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two blocks together) to 0% for m1u1 = – m2u2 (when the 
blocks collide head-on with equal and opposite momenta 
to end up at rest). If one of the blocks has zero initial speed, 
then the fraction of the mechanical energy that is lost only 
depends on the ratio of the two masses, regardless of the 
initial speed of the other block. In particular, the curves in 
Fig. 1 asymptotically approach f = 1/(1 + m2/m1) as r =  , 
which corresponds to u2 = 0 (as indicated by the two hori-
zontal dashed lines).

Here are two applications of these ideas. Suppose that one 
is not satisfied with the maximum height h reached by a bal-
listic pendulum after a bullet (of mass m and speed u) is fired 
into it, and so one fires a second, identical bullet. It matters 
greatly when the second bullet strikes the swinging pendu-
lum! We can inadvertently cancel out its entire motion if the 
second bullet impacts the hanging block (of mass M) when 
it is at its lowest point and swinging backward. If the second 
bullet hits when the block is at one of its turning points, we 
will double h, but we could have quadrupled h if the second 
bullet instead hit when the block is at its lowest point and 
swinging forward. This conclusion follows from the fact that 
h varies quadratically with the bullet’s mass,1

	  			                              
(3)

in the limit that m << M. Maximizing the height requires 
phase matching between the period of the pendulum and 
the repetition period of the bullets, similar to intermittently 
pushing a child on a swing.

Another application, which is a model for collisions with 
continuous rather than discrete increments of mass, is the 
“inverse rocket” problem of rain falling vertically into a freely 
rolling railroad car. Suppose that at a given instant, the car 
(including the water it is carrying) has mass m and speed u. 
A bit of water of mass dm with zero horizontal speed lands 
in the car. Conservation of momentum requires that the car 
changes speed by du such that

,           (4)

neglecting the second-order term, implying that the car 
loses speed since du < 0. One can express Eq. (4) as F = 
dP/dt, where the external horizontal force F on the system 
of car plus rain is zero, and P is the horizontal momentum 
of that entire system.2 Using both equalities in Eq. (4), the 
fractional change in kinetic energy of the car is
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Suppose a block of mass m1 traveling at speed u1 makes 
a one-dimensional perfectly inelastic collision with 
another block of mass m2. What else does one need to 

know to calculate the fraction of the mechanical energy that 
is dissipated in the collision?

One needs to know the velocity u2 of the other block (de-
fining its sign to be positive if it is in the same direction of 
travel as the first block, and negative otherwise). That makes 
sense because there is nothing special about the first block 
compared to the second one; the energy loss must be the same 
if we interchange subscripts 1 and 2. If the common final 
speed of the two blocks after the collision is V, then conserva-
tion of momentum implies

  m1u1 + m2 u2 = (m1 + m2)V .			           (1)

The fraction f of the mechanical energy that is retained is

                                                                                                                  (2)  

using Eq. (1). Equation (2) is plotted in Fig. 1 as a function 
of the velocity ratio r  u1/u2 for the two cases m2 = m1 (in 
red) and m2 = 3m1 (in blue). We see that f varies from 100% 
for u1 = u2 (when a “collision” merely consists in linking the 

Fig. 1. Plots of Eq. (2) as a function of the velocity ratio of 
two equal-mass blocks (in red) and of two unequal-mass 
blocks (in blue). The horizontal dashed lines are graphs of f 
= 0.5 (in red) and of f = 0.25 (in blue).
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	                                                                                                       (5)	
				  

	
Although the car gains mass, it loses kinetic energy because 
of its drop in speed. Integrating both sides of Eq. (5), if rain 
falls into it at constant rate R (in kg/s), then the car’s kinetic 
energy decreases in time t according to

	 K(t) = K0 /(1 + Rt/m0) ,			          (6)

where  is the initial kinetic energy. Defining 
a time constant t = m0 /R, the kinetic energy falls to a half 
in one time constant, to a third in two time constants, to a 
quarter in three time constants, and so on. Kinetic energy is 
not lost at a constant rate, even though water is falling into 
it at a constant rate; instead, the car loses more mechanical 
energy per second when it is moving fast than when it is 
moving slow.
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