less for the airfoil ir cascade then for the isolated
airfoil, whereas the adverse velocity gradicnts near
the upper-surface trailing edge are greater in the
cascade case.

The "ideal® velocity distrinmutions, which procduce
a stagnatlon polnt at the chordwise extremity of the
airfoll, are those for Ciygq1gtea = 1428 and

Clsaacnde = 1.17. It 1= seen that srall velecity peaks
are present on the lcwer-zurface leading edge under
these conditions., These peaks are reroved In the
isolated-airfoil case at ¢; = 1.80 and for the cascade
at about ¢3 = 1.30 without producing peuks cn the
upper surface, The insldence of the upstreum flow rela-

tive to the chord line ir 15°24' in the case of
¢y = 1.30,

The four epproximeticns In this exarmple vers carried
out without any attempt at pieking off the ordinates in
order to antieipate the resulting change in cherdwise
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location, Tt muy be expected that, vhen more fuvorable
iritlal aprnroximations than the crord line are avalle
etle and with eome experience !r anticipetineg chanrec
ir. choréwise lonutions, nn wmors than two approzinatlions
%11l be necercary for pccurate results - that i-s,
resulis less than 1 perceat in errsr.

Finally, it may be noted that the CU™ derived for
the riven eirfoll can Te uced a~ 8 eo9oC initial epproxie
rmation nat orly for ~irilar airf~ila Ir comprecsor
uetlon but alsn for alrfolls in turhire nction, For
this latter apnlicatior, the airfoil would be drawn
with the asarber or the rcane side of the chord line as
irn flpgure 1. The flow 1= then from left to richt; that
3e, A 12 increured bty 180°. Thls preccedure appears
more favorable nurericolly than drawing the airfoll with
the camber or tlie othier slde of the chord lire, which
would meintain the flow fron ricut to left.

Irveree method.- In order to i1lluctrate the inverse
method Ior cescuces, the voloeity dlstribution at
cy = 1.2 of the eirfoll ju~t anslyzed wae modlfled as
irdicated in ficure 9. Tie corrersponding prescribed
presaure Aictrihution 12 constant up to &2 percuin
chord erd Slersafter increases linearly to the trallirg
eére, The prgrcrﬂbed ecarcade Adata werc telern ar
g= 1, 0 = 48”. The ultimate unstream end cownaztreanm
argle=, »r blade circulation, were expected to be avout
the =are ar those for the Inftisl airfell in caccede at
ey = 1.2,

The procednre already outlineé was follewsd, The
Initlal airfoll wze chineen a3 the cne luet aralyied by
the direct method (fie. 10). The C¥® ard asssclated
constants of the initlal alpfoll &ere glven in tables II
arnd IIT, The initial C¥F war actvally taken se 1,145
tires the values of table TI, becauce the ure of tre
method ~f notertiale had indicetel this- factor ars a
prelinivary over-all adjuatment. The chordwise loca-
tions nf table II were consequently enrrected. The
initial 1ift ecefficlient was taken as the area enclosed

~
by the preseribed (6) -gurve, ramely, c¢3 = 1.26,

The firstespproximation ¢Ax;/do was thereupon
calculated from equstion (34) and plotited in fipure 11.
Ixcept at ©® = 1% , thls curve reprerents the solution
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of cquatlon (24) with the nerative =quare rost for

20% < ¢ § 160° and the solution with the positive root
for the rermaining ¢-values., it o = 15°, the celeu-
leted vroote were commlex, The i?él-curvc vwas thercfore

falred thraugh ¢ = 1£° to complete the speeifiention
of dirzy/de. The increment

2 dfxy _ cbxy A%,
ap 6§ d9

wee then uved to caleculate the fivzt-approximation con-
lurate inecrement

diyy _ oty 2AY A

T T T
&nd the Incremental alrfsll CYW' €x, + L8vy. The
Run7e 24-pairt cehedule (=ee anpendix A o reference 5)
woe used for there calculationnes The horizontal adjust-
ment tten aprplied tn thile CVF wnas such ar to malirtain
o=1, 1 =457 (with respect to the chord ehosen for
the Initial airfoll, the eo-called x-axle ectord). The
first espproxinate CF 1a 1i~tied in table V and thre
erenclated constantes In table VI. The firet arnroxi-
mate alrfoll is rhown In flgurs 10 ané ite exant
veloelty distributlon, for e3 = 1l.2¢, In flmure 9.
The casecade flow anpgles for the derived sectione ere
riven In tubhle VII,

The chanpes in veloclty dietribution urd alrfoll
contour end poarsition from their initlal values are resn
to e consideruhle. The mean lire of the derived =ce-
tion fe reflexed toward the troiline edee, probably
Lrceanze 5% the influence on the "mean®™ etreamlire of the
vortleity towe»d the leading edre 01 the npper neich-
borinr alrfoll (fig. 8). The maximum thirkreess of the
derived rection hae “een Increanrd from 10 rercernt to
about 1& pereent. Furthcgmnre, the section &= a whole
hoe Lren rotated about 25 , With thie reenlt that the
cascade blade anrle, althoungh equel to 45° n= meas-
vred f'rom the 1nltial or x-aris chord lire, 1e about
42,5” as measured from the "longect-line" chord in the
derived alrfoll. A =1light chenge in caccade =2211A1t-
iz atwilarlv brought about.
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A second approxination to the preseribed vcloclity
di=ztributinn was next carried out, with the Initlally
chosen chord maintained as the "ehord" of the derived
airfolls. It was evident that the poor first approxie
mation on the upper-surface leading edre, particularly
for o = 15°, was dua criginally to fairinc the
dox

1-curve throurh this point too smoothly. The
resulting value of dAxl/dm was not the best possible
real value, rvhich 18 in this caze the one that makes
the velocity on the airfoil at this point as high as
possible or, from equation (2C),

( )Q—lso []c—ls"

A72

B Jom1c0

second approximation with the remaining values calcu=

lated as in tte firgg approximation. The incremental
x? b4

x)
derivative 30 = TETiT TAD thus obtained is shown

in fipure 11. The conjugate function dbyz/dv calcu=

lated thiercfrom 1s shovm in figure 11. The oscillatory
nature of dbfyp/d® 1s caused by the larpe magnltude of

the higher harmonice in the Fourier series for dbxz/d@.
The ©by,-function, as obtained by synthesis of the
integrated Fourier serles for d5y2/do, displayed very

1ittle cscillation. The slopes of the smoothly dravn
byz-curve were therefore measuvred graphically at all
but the 9 = 0°, 15° points. The T‘;g-curve thus
obtained !s seen from fifFure 11 to be a rean curve

for the

a
This value wrs therefore given to (

dAya
through the calculated dZ“-valuea. This curve was

used in the calculation of the second-approximation
velocity distribution. Use of the measured values of
daya/dm as compared with the calculated values renoved

an oscillation of, at most, 2 percent in the velocity
distribution. Any error in measurement of the
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8
—agg-alcpe: vrould therefore produce the gquite nepliglble
error of a small fractlorn of 12 percent,

Tre second aprroxiratior was carried ont for
c; = 1l.26. 7The resulting CUF and associated constants

tre rlven in tables V end VI, The second-approxiration
alrfsil and 1ts exect veloeity distritntina ere shovn
in fisures 10 and 9, respectively., Tihe volocity rnistri-
bution 1s seen to te nonversmineg suatiaflretorily to the
prescribed values, thongh serkaps not so rapidly as
would be the case for an isolated airfoll. The tendency
tovard formatisn of a veloclty bump adout 50 percent chord
back on the upper» surface i3 secne. 43 previcusly men-
tloned for the direct mcthod, this eflect mny be due to
the snudden constriction of the arream caused by the
forward part of the uprer anaighborinzg alrfoll (fir. 6).
The sacend approximate alrfsi) dirfers from the Jirst
aprroxinate airfoll malnly In havinz greater thickness
toviard thre nore and less overealli camber., 7The greater
thiclness towsrd the nore ls cvidently tle corsequencn
of a higher required veloclty on the upper surface st
the leadins edpe. The reduced over-all camher ARPCArs
to be ceused by the neceszslty of & more constricted
atream over tre rcar upper surface (hiplrer reguircd
velocities). The forward half of the upper neighboring
profile (fir. &) srifts downward to accomplish this
constriction.

A sharp cusp, possibly even a slipht, phyelenlly
irmpossible loop, is ovident at the trailing edra.
Apparently, the prescrived veloclty in thia region is
close to belnp unattainable vwith a rhyelcally real
airfoll. The necrseity of as sharp a cuzp us posslible
at the tralling edpe scers definltie,

Fron the practical polnt of view, two arproxira-

long nre conrldereé sufficient In this case. The
necessary modifications of the inttial ailrfsil to
nrocduce the modified velocity dlstributicn arec clearly
indicatecé., The rccults of thias snd the preceding
example can now be used a3 gocd initiul arproximationsa
in further modificetions either of alrfoil shape or of
veloclty distribution, or, to a leeser extent, of
cascade genrelry.
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CoNCLUZ10Y3

l. The direct and Inverce Cartesien mapping
funetion (C1") methods already used for i1solated alr-
folls car pe applied directly and uralogously to the
cascade case.

2. The ecascade broblem reprerents a mMore severe
test of the Ci metlod than dees the isolated-airrpl]
problenm, Althourh the convergence of tle sSuceessive
approximationr 1a slower in the case of cascudes than
in the corresponding isolated-alrfoil cares, the
numerical work for e flven accuracy 1s ecnsiderayly
less thun hitherto required, et least rop carcade
golidities necar unity,

Langley Kemoriel Aeronautica) Laboratory
Hational Adviacry Committee for Aerorautics
Langley Fleld, Va,
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PLBLE I.~ AIRFOIL ORDINAT3S, DIRECT PHOCES3
ESLationa and ordinates in percert of airfoll chord]

Tpper surlece Lower surface

Station Crdinate Station Ordlnete

o} o} o]
.97 77 -.43
1.22 1.0€ -.44
1.F6 1.62 =45
2.63 .97 =37
4.17 .87 -.13
§.44 .13 .18
6.5C 10,68 45
B 15.86 i.C8
2.98 20.€2 1.64
11.24 2548 £.16
12.20 33.45 2.60
12.9C 25.36 £.90
13.39 40.28 2.29

13.64 45,418 C.E

© 13.68 50.04 o
13.27 54,82
12.78 53,82
11.92 54.74
10.81 £9.7C
9.53 74.€8
8.04 70,71
€.40 84,77
4.86 80.83
2.57 94.60

0 100

WATIONAL ADVITCGRY
COMMITTIE FOR AZERONAUTICE
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Figure 3.— Source-vortex sysrem
for cascade frlow.
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Figure 6 — velocity distributions ar q=0.
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Frgure 7.— velocity aisiributions, isolated airfoil,
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Figure 8—Velociy distributions, oirforl in cascode.
A=45°, 0=/
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— Prescribed velocity
- __Initial velocily, c=i3
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Figure 9— Velocity distributions in cascade
by Inverse method.
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