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~tellat1c •tboU ot obte'n'ns epproxiaate IIOlutiou to ~ 

:p.Ucate4 JaOD-Uneer pro~ are the nbJeet of pertuztJ&ticB t.Mo17. 

?llia tblo17 pro'b&ltq N eUI ita biaheat ~t 1Jl eelaatial 

Mcbaa'c• vta;ere Mta:1l.e4 ~G:Jtiu -..t k ....... SIRo aceowst 1D 

order to aeh1eYe tbe daaire4 accuraciea. W1t1Wa noat ,.an then 

:tau beu a ecmaiderabla Nrtnl of 1Dtereat 1za t1ae ..,Uoauoa bt 

clala1c:al. MOt:umica theol'J' to pract1cal pmblala 1a'rolv1a& aatelli tea 

8D4 ~pace tl..t.abt, uiaa the IDUt.oD-Jacobi tbeozy, o8118ldoal. 'NI"l­

ele•, aa ..oa zeipel' • perturbatleD »etboc1 to pl'eV1de ... ft%7 el­

epat aolatlou to artit1cial. aatell1te probleu. 

· perience ill the subJect ba"N .41ttic:ult7 1n 1'ol.lDw1ztc Wa wos. Prv'b­

. abq aost ot the 41.t1'1eult7 ari1e1 'becaue ot tbeir 11Dfw1Han:t~· Vitia 

both the ~ic&l. .a. utroDcaie&l J&t'80D ilmJlTed (e.s;. 1 "deter-

oauee ot the 0131111plex1 t1 1D.tro""C8'! 'Wilen eever&l 4es:rw• ot tr.b. 

are 1zm>lved • 

. ee..l 'WW Zeipel perturbatioll tedmique at toM t3e of th11 vr1 tiDe 

1• a specialised tool an1Jeble principa.l.q to aatlQt!-en 8114 t.boM 

traiDed 1n eeleatial JleChla:Lica. It is a powerfUl •tbod wbidt. 8houl.4 

have wide epp.Ucation to problema izlvolved. in other neu.;--.aoeoi6- : # 

~,.-.#.-. --- ·-- ---~· 

1llgq, th1a ._,nm4aa preBGte tbe n.bJeet trca 8D ~ rather 

thaD aatbaeet1cal poillt of v1.ew, ua1D& relat1~ Billple .,..lea to 

ill.wltrate the ~~ethod. 
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LIST OF 6XMBOLS 

gemralized coordinate j • l. 2, 3, ••• i 
I 

the Hamiltonian-equal to the .,. ot tbe k1Detic aDd 
potential -rss.e•. ot tbe .r;rataa ( tcaetme• · 4diaD&t84 ' 
., b:f a.etxOI'lalllers) · · · . . : 

euohieal. variable %8preaenti.ng J~C~aent\11. coujupte to ' 
tbe 8lJSlAt variable £ 

cazx>nical.. variable repraHDti.Dg a coordiua.te. az:asle e~t 
jugate to tbe JD:IIIelltull variable L ' 

mass ot a particle 

general.i&ed JDC~Dent\vn .1 • l, 2, 3, •• , 

a amall poaitive number (t < l) 

D.:>ts abOVe ~cymbols represent derivatives with respect to time 
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I • IJir'B:)D!!£!10! 
Jbr •a thaa a Cllllt1ar)r ~ 8114 ~iciaM laaw ue4 

the llailtoa-Jaaobi tlaeory 8Dd related~ tecblliq\IU 1Jl a-. 

ple1n1ns aa4 pre41at1Da tbe ~ts.a of ~etial bo41n. JtiiQ.r of tlle 

JOWW:tlll enx11tarr pel"t;urbaUoa'..tlmde aDd teclmiqaea 4eveloped b7 

- nch .. Jl81=mv~ nu, Jl'OVII, fiiDok, - .. .Z.jptl--- ..,.lwd., 

1D aol.TiDg h~ QeciaUse,d pJO'bl.eale 1D oeleatial •daaaic:.~ ftlated 

to lunar theory, p1 •r et&I'Y · tl.Or.r 1 ·, G4 •lar tylt. .tab111ty. !tiMe 
. ... .. - . . ] 

pmlal.au vent Yeey coqtlleated, illvolYi.Dg th1'M (ID4 ~KDttS.e tour) 

~· of treedaa ad ezrta111Da an eDDDDue IIIAilt cd &rta1le4 der­

ivation a4 oaJ.culation. Accord1nsty, it 1a DDt 81J.l"Priaiaa that 8QIIe 

of these matheu.tic&l tools have beeD fiDU1ar ovw ·tile.~ . ..q to 

peraone aat!'OD&:IIlicall.y oriented IID4 1adoctr1natecl 1D the theory of 

cl.aasical.meeb.aaica. ~,.YSAer izlteftst baa 4evelope4 ae a­

gi.Deen and applled matbematiciau have encwntei'K -practical probl.M 

1D space :tligbt guidallce. 

lD the past1 it YIUI tbe utroJ:IIOIDer'.Wto WU 1Jltezeate4 Ua pre-. 

d1ct1Dg the motion ot ._ celestial bo~ tor aa extelasive per1o4 of 

time, ea;y 50 or lOO yean. ~' space rupt or aatel.Ute eyatea 

are beimg pl.ezmed to operate tor per1ocla: !t .. aeveral ;yean. !he pro­

cedure of uai.Dg a c::rude Jl&th81At1cal DWXlel aDd 1181t1Dg IDSlY iteratiou 

on Bll electronic ocaputer U8U8l.ly breab 4ovD 1D p:rol:Uau ot W• type 

because or t:nmcation 8114 :mwJd..ot'f errore. !'bent haa 1 tbe:reton, 'been 

a Deed fbr the uae of BDre .aph1st1cate4 m.athelatica. Withia tba put 

tour yean DDta:ble eontribu.tiou alo~~g these liDaa lBve beeD made by 

Brouwer, (l) Oar.f1Dltel, ( 2) Bert, (3) ~za1, (~) 8Dd. JUDY otbere uaiag the 

Bamiltcm-Ja.cob1 theory IIDd a pertu.rbatioD technique usually ucribed to 
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3 

!he Wll Zeipel .-tbo4 couist. ot ••'118 auceessive aa~ical 

traDs~Jm&tioas of variables of a c&DOJlical 8)"8'ta of ditrerezrtial 

equationa. '!be trautormatieDS are perto:naed 1ll a Mtbodieal Yrq' 

ac-~- te .. tablished pmeral rules, 80 that the tiDal solutioa 

is obtaiDed 1ll a certaia de•1red r.na. Jor -.ple, 1a celestial 

:.ech&Dica it is expedient to '"crilte~ the variation ot u onital 

" . ~ -· ' -. 

pa.n.eter, ·~ 'i{t)! 1a ~ foJIU. 

~t) • q., + ~(t-t0) + J8as-~·tns.aa•-etr1c tems 

+ ~~-tl'18)~rie tems 

'Where ~· ~~ and t
0 

are ooutazrts ot the stion. '!be linear tiM 

var.ying term. is referred to as being "secular." 'Die ,loas-~--. 

tema may i!IV'Olve periodicities very great 111 aagDitude relative to 

the l.IDperturbed tw-bo~ period, vbereae the • --~ teras are 

usu~ coamensurable vi th this period. '1'o 811 astl'Otlmller, it is 

ili'Zportant to be able to separate aathcatical.ly the loDg.peried 

tram the secular ,tle:nu, tor U tbe •Jar&& per18411 -... eq, lDo er 'i 
- . . -- . -- --·· - - _j 

1000 years, the periodic effect would be -4itfic:Ut ~ Mpa.rate 1'nHa 

the secular effect by observat1onel. me8D8. 

A system of differential equations describing a •ch8111cal 

syst.D. is said to be c811Qn1cal it: 

j • l·. •ll 

where H is the Hamiltonian equal to the sum of the k1Det1c and 

potential energies or the system; pj is the generalized JIIDIIelJ'tua 

{1) 



4 

8Dd ~ the generalized coordinate. 'ftle ayetan baa n degree• ot treedcll. 

We vUl US\De that lllll8¥ be written eo that it doea DOt contain tlle 

time expl1c1 tly. That 1e, 

.1 • 1 ••• n 

:SC1'1&t1ons (1) are a set ot 2n first-order differential equ.at1one. 'lheir 

eolution givea pJ and qJ u tunet1ol18 ot tbe time ancl 2n arbiti"ary coa­

stanta. Aa en ex.ple, consider the aimple l.inear spring where a par­

ticle ot maas a ie constrained to move a.l.ong a path, ita diaplaceaent 

:trcm a 1"1xecl point bei.ns q. The spring constant is Jl. 

The kinetic energy ia: 

The potential energy is: 

Designating the momenta:n as Px • •~1 the Bmiltonian ie: 

(2) 

llote that Px ·and ~ are both functions of time but t is DOt explicitJ.¥ 

contained in H
0

• The 2n canonical equations are 

(3) 

These two first-order equations JR8iY be readily solved tor ~(t) and px{t) 

1n tenu of 2n • 2 arbi tracy constants. '!'be first appears to be rather 



5 

trivial, mere~ restating tbe definition of JIICIIel'J.tW!l; the second equa­

tion ctm be cca'biMd with the tiret to tom oa.e single second-order 

equation which is that of tbe spring or silllple bamonic osc:illator. 

.. k2 . 0 
·~ + ~ • (4) 

-
111 ahal1 'M ooaael-..4 lllere with olrt-e1n1ns 80lut.io&:w to tlle tint OJ"dee' 

_.. ( 3) ratber thaD Kq. ( 4) • JW t.he perturbecl ease ( 1. e. , ao~a­

li.Dear epri.Dg) to be eonl!lidared 1n the IMXt section, the Jl.tltoni• 

ot Bq. (3) is DOt 1n a form saenable tor perturbation tec:bniques. A 

tunc'..,...,tal theorem 1n the trans:rormation theory of elasdcal meebaDics 

is that a tnmafomation or variables mq 'be made such t.bat the t\mc­

tional tom ot the Ramlltonian is ehallged, although its value is DOt, 

providing t il not explicit~ present 1n JI. U an appropriate trans­

formation method is used, the ditterential equations deseribiDg the 

ll)"lten will rsaa1n canonice.l altboush ot a ditterent fUnctional tom. 

Jbr example, l.et ua &88\118 that the BslailtoniSD !1
0 

is to be trane-

I I 
f'o:med to ooe having a new functional tom H

0 
vith nev variables Px 

8Ad ~· ezbea 

dli' 
• I 0 

~. Op' 
X 

~R' 
., 0 
p • --

X ~ 1 

'1x 

In •tatione.ry state Ramilton-Jacobi (B-J') perturbation theory 1 tbe 

(5) 

(6) 

first step is to transf'om the Ram.iltonia.n of the U11;perturbed prob­

lal (i.e. 1 H ) so that it contains the "action • ve.ri&bles o~ (i.e. , 
0 

D~C.Denta, in oar case). In practice, the mathematics of this step 
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ean U8U&l..1¥ be c1reu~~V~mte4 by intuitive reaaoning or, better yet, by 

:f\metional tom ot B u ve.U u the B-J eptions l""P'"'DS efiDODical. 

'Blia pro~ v1ll be il.l.wltrated later 1a seet.ioD Y, deal.ia& w1 til 

applieationa to eelaatial. meehmict1. 
. 

ReturaiDg to tbe 8XIIIple ot the li.De&r spring, the Baailtan'•n 

aa.y be tranato:naed eo u to eontaiJ:I. o~ a JDDentUII variable by intu­

itive reuoniDg. Tb&t is 

l":l.rst eonsider tbe so1ut1on of Eq. (3) with the conditioDS • • 1, 

At time t
0

, tbe kinetie energy 1a zero and the total energy ot the 

systcsa 1e equal to the i.ni tial potential energy or 

(8) 

(9) 

For eonvenienee, we shall designate p~ and its oonJugate ~ as L 8Dd 

1 respeetive~. '1he c&DOnical. eoD41tion8 ot :sq. (6) aDd the desired 

tranatomation ot .lq. (7) IIUiiY be detel'llliDed intuitively by letting: 

k ~2 

L • ---:-2- (1.0) 
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ao that 

'ltlen, the caDOnical equatiou are 

• 0!1; 
L•·cn•O or L • ccmet. 

'Dle aoll.lt1on to the llnear, i.e., uaperturbed, problem ma.y be con­

sidered as eu:dl1ary equ.atiolU!I COZlZleeting the transtomation. 'l!lat 

is 

~ • ./¥ cos /, 

(11) 

(12) 

(13) 

(15) 

In the un.pertur'bed cue, L end the angular variable t are "el.ements," 

or "parauetera," spec11'ying and defining the simple hamonic motion 

ot lq. (15). It is logical. to as8UIIIe that it this simple motion is 

suddenly perturbed by a ..U 418turb~ toree,: Jrqa. (1') covl4 at1ll 

be used to describe or approx:lmate the resulting motioDJ bowever, the 

elements \IOUl.d require a slight acl,justment to rep:ntaeat tbe JIOtion 

accurately tor a given short interval of time. This subject 18 db-

cussed further in the next section. 
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In order to clar11",y the aaterial 111lioh 1a to be preaentA4 in the 

DUt section, it mq be wortbwhil.e to review brie~ the T&rlation ot 

panaetera t.dmique. In tbe preceding section the eolutioDB ot Bqa. 

( 3) were ot the tom 

~(t) • A cos (kt + B) 

(16) 

Px(t) • ~(t) • • A k sin (kt + B) 

where A IIIJI1 B are constants of integration and k ia tbe anplar tre-

queney or 1n tema ot other variables vb1ch have been used 

B • .. kt 
0 

so that Rq. (1.6) corresponds to Eqs. (8) or (l,). It wu ~-~·. 

that, 1f the simple bani:Dn.ie motion described by these equat1ona VM 

perturbed by" & small disturbing torce, these 110lut1ons could still be 

used to describe or approximate the resulting Dk:>tion. Bovever, the 

elements or constants A and B would require alight adjustments to 

represent the motion accurately for a given short interval or time. 

Moreover, as time progresses, one would expect that adJustments to 

the elements. would be oontiuuoualy or perio41ea.J.q n.eeessar.r to achieve 

this puzpose. Therefore, these "constants" ot the above equation.a 

ms;y be thought of in the perturbed case as slov~ time-Tal')'ing. In 

perturbation theory this concept is usua.lJs' referred to as the 
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"variation ot parameters" metbod. Oeneral.l,y, one aq expect that tbe 

a4Juatamta to tbll •' nta v1ll COD81st ot additive tema: a liJJH.r 

tille-ve.ryiDa tera plus periodic tema of several di:tterent trequeo.ciea 

ae in a Jlburier series. To Uluatrate thia technique, conaider an 

equation ot the tom 

(17) 

where the solution is near~ sinuaoidal or quaai·lla.lmlDic eo that 

2 
J'(~, Px' t) • k ~ + t X(~, Px' t) {18) 

In the abow 1 t is a parameter characterizing tbe n•l 1 Mil ot 
2 

the deviation of P trca k ~· llext, i:t we expm1ne the case vbere t 

is not explici~ present 1n X, Zq. (17) becaxaes 

•• 2 { ) 
~ + k ~ + e x ~, Px • o (19) 

where, for e. • o, Eqs. (16) ~ the solution. P'or t small and positive, 

A tmd B :rn8\Y be considered new unknown functions of time and detemined 

1.n such a manner that Eqs. (16) are torced to be solutions ot Eq. (19). 

To do this ve assume 

~ • ~(t, A, B) 

where 

A • A(t) and B • B(t) 

ao that d.Uterentiatillg tba tirst ot Eq•. ( 16) Y1 th respect to t1Jie 

~ dA 
(it • dt COl (kt + B) • All: ain (kt + B) 

-lr: dn (kt + B) 



l.O 

Jbw ex-1n1ng the above equation and COIDIJ1dering the requ.ireent ~or 

·. Px(t) &t Eqa: (.1.6), it u aeceaaarr that 
' 

~ tz,(t) • dt • • .Ak dn (let + I) 

S1m11 arl,y, differentiating Px of Bq1. ( 1.6) w1 th reepect to tiM re­

aulte in 

Px • "4x • "' k ~ 81n (kt + I) • »:.2 
co. (kt + B) 

'- Ak I 008 (let + B) 

(20) 

Jb"sn1 n' ng the above equation and considering the requirslenta for Cfx 
ot J:q. (19) Slld for 'lx (see Bqs. l.6) 1 it 1.8 necessary that 

k * sin (kt + B) + At § cos (kt + B) • ex(flx, Px) (2.1) I . 

Solving Bqa. (20} and (21.) • for * Blld ~ 

~ • ¥lin (kt +B) 

(22) 

~ • i COl (kt + ~) 

where 
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lote that~ 8Dd ~ 'beillg proportional to e. vill be slow~ time­

n.rying chlr1D£ the per1o4 ·2rifa. 
BI!IIPI•rizing, if' Eqa. (22) can 'be integrated so that A and B are 

kmvn or approxiJBated u tunct1one of time, then J:qs. (16) voul4 rep­

reaent a solution to Bq. (l.9). In otber wrds, Eqa. (16) cu sene 

to represent the perturbed t ' 0 solution if' the paremetel'l A IID4 B 

are coneidered to 'be tille-va.ryillg according to Bqa. (22). Bow re-

turning to the caDOnical. variables L and t, it ia el.ear that einee 

end since 

A• ... J¥ 

.& • k(t-t ) • kt + B 
0 

. B::>te that .lqll. (22) coul4 'be wbatituted in the aboft expree11oml tor 

~ and M . 'lberetore to obtaiD a eolutio&l to the cama.ic eqaatioDII 

where H is the Hsmiltonian or the non-linear or perturbed probls, is 

equivalent to aolving Eqs. (22). In the next section we shall con-



l2 

aider ftll'l. Z.:S»el '• •thod for epprox.i:llating the solution of the abaYe 

CSDOilie equatione. 'Die reaul.t., ot course, with Bq. (16) (eq\Uvalat 

to !qa. (8) or (1,)) · eoaWutllte a ~lete ao11rt.1oa. to t.be PJ'O~l.a·, 
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lY. Tim VOB ZEIPEL Pml'URBATIOB TECBlliQUlli 

.._LIDAR SPRial IUMPLil 

lo tar tbe equation of motion of a mass attractecl to au equi­

llbril.D positioll by a force p19p0rtional to the distance bas been 

used aa 8D twaple ( 1. e. , the linear spri.tlg) • SUppose DOV that a 

perturbatien tem proportional to the cube of the displaCSDel'lt 1a 

M4ed to approximate a D01\-l.1Dear epri.Dg or the motion of a pendulum. 

tt'he e~ation of the syst. is DOW 

•• 2 t13 () m~~x+k ~+~;.~•0 23 
' .. 

where e is a amall parameter. It is uecessary to add the tem ~ 
to the Hamiltonian of Bq. (2) 80 that the canonical equation for tx 

becomes equivalent to the above. 1'bat 1s 

110 that 

2 4 
Px l 2 2 e. " H•2+2k ~+....._...-

• .. lui •• . 2 3 
Px • - 0~ • ~ • • k ~ .. e qz 

(~) 

(~) 

Taking the re8U.lt1 ot eection n in upreaai~ag the Dew a.iltoaiq 1 

H{L, l) • ~ (L) + [B(L, l) - H
0 

(L)J 

vhere 

!ftle portion of the BIIIDil.toniau representing the perturbation (H-B
0

) 

contaiDs both action and angle variables. '!'be Ull,'Perturbed portion 

' . 

contaiJ:ls only the action or wtu:n variable. Using the definitions 



of L rmd .C end. the W~JPerturbed aoluticn for Clx: of aq.. (15) 

tL
2 ~ 

H(L, .l) • kL + -"""'"" cos t 
' k,.:: 

'1'be first step of von Zeipel' a method consists of treastoDLiag a 

BrailtoniliZl B (which~ be a tunct1on of several aC'tioa 8l1d 8Dgl.e 

(~) 

* variables) into a DeY Bciltoaiau B ao that 0138 or IIIDZ'e ot tbe •· 

* gular variables preeeut in B are el.illliD.ated trom B • '1'he eol.utioD 

* ** may progress 1n stages .by t1'8118fDm:l.ac B 1Dto B , etc., untU ~ 

angle variables are present in tbe tinal. resu1t. Jlor example, iD the 

above equatieD H(L, l) VINl4 M tr&Dafotmed to u*(L' 1 - ), (the 4aah 

1n41cating the absence of l 1
). L' is DOY a new action variable. 'tbe 

resulting B-J c8DOD1cal equatiena are 

• • , em 
t • --- • const. 

~L' 

ou* i.'.--. 0 
at' 

The t:1me var1at1oa ill l 1 1s llDear (seCI1l.ar) whereas L' is a ocmstant 

of the mtion. It may appear that part of the solution has been lost, 

but it will beCCllle appal"Ut later in carrying through the traDSfomation 

* from H to H that the periodic part of the solution ia obtained in the 

process. The final results of the problem will be in tbe fo:rm 

t • l'(t-t ) + tri~DCIDetric tenu periodic in L 
0 

L • L' + t~Dtmetric tenu periodic in t 

~ • A <»• t (usillg 1.1 L of above) 

'l.'he traustomation teehnique 1e described as foll.ovs. Assume that 

B • J! + (H-H ) ms.y be eJrpliZlded in an i..tlfi.uite series, each term 
0 0 

hsving a coeff'1c1ent ilrlol.vi.Dg some power of the small penaeter t. 



!hat 1s 

~-~·~·~···· 
1lbea tM eubecri:pt ftftft 1lo the ,.._ ef l'.. 1molw4 1D the OM1'-

f1cient aD4 ~(t2), for aa.ple, 1e deaisna.ted aa "of order 2". 

W1 tlMNt 4e:f'i.n1Jas 1 ta aath.a&ticsl. aiSJliticaasce, l '~-,_11)-~ ~­
tl'Hiaoe & "iJatem1p1na ~1oA" IJilrr1ac a MY T&I1.Dla X. 1 d ..... -··-

S • S(L', t) • S + g_ + S + ••• 
0 -l. 2 

~ subscripts have the eeme •azatDs as before. !l!le following re­

lationships are imposed on Sz 

L 
~s ·oz t' • !!... 

~I 

It is desirable that t • t 'when l'.. • 0 (the uuperturbed cue) 

!berefore s
0 

is a:rbi tra.rily defined as 

S • L' t 
0 

'.lhe caDOnical traDSfomation is to 'be 

H(L, t) • n*(L',-) 

or 

(27) 

. (28) 

B
0

(L) + [I(L, J.) • 1
0

(L)J • a; (L') + x; (L') + ••• (29) 

Jtnt', u.duc the ~to..,.,.tpe trca -~ :(27) aDd (28) 

~~ ~s2 
R(L, L) • H(L1 

+ ~ + oz- + ••·, t) 
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8Dd Qpand1ng the BamUtonim of lq. -(30) 1D a 'l'a¥lor aeries about L 
1 

and collecti.Dg tenu ot' col'ftspoad' 'a& order 1n both right 8Zl4 left 

members 

ZA!ro order (31) 

First order 
cmo CtB:J. + ll_t (L I I .t) • .;:. (L ') 
oL' c.t 

(J}ro as2 1 iho e~t -+-
~L'2 it dL 1

_ a.t 2 
.(S]) Second order 

+~ ~-~(L') 
C.L' o.t 

The object ot th11 expansion is to aolve the resulting partial 

differential equations (ordinary difterenti&l equationa 1n this spe­

cial ease) for ~~ s
2

, etc., depud'ns on the order ot aceu.ra.ey 4e­

a1red. When this 18 &me, the main ditfleul:ty ot the problem ia over­

come aDd the aolution tollowa at once. I~ is wcy important to o'b­

aerve in the work that followa that, 11_, s2 , etc. , Will be obta1Ded 

bJ aolvtDs 11zwar equ.tioraa. !bat u, ~ Y1ll be det,emine« tra 

Bq. (32) IID4 "ben 1Atbnitute4 tnto ~· (33) 1ddah 1a liDtar 1D "2· 
S:lmilarly the third order equations eM be solved trca an equation 

linear in s3 using the p..'"'e'rlous~ detemined values of f\ and ~· 

Consider the first-order term 

It mq be expressed as the BlD of' two te:ma, ODe ooutarrt ( 1. e. , 

(~) 

. I 
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"secular" or .tlfln-period1c 1D J) and the other periodic in l. 'lbese 

~(L' 1 J) • 11u +Hlp 

tL'
2 

[ l J B:t. • :T 001 2l + - 008 4l • 
. ~ . 

'(»)' 

or altema.tiTe~ 

f' r»a '4 .t d.t • 3tL ~2 
0 8k. 

'!he :tint-order lq. (32) Jll\Y be expressed as 

;mo~ . * 
- - + lL + !.._ • B 
~L I ~l -.u ... ..., l 

BDd separated 1Dto two equations: 

* 3tL'2 Hu • JS_ (L') • -:::T" 
8k (,Sf 

(37) 

em cw 
In the abov.t, __,! stenda :tor ~ Vi th L 1 replaei.Dg L after the 

~L' ~. 
derivative ie talterl or izl our t~D~~Ple, a~: 
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i 
!he constaut of integration ia mt significant to the problaa 

siJ:lce we are only concerned with the derivatives of ~. 1lcnr the 

part of' the .olutioD periodic ill L is obtaiDed t.o firat order 

(i.e., o(t) troa .lqa. (!'f)). 

H ~(So + ~) I tL'2 l 
L • - • • L - ~ ( oos 2L + 'i ooa 16.L) (ito) : 

cu ~' at.J 

, as ~(so + ~) tL' 1 
L • - • • t - ~ (sin 2.t + " sin t..L) (Jt.l) 

aL' aL' ae o 

or 

tL' 1 t • t' + :'3 (sin 21. + g sin 41.) 
2k: 

If ·first-order accuracy is su1'f'ic1ent in calculating the per1ocllc 

tems1 there ia DO intentst in detent1n1ng S2 •. At thia poi.Dt, the 

HamiltoDian n* is rrea lqa. (31.) a4 (]6) 

*< I * * H L ) • H
0 

+ ~ + ••• 

, 3 ef2 
•kL + + ••• 

8k 
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* H2 ~ be obtaiDed in a s1milar manner f1'0II1 BQ.. U3). Jbw, 1:1.• ~~ 

"··~·• 1f1U &11 lie »erWie Sa J -' .a. 

. . ~l ~~ 
~(L ') • the part iDdepeDd.ent of L of - -
~ oL' ot 

~~ 
Row- is given~ J:q. (38), IIDil tr. J:q. (26) 

ot 

so it is necessary to detemine the DOD-periodic part of 

~2 L' 3 4 . 3 4 
--5 .... cos t ('8' - coe .t) 

lt 

4 
Considering the infiDi te series :t'or oos l (see prior to Eq. 3') 

8 I (-_2 1 l ) 35 - cos t • - b4 + tJ • rm • - m 
sec 

Hence 
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'l'he secular part or the solution is given by the cSDOnical H-J 

equations 

dl.' •• -·--·0 dt o.a 
Stwn•riz1Dg the 011111plete perturbed solution ve have 

~(t) -~cost (~) 

where 

l • i'(t-t
0

) + ~; (sin 2l' + ~ sin 4t') 

r I 2 12 
1 , • t' ( t-t ) • k + 3 tL _ 5J. e L J ( t-t ) 

0 t ;r b4 Jt5 0 

and 

tt 12 l 
1 • 1

1 
- :3 (oos 2l

1 
+ 4 ODS 4.t 1

) 

2k 

llote that l has been replaced by L 1 in Eqs. {IK>) aa4 (-.1) siace the 

difference between t and L 
1 is 0( e). 1he coefficients or the r1sbt­

hand. terms are also o(t), 118k1Dg the discrepancy small. 

Referring back to the original variables and substitutiug in 

k ~2 
L • 2 

k I 2 
L ' <1xo 
··~ 

I 2 

~2 
.. ~2 

rl- e J (cos 21 + i (»tl Jt.t'>] . (laS) 
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'1'lw p~Bical interpretation ot these results is as follows: 

mq be interpreted u tbe actual W.tial. d1sp1 ec .. n:t ot a aaaa 

attached to a DODlinear 8pr1Dg at tme t 
0

• ~ diaplaeslent a:tter 

aa .s.aternl ( t.-t
0

) ~ be detemiDed tl'Oil the silllple 11Dear eprag 

equation by considering that tbe eltlaent• (i.e., p&lWieten) det1Ai.Dg 

t.be liDear !lOtion are t1me-var;v1Ds 4ue te t11e perturbatloil. !lle n.zr­

iation ot tbe 1 1_.r 8P1"1D8 ~r C3xo &tn.ning the IIIIIPll tutSe 11 

given b:f Jlq. :(118). '!'he variationa in tr.quenq ot tbe mtion ar. iD­

berent in Bel• (~5). 

In the above excple, the perturbation tem iuvol.ves ~ the 

displacalent ~' 8D4 tbe eergy ot the B,Y'Itaa is conserved. 'l.'he ao­

lution ot Bq •. (JtS) shDva the a~~plitude ot the oscillatory !lOtion to 

have m secular tenrus. '.l1lat is, 1 t cloe8 not increue or decrease w1 tb-

out bound but is nrpreaented b;y a constant plus trignrnnetric tenrus 

baTing frequencies Vhich are mul tiplea ot the tundsmental frequency 

or the system. AIJ v1ll be shown later, this is true whenever the per­

turbation term is independent ot Px· 

li:>te that the secular part ot the BOlution (EQ.. 11-3) 1.8 accurate 
2 . . 

to o(t ) vbereaa the periodic part (Bq. 41.) 18 accurate to o(e.). In 

theory, the BOllltion JDa3 be extended indetini ~ by collecting higher-

order tenrus in the 'l'airlor series expansion or B and solving the re-

.sulting liDear partial equations tor s
2

, s
3
, etc. lor example, eon­

tinuing on vith lqs. (31) ~ (33) 1 the third-order tenu are: 

oa., ~·\t 1 a\_ ( o~)2 ~ 082 * , 
-......., + - + -- • (L ) ~~ cU l cn.,':2 i:U OL 1 cU ~ (~) 



~has 'beeJl detemined traa -· (32) u4 s2 lllliY lie determiDed by 

· ttad1ag the part o~ mq. ,(»t ,.rlodic 1Ja .L. 'Dlat is, the pel'ied1c 

parl ot 

* r l ~\. ( . .,_)2 ~ ~2 J 
IL • secular part ot OJ:: ---..r . - · + - -

j - I! ~lit: ~t • (lr. I ~l 
(51.)' 

ab tar tbe cl1scuadon hal ben restricted to coDHrn.tiw qn..· 

l!lher. tber. 18 neither creatioD DOr cl1a1patioJa ot eaergy. ID the DOD­

liDear spring ex.aple, the pert;urb6tioJa tenD vas a tunct1on ot a po­

sition coordiDa~ ozaq 8Dd cl14 D)t izn'oLw the time explicitq. Jll!lxt, 

let ua consider a mechazUcal e:r•taa to be perturbed by exterD&l toreea 

8UCh that tbe equation. 4eacr1b1Dg the aysta an: 

(52) 

;I 
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M 1Jl tiMt preee41J:Ic ., 3 le, let u WJPO" that .. viU Y1ala to 

tnaafom lkl•· ( ~) t10 that tMr7 an 1D tezu or ... .., '1'&1'1able• 

L, I. IID4 eo that 

nnt tt v1U • •••• .,.to., ... x' aa4 t' sa terM fit t11e.., 

ftl'iablel L, J. !hi• t1'8Zl8tomat1oD ot TV111ble1 CIIZ1 be doDe 1Zl tile 
~X ~~ following ~~~Umer. nr.t mltip~ Jrq1. (~) b,y rt , - E'" ad add. ---11 



the reault 1a 

!tae b1"acUt Gil the lett aide 1a a taaz eftC1 RD bl"tt.Cket [ .&, L ] ad. 

e9'W liDiV ~r a CIDCD1cil traDafoDiatiaa vMre t1le ..Utons,irr, 

1a uncheaaed. ( 7) (!hi• -.r be 1l.lutratel··lv c&r171D& out the Ucml 

1Dcl1cate4 operatioDe oa Qr Pz u CiYea b,y Bqe. (1') or t'be pnm.ou. 

eect:loll). 111mce 

(~) 

Gpx a~ u mqe. (52) are -.l.tipllecl by or , - oz- 8D4 s1m1l•r operaUou 

carried out tbe reaul.t 18 

I .z ~ Y (L, .&) • X 1T + Y az-

At Ua1.8 point ,. em oon.lider an GIII!P~ ot a DOD-COZUJern.tive q.­

tsa sue:h u a relaxatiaa oac1ll.ator. Iat thie qate be c!aacribed 

by 'ftll 4er Pol' • equation vhieh 1a ot the tom 



Buppo•e tbe solution to be per:LocUc ot tbe tom 

BD4 aa betore let 

,~ • ._'·;.. -~~ • to) 
'· 

t • w(t - t ) • art + B 0 

110 tbat Bqa. ( ~) are tnmatomed to 

~· JPJ'. coaJ 

8Dd the CSDOnieal equ.atioDB are DOY 

em • 0 
-~-op: 

X 

• (\Bo 
p ·-~-Y X o~ 

! . . 

~ • ~ + ~-2~ • ~(L) • IlL 

X • 0 

(~) 

(57) 

(58) 

('9) 
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2 Y • e.(~- l)px 

Upon di.tferentiatiDg Bqa. (58) 1 t 1B elear that 

SUbstituti.JJg theee resul.ts in Bqs. (54) end (55) results 1.n 

2 
e.(~ - l)px r 2 J 

X' • • e. tan L - a_ sin L cos L 
ID~ l "XC 

1 t( ~ • l)p~ [( 4 2 ) 2 4 4 2 l 
y • 

111 
• tw ~ + ~ cos L • ~ cos L - ~ 

Deterring to Bqs. (53), and expressing the above equations as a 

trigonanetric series, we :find that 

* • • + e [tom t • ~ sin 2t] 

dL tat ~ 2 2 ~ ~ 4 4 ] 
dt - - 2 ( T .. ~) + ~ COB 2L - T cos 4L 

Jote that the first equation vhich involfts the BDgUlar rate (emd 

hence tbe periodicity") contains onl3 abort periodic teme vbereas 

(6o) 



the second equation i.Dvol.Ying the amplitude contains a secular tem 

plus abort periodic tenu. 'l)!king tbe va.l.ues avenged over ODe pex1.ott 

lAY • Ill 

LAT • - !; [ ~ - ~] 
Using these average values in order to obtain a tint a;pprox­

imation to the solution, we 118\Y obtain 

(since i • ~ ~) 

Pertoz:siDg the integration(l4) 

Tbe f'1rst approximation is a hamlonic oscillation 

where the amplitude varies a.ccording to Eq. (61) and the trequeney 

is constant. 

'1!le precedillg example vas relativell' siJiple because ot the 

simple f'oxm ot the llanil.tonian II (a tunction o't L ~). Instead 
0 

of' Eq. 53, consider the case where the canonical equations ~ 

(01) 
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u • a.+ x' at en: 

previous seetion. em. or .mt succeasive cBDODie&l tnu:uJtormationa 

J1J118 be pertomed by the von Zeipel. metbod ao aa to el1m1nate t!le qle 

variables rrca the DfN ~ton1an. 

Jbr example 

*c , K(L,t)-B L -) 

* 1' • ~• + x• 
Cll.' 

. . . . , a. •. 
L ·---r 

~&' 

Or, it two tnm.sfomations are 1uvolve4 

.. . , a _., 
L • ··- •,; 

-~·· 



!be DDD-11Dear 8f1"1Ds etD4 Yu c1er Pol equatiou,... ae• be­

c8Wie ot the e111pl1c1ty iuvolve4 ill baviJ:1s ODly ODit degree ot tlw­

dalwbereaa perturbation pab:t.a 1D cele8t1al mechaa1c. uau.all,y 1D-

wlve either t.b1'w or tour decree• ot tl:...,.._ M 1D tbe preae41J:as 

U819lea, the ultia'a oltJeeti~ u to apre81 the efteou ot the 

perturbation u time 'ft!'iat1ou 1D the 'M-bocty orbital~. 

M a firat n.p, the Jlilll1l.tomm 18 vritten in tezme ot a oouvWI&id 

Mt ot camn1 cal. variables. A WR1al. procedure tor doing tb1e is to 

start with the vell-tmwu 8Dil buic Jlll'•mq variablesz L,C,I rep­

resentiDg JIID1II8I%ta aDd l,g,b ~re~ the ~usate aaale variables. 

1'bat ie 

COORDillld'BS 

L •..;;;: 

O•L~ s • 11 (kmg. ot perigee) 

B • G cos 1 b • 0 (QOC!e) 

Where a, e, 1, n, ., and 'l' c. the fc111ar DDn-c:a.DDJlical. Jrep~riau 

eleDents. ( 7) TheN cacmical. elMneafta JMiY tbeD lie rega.rde4 u a ke:Y 

which allon the Jfllmiltoni&D to be written at once 8Dd leads to tbe 

canonical B-J equ.ationa. A very iD;Iortant poi.Dt 1a that the J)alcmq 

variables me.y be tnmstomed in a prescribed manner by ailaple algebraic 

manipulation to one ot maQy other di:tterent eeta which aq be more 

a.daptabl.e to the particular problen (e.g., Peine~ variables IIDii 

variations thereof). (7) 

I 
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... 2 
~ .• p (L) • ~ 

0 0 z.t: 

Yill. giw the eorrect aet ot 2D • 6 eazw»Dical B-J d1f'rttrent1al. •..-. 

tiou lea41Dg to~~ tvo-bod;y 10lution. S1noe 

when r • :r
0

, the tilDe der:l.vatiwa ot all bllt o.ue ot tbe c8DOJ11cal 

elements are zero; i.e., 

The tamillar two-bod;r elliptical eqaatioDB are used to obtain posi­

tion aDd velocity as a 1\metion ot the orbital elements 8Dd tille. 

In writing tbe !am1lton1~m r 1n tbe seueral (i.e., pertur'led) 

ease, 1.1" tbe tille ia preaent expllci tq 1D ~, BD a4d1 tioual ·pair or 
eol:IJugate variables E, k JaB¥ be introduced tor conven1ernce u a de-

. vi~ to el1m1nate t. (') 'Dill 80l.U'iala'
1 
proceedl by sueeeaaiveq trazw-

g, h, er k. ZMh t.r8Zl8tom&tien JUiT iJ:noelve the :rs.Tal. ot oae (or 

more) of tbeM vari.abl.e1. Stleb. a trautomation lli.Pt Sfb u tollon 

*Ae~, tor oaaven'•DOt a ai.Jm.e sign ia associated with :r. 
'!'hat 18 I 7 • - I (111M :s...iltoJSillll) • 
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.t *< I I I .. ,L,G,B, l,g,h)- J' L 1G ,B 1• 1&1•) 

uai.Dg S • s
0 

+ '1, + • • • . 

*< I I I ) **< II II ...II ) F X..:..,G ,I ,.,,,. - F L ,a ,u ,. ,. ,. 

• • • WliDa s • so + ~ + ••• 

'l.'he abort periodic part ot t:be •ol.ution involrtDg l and h 18 obtai.Jie4 

by sol~ the partial. ditferential equations tor s. 81milarq, tbe 

• lon& periodic te:nu 1nvolv1Dg s come tl"CCIl 8 • '1'be eecul.ar (11Dear 

t1M·Tal71nc) ch8Z2pa in the orb1 tal parameters are obtaiDed trca 

the :reiiU.ltiltg B·J' equations. 

dt ~L' 

s:.- -a.,** d.G" oF** -·-•0 
dt ~· 4t oc 

em' (l:r** 
-.--.-.. 0 
dt ~ 



It vu ablm:l iJl s.ctioD ni that the ettect• ot a -u perturbi.Dc 

force on a aS:IIple ba"'C>Uie 110tion coul4 be described or appraxuaate4 by 

oouic1eriz18 tbe el.aMnta or CODataDtl ot the l1Dear .olaUoa to be tiM 

variablea. 'Dda vaa expreaae4 l:v lqa. (22) wtlich are repeated below 

u. ex ( It • ... lin .t + :B) 

I . i! COl (wt + :a) 

where 

'rbe J::eylotr-!o6J)l1ubott (~:a) tint-order approximation cona18ta ot 

eonaideriDg ~ an4 ~ COD.8tazlt 4u.r1Dg the interval traa zero to 

2fl/m. AeeorcHngl1'1 tbe obJective ia to t1nd the average value ot the 

tunctiona on the right-baad. ddea ot the above equationll duri.ng this 

time interval. It 711S¥ eaa~ 'be abown that it X 1a a tunction of ~ 

Olllll' 1 the average value ot lt vUl be zero and bence A vUl be a COJ:l.. 

•tent. 

lext, conaider the eamnieal equations sa discussed in Seeti011 IV 

* d.t' ~H -·-
dt ~L' 
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where 

B • B(L1 .t) • B
0 

+ ~ 

* * I * * * J! • B (L I -) • 1\, + ~ + ~ + •••• 

Deterring to Bq. (19) 1 it is clear that i:t the perturbation tera 

X iB a t\mctioD o:t ~ ~ 

ex(~) d~ 
0 

IUl4 tbe secular or coutazlt part o:t ~ is given by 

(62) 

0 0 

Using the t • 0 10lution 

~ • ~COB .t 



Bqaation ( 62) becaM• 

liu • ~ f2Jc j' .· tq,., X(q,.,- •J lla. U da (63) 

0 , .. rr/2 -

41' a.ra a u a ta-v ftZ'1abl.e at iatepstioa. !bentan, 1r u &iftll 

- tun caNer 1a ' "" 

(~) 

E-1 tint-order epproxiaation. :rint 1t """''" be noted that by clef· 

iDition 

Uail:lg a :priM, u ill the :preoediDg, to 1Dd1cate the :perturbed val.ue, 

the ~B f'int-ordar lll'Pl"'ldllation 1• d.wtel"'lliDed by averagS.Dg ; ov-er 

the period 
2
: 80 tl&at 

X( <l:xo co• .t) co• J d.t (6,) 

0 

It 1a clear that for the qecial. cue wt.re X(~) u of the fom 

where a 18 110111e conatant 



!beD ~ ef Jq. (~) bea.e• 

Cl+l 2• 

~ -~ (•ix) f coo ... 
1 

t u (66) 

0 

u' t~ 1 c:.-1 r· 
n-·••-;- r. OOSCI+l t cU 

0 

'Baa pnt,...,1ng J181Y be ezteD4e4 for tboM cues wbere X(~) JD81Y be rwp­

ntsented aa a power nries or po~1al 1n ~· 

In Section lV, tlle Va dar P'ol equation 18 COJ:IJiidered, using a 

ca»Dical q•ta of equatieu. 1'M ... 80lutioD -.v be obt•bec! 

uai.Dg the E-B tint spgroxillat1oza by u11U111.1n&, u behre, that the 

aolution 1a of the tom 

2 2 

• ~ w [(1 -~ ) Bin I. - ~ Bin 3/. J 
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.Appl¥1Ds tM poar&1. relationship• ot lqa. (22) and tindil26 the 

-.n Talm Oftr tbe interftl. ' • e(t-t
0

) • 2• 

•• 

0 

!beae result• agree with the average or secular tema u 4eriTe4 trca 

Btl•· (6o). 
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m.• g>!CWSIOIS 

'!be ~. aaterial p~ conceme tbe use of cNIDDical 

variable• 8D4 tbe Baa1l:to.D-Jac:ob1 equation~ 1D t'fncJ1nc appzmd•ate 

.olutiou to DD.D-liDIIIZ' mecbaa1ca pze~. S1Dce ~ fai»el' 1 per­

turbation teclmique b a1w1laza 1A maay :reapecte to the J:rylotf• 

Doaoliubotf Mthod, 8011118 4iaCNea1oa 8114 ~ of the twa 1a 

siven, part1cular]J since the ~ 1a popular :tor eolvi.Jss pl"'ba.. 

in the fiel4a of e11g1Mer1rac m4 pbywica wtlereu tM temel" 1e popu.lar 

in utronaDy. loth .thode allow the aolutiolt. of a CC11pllcate4 DO.D­

~ar pzoble to be aeparatecl 1uto a preOOAcei'YK delir81:tle tem 

(e.g. 1 eeparatiml of per1od1c te1U into oon~ieat gzoupe). 

As pointed out 1D Bat. (7), tbe use ot a 'caDIHd.eal eyn. of 

equations pemite a traDef8matioD to be applied to auy ma'ber of 

texma in the disturbing f\mctieD aimultaneoualy, 8DI1 the Ealiltonian 

Moreover, the zaew c8ZIODical VBZ'1.ablea :resultiu& trGm the tr8D8.tomat1oD8 

are rel.ated to the original DOn- c81101lical. Mt by aiqtle toJm~al aa ariai.Jls 

fl'ODl the unperturbed aolutioD. 'l'be aollatioa. aay lJe can-ied cut theQ. 

:reticel.ly to 8ZJT desired 4esree o:t accuracy 1D tema o:t l'l'ftJW ot a 

small par-.ter t. J'na a uaer' • atanc'lpo1Jrt it 18 oonYenient bec8ll88 

the solution is obta1De4 1D a vwry methDdicaJ. vrq involving 1» great 

mathematical ditficulty • 

.AIIOtber intereatiag peizrt 1e tbat the metllod of aolutice cJoee 

DOt contribute eiTOneOua aeC\llar teme to the eolution. »pointed 

out by Poincan(ll) aD4 otbeN, tbe claaeical pertul'bation teehDique 



(due to Po1aeon) Sivn rt.e to l1Dear tm.-~ t.erJu Wich cJo 

DOt haft ~aical•mizl& (e.,., a ~ar ~i.Dcnaailll ~tude 

in the JIDD-11nea:r 8pr1Jla Jt:&Vble). 
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All outliDed in Sectilnl tt, the .,lutioll _,. lie e&lT1e4 otat to 

hisber ordera of accuracy by evaluat1Dg succesdvely the ,artial 

411'tel"Clt1al equatiou resul.tilag ~the lfsiYlor Seri.s ~IIDBioD 

ot tbe li..Utollitm. ~ hu been de1;em1ped, 1'Na ... (32) u 

--
82 -.y be detem.iDed b,y :f'1J¥'1"8 tbe part ot l'l• (33) .. rW!c Sa l. 

!hat is, the periodic part of 

J'irst ve accuall.a:te the fol.l.owiDg relationships 

CEO 
-·k 
~L' 

~ 2£L 1 4 
- • ~ 008 t (trca Bq. ~) 
~L' kc-

0Si tt'2 ~ ar • - -::3 (cos t - 3/8) (troa lq. 38) 
k 



!be ~e identity tor cos'4 tis givea prar to Jq. (3')· !Iii 

i~ity fOr oos8 t ia 

ooe8 
J. • IiJ [COB 8J. + 8 COB 6J. + 2B 008 '4J. + 56 008 21. + 35 J 

~~· e2x.'3 [ u 1 1 J 
- • ~ 001 21. + 1b cos ~.t + t coa 6.& + """" cos 8.& 
~J 2k ~ 

e2x.' 3 [ u - i 1 J s2 • .. ;r- ain 2.t + ~ aiD '4t + D a1a '" + DB aia 8.& 

os2 >:t ,2 [ u 1 1 ] 
--; • - a1J1 21. + ~ aiD '4.& + ll aiD 6.& + IIJ aiD 8J 
aL ~tt . . - . --

0~ 082 
.,te that CJr 1 rr1 et.c. 1 beizlg COillltrained to 'be pure~ periodiC 

* * in t, cazmot contribute to H1 or H2 respective~. To detelmiDe 

* 11
3 

, we re:ter to lq. (Jt9) which is repeated below: 

-.! ~ + 1 ~ .:l + ::! ...::; • H • (L I) 
~ ~ . 'a2w(~)2 ~ as_ 
~' o.t ~ ~~2 a.e ~L' ot 3 



!be secul.ar eolution ot _.. (43) aq IIOY be m41t1e4 to 1JKtlwte 

te1'111B ot o( e 3) 

* ·, em t ·-•k.+ 
a1' 

"!he periodic portion or the eolutioD (1q1. ~ a4 41) aq tie 

silllilarly mocl11'1ecl to includ.e te.rma ot 0( t 2). 'l'!le mean 8ZigU]..ar rate 

11 u:presed 1n terJU ot the 1J.Utial dieplaoenent by usi.Dg the 

wbat1tution 
Jt I 2 

L ' ~ ·-r-
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