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Preface

This book grew out of several courses on atmospheric entry offered at the Air
Force Institute of Technology. | was a student in the first course when it was created
in the mid-1980s. The course was taught from an analytical perspective, with finding
closed-form solutions being the preferred approach. The professor’s goal was to get
us to understand how “families of solutions” behaved as well as the general trends,
tradeoffs, and (above all else) the nature of atmospheric entry before picking point
designs to study in detail. That analytical mindset stuck with me and carried over to
how I approached engineering tasks for the next 20+ years.

This book uses the same approach to “get back to the basics” for a new
generation of students who’ve become more comfortable with numerical solutions
than analytical ones. You’ll find the pages are loaded with equations. That’s because
I’ve tried to include the details of many of the derivations so you won’t have to spend
inordinate amounts of time recreating something that “is easily shown.”

Does this book present anything new? Well, yes and no. Many of the
fundamental areas in atmospheric entry have studied by very capable people already
and it would be a disservice to gloss over that fact. This book pulls together many
classical analyses and presents them in a consistent notation for the first time. It
provides a convenient starting point for an analytical understanding of atmospheric
entry, with plenty of references to those original works. It ties together results that
were originally published years apart by different authors. And, peppered throughout,
you’ll find some new approaches and results.

How is this book different? This book approaches solutions with one thought
always in the back of our minds: “How little can I know about the vehicle and still

study its atmospheric entry?” Current books tend to quickly turn to numerical




solutions. Many of the numerical approaches require you to know the mass, surface
area, etc. of the vehicle before beginning. While that approach certainly has its place,
what happens early in the design when you don’t even know if the vehicle should be a
cone or a sphere? The approaches in this book help you make those early decisions by
avoiding “point designs.”

Why is there so much emphasis on analytical formulations? There’s definitely
a time to run screaming to the computer for a solution. But, in doing so, it’s easy to
lose sight of the “big picture” or miss “general trends” that could lead you to a better
vehicle design. By thoroughly understanding the classic analytic analyses first, we can
better use the computer to solve the hard problems. We’ll use easily visualized
variables to solve the analytical problems and keep them (more-or-less) consistent as
we move to the computer. As you’ll see, the consistency will enable us to “know very
little about the vehicle” and still study its entry!

Who should use this book? It was designed for senior undergraduate and
graduate engineering students since a basic understanding of differential equations is
required. Students should also be currently enrolled in or have taken a “basic orbital
mechanics” class to get the most out of it.

I’ve tried to catch and correct all of the mistakes in this book. But, | realize
errors will “magically” appear. If you find any, or you have any other comments, |
encourage you to contact me by email at the address below. All comments are
important!

spam4dayton-reentrybook@yahoo.com
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Chapter 1

Introduction

1.1 Applicable Missions

Not all space missions end with a satellite, vehicle, or payload entering a
planet’s atmosphere; in fact, most do not. And, of those that do end with a plunge
through the atmosphere, only some of those require the object to actually survive
the trip! At least three missions require surviving the entry: ballistic-missile
warheads, planetary probes, and manned missions.

Ballistic missiles provided the first real experiences with atmospheric
entry (or “reentry”). The German V-2 program was the first to encounter reentry
problems. (The rockets had a nasty habit of exploding when they hit the Earth’s
atmosphere.) Later, the warheads of ballistic missiles became the first reentry
“vehicles” to be tested as the United States and the Soviet Union sought to
develop better and more accurate ways to deliver nuclear weapons to each other’s
cities.

Planetary probes developed to explore the solar system are similar in
many ways to ballistic-missile warheads. However, the probes usually contain

more delicate sensors so they might be designed to reduce the deceleration forces.




Similarly, the probes may intend to gently land on the planet’s surface whereas
the warhead doesn’t mind plowing into the surface at hypersonic speeds. The
National Reconnaissance Office’s Corona spy satellites (1959-1972) used a type
of “film bucket” comparable to a planetary probe. After taking pictures in orbit,
the satellite deorbited a small reentry capsule (shown in Figure 1-1) with the film.
The capsule was recovered and the film developed.

Manned missions absolutely require surviving the atmospheric entry.
There are even more constraints on the vehicle (and its trajectory) when humans
are onboard. At the very least, there is a relatively small maximum deceleration

limit and a greater need to control the interior temperature.

1.2 Phases of Flight

Typical ballistic missile trajectories are composed of three parts: the
powered boost phase from launch until burnout, the free-flight (or orbital) phase,
and the reentry phase that begins at the somewhat arbitrary point where the

atmosphere “begins.” (Perhaps more correctly, we should say it is at the point
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Figure 1-1: Corona Reentry Capsules and Their Recovery
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where the atmospheric drag becomes significant in some sense.) Figure 1-2
shows a typical ballistic missile trajectory.

During the powered boost phase, the propulsion system (rocket motor,
hypersonic scramjet, etc.) is continuously adding energy to the vehicle. The on-
board guidance and navigation system largely determines the trajectory followed,
so gravity and atmospheric effects take a secondary role. There may be a period
of time between when powered flight ends and the vehicle “clears” the
atmosphere. During that “gap,” the vehicle is “coasting” unpowered, but might
still be influenced by atmospheric drag. We will, however, restrict our study to
assuming the boost phase ends after the vehicle has “cleared” the atmosphere.
Further, since the guidance and navigation system plays the dominant role in
setting the trajectory during boost, we will not study that motion in detail here.

Once the engine cuts off and the vehicle has cleared the atmosphere, the
free-flight phase begins. In this region, the trajectory is governed by orbital

motion. For our purposes, we will assume the only gravity source is the planet we

Direction of Motion

Free-Flight
“Orbital Motion”

Phase Reentry Phase

Powered Boost Phase

Atmospheric
Boundary

Figure 1-2: Geometry of a Typical Ballistic Missile Trajectory




are near and that the planet is perfectly spherical. (In-other-words, simple two-
body orbital mechanics is sufficient to describe the motion.) This motion will be
addressed in Chapter 2.

When the vehicle (or its payload) returns to the atmosphere, drag
dramatically influences the trajectory and the reentry phase begins. Chapter 3
derives the general equations of motion for this phase. Chapter 7 addresses the
aerodynamic heating encountered during this reentry.

For certain missions, the boost phase may be absent (or so long ago as to
be irrelevant). Figure 1-3 illustrates this. Examples include the space shuttle’s
return to Earth as well as an Apollo capsule return from the moon. The free-
flight/orbital motion phase is identical that in the ballistic missile discussion
above while the portion in the atmosphere is simply called “entry” instead of
“reentry.” For consistency, “entry” will be used for all situations where a vehicle

is entering a planet’s atmosphere in the remainder of this text.

Free-Flight
“Orbital Motion”
Phase

Direction of Motion

Entry Phase

Atmospheric
Boundary

-

Figure 1-3: Geometry of a Typical Atmospheric Entry Trajectory
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1.3 Tradeoffs for Atmospheric Entry Planning

Designing a reentry trajectory requires carefully balancing three
competing requirements: deceleration limits, heating limits, and impact/landing
accuracy. A large portion of this text is dedicated to qualitatively comparing
entry profiles so that we can make initial design choices to satisfy these
requirements. Chapter 5 looks at some broad categories of entry profiles and
(among other things) examines the deceleration during the entry. Chapter 7
revisits some of those same entry profiles and examines the total heating a vehicle
might experience as well as its instantaneous heating rates. The entry theories are
expanded and generalized in Chapter 9 and Chapter 10. In Chapter 11, orbits
perturbed by drag are studied.
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Chapter 2

Orbital Motion Near a
Planet

2.1 Introduction

In this text, any motion outside an atmosphere and “near” a planet will be
referred to as “orbital motion.” In terms of the flight phases introduced in Section
1.2, this is the “free-flight” or “orbital” phase after burnout (if applicable) and
before atmospheric entry. We will assume the only gravitational force
encountered by the vehicle (or satellite) will be from that nearby spherical planet.
(In other words, the motion can be modeled as a simple two-body problem.)

Simple two-body motion is well-defined and well-derived in a multitude
of other texts, including References 5, 20, 24, 63, and 65. Since this is not a study
in orbital motion, we’ll limit our effort to presenting and understanding the

equations to be used rather than deriving them.




2.2 Equations of Motion

This is the simplest gravitational problem: two point masses where one
mass (the satellite) is negligibly small compared to the other (the planet).
(Perfectly spherical planets behave as if they are point masses, hence the
assumption our planet is spherical!) If the center of mass is used as a reference
point (Figure 2-1), then the equation of motion for the (small) satellite about the
planet’s center is

_HT
r

2.1

where =Gm,. G is the universal gravitational constant and m,, is the mass of

the planet. For our purposes, we can assume a coordinate system at the planet’s
center is fixed and inertial. We could write the acceleration in Eq. (2.1) as
'd’r

F=
dt?

2.2

to help distinguish it as “inertial” and different from the “relative” acceleration
that will be introduced in the next chapter. At this point, however, we won’t

introduce this new (more explicit) notation because all of the velocities and

Figure 2-1: Simple Two-Body Orbital Motion
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accelerations in this chapter are inertial and there is no danger of confusion. The
solution to Eq. (2.1) provides us with expressions we will use in other chapters.

2.3 Constants of the Motion

With simple two-body motion, specific momentum is conserved in

magnitude and in direction:

FxTF =FxV =h =a constant vector 23

In Eq. (2.3), V =F has been introduced as the inertial velocity. A constant

momentum vector h requires that the orbital plane is fixed in space. Thus, the
motion in this phase is restricted to a fixed plane that passes through the center of
the planet and contains the radius and velocity vectors. The orbital plane the
satellite “flies” during this phase will be the initial “entry plane” when
atmospheric entry begins. (Once the atmosphere begins to affect the motion, Eq.
(2.3) will no longer hold true.)

If we introduce the “local horizontal plane” as the plane perpendicular to

the radius at any given instant (Figure 2-2), then the (constant) magnitude of the

Figure 2-2: Flight-Path Angle Defined




specific momentum will give us another expression

h=rVv sin(90° —7): rv cosy 2.4
where y is the “flight-path angle” and is defined to be positive when the velocity
is above the local horizontal plane. (When y > 0, the satellite is moving away
from the planet; i.e., it is gaining altitude.)

Other constants related to the energy and momentum are the specific

mechanical energy ¢

V?
& =——"—=constant
2 25
and the semilatus rectum p:
h2
p = — = constant 2.6
)7

The geometric interpretation of p is shown in Figure 2-3 for the various orbit

types.

2a

—>

v

2p 2p

Circular Orbit Elliptical Orbit

Parabolic Orbit Hyperbolic Orbit

Figure 2-3: Geometrical Dimensions in Conic Sections (Orbital Types)
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ORBITAL MOTION NEAR A PLANET

Finally, there are the constants describing the orbit itself. The classical orbital
elements are well-known and easily visualized, so they will be used in most
instances throughout this text. Two elements (semimajor axis a and eccentricity
e ) describe the size and shape of the orbit. Figure 2-3 already shows how the
semimajor axis defines the size or the orbit. The eccentricity describes the shape:
e=0 iscircular, 0 <e <1 is elliptical, e =1 is parabolic, and e >1 is hyperbolic.
Orbital inclination i and right ascension of the ascending node Q define how the
orbit plane is oriented relative to the planet. Figure 2-4 shows these angles for an
elliptical orbit, but they are defined identically for parabolic and hyperbolic orbits.
The argument of periapsis @ (also shown in Figure 2-4 and similarly defined for
parabolic and hyperbolic orbits) completes the list of constants of the motion.

(Note, the Cartesian coordinate system formed from the € , € , and €, directions

is often called the “geocentric-equatorial coordinate system.”)

Radius through

current position - Radius

through
-~ periapsis

Direction
of Motion

Orbital Plane

(Reference Direction)

Figure 2-4: Angles Used in Classical Orbital Elements
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2.4 Motion in the Orbit

For completeness, Figure 2-4 shows the true anomaly v of the orbit at any
given time. It is not a constant of the motion, but rather fixes the position of the
satellite at a specific point along the trajectory at any given time. The true
anomaly and the radius between the planet center and satellite are related by:

P

~ 1+ecosv 2.7

For the mathematician, Eq. (2.7) represents the polar form of a conic section with
the origin at one focus. This equation explains why orbits take the shape of a
conic section (circle, ellipse, parabola, or hyperbola).

To find an expression for the velocity corresponding to any radius in the
orbit, the energy equation (Eg. (2.5)) can be solved by evaluating the constant at
the periapsis (the point of closest approach) and rearranging:

2 1
Vi=p| ==
J2-1
Equation (2.8) is called the vis-viva equation in some texts and is valid for all of
the orbit types. Equations specific to orbital types are given in the following

sections.

2.4.1 Elliptical Orbits

Satellite and ballistic missile trajectories are elliptical orbits. Since an
ellipse is a closed curve, an object in an elliptical orbit will repeat its path around
the planet over and over again. In the case of ballistic missiles, however, the
(theoretical) orbit happens to pass through the Earth so it never completes the first

orbit.

12
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For any non-parabolic orbit, the semilatus rectum is related to the

semimajor axis and eccentricity by:
p= a(l— 92) 2.9

Then, for ellipses, Eq. (2.7) can be rewritten as:

a(1-e’
r= u 2.10
1+ecosv
From this, it is clear the periapsis (closest approach) r, isat v =0 and:
r, = a(l—e) 2.11

Again, for ballistic missiles, the satellite (or, more correctly, reentry vehicle) may
never reach this point because it impacted the planet’s surface. The apoapsis

(furthest orbital point) r, isat v = 7 and:
r,= a(1+ 9) 212

For ellipses, the true anomaly is sometimes replaced by the eccentric
anomaly E. Figure 2-5 shows the geometric relationship between v and E.

Mathematically, they are related by:

COSE=——— 2.13

_ (1—e2)% siny
SINE =-~——-—— 2.14
1+ecosv

v (1+eY?, (E
tan E = E tan E 2.15

13



Satellite position

/ Auxiliary
circle

Orbit

Figure 2-5: The Geometric Relationship between True Anomaly v and
Eccentric Anomaly E

In terms of E, Eq. (2.8) for the velocity becomes:

V2 _(ﬁj(ﬂecosEJ
a )\ 1-ecosE 216
and Eq. (2.10) for the radius:

r=a(l-ecosE) 2.17

The orbital period % is the time it takes to travel completely around the

ellipse once (barring impact with the planet, of course). The period is given by:

3
P=2r a 2.18
\/ u
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The mean motion n is the “average angular rate” of the satellite in the orbit.
Thus, to travel 27 in true anomaly in one period:
2 |u

3 2.19

n=-—"-_=
P a’

2.4.2 Circular Orbits

Circular orbits are really just a special case of elliptical orbits. An
important exception is that circular orbits cannot impact the planet. For circular
orbits, EQ. (2.7) becomes trivial:

r=a 2.20

Often, this radius (or, equivalently, semimajor axis) is written as r_, with the

“c” signifying “circular.” Obviously, a periapsis and apoapsis do not exist for
circular orbits and the true anomaly and eccentric anomaly are equal.

The orbital period % is given by

r.3

D=2 [
7,

221

and the mean motion by:

n= |— 2.22

The vis-viva equation reduces somewhat to give a simplified expression for the

constant velocity found with circular orbits:

V.= & 2.23
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2.4.3 Parabolic Orbits

Parabolic orbits might be encountered when examining asteroids or
interplanetary probes. Such objects might be in elliptical orbits about the sun, but
as they approach a planet, they are moving fast enough to be in parabolic (or
hyperbolic) orbits with respect to the planet.

For parabolic orbits, Eq. (2.7) can be written to relate radius, momentum,

)

and true anomaly:

r_

~ 1+cosv 2.24
The periapsis is found from Eq. (2.24) by substituting v =0:
h2
r,= Z 2.25

Since this is an “escape” orbit, the apoapsis is undefined. Similarly, the period
and mean motion are meaningless. Eccentric anomaly is undefined.

The vis-viva equation can be used to find the velocity “dividing line”
between closed (circular/elliptical) orbits and hyperbolic orbits. At speeds above
the “escape velocity,” the satellite is on a hyperbolic orbit. At speeds below the
escape velocity, the satellite is on a closed orbit. If the velocity is exactly the

escape speed, then the orbit is parabolic. Escape velocity is calculated by

|24
Vesc = T 2.26

With parabolic orbits, the satellite has just enough energy to reach “infinity,”

evaluating:

where both the velocity and gravitational attraction drop to exactly zero.
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2.4.4 Hyperbolic Orbits

If an orbit isn’t elliptical it is much more likely to be hyperbolic than
parabolic. This is because a parabolic orbit requires an exact speed at a given

radius (V =V ) while a hyperbolic orbit only requires that the speed is greater

esc

than minimum speed at that radius (V >V, ).

esc

For hyperbolic orbits, the radius and true anomaly are related by

a(l—ez)
r=—— 2.27
1+ecosv
where a<0 and e>1. The periapsis r, isat v =0 and:
r, = a(]__e) 2.28

As with parabolic orbits, the eccentric anomaly, apoapsis, period, and mean
motion are not defined.

The specific mechanical energy can be evaluated at two different points
along the orbit and set equal:

Vo u Ve n

2 0 2 229
If the first point is at a distance r, and the other is at infinity, we can get an
expression for the “left over” speed when the satellite reaches infinity:
v2oy2 2K
” r
=V?-V? 2.30

esc

17



V_ is termed the “hyperbolic excess speed” because it represents the speed

beyond the minimum required to escape the gravity field of the planet. Notice

that for a parabolic orbit, a = o and the hyperbolic excess speed is zero.

2.5 Determining the Orbital Elements from Position and
Velocity

If you have the position and velocity for a satellite at any given time, you
can calculate the corresponding orbital elements. This section is intended to give
you a “cookbook” approach to getting the classical orbital elements when you
start with position and velocity measured in the coordinate frame shown in Figure
2-4. (We will ignore the situations where the classical orbital elements fail to be
defined. Any of the orbital mechanics books in the references will provide

solutions using other orbital element sets.)

Step 1: Form the three fundamental vectors: h (specific momentum), i (a
vector along the line of nodes in the direction of the ascending node), and € (a
vector pointing at periapsis and having a magnitude equal to the eccentricity of
the orbit).

h=rxV 2.31

fi=é& xh 232

é=i[(vz—$Jf—(F-\7)\7} 2.33

18
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Step 2:
_Vu
2 r
and
~* for £20
a=< 2¢
o for =0
Step 3:
e=|g|

Step 4: The inclination i is the angle between h and €, :

Since the 1 <180", there is no quadrant ambiguity in Eq. (2.37).

Step 5: The i vector lies in the equatorial plane, so it must have the form:

n=ne, +nge,

. ~ N
Or, when converted to a unit vector n = —
n

, this is simply

A=CcosQé +sinQ e

since Q is the angle between € and the line of nodes. With both the sine

2.34

2.35

2.36

2.37

2.38

2.39

and cosine of Q known in Eqg. (2.39), there isn’t any quadrant ambiguity in the

19



angle. (There is a case, however, where Q is undefined. When the inclination is

exactly zero, A =0 and the orbit plane does not “break” the equatorial plane, so

Q does not exist.)

Step 6: The angle between i and € is the argument of periapsis . Its cosine

can be found by taking the dot product:

4 NeE A
cos{—} for €€, >0
e

2.40
cosl(mj+180° for g+, <0
e

Notice the solution for @ when €+€, =0 is not listed in Eq. (2.40). This case is
more complicated because it can occur in multiple situations: either the line of

nodes contains the periapsis (@ = 0" or @ =180°) or the orbit is circular (€ =0
and @ is undefined). Working through this special case is left as an exercise for

the reader.

Step 7: Similarly, the angle between r and € is the true anomaly (at the time of

interest) v. Its cosine can be found by taking the dot product:

cos™ (ﬂj for FeV >0 (moving towards apocenter)
y = B #er 2.41
cos ™’ (ﬂJHSO" for eV <0 (moving towards pericenter)
er

Once again, this solution isn’t all-inclusive. It does not give a solution for when

FeV =0. When F+V =0, the vehicle is at periapsis or apoapsis (v = 0" or

20
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v =180", respectively). A less obvious “feature” of Eq. (2.41) is that it does not
work for circular (e = 0) orbits because v is undefined!
Similar algorithms exist for other orbital element sets. This one will

suffice for most of our work.

2.6 Determining Position and Velocity from the Orbital
Elements

Similar to the last section, we can create a cookbook algorithm for finding
the position and velocity vectors from the classical orbital elements at any specific
time. The process is simplified somewhat by introducing the perifocal coordinate

system shown in Figure 2-6. The unit vector €, points from the planet center to

the periapsis, éQ is out the semilatus rectum (i.e., in the orbit plane and rotated

90° from §,), and &, is along the momentum vector h .

D>

h direction

Figure 2-6: Perifocal Coordinate System
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Step 1: We can immediately write the position vector

F=rcosv €, +rsinv g, 2.42

where, for non-parabolic orbits the scalar radius is calculated with:

. a(1-¢’)

- J 2.43
1+ecosv

For the odd case when the orbit turns out to be parabolic, Eq. (2.43) can replaced

)

 1+cosv

with

r 2.44

and we are required to have additional information that allows us to evaluate h.

Step 2: The velocity is found by simply differentiating Eq. (2.42) and
simplifying:

V= %[—sinv & +(e+cosv)é, | 2.45

p is found from:

h2
[—J for all orbits
U

p= or 2.46

a(l—ez) for non - parabolic orbits
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ORBITAL MOTION NEAR A PLANET

Step 3: The unit vectors of the perifocal system (€;, &, , and &, ) are replaced to

put the position (Eq. (2.42)) and velocity (Eg. (2.45)) in terms of the geocentric-
equatorial coordinates introduced back in Figure 2-4. This involves a simple
rotation from one coordinate system to another. The substitutions for the
perifocal unit vectors are given below (5:80-83).

&, =(cosQcosw—sinQsin wcosi)é,

: : T 2.47
+(sinQcosw +cosQsin wcosi)é, +(sin wsini)g,
€, = (—cosQsinw—sinQcos wcosi)é, e
+(—sinQsin w+cosQcoswcosi)é, +(coswsini)é, '
€, =(sinQsini)é, +(—cosQsini)é, +(cosi)é, 2.49
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2.7 Problems

1. Atagiven moment in time (the “epoch” time), a satellite’s orbital elements

are:

a=221DU
e=0.870

1=132.9°
Q=218
o =203
v =157"

The units are canonical units, where unit length =1 DU, unit time =1 TU, and

the gravitational parameter, p, is given by z=1 DU®/TU 2.

a. Calculate the position and velocity vectors in perifocal coordinates.
b. Calculate the position and velocity vectors in geocentric equatorial

coordinates.

2. The orbit given in Problem 1 above is representative of a ballistic missile

trajectory.

a. Calculate the periapsis radius of the orbit in the Problem 1 above. If
the radius of the planet is 1 DU, is the periapsis you found realistic?
Why or why not?

b. If the atmosphere of the planet extends to a radius of 1.2 DU, what is

the flight-path angle y, and the magnitude of the velocity V, = ’\7e

when atmospheric reentry begins?
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ORBITAL MOTION NEAR A PLANET

3. Atagiven moment in time, a satellite’s position and velocity are given by:
r=2¢ DU
V =0.64226, +0.3708¢, DU/TU
Find the orbital elements (a,e,i,Q, ®,v) at that moment in time. (Assume

u=1DU?/TU?)

4. For the orbit in Problem 3, calculate the flight-path angle y at the time the

position and velocity were measured.
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Chapter 3

Equations of Flight

3.1 Introduction

In this chapter, we’ll derive the equations of motion for a point mass
flying in the atmosphere of a rotating planet. The position and velocity will be
given by vector equations r(t) and V(t), respectively. We begin by defining the

coordinate systems to be used in the derivations.

3.2 Reference Frames

A variety of coordinate systems and reference frames are needed. These
are the inertial geocentric-equatorial system, a planet-fixed rotating system, and a

quickly rotating, vehicle-pointing frame.

3.2.1  Geocentric-Equatorial Coordinate Frame

The geocentric-equatorial system (OXYZ) is an inertial reference frame

with its origin at the center of the planet. The x-axis, €, points in the direction of
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the vernal equinox and the z-axis, €,, passes out the North Pole. The y-axis, €,

completes the system such that it lies in the planet’s equatorial plane and

A

€, =& xé,.

3.2.2 Planet-Fixed Coordinate Frame

Choose the OX;Y1Z; frame to be a planet-fixed system originating at the
planet’s center with the z;-axis pointing out the North Pole and the x;-y; plane in
the plane of the equator. Further, assume the planet rotates with constant velocity

givenby @, = o€, =w.€,. Figure 3-1 shows the relationship of the OX;Y1Z,

frame to the geocentric-equatorial system where it has been arbitrarily assumed

the axes align when At=0.

D>

D>

7%z,

D>

Y1

Wy AL

v
(¢}

WAt

D>

e

X

Figure 3-1: Inertial (OXYZ) and Planet-Fixed (OX1Y1Z;) Reference Systems
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EQUATIONS OF FLIGHT

A coordinate transformation from the OXYZ frame to the OX;Y1Z; frame

IS given by

cos(wgAt)  sin(wpAt) 0
[6,]=| —sin(w,At) cos(wpAt) 0] [€]
0 0 1

3.1

where [€] and [é, ] represent the unit vectors of the OXYZ and OX;Y1Z; frames,

respectively. A convenient way to express the “transformation” matrix (or

“rotation” matrix) in Eq. (3.1) is to rewrite the equation as
[6,] =Rz (wpAt) [€] 3.2

where the subscript on the R matrix indicates the axis of rotation and the
argument indicates the angle of the rotation.

3.2.3 Vehicle-Pointing System

As shown in Figure 3-2, let the frame OX,Y,Z; originate at the planet’s
center and be aligned with the x,-axis pointing along the vehicle’s position vector,
the y,-axis parallel to the equatorial plane, and the z,-axis completing a right-
handed system. & and ¢ represent the longitude and latitude of the vehicle’s
position, respectively.

This frame can be created by a rotation ¢ around the z;-axis followed by a

— ¢ rotation about the y,-axis:

cos(-¢) 0 —sin(-¢)][ cos® sind 0
0 1 0 —sin@ coséd 0|[¢,] 3.3
sin(-¢) 0 cos(-¢) | O 0 1

[éz]z
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D>

Y2

D>

Y1

/T

D>

X2

D>

Xy

Figure 3-2: Planet-Fixed (OX;Y1Z;) and Vehicle-Pointing (OX,Y»Z,) Systems

Using notation similar to that in Eq. (3.2), we could write:
[€.]=Ry, (-¢) Rz, (0) [&] 3.4

Multiplying the matrices gives us a single matrix for relating the unit vectors of
the OX,Y2Z, and OX1Y1Z1 systems:

cosgcosd  cosgsind  sing

[6,]=| -—siné cosd 0 |[&] 35
—singcosd —singsing cos¢
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EQUATIONS OF FLIGHT

Substituting for [6,] from Eq. (3.2), provides the relationship between the
0OX2Y2Z, and OXYZ systems as well:

[&,]= Ryz(—¢) Rzl(g) R (wAt) [€] 3.6

Multiplying out Ry, (—9) Rzl(é’) Rz (w,At) to form a single transition matrix

is left as an exercise.
Figure 3-3 illustrates two more angles we’ll need to understand and use.

The flight-path angle y is defined as the angle between the local horizontal plane

(the plane passing through the vehicle and orthogonal to ) and the velocity v .

D>

Z3

D>

LAY

D>

Y2

Projection of V on

g local horizontal plane

S \4
\
\
\ .
\
\
\
\
\
\
\
\
\
\
\
N Local parallel of
\
\
\
\

=l

latitude

e

X

T =

\ -
o -
\ e
\ i -
ot
\ -
' o
N\
M

Figure 3-3: Flight-path and heading angles in relation to Planet-Fixed
(OX1Y1Z;) and Vehicle-Pointing (OX,Y2Z,) Systems
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By convention, y is positive when V is above the local horizontal plane. The
heading angle, y, is the angle between the local parallel of latitude and the

projection of v on the local horizontal plane. y is measured positively in the
right-handed direction about the x,-axis. (Another way to visualize these two

angles is to think of their effects on the motion. y describes how much the

velocity vector contributes to moving “in and out” along the radius while y

describes how much the velocity vector contributes to moving “toward and away

from the planetary equator.)

3.2.4 A Velocity-Referenced Coordinate System

Before moving too far from the introduction of the vehicle-pointing
OX,Y2Z, system, it is helpful to develop another coordinate system for use later
in the derivations involving aerodynamic and thrusting forces.

Consider a rotation of the OX,Y,Z, axes about the x,-axis by y so that
the “new” y-axis, y’, is aligned with the projection of v on the local horizontal
plane. This is shown in Figure 3-4. The unit vectors in the new OX"Y'Z’ system

are given by the rotation:

., R N
e, €, 1 0 0 |e,
N v . A
e, |=|€ |=|0 cosy siny (e, 3.7
e e 0 —siny cosy | €,

Or, more simply,

&)= Ry, ()[2.]
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EQUATIONS OF FLIGHT

, D

e I
oA
v
\ v
> €,
Rotation by y as seen Rotation by y as seen
looking down the x,-axis looking down the z,-axis

(w obscured by &, axis)

Figure 3-4: Rotation of OX;,Y,Z, System About x,-axis

where the notation the subscript and argument on the rotation matrix indicate the
axis and angle of rotation, respectively.

Next, consider a negative rotation of the OX"Y'Z’ system by y about the z'-
axis. This aligns the “new” y-axis, y”, with the velocity vector v as shown in
Figure 3-5. Expressions similar to those in Egs. (3.7) and (3.8) are readily
deduced as

&'l [ér] [cos(~y) sin(~y) Ofé
& |=|8)|=|-sin(~y) cos(-y) 0] ¢, 3.9
| e 0 0o 1|e
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<l

Negative rotation by } as
seen looking down the z'-axis

Figure 3-5: Rotation of the OX'Y'Z’ System About the z'-axis

or, after using trigonometric identities,

ey ey cosy —siny 0fe,
€ |=|€ |=|siny cosy Ofé€ 3.10
el |é 0 0 1] é€

and
E]=R,.(-7)e] 3.11

where the subscript and argument on the rotation matrix have again been used to
designate the axis of rotation and the angle. Combining these two rotations relates

the final OX"Y"Z" system to the original vehicle-pointing system OX,Y»Z,:

A

[€"]= Rzr(—J/)sz (w)[e,] 3.12
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EQUATIONS OF FLIGHT

After multiplying out the matrices, the relationship becomes

e cosy —sinycosy —sinysiny | €

ar || s : .

€ |=|siny cosycosy cosysiny | €, 3.13
e’ 0 —siny cosy €,

We’ll return to these relationships later in the chapter. For now, just note
the following relationships:

e &) points along the velocity vector v and can be equivalently called €, to

clarify its direction

e € is perpendicular to both the velocity V and radius ¥ vectors and lies in

the local horizontal plane

3.3 Relative Angular Motion

As we work towards deriving the equations of motion, the relative angular
motion between several of the coordinate frames will become important. So,
while it may seem like a diversion, it is probably best to approach the topic now,
while all of the coordinate transformations are still fresh in our minds.

We have already seen an angular rotation between two frames when Eq.
(3.1) was written. In that case, the angular rotation of the OX;Y;Z; frame relative

to the OXYZ (and written in terms of the planet-fixed OX;Y1Z; frame) is simply:

D= €, 3.14
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Eq. (3.5) lets us convert coordinates in a third frame — the OX,Y,Z, frame:

cosgcosd  cosgsingd  sing 0

o>

2
{6)} =| -—sin@ cosé 0 0
1/0 : T
—singcos@ —singsin@ Ccos¢ | | w,
sing
=aw, | 0
CoS¢
= (wpsing) €_+(w,C0s¢) €, 3.15
e
The notation {6)} Is a somewhat cumbersome way to explicitly remind us we
1/0

are writing the angular rate of Frame 1 (OX;Y1Z,) relative to Frame 0 (OXYZ)
written in terms of coordinates along the [, ] unit vectors. This notation is shown
to reinforce the fact that, in spite of using [€, |coordinates, the rotation rate given
by Eq. (3.14) is, indeed, that of [¢, ] unit vectors relative to the inertial [&] unit
vectors (or, equivalently, the OX;Y1Z; system relative to the OXYZ system). We
normally will not require (or use) such explicit notation.

Another relative angular motion relationship that will be needed is the one
between the planet-fixed OX1Y1Z; system and the quickly rotating, vehicle-
pointing OX,Y2Z, system. The overall angular rate can be assembled by

remembering how we created the [, | vectors from the [¢,] vectors: a rotation &
around the z;-axis followed by a — ¢ rotation about the y,-axis. In terms of

angular rates:

A

Q:9e21_¢éy2 3.16
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EQUATIONS OF FLIGHT

Once again, Eq. (3.5) lets us write this entirely in terms of the vehicle-pointing

frame:

G = (fsin ¢)e“Xz ~$ €&, +(6cos )€, 3.17

For completeness, this could be expressed as

A

eZ
{ﬁ} = (ésin(ﬁ) e, — qBéyz + (6cos ¢) é, 3.18
2/1

if we wanted to use the more explicit notation analogous to that in Eq. (3.15).

3.4 Equations of Motion

It requires six independent quantities to define the motion of a point mass
at any time. Normally, we think of these as being the three components of a
position and three components of a velocity. However, that is not always the
most convenient description. As an example, the motion of a satellite orbiting a
planet is often given in “classical orbital elements,” none of which independently
equate to a component of position or velocity in the traditional (e.g., Cartesian or
polar) sense. We will be finding three position quantities, a velocity magnitude,
and two angles to describe the direction of the velocity. With that in mind, we’ll

go back to the basics to begin finding our equations of motion.

At any instant, the total force, F, acting on the point mass is given by

—

F:f+,&+mg 3.19

where T is the force from thrust, A is the aerodynamic forces (lift and drag), m is

the mass, and g is the force of gravity. Newton’s Second Law of Motion can
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be applied when the mass is constant (or “constant enough”) and the reference
frame is inertial:
'dv
m_
dt

T

Il
=,

+A+ mg 3.20

The notation “I”” superscript has been used to reinforce the fact that the derivative
IS with respect to an inertial frame.

Much of the motion we wish to describe is more conveniently measured
relative to the planet-fixed (i.e. rotating) reference frame. In order to accomplish
this, recall from dynamics that an inertial derivative can be written in terms of a

rotating reference frame by

Id—F— Rdr+c?)><F 3.21
dt dt '
and
'av  Rd| RdF - _| . | RdF .
—_— +wxt |+wx +wxt 3.22
dt dt | dt dt

where the “R” superscript has been introduced to indicate a derivative in a
rotating frame. @ is the angular velocity of that rotating frame relative to the
inertial frame. Take note: The @ in Eqgs. (3.21) and (3.22) is general and should
not automatically be assumed to be the same as the @ = @, developed in Section
3.3!

If the rotating frame is assumed to be our planet-fixed OX;Y1Z; system,
then Eq. (3.22) can be simplified since @ = @, is a constant vector:

‘v Rdir . fdP
—:T+2a)®xw+a)®x(a)®xr) 3.23
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EQUATIONS OF FLIGHT

RA2¢ R A7

r r : , ,
The terms e and (;jt should be recognized as the “relative acceleration”

and “relative velocity” (i.e., as seen in the rotating frame), respectively. In
addition, the superscript “R” on these terms could be replaced with a superscript
“1” to indicate they are derivatives taken with respect to the OX;Y;Z; planet-fixed

frame; however, we will retain the “R” notation for the time being to avoid any

R =
. - r. - .
confusion between “I” and “1.” The term 2a, x% is the Coriolis acceleration

and @, x (&, xT) is the centripetal acceleration term. Introducing Newton’s

Second Law from Eg. (3.20) into this gives:

Ry2- RA#
a'r F—Zm@@x%—mcf@x(&)@xf) 3.24

m———=
dt?

The last term on the right is what an observer in the rotating frame would call
“centrifugal force.” In reality it is just an acceleration term taken to the “wrong
side of the equation.”

For convenience, we can introduce "V as the velocity relative to the planet

- Rdr
R
\V = —
at 3.25
and substitute it into Eq. (3.24)
(V) d(V) B,
m =m =F -2ma, x V —may, x (@, xT) 3.26

dt dt

where we have, for completeness, noted that the rotating (“R”) frame is actually
the OX1Y1Z; (“1”) frame in this situation by showing both corresponding
superscripts on the derivative. At this point, we turn our attention to deriving
expressions for the various vector quantities on the right-hand side of Eq. (3.26).
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Once that is done, we can substitute into Egs. (3.25) and (3.26) and equate
components on the left and right sides to find the equations of motion.

3.4.1 Kinematic Equations

The position vector 1 is easily expressed in terms of the vehicle-pointing
System OX5Y2Z,:

=i
Il

=

D>

%, 3.27

The (relative) velocity vector is more complicated, but we have already

done the hardest part of the derivation! In Eqg. (3.13), the unit vector é; points in
the direction of the velocity, so:
V= Ve

~ 3.28
= "V§,

The second line of Eq. (3.28) simply uses notation to reinforce the visualization of
the unit vector’s direction. Replacing that unit vector with what is found in Eq.

(3.13), we get the velocity in terms of the vehicle-pointing system:
RV = (RV sin ;/)éx2 + (RV COS ¥ COS V/)éyz + (RV cos y sin y/)éZz 3.29

(V could also have been written directly by examining Figure 3-3.) Take note:
this is an equation for the velocity as viewed (or measured) by an observer on the
rotating planet-fixed system, but written in terms of the vehicle-pointing system!
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EQUATIONS OF FLIGHT

Another expression for ®V can be written by again recalling from
dynamics how the derivative of a vector in one frame is related to the derivative

in another frame
1d_F = ﬂ + @, xT 3.30
d dt " '
where the pre-superscript on the derivative indicates the reference frame for the

derivative and the “2/1” subscript indicates the angular rate is for “Frame 2

relative to Frame 1.” (This should look familiar since Eq. (3.21) used a special

case of this same relationship.) Recognizing ®V is the velocity with respect to
(i.e., as seen in) the planet-fixed frame (“Frame 1” or, equivalently OX;Y;Z;) and

making use of Eq. (3.18), Eq. (3.30) can be rewritten:

2 1=
R\7 = £+{Qj| x T 3.31
at L Jn

Substituting for the vectors on the right-hand side, this becomes

when written in [éz] components (which is what the temporary superscript on Eq.

(3.32) is intended to emphasize.) The cross-product is straight forward

dsin ¢ % r
—¢ | x |0 = (rdcosg)é, +(rd)é, 3.33
0cos ¢ 0
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and allows us write an expression for ®V :
R\7 _ A A ~ T\ A
V=re, +(r9cos¢)eyz +(r¢)ezz 3.34

Equations (3.29) and (3.34) are both valid equations for "V and are both written

terms of [éz] coordinates, so they must be equal, component-by-component:

r=RVsiny 3.35
R
. RV cosycos
I cos¢
je RV cos ysiny 537

r

These three differential equations are the kinematic equations. When integrated,

they provide the position of the vehicle as seen from the rotating planet.

3.4.2 Force Equations

Equations (3.35) - (3.37) are not a complete set of equations of motion
since they only provide three independent quantities (r,9,¢)- We now turn our
attention to completing the right-hand side of Eq. (3.26):

Rd(*V

m— =F —2m@, x "V —ma@, x (@, xT) 3.38

The rotation vector of the planet-fixed system with respect to the inertial system
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has already been found and written in vehicle-pointing coordinates:

g = {03} = (g Sing)é, +(a, cOSP)E,
1/0

Using Egs. (3.29) and (3.39) to find the cross product @, x "V

é é é

Xy Y2 Z
@y xV =|a,sing 0 @, COS ¢
Vsiny RV cosycosy RV cosysiny

and simplifying, we get:

@y XV = —(RV% COS(pCOS}/COSl//) e,
+ "V, (cosgsin y —singpcosysiny ) €,

+ ("V g sinpcosy cosy) €,
Crossing @, with Eq. (3.27) gives:
@ * T =(ro,cosg) €,

This, in turn, yields:

@y % (@, x T)= —(refcos’g) €, + (rwlsingcosg) é,

FLIGHT

3.39

3.40

3.41

3.42

3.43

The aerodynamic force, A, in Eqg. (3.19) can be broken into a drag force

D acting in a direction opposite of the velocity vector

D =-D§¢] =-D§,
=—(Dsiny) & —(Dcosycosy) € —(Dcosysiny) €,

3.44
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and a lift force L perpendicular to the velocity vector. The bank angle, o, defines

the orientation of L relative to the (F,V) plane. This is illustrated in Figure 3-6.

In the figure, the unit vector €] has been shown as well. Realizing €] lies

in a plane perpendicular to the (F,\7) plane, we can deduce the angle between the

lift vector L and €, to be (90° - ). Following the process from Section 3.2.4,
we can perform a coordinate rotation about the V vector (or, equivalently,

€, =€) to align a “new” z-axis €’ with the lift vector:

[')=R»(60" o) [¢] 3.45

(e7,v )plane 7 o"

planet

(7, )plane

Vv

Figure 3-6: Bank Angle Defined
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Expanding this out gives:

& e [cos@0"-o) 0 =—sin(00° - o) é!
am | _ | ar | _ ~y
ey |=|¢e|= 0 1 0 ey

e | & sin(90° - O') 0 cos(90° - O') e
sinc 0 —coso[é
= 0 1 0 e’

coso 0 sinoc | € 3.46

Equation (3.13) can be substituted into Eq. (3.46) and simplified:

é singcosy (—sinosinycosy +cososiny) (—singsinysiny —cosacosy) || €
e”|=| siny COSy COSy/ cosysiny €
€’ | |cosacosy (—cowsinycosw—sinasinz//) (—COSUSinySinl//+Sin0'COSl//) é

3.47

Before continuing, it is helpful to examine the OX3Y3Z3 frame described

Am

by the [é'”] unit vectors. €' is aligned with the lift (which was the entire reason

for the latest coordinate transformation). €7’ is still aligned with the velocity. €’

~

completes the system such that €7 x € =€’ and is analogous to the pitch axis of

an aircraft as is seen in Figure 3-7. Equation (4.41) below summarizes these

“more descriptive” unit vector names:

A

e, €,

N/ Am A

[e ]= € =& 3.48
~m fad
ez eL

€, has been used to reinforce €} s similarity to a pitch axis. We’ll call this the

OXpYZ, frame.
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Figure 3-7: Visualizing Unit Vectors of the OX3Y3Zs/ OX,Y,Z, System

Moving forward with these vectors, an expression for lift is easily written

as:

L=Lé
=L(cosocosy) €, +L(-cososinycosy —sinosiny) €, 3.49
+L(-cososinysiny +sinocosy) €,

The net thrusting force, T, can be resolved into components in a similar manner.
Figure 3-8 shows the general case where the thrust may not be directly aligned
with the velocity. By studying the figure (or with another coordinate

transformation), the thrust vector can be written as:

T =T(sin¢)8, +T(cos¢ cose)8, +T(cos¢ sing)é, 3.50

46



EQUATIONS OF FLIGHT

(L,

)plane

<i

Projection of T
on (L, V) plane

Projection of T
on (8,,V) plane VT

Figure 3-8: Relationship of Thrust Direction to Lift and Velocity Directions

Putting this into vector/matrix form, the thrust vector can be directly written from
Eqg. (3.50) as:

@D> _D>
o

T =T[sin¢ cos¢coss cos¢sine] 351

D>
—=

Making use of Eq. (3.47), gives the thrust vector in terms of vehicle-pointing
coordinates
T=T[sin{ cos¢cose cos¢sineg]

singcosy (—sinasinycosy +cosasiny) (-sinesinysiny —cosacosy) || &,
o siny COSyCOSy cosysiny €
COS o COSy (—cos:;sin ycosw—sinasiny/) (—cowsinysinw+sinacosw) é

3.52
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which “simplifies” to:

(sin g'sin aCOSy+cosgcowsiny+cos§singcos<ycos;/)éX2

=
1l
_|
D>

3.53

{sin ¢(=sinosin ycosy +cososin :,u)+ cosg“cosacos;/cosw}
+
Y2

+C0s¢ sin (- cosasin y cosy —sinosiny)

D>

sin(~sin osin ysiny —cos o cosy )+ oS¢ oS & oSy Siny
+ . . . .
+¢0s ¢ sin &(—cosasin ysiny +sin o cosy)

Z3

The gravity term, mg is the only force vector in Eq. (3.19) left to be

written in vehicle-pointing coordinates. Since gravity always acts along the

radius vector,

mg = -mg(r)é, 3.54

We now have all of elements in Eq. (3.38) written in components of the

vehicle-pointing system and can assemble the right-hand side:
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de(RV)zf
dt
+
+

EQUATIONS OF FLIGHT

+L+D+mg-2ma, x V -ma, x (@, xT)

T (sin {sinocosy + cos:costssin;urcosg“singcow-cos;/)
+L(cosocosy) —(Dsiny)—mg

D>

—Zm[—(RVa)@ cos¢c05ycoswﬂ %

—m[—(ra)é cos’ ¢)]
sing (—sinosiny cosy +cos o siny ) + cos ¢ oS & COS ¥ COS Y/
+c0s¢ sine(—cososiny cosy —sinosiny )
+L(-cososin y cosy —sinosiny) + D(—cosy cosy )

—2m*V @, (cos ¢sin y —singcosysiny )

sin¢ (—sinosin ysiny — cos o cosy ) + €os & €os & €OS  Sin i/
+c0s¢ sine(—cososin ysiny +sino cosy )
+L(-cososin ysiny +sinocosy) + D(—cos ysiny )

—2m| (V a, singcos y cosy) |- m[ re singcos g |

|

D>

Y2

D>

3.55

In the same manner we wrote a second expression for "V in Section 3.4 using the

relationship between derivatives in different reference frames (i.e., Eq. (3.31)), we

can write:

o) o) fa) o
dt dt 211

3.56
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(V) "d(V) (V)

in Eg. (3.56) is the same term G in Eg. (3.26).

2
d'v can be computed in [€,] coordinates directly from Eq. (3.29):

2d("V

e (R\/ siny+"Vy cos;/)éX2

+ (R\/ cosy cosy—RVysin y cosy—"Vyrcosy sin gz/)éy2
+ (RV' cosy siny—"Vysinysinw+"Vyrcosy cos V/)ézz 3.57

The cross-product is:

: é _ é . . .
Gsing | ° "Vsiny |7 é, é, é,

—¢ | x|™Vcosycosy | =|0Osing -é 0cos ¢
0cos ¢ RV cosysiny "Vsiny "Vcosycosy RV cosysiny

=Ry (—yﬁcowsin y/—écos¢c05ycosw)éX2
+ RV (9cos¢siny —@sin¢cosysin :,//)éy2

+ RV(é?sin (zzﬁcos;/cosw+gzisin;/)éZZ 3.58

Before combining Egs. (3.57) and (3.58), recognize that the kinematic equations

give us expressions for & and ¢:

jo RV cos y cosy 250
r cos ¢
j= RV cos ysiny 260

r
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Combining Egs. (3.57) - (3.60):

(V)
dt

2 2
=(R\/'siny+ RvyCOSy—mj é,
r 2

[V cosy cosy — "V sin y cosy — "V cos ysiny

+ Ry 2 €

+ cosy cosy (sin y —tangcosysiny ) "

[V cosysiny — AV ysin ysiny + "V cos y cosy
+ fv? o ¢,
+ cos;/(cos;/cosz1//tan¢+smysmy/) : 3.61

Finally, this can be compared component-by-component to Eq. (3.55) to get three

coupled, scalar differential equations:

Ryy 2 2 1 1 1
. _ \Y; T (sind’sino cosy +Cos¢ cosesin
RVSIn}/-l-RV;/COS}/—ﬂ:—[ ¢ o ¢ }/]
m{ +Cos{ sin £ coso CoS ¥
L D .
+—C0SoCosy ——siny—g
m m

+2"Vw, COS$Cosy Cosy + rw, cos’ ¢ 3.62

"V cos y cosy — "V ysiny cosy — RV cos ysiny
2
+

cos;/cosw(siny—tan @Cosysin ;y)

T |sin ;(—sin o Sin ¥ COSy + CoS o sSin w) +C0S{ COS£COS Y COSY

m —cos¢'sine(cososiny cosy +sinosiny )
L . . . D

——(cososinycosy +sinosiny) ——Ccos y CoSy
m m

-2V w, (cosgsiny —singcos ysiny ) 3.63
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RV cosysiny ="V ysinysiny +7Vy cos y cosy

Ry/ 2

+ cos;/(cos;/coszz//tan¢+sin ysin W)

T [—sin £(sinosinysiny +coso cosy )+ cos< €os &Cos ysin ://}

m| +cos¢ sin &(—cososin ysiny +sin o cosy )
L . . . D .

+—(—cososinysiny +sino cosy ) ——CcosySiny
m m

2"V o, sin ¢cos y cosy — e sin ¢cos ¢ 3.64

These can be solved for *V, 7, and v

RV =l(c034”0035) _b_ gsiny
m m

+raw} cos$(cosgsin y —sin gsiny cosy) 3.65

RV;>:l(sin(sina+cos,§sin(c:cos,a)+£cosa—gcos;/
m m

2

+ cosy + 2"V w, cosgcosy

+r @} oS ¢(CoS g Ccos y +singsiny sin y) 3.66

Vi = 1 [T(cos¢singsino —sing coso)+ Lsino |
mcos y

2

cosy cosy tan g+ 2"V a, (siny cosgtan y —sin ¢)

2

ro; .
——2-singcos@cosy
cos y

3.67

Equations (3.65) - (3.67) are the force equations. When solved simultaneously
with the kinematic equations ((3.35) - (3.37)), they describe the velocity and its
orientation. The three kinematic and three force equations together are the

equations of motion and their solutions give the six independent parameters
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(r,0,¢,%V,ry,and ) required to define the motion of a point mass at any time.
Using geometric relations (such as the rotation matrices already written), these
quantities can transformed to the more familiar F(t) and "V (t) when necessary.

The equations of motion above cannot be solved in closed form (i.e.,
analytically) and must be solved by numerical integration subject to the
appropriate boundary conditions. While these equations are good for visualizing
the problem, in practice, they may not be the most appropriate equations for
numerical methods. Instead, it may be better (numerically) to work in Cartesian
coordinates directly with the vector equations

—=V 3.68

— = f(F V1) 3.69

where the time derivatives are in the inertial frame and f is the sum of the forces

on the vehicle (per unit mass). Once solved, the results can then be transformed
to whatever coordinate system is desired. Equations (3.35)—(3.37) and (3.65) -
(3.67) have the advantage of directly providing the major parameters of interest

(once solved), so we will use them for our purposes.

3.5 Summary

Equations (3.35) - (3.37) and (3.65) - (3.67) are not in the forms typically

found in other texts for similar three-degree-of-freedom formulations. Most texts

will use V instead of "V and assume the reader recognizes it as a velocity

relative to the rotating atmosphere. Less obvious is our inclusion of thrust force
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components which may lie outside the lift-drag (or, equivalently, lift-velocity)

plane. These components are introduced when ¢ = 0. To compare the force
equations to other texts, set £ =0.

Another subtlety that might cause confusion between texts is that we’ve

measured the flight-path angle » and heading angle y with respect to the
relative velocity "V . For complete clarity, we could have written ®y and ®y to

distinguish them from values measured relative to an inertial velocity 'V .
However, the more cumbersome notation is not necessary since we will rarely
mention the inertial quantities. (In Chapter 2, the “orbital” flight-path angle was
an inertial value and in Chapter 12 we will see an example where we are only
given inertial values for a real-world example.)

The majority of this text will involve working with various simplifications
and/or manipulations of these equations. However, before moving on, we should
stop and summarize the assumptions made to this point in our derivations. These
are listed in Table 3-1.

Finally, we will not address five- or six-degree-of-freedom simulations in
this text. (The increased complexity comes from considering such things as roll,
pitch, and yaw of the vehicle.) The additional effort does not significantly add to
understanding the fundamentals of atmospheric entry. Such simulations are
discussed in several of the references (47:369-423; 53:255-261, 414-450; 68:289-
361, 367-480).
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Table 3-1: Assumptions in Equations of Motion

Assumption First Introduced
Point mass Section 3.1
Planet rotation is constant about Section 3.2.2
north pole
Planet-fixed and inertial Section 3.2.2
coordinate systems aligned at t=0 Eq. (3.2)
Section 3.4
Constant mass Eq. (3.20)
Drag acts in direction opposite the | Section 3.4.2
velocity Eq. (3.44)
Lift force is perpendicular to Section 3.4.2
velocity Eq. (3.45)

Gravity force is directed along a
vector from point mass to the
center of the planet

Section 3.4.2
Eq. (3.54)

3.6 Problems

1.

2.

Multiply out Eq. (3.6) to find a general expression for the transition matrix

between [¢,] and [¢].

An alien civilization, whose planet has an extremely thick atmosphere, has
developed an anti-drag engine for their spacecraft in low orbit. The engine

produces a thrust exactly equal to the drag and in the opposite direction; i.e.,

T =-D. Assuming they design the spacecraft to avoid any lift forces, what

are the three “force equations” of motion?
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Chapter 4

Equations for Planar
Entry

4.1 Introduction

As a step towards qualitatively comparing entry trajectories, we’ll look at
the relatively simple case of motion confined to a single “entry plane.” We’ll
further simplify the problem by assuming planetary rotation is negligible during
the entry phase. These assumptions aren’t as restrictive as they might seem.
Ballistic entry (e.g., no lift) essentially stays within a plane as does entry where
the aerodynamic lift is used only to “pull up” or “pull down” along the radius.
Ignoring the rotation of the planet is justified due to the small amount of rotation
that occurs during short entry phases. Of course, precise velocity or position
requirements would invalidate these assumptions, but they’re sufficient for initial

study.
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4.2 Assumptions for Planar Entry Trajectories

Planar entry is defined as motion confined to the plane of a great circle.
Such a plane contains the vehicle’s radius and velocity vectors and the planet’s
center point. Figure 4-1 shows the relevant geometry as viewed perpendicular to
the great circle plane and Figure 4-2 shows the three-dimensional view. (The
similarity of the entry plane to an orbital plane in the three-dimensional view is
not accidental.)

Many books begin with the two-dimensional view in Figure 4-1 and
derive the equations of motion all over again for the planar case. That’s too
simple for us after we spent so much effort finding relatively general equations in
Chapter 3! Instead, we will start with Egs. (3.35) - (3.37) and (3.65) - (3.67) and

apply the appropriate assumptions to simplify them.

Local Horizontal

/ Plane

Figure 4-1: Two-Dimensional View of Planar Entry
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Local Horizontal

Plane \

Figure 4-2: Three-Dimensional View of Planar Entry

To maintain planar flight, assume there is no banking of the lift vector

(i.e., o =0") and no thrust force. The equations of motion from Chapter 3

simplify to:

r="Vsiny
j— RV cos y cosy
rcos¢
j- RV cosysiny

r

=2 g sin y + ra? cos ¢(cos gsin y —sin gsiny cos y )
m

4.1

4.2

4.3

4.4
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Ry/ 2

RVy = L gcosy + cosy +2"Va, cosgcosy
m

+r? cosg(cosgcos y +sin gsiny siny) 45

Ry/ 2

Vy =- ; cosy cosy tan g +2°Va, (sinz//cos¢tan7—sin )

4.6
2

ro; .
- —2singcosgcosy
cosy

To make the problem more analytically palatable, assume the planetary

rotation can be ignored (i.e., @, =0) and these equations reduce even further:

r="Vsiny s
. RV cosycosy
0= 48
I cos¢
. "V cosysiny
= 4.9
.
. D .
R
V =——-—gsin
o 9siny 4.10
L Ry/ 2
RVy =——gcosy + cosy 411
m
Ry/ 2
"V = ———cos ycosy tan ¢ 4.12
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EQUATIONS FOR PLANAR FLIGHT

Because we have ignored the rotation of the planet (effectively “stopping it”), the
planet relative and inertial velocity are the same. We could (but won’t) drop the
“R” superscript on the velocity to simplify the appearance of these equations.

It is tempting to make the erroneous assumption the heading angle  can

be set to zero. (Looking at only the “flat world” view in Figure 4-1 tends to

reinforce the belief because the velocity lies in the plane.) Recall, however, that
w is the angle between the local parallel of latitude and the projection of *V on
the local horizontal plane as shown in Figure 4-3. (y describes how much the

velocity vector contributes to moving “toward and away” from the planetary

equator.) w is much like the inclination for orbital motion except y may not be

constant (because the reference — the local parallel of latitude — changes). In fact,

at the point where the entry plane and the equatorial plane meet, v would

measure the same angle as an orbital inclination.

Before leaving the discussion of i, it is helpful to take a geometric look
at the relationship between , 6, and ¢. If the entry plane is fixed in space, as it
is with our planar entry assumptions (including @, =0), then a vector normal to

the plane is fixed in space also (i.e., a constant direction). The fixed entry plane
(for planar motion) contains both the radius and the velocity vector. Thus, a unit

vector normal to the plane can be defined by

>
=
X
Pyl
<

4.13

p=l
=
X
B
=<
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Local Horizontal
Plane

Projection of R\/ on
Local Horizontal Plane

el of Latitude

Local Horizontal
Plane

_ \\ Local
D Parallel of
Latitude

Figure 4-3: Heading Angle during Planar Entry

When written in terms of the planet-fixed OX;Y1Z; coordinates, this is:
é\n = fx (H’¢’W’7) éX1 + fy(6,¢,l//,}/) éYl + fz (9’¢’W’7/) ézl 4.14

where fy, fy, and f, are simply scalar equations involving the rotation angles

resulting from the coordinate transformations (e.g., Eqg. (3.6)). To the accuracy of
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our assumptions, each component of €, will remain constant when solving Egs.

(4.7) - (4.12). Some would view Eg. (4.14) as a “constraint” equation since it

describes the “constraining” of the “no longer independent” variables of y, 6,
and ¢. For example, v would be “fixed” by the current values of 8 and ¢ at

any point during the planar entry.

4.3 Basic Planar Equations

Equations (4.7) - (4.12) must be solved simultaneously to obtain the
vehicle’s complete position and velocity. However, if we aren’t concerned with
the footprint on the planet (8 and ¢), then Egs. (4.7), (4.10), and (4.11) can be

solved independent of the other three equations to find the magnitude of velocity
and radius (or, equivalently, altitude). This leaves us with the three equations
many books start with:

F="V siny 4.15

. D .
'V = ———gsin
- gsiny 4.16

Ry/ 2

RV7:L—g008y+ cosy 417
m

Lift and drag are often replaced with the following

L :%RVZ 4.18

D =%F‘V2 4.19
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where p is the atmospheric density. C. and Cp, are the coefficients of lift and
drag, respectively and S is a reference area used in calculating these aerodynamic
coefficients. In general, C. and Cp may be complex functions of the angle of

attack o, Mach number M, and the Reynolds number Re:

C, =C,(a,M,Re) 4.20
C, =Cp(a,M,Re) 4.21

However, in the case of hypersonic flow (and other special cases), the
aerodynamic coefficients are essentially functions of angle of attack only. For our
case, we can further assume the angle of attack is held constant, so C_ and Cp, are
constants.

The gravity term in Egs. (4.16) and (4.17) is a function of radius and can

be written in terms of a reference radius ro and the gravity constant at that radius

Jo:

g =9(|’)=90(—°]2 4.22

Finally, with these assumptions, our equations become:

szVSiny 4.23

, C.SRv?2 rY .
V= —pDZ—m—go(TO] siny 4.24

. pC,SRv? | Ry2 r\’
V=P L2m J{ ; —go(?oj cos y 4.25
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The deceleration expected during an atmospheric entry is an important
quantity to know when designing trajectories or entry vehicles. As a vector, the

deceleration is defined as:
_ ~ d /e~
Agecer = —A = —a( RV) 4.26

In terms of the OX,Y,Z_ coordinate system found in Chapter 3, this can be

written:

é:decel = _i( RVév) 4.27

~ d -
decel _a( ev)
= —R\/év —}?RVé,_ 4.28

where our assumption of planar entry ensures there is no component in the €,

direction. From this point forward, we will refer to the tangential (along the

velocity vector) deceleration as

(adecel )v == RV 4.29

and the normal (along the lift vector) deceleration as:

(Bgecer ), =77V 4.30
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With the help of Egs. (4.24) and (4.25), these can also be written as:

C.SRy? o 4.31
(adecel )v :pDz—m+ go (Toj Sm7
—pC,SRv2 | Ry? r\
(adecel)L: P 2Lm _{ r _QO(TOJ CoSy 4.32

4.4 Basic Planar Equations in Non-Dimensional Form

Equations (4.23) — (4.25) cannot be solved analytically in general. Vinh,
et al. simplified the equations into a convenient non-dimensional form (58:102-
107). Following their procedure, we can obtain a set of differential equations that
can be solved analytically for a several realistic entry scenarios.

These three differential equations can be collapsed into two with a change

of variables. Let a non-dimensional distance be defined by

N
Il
- |o"

4.33

and we can change the independent variable from t to z by dividing Eqgs. (4.23) —
(4.25) by

dz 1, dr__RVsin;/ZZ

dt r’dt r 434
to get:
dr r
E = _Z_z 4.35
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Ry d®V  r,pC,StV?

= —— 1t Qo 4.36
dz  2mz?siny “°°

_Sin}/d_y_ rO:DCLS _’_l:%_ g\.;rg

= cos
dz omz? } Y 4.37

Examining Eq. (4.36) (and a lot of luck) leads to another substitution. Let the

non-dimensional kinetic energy be given by:

Ry/2
T:l£ v ] 4.38
2\ goly
Then,
d—T— Vv dv 4.39
dz g,r, dz '

Equation (4.36) becomes

dT _ pCoST

— _ 4.40
dz  mz’siny
and Eq. (4.37) becomes:
_dy recs [1 1
—siny—~=-"22"L" 4/ =~ |cos
a2 " amz? |z T 4 44l

This last equation can be simplified further with yet another variable substitution,
&=cosy:

4.42

o oS [1 10,
dz 2mz z 2T
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To summarize, our two “reduced” equations for planar entry are:

d_T=M+1 4.43
dz  mz’siny
d¢ rpeCS |1 1 4.44
P S Bl 3
dz 2mz z 2T
where
z:r—° 4.45
r
T:E(R\/ZJ 4.46
2\ goly
&=cosy 4.47

The system of Egs. (4.43) - (4.47) is “exact” to the accuracy of our
approximations (C_ and Cp constant, no planetary rotation, etc.). Once
atmospheric density p as a function of z is specified, it can be solved.

A simple, yet reasonable, approximation for atmospheric density is that of

an exponential atmosphere:

— 5 o PlRo)
p=pe " 4.48

In Eq. (4.48), R, is the planetary radius, ps is the atmospheric density at the

surface, and B is a scale height selected to best match the atmosphere to the

assumed exponential form. We will further assume a strictly exponential
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atmosphere which has a fixed (constant) value of g for any given planet. The

height (or altitude) h can be substituted into Eq. (4.48):

p=pe”

4.49
If we follow the customary derivation (or get extremely lucky), we’ll see

that another change of the independent variable in Egs. (4.49) will aid in the

analytic integration. To do this, we introduce a non-dimensional altitude variable

that is proportional to the density:

n= P3Co 4.50
2mp
(Note that our new “altitude” variable n increases with decreasing altitude.)
Taking the logarithmic derivative
d
2 _gdr 451
n
and using Eq. (4.35), we arrive at:
d
dn _p rg” 4.52
dz z
To change the independent variable in Egs. (4.43) and (4.44), divide by Eq.
(4.52):
ar 2T 7°
— = 4 4.53
dn siny prn
d_c 7 (1_1)
dp C, prp \z 2T 454
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Strictly speaking, the variable z :rTO in Egs. (4.53) and (4.54) should be replaced

with the equivalent value of the new independent variable . When required, Eq.
(4.50) can be solved

R [ (2SI
Z= {ro ﬂrilnn In[ 2mp ﬂ} 4.55

and z replaced in Egs. (4.53) - (4.54). However, it is not always necessary to

make this somewhat painful substitution. If r, is taken to be the initial altitude of

entry (or any altitude within the atmosphere), then for planets with atmospheres

similar to that of Earth:

4.56

N
Il
- |o"
1hd
[EEN

Mathematically, this can be justified by noting most of the atmospheric effects
take place within about 100 km of the Earth’s surface. Setting z =1 only
introduces a few percent of error — small in comparison to the other assumptions
made to this point. (To put this in perspective, if Earth were scaled to the size of a
peach, the atmosphere would be about as thick as the fuzz — negligible when
measuring the radius of the peach!)

With this latest simplification, we have the basic equations of motion for

planar atmospheric entry:

dT 2T 1
— = 4 457
dn siny prn
d C 1 1
—§=—L+—(1——j§ 458
dn C, prn 2T
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The components of deceleration in Egs. (4.31) and (4.32) can be similarly

written
(adecel )v = ZﬂrogoﬂT * go \/1_62 4.59
C
(adecel )|_ = _Zﬂro gOUT [C_Lj + gO (1_ 2T )é: 4.60
D

where the choice of sign in Eq. (4.59) coincides with the sign of the flight-path
angle. The derivation is left as an exercise.

The basic equations we have derived in this chapter are sufficient for
preliminary study of atmospheric entry. They are in a form which will provide
analytic insight. In the next chapter, they will be solved using traditional first-
order solutions for special cases. Later chapters will develop a second-order
theory and investigate numerical solutions to the full equations of motion (Eqgs.
(3.35) - (3.37) and (3.65) - (3.67)).
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4.5 Problems

1. Equations (4.23) - (4.25) can be used to describe an orbit by applying the
appropriate simplifications. Apply those simplifications and find the resulting
three equations of motion. For the case where the flight-path angle is

constant, show that the velocity given by Eq. (4.25) is that typically given in
orbital mechanics books for circular orbit speed: V, = % , Where uis a

gravitational constant. (In our case, u = g,r;.)

2. Ifthe entry plane is fixed in space, then a vector normal to the plane is fixed in
space also (i.e., a constant direction). The fixed entry plane (for planar
motion) contains both the radius and the velocity vector. Thus, a unit vector

normal to the plane can be defined by

> |

> |

=
<

A

e =

n ‘ ‘

where 'V is the inertial velocity. When written in terms of the inertial OXYZ

=
<

coordinates, this is

e, = f.(0.0v.y,0At) & + 1 (0.4,v,y,0At) & + f,(0,4,v,7,0AL) €,

where fy, fy, and f, are simply scalar equations involving the rotation angles

resulting from the coordinate transformations (e.g., Eq. (3.6)). If € is fixed
in space then
f. (0,0, v,y,0At) = C,

f,(0,4,v,y,0At) =C,
f,(60,4,w.7,0At) = C,
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(where each C, is a constant) describe the “constraints” on 6, ¢, and

required to remain planar. Find these three constraints. You do not need to

(and probably can’t) solve for the variables — just write the expressions for

f . f.,f . Simpler option: Assume the planet does not rotate ('V = *V ) and

x? tyr Tz

the OXYZ frame is aligned with the OX;Y1Z;.

3. Prove the components of deceleration in Egs. (4.31) and (4.32) can be

approximated as

(adecel )v = Zﬁrogon-r * go \/1_ 982
C
(adecel )L = _Zﬂro go77T [C_LJ + go (l— 2T )f

D

when —~1.

4. Starting with Eq. (4.50), derive Eq. (4.55).
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Chapter 5

Classic Closed-Form
Solutions

5.1 Introduction

In this chapter, we’ll derive several first-order solutions and a specialized
second-order solution to the basic equations for planar entry we found in the last
chapter. Each solution will be examined to study how altitude, speed,
deceleration, and/or other parameters interact during atmospheric entry. With
today’s desktop computers, the equations of motion could be solved without the
(somewhat painful) derivation of closed-form analytic and semianalytic
approximations. However, these solutions (and insights gained in their
derivations) are very helpful in understanding the motion at the conceptual level.
And, while each is a “specialized case,” they have the added benefit of being

helpful for making preliminary planning decisions.
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The differential equations we found in Chapter 4 by following Vinh, et

al.’s work are ideal for our analysis. For convenience, they are repeated below:

dT 2T 1
—_— = 51
dp siny prn
d_é’::&+_l (1_ij f 5.2
dn C, prn 2T
where:
ps SCD —-ph
=== ¢
n omp 5.3
Ry/ 2
T :1[ v J
2\ g,h
&=cosy 55

In working with these, it will be helpful to understand the physical origin
of the individual terms in Egs. (5.1) and (5.2). The first term on the right side of
Eq. (5.1) is from the drag force as can be seen by referring back to Eq. (4.24).
The second is the force of gravity along the velocity vector (also seen from Eq.
(4.24)). In Eq. (5.2), the first term is, obviously, the lift force. The second can be
seen to be the centrifugal force if you refer back to Eq. (4.25). Finally, the third
term is the gravity term (also seen by referring back to Eq. (4.25)). These insights

are summarized in Figure 5-1.
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ar _
dn i

Drag Force Gravity
Force Along
Velocity
1
(1 &r)e
£ nn
Lift Force Centrifugal Force ~ Gravity Force

Figure 5-1: Physical Origin of Terms in the Planar Motion Equations (58:109)

5.2 Shallow Gliding Entry

This first-order analysis assumes the vehicle produces enough lift to
maintain a lengthy hypersonic glide at a small flight-path angle. Clearly, this type
of entry is an idealization, since in reality it is not practical to maintain a small
entry angle at hypersonic speeds all the way to the planet surface! However, it
can be used to study a large portion of the entry profile for a gliding entry. As a
practical example, the Space Shuttle uses such an entry for the initial phase of
reentry -- from entry interface to about 24 km in altitude.

For shallow entry, the main assumption is that the flight-path angle is

small and the usual small angle assumptions
siny ~y 5.6

cosy =1 5.7
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can be made. Further, if changes in £ =cosy are small, we have a quasi-

equilibrium glide condition first formulated by Sanger and Bredt (48:82-127).

Equation (5.2) becomes simply an algebraic equation:

&+ 1 (1—ij:0 5.8
C, pnny 2T

This can be solved to relate the kinetic energy to altitude

1

T= 5.9
2{1+ ,Bron(g;ﬂ

or, equivalently, velocity to altitude:

Vo 1
doo C,
1+ Brn| —L
ﬂon(c }

D

5.10

A circular orbit at the reference radius has a velocity of V, = \/g,r, . Ifitis

assumed this “reference velocity” is the maximum speed at which entry begins,

then Figure 5-2 shows the relationship in Eq. (5.10) over the span of
0< "V < /g,r, for various values of the lift-to-drag ratio C,_/C, . (Itis possible

to study cases where "V >./g,r, ; however, for simplicity, we will restrict

ourselves to "V <./g,r, .) The resulting range of Sr,; values shown in the

figure has not been limited to those which can be physically obtained. Recall as
altitude approaches zero,
psSCD

R = 5.11
nm=1 omp
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Figure 5-2: Analytic Altitude/Velocity Relationship for Shallow, Gliding Entry

which places a finite upper limiton gry;. For practical values of gryn, and

because we assumed hypersonic speeds, we can restrict ourselves to the lower
right side of this curve. Figure 5-3 expands the area of interest.

Equation (5.1) also relates the flight-path angle to the kinetic energy. If
gravity force along the velocity vector is considered small relative to the drag
force, then we can write:

dr 21 2T
=R 5.12
dnp siny gy

(This may seem inconsistent with the “practical” values for gryn in Figure 5-3;

however, the choice to ignore L in Eq. (5.1) was based on its magnitude
o7
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Figure 5-3: Altitude/Velocity Relationship for Shallow, Gliding Entry

relative to the drag force and not on it being close to zero!) When differentiated,

Eq. (5.9) gives another expression for Z—T:
n

aT_ & pr.T?
dn Co

Combining Egs. (5.12) and (5.13) lets us solve for the flight-path angle:

siny =

5.13

514
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Or, using the small angle approximation, we can also write:

)= -1
C,
— | pr,T
o)

Note that, while we assumed the flight-path angle was small and its cosine almost

5.15

constant, we did not (in this case) assume v itself was constant! Equations (5.14)
and (5.15) are consistent with those assumptions. Next, substitute the definition

of our kinetic energy variable T into the latter of these expressions:

5.16

From this equation, we can see that larger lift values allow a more shallow entry
(smaller magnitude of y). Rearranging this slightly to introduce the same non-

dimensional velocity term we used in Figure 5-2 and Figure 5-3
2
y= —2 v 9ol
C, v
c. By
D

we can see the flight-path angle tends to become steeper over the course of the

517

glide (if C_/C, remains unchanged). Figure 5-4 shows the relationship in Eq.

(5.17) for various vehicles entering an Earth-like atmosphere. When considering
Eq. (5.17) and Figure 5-4, bear in mind that the assumption of a small flight-path
angle begins to breakdown as the angle increases.
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Figure 5-4: Flight-Path Angle/Velocity Relationship for Shallow, Gliding
Entry

We can also develop expressions for the distance covered during the glide.
To do this, we start with the expression for the velocity along the trajectory given
by Eq. (4.24). Ignoring the gravity force along the flight path (relative to the drag

force), this becomes:

AV pCsV?

at om 5.18
Or, using our dimensionless altitude variable n:
_dthV = — pnpV? 5.19
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If s is the arc length traveled since the initial time, then we can also write:

ds =Ry 5.20
dt
Hence, after dividing Eqg. (5.20) by Eq. (5.19), we can relate velocity to arc-
length:
ds _ 'V
LY B 5.21
We can eliminate the product S» from this relationship by substituting in our
solution from Eq. (5.10) and simplifying:
d_RS =T, C. L 5.22
d"v Co (sz—goro)

For reasons which will be explained shortly, we will designate the entry speed as

"V, and integrate Eq. (5.22) between ®V, and to ®V to get the total arc-length

o B[ Culpy[ Vo =00k s
2 CD RVez_goro .

Or, grouping terms into non-dimensional elements, this can be written as:

during the glide:

524

s _ 1((:L j'” 1_[\/;\:—%I
%)
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For this statement to be valid, "V, #,/g,r, , which is the reason we specifically
called out the entry speed as "V, instead of simply /g,r, . Once again, for
simplicity, we will restrict ourselves to the situations where "V, <./g,r, . Further,

for Eqg. (5.24) to give non-negative values for the arc-length, "V < ®V_, which

means the velocity decreases from entry speed to some final velocity.

Equation (5.24) confirms what you might have already expected — the
range can be maximized by using the largest lift-to-drag ratio available. A
boundary on that maximum can be found by artificially assuming the velocity can

decrease until it reaches zero. This “limiting” distance is given by

e

V9ol

and shown in Figure 5-5 for various lift-to-drag ratios and entry velocities.

S)imit 1 CL 1

—mit _ ) “L In| ———

I 2 CD [ RV JZ 5.25
1-—

In a similar manner, Eq. (5.10) can be used in Eq. (5.19) to get it into a

form that can be integrated to give flight time:

dt=—r, & &2 5.26
CD goro_RV

After consulting an integral table (or a math graduate student), this can be

integrated from the entry to the point of interest:

V="V
__5 (&jm V9l -V,
2901 \ Co Golo +V o

Rve

forV </g,r, 5.27
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Figure 5-5: Limiting Arc-Length for Shallow, Gliding Entry

Note that the condition on the integration, V <

0ol » Is consistent with that in

the arc-length calculations. Substituting in the limits on the integration and

simplifying the expression:

oY gy Y
&tzl & In Vgoro Yo
r, 2\Cg " v 1_ RV,

5.28
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Taking a final velocity of "V =0 yields a maximum (limiting) flight time to go

along with the limiting arc-length in Eq. (5.25):

Ekq__ :,1 EZL In ____EEEL
% limit 2 CD 1_ “4

Figure 5-6 shows the (non-dimensional) limiting flight time for various lift-to-

V9o /|

drag ratios across a range of entry velocities.

5.29

A physical parameter of interest to designers is the maximum deceleration

the vehicle experiences. The deceleration for this type of entry (a near spiral with

|7| <« 1) is predominantly along the tangential direction, so we can approximate

18

16

1t

12+

10+
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Figure 5-6:
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Limiting Flight Time for Shallow, Gliding Entry
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the total deceleration as Simply .. = (Qyece )

v

_%. Using Eq. (5.19), we

quickly get a non-dimensional expression in terms of altitude and velocity:

_dv
Aecel — dt — B v 5.30
9 9 %

This could also have been obtained directly from Eq. (4.59) after noting cosy ~1.

Rewriting the right-hand-side slightly:

2

M = (ﬂroﬂ)

% Jolo

531

We can get an expression for gr,n from Eq. (5.10)

-~ 5.32
C
Co

and use it in Eq. (5.31) to express the deceleration in terms of velocity only

pron =

2
1 v
adecel — goro 533
% (CJ |
CD
or kinetic energy only:
adecel 1-21
J C. 5.34
CD
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Both equations show the surprising result that deceleration becomes larger
as the vehicle slows and it continues to become larger throughout the trajectory.
The equation also shows lift reduces the maximum deceleration. Figure 5-7

graphically illustrates these observations by plotting Eq. (5.33).

5.3 Medium and Steep Gliding Entry at Near Circular Speed
Section 5.2 looked at the quasi-equilibrium case where lift was sufficient to hold
the flight-path angle small and cosy ~ constant. Lees, et al. examined the case

for the situation where neither of these assumptions is valid; specifically, they
examined a first-order solution for gliding entry at medium and large flight-path

angles (36:633-641).

Deceleration, a,.. /9,

0 0.1 0.2 03 04 05 08 07 s 09 1.0

Ve

Figure 5-7: Deceleration for Shallow, Gliding Entry
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In this case, we can assume the lift force is the dominant term in Eq. (5.2):

dn C,
This is equivalent to saying the difference between the gravity force and the
centrifugal force is small compared to the lift. More precisely,
! (1—iJcos;/ < ! (l—ij <<& 5.36
prn 2T prn 2T Co '

which is the same as saying the velocity is near circular orbital speed (T = %)

is small. When
;Bro77 :Br077

and/or the term

is small, Eqg. (5.35) remains valid

even if the velocity is not “as near” to the equivalent circular orbital speed.
Separating the variables and integrating Eq. (5.35) from the entry

conditions (denoted by an “e” subscript) forward, this becomes:

COSy —COS 7, :%(n—ne) 5.37
D

One way of plotting this equation is shown in Figure 5-8. Equation (5.37)

contains a few subtleties that should be mentioned. First, since 7 increases as the

vehicle enters the atmosphere, the right-hand side is non-negative for positive lift-
to-drag ratios. This means the flight-path angle becomes less steep (less negative)
as the vehicle moves along this trajectory! Second, because of the realistic range

. : C . :
for flight-path angles on left-hand side, 0 < C—L(n -7, ) <1 atall points during

D

the entry. Figure 5-9 illustrates the relationship in terms of physical
(dimensional) parameters for two vehicles with the same entry conditions but

different lift-to-drag ratios.

89



04 T T T T T T T
0.35 =

03[ Ve = _0-1, _0-27_0-3, —0.4,
0.25 -0.5,-0.6,-0.7,-0.8 »og‘ 1

_(77_77e) 021~ ?‘ B
0.15 N =

fg)

O

01 -

0.05~ =

0
—0.8 -0.7 0.6 —0.5 —0.4 —0.3 —0.2 —0.1 0

/4

Figure 5-8: Flight-Path Angle/Altitude Relationship for Medium/Steep Gliding
Entry

\ Changein
N T " Altitude
%, "--..______-_ ar .
A gefCL/CD Changein
AN " Altitude

Increasing

S,

Radius (or Altitude)

Increasing

Flight-Path Angle, 7

Figure 5-9: Physical Interpretation of Flight-Path Angle/Altitude Relationship
for Medium/Steep Gliding Entry

90



CLASSIC CLOSED-FORM SOLUTIONS

If drag is assumed to be the dominant term in Eq. (5.1), we can write:

ar 21
dnp siny 5.38
Equation (5.35) becomes
d (cos
d_gz—( 7):_sin7/%:—L 5.39
dn dn dn C,

which, when combined with Eg. (5.38), eliminates the dimensionless altitude n:

dT 2

S___ 2 4
T c, 4
CD

Again integrating forward from entry conditions, we find the relationship between

5.40

kinetic energy and flight-path angle:

T 2

T, = c. 5.41
CD

Figure 5-10 illustrates this relationship. Equations (5.37) and (5.41) are the first-

order solution of Lees et al. for gliding entry at medium positive lift-to-drag ratio
and medium flight-path angle (36; 58:113-114).
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Gliding Entry

To examine the deceleration for this type of entry, we begin with Egs.
(4.59) and (4.60):

(adecel )v = ZﬂrogonT * go \/1_422 5.42
C
(adecel )|_ = _Zﬂro go77T (C_LJ +0, (l— 2T )5 5.43
D

For most planets of interest, gr, >1. Combined with our assumption that

T ~1/2, these deceleration components are approximated by

(adecel )v = Zﬂro 9077T 5.44
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and:

C
(adecel )L = _Z/Bro 9077T (C_L] 5.45

D

It is often assumed ‘(adecel )v‘ > ‘(adecel )L‘ for these types of entries (58:113).

However, when comparing the components

(adecel )v
(adecel )L

_Go 5.46
C:L

the assumption doesn't always seem justified. It’s not much more difficult to
avoid making such an assumption by working with the total deceleration

magnitude:

D

2
C
a'decel = \/(adecel )v2 + (adecel )L2 = Zﬂro 9077T 1+ (C_Lj 547

Notice that both components and the total deceleration are proportional, so they
experience their respective maxima occur at the same point in the trajectory.
Substituting our solutions for n and T from Egs. (5.37) and (5.41) into Eq. (4.40),

we can write an expression for the total deceleration:

2
- 2(y -
(adecel ] — Z,BrOTe 1+ [&j w + 779 exp _M 5.48
go CD (CL} (CLJ
Co Co

Recall 7 > 0ash — o, so it is reasonable to set 7, ~ 0 for high-altitude entry
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and rewrite this slightly simpler as:

2
21T, 1+(CLJ (cosy —cosy,)
(adecel ] — CD exp 2(7 ~ }/6) 5.49

Jo

The point of maximum deceleration occurs when

d (adecel J
A% J_ 0 5.50

dy

Or, after substituting Eq. (5.49) and simplifying

e siny. =—(Cc0s . —c0sy, ) 5.51
2\l c,

where the v~ signifies the flight-path angle at which the maximum deceleration
occurs. (In general, we will denote the “critical” conditions — flight-path angle,
altitude, velocity, etc. — corresponding to a maximum or minimum with an

asterisk subscript.) Equation (5.51) can be solved analytically for siny..

Start by writing Eq. (5.51) as
ksiny. —cosy, =—C0sy. 552

where

k= %[E—L] 5.53
D
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has been used to simplify the expression we are about to develop. Squaring both

sides and simplifying:

(k? +1)sin® y. +(=2k cosy, )sin y. +(—sin® 7,) =0 5.54

This is a quadratic equation in siny.. Equation (5.54) has two roots, given by:

kcosy, ++/k?+sin®
siny. = K007+ Ve e

k2 +1

To decide which root (or both or neither) is physically realistic, consider that
siny, <0 5.56

cosy, 20 5.57

must be true for atmospheric entry. Given the condition in Eq. (5.56), then:

kcosy, +4k?+sin®y, <0 5.58

For positive lift, k cosy, > 0 and the only possible way for Eq. (5.58) to be valid
isif:

kcosy, —k? +sin’y, <0 5.59

. : C
In-other-words, the “+” root cannot yield a result for siny. <0 when C—L >0.
D

Equation (5.59) deserves a little more study. Are there physically realistic values

of y, for which it would not be satisfied? Rewrite the inequality in Eq. (5.59) as:

kcosy, < k*+sin’y, 5.60
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Squaring both sides and simplifying, we see

2
1(C
—Z(ij <1 5.61

must be true for a valid solution to Eq. (5.55). Since this inequality is always true,
we do not have to be concerned that any particular positive lift-to-drag ratio will
cause an erroneous solution to Eq. (5.54). (This broad statement assumes the
earlier simplifications leading to Eq. (5.54) are valid, of course.) Thus, we find

the flight-path angle at the point of maximum deceleration is:

1(ch \/1[CLT .
—| —|CcOSy, — || =— | +sin”y,
2 CD 4 CD & 6

siny, =

Figure 5-11 shows the nearly linear relationship between y. and y, for a given

lift-to-drag ratio.
The altitude at which the maximum deceleration occurs can be found by

first evaluating Eq. (5.37) at the corresponding flight-path angle

C
COSy. —COSy, = C—L(n -17,) 5.63
D

and then using Eq. (5.51) to eliminate the cosine terms:

n—1n,=-— szj/* 5.64
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Figure 5-11: Relationship Between Entry and Critical Flight-Path Angles

Or, using Eq. (5.62), this can be written in terms of the entry flight-path angle and

1(cC, 1(c. Y .,
—2| e lcosy, +, |5 25| +sin®y,
2\ c, 4\ c,
77*_77(3: 2
2 e +1
4 C,

In Figure 5-12 we can see vehicles with a larger lift-to-drag ratio experience their

the lift-to-drag ratio:

5.65

maximum deceleration at a higher altitude than those with a lower lift-to-drag

ratio. Bear in mind, however, this says nothing about the relative magnitudes of
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Figure 5-12: Altitude Change Between Entry and Maximum Deceleration

their corresponding maximum decelerations! Although we may suspect the
deceleration to be less at higher altitudes, we haven’t found equations proving it.
The speed at which maximum deceleration occurs can be found from Eqg. (5.41)

once y= is known (from Eq. (5.62)):

The ratio 1 is shown as a function of y, in Figure 5-13. From the

"V

e

equation (and the figure), we can see that more lift results in less reduction in
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Figure 5-13: Entry Flight-Path Angle/Velocity Relationship at Maximum
Deceleration

speed from entry to the point of maximum deceleration. Additionally, the figure
demonstrates the dramatic difference between how the equation behaves at
shallow entry and steep entry angles for low-lift/high-drag vehicles.

The maximum deceleration can also be found by substituting the

appropriate terms from Egs. (5.41) and (5.64) into Eq. (5.48):

2
[adecel j — [adecel j — 2/Bro goﬂ*T* 1+ (&J
Yo max 9% J» 9% CD

2
, 2y,
=2p1,T, 1+[2_L] (_S'n%ﬂkjexp _ (- —7) 5.67

D
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Since the components experience their respective maxima at the same time, they
can be evaluated using Egs. (5.44) and (5.45)

|:(adece| )v:| _ ZﬂroTe (_Slnzﬂf* +779jexp _M 5.68

. 2 . —
|:(adecel )L :| — —ZﬂI‘OTe (&](_ S|r127* + 779 jexp _M 5.69

9 Co

where the value for y. in Egs. (5.67) — (5.69) is the same numerical value and is
found by solving Eq. (5.62).
For the case where the initial altitude is sufficiently high (7, = 0), Eq.

(5.67) can be simplified as

2
2 . —
(adecelJ z_ﬂrOTeS”‘}/* 1+(&] exp _M 5.70
9 ) CD (CLJ
C

D

and plotted in Figure 5-14 for entry into Earth-like atmospheres. Note how large
the total deceleration can be at steep entry angles. For completeness, the
components are shown in Figure 5-15 and Figure 5-16. Between the three plots, it
is obvious why the normal component of deceleration cannot be ignored in all

situations.
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Figure 5-14: Relationship Between Entry Flight-Path Angle and Maximum
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To be consistent with the assumption of near circular speeds, T, should be
replaced with T, ~1/2 throughout this section; however, we avoided the

replacement because we will “reuse” these equations in a later section where

T, #1/2. Finally, it should be noted that when Lees, et al. presented their results,

they examined entry angles to around 15" (0.26 radians). However, nothing in the
equations derived specifically limits the range on y (as long as the other
assumptions are valid). The relations found in this section can be applied to
medium and large entry angles (where “medium” and “large” are somewhat

subjective).
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5.4 Medium Gliding Entry at Supercircular Speed

The equations presented in Section 5.3 were valid when the entry speed
was near the equivalent circular speed at the entry radius. (This limitation was
due, in large part, to the assumptions called out in Eq. (5.36).) Wang and Ting
presented an “approximate” analytic solution for steep gliding entry without this
restriction on the entry speed (64:565-566). However, in their derivations, they
introduced the restriction that the flight-path angle is “small enough.” In this
section, we will investigate their approach to an approximate analytic solution.

During the initial portion of the entry trajectory, there is a period where
the velocity does not change significantly, particularly for at medium flight-path
angles (for example, in Figure 5-13). Wang and Ting used this observation to
replace the (non-constant) bracketed term in Eq. (5.2), with a constant value

evaluated at entry conditions

1 1
El—Ejf z£1_2_TJ 5.71

where the flight-path angle has been assumed to be small enough to

simultaneously replace & = cosy with unity. Thus, Eq. (5.2) becomes

dé = &+ L [l—i) dn 5.72
Co By 2T,

and can be easily integrated from the entry point forward:

C, 1 1 Ui
—¢&, =cosy—cosy, =—=(n-n,)+—— |1-—|In| = 5.73
¢, =cosy—cosy, CD(n 7.) ﬁro( ZTJ ( ]
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If the cosine terms are replaced by their series approximations (and truncated to

the quadratic terms), the following relationship is found:

C 2 1 n
2_y2 9|l 2L |(p—p)=— |1-—|In| L _
7 =7 (CDJO7 ) B [ m;} [%J 5.74

Retaining the expansions through the quadratic terms is one way of allowing the
range of y to be somewhat larger while still assuming £ ~1. (Also, the
assumption on & was “bundled” with the “approximately constant velocity”

assumption.) For entry trajectories, we want the negative root of Eq. (5.74):

, [C, 2 1 ‘
V= {7@ —Z(C—D](ﬂ—ﬂe)—ﬁ,—ro [1_2_-&}'”{%}} 5.75

Taking Eqg. (5.1) and, as in the other planar approaches, assuming the drag
term is dominant, we have:

dr 2T

el 5.76
dn siny

Replacing the sine term with a series expansion (through the quadratic term), lets

us simplify this as:

dr 2T
T = 5.77
dp 7y
After substituting our relationship for » from Eq. (5.75), we get a differential
equation which can be separated for integration:
LI d 5.78

TS 2 (2 (2]
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Unfortunately, Eqg. (5.78) cannot be solved in closed form. Various approaches
can be taken to approximate the solution. Wang and Ting expanded the

n

denominator out in terms of [
A

j and integrated from the entry point to the point
of maximum deceleration. Vinh, et al. combined Egs. (5.72) and (5.76) to get

ar _ dy 5.79

T 11¢c, 1 1
— ==+ 1-—
2| Cy, By 2T,

and then assumed the denominator was approximately constant for integration
purposes (58:115-116). They found:

'”@: 1{&+ 75% . ﬂ o

E C, prn _TTe

The relative accuracy of this assumption is left as an exercise. Equations (5.75)
and (5.80) are Wang and Ting’s first-order solution for entry at supercircular
speeds (58:116).

For the moment, we can avoid choosing between the two approaches for

integrating O_ll_—Tand still find an expression describing when the maximum

deceleration occurs. Once again, we can ignore the gravity terms in Egs. (5.42)

and (5.43) and write an expression for the total deceleration as:

2
adecel CL
—=£ 1 =20rnT 14{—]
[ g, j 0 C, 5.81
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This is a maximum at the altitude satisfied by:

d(adecelj 5

9 C, dT

20 28 1+ =L | |T+p— |=0 .
o) ()

Replacing Z—T with the aid of Eq. (5.76) and simplifying:
n

T(1+_2—77J:O 5.83
siny

Since the kinetic energy T is not zero during the period of interest, we can divide
it out, eliminating the unknown value/expression for T! Again denoting the
critical point with an asterisk subscript, our condition for maximum deceleration

then becomes:

siny.+2n. =0 5.84
Recall, during the derivation of Eq. (5.75), series expansions out to quadratic
terms were used. Consistent with that,
siny. = 7. 5.85

to the same order since the sine expansion does not have a quadratic term. Thus,
we can simplify Eq. (5.84):

V. +2n.=0 5.86
Evaluating Eq. (5.75) at the altitude 7. corresponding to y. and substituting

it into this equation, we get a new equation of only one unknown, 7. :

C 2 1 )\ [
=2l 2 (p-n)——— | 1—— [In| 2= || +25.=0
l:}/e (CDJ(U ) £, [ ZTJ (”eﬂ ! >87
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This, as written, must also be solved numerically, but it is a simple
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algebraic relationship. We also cannot solve for the actual maximum deceleration

yet because we do not have a relationship for T~ without integrating Eq. (5.78).
At this point, we can fall back on the approximation by Vinh, et al. to find the

value of the maximum deceleration

Y

Eqg. (5.75). Because the total and component decelerations differ only by a

2
(adeca.j =248 T, [1+ (E—L] exp

ye_y*

E

&-1- L [1
Co  Brn.

where the value for n~ is found from Eq. (5.87) and the corresponding y. from

1
2T,

)

5.88

“scaling” constant, their maxima are, again, at the same point in the trajectory and

can be easily written with the aid of Egs. (5.42) and (5.43):

{(adece. )

)

{(adm. ),

9

|

} =2/3%.T, €xp

~2prnT, (&

D

Sak

Ve =V

Co

1{%

1 (1
L.

}/e_)/*

1

)

2

c, 1 [
+
Co B

)

5.89

5.90
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5.5 Planar Skip Entry

A special case of lifting reentry is one in which the vehicle intentionally
uses lift to pull back out of the atmosphere —a “skip.” During a skip maneuver, a
lifting vehicle enters the atmosphere (at hypervelocity), generates lift in the “up
direction,” and flies back out of the atmosphere as shown in Figure 5-17. (During
the solution to some of the computational homework problems, you may already
have encountered motion similar to this.) While this type of maneuver could be
used to change the orbital plane, we will only consider a constant lift-to-drag ratio
and motion confined to the entry plane. Skip maneuvers take place over a short
range, so centrifugal motion can be ignored. Further, aerodynamic forces
dominate the gravitational forces. With these assumptions, the equations of

motion can be simplified from Egs. (5.1) and (5.2) as:

ar 27

— 5.91
dnp siny

de_C 5.92
dn C, '

=

\/

Figure 5-17: Planar Skip Entry
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These equations are the same as we found in Section 5.3 for medium/steep gliding

entry at near circular speeds, but the assumptions are slightly different. Perhaps

most importantly, we did not restrict ourselves to near circular speeds in deriving

Eqg. (5.92).
Dividing Eq. (5.92) by Eq. (5.91) gives

4c _[C (M]
dT (¢, )L 2T

which can be separated for integration after replacing & =cosy :

5.93

594

5.95

5.96
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Equation (5.92) can be integrated directly to find the flight-path angle as a

function of altitude:

COS y —COS ¥, =%(77—77e) 5.97
D

Or, solving for the altitude:
COS y —COS 7,
Ne+t—F——~
e C, 5.98
CD
For a “complete” skip (i.e., one that doesn’t impact the planet), the final
altitude is equal to the entry altitude:
ne =1, 5.99

By comparing Egs. (5.98) and (5.99), the final flight-path angle can be easily

found

Ve =77e 5.100

as can the final velocity:

5.101

We can also develop an equation for the horizontal (*“downrange”)
distance traveled during the skip. To do this, we start with the expression for the

velocity along the trajectory given by Eq. (4.24) and again ignore the gravity
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force along the flight path (relative to the drag force):

dRv _ PGS Ry 2
dt 2m

5.102

(Note, ignoring this component of gravity is also what you would have with a

“flat” planet.) Using our dimensionless altitude variable n, Eq. (5.102) becomes:

%z ~ pnfv? 5.103

If X is the horizontal distance traveled since the entry, then we can also write:

ax _ RV cosy 5.104

dt

Hence, after dividing Eq. (5.104) by Eq. (5.103), we can relate velocity to
horizontal distance by:

dXx cosy
=-— 5.105
dfv BV
2
Equation (5.94) and the definition T = 20r can be used to change the
0°0
independent variable to y:
aX -7 5.106

dy C,
'BU[CD
(Note, for this type of trajectory, y is monotonically increasing from y, to y,, so

it is a perfectly acceptable independent variable.) n[g—Lj can be replaced in
D
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terms of the flight-path angle using Eq. (5.98) to give an equation which can be
separated for integration:

ﬂd_X _ Cosy 5.107

CL
cosy —| cosy, — c |
D

Separating and integrating from entry forward:

/4
cos y

dy
COSy —| COSy, — &
,, COSY 7| g
COSye —| <~ |7
:Iyd}/+ Co
Ve

cosy —| cosy, — [ }
Ve

:(7+7e)+{c057/e c 5.108
, €S cos L
o E)]

The last integral can take on several forms, depending on the sign and relative

pX =

magnitude of the term {cos Ve —[%} 776} . For entry from a high-altitude (and/or
D

for very small lift-to-drag ratios), the term is dominated by cosy,. Therefore, for

all but the steepest of entries (which are impractical for skip anyway):
1>|cosy,—| — (7. |=0 5.109
Co
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In these situations, the appropriate form of the integral is

e

b? — a2 tan(gj+a+b

jy dy B 1 In
L, a+bcosy (/b2 _a? /—bz—aztan(gj—a—b 5.110

Ve

where a = {cos Ve —[%]ne} and b =1. Making the appropriate substitutions,

D

Eq. (5.108) becomes

1-k? tan(

+1-k 1—k2tan( ej—1+k
V1-K? " 1-k? tan(

j e
2
j—1+k 1-K? tan(@ﬂ—k

5111

k = {cos Ve — [E—Lj 776} 5.112
D

has been used as shorthand notation. In a slightly different non-dimensional form,

BX =(r+7.)+

N IR NR

where

the horizontal range is:

l—kztan( j+1—k 1—k2tan( ej—1+k
1:(7+7e)+ K In

o B BrL-K? 1—k2tan(

N IR (N R
NS [N e

j—1+k 1—k2tan( ej-l-l—k

5.113
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To find the horizontal distance covered from atmospheric entry to atmospheric

exit, Eq. (5.113) can be evaluated at y, = -y, :

e

X

total __

5114

1-k2tan| 7= |-1+k
2k In 2

o Brl-k 1—k2tan(7;ej+l—k

It’s reasonable to check to see if the skip really is complete by comparing

the lowest altitude 7,,, in the trajectory to the radius of the planet. At the surface

of the planet,

_ psSCD
s = omp 5.115
so we’ll want
psSCD
<
Mnax omp 5.116

to avoid an undesired deceleration at the planet’s surface. (Recall, 77 increases
with decreasing altitude!) To find this maximum, it is sufficient to maximize Eq.
(5.98) with respect to the flight-path angle and then use the corresponding

“critical” angle y. to calculate the maximum. Doing so yields

1-cosy,

TTmax = 1Te +C— 5.117
L
(CD }
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where y. =0 is the corresponding angle. Thus, to ensure a successful skip

trajectory, a design trade can be made between vehicle’s aerodynamic coefficients

and the entry flight-path angle:

" +1—cos;/e - P.SC,
c) 2ms
C:D

The equations of motion (Egs. (5.95) and (5.97)) are identical (albeit for

5.118

different assumptions) to those derived for steep gliding entry at near circular
speed in Section 5.3. This allows us to “steal”” an expression for the total

deceleration

2
21T, 1+(CLJ (cosy —cosy,)
(adecel J _ CD exp 2(7 B 7/6‘) 5.119

Jo -

without deriving it again in this section. Similarly, we can use the previous

discussion to give the point at which the maximum deceleration occurs

1(cC, 1(c. Y .,
| =5 |cosy, —, 5| == | +sin’y,
2 C, alc,
2
e +1
alc,

7. =sin™

5.120
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and the expression for the maximum deceleration itself:

2
, 2(y.
(adecelj =201, 1+[&j (_S'n7*+,79Jexp _2Ar-r) 5.121
gO * CD 2

Notice we have included both components of deceleration in the total
deceleration. Lift is significant, and the normal deceleration may well dominate
during portions of the entry. The maximum deceleration as a function of entry
flight-path angle is shown in Figure 5-18 for several configurations. The
maximum goes up with both steeper and faster entry. At shallow entry angles, lift

decreases the maximum, but at steeper entry angles, lift increases the maximum.

. 350 T | |
~— AR
- —— T,=025 C,_/C, =10
3l o
S 300 ee6 T,=0.25 C /C,=02 |
- SN e T, =075 C_/C,=1.0
c N
S 5oL --0--. 000 T,=0.75 C_/C,=02 ||
= O .
< o N
) O\\ N
T 200 AN —
O \O‘\\\\
q) \Q:\\
9 150 e |
= 100~ RN u
S s £ =0.14 km
r, = 6500 km
0 | | | | I
-1.6 -1.4 -12 -1 -0.8 -0.6 -0.4 -0.2 0

Flight-Path Angle at Entry, z,

Figure 5-18: Relationship Between Entry Flight-Path Angle and Maximum
Total Deceleration
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All of the discussion on skip entry to this point has been for one skip (a
single entry and exit from the atmosphere). If the vehicle leaves the atmosphere
with a speed less than escape velocity, it will return to the atmosphere again. If
another skip is performed, the process is repeated (Figure 5-19). Eventually, after
multiple skips, the vehicle loses so much kinetic energy it cannot (or need not)
pull back out of the atmosphere. At that point, the entry ceases to be skip entry

and becomes gliding entry, ballistic entry, or something in between.

5.6 Steep Ballistic Entry

The first ballistic problem to be studied is that of steep entry. This is
applicable to such things as ballistic missile reentry, where the trajectory is
designed to pass through the atmosphere as quickly and as straight as possible.
By coming in fast and relatively straight down, the vehicle minimizes the time
spent in the atmosphere and, as a result, minimizes the uncertainty in the
trajectory. We will be looking at two solutions for this problem, one which

includes gravity and one which does not.

Figure 5-19: Planar Multi-Skip Entry




5.6.1 Analysis Including Gravity

In the case of ballistic entry, lift forces are zero. For steep entry angles,
the centrifugal force can also be ignored when compared to the gravity force, so

Eq. (5.2) becomes:

d_Cf: —< 5.122
dn 24T

If the entry angle is steep enough, & =cosy is small. Further, as the vehicle
penetrates the atmosphere, the dimensionless altitude 7 (which is proportional to

atmospheric density) quickly becomes greater than one. Thus, the right-side of
Eq. (5.122) quickly becomes small. As a first-order approximation, assume

d—é ~0 5.123
dn

which can be immediately integrated to show that the cosine of the flight-path
angle remains constant. While it is possible at times to consider the cosine of an
angle to remain approximately constant longer than the angle itself, in this case
the flight-path angle itself can also be considered constant.  Substituting this into
our other basic planar equation gives us a linear, constant-coefficient differential

equation for our kinetic energy parameter T

ar _ _2T _ 1 5.124
dn siny, prn
where y, has been used as the initial (or “entry”) flight-path angle. Before
solving, we can simplify the algebra by substituting « = __277 :
siny,
dT 1
—+T =
o Bra 5.125
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The homogeneous solution to Eq. (5.125) is given by integrating

dT
j?=—_fda 5.126

to get

T, (a)=ke™ 5.127

where K is a constant of integration. Numerous authors have shown that the
particular solution to Eqg. (5.125) is given by

T ()6 e o)

B

with ¢ being a constant of integration. The exponential integral function is

defined as:

Ei(a) =J % dx 5.129

This solution can be verified by direct substitution of Eq. (5.128) back into the left
side of EqQ. (5.125) and verifying it produces the right side:

CLER ={— e{c+iEi(a)}rea M}

da A, pr, da

]

- 5.130

pra

g “e”

pr, a
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The total solution is the sum of the homogeneous and particular solutions:

T(a)=T,+T, =€ [(c+k)+ﬂiEi(a)} 5.131

o

Or, introducing A as a new constant:

T(a)=

eﬂ‘: [A+ Ei(a)] 5.132

The value for A can be found by evaluating the initial conditions on the velocity.
(This is left as an exercise.) Alternatively, A can be expressed in terms of the

entry (initial) kinetic energy and a-value:
A:Teﬂroeae - Ei(ae) 5.133

The exponential integral function could easily be a button on a calculator like sine
and cosine. However, since we’d be hard-pressed to find a calculator with an
Ei(x) button, a Taylor series is often used as a numerical technique to find the

value:

Xn
nn!

Ei(X) =yt In(x) + Z 5.134
n=1

7e =0.5772156 is the Euler constant. Values for Ei(x) are tabulated in reference

books. Before declaring victory and moving on to solve another “special case,”
we can examine Eqg. (5.132) in more detail to learn more about the dynamics of
steep entry angles.

Equation (5.132) describes the velocity as a function of altitude once
variable substitutions are reversed (and the constant is evaluated). When the
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truncated expansion Ei(a) =y +In(e) is used, this expression is:

290 exp[pSS.CDe—ﬂ h]
; mpsiny,

Significantly, the velocity is dependent on an exponential of an exponential. The
velocity is extremely sensitive to the altitude and slightly less sensitive to the drag
factor, mass, and other parameters in the exponential.

With a constant flight-path angle, 7 =0 so there isn’t any normal

component of deceleration. Thus, we can use Eq. (4.59) to write:

Qecel = (adecel )v = ZﬂrogoﬂT * Jo \/1_ 52 5.136

For entry into most planets
21,9o1T > goy[1-&° 5.137

in the region of interest, so we can drop the second term on the right. With the

variable change a = , our non-dimensional deceleration becomes

siny,

[%] =—(prasiny,)T 5.138
0

where T =T («). This is maximized (with respect to o, a measure of the altitude)

d (adecel ]
Jo

da

when:

=0 5.139

121



Substituting Eqg. (5.138) into Eq. (5.139) and simplifying, we can get an

expression for o~ corresponding to the altitude of maximum deceleration:
[A+Ei(a)](1-a.)+e™ =0 5.140

Once the constant A is determined from initial conditions, o« can be found

numerically. The value of the maximum deceleration is then

[adecel j _ (adecel j _ —a. SNy, 5.141
B ) 9o ). a. -1

where «a. #1 is found by solving Eqg. (5.140).

It is possible for Eq. (5.140) to yield values of «. corresponding to

altitudes below the planet surface, so care must be taken in solving the equation.
Specifically,

a. < ﬁsir(]:;e 5.142
allows the maximum value to be reached before impacting the planet surface. If
the physical parameters of the problem are such that the inequality in Eq. (5.142)
is not satisfied, the deceleration increases from the entry point until impact and
never reaches the analytic maximum given by Eq. (5.141). (Mathematically,
this is true. However, other assumptions we’ve used, such as hypersonic flight,
begin to fail before the planet surface is actually reached. None-the-less, it is
traditional to find conditions analogous to Eq. (5.142) for this problem.)

In addition to finding the maximum deceleration, we can also find the
“terminal” or “limiting” velocity of a high-drag vehicle. During the last phases of
entry, the vehicle may approach a point where drag and gravity are essentially
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balanced and the change in kinetic energy is essentially zero. Thus, Eqg. (5.1)

becomes:
2T 1
- —=0 5.143
siny,  Brn
Solving this for the velocity
2mg, sin 1
Vimic = Sl LAV VLT 5.144
psSCD

Note that the limiting velocity is altitude dependent. Skydivers do not notice this
altitude dependence since the altitude range they are concerned with is typically

such that 0 < gh/2<0.25, or a maximum change of about 28%.

5.6.2 Analysis Ignoring Gravity

Equations (5.132) and (5.141) give the solutions for kinetic energy and
maximum deceleration, respectively, during steep ballistic entry. Neither
equation lends itself to “generalized” plots such as those in Figure 5-2 and Figure
5-14. Equation (5.141) for the maximum deceleration even requires a numerical
solution to a transcendental function! They are difficult (to say the least) to use
for qualitative comparisons of trajectories with different initial velocities and/or
different entry flight-path angles. To simplify the analysis, we need to do
something very non-intuitive — we’ll ignore gravity! (But, by example, we’ll
show the solution without gravity closely follows the more complicated solution
with gravity.)

When gravity is ignored, Eq. (5.1) becomes

dr 2T

= 5.145
dn siny
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and Eq. (5.2) remains the same as we found in Eq. (5.123):

—=0 5.146

Equation (5.146) integrates immediately to give:

COSy = CO0S, 5.147

Like before, with this type of entry we can assume the flight-path angle remains

constant (;/ = ;/e). Substituting this into Eq. (5.145) and solving yields a closed-

form solution for the Kkinetic energy:

T _ 2(77_77e)
T —exp{ sin, 5.148

Equations (5.147) and (5.148) are the first-order solution for steep ballistic entry
presented by Allen and Eggers (Ref. 1), Chapman (Ref. 16), and Gazley (Ref. 26).
This solution is shown in Figure 5-20 for entry starting at high altitudes (7, = 0).

The tangential deceleration can be found by substituting this solution for

kinetic energy into Eq. (5.138) (and “unreplacing” « = __277 ):
siny,
adecel 2 (77 =1, )
_decel | — Zﬂr 77Te exp{—_ 5.149
( . J (2prT.) siny,

Deceleration for high-altitude entries are shown in Figure 5-21. To find the

maximum value, Eq. (5.149) can be differentiated with respect to altitude and set
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Increasing Altitude
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Figure 5-20: Steep Ballistic Entry Solution Ignoring Gravity
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Figure 5-21: Deceleration During Steep Ballistic Entry (Ignoring Gravity)
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it equal to zero. Solving gives the altitude of maximum deceleration:

_ siny,
7« —2 5.150

Of course, this altitude is only reached if:

=_Sm7e gpSSCD 5.151
2 2mp

*

Otherwise, the deceleration will increase (by Eqg. (5.149)) until impact with the
ground. Assuming the critical altitude is reached before the vehicle hits the

surface, the deceleration at 7. is:

e

9o Sinj/e

=(-pr,T,sin ;/e)exp{—[ljtiﬂ 5.152

siny,

For high-altitude entry, Eq. (5.152) reduces to:

5.153

[adecel J _ _ﬂrOTe sin Ve

Y €

This “locus of maximum values” is also shown in Figure 5-21.

5.6.3 Comparison of Analyses

The kinetic energy solutions with and without gravity are given by Eq.
(5.132) and Eq. (5.148), respectively. The two are much closer numerically than
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the difference in algebra would seem indicate. Further, it’s possible to show Eq.
(5.132) can be approximated by Eq. (5.148). Rearranging Eq. (5.132),

_'I_I'_e= o e ;ro:_e [—Ei(ae)+ Ei(a)] 5.154

and substituting the first two terms of a Taylor series expansion for Ei(«) yields:

T oo, & {(~[7e +In(,)]+[7e +In(a)]}

Te ﬂrOTe
2 —
=exp —(77 .) +exp —_277 L In| L 5.155
Smye Slnj/e ﬂrOTe 779
When BT is sufficiently small (which it is for most planets of interest), this
r-0 e

becomes:
T 2(n-
— = exp {(77—776)} 5.156
T, siny,

Thus, the two solutions (with and without gravity) produce the same results under
many circumstances.

Equations (5.132) and (5.148) can be plotted on the same graph for several
cases to see how accurately the “simple” solution without gravity tracks the “more

complete” solution with gravity. (In other words, we can use a graph to convince

ourselves that

AT is sufficiently small.) Two different trajectories (whose
r-O

specifics are given in Table 5-1) are shown in Figure 5-22 computed with and
without gravity. Together, the two cases span a wide range of possible “steep”
ballistic entries. The figure shows the solutions represented by Egs. (5.132) and

(5.148) are, for all practical purposes, very close.
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Table 5-1: Sample Ballistic Entry Initial Conditions

Case #1 Case #2
T,=0.25 T,=4.0

yo=-T0 | 7, =-90

Br, =910, 7, =0

T T T
|— Case 1 w/o Gravity
[—— Case 2 w/o Gravity
O O Case 1w/ Gravity
[0 O Case 2 w/ Gravity

Non-dimensional Altitude, 77

™ L L L L L L L L
09 091 092 093 094 095 096 097 098 099 1

Kinetic Energy Ratio, %g

01

Non-dimensional Altitude, 7

Increasing Altitude

1 1 1 1 1 1 1 1
01 0.2 0.3 04 05 0.6 0.

.7 08
Kinetic Energy Ratio, %

Figure 5-22: Comparison of Steep Ballistic Solutions

Similarly, Figure 5-23 shows how the deceleration varies with altitude for
both solution methods. Notice that the qualitative information (the trends) is
identical and the quantitative information (the values) is very similar for the two
solution methods. In fact, Figure 5-24 shows that the deceleration values differ

by less than 5% of the maximum values over the entire solution. (The “steeper”
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Case 2
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T

Case 1

Increasing Altitude
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Non-dimensional Altitude, 77
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[— Case 2 w/o Gravity

O O Case 1 w/ gravity

0 O Case 2 w/ Gravity
T

1 1 1 1 1 1
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Figure 5-23: Comparison of Deceleration Solutions for Steep Ballistic Entry
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Figure 5-24: Comparison of Deceleration Solutions for Steep Ballistic Entry
(Differences as a Percentage of Maximum Values)
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case, Case #2, has less than a 0.5% difference!) For completeness, Figure 5-25
shows that the two methods of computing the altitude of maximum deceleration

n. and maximum deceleration [—a“ew' J are quite close also.
9% )

In light of the comparisons made in Figure 5-22 through Figure 5-25, we
can make a strong argument that the “simpler” equations derived without gravity
are adequate for initial analysis of these types of entries. Indeed, we will use
these solutions in a later chapter to help us compare heat transfer between types of

reentry trajectories.

0.6 T T T T T

0" <y, <-90° X Solutions w/o Gravity

05

04

T, = 0.25 Solutions w/ Gravity

] ] ] ] ]
0.1 0.15 0.2 0.25 0.3 0.35 0.4

Critical Non-dimensional Altitude, 77,

0.1

. . adecel
Maximum Deceleration Term, ( %o ]

ﬂ rOTe

Figure 5-25: Comparison of Critical Deceleration Values for Steep Ballistic
Entry
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5.7 Shallow Ballistic Entry at Near Circular Entry Speed

In this section, we will cover ballistic entry at shallow angles and nearly
orbital speeds. The approach will be one by V. A. Yaroshevskii published in
1964 shortly after Yuri Gagarin’s orbital flight. The method is semianalytical
rather than strictly analytical and is probably more accurately classified as a
second-order solution. Despite this, it fits well with the first-order solutions in
this chapter.

Backing up one step and starting with an earlier form of the planar entry
equations given by Egs. (4.23) - (4.25) in Chapter 4, we begin by introducing the
small angle approximations siny ~ y and cosy ~1 along with setting lift to zero:

%: Vy 5.157
dv _ pC,SV: (r i 5.158
dt 2m o\r )7
dy FRv? rY
F‘Vd—: ~ g, [—Oj 5.159
t o r

Unlike for steep ballistic entry, we have retained the centrifugal force term in Eq.
(5.159). If we further assume a thin atmosphere and ignore the tangent gravity

force in the velocity equation, these equations become:

dr

ey

o ¥ 5.160
dV  pCsV?
dt 2m

5.161
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dy "v?
S —Oe
dt R, 5.162

The radius change is small, so it has been assumed to be constant on the right side

of Egs. (5.160) - (5.162) and set equal to the sea-level radius R, . Similarly,
gravity has been assumed to remain constant at the sea-level value g, . Using Eq.

(5.161) to change the independent variable to "V :

dar_ 2my c 163
dV  pC.S*V |
dy 2m Rv 2
v 2V -
4V~ pC,S°V? {g@ R, } o164
Yaroshevskii introduced a new independent variable x and a new dependent
variable y defined by
X=-InV 5.165

pC,S Ry
y= om 7 5.166

where V is a dimensionless velocity defined relative to the sea-level circular
velocity by
RV

\/m 5.167

and B is a scale height selected to best match the atmosphere. For this strictly

V =

exponential atmosphere, we have assumed

p= pse‘ﬂ“ 5.168
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where h =r —R, is the altitude, ps is the atmospheric density at the surface, and

S is constant. Thus, from Egs. (5.166) and (5.168), we can write:

d d
—yz—p=—,6’dr 5.169
y o
Equations (5.165) and (5.167) can be differentiated and combined to give:
dx = —dv _—d AV
v Ry 5.170

Substituting Egs. (5.169) and (5.170) into Egs. (5.163) and (5.164) to change the

dependent and independent variables gives the new equations of motion:

dy
&: VRS 5.171

dy - (i_lj 5.172
\72

1
dx yRyp

Finally, differentiate Eq. (5.171) to get

d?y dy
=—JR. B~ 5.173
dx? oh dx

and substitute in Eq. (5.172) for (;—7/:
X

2
d’y =£(_i—1j 5.174
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If we realize from Eq. (5.165) that V =e™*, the differential equation of motion

becomes surprisingly simple:

d’y _i(eu _1) 5.175

This second-order, non-linear differential equation is Yaroshevskii’s equation for
studying entry into planetary atmospheres (specialized to the case of no lift and
constant drag coefficient). For the problem at hand, the initial conditions to be

used when integrating this equation are:

X. =0 (entry speed is the circular orbital speed)

y, =0 (entry begins at high altitude, p ~ 0) 5.176
Wl _ 0 (circular orbit, y, = 0)
dx|;

To solve Eq. (5.175), Yaroshevskii turned to a series solution.
(Computers were not readily available in the Soviet Union of the early 1960s.)

Expanding out the exponential, Eq. (5.175) becomes

y' = 7 5177

where the primes have been used to denote differentiation with respect to x. This

equation is singular near y ~ 0 (unless, of course, x is well-behaved and goes to
zero at least as fast as y). If we assume a solution of the form y = Ax” near
y =0, then Eq. (5.177) becomes:

2X

Ap(p-1)x"? =2
p(p—-1) NG

5.178
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Equating the exponent on x on each side gives p = % . Similarly, equating the

coefficients gives A= ‘/% . Thus, for small x the solution is:

y= \/gx% 5.179

Equation (5.179) satisfies the initial conditions given by Egs. (5.176), but
is not general enough for studying many of the properties along the trajectory

(and it is an approximate solution near y =0). Thus, we generalize Eg. (5.179) to

be a series

y = \Ex% (o +Cx+C, X" +--:) 5.180

where we have yet to determine the unknown coefficients c,. (However, we
should expect to find ¢, =1 so that this solution simplifies to Eq. (5.179) for
sufficiently small x near y=0.) Rewriting Eq. (5.175) as

yy"'=e” -1 5.181

and substituting in the assumed series solution, we find

, 81(3, 9 , (19 15 ,) 4
yy z§ Zc0 X+ Ecocl X+ ?COC2+701 X 5.182

when terms smaller than x*are ignored. (Recall that x is small.) Expanding the
exponential in Eq. (5.181) and combining with Eq. (5.182) gives an algebraic

equation in x. Ignoring the terms smaller than x*, this expression is simply:

%H%CSJXJ{g%%jXZ +(%coc2 +%cfjx3} =2X+2x° +%x3 5.183
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For this equation to be true, the coefficients in front of like powers of x must be

equal on the left and right sides. Thus, ¢, =1, ¢, = % and C, = %4 and the

approximate solution to the second-order differential equation becomes:

y:\/gx%(1+lx+ix2j 5.184
3 6 24

This solution is sufficient to analyze the properties of interest in our problem.
For this “near spiral” trajectory, the deceleration is very nearly all along

the tangential direction (7 ~0). Thus, our usual non-dimensional term can be

(5] ]|

Je

written using Eq. (5.161)

pC,SRV?
2m

= —g 5.185
@

where we have used g, instead of g, since gravity has been assumed constant.
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Grouping terms allows us to simplify this with our definitions of y and V :

(ajz(/fmsﬁJ R’;(R\,)zzi L (v o)

Y %%

=yV°BR, 5.186

We have approximate answers for y and V , so this simplifies to

Agecel — SﬂR@ X% [1+lx+ixzje_zx 5.187
Je \ 3 6 24

Taking the derivative with respect to x and setting it equal to zero gives an

expression for where the maximum deceleration occurs:

2 12 16 12

For x #0 and x # oo, this can be simplified:

4% +9x2 + 76X, —72=0 5.189

The solution to this cubic equation is x. ~0.835. The corresponding value for
the velocity is V. ~ 0.434 from Eq. (5.165) and for the dependent variable

y. ~1.46 from Eq. (5.184). Finally, the maximum deceleration is given by Eqg.
(5.186):

(M] ~ 0.275,/ SR, 5.190

@
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Note that this maximum deceleration and the velocity at which it occurs is
independent of the vehicle drag coefficient! High- and low-drag vehicles
experience the same maximum deceleration at the same speed during reentry. For

Earth, these values are

(adecel )* ~ 829@

V. ~ 3.4 km/sec

Only the altitude at which the maximum occurs changes as a result of the vehicle
configuration (as seen in Eq. (5.166)).

Decelerating at eight “gees” is about the limit the human body can endure.
An eight gee deceleration also imposes significant structural requirements on the
vehicle. It is possible to reduce the maximum deceleration by adding lift and
staying in the upper atmosphere longer. The first Soviet Vostok and American
Mercury capsules were purely ballistic and the equations of this section are
applicable. However, the capsules that followed could produce lift to reduce the
structural (and human) durability requirements.

Before leaving this section, it is important to note we have only covered a
small portion of Yaroshevskii’s theory. For a more complete treatment, Vinh, et
al. provide a more in-depth (and general) look at the theory (58:157-177). In

particular, they present a general expression for the unknown c, coefficients for

series expansions beyond x° as well as a discussion on the radius of convergence
for the series. They also present Yaroshevskii’s theory as it applies to non-

circular entry and lifting entry.
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5.8 Summary

This chapter found a variety of classic closed-form solutions for specific
types of entry trajectories. For each, we derived explicit equations relating flight-
path angle, kinetic energy, and altitude that were, for the most part, independent

of requirements to specify details about the vehicle (other than C, /C, ) and the

atmosphere. We found similarly general expressions for the deceleration and
maximum deceleration in each case. Depending on the type of entry, we also
found other “convenient” solutions such as maximum range and time-of-flight.
Each solution in this chapter applies to a specific set of assumptions (e.g.,
shallow lifting entry or steep ballistic entry). As such, the solutions fail to model
reality outside of the region for which they were intended. (For the interested
reader, a few examples comparing several of these closed-form solutions to much
more complex numerical solutions are presented in Ref. 32.) The next chapter
presents a solution which gives up the simplicity of the explicit relationships we
found here in favor of a set of transcendental equations valid over a wide range of

entry trajectories.

5.9 Problems

Material Understanding:
1. Why is it an “artificial assumption” that the velocity in Eq. (5.24) can

decrease to zero to give the limiting value of arc-length in Eq. (5.25)?

2. Show that the following two expressions are equivalent:

ksin y. —cosy, = —C0S .

(k2 +1)sin2 7+ +(—2kcosy, )siny. +(—sin2 ;/e) =0
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Prove that the flight-path angle corresponding to the minimum altitude during

askip entry is y. =0 (assuming, of course, the vehicle doesn’t impact the

planet surface first).

Evaluate the constant A in the steep-entry angle energy equation (Eq. (5.132))

if the initial altitude he (or, equivalently, an initial radius r¢) and initial velocity

"V, are known.

Prove Eq. (5.142).

Yaroshevskii’s solution for shallow ballistic entry assumed a solution of the

form:
8 3
y =, /gxé (o +Cx+Cx* + e +eyxt )

In Section 5.7, we discussed solving this for a series truncated after c,x* (i.e.,

C;.C,,Cy---=0). Specifically, we found values for c,,c;,and c, to give us a

. 8 % 1 1, . . - .
solution y = EX 1+€x+£x . While this was sufficient for circular

entries, at least one more term is needed to study elliptical entries. Expand the

solution to include c, and solve for the constants c,,c,,c,, and c,.
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Computational Insights:

7. Investigate how velocity changes with altitude for a gliding vehicle entering
the atmosphere at near circular speed and at a medium flight-path angle.

Specifically, for an entry flight-path angle of y, = —.20 radians, combine Eq.
(5.37)

COS  —COS 7, =g—L(r7—m)

and Eq. (5.41)

Ry
to plot altitude change, 7 —,, versus velocity change, WV for a range of

e

lift-to-drag ratios. You do not need to analytically combine the equations.

8. Equation (5.78)

dT dn

(e G

can be numerically integrated to find T (7) and compared to the closed-form

approximation in Eq. (5.80)

Co pBrn

In(l]: I

T

) e 11
2 T,
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where y is given by Eq. (5.75):

g (4R

a. Select two specific examples with supercircular entry speeds (T, > 0.5),

“medium” entry angles, and realistic lift-to-drag ratios and graphically

compare the results using Egs.( 5.78) and (5.80) for T (77) . You can
assume the entry conditions and atmosphere are such that gr, =910, and
17, =1x107™".

b. How constant is the “constant”

C, 1 1
—L 4 1-—
Co B 2T,

for each trajectory?

During supercircular gliding entry at medium flight-path angles, Egs. (5.87)
and (5.88) give the altitude and magnitude of the maximum deceleration.

Compare the effect of changing the entry angle y, for an lunar-return capsule

("V, ~1.4%V, and E—L ~ 0.2) on the altitude 7. and magnitude (—a“e“e' J of
D 9

the maximum deceleration. Use the Earth-like values of =0.14 km™,
I, = 6500 km, p, =1.225 kg/m®, and g, = 9.81 m/sec’ and assume

17, =1 x 10™. Suggestion: Create plots such as the ones below to capture

the answer.
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< T
g il
5] -
[a)] c
5 g
= 5
s 2
g ©
E o
< g
Flight-Path Angle at Entry, y, Flight-Path Angle at Entry, 7,

10. For steep ballistic entry (ignoring gravity), plot gr,n as a function of N

e

for several entry flight-path angles in the range —% <y, <0. (Note: the

equations are not necessarily valid for the entire range — this is for illustration

purposes only.) Use the Earth-like values of 5 =0.14 km™, r, = 6500 km,
p, =1.225 kg/m®, and g, =9.81 m/sec’. If required, assume 7, =1 x 107,

When "V, =,/g,r, and y, is “small,” this plot can be compared to Figure

5-2 for shallow gliding entry with small values of lift. Compare the major
similarities/differences. Does it appear the equations would give similar
answers near the overlap? What does this say about understanding the type

of entry prior to picking the equations to use?
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Chapter 6

Loh’s Second-Order
Solution

6.1 Introduction

In Chapter 4, we derived dimensionless equations for planar entry (Egs.
(4.53) and (4.54)). Those equations could not be solved analytically so we spent a
great deal of effort in Chapter 5 solving for several closed-form approximate
solutions (all but one of which were “first-order”). Each of those was for a
specific (and somewhat limited) type of entry. Loh, however, derived a more
general solution which covers all of the special cases in Chapter 5 (Refs. 39, 58)
as well as more general situations. His solution is usually referred to as Loh’s
Second-Order Solution. Loh’s theory is empirical, based on the results of
extensive numerical integrations of entry trajectories. Even so, it turns out to be
quite accurate (limited to the accuracy of the assumptions made in the original

derivation of the differential equations, of course) (58:226).
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We can begin with the equations of planar entry from Chapter 4, Egs.
(4.53) and (4.54), as are repeated below

dT 2T z°
—_— = 6.1
dp siny  prpn
d 2
dn C, prnm \z 2T
where
r
1( Rv?
T= —( J 6.4
2\ 9oy
&=cosy 6.5
_PSC,
n Zmﬂ 6.6
Loh’s first assumption was to assume a thin atmosphere and set z = h_ 1,
r
simplifying the equations to the same ones we used throughout the majority of
Chapter 5:
ar_zt |1
dn siny prn 6.7
d_ézi+i(l_ij§ 6.8
dn C, prn 2T
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Loh noted through numerical integration of different types of entry trajectories
that

-1 1
G= B (l—ﬁjé 6.9

remained nearly constant for each trajectory, even for varying lift-to-drag ratio
(39:28; 47:211-212; 58:129). Therefore, although G is actually a function of

n, T, and &, Loh considered it a constant for integration with respect to n or y.

6.2 Loh’s Unified Solution for Entry Trajectories

Treating G as a constant, our equation of motion for the flight-path angle,

Eq. (6.8) becomes:

—=—-0G 6.10

For constant lift-to-drag ratio, this can be integrated to give

D

C
COSy —CO0S Y, :(C—L—GJ(U—UE) 6.11
where y, and 7, are constants of integration and can be evaluated at the initial

point (which may or may not be the same altitude as the reference radius ;).

Replacing G with its definition and rearranging, this becomes:

C
COS]/E +?L(n_ﬂe)
CoSy = 1 1 = 6.12
— 1ln-
(2T j(n )

14—

Brn
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To simplify derivations later, this can be rewritten as:

cosy, +C77(1 77‘*]
Cp n

S
A\ 2T n

To integrate Eq. (6.7), we’ll need to change the independent variable to y .

Cosy = 6.13

Begin by substituting £ =cosy into Eq. (6.10) to relate dy and dn

—Sln?/dj/ G 6.14
dn C,
and rearranging:
dy _ 1[G ¢
dn siny{C, 6.15

Dividing Eq. (6.7) by Eq. (6.15) changes the independent variable to y :

ar 2T siny

dy C, C, 6.16
-G prgl 2t -G
c, ﬂo”(c j

D

To complete the variable change, we rearrange Eq. (6.11) as

COS ¥ —COS
n=rn, +# 6.17
LG
Co

and use it to eliminate » in Eq. (6.16):
dT 2T —siny

dv C
4 CD -G ﬂr{ne(g—6]+cos;/—c05ye}

6.18

D
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If the entry starts at high altitude, we can assume 7, ~0 (at least for the purposes

of the integration). This reduces the equation for T to:

dT 2T siny
—+ = 6.19
dy C._g pBr(cosy,—cosy)

Co

This is a non-homogeneous, linear differential equation for T that can be written

as
d_T+ KT = f(y) 6.20
dy
where
K= c 2 6.21
—L_G
CD
and:
sin
f(r)= n7 6.22

pir, (cos 7, —cos )

If K is considered a constant, then Eg. (6.20) can be integrated using integrating
factors to give:

T=Ce™ +F(y) 6.23
where

Fr)=e"Je f(r)dy 6.24

and C is a constant of integration that can be evaluated based on initial conditions.

Note that, once the integral in Eq. (6.24) is computed (with K treated as a
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constant), then

K= 2 = 2 6.25
SfLg G, 8t (1—1j5
Al

Co C, pBrn

should be substituted into Eq. (6.23) to make both terms on the right-hand side

functions of T, », and . G (and, hence, K) is only considered to be a constant
for the purposes of integration with respect to » and » and not for evaluating the

resulting equations of motion. Evaluating Eq. (6.23) at the entry conditions

allows us to solve for the constant of integration

C=[T,—F(,)]e"" 6.26
where:
K, = 2 6.27
c, 1 1
—L 4 1-— |cosy,
Co  Bry. 2T,

Finally, combining these constants gives the solution for kinetic energy:
T =Tl ”{F (»)-F (Ve)e(Keye_Ky)] 6.28

Strictly speaking,
2

C, prm 2T
should be used in writing Eq. (6.28), but for simplicity (and to keep the type size
big enough to read) the shorthand K has been used. Equations (6.13) and (6.28)

K=K(,y,m7)=

6.29

constitute Loh’s Unified Solution for Entry. Between them, we can solve for any

two variables (from T, y, and 77) as a function of the remaining one.
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A detail about this solution should be noted. The value of the drag

parameter C, alone is only required in the computation of 7,. If entry is from
high altitude, 7, = 0 then the need to know C, is eliminated (except when
recovering the actual altitude from 7 is required). However, setting 7, =0

introduces a singularity in Eq. (6.27); therefore, the constant K should be
evaluated at some other point along the trajectory (e.g., a non-zero reference

altitude 7,).

6.3 Loh’s Second-Order Solution for Entry

In general, Loh’s Unified Solution, Egs. (6.13) and (6.28), are too tedious

to use since they both are transcendental in T, », and . Luckily, they can be

simplified without destroying their universality. Except in cases where accuracy

is paramount (and the previous assumptions in the derivations haven’t already

negated the accuracy required), we can take advantage of the fact L <1 for

B,

atmospheres such as Earth, Venus, Mars, and Jupiter (with £r, =900, 500, 350,

and 3000, respectively). For ﬂir <1, Eq. (6.22) becomes

0
f(r)=0 6.30

and we can completely avoid the numerical integration in Eq. (6.24). Equation

(6.20) then becomes simply a homogeneous differential equation:

dy
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This can be separated
— =-Kdy

and integrated:

{20

e

Substituting in the definition of K from Eq. (6.25) gives

T) C 1 ( 1}
e — 4+ 1-— |cosy
C, pBrn 2T

For convenience later, this can be rewritten as:

1. (T} C, 1 1
y=y,——=In| — || ==+ 1-— |cosy
2 \T,)|C, pron 2T

Equation (6.13) can be left as already found:

Al
pr,\ 2T 7

Equations (6.34) (or, equivalently, (6.35)) and (6.36), are Loh’s Second-Order

Solution for Entry. They are, however, still transcendental in T, y, and 7!

6.32

6.33

6.34

6.35

6.36

The two equations for Loh’s solution must be solved simultaneously. A

common technique (usually employed when solving by hand) is to “serially”

solve one equation then the other and iterate until the solution converges.
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However, a word of caution is in order. Equation (6.34) tends to be sensitive to

errors when solving for T or T,, while Eqg. (6.36) tends to introduce round-off
error when solving for y or y,. The order of the “serial” process can make the

difference between converging to a realistic solution and iterating forever. The
key thing to realize is that, if one method fails to converge, try rearranging the
equations. The same idea also applies to true simultaneous solution also; e.g., if
Eq. (6.34) causes problems, try rewriting it as Eq. (6.35).

The computational effort to solve the equations can be reduced when 7,

corresponds to a high-altitude entry. In this case, e <0 and Eq. (6.36) can be
n

simplified further:

= 6.37
TR
pr, 2T
Conveniently, even though we have assumed 7, is small, we don’t need to worry

about the singularity in Eq. (6.27) mentioned in Section 6.2 because the value of

K, never needs to be computed! Solving this (flight-path angle) equation for 7:

1 1
1+—| = —1||cosy —cosy,
AN 6.38
n CL
CD

and substituting into the kinetic energy equation Eq. (6.35) gives a relationship for

y interms of T only (albeit, transcendental). This relation is:

6.39
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=Y
]/:}/e_l& In l 1+ 1 2T
2\lc, ) (T

e

For specified values of T, this equation can be solved for » which can then be
used in Eq. (6.38) along with T to solve for 7. Itis possible to restore some

accuracy in the solution by rewriting Eq. (6.36) as

-1
n=n,+ & (cos;/—cos;/e)Jri e (i—ljcow 6.40
Co By n )\ 2T

and using it to solve for 7 instead of Eq. (6.38). Even when the assumption

T o 0 is used,

n

=71 + S ) (cosy —cos )+i(i—1Jcos
n=n1, C, 4 Ve AV Ve 6.41

this still retains some accuracy over Eq. (6.38) because the (possibly non-zero)

value of 7, is used in the calculation (when known).

Loh has shown that the second-order solution, as derived, is very accurate
compared to the numerical integration of Eqgs. (6.7) and (6.8). The underlying
basis for this solution is that the term G is nearly a constant. Since the assumption
is based on observations of extensive numerical integrations of Eqgs. (6.7) and
(6.8), the accuracy is to be expected. There are physical explanations as to why G

remains constant and they will be shown in the upcoming sections.
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6.4 Reduction to First-Order Solutions

Chapter 5 presented a series of first-order solutions for specific (and
somewhat limited) cases. In each case, the appropriate approximations were
made and the equations of motion simplified to the point they could be solved
analytically. Each solution is valid only for the specified type of trajectory.
Loh’s second-order solution, on-the-other-hand, is valid for all types of
trajectories. As such, Loh’s solution should reduce to the first-order solutions
when the corresponding simplifications and approximations are made. Several of

these reductions are included in the following sections.

6.4.1 Shallow Gliding Entry

When the flight-path angle is small and the entry altitude high:

siny =~y 6.42
cosy =1 6.43
n. =0 6.44
Thus, Loh’s second-order equation Eqg. (6.36) becomes:
1+ &77
CD
1= 171 6.45
14 ( _1j
pry\ 2T
Or, when simplified:
L(L _ j _C
pr, \ 2T C, n 6.46
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Solving for kinetic energy, this can be written as:

T= 1 6.47

nfe]

This equation is identical to the kinetic energy equation found in the first-order

solution for shallow gliding entry (Eqg. (5.9)). When cosy ~1, the expression for

G becomes:
-1 1
G= [1— —j 6.48
prn\ 2T
Or, slightly rearranging:
1/(1
Gn = —(——1] 6.49
pr\ 2T

G=— 6.50

In this case, the “constant” G turns out to be equal (or approximately equal) to the
constant lift-to-drag ratio (which explains G remains constant along the
trajectory).

Turning to the other of Loh’s second-order equations, this time in the form

of Eq. (6.39) we can write:

1(C T
—=| =Lt {In| —
Y =7e _ 2 CD Te
COosy —Cosy, (COSJ/—COS%)"';}.(;_]}COSy
0

6.51
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When cosy = cosy, =1, the right-hand side becomes:

Al ~ — -1
2\Co T, z_ﬂro S In T [i—l] 6.52
(cosy —cosy )+1(1—1Jcos;/ 2 \Co T2t
o pr2T

When the entry speed is near circular speed, T, = % so the logarithm term in Eq.

(6.52) can be rewritten as:

%%j ~In(2T) = —In(%} 6.53

. 1 1 . .
At and below circular speed, rTa > ] S0 a series expansion for the natural

logarithm takes the form:

;I_—l
= — 1 + .-
2T
~=2T (i —1) 6.54
2T
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Using this in Eq. (6.51) reduces the right-hand side to:

_1[CL].n[T]
2\ C T
T = [((::_LJT 655
(COS}/—COS]/E)—l—ﬂ(ZT—l)COS]/ b
I

0

The left-hand side requires a little more care, since

_r=v 0 -
cosy—cosy, O '

as y — y,. Thankfully, I’Hospital’s Rule can be used to evaluate the expression

in the limit;

Iim( r= T }= ._1 6.57
7=7%\ COSy —COSy, ) Siny
(Technically, the » on the right-hand-side of Eq. (6.57) should be replaced with

7., butsince y = y,, we will leave it as written.) Finally, replacing the right-hand

side of Eqg. (6.51) with Eq. (6.55) and the left-hand side with Eq. (6.57) yields
(when simplified):
-1

T~ 6.58
C.

— | AT

(CDjﬂ ’

This is identical to the corresponding first-order equation (Eg. (5.14)) in Chapter 5

siny =

for the flight-path angle.

Equations (6.47) and (6.58) prove Loh’s second-order solutions will
reduce to the first-order solution for shallow gliding entry. Further, we have seen
Loh’s “constant” G is essentially equal to the constant lift-to-drag ratio in this

situation, giving a physical justification for his empirical observation.
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LOH'S SECOND-ORDER SOLUTION

6.4.2 Medium and Steep Gliding Entry at Near Circular Speed

When the flight-path angle is not small, Eg. (6.36), remains the same. However,

if we ignore the terms multiplied by i, then it reduces to simply:
0

C
COSy —COS 7, :C—L(n—ne) 6.59
D

With the same assumption, Loh’s other second-order equation, Eq. (6.34),

o

These equations correspond to Egs. (5.37) and (5.41) in Chapter 5’s first-order

becomes:

solution to medium and steep gliding entry. Note also, these correspond to setting
Loh’s constant G ~ 0, which means the second-order assumption assuming G is

constant is reasonable.

6.4.3  Steep Skip Entry

In steep skip entry, two terms in Loh’s constant G conspire to make it
1 ey . . .
small: cosy «1 and — <« 1. So, if it is assumed G is small relative to the lift
r0

term in Eq. (6.11), we immediately get a solution for flight-path angle:

COSy —COS ¥, =§—L(77—77e) 6.61
D

If the same assumption (G < 1) is used in Eg. (6.34), we can get a solution for

159



kinetic energy:

vl

e
With some simple rearranging, this becomes:

T —\r-r)
Te & 6.63
C:D

Equations (6.61) and (6.63) are identical to the first-order solutions we found in
Section 5.5 for skip entry. Again in this case, Loh’s constant is G ~0.

It is important to note Loh’s equations are not very accurate for the “pull-
out” portion of a skip trajectory with a shallow entry angle or large amounts of lift
(39:55-59). While Eq. (6.36) appears to give the correct first-order answer of

cosy, =cosy, for n, =n,, when compared to the numerically integrated

solution, Loh’s equations completely miss the oscillatory nature of skip
trajectories. However, the “inbound” portion of the skip trajectory is well-
matched.

6.4.4 Steep Ballistic Entry
By definition, C, =0 for ballistic entry. This, combined with ignoring

the terms multiplied by ﬂi Eq. (6.36) reduces to:
I

0

COSy = COSy, 6.64
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LOH'S SECOND-ORDER SOLUTION

Like in Eq. (5.123) in Chapter 5, Eq. (6.64) above says the flight-path angle

remains essentially constant. However, we can retain a little more accuracy (and

eventually get the answer we want) by keeping the terms multiplied by }'/& :
0

COS y —C0S ¥, = —i(i—lj(l—ijcos;f
B, n

1 1
= 1-— —1.)cos
ﬂroﬂ( oT j(ﬂ 77e) V4 6.65

Turning to Loh’s other equation, Eq. (6.35), and setting lift to zero gives us

- ——llnl 1 (1—ijcos
V=7e 2\ T oT 4 6.66

after some minor simplification. When cos y = 0, we can divide Eq. (6.66) by

Eq. (6.65):
1 (T
—Eln =
Y=re : 6.67
COSy —COSy, n—"1,
We’ve already seen that the terms on the left-hand side can be rewritten as
Y =7 ~ -1
6.68

cosy—cosy, siny

when y = y,. Thus, Eq. (6.67) can be solved as:

I:exp[w}:exp{%ﬂ_—m)}

siny siny,

e
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This is not (algebraically, at least) equal to the first-order solution for kinetic
energy we found in Section 5.6.1 (Eq. (5.132)). Itis, however, the “simplified”
solution we found when we ignored gravity in Section 5.6.2 (Eq. (5.148))! In
Section 5.6.3 we showed this was a good approximation for the “more
complicated” solution found by including gravity. So, have shown Loh’s second-
order solution reduces to the first-order solution for steep ballistic entry.

We can also examine Loh’s constant G in this case. By comparing Egs.
(6.65) and the definition of G

-1 1
G= 1-— |cos
ﬂfoﬂ( ZTJ 4 6.70

we see we can rewrite Eq. (6.65) as:

cosy —cosy, =-G(n-n,) 6.71

Or, if we solve for G:

—(cos y — cos
G= (cosy 7) 6.72

(n-1.)

When the flight-path angle is nearly constant (as it is in this type of entry), G = 0.

Thus, the constancy of G is again explained with physical justification.

6.5 Second-Order Estimate for Maximum Deceleration

If we, once again, assume the drag force is the dominant term in the
tangential direction and lift is dominant in the normal direction, we can write non-

dimensional deceleration terms as:

(adecel )v

0

=2pr,nT 6.73
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LOH'S SECOND-ORDER SOLUTION

(adecel )L (CL j
==2prnT | — 6.74
J G
a c Y
—deeel = 2 81T 1+(—Lj 6.75
0 CD

Since these are all proportional, the maxima occur at the same point in the

trajectory. It will suffice to maximize just one to find that point. In this case, we

d [adecel j
gO _ 0

will solve:

T 6.76
Expanding out the derivative, this becomes
dn
+T.| =L | =0 6.77
7 (de*
with the “*” subscript denoting the value at the critical point of maximum
deceleration. Equation (6.7) can be used to replace (((jj_‘?j :
e+ 7 _g 6.78
2
(In'solving Eq. (6.7) for (3—?] , It was assumed drag forces dominated the
equation.) Rearranging, we get the solution
__siny.
n. = > 6.79
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relating the altitude to the flight-path angle at the maximum deceleration point.

We can use Loh’s Second-Order Solution to relate the altitude, kinetic
energy, and flight-path angle at this critical point. For high-altitude entry, Egs.
(6.35) and (6.37) are appropriate:

- _lm T &Jr# L —1|cos 6.80
=770 T )| e, T prsing. | 2 7 |
cos;xe—(smy*j S
2 )l c,
oSy, = 11 6.81
1+— -1
pr, \ 2T.

Equations (6.79) - (6.81) comprise three equation in three unknowns, and when

solved simultaneously (numerically), T., 7., and y. can all be found. Thus, with
the help of Eqg. (6.75), we have the altitude of maximum deceleration 7., the

velocity at which it occurs "V,> = 2g,r.T., the flight-path angle at that instant .,

and the magnitude of the maximum deceleration itself:

2
(adecel ] — [adecel ] — 2,3"077*1-* 1+ [&J 6.82
% max 9% )« CD

It is left as an exercise to compare these values with the corresponding first-order

estimates.
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LOH'S SECOND-ORDER SOLUTION

6.6 Problems

Computational Insights:

1. For gliding entry from a high altitude into an atmosphere with gr, =910,

graphically compare the first-order, second-order (Loh’s), and the “exact”

solutions for Kinetic energy as a function of altitude and flight-path angle as a

function of altitude. Use the parameters % =0.2, y,=-3.0°, n, =1x10"°,

D

and T, = 0.5 to describe the vehicle and entry conditions. Use the solutions

found in Section 5.2 for first-order theory and those in Section 6.3 for Loh’s
second order solution. Numerically integrate Egs. (6.7) and (6.8) for the

“exact” solution.

2. For a high-altitude ballistic entry into an atmosphere with gr, =910, compare

the first-order and second-order estimates of maximum deceleration for the

two cases given in the table below.

Casel | T,=05 |y, =-1.0

Case2 | T,=0.75 | y, =-85
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Chapter 7

Aerodynamic Heating

7.1 Introduction

The overall focus of this text is to present an understanding of atmospheric
entry from a dynamics point-of-view. As such, we’ve avoided details of the
aerodynamics as much as possible. Unfortunately, aerodynamic heating is one of
the major tradeoffs in designing (or choosing) a reentry scheme, so we can’t avoid
it entirely. The goal in this chapter is to provide a basic understanding of the
thermal problems encountered during entry without delving into the aerodynamic

and heat transfer physics any more than absolutely necessary.

7.2 Fundamentals of Entry Heating

To this point, we’ve only considered particle dynamics, defining the
vehicle completely by C, /C, and C,S/m. The thermal dynamics and thermal
loads experienced are equally important (even though we’ll choose not to study

them in as much detail). When a vehicle enters the atmosphere from space, it has

a tremendous amount of total energy, due to its kinetic energy as well as its

167



potential energy. As the vehicle enters, a shock wave forms ahead of it, creating a
high-temperature region between the shock and body. Further, the relative
velocity of the fluid (“air”) drops to zero at the vehicle’s surface, causing an even
greater increase in the static enthalpy of the fluid. (This is called a “zero slip”
condition.) Thus, the fluid temperature a short distance from the vehicle surface
may be much greater, so thermal energy may be transferred to the vehicle. (The
opposite is also true, of course. If the vehicle is hotter than the surrounding fluid,
energy is transferred out of the vehicle and to the fluid.) Two mechanisms move
energy between the vehicle and the surrounding environment: convection and
radiation.

Convection by energy transport in the boundary layer moves heat between
the fluid and the vehicle. Radiation (radiant heating) moves energy from the hot
gas to the vehicle and away from the hot surface of the vehicle to cooler areas of
the surrounding environment.

Thermal control is a significant design challenge. As Regan notes, the
specific kinetic energy dissipated during entry from low-Earth orbit is on the
order of 10" J /kg (46:135). This is sufficient to vaporize a heat shield made of
pure carbon and equal to half of the initial vehicle mass! A good vehicle design
will divert all but a few percent of this energy to the atmosphere rather than the

vehicle.

7.3 Thermal Protection Systems

Even if only a small fraction of the initial total energy reaches the vehicle
as heat, there can be a significant amount of energy to be dealt with. (A small
fraction of a very large number can still be large!) Thermal protection systems
can be designed to absorb the energy or reject it. (Both methods can be used

simultaneously.)
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AERODYNAMIC HEATING

With heat sinks, a large mass is used to “soak up” heat energy during the
entry. The initial suborbital Mercury capsule design used this approach with a
beryllium heat shield. The larger energy dissipation requirements for the Mercury
orbital flights forced a change to an ablative heat shield. Ablative techniques
absorb the energy and the dissipate (or reject) it through the vaporizing of an
expendable material. Ablative techniques are generally less massive (and more
practical) than heat sink techniques. Figure 7-1 shows two examples of ablative
systems.

The space shuttles (both US and Soviet) use radiative techniques to reject
heat. The skin of the vehicle is allowed to absorb heat (through convection) and
literally become “red hot.” As it heats, energy is lost through radiation. Once an
equilibrium is reached, equal amounts of energy are absorbed and rejected with
the surface maintaining relatively “safe” temperatures. Note, however, the hot
skin must be very well insulated from the rest of the vehicle or else the heat will
be transferred to the rest of the vehicle through conduction. The silica tiles on the

& Photo: ©Hicks l
—

—

Figure 7-1: Examples of Ablative Systems (Yuri Gagarin’s Vostok-1 and a
Raduga Ballistic Return Capsule)
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space shuttle are designed to be just that type of insulating skin. Figure 7-2 shows
the thermal protection tiles on the Soviet shuttle Buran.

Heat sinks are best suited to brief, high-drag entry. Radiative cooling
techniques are better for long, “gliding” entries where the heating rates are
smaller and there is sufficient time for the surface to reach equilibrium. Ablative
cooling offers more flexibility in the entry profile than either of these, but
sacrifices some reusability (30:300-301).

7.4 Heat Flow into the Vehicle

Two of the most important parameters of the entry trajectory (for thermal
analysis) are the total heat input and the maximum rate of heating. The total heat
input is important for scaling the cooling system as well as for determining the
average temperature rise in the vehicle during the entry. The heating rates are a
concern because they impact the maximum instantaneous heat rejection
requirements. Tradeoffs between these two are often necessary. For example,
long flights at high altitude (e.g., shallow, gliding entry) reduce the heating rates

but last longer so the total heating increases.

Figure 7-2: Thermal Protection Tiles on Buran Orbiter
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AERODYNAMIC HEATING

Many authors have already looked at these and formulated empirical,
theory-based, and/or hybrid approaches to estimating each parameter. While the
approaches differ in the numerical factors, range of validity, etc., the basics have
remained the same. For simplicity, we’ll follow one of the earlier formulations by
Allen and Eggers (1; 30:301-305; 58:141-144).

To simplify their analysis, Allen and Eggers made five assumptions:

1. Convective heat transfer is the dominant form of energy transfer and
all radiation transfer can be ignored. This simplification is justified
because most vehicle materials will experience similar maximum surface
temperatures regardless of the shape, so the radiation away from the
vehicle will be approximately the same. Thus, ignoring radiation will not
alter the qualitative results even when comparing relative heating between
types of entry profiles. (It will, however, impact the quantitative results!)
2. Real gas effects, particularly dissociation, can be ignored. For speeds
below 3 km/sec, this is a good assumption. At higher speeds, this is a
conservative assumption resulting in estimates of higher heating rates that
are actually experienced (58:141).

3. Shock-wave boundary-layer interaction can be ignored. This
assumption has been shown to hold under speeds of about 6 km/sec (Refs.
37, 38).

4. Reynolds’ analogy is applicable. Reynolds’ analogy is one of the most
powerful methods for obtaining simple heating estimates (31:81). The
analogy is exact only when the Prandtl number is one (Pr=1), but gives
useful trends for many other cases (58:142). It also has the distinct
advantage of producing a result which contains constants that can be
adjusted to improve the accuracy (when compared to experimental

results).
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5. Prandtl number is one. This allows Reynolds’ analogy to be invoked.

Using Allen and Eggers’ approach, the primary source of the energy input
is assumed to be convective heating from the laminar boundary-lay flow over the

vehicle. Thus, we can equate the heat flux (a rate per unit area) at the wall, g, ,

with the change in total enthalpy across the boundary layer:

S G L
(&)l
(-

where:

*

h'L
Nu, = —— Nusselt number
K

Pr= HCy = Prandtl number
K

x = coefficient of thermal conductivity
L = reference length

h” = heat transfer coefficient of fluid

C, = fluid heat capacity at constant pressure
u = fluid viscosity

7 = absolute temperature

y = distance from wall
2

H :V?+CP°.I = total enthalpy

( )W conditions at wall of the vehicle

(),

conditions at "outer edge™ of boundary layer

@
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AERODYNAMIC HEATING

Total enthalpy is conserved for inviscid flow across the normal shock wave (and
one most certainly will exist), so we can relate the total enthalpy at the edge of the

boundary layer to conditions just ahead of the vehicle’s bow wave:

2

H :szhw-kvi
2

oe

2

=Cel, +— 7.2

The “o0” subscript denotes conditions upstream of the vehicle and its effects and

h, =C,7, is specific enthalpy upstream. For reasonably fast entry into Earth’s

2
atmosphere, C,7, <« (V%j (30:303). Thus, Eq. (7.2) reduces to simply:

Ho =~ —- 7.3

We can regroup the terms in Eq. (7.1) as

Nu H H
i =(pV L H [1-—%|=(pV) St-H_|1-—¥ 7.4
qW (p )oe[Pr.ReLJ oe[ Hoe) (p )Oe oe{ HOE]
where:
St= Nu_ _ Stanton number
Pr-Re,
pVL .
Re, =—— = Reynold's number based on a reference length L

y7;

Reynold’s analogy for laminar boundary layers lets us approximate the Stanton

C
number in terms of an average skin friction coefficient ¢, as St = ?f Using this and
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Eq. (7.3), the relationship for the heating rate at the wall becomes:

. Cf 2 HW
=—(pV) V' |1-—2
Qw 4(,0 )Oe w( H ] 7.5

oe

Forus,V, =V, ~ "V and i,

< 1, so we arrive at the simple, albeit approximate,

oe

equation for the rate at which heat (per unit area) is transferred to/from the vehicle:

.1
Gy =>Cp "V’ 7.6
4
Notice that this energy flux is independent of the vehicle temperature. This flux
is an average for the vehicle. There will be, in all probability, areas on the
vehicle with higher and lower values for ¢, than those predicted by Eq. (7.6).

It is well known that for any blunt body the bow wave shock (Figure 7-3)
is detached and a stagnation region exists on the vehicle at the “nose.” Stagnation
heating at this point on the body can be approximated by

K

ds R

where R is the radius of curvature for the forward portion of the vehicle, K, n,

p VT 7.7

and m are constants (Refs. 31, 43, 58). K, n, and m can be adjusted to reflect
laminar or turbulent flow as well as to match observed data. For our purposes, we
will limit ourselves to laminar, incompressible flow behind the shock where the
values n=1/2 and m = 3 are characteristic. If we slightly redefine the constant

in Eq. (7.7), we arrive at the relationship:
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Figure 7-3: Detached Shockwave Forward of Blunt Body

As usual, the “0” subscript denotes our reference point (which, more often than

not, is the atmospheric entry point). The stagnation point is a “local” point, so ¢

can be appropriately termed a “local heat flux” or “local heating rate per unit

area.” Since the stagnation point tends to be the “hot spot” on the vehicle, d,

often represents the maximum heat flux into the vehicle.
Integrating the average heat flux over the vehicle surface gives us the total

heating rate (power input) to the body

0= [ an-Le,An
surface

where A is the total surface area of the vehicle. Equation (7.9) can be integrated
for the duration of the atmospheric entry to find the total energy transferred into
the vehicle.
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When integrating Eq. (7.9) to find the total energy transfer, it will be
easier to change the independent variable to our kinetic energy variable T. Begin
with Eq. (4.24):

d pC_ SRV 2 nY .
=—(V)= -2 — g, |2 sin
dt( ) om 9 . 4 7.10
During the time when heat transfer is significant, drag is significantly larger than
the tangential component of gravity, so the second term can be ignored relative to

the first term:

d pC,SRV?
a( )— D2m 7.11
Substituting "V :,/ZQOrO\/'F and simplifying yields:
da 1 1
dT 229,15, 7% 12

This relationship can be used to change the independent variable in Eq. (7.9) to T:

dQ _dQ dt
dT  dt dT

1 1 1
=| =c p VA - .
[4Cf/0 j( 25 ,—Zgoro UT%J 7.13

This reduces to the simple relationship:

dQ _ (CGAY m
o [ 5 ](CDS](goro) 7.14
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This equation is separable and can be immediately integrated to give the total heat
transfer to the vehicle:

oFherr

Integrating from the entry conditions gives the net heat transfer for the entire

trajectory up to the point of interest:

(2o

Te

:_(%J(%J(goma -T,) 7.16

Equation (7.16) gives us a somewhat expected answer — the heat transfer to the
vehicle is directly proportional to the change in kinetic energy during atmospheric

entry. For simplicity, AQ will be written as simply Q for the remainder of this

text.

7.5 Non-Dimensional Heating Equations

Like in the earlier chapters, the equations we found in Section 7.4 can be
written in terms of non-dimensional variables. By doing this, we can better focus
on the trends in the heating relationships without having to sort through the
vehicle- or atmosphere-specific characteristics. Since our heating equations are
very approximate anyway, we are more interested in the qualitative results rather
than the quantitative results.

Inserting our definitions for kinetic energy

1( "v?
T==
Z(QOrO] 7.17
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and altitude »

SC
:_’Zm; 7.18
into Eqg. (7.6) and simplifying, we get:
5 %
Qy = x/_mﬂ(goro) C (UT%) 7.19
SC,

. . 3. - :
The non-dimensional group of terms UTA is free of characteristics of the vehicle

and the atmosphere. In effect, it describes the general nature of the heat transfer

per unit time per unit area at the vehicle surface (wall). So, we define

N 3
0y = UTA 7.20

as the non-dimensional heating rate per unit area (i.e., heat flux) at the wall.
Remember, G, is an “average” value, not specific to any particular point on the
vehicle.) The surface heat flux “profile” can be determined once the appropriate
relationships for 7 and T are substituted into Eq. (7.20). These relationships

describe the characteristics of the entry trajectory; therefore, they dictate the
atmospheric heating experienced!

Similarly, we can write the stagnation heat flux (Eq. (7.8)) as:

4k [m_/ff (7%)

g = JR\sC. 7.21
If we define @, to be the non-dimensional stagnation heat flux, then
o k[ mp )R
s \/ﬁ SCDpo s 7.22
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where:
G =7/ 7.23

As with the surface heat flux, a stagnation heat flux “profile” can be found once

the trajectory is described by providing solutions for 7 and T .
Finally, we can form an expression for a non-dimensional total heat
transfer variable Q. To do so, we can simply divide Eq. (7.16) by an appropriate

constant (with energy dimensions). Choosing that constant isn’t quite as obvious,

because two logical choices come to mind. These are the initial kinetic energy at
entry, %m V72, and the “reference” Kinetic energy using the same reference point
as we’ve used in forming our other non-dimensional terms in earlier chapters,

%m VAR % mg,l, . We’ll choose the latter because it simplifies the algebra later.

(And, quite often, the reference conditions are the entry conditions!) Thus, we

write:

— AQ C/A
Q= =—( J(T -T,) 7.24
;mRVOZ CpS

At times, we will find it more helpful to leave Eq. (7.24) a little “less simplified”

5__ AQ Ci A 9ok
Q= :_( J{ 0 g](T -T.) 7.25
mAV2 C,S 7V,

as:
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7.6 Heat Transfer for Various Entry Profiles

In Chapter 5, we found several first-order trajectory profiles which we can
use to begin examining the heat transfer during atmospheric entry. In this section,

we will examine several of those.

7.6.1 Shallow Gliding Entry

In Section 5.2, we examined atmospheric entry where the vehicle produces
enough lift to maintain a hypersonic glide at small flight-path angles for extended
periods. For this shallow gliding entry, we derived an expression for kinetic

energy as a function of altitude. This relationship was:

T = 1 7.26

fonfg]

Immediately, we can write the total heat transfer to the vehicle during the

entry trajectory as

Q Z—(gLQJ(Tf _Te) 7.27

where T, and T, denote the final and entry kinetic energy, respectively, found by

evaluating Eq. (7.26). If entry begins at high altitude (7, = 0), and nearly circular

speed (T, z%), then this can be written as:

= C/A - 1
Qi =- cs (f—zj 7.28
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The limiting case for this type of trajectory is entry at high altitude and flight until
T, =0 (oratleastuntil T, <T,). Thus:

(jf"mh :l CA 7.29
2\ C,S

(jfl represents the total energy (heat) transferred to the vehicle during entry. To

imit

minimize this total, the skin friction and exposed surface area (“wetted area”) can

reduced and/or the drag quantity (C,S) increased. Taken together, small (cf A)

and large (C,S) is equivalent to saying that a blunt vehicle will minimize the

total heat absorbed.
The average heating rate per unit area (heat flux) is given by Eq. (7.20).
Solving Eq. (7.26) for
y = 1-2T
C
2P LT
prl g

D

7.30

and substituting into Eq. (7.20) yields the heat flux as a function of kinetic energy:

_ %
Oy = UT% = % 7.31

C
20r | =&
NE

D
Alternatively, we could have found the flux as a function of altitude:
%

1
q, =7 7.32

FondE]
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Figure 7-4 shows this heat flux as a function of altitude for an Earth-like

atmosphere ( Sr, =910). Notice that it only takes a small amount of lift can

dramatically decrease the peak flux experienced.

< 1-10° T T T T
8 _
>
= -1
=
< i
© i
C
il i
2]
C
[} 1. .
£ i
Q
c 1. -
O 6 1 1 1 1
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Average (Wall) Heat Flux Term T 3
e
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i o1
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e

Figure 7-4: Average (Wall) Heat Flux for Shallow Gliding Entry at Near
Circular Speeds
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The maximum value of @, is important in analyzing the peak “average”

heat load the vehicle thermal system will need to handle. It is easiest to find the

point at which this maximum occurs from Eq. (7.31). Solving

gives the kinetic energy where the maximum occurs:

This has the surprising result of being independent of vehicle characteristics!

aq,

dT

T*

The corresponding maximum is

and occurs at an altitude of

and velocity of :

=0

1

7.33

7.34

7.35

7.36

7.37
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Similarly, the stagnation heat flux profile can be found using Egs. (7.23),
(7.26), and (7.30). In terms of kinetic energy the profile is

b
qs=77%T%= 1_22; T 7.38
2pr | —-
ﬂo(cbj
and in terms of the altitude it is:
1 %
-~ 7 C,
= 1+28rn| — 7.39
=il e

This is plotted in Figure 7-5.

The maximum stagnation flux g, is useful for estimating the peak heat

load the vehicle thermal system will need to handle (albeit over a small area).

Solving

=0 7.40
gives the kinetic energy where the maximum occurs:
1
T.== 7.41
3

As before, note that this value is completely independent of vehicle

characteristics!

184



AERODYNAMIC HEATING

w

i
o [ 1=
o © B o 9
2 [ [ o t=1

1 ]

._\

o

ol
w

._.

o

e,
o

H

o

ol
o

Non-dimensional Altitude, 7

1
o

._\
s
o

w

-

s
N

o 2 o 9
- = © 8
I I

o
o
=4

T

w

1410

6 1 1 | |
0 0.002 0.004 0.006 0.008 0.01

Non-dimensional Altitude, 7

Stagnation Heat Flux Term &7

Figure 7-5: Stagnation Heat Flux for Shallow Gliding Entry at Near Circular
Speeds

The corresponding maximum is

7.42
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at an altitude of

. 1
= ————— 7.43
C
281, —&
IB ’ (CD j
and velocity of :
VARG

[g,r, 3 7.44

Comparing Egs. (7.36) and (7.43) reveals the point of maximum
stagnation heat flux occurs earlier (higher) in the entry trajectory than does the
point of maximum average heat flux. Similarly, Egs. (7.35) and (7.42) confirm
the stagnation heating is, under realistic conditions, larger than the average
heating. Figure 7-6 combines both heat flux terms for a representative entry
trajectory.

The maximum heating fluxes and where they occur during shallow gliding

entry are summarized in Table 7-1.
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Table 7-1: Points of Maximum Heat Flux for Shallow Gliding Entry

A, d,
! 1
i C
Maximum Value 361, | L 3 [6pr, C.
CD CD
- L L
6 3
2 1
" i (C} 2pt [Cj
D D
AL 3 fe
%o 3 3

7.6.2 Medium and Steep Gliding Entry at Near Circular Speed

We examined medium and steep gliding entry at near circular speeds in
Section 5.3. In that section, we found the kinetic energy in terms of the flight-

path angle and the entry conditions:

7.45
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The flight-path angle, in turn, could be written in terms of the altitude and entry

conditions:

COSy —CO0S7,
=——F~ T 7.46
S
[CD J
For high-altitude entry, 7, =~ 0 and this is simplified:
COSy —COS Y,
n=——;:r~ 7.47
Co
(CDJ

With the aid of Eq. (7.24), we can formulate the total heat transfer to the vehicle

as

= C/A 2 Vi =7e
Q, :( fSJTe 1—exp —u 7.48

where the final flight-path angle y, is found by solving Eq. (7.47) at the final

_cost| [ o
7o =cos”|| k| +cosy, 7.49
D

Care should be taken when solving this inverse cosine to insure the angle found

altitude:

satisfies the physical requirement:

7¢ <0 7.50

Unlike for the case of shallow gliding entry, we can’t assume T, =0 in

order to find a limiting value for Qf . With steep entry angles, it is entirely

188



AERODYNAMIC HEATING

possible the vehicle will impact the ground before the kinetic energy is
significantly decreased from its entry value. We can, however, see from Eq.
(7.48) that blunt bodies appear to reduce the total heat absorbed. It is left as an
exercise to prove if that is actually the case.

Turning to examining the heating rates, we can start with the average wall
flux, given by Eq. (7.20):

% _ _
CTWZUT%Z T,/2(cosy —cosy, ) exp 3(r-7.) e
Co
o

<)

Figure 7-7 plots Egs. (7.47) and (7.51) simultaneously for an Earth-like

atmosphere. While the plots are for y, =—-90°, the basic shape and trends are the

same for less steep entry. (In the figure, the curves end abruptly for larger values
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Figure 7-7: Average (Wall) Heat Flux for Steep Gliding Entry at Near Circular
Speeds (High-Altitude Entry)
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of C_/C, because there is sufficient lift to increase the flight-path angle from »,

to zero. When the flight-path angle reaches zero, the curve stops because the
vehicle begins to climb.)

The point where @, is a maximum is found in terms of the flight-path
angle by solving:

da, _ g 7.52

Taking this derivative and equating to zero doesn’t give us as simple of a solution

as in the previous section. Instead, we need to solve

to find y.. Equation (7.53) can be solved numerically, or with a little work, a

siny, + (cosy.—cosy,)=0 7.53

“simplified” closed-form solution can be found:

2
(CLJ—\/(CLJ +9sin®y,
Co Co

3(1+cosy, )

v, =2tan™"

7.54

The numerator in the arctangent is negative, so the principle value of the will have

the proper sign (7. <0). Once y. has been found, the corresponding kinetic

energy is found with Eq. (7.45):

2
T. =T, exp| -

;—L 7.55
Co
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Using the definition of our kinetic energy term in this, we can write the relative
change in velocity from entry to this point as

" = exp —(7/*_7‘*) 7.56
: Co
CD
Equations (7.47) and (7.53) combine to give the corresponding altitude:
sin y.
= ———— 7.57
T

Finally, the maximum value for the average heat flux at the vehicle surface
(“wall”) can be computed:

Following the same process, the stagnation heat flux is written as

G,=nT"
b

1% (cosy —cosy,) 3(r-7.) 7.59

= exp| -
6 c. P
CD
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in terms of the flight-path angle. Figure 7-8 shows the altitude/stagnation heat
flux relationship found by evaluating Egs. (7.47) and (7.59) simultaneously (with

7. =—90"). The maximum stagnation flux dsk is again found by solving

%:O 7.60
dy

for the critical flight-path angle 7. . In this case, the equation to be solved for y.

is:
. 6
siny. +——(cosy.—cosy, ) =0 761
CL
Co

<
(5}
S
>
= §
o

L >L_05 c Co_ ZL_66 : _
T 0.1 Co —t=1 S 3 C, - —
c o _—
i) _—
@ gof — -
o —

~
£ _
Q110 -
5 Br. =910 90°
= y }/ = —
Z . 0 e
110 | | | |
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Figure 7-8: Stagnation Heat Flux for Steep Gliding Entry at Near Circular
Speeds (High-Altitude Entry)
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Or, similar to what we found earlier, we can solve for y.:

2
(CL]—\/{CLJ +36sin’y,
CD CD

6(1+cosy,)

7. =2tan™

7.62

(Again, this shows us the proper value of the flight-path angle is negative.) The

maximum occurs at an altitude of:

N = 7.63

T.=T, exp _2re=r) - 64
c, .
<)

E _ _(7* —J’e) 7.65

appear to be the same as Egs. (7.55) and (7.56). However, the value for . in

these equations will be different when identifying the point of awmax (Egs. (7.54) -

(7.57)) and dsmax (Egs. (7.62) - (7.65)).
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Using these expressions in Eq. (7.59), we can express the maximum stagnation
heat flux as

once we’ve found ..

Comparing Egs. (7.57) and (7.63) does not readily tell us which heat flux

occurs first because the value of y. is computed differently in each equation. The

relative magnitude of the maximum fluxes isn’t evident from Egs. (7.59) and
(7.66) either. These comparisons are left as an exercise.
The maximum heating fluxes and where they occur during medium and

steep gliding entry are summarized in Table 7-2.

7.6.3 Skip Entry

We examined skip entry in Section 5.5. In that section, we found the

kinetic energy in terms of the flight-path angle and the entry conditions:

2y —

“20r=n) 7.67
Co
CD

Similarly, we found the relationship between flight-path angle and altitude:

T=T,exp

COSy —COS ¥, :%(n—ne) 7.68
D
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Table 7-2: Points of Maximum Heat Flux for Medium and Steep Gliding Entry

3 R .
Maximum Teé sin y. ex 3(7/* —7/e) y( siny. % S(y*—;/e)
—eXp| ————— T2 - exp| ———=—
Value 3 [CL j

CD
T. T, exp A=) T,exp 2r-r)
Co Co
CD CD
sin y. _sin ;/*
i 3

(cosy.—cosy,)=0 | siny.+ (cosy.—cosy,)=0

RV* exp _(7*_7/9) [ 7/ ]/e

v,
i siny. + 3 6
Vs g;ven * [CLJ (CL
CD D

At the end of a skip, we found y, =—y,, so we can write the final kinetic energy

(after one skip) as:

T, =T, exp Ve 7.69
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Thus, using Eq. (7.24), the total heat transfer during each skip is:

Co

— c.A 4y
Q; =—| —— |T,1exp| —=<|-1 7.70

To study the heat transfer during multiple skips, let T, and T, be the

initial (entry) and final (exit) kinetic energies, respectively, during the i skip.
Then, the total heat transfer during n passes into the atmosphere is the sum of that
generated in each skip:

_ Ao
Qi = _((C:f S ]Z(Tf. _Tei) 7.71

Using the equations in Chapter 2 for the orbital portion between atmospheric

encounters, we can find the relationship between T, and T, . Or, we can accept

from the symmetry of the orbit that

T =T 7.72

and:

Qflotal =T C

=- (Tfn —Tel) 7.73

Thus, the overall heat transfer during multiple skips looks identical to what we
found for shallow gliding entry (Eq. (7.27)) -- simply proportional to the

difference in initial and final kinetic energy. If the skip entry is followed by a
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shallow glide, we can “steal” the result for the limiting (maximum) total heat
transfer from Section 7.6.1:

— C/A
QfIimit = CDS Tel 7.74
Or, when the initial entry speed is near circular:
— c.A
Qs L& 7.75
me2{ CpS

Looking at this equation, we can see a blunt vehicle will minimize the total heat
absorbed.
The heat flux equations are easily found at this point. First, solve Eq.
(7.68) for n:
_ COSy —C0sy, n,
<)
Cp

Then, compare our solution skip entry (Egs. (7.67) and (7.76)) with what we

7.76

found for steep gliding entry (Egs. (7.45) and (7.46)). The equations are the same
(albeit, for dramatically different reasons); therefore, we’ll have the same results
for the flux rates, maximum flux rates, and critical altitudes! There is no need to
repeat the derivations.

Plots of the heat fluxes are similar to those in the previous section, except

that the flight-path angle can be assumed to run the range y, — —y, during the

skip. Also, since there is no requirement for the entry to be steep, we need to look

at the heating at various entry angles in addition to with various C, /C, values.
Figure 7-9 shows the heat fluxes for an extremely steep (7, =—-90°) skip entry
with three lift-to-drag ratios. Note that for C, /C, = 0.1, there isn’t enough lift to

“pull out” of the dive. Figure 7-10 shows the same information for a shallow
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Figure 7-9: Heat Flux for a Steep Skip Entry (High-Altitude Entry)

(7. =-5") skip entry. In it, all of the calculated trajectories are able to complete

the skip. By comparing the two plots, we can observe that more lift and less steep

entries result in lower heat fluxes. (What isn’t shown, however, is the total heat
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Figure 7-10: Heat Flux for a Shallow Skip Entry (High-Altitude Entry)

transfer to the vehicle and the final kinetic energy remaining to be dissipated!
Both may be important in the trajectory selection.) Table 7-3 summarizes the

critical values for heat fluxes.
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Table 7-3: Points of Maximum Heat Flux for Skip Entry

qw* qS*
3 H -
Maximum _Teésln;/,, _3(7/*—7@) T%( Slny*j%exp ——3(%_}/9)
Value 3 [CLJ e 6 (CLJ
Co Co
2(pe— 2(v. -
T. T, exp 2ror) T, exp 2--r)
Co Co
Co C,
sin y. smy*
" 3
V. exp| -7 y 7e
Vv, [N
CD
. 3 . 6
y, given | SINys+ c (cosy.—cosy,)=0 | siny.+ c, (cosy.—cosy,)=0
y [CD D

7.6.4 Steep Ballistic Entry

The next trajectory type of interest is that of steep ballistic entry. We first

examined this type of entry back in Section 5.6. Before looking at the more

precise solution we found, it is helpful to look at a somewhat simplified analysis.
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7.6.4.1 Steep Ballistic Entry, Ignoring Gravity

We've already shown (in Section 5.6.2) that we can find a somewhat
“simplified” approximation for steep ballistic entry by ignoring gravity. As a first
analysis, we will use that solution to solve for the heat transfer during these types

of entries. The solution was

COSy = CO0S 7, 7.77
(more precisely, y =y,) and:
2 —
T =T,exp [M} 7.78
siny,

In this case, we’ll write the total heat transfer slightly differently by using Eq.

(7.25)
~ (A g, 2(n; -n,) _
Q; _(CDSJ(W]{R eXp[—sinye }—Te} 7.79

which, with some simplification, this becomes:

_ c A 2 2(n; —n,
Q; ! . exp —(m 77) -1 7.80
2( C,S )\ 7V, siny,
When entry is from a high altitude, Q, can be reduced further to:
2
— c.A 2
Q _ LAYV, exp| =1 |1 7.81
2\ C,S LRV, siny,

Two different and distinct “classes” of steep ballistic entry are represented by Eq.
(7.81).
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When the vehicle has a “relatively” small mass,

_ P SCp

= >1 7.82
7+ 2mp

after it has descended into the appreciable atmosphere. Thus, for “light” vehicles,

2,
siny,

>1 7.83

and the exponential term in Eq. (7.81) approaches zero and the total heat transfer

Q e . 2 7.84
IR Y '

Note that this is mathematically equivalent to assuming T, < T, or T, = 0in Eq.

is simply:

(5.26). Both of these conditions are representative of what actually happens for
light entry vehicles. Equation (7.84) indicates the total heat transfer for these
vehicles is minimized with blunt geometries.

For a “dense” (and likely more massive) vehicle,

SC
=P g 7.85
2mp
and:
2
- i <1 7.86
siny,

In this situation, the exponential term in Eq. (7.81) can be approximated with the
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first few terms of a Taylor series expansion:

exp[ _277f le—i— _277f 7.87
In turn, the expression for total heat transfer during the entry becomes
5 1 CAN RV, ’ 21,
20 Cs LYY, ) sing,
L PiCiA [V, 2
2mpBsiny, |V, 788

for dense vehicles. Equation (7.88) indicates the total heat transfer for these

vehicles is minimized when the surface friction ¢, and “wetted” area A are small

and the mass is large. (“Small” surface area and “large” mass are seemingly
logical characteristics of “dense” vehicles.)
Substituting Eq. (7.78) into the definition of the average wall heat flux, we

can get an expression for the flux at any point in the trajectory:

q, = nT% =T ’nexp [M} 7.89
siny,

Or, when entry is from a high altitude, this becomes:

- 3
Qw :T93/277 exp[ . U j 7.90
sSiny,

Figure 7-11 plots this relationship.
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Figure 7-11: Average (Wall) Heat Flux for Steep Ballistic Entry Ignoring
Gravity (High-Altitude Entry)

When this expression is maximized with respect to (non-dimensional) altitude,

dﬂ:Tj/z {exp[ _377* j+ _377* exp[ _377* H:o 7.91
dn siny, ) siny, siny,

and solved, we find the altitude for maximum average wall heat flux to be:

__siny, 7.92
3

Of course, this is achieved only if 7. <7, ; i.e., the vehicle does not impact the

planet first! The corresponding Kinetic energy at the critical altitude given in Eq.
(7.92) is found by evaluating Eq. (7.78):

T
T.=—=53 7.93
e

204



AERODYNAMIC HEATING

Notice that this kinetic energy (and, hence, the velocity) is completely
independent of vehicle characteristics! Finally, the maximum flux rate can be
evaluated using the values in Egs. (7.92) and (7.93):

_ -T¥siny,

7.94
e 3e

This maximum flux (and its corresponding altitude) was shown in Figure 7-11.
Turning to the stagnation heat flux, we can get an expression for the flux

at any point in the trajectory by using Eq. (7.78):

g, ="’ T¥ =179 exp{—gw _77")} 7.95
siny,

Or, when entry is from a high altitude, this becomes

- 3
G, =T n" exp(—_ U J 7.96
siny,

and can be seen in Figure 7-12. When this expression is maximized with respect
to (non-dimensional) altitude,

- 12
di:Tf/{ 1]/2 exp[ _377* J+ 3_,77* exp[ _377* H:o 7.97
dn 2n. siny, ) siny, siny,

and solved, we find the altitude for maximum stagnation heat flux to be:

6

*
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Figure 7-12: Stagnation Heat Flux for Steep Ballistic Entry Ignoring Gravity
(High-Altitude Entry)

(Again, this is possible only if 7. <7,.) The corresponding kinetic energy at the
critical altitude given in Eq. (7.98) is found by evaluating Eq. (7.78):

T. T, 7.99

= 3

As with the critical kinetic energy for the average wall flux, this critical Kinetic
energy is completely independent of vehicle characteristics! The maximum
stagnation flux rate can be evaluated using the values in Egs. (7.98) and (7.99):
g, =T —snye 7.100
6e

The maximum stagnation heat flux (and its corresponding altitude) was shown in

Figure 7-12. The critical heat flux values for this type of entry are summarized in

Table 7-4.
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Table 7-4: Points of Maximum Heat Flux for Steep Ballistic Entry Ignoring Gravity

T, q.,
Maximum ~T¥%siny, 42 [—siny,
—L ST T
Value 3e ¢ 6e
Te Te
T. IRE R
siny, _siny,
i 3 6
V. J2T, J2T,
9ulo e]/3 (:,‘J/6

7.6.4.2 Steep Ballistic Entry, Including Gravity

The previous section looked at steep ballistic entry while ignoring gravity. In
Section 5.6.1, however, we found a “better” solution for steep ballistic entry
which included gravity. (It was better in the sense it used one less simplifying

assumption.)

It was:
T(a) =£[Teﬁroeae —Ei(a, )+ Ei(a)} 7.101
A,
where:
-2
a=—"1 7.102
siny,
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We can use this solution to examine this type of entry again, but with gravity
included this time. As before, we’ll write the total heat transfer by using Eqg.
(7.25):

Q, = —(é;':j( g\"/:g J{;: [Teﬂroe“e —Ei(a, )+ Ei(azf )} —Te} 7.103

Unfortunately, we can’t simply assume entry is from a high altitude and blindly

substitute 7, ~ 0 this time because 7, ~0 means ¢, ~0 and Ei(0)=—-w! To

proceed, we need to take a look at the exponential integral more closely for high

altitudes.

In the range of (about) 0< ¢, <0.37, Ei(«,) rapidly becomes finite and
small; indeed, |Ei(0.1) <1.65. (Ei(,) becomes positive for &, >0.373.) At
the other end of the trajectory, Ei(ozf ) will become large compared to Ei(«, ).

By the time «, >3.8, Ei(af)>17. In light of these observations, it is

reasonable assume for entry from high altitude we can make the approximation:
—Ei(a, )+ Ei(ocf ) ~ Ei(ozf ) 7.104

Implicit in this approximation is the requirement that the initial entry isn’t from a

“hard vacuum” or else o, =0 and Ei(e,) =—cc. This is not overly restrictive

since very little (relatively speaking) aerodynamic heating occurs in the thinnest

parts of the atmosphere for most planets. Equation (7.103) is then reduced to

_ CA N g,r N e’ .
g, :_(CLSJ[ R\O/O(Z)]{Te [e ( )_1}+ 7 El(ozf )} 7.105

after some rearranging. This can be simplified even more.
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The last term in the bracket is very small compared to T,. The portion due

Ei(af) . - 1
———= is small as shown in Figure 7-13. Further, ﬂ_r«l for most
e’ 0

to altitude

atmospheres of concern, so the entire term can be safely ignored for our purposes.

Replacing T, with its definition, we can simplify our expression for the total heat

transfer during entry:

I

If « isreplaced by its definition in Eq. (7.106) and a negative sign factored out,

e I

we have:

0.8 T T T T

0.6 - —
Ei(af)
ar 04 —
e

0.2 M —

0 l l l l

0 2 4 6 8 10

Figure 7-13: Relative Magnitude of Exponential Terms
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This is identical to what we found for the total heating when we ignored gravity
(Eq. (7.81)), so we can immediately conclude

_ A ?
Q; L GAN N 7.108
2( C.S LRV,
for “light” vehicles and
9, ~— PiC A [V, i
T 2mpsiny, | 7V, 7109

for dense vehicles.

The average wall heat flux for this type of entry is simplest when written

in terms of « since we have both 7(«) and T («):

. o %
q, = UT% = (—aszln e j{;ro [Te,b’roe”’e —Ei(e, ) +Ei ((x)}} 7.110

But, for those that like consistency, T, can be written in terms of 7 also:

o
=
|

, 3
n
- . siny, {Teﬂro exp[ __277e j_ Ei [ﬁj + Ei [ﬁ)} 7111

B, siny, siny, siny,

Unlike for the other entries studied in this chapter, we cannot easily remove the
Ay

requirement to pick an initial kinetic energy by plotting T
T,/?

versus 7. (Notice

how it doesn’t factor out of the brackets in Eq. (7.111).) It can be shown,

; versus 7 are relatively insensitive to the specific value
T 2

e

however, that plots of
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of T, used for any given (steep) entry angle .. Similarly, we must select a
nonzero value for 7, to avoid the singularity in Eq. (7.111). Figure 7-14 shows

the typical trends of the wall heat flux for steep ballistic entry with gravity
included.

Maximizing @, with respect to  (using Eq. (7.110)) leads to solving

[Teﬂroe”’e —Ei(a,)+Ei (a*)}(l— 3(;* ] +ge"‘* =0 7.112

*

. -, sin . : . .
to find a.. Inturn, n. :% gives the corresponding altitude. (Note, this

altitude could have been found directly by maximizing Eq. (7.111) with respect to

=
o

[N

o
-
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e

Figure 7-14: Average (Wall) Heat Flux for Steep Ballistic Entry Including
Gravity (High-Altitude Entry)
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n, but that is left as an exercise.) Evaluating T (a*) and simplifying with the aid

of Eq. (7.112) gives us the kinetic energy

Th=——Fr———< 7.113

and velocity:

A 2

= 7.114
e

In writing Egs. (7.113) and (7.114), we have assumed «. > %. Interestingly, for a

large range of initial conditions, «. is very close to violating this mathematical
constraint! Based on these two equations, that would imply this heating

maximum is very near a velocity maximum. Finally, the maximum flux g, can

be assembled

. 3 -, sin 1
Ow. = *Tﬁ =( 7"] 7.115
+ o]
0 * 3
and was shown in Figure 7-14.
Finding and maximizing the stagnation heat flux is only slightly more

difficult. Beginning with

i NV2 [ a %
q, =nVT¥ :( OtSZIn 7‘*) {eﬂr [Teﬂroe“e —Ei(a, )+ Ei(a)]} 7.116
0
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and maximizing with respect to « leads to solving

| T.Are" ~Ei(a,)+ Ei(a.) [(1-3a.) +36“ =0 7.117

. -21. . . .
to find a. = — - \where q, reaches its peak value. Representative plots for the
siny,

stagnation heat flux are shown in Figure 7-15.
Equations (7.117) and (7.101) combine to give the corresponding Kinetic

energy at the point of maximum heat flux:

T.=—-—7-— 7.118

=
o

[N

o
[
T

Ye=-90" 4

0.01

Maximum Flux, q_s*

/ pBr, =910, 7, =1x10"*

—4 | | | | | | | |
0 0.03 0.06 0.09 0.12 0.15 0.18 0.21 0.24 0.27

. 0,
Stagnation Heat Flux Term 3
) AA

Figure 7-15: Stagnation Heat Flux for Steep Ballistic Entry Including Gravity
(High-Altitude Entry)

Non-dimensional Altitude, 77
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Similarly, the velocity is:

b
Ve _ 2 7.119
oy |
| a.—=
B, 3
Note, Egs. (7.118) and (7.119) require «. > % in order to be valid. The
maximum value itself is:
%
. —a.siny V2
q. = 77}/21% :( a*smyej ! 7.120
2 1
il

Table 7-5 summarizes the critical values for wall and stagnation heat

fluxes for the steep ballistic entry when gravity is included in the analysis.
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Table 7-5: Points of Maximum Heat Flux for Steep Ballistic Entry Including Gravity

0., a,
% %
Maximum ( a*sin;/ej 1 —oc,uc,iny/e]}/2 1
Value 2 2 2 1
Lo —= | o=
/ °(“ 3) / °(“ 3)
1 1
A
3
—a.siny, —a.siny,
" 2 2
% %
V. 2 2
) ( )
Py | a. Bro| o~
3
T.pre® —Ei(a,)+Ei(a. a
a. given [ Py () + Ei( )} [Teﬂroee— )+Ei a'*}
by .(1_3;‘* +3ev 20 (1- 305*) 3% =0
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7.7 Problems
Material Understanding:

1. Starting with
2
LYLVE _PCSVE
dt
show that:
dt 1 1

dT  2p\2g,1, 417

2. Equation (7.48) gives the total heat absorbed by the vehicle during gliding

entry at medium and steep entry. If you are free to tailor the vehicle, what can

be done to minimize Q, ? ldentify at least two characteristics of the vehicle

and/or the entry conditions that appear to result in less overall heat transfer.

Why do you suspect they reduce Q, ?

3. Starting with Eq. (7.52), show that the solution for the flight-path angle at

which the maximum wall heat flux ciw* for medium/steep gliding entry is

given by Eq. (7.54).

4. lsit possible for @, to be larger than G, for any given steep ballistic entry?

Use the simplified solution ignoring gravity (Section 7.6.4.1) to justify your

answer.
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In Section 7.6.4.2, we found the altitude 7. corresponding to the maximum
average heating flux @, for a steep ballistic entry (with gravity included). We
did this by maximizing Eq. (7.110) with respect to « and then finding «. to
get eventually get 7.. Show that you can find this “critical” altitude directly

by maximizing

5 %
n
G, =7 _ \SIe) {Te,b’r0 exp[ 27, ]— Ei [—_2776 ]+ Ei [—__277 ﬂ

siny, siny, siny,

with respect to 7 and solving for 7. directly.

Beginning with

. V2 ., %
G, =T = (‘“Z” “j {; [T.pre" ~Ei(a,)+ Ei(aﬂ}

show that maximizing g, with respect to « leads to solving
| T.Are"™ ~Ei(a,) +Ei(a.) |(1-3a.) + 36" =0

for a..
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Computational Insights:

7.

10.

In Problem 1 of Chapter 6, a gliding entry was solved using first-order,
second-order, and numerical integration methods. Those solutions can be

used to plot the heat flux rates for the trajectories. Plot altitude 7 versus

C_%m and %3,2 for each of the three solutions.

Over a range of steep entry angles, compare the timing and magnitude of the

maximum heat fluxes experienced during gliding entries. Use C, /C, =1 for

simplicity.

Sections 7.6.4.1 and 7.6.4.2 derived solutions for heat flux rates for steep
ballistic entry without and with gravity (respectively) in the analyses. Using

at least four different sets of initial conditions (T,, y,), make plots of T
versus 77. (Assume an Earth-like atmosphere with gr; ~910.) Show the

solution curves for both analyses on each plot. How similar are they in peak

values? How similar are the estimates of the altitude of that peak?

a,
%

e

Demonstrate the assertion on page 210 that plots of Versus rnare

relatively insensitive to the specific value of T, used for a given entry angle in

steep, ballistic entry (including gravity). Pick at least four values of T, and

q
%

e

plot versus 7 for results. (Assume an Earth-like atmosphere with

pr, ~910.)
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11. Is the assertion in Problem 10 valid for Mars ( £r, ~ 350) and Jupiter
(pr, =3000)?
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Chapter 8

Entry Corridor

8.1 Introduction

For a given vehicle (or object), there is a fairly restrictive set of conditions
which must be met to ensure it survives atmospheric entry. The two most obvious
restrictions (deceleration and heating limits) were discussed in Chapter 5 and
Chapter 7. The entry conditions and, in most situations, the vehicle design will
dictate the maximum deceleration and heating that will be encountered. If the
entry angle is too steep at its entry speed, the vehicle will be destroyed by
dynamic and/or thermal loads. If it is too shallow, the vehicle may simply pass
through the upper atmosphere and continue on past the planet forever. Between
these two extremes is an entry corridor where the vehicle can be guaranteed to
not only to be “captured” by the atmosphere but also to stay within its design
limits.

Before a vehicle begins its atmospheric entry, we can assume it is on an
orbital conic (trajectory) with respect to the planet. In Figure 8-1, a point on the
orbit (outside the atmosphere) is labeled with a “1.” Within the plane of the

motion and using T, as a reference direction, the inertial velocity V,, flight-path
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Orbital Trajectory

®\ A 71 Vl Entry Point

>

Figure 8-1: Orbital Parameters and Associated Entry Conditions

angle y,, and radius r, completely describe the orbit. (These do not, however,

specify the orientation of the orbital plane in space.) That orbit is fixed and the

conditions later at entry (V,, 7., and r,) are already ordained. However, if the

vehicle has the ability to maneuver, it can change the orbit and “target” an entry

corridor. This chapter is concerned with defining and finding the entry corridor.

8.2 Finding Entry Conditions from Approach Conic

IfV,, 7,,and r; are known values (measured with respect to an inertial

point) well outside the atmosphere on an orbital trajectory (a “conic”), then we

can find the entry conditions when the atmosphere is entered at r,. In theory,
there is some arbitrariness in setting the value of r, because the radius to the “top

of the atmosphere” is poorly defined. In practice, though, the value can be
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selected based on some criterion such as when the atmospheric drag force reaches
a certain fraction of the gravity force. For our purposes, we’ll assume an

acceptable value of r, has been dictated.

The equations found in Chapter 2 can be used to relate the given orbital
parameters (at “1”) to those at atmospheric entry (at “e”). For any orbit, the vis-

viva equation

2 1
v? zy(———j 8.1

can be solved for the semimajor axis from the position and velocity at any point
on the orbit. Thus, given the conditions at “1,” we have
h

m .
y7,

for this orbit. Then, at entry (where r, is known), the velocity can be calculated:

V, = y[E—EJ 8.3
L a

e

a=

The flight-path angle is found by noting specific momentum is conserved along
the orbit

h= rlvl Cosy, = reVe CoS7, 8.4
and solving:
_1| LV, cos
¥, =cos | L 41 .
reve -
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In this equation, the solution with », <0 should be selected since the radius is

decreasing as point “e” is approached.

As you might imagine, this problem can be turned around. Given an entry
radius, velocity, and flight-path angle, the approach conic can be found. It is this
“backwards” solution that tends to be used to find the entry corridor and the
associated entry conics. The next sections illustrate the process.

Before continuing, however, a word of caution is required. The velocities

on the conic are all inertial and care must be taken not to confuse their values

with those relative to a rotating planet; i.e., V, = "V in general.

8.3 Finding the Approach Conic from Entry Conditions

When the entry radius r, , velocity V, (or kinetic energy T,), and flight-
path angle y, are known, it is possible to determine the approach conic (e.g., the

orbit) the vehicle followed to arrive at the atmosphere. (More correctly, it is
possible to determine the orbit shape within the orbital plane — three scalar values
are insufficient to define the orientation of the orbital plane in space.)

Given the entry velocity and radius, the vis-viva equation can be solved

for the semimajor axis of the orbit:

a=—->=%2——
2 8.6
2_( reve j
7,

The eccentricity and specific angular momentum are related by
2

h 2
" _an- .
p a( e) 8.7

for all conics. (In the case of parabolic orbits, a = and e =1, so some care may
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needed in certain applications.) The constant value of h is known from:
h=rV,cosy, 8.8

Combining Egs. (8.6) - (8.8) and solving for eccentricity, we find

2 2
e= [1- reVe 2_( reve J} cos? 2 8.9
Iz H

Or, equivalently:

2
: v,
e= \/smz 2 {1—[&H cos’ y, 8.10
7

The semimajor axis and eccentricity found with Egs. (8.6) and (8.9) or (8.10),
respectively, define the approach orbit. If more detail is required, the conic

)
__\H) 8.11

 1+ecosv,

equation can be solved

r

e

for the true anomaly at entry v, .

8.4 Approach Periapsis

We will find it helpful to describe these approach conics in terms of the
periapsis radius that would exist if the atmosphere (or planet surface) did not

change the two-body motion. Figure 8-1 shows periapsis radius r, relative to the
“initial” point and entry point. To find a general expression for r,, we will need

to find the orbital eccentricity e first.
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For two-body orbital motion, eccentricity and specific angular momentum

are related by

h_:a(]__ez) 8.12

for all conics. Using Egs. (8.2) and (8.4), this can be solved for eccentricity in

terms of given orbital parameters:

2 2
e= 1—ﬂ[2—(ﬂﬂcos2 " 8.13
7 u

(This equation correctly gives e =1 for parabolic orbits.) For non-parabolic

orbits, the periapsis can be written entirely in terms of the given conditions:

2 2
r =a(1—e):—rl A P EA cos’ . 8.14
p 2 1
2_(rlvl ] H H

U

For parabolic orbits, the expression is somewhat simpler:

_ h_2 _ '12\/12 cos” N
2u 24

r 8.15
As shown in Figure 8-2, there is a maximum periapsis radius which will

still allow the vehicle to be “captured” in one pass past the planet. Similarly,

there is a minimum radius below which the vehicle encounters too much drag.

These radii define the “overshoot” and “undershoot” boundaries, respectively.

The difference between the radii is Ar, and all of the conics (orbits) with

periapsis values between these boundaries lie in the “entry corridor.”

226



ENTRY CORRIDOR
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Figure 8-2: Entry Corridor

8.4.1 Undershoot Boundary

The undershoot boundary is the limiting entry path which results in a
“safe” atmospheric entry. For illustration, we will assume the limiting factor is a

. . a a . .
maximum allowed deceleration, say —decel. < | —decel . (The limit could just as
% % failure

easily be defined by a maximum heating rate.) If we restrict ourselves to a planar
entry, we can use the second-order solution from Chapter 6 to find the entry
trajectory which “just hits” the maximum deceleration. (Using a second-order
solution frees us from the necessity of deciding which specific first-order solution
is appropriate.) To simplify the analysis (without affecting the qualitative

results), we can also assume the planet’s atmosphere does not rotate; i.e.,
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V. = V. Setting the maximum deceleration on an arbitrary entry trajectory to

our maximum allowed value, we have

2
[adecel j — —ﬂl’OT* sin A 1+ (&j 8.16
% failure CD
1 T. || C, 2 1
Ve=Yo——=In| = || =+ —— —-1{cosy. 8.17
2 \T,)|Cy prysiny. | 2T.

cosy, _(sm %j C.
2 )c,

I Y
pr, | 2T,

where, as usual, r, is a reference radius (which may or may not be the same as

r,). In these three equations, there are four unknowns: y,, T, 7., and T.. Two
(7. and T.) are “fixed” by dynamics and cannot be “selected” and two (y, and
T.) are “free” variables. Only one of the two free variables can be arbitrarily

selected since there are just three equations in the four unknowns. Typically, it is

harder to change the magnitude of the orbital velocity (i.e., T,) than it is to change
its orientation slightly (i.e., »,.), so it is normally assumed to be known. Given
T.., Egs. (8.16) - (8.18) can be solved for y,, 7., and T.. (Note: there is nothing
to preclude selecting a value for y, and solving for T,, y., and T. instead.)
Armed with T, and y,, we can solve for the approach conic defining the

undershoot boundary. Rewriting Eq. (8.6) and Eq. (8.9) in terms of T, in place of

228



ENTRY CORRIDOR

V, we can define the approach conic for the undershoot boundary:

r

a= £ 8.19
2|:l_ ( r-eTe gOrO J}
y7,
e= [1— 4reTegor0 |:1_( I’eTegOrO ]:| COSZ 7, 8.20
7 u

In a homework problem in Chapter 4, it was shown for the current assumptions
2
=0, 8.21

so Egs. (8.19) and (8.20) can be simplified:

rO

6= \/1— 4T, (r—ej{l—n [Eﬂcosz 7, 8.23
r-0 I’-O
Notice these equations simplify even more when the reference radius r, is
selected to be the entry radius r,:
a=_
2(1-T,) 8.24
e=1-4T,(1-T,)cos’ s, 8.25
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Finally, Eq. (8.14) gives the corresponding periapsis radius for an

undershoot boundary (for r, =r,):

r =a(l-e)= Z(li_l_e)[l—\/l—ﬂe (1-T.)cos? 7, | 6 26

Varying the assumed value of T, (or, alternatively, the presumed value of y,),

Egs. (8.16) - (8.18) and (8.24) - (8.26) can be repeatedly solved to find a “family”

of conics which all meet the criterion:

(adecel ] — [adecel ] 8.27
% max % failure

8.4.2 Overshoot Boundary

At the other end of the problem, there is a boundary above which the
vehicle will not be captured. On the overshoot boundary, the vehicle encounters
just enough atmospheric drag to avoid exiting the atmosphere. Traditionally,
assuming the velocity on the overshoot boundary is reduced to circular orbital

velocity (at a radius of r,) is considered adequate for defining the boundary.

(Note that this assumes there is enough energy and/or lift for the vehicle to “skip”
back to the edge of the atmosphere. When skip does not occur, we will be forced
to define the overshoot boundary differently.)

It is tempting to use the second-order equations from Chapter 6 like we
did for the undershoot boundary. However, Loh’s equations (and the first-order
skip solution from Chapter 5) do not give realistic results for an important entry
scenario. Specifically, negative lift can be used to “hold” the vehicle in the
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atmosphere while it decelerates. As a simple validation of this assertion, consider

anentry at T, and », with r, =r,. Then, both Loh’s solution and the first-order

solution become

1 4y,
T, =—exp| =&
e~ p C, 8.28

Co

for the overshoot boundary. For entry, y, <0 so with negative lift % <0.
L
CD

It is apparent Eq. (8.28) cannot be satisfied for negative lift when T, >% (which

is the only case of interest when looking for an overshoot boundary). Thus, for
negative lift, we are forced to abandon the solutions we have already derived if
we wish to define the overshoot boundary. Another alternative would be to
directly solve the differential equations for planar entry (Egs. (5.1) and (5.2))
subject to the known boundary conditions.

Rewriting these with kinetic energy as the independent variable gives:

dn _ prnpsiny

- 8.29
dT 2T pryp+siny
%:_ &4_ 1 (1_LJCOS7 & 8.30
dT C, prn 2T 2T pryn +siny
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Equations (8.29) and (8.30) can be integrated as a two-point boundary value
problem (TPBVP) with the boundary conditions

n=mn, at T=T, 8.31
’ f 8.32
= at T, = LI :
77 776 f zgoro 2re

where it has been assumed T, is “fixed” and the flight-path angle throughout is

unknown (but will be found when the TPBVP is solved).
This TPBVP is, mathematically at least, well-posed and straight-forward

to set up for solution. Once solved,

.. =a(l-e)=> (1ET9)[1—\/1—4TE (1-T,)cos’ 7, } 8.33

gives the periapsis radius for the overshoot boundary (for r, =r,). However,
numerically solving the problem can be exceedingly difficult. Both y and 7 are
very small at entry and exit. Further complicating the numerics, » probably
remains small but changes sign while 7 may vary over several orders of

magnitude!

Because of these difficulties (and other less obvious reasons), traditional
texts often introduce another non-dimensional form of the equations better suited
for studying the entry corridor, specifically Chapman’s theory ( 14-17; 39:169-
177; 58:178-225). Rather than introduce an entirely new approximation theory
(complete with new variables and a requirement to numerically integrate), we will
simply accept and present Chapman’s results for the overshoot boundary. (In
Section 9.4 we will revisit the overshoot boundary with a new theory related to

Chapman’s.)
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Chapman, in his classic analyses, chose to characterize the entry conic
with a parameter more convenient to his particular equations than our periapsis

radius r, (Refs. 14-17). This “periapsis parameter” F  is defined by

p

ppSC \/7 F 8.34

where the “p” subscript again denotes the conditions at the periapsis of the

hypothetical two-body conic. Note, since 7, is a function of r, there is a one-to-
one correspondence between Chapman’s F, parameter and the periapsis radius

r, we introduced earlier. His results for the overshoot boundary are presented in

Figure 8-3.

pp————
- Chapman’s Overshoot
7 ~ i Boundary Results, r,=rq
p ;\ Multiple-pass .
" | \  Atmosphere Braking

4 [ [ N
10° 1072 107! 1

Periapsis Parameter, 7, , / Br,

Figure 8-3: Chapman’s Overshoot Boundaries for Single Pass Entries (15:18;
39:170; 58:220)
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In this figure, each curve represents an overshoot boundary for specific
entry kinetic energy over a range of entry flight-path angles (as reflected in the
range of periapsis parameters). Above the curve, the vehicle fails to remain in the

atmosphere or, at best, requires multiple passes to complete the entry. Below the
curve, entry occurs on the first pass. The term /Ar on the y-axis (and Eq.

(8.34)) should be replaced with the appropriate average value for whatever
atmosphere is of interest to be consistent with Chapman’s formulation. (For

Earth, Chapman used the value \/,6’7 =30.)

8.4.2.1 Special Case of Positive Lift

When there is positive lift, either Loh’s solution or the first-order skip
solution from Section 5.5 can be used to directly solve for the overshoot
boundary. Both approaches relate the entry kinetic energy to the entry flight-path
angle on the overshoot boundary by

1| -4
T, =§exp C—i/e 8.35
CD

when r, =r,. With this same condition, the corresponding approach radius is:

e = ﬁ{l \/1— 4T, (1-T, ) cos? H [(C:_;j In(aT, )H 8.36

The derivation of Eq. (8.36) is left as an exercise.
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8.4.2.2 Special Case for Unobtainable Overshoot

Boundaries

Certain entries may exclude the possibility for a skip-type trajectory based

on physically realizable entry conditions. Consider three examples:

e Steep ballistic entry: The vehicle may never reapproach the upper edge
of the atmosphere before impacting the planet, so the overshoot

boundary (as defined earlier) doesn’t exist.
e Entry with small positive lift or large negative lift: Mathematically, it
might be possible to find a combination of T, and y, to define an

overshoot boundary. However, other considerations (such as
maneuvering fuel) might prevent the vehicle from actually realizing such
an orbital approach. For all intents and purposes, the overshoot

boundary in this case might as well be undefined.

e Entry at less than circular speed: If the vehicle’s entry speed is already
less than what is required to maintain a circular orbit, no overshoot

boundary needs to be defined. (Of course, if T, is free to change, an

overshoot boundary can be found.)

In situations such as these, the convention is to use the radius of the planet R, in

lieu of an overshoot radius Mo -

8.5 Entry Corridor Width

Earlier, Ar,=r, —r, wasintroduced as a “measure” of the entry

corridor. The undershoot radius r, s easily obtained directly from Eq. (8.26).

235



When defined, the overshoot radius r,  can be found by solving the TPBVP

defined by Eqgs. (8.29) - (8.32) or by using Chapman’s solution and solving for the
radius from the periapsis parameter. (When lift is positive, Eq. (8.36) also

provides the value.) When undefined, the overshoot radius is replaced by R,

(39:173). Thus, the entry corridor can be defined by

Entry Corridor = Ar, =r, -,

Pover Punder

Entry Corridor =R, —r,  (when the overshoot boundary cannot be realized)

Just as easily, the entry corridor could be defined in terms of Chapman’s periapsis
parameter

AR, =F, -F 8.37

p Punder Pover

(with the obvious changes when the overshoot boundary cannot be realized).

Chapman’s original works contain a wide range of calculated overshoot
and undershoot boundaries and those should be referenced for more detailed
discussions (Refs. 14-17). Loh and Vinh provide excellent summaries of his work
(39:170-177; 58:178-225).
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8.6 Problems

Material Understanding:
1. Prove that Eqg. (8.13)

2

2 2
‘. Jl_w(zﬂ_,lvlz)
y7,

reduces to e =1 for parabolic orbits.

2. For an overshoot boundary, show that Loh’s equations and first order theory
both reduce to Eq. (8.28)

1 4y,
T, =—exp| ==+
e 75 P C,
CD

when r, =1;.

3. Show that the equations of motion for planar entry from Chapter 5 (Egs. (5.1)
and (5.2)) can be written in terms of kinetic energy as the independent

variable:

dnp _ prpsiny
dT 2T prp+siny

d_j/:_ &4_ 1 (1_ijcosy L
dT C, prn 2T 2T pryp+siny
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4. Show that for the case where % >0 and r, =r,, the approach radius for the
D

overshoot boundary can be written as:
r o=l hoam (1-T)cos?| L S lin(a)
o 2(1-T,) 4\ C,

5. For the situation where % =0.4 and y, =-0.2 radians, the overshoot
D

boundary is well-defined using our first-order skip equations (from Section

5.5). Assume the reference radius is equal to the entry radius (i.e., r, =r,) and

answer the following:

a. Find the required entry kinetic energy T, which places this vehicle exactly
on the overshoot boundary.

b. Find the overshoot radius M, -
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Chapter 9

Unified Theory

9.1 Introduction

In earlier chapters, classical theories for planar entry were presented.
Chapter 5 derived several closed-form solutions that were each limited to one
specific type of entry trajectory. In its range of validity, each solution is accurate
and helpful for identifying trends (such as the benefits of adding lift to reduce
deceleration or heating rates). Loh’s theory in Chapter 6, while empirical,
alleviated most of the restrictions and is applicable to a broad range of entries. It
is, in fact, actually quite accurate also (58:226).

The next level of complexity is to remove the restriction of planar entry.
In doing so, it is also desirable to retain the “universality” of the equations. That
is to say, whenever possible, explicit knowledge of the vehicle mass, shape, size,
etc. should not be required; “universal” variables similar to 7 and T should be
used if possible. Vinh and Brace derived a set of “universal equations” of this
form valid for three-dimensional planetary entry as well as orbital motion (40:9-
11; 57:295-299; 58:227-232; 59). This chapter will derive and analyze their

universal equations.

239



9.2 Universal Equations for Three-Dimensional Entries

For a non-thrusting entry near a spherical, non-rotating planet, the
kinematic equations (Egs. (3.35) - (3.37)) and force equations (Egs. (3.65) -
(3.67)) become:

r="Vsiny
J— RV cos y cosy
I cos ¢
j= RV cos ysiny

r

Vv :—E—gsiny
m

2

. L
®Vy = —c0so — (g cosy +—Cosy
m

: 2
iy = Lsinc "V

mcosy r

COS ¥ COSy tan ¢

Introducing our usual assumptions for the forms of lift and drag,

L=PC5 e
2

D= pCyS Ry 2
2

9.1

9.2

9.3

9.4

9.5

9.6

9.7

9.8
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the last three equations of motion can be rewritten as:

2
R\/':——'OCDSRV —gsiny 9.9
2m
2 2
RV]}Z(MJCOSO'—QCOS}/+RV cos y 9.10
2m
2 H 2
RV:,//:{’OCLSRV J(smaj_ v COS ¥ COS tan ¢ 9.11
2m cosy r
Vinh found that changing the independent variable from time to
t
S= J¥c05ydt 9.12
0

facilitated the problem formulation in universal variables. This variable is

monotonically increasing when cosy >0, so it is a reasonable replacement for
time in this application (58:229). Note, however, this substitution will make it

impossible to examine perfectly vertical trajectories (y = —7z/2). Dividing Eqgs.

(9.2) - (9.3) and (9.9) - (9.11) by % = ¥COS}/ , the equations of motion

become:
dr
—=rtany 9.13
ds
de _ cosy
ds cos¢ 914
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dg

— =sin 9.15
ds v
2 2
d"V?® _ rpCyS*V _2grtany 9.16
ds mcos y
dy [ rpC.S ( gr)
— = coso +| 1- :
ds (chos;f v >
dy _ @ sino —cosy tan ¢ 0.18
ds 2mcos” y

The gravity term in these (universal equations) should be replaced by an

inverse square, central gravity term

g :g(r):rﬁ2 9.19

where g is the gravitational constant for the planet. To be consistent with our

previous derivations, the atmospheric density will be considered to vary

exponentially (at least locally) according to:

dp = dp(r) =—/4dr 9.20
p  p(r)

(Vinh expands the equations to include more general isothermal atmospheres as
well and his works should be reviewed for details if required (58:228-230; 59).)

Vinh also introduced a pair of dependent variable changes

AV 2 cos’ y

2m \ g '
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to replace velocity and radius, respectively (16; 58:229). (u is a measure of

kinetic energy along perpendicular to the radius and Z is a measure of altitude.)
Vinh refers to these as “modified” Chapman variables because of their similarity
to those used by Chapman in his classic papers (Refs. 14-17). The derivatives of

these new variables (for a strictly exponential atmosphere where £ is a constant)

are straight-forward to calculate. They are

— = ——-1|Ztan

ds pr ( 21 j 4 9.23
du_ 2Zuypri,. Ltanycosa+ SNy 9.24
ds cosy Co 27 pr

after simplifying. Strictly speaking, r in Egs. (9.23) and (9.24) should be

replaced in favor of Z ; however, Vinh (and Chapman before him) shows
replacing gr with an average value ﬁ greatly simplifies the mathematics and
does not significantly change the results when studying trajectories into most
atmospheres of interest (15:6-7; 58:230). Further, since fAr is typically large,
Egs. (9.23) and (9.24) can be simplified to

dz _ —BrZtany 9.25

du _ 2ZuyBr sin y 926

= S —Ltanycoso +——

ds cosy CD 27 /ﬁ

with little loss in accuracy.
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The differential equations for ¥ and i still contain r and ®V , so they need

to be rewritten with modified Chapman variables:

dy _ Z\/ Lcos | cosy coszy
ds cosy Z/_ u

dy ZF[ “lsino

ds  cos’y

f cos:,// tan ¢ 9.28
Z J

The differential equations for 8 and ¢ do not contain r or *V so they do

not need to be changed and we can now assemble a complete set of the six three-

dimensional equations of motion:

dz

——prZtany 9.29
du = _2Zuypr 1+ =L C cosotany + }/_ 9.30
ds cosy Co 22«/,Br
de _ cosy 9.31
ds COoS ¢
%zsinv, 9.32
ds
. 2
d_;/= Zypr CL oSO+ cosy [, cos”y 9.33
ds cosy | C, 21/ u
o 2
dy _Z Zﬂr S sine - €08 7 cosy tan ¢ 9.34
ds cos“y|C, Z«/ﬂr
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Equations (9.29) - (9.34) are forms of those first derived by Vinh and Brace (59).
They are valid for a constant drag coefficient. (The definition of Z in Eq. (9.22)
introduces this requirement.) Like the equations derived in Section 4.4, they are

free from the characteristics of mass, size, and shape of the vehicle. Once the
atmosphere has been specified with a characteristic average Ar, these equations

can be integrated just one time for each set of specified entry conditions, constant

lift-to-drag ratio C% , and constant bank angle o . Solutions, given in “Z-
D

Tables” and graphs have been calculated and published for Z (7; 18:106-277,
58:241-246). With modern desktop computers, we can easily solve these
equations in a few seconds, so we will not rely on tables for the solutions to the
differential equations. (In addition, finding our own numerical solutions frees us

to vary the bank angle rather than hold it constant.)

9.3 Reduction to Other Solutions

In Chapter 6, we developed Loh’s Second Order-Solution and
demonstrated it could be reduced to classic first-order solutions when the same
simplifying assumptions were introduced. In much the same way, we can show
Egs. (9.29) - (9.34) are consistent with all known first- and second-order solutions
(58:227). The text by Vinh, et al. details four of these reductions (58:232-241).
Here, we will only cover two: the Keplerian solution and Loh’s Second-Order

solution.

9.3.1 Keplerian Solution

If Egs. (9.29) - (9.34) represent a unified solution for all atmospheric

entries, then they should model two-body orbital motion outside of the
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atmosphere. From the definition of Z , itis clear Z =0 in orbital problems.

Taking the limitas Z — 0, the differential equations become:

dz
—=0 :
i 9.35
du
—=-utany 9.36
ds
a9 _ Cosy 9.37
ds cos¢
% =sin 74 9.38
ds
d 2
=z (1— cos 7/] 9.39
ds u
dy
—— =—CoSy tan ¢ 9.40
ds
Solving these begins with dividing Eq. (9.36) by Eq. (9.13) to get:
du__u
dr r 9.41
This is readily integrated as
In(ur) =k, 9.42

where k; is a constant of integration. Putting this in a slightly different form and
renaming the constantto p will aid us later:

u=P
r

9.43
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Notice this relates velocity (through u) to the radius, so we can expect to use it
later in finding the vis-viva and the classic conics equations first introduced in
Chapter 2.

Dividing Eq. (9.38) by Eq. (9.40) yields

dg _ tany
dy tan 4 9.44
which separates and integrates to give:
In(cosgcosy )=k, 9.45
k, is a constant of integration. Rewriting this slightly in terms of a new
integration constant i :
COS@COSy = COSI 9.46
Similarly, dividing Eqg. (9.37) by Eq. (9.40) gives:
do 1
— - 9.47
dy sing
The sin¢ term can be eliminated in favor of an expression containing only
constants and . From Eq. (9.46):
cosi Y
+ 1—( j foro<g<Z
cosy 2
sing =
cosi )
— 1—( j for L<$<0 9.48
cosy 2
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For compactness, this will be written as

. \2
sing =+, [1— cos|
cosy 9.49

where the “upper” sign is for 0< ¢ s% and the “lower” sign is for% <¢<0.

Noting —% <y < % , this can be written:

2 2
. \/COS” i —Cos” i
sing =+ v 9.50

cosy
Therefore,
do 1 _ cosy
E:_mmr\/coszyx—coszi oo
With a simple variable change,
X =siny 9.52

this can be put in a form that is easily integrated:

dx
de:_ _—
'f +J Vsin?i—x? >3

Doing so yields
X
O+k, =Fsin"| —

where k, is a constant of integration. Changing back to the original variables and

simplifying, this can be written

[sini|sin (6 +k,) =Fsiny 055

248



UNIFIED THEORY

A new constant of integration, k, =k —%, can be introduced to change the sine

to a cosine:

sini|cos(0+k, ) =Fsiny 9.56

With two more simplifications, Eq. (9.56) can be put into the form found by
Vinh. First, assume 0<i <z sothat sini>0. (When the physical meaning of i
is established, this assumption will be clearly justified.) Second, assume the
constant k, is replaced with a new constant so that the positive sign on the right-
hand side of Eg. (9.56) is valid:

sinicos(6—Q) =siny 9.57

Dividing Eq. (9.39) by Eq. (9.36) relates the flight-path angle y and

Kinetic energy variable u :

OI—7/=— L 1—C0527/ 9.58
du utany u '

A change of variables with y = allows this to be written as a linear first-

2 )

cos” y
order differential equation:
dy 2 2
e AR VIS 9.59
du ' u’ T

The solution this form of differential equations is

_ 2u+kg

u2

9.60

where k; is a constant of integration (19:43-44). Substituting for y, the solution
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relating flight-path angle and the kinetic energy parameter becomes:

2
2 u

s’ y=—— 9.61
4 2u—(1-¢?)

The constant k, has been replaced with k; = —(1—¢?) in Eq. (9.61) to simplify

later discussions.

At this point, it is helpful to introduce some spherical trigonometry to aid
in identifying the physical significance of some of the integration constants.
Consider the right spherical triangle shown in Figure 9-1. Using the notation

shown, we can write down several identities to help us in the derivations:

sina =sincsina 9.62
cosc = cosacosh 9.63
sinb =tanacota 9.64
cos  =tanacotc 9.65

Figure 9-1: General Right Spherical Triangle
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These are well-known and will not be proven here (6:145-148; 8:8-9). Figure 9-2
shows this geometry superimposed on our entry trajectory. (This figure illustrates
the case for 8 > Q2. The situation for 2 > @ is similar and will not be shown
here.) From the figure, it’s obvious that, if we prove this motion is orbital motion,
the constant Q will be the right ascension of the ascending node. Similarly, the
angle labeled « is the orbital inclination if we are modeling orbital motion. The

angle c is an angular measure “travel” about a normal to the plane of motion.

Projection of V on
local horizontal plane

_________________ Jo-5-8 "

i
V)
. !
R
. '
a '
, |
| ¢ Local parallel of
|
|
.
//I
.

latitude

Figure 9-2: Spherical Geometry of Vehicle Trajectory
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Continuing on with proving our equations model Keplerian motion, we
rewrite Eqs. (9.62) - (9.65) to reflect the variables we are using (and those shown
in Figure 9-2):

sing =sincsina 9.66
cosc = cosgcos(0-Q) 9.67
sin(0-Q) =tangcota 9.68

siny =tangcotc 9.69

We can show the angle « in Figure 9-2 and the constant of integration i in Eq.
(9.57) are one in the same. Begin by squaring and combining Egs. (9.46) and
(9.57):

. \2
cosi . 2 :

——— | +|sinicos(0-Q)| =cos®y +sin’ _
(cos¢] [ ( )] v v 970
After recognizing the right-hand-side is equal to one and simplifying, this

becomes:

sin?(6—Q) = tan® gcot® i 9.71
Taking the square root gives
sin(0—-Q) = tan gcoti 9.72

where the positive root has been taken. (The negative root is a valid solution and
would imply different values for the constants € and i or a situation where
Q> 0. While valid, we do not need to discuss such situations since the geometry

is similar and the final results are the same.) Comparing Egs. (9.68) and (9.72) it
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is evident « =i, although we have yet to show this is orbital motion and i is,
therefore, the inclination.
Combining Egs. (9.57) and (9.67) and differentiating with respect to s

gives:
(dcj (sinﬂ(sinl/xj(dﬂ (cos¢j(coswj(dt//j
ol e e | e | B e T . . — 9.73
ds sinc J\ sini J\ ds sinc J{ sini ds
. . d¢ dy N
Equations (9.38) and (9.40) eliminate G and e , respectively:
dc 1 L .
— |= singsiny (siny ) —cos¢cosy (—Ccosy tan
[dsj sincsini [ 9 W( W) / l'//( v ¢)]
=] — 1_ _ (sin¢sin2w+sin¢coszy/)
sincsini
_sing
sincsini 974
If EQ. (9.66) is substituted into this (and « =1 is recognized), the equation
becomes
[%):1 9.75
ds
: : . du
or, rewritten with the aid of P —utany
(Ej: -1 9.76
du) utany
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Equation (9.61) can be solved for cosy and siny :

u

COSY = 9.77
J2u—-(1-¢€%)
: 2u—(1-e*)-u®
Sln}/=i\/ 20— (&) 9.78

Since % <y< % there is no sign ambiguity in the cosine, but the sine term may

be either positive or negative. These two equations can be used to eliminate tan y

in Eq. (9.76):

9.79

o)
du J2u—(1-e?)—u?

Changing the independent variable to x =1—u puts this into a form easily found

dc 1

Integrating and simplifying, this becomes

in integral tables:

u=1+ecos(c—k) 9.81

where k; is a constant of integration. As we’ve done before, we can select the

constant (and call it ) such that the positive sign in Eq. (9.81) is valid:

u=1+ecos(c-w) 9.82
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Eliminating u with the solution we found in Eq. (9.43), we (finally) get an

expression relating the radius to the polar angle c—w:

r— p
1+ecos(c—m)

9.83

This is the well-known equation for a conic. For two-body orbital motion, it is

normally written as

P

= 9.84
l+ecosv

when true anomaly v = c— is used to describe the polar angle. Similarly, Eq.
(9.82) can be rewritten as:

u=1+ecosv 9.85

This form will be useful in a later section.

Equation (9.84) shows that our universal equations (Egs. (9.29) - (9.34))
give a solution for Keplerian motion when Z — 0. Having established this as
orbital motion, the constants of integration we found along the way are easily
identified with their orbital counterparts: p is the semilatus rectum; i is the
inclination; Q is the right ascension of the ascending node; e is the eccentricity;

and o is the argument of periapsis.

9.3.2 Loh’s Solution

Equations (9.29) - (9.34) can be shown to be consistent with Loh’s

solutions we found in Chapter 6. Those solutions were for planar motion, so we
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set o =0". Equations (9.29), (9.30), and (9.33) decouple from the rest to give

equations of planar motion:

d—Z = —EZ tan y 0.86
ds
du ZZu\/ siny
— —Lttany 9.87
ds  cosy Co 22 /

dy _Z \/7 cosy (, cos’y
0.88
ds cosy | C, Z \/7 u

Recall from Chapter 6, Loh made the empirical observation that the group of

terms

-1 1
G= 1-— |cos
ﬂfon[ ZTJ ! 589

was constant for the purposes of integration. In terms of this chapter’s universal

variables
y = Z
E 9.90
and:
T= u . 9.91
2C0S" y

(In getting these two relationships, it has been assumed gr, = Ar and g, =0r

during the entry.) Thus, G can be rewritten as:

cos’ y
Cos y 9.92

- (1_
Jprz u
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Substituting for Loh’s constant G and changing the independent variable to Z in

Eq. (9.88) by dividing by (9.86), we get an easily integrated equation:

d_y:_—l(&_(;] 0.93
dz ﬁsiny Co .
Or, after integrating,
B
COSy —C0Sy, =~—=—=(Z-Z2,) 9.94

VBr
where y, and Z, are the entry conditions. Replacing Z with 7 this exactly

matches Eq. (6.11):

COSy —COS 7, :(g—;—GJ(n—m) 9.95
This is one-half of Loh’s Second-Order Solution (and is one-half of Loh’s Unified
Solution as well).

To find the other half of Loh’s solution, we begin by dividing Eq. (9.87)
by Eq. (9.88):

LG

D

du w][lﬁtaw siny ]

WZ(C C, 27./pr
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Rewriting this slightly, it becomes:

du -2u siny  sinycos’y Sln}/COSZ;/ sinyJ

C,
——__= 11 -
ar (CLGJ(+ N T T A

D

. 2
_ - 1+tany[c j_ siny { 2¢c0s 7) .
(CL G) Co 27.[pr u
Rearranging and grouping terms, this becomes:

2
siny[l—zcoS 7/}
u u

[j—u'F 2u tan ]/J-F C = — — C 0.98
4 G| 2zpr| -6
C C,

D

Eliminating Z with Eq. (9.94) and assuming a high-altitude entry (Z, =0):

2
siny L 2008’y
oty | Y u
a7 ’ [CL_GJ 23r (cos y —cosy, ) 9.99
C

D

Or, with a little more creative manipulation, we “simplify” it as

2
2( u2 j sin;/(l—zcoS 7]
d uz L_\2008y) — u 9.100
dy\ 2cos?y (CL—G] 4cos’ y fr(cos y —cosy, )
CD
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which makes the substitution of T straightforward:

g

4c0s? y 9.101

d—T+ 2r siny
dy (C & Br(cosy —cosy,)
CD

Equation (9.101) is very similar to, but not exactly, the differential equation we

solved in Chapter 6 for Loh’s Universal Theory (Eg. (6.19)). However, if we
make the same assumption as we did for his second-order solution, Br =1, then

we can exactly match Eq. (6.31)

dT 2T
B TO————— { 9.102
dy (CL —G]

Co

and develop the same solution as in Eq. (6.35):

T C, 1 ( 1 j
— || =+ 1-—|cosy 9.103
2 \T,)|Cy By 2T

1
7/:79__"1

Finding Egs. (9.95) and (9.103) from Vinh and Brace’s universal
equations (Egs. (9.29) - (9.34)) shows they are consistent with Loh’s Second-
Order Solution. Since we have already shown examples (in Chapter 6) where
Loh’s Second-Order Solution reduces to first-order solutions, we can state with
confidence Vinh and Brace’s universal equations also reduce to known first-order

solutions.
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Before leaving this section, we can revisit finding the second of Loh’s

equations without relying on the assumption Ar 1. Vinh, et al. began with an

expression for j—; which we can get by dividing Eq. (9.87) by Eq. (9.86)

du

1 du

1

@z fsmy[

CL tany +

siny

Co 22\/7

(58:240). Rearranging it slightly, we will begin with:

udz Z,Br \/ﬁsmy

i)

2 (1+ C, tan 7]
. CD

The left-hand-side is a perfect derivative, so it simplifies to:

dz

dy

1

i[Inu—:lnzj:
B

r

i[Inu —éln Z

pr

-2

D

Jm@fz—]

2 [1+ C, tan yj
CD

\/ﬁsiny

If this is divided by Eq. (9.93), the independent variable is changed to »

and is easily integrated (with the aid of a basic integral table):

|

u

u

e

|

1

ﬂr

{

YA

Z

3

e

-2

Co

—_Gﬂ(m)‘

G
CD

{

cosy

cosy,

)

9.104

9.105

9.106

9.107

9.108
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The entry conditions have been used in place of a constant of integration. When
rearranged, it takes on a more familiar looking form:

77V, M cosy, 2 u 2 pr \Z

e e

_&m[w](&-GJM[%@QH

Equations (9.94) and (9.109) constitute Loh’s Unified Solution in the current
variables (58:240). As was the case in Chapter 6, we have two equations in three
variables and by choosing one, we can solve for the other two at any point along
the trajectory.

9.4 Entry Corridor Revisited

In Chapter 8 we introduced the concept of an entry corridor. Calculating
the undershoot boundary was fairly simple; however, the overshoot boundary
proved to be a numerically difficult task. To that end, we simply introduced
Chapman’s results without proof and moved on. With the current unified theory,
we can now revisit the problem to obtain a robust solution technique. In this
formulation, we will follow the method described by Vinh, et al. and approach the
problem from a consideration of decelerations experienced by the vehicle
(58:244:252).

If we, once again, assume the drag force is the dominant term in the
tangential direction and lift is dominant in the normal direction, we can write the

total non-dimensional deceleration as

2 9.110
9% cos y Co

— 2
adecel — Zu ﬂr 1+(&J

261



Since these are all proportional, the maxima (or minima) occurs at the same point

in the trajectory. The point of the extrema (“critical’”) deceleration is given by
ucos;/(d—zj+zc03y(d—u]+22usiny£d—7j:0 9.111
ds ds ds

Using Eqgs. (9.86) - (9.88) to simplify, this “optimality condition” becomes

25sin 7. cos® 7.
ML 7 g 9.112

2\/?2*+(E—1)Sin Vot

*

where the “*” subscript denotes conditions at the critical point. From this
equation, it is obvious the maximum (or minimum) can only be satisfied when

7. < 0; in-other-words, during an inbound portion of a trajectory. Of course, at

this point, the total deceleration is

—— 2
(adecel ] — Zu, V'Br 1_}.[&] 9.113

9 cos’ 7. Co

and it remains to be determined if this is a minimum or maximum value along the

trajectory.

9.4.1 Overshoot Boundary

If we assume atmospheric entry occurs when the deceleration reaches
some small fraction f of the gravity acceleration, then along the overshoot
boundary Bl ghould never drop below f . (This definition is different from

9
the one used in Section 8.4.2, but produces similar results.) Put another way, the

minimum value of deceleration along the overshoot boundary is f and occurs at
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the point satisfying Eq. (9.112). The value of f is somewhat arbitrary; we’ll

follow Vinh’s lead and use f =0.05 (58:251). If we choose a Z. and solve

— _ H 2
2«/,BrZ*+(ﬂr—1)siny*+w:O 9.114
U.
and
— 2
(adece'J = Z*u*zﬂr 1+[&] =f 9.115
9, ). cos’y. C,

for u. and ., we can find a point along an overshoot boundary. Since the entry

corridor is considered a “planar problem,” integrating Egs. (9.29), (9.30), and

(9.33) “backwards” to the point where [MJ = f again is all that is required to

0

get the entry conditions Z,, u,, and y,.

As in Section 8.4, we can find the periapsis of non-parabolic approach
orbits with the following equation:

r u
Mo =7 YLy 2—(—3 J 9.116
2_( u, j cos? 7,

cos’ y,

Equivalently (and perhaps more conveniently in this situation), we can form the

SCy |1
F =220 b 9.117
P 2m \ B

Chapman periapsis parameter
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where, by observation, we note F, =Z . Z is easily found by solving

2

u 2
> ——2U,=Uu;—2u, 9.118
cos’ y,

Z,= Ze\/gexp[ﬁ(l—ﬁﬂ 9.119
up up

simultaneously. Equations (9.118) and (9.119) were found from the definition of

and

Z and by evaluating the orbital constants p and e at both the entry radius and
hypothetical periapsis. The derivation/proof is left as an exercise. Once found,

this Z  is the Chapman periapsis parameter for the overshoot boundary; i.e.,

Pover Pover

By scanning through values of Z,, a range of overshoot boundaries can be

found, each with different entry conditions. Figure 9-3 shows the solutions for
ballistic entries into Earth’s atmosphere for entry speeds between circular and 2.2

times circular. This was generated by scanning 1.68 x 10° < Z, <1.91x 107 and

repeatedly solving the problem described above.
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1.4

121

Velocity Ratio

1 e |
1-10 0.01 0.1 1

Periapsis Parameter Z =F,

Figure 9-3: Overshoot Boundary for Ballistic Entry into Earth’s Atmosphere

To summarize this section, a “cookbook’ approach to finding overshoot

boundaries is given below.

Step 1: Pick a value for Z,.

Step 2: Solve Egs. (9.114) and (9.115) for u. and y.. This is a point of

minimum deceleration on the trajectory.

Step 3: Integrate Egs. (9.29), (9.30), and (9.33) “backwards” until

[M] = f again to find the entry conditions Z =Z_, u =u,, and
9
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y =7,. Thisis a two-point boundary value problem (TPBVP), defined by

solving the three differential equations subject to the boundary conditions

Z=7,Uu=U, y=y. at sS=s,

[— 2
Zeue—ﬂr 1+{CLJ =f ats=0

cos® y, C,

where s, is an unknown value corresponding to the point of

minimum deceleration.

Step 4: Solve Egs. (9.118) and (9.119) simultaneously to find

=Z, . (Equivalently, the initial conditions from Step 3 could be

Pover

used to calculate a dimensional radius r, .)

Step 5: Select another value for Z,. and repeat.

9.4.2 Undershoot Boundary

On the undershoot boundary, the vehicle experiences a maximum
deceleration equal to some value dictated by structural, thermal, or some other
limitation. In this case, we are looking for a deceleration maximum found by
satisfying Eq. (9.112). Similar to the overshoot boundary, we solve for the
“critical” point by simultaneously solving Egs. (9.112) and (9.113), this time

setting the maximum deceleration to the maximum allowed:

— 2
(adecel J — Z.u. Vﬂr 1+ (&j = [Mj 9.122
* failure

9o cos” 7. o Jo
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This solution for Z., u, and y. represents a point along an undershoot boundary.

This point can be used as the starting point for a backwards integration to the
point given by (%) = f to get the entry conditions Z_, u,, and y,. Then, just
0

as in finding the overshoot boundary, the undershoot periapsis radius Mo O

periapsis parameter F, =27 can be calculated. Figure 9-4 shows the
under Punder

undershoot boundaries for ballistic entry with six different deceleration limits.

Using these equations, it can be shown the minimum peak deceleration is in the

90

range 5.5 < (M] < 6.55 and occurs at slightly hyperbolic entry speeds.

22 T I
0
© N& f =0.05 Ajecel, :1290 Aecel, :1690
S| @ o
S 2f | Ar=900 / -
C
Il —==0 a'decel* :ggo
© o L8[ CD —
NS
a‘decel* = 65590
O 16
)
6:6 a‘decel* = 790
> 1.4~
= a'decel* = 8g0
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Figure 9-4: Overshoot and Undershoot Boundaries for Ballistic Entry into
Earth’s Atmosphere
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To summarize this section, a “cookbook” approach to finding undershoot

boundaries is given below.

i o : a
Step 1: Define a limiting deceleration (ﬂj :
failure

Y

Step 2: Pick a value for Z..

Step 3: Solve Egs. (9.114) and (9.122) for u, and y.. This is a point of

maximum deceleration on the trajectory.

Step 4: Integrate Egs. (9.29), (9.30), and (9.33) “backwards” until

[—a;e‘:e' j = f to find the entry conditions Z =Z,, u=u,, and y =y,. This
0

is a TPBVP, defined by solving the three differential equations subject to

the boundary conditions

Z=27,U=U, y=y at s=s,

— 2

Z.U\/pr C

—ee VP ezﬂ 1+[—LJ =f at s=0
cos” 7, Co

where s, is an unknown value corresponding to the point of

maximum deceleration.

Step 5: Solve Egs. (9.118) and (9.119) simultaneously to find

=Z, . (Equivalently, the initial conditions from Step 4 could be
under

Punder

used to calculate a dimensional radius r, )
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Step 6: Select another value for Z. and repeat Steps 2-5 until the entire

undershoot boundary is defined.

Step 7: Define a new (M] (if desired) and repeat Steps 2-6.
failure

9o

9.4.3 Entry Corridor Width

In Section 8.5, one definition of the entry corridor width was given as:

AR, =F, . —F 9.125

Punder Pover

Or, in the notation of this chapter:

AN =7 -7 9.126

p Punder Pover

In the case of ballistic entry, these differences can be read directly from Figure
9-4 once an entry speed is selected. Similar plots can be made for lifting entry.
As an example, consider a ballistic parabolic entry. Figure 9-5 shows the
line of constant entry velocity along which the entry corridor width can be
measured. Figure 9-6 replots the information along that line to show the

maximum deceleration experienced as a function of Z /. The figure also shows

the entry corridor for a maximum deceleration of 109, (&, =109,) is given by

decel.

0.065<Z <0.295 or AZ, =0.23. For Earth, this represents a width of about

10.8 km.
It is possible to increase the corridor width by using lift. Negative lift

raises the overshoot boundary radius (i.e., Z, is reduced) by enabling the

vehicle to approach at a more shallow angle (or faster speed) and still be captured.

This, along with the opposite effect with positive lift, is shown in Figure 9-7.
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Figure 9-5: Measuring the Entry Corridor Width for Parabolic Ballistic Entry
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Figure 9-7: Overshoot Boundary for Parabolic Entry with Lift

Likewise, positive lift can allow steeper (or faster) entries for a given maximum

deceleration. This lowers the undershoot boundary radius (i.e., Z, s

increased). Figure 9-8 shows this for a parabolic entry with a, ., =109, and a

range of lift capability. For example, a vehicle with —0.34 < % <0.34 can
D

expand its entry corridor to 0.015<Z <15.020, or AZ =15. For Earth, this

represents about 49.4 km — almost 4.5 times as large as ballistic entry alone!
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Figure 9-8: Undershoot Boundary for a, ., =10g, Parabolic Entry with Lift

9.5 Multipass Entry

As we’ve already shown, Egs. (9.29) - (9.34) are valid for both entry and
orbital trajectories. With these, we can examine multipass entries like the one in
Figure 9-9 by integrating a single set of equations forward from a set of initial
conditions until impact with the planet. There are, however, some practical
aspects which need to be addressed before running to the computer. Specifically,
to handle the portions of the trajectory where Z — 0, a few changes and warnings

will make the solution much easier to numerically find.
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Figure 9-9: Multipass Entry

UNIFIED THEORY

As written, Egs. (9.30), (9.33), and (9.34) have an apparent singularity at

Z =0. Aslight rearranging of the equations will eliminate it. These equations

(and the other three for completeness) become:

dz
ds

ds cos y

d_u__ZZu\/ﬁ£

D

d_@z cosy
ds cos¢
d¢ .
—==sin
ds v

— —_prZtany

C
1+ —tcosotany

9.127

j —utany 9.128

9.129

9.130
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Z [_ 2
d_yzlicosg+(1_cos—yJ 9131

Z\prc, .
dv _ '23 —Lsino —cosy tan ¢ 9.132
ds cos“y C,

Assuming we begin our integration from an initial point where Z #0, a
perfect computer could easily integrate these equations to find trajectories.
Unfortunately, no computer is perfect and, at some point in the integration, Z
might take on the value of exactly zero. When Z =0 (or the computer thinks
Z =0), Eq. (9.127) yields dZ/ds = 0 and the value of Z remains fixedat Z =0

forever more. (This statement assumes we are integrating “forward” in s and
find our value of Z becoming “numerically” zero.) Fortunately, there is a
method to handle this situation.

As the trajectory leaves the atmosphere and Z becomes sufficiently small,
two-body orbital motion can be assumed. (We can assume Z is very small
without assuming it to be exactly zero.) If the vehicle returns to the atmosphere,
the orbit is elliptical. Figure 9-10 illustrates the situation. Symmetry lets us
immediately relate three of the exit conditions to three of the conditions at the

next entry:
Z,=1, 9.133
u, =u; 9.134
Vo =N 9.135
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Atmospheric Exit
Atmospheric Entry

Zy, Uy, 7y,
¢ 605, Y,

Z, u, 7,
¢, 6, v

Figure 9-10: Keplerian Portion of the Trajectory

During the orbit (just after moving beyond the “exit point”), these parameters are

easily related by
Z=0 9.136

and

u2

cos’y=— 9.137
4 2u—(1-¢e%)

where the (constant) eccentricity is found by evaluating Eq. (9.137) at u, and y, .

The other three trajectory parameters can be found by integrating

dg cosy

- 9.138
ds cos¢
d i
94 _ siny 9.139
ds
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dy
P —Ccosy tan¢ 9.140

forward from ¢, €, and y, once the value of s, is known. (These are just Egs.

(9.129), (9.130), and (9.132) rewritten with Z =0.)

To calculate s,, consider the definition of s given in Eq. (9.12):
[V
S= J—cos ydt 9.141
r
0

Between s, and s,, the trajectory is simple two-body motion and, since the planet

isn’t rotating, "V = 'V . Thus, we can simplify this expression by introducing the
(constant) angular momentum to eliminate the flight-path angle during our time of

interest:
t2
1
S,—S, = hJth 9.142
t1

The variable of integration can be changed by using the two-body relationship

dv _na*yi-e? \Juayil-e?
o

dt

9.143

to replace time in favor of true anomaly:

h 't
S,-§=——F———|d
27 \/ﬁl—l_ez;{ v 9.144
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Since the motion must be elliptical during this time, p = h% = a(l—ez) and Eq.

(9.144) simplifies to:

V2
sz—slzj.dv=v2—v1 9.145

61

Figure 9-11 illustrates the symmetry in the orbital portion of the problem. With

the aid of the graphic, it is obvious v, =2z —v ; therefore, we have:
s,—8, =2(7—v,) 9.146

The exit true anomaly is found by evaluating Eq. (9.85) at the exit point

afu -1
Vv, =C0S T 9.147

Apoapsis

Atmospheric Entry

Periapsis Atmospheric Exit

Figure 9-11: True Anomaly for Exit and Reentry Points
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where the eccentricity e is similarly calculated from the conditions at the exit

point by solving Eq. (9.137):

2

u

e= 12 —2u, +1 9.148
cos” 7,

When the vehicle reenters the atmosphere, Z, =Z, = 0 and the numerical
integration of Egs. (9.127) - (9.132) can continue from s, to the next atmospheric
exit (if one exists).

Figure 9-12 shows a typical multipass entry as viewed in the u—y plane.
The approximate points of entry into and out of the atmosphere are marked and
can be distinguished by the abrupt changes in the ellipse-like shape of the curve.

In this case, the vehicle clearly enters and exits the atmosphere twice. On the
third entry, it is captured.

Approaching Planet H Leaving Planet
I

1
'
1
'
\
! Captured Flight

Flight-Path Angle, 7

Figure 9-12: Ballistic Multipass Entry on the u—y Plane
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When the vehicle is outside the atmosphere, its trajectory is Keplerian and

its motion in the u—y plane is given Eq. (9.137). As the vehicle passes through

the atmosphere, the instantaneous value of the eccentricity rapidly changes and

the path in the u—y plane changes. When it exits the atmosphere, the

eccentricity becomes constant again and the vehicle follows a new curve given by
Eq. (9.137) for the new value of eccentricity. To illustrate, Figure 9-13 plots the
eccentricity corresponding to the same multipass entry. Notice how the
eccentricity changes once the vehicle encounters the atmosphere; its motion is no
longer Keplerian and eccentricity is not even approximately constant.

Before leaving this section, it’s a simple matter to look at the effect of lift
on multipass entries. As we would expect, positive lift (i.e., lift pulling the
vehicle “up” away from the planet) increases the number of passes required to be

“captured.” Figure 9-14 compares the typical impact on eccentricity for a purely

First Entry

Keplerian Portion
Second Entry

Keplerian Portion Captured
Flight
K \ / Third Entry\%
0 ! 1 ! !
1.5 2

0 0.5 1 25

Eccentricity, e

Complete Orbits
Figure 9-13: Eccentricity Change in Ballistic Multipass Entry
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Captured on 3rd Pass
I~ Around Planet Ea

Eccentricity, e

Captured on 5" Pass
Around Planet ' —

2
Complete Orbits
Figure 9-14: Effect of Lift on Multipass Entries

ballistic entry and one with positive lift. For completeness, the u—y plane view
of entry with lift is shown in Figure 9-15. The climb and dive “porpoising”
motion caused by the lift is evident in the final portion of the entry. As the lift
tries to pull the vehicle up, y becomes positive (or less negative) and the vehicle
continues to lose speed (u decreases). Then, as it loses speed, it loses lift and
begins to fall (or fall faster). Falling, it builds up more lift, only to repeat the
cycle. Finally, gravity wins and the vehicle never generates enough lift to

significantly alter the flight-path angle again.

9.6 Applied Skip Entry: NASA’s Orion Crew Exploration
Vehicle

NASA's Crew Exploration Vehicle (CEV) will use a skip entry to increase
its flexibility. When returning from low-Earth orbit (LEO), the CEV will use a
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T T T T ] T T T
< 1

Approaching Planet Leaving Planet

T~

Climb-dive “porpoising” motion

Flight-Path Angle, 7

Figure 9-15: Multipass Entry with Lift on the u—y Plane

skip to extend the in-track range (if required). When returning from the moon, a
skip followed by a partial Keplerian orbit gives the vehicle the freedom to leave
the moon at any time and still land at any point on the Earth. Multiple authors
have examined various vehicle configurations and the corresponding skip
performance (2; 25; 34; 44; 45; 67). Of particular interest to us, Kaya used a form
of Vinh and Brace’s universal equations (as given in Egs. (9.127) - (9.132)) to
study the “current” (as of late 2007) configuration of the Orion CEV for lunar
return trajectories (34:29, 38-42).

Kaya studied planar trajectories with a fixed lift-to-drag ratio. He
developed software to choose the entry flight-path-angle and latitude required to
land at any selected point on the Earth without exceeding a predetermined
deceleration limit. A typical trajectory is shown in Figure 9-16 with the scale of

the atmosphere and skip greatly exaggerated for clarity. As the figure shows, the
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Energy Management
First Entry \ Landing

\
7

Lunar Return

Figure 9-16: Notional Orion CEV Skip Entry

CEV performs an initial skip, completely exiting the atmosphere. At the apogee
of the ensuing orbital portion, the vehicle could perform a thrusting maneuver and
circularize its orbit. Assuming it does not, the CEV returns to the atmosphere
again. On this second entry, the lift vector could be adjusted to correct position
errors and better “target” the landing point.

After solving the problem in non-dimensional universal variables, Kaya
converted the results to physical parameters for analysis. Typical results in
physical parameters are shown in Figure 9-17. Kaya found the baseline Orion
configuration (a capsule reminiscent of Apollo) could leave the moon at any time
and land at any point on the Earth if it employed a skip trajectory of this type
(34:64). Adding to the flexibility, a reasonable thrusting maneuver at the apogee
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Figure 9-17: Typical Orion CEV Skip Entry

of the skip could enable the capsule to enter an Earth orbit for an extended

number of orbits.

9.7 A (Very) Quick Look at Non-planar Entries

By its definition, the analysis of the entry corridor Section 9.4 involved
looking at planar entries. Strictly for convenience, the multipass examples in
Section 9.5 were computed as planar problems (even though nothing required
them to be planar). Kaya, to limit the scope of his study, also limited his work to
planar entries. The universal equations allow us to look at using lift to modify the
impact (or landing) point of a reentry vehicle to some point not in the original
entry plane.

In Figure 9-18, three trajectories are shown. Each enters the atmosphere
with exactly the same flight-path angle and velocity in a plane aligned with the
equator. The ballistic entry continues with planar motion until impact. The two
with lift and bank move out of the entry plane and impact the planet with cross-
track and in-track range differences. Figure 9-19 shows these changes in ground

tracks (and impact points) as well as flight times.

Change in Latitude (deg)
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Figure 9-19: Corresponding Ground Tracks and Altitude Profiles
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The two figures demonstrate the value of using a lift vector to modify the
entry path. While these examples used constant lift vectors for the entire entry,
it’s easy to see that a varying lift vector could be used to truly customize the
trajectory. The topic of “maneuvering entry vehicles” is worthy of at least a

chapter by itself and will not be addressed here.

9.8 Summary

In this chapter, we removed the restriction of planar entry in our analyses.
To do this, we derived Vinh and Brace’s set of motion equations and verified they
are valid during all non-thrusting phases of entry. We maintained the
“universality” of the equations so we do not need detailed knowledge of the
vehicle mass, shape, size, etc. (We did, however, change our non-dimensional
variables somewhat.) These universal equations can be used for more detailed
analyses (such as extending Kaya’s work to include out-of-plane lift). Chapter 10

will further generalize these equations to include variable lift and bank.
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9.9 Problems

Material Understanding:

1.

The expression for c(jj_z in Eq. (9.23) is for a strictly exponential atmosphere.
S

Other models of planetary atmospheres still have the exponential

characteristic

d—’o =—pdr
Yo,
but S may not be a constant. (E.g., for an isothermal model, g is

proportional to the gravity of the planet; i.e., B =/£g.) Show that a more

. dz . .
general expression for N is given by

dz 1 dg 1
—=pr — -1|Ztan
g P (2ﬂ2 dr * 2pr j 4

Show how to find Eq. (9.110):

— 2
a‘decel — Zu ﬁr l_’_[&]

g, o5y | (Cp

Make use of the appropriate equations already derived in other chapters.
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3. Prove that satisfying Eq. (9.112)

25sin 7. cos* 7. _

&/ﬁz*+(ﬁ—l)sin]/*+ 0

%

is necessary (but not sufficient) to identify the point of maximum deceleration.

4. Show that the entry conditions are related to the hypothetical periapsis
conditions by Egs. (9.118) and (9.119):

2

u

e ——2u,=u’-2u
cos’ 7,

Z, = Ze\/u—texp{ﬁ(l—u—eﬂ
up up

5. Using a value of 8 =0.14km™, show 0.065 < Z,<0.295 represents a

p

periapsis altitude range of about 10.8 km.

6. The discussion on multipass entries in Section 9.5 addressed how to
numerically integrate the universal equations across portions of the trajectory
that pass out of the atmosphere and then return. It did not, however, address
how to begin the problem when the initial conditions are outside the
atmosphere. Discuss how you would solve for the trajectory from an initial

point (at s, =0) givenby Z. =0, u,, 7, ¢, 6, and y, to the atmospheric
entry point (at s,) givenby Z, #0, u,, 7., 4., 6,,and y,. You can assume
you have one additional piece of information, such as the initial radius r, or

eccentricity e, (if required).
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Computational Insights:

7. Negative lift (i.e., o =180" to give lift that pulls the vehicle down towards the
planet) can be used to “hold” a vehicle in the atmosphere at speeds greater
than the ballistic overshoot speed. This expands the width of the entry
corridor. NASA’s Crew Exploration Vehicle (CEV) can generate a lift-to-

drag ratio of % =0.34. Calculate and plot the overshoot boundary for a
D

CEV with negative lift for the range 1< CO:;‘ <2.2. Show that the
Ve

overshoot boundary for parabolic entry is shifted to the leftto Z, ~0.015
when CEV uses negative lift. When “paired” with a ballistic undershoot
boundary, show that the corresponding corridor width for a maximum
deceleration of 10g, expands to about 21.3 km. (Caution: depending on the

accuracy of your TPBVP solver, this answer may vary somewhat; i.e.,
Z, ~0.013-0.016.)

Pov
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Chapter 10

Entry with Variable Lift
and Bank

10.1 Introduction

We’ve been examining situations where the lift-to-drag ratio and bank
angle have been held constant. Indeed, the universal equations in Chapter 9 were
derived in a form that could be integrated just once for a given atmosphere, set of
entry conditions, constant lift-to-drag ratio, and constant bank angle . Such
solutions have been calculated and published in “Z-Tables” and graphs (7;
18:106-277; 58:241-246). With modern desktop computers, it’s usually quicker
to integrate the differential equations than it is to refer to the Z-Tables, but the
solutions are still in our handy non-dimensional variables, freeing us from the
need to integrate for every possible vehicle configuration.

There are several interesting classes of entry where variable lift and bank
can be studied without knowing too much about the design of the entry vehicle.

(In-other-words, we can keep the results as general as possible and not require any
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detailed knowledge of the vehicle mass, surface area, etc.) This chapter will
introduce the equations necessary for study and look at the control profiles a
vehicle might use to follow several classes of entry. It is intended only as an

introduction to the maneuvering entry vehicle problem.

10.2 Equations of Motion for Variable Lift and Bank

The non-dimensional universal equations derived in Chapter 9 allow us to

examine situations where the lift varies as long as the drag coefficient C, is

constant. For reference, these equations were

9z =—frZtany

—u= ZZuV 1+ —+ G, cosotany + sm;/_
ds Cosy Co 27 /'gr

dé _ cosy

ds cos¢

dg .

—==sin

ds v

‘EI

dy _Z {CL coser s 087 [ coszyj

ds  cosy 2 pr u
dy zf[ cos?
Co

cosy tan ¢

ds cos®y Z\/E

10.1

10.2

10.3

10.4

10.5

10.6
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t
Y . . . .
where s = J—cos ydt was used as the independent variable instead of time
r
0

(with flight-path angle constrained such that cos y >0) . The modified Chapman
variables

_ Vicos?y
or 10.7

2m \ g '

related the non-dimensional kinetic energy u and altitude Z to their physical
counterparts.

The assumption of a constant drag coefficient may be a good
approximation in some cases; however, it’s generally more accurate to model the
increase in drag that accompanies a reentry vehicle’s increase in lift (47:240-246;
53:236-237; 58:308-311). The dimensional equations we derived in Chapter 3
can certainly be used, but we will stick with non-dimensional equations and

“universal variables” similar to u and altitude Z (or T and 7 before them).
Vinh, et al. derived several variations to Egs. (10.1) - (10.6) to allow C, (as well
as C_ ) to vary during entry (62:1617-1618; 58:308-313). We will derive one set

of their equations for use here.
When a entry vehicle develops lift, there is a corresponding increase in the

drag. A simple, yet fairly general, relationship between the drag C, and lift C,

is known as the drag polar and can be written as

Cp = CD0 +KC," 10.9
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where C,, is the zero-lift drag coefficient; K is the induced drag parameter; and

n is the drag polar parameter. In our application, C,, , K, and n are constants

and we’ve assumed the minimum drag occurs at the zero lift condition. (A
similar expression can be given when the minimum drag is at nonzero lift

(68:269). The induced drag caused by lift is represented by the term KC,".

With this relationship, the lift-to-drag ratio can be written:

C C
L=— L 10.10

C, Cp +KC/

To find the maximum ratio, C, can be treated as the independent variable and

Co

dc, (Co, +KC.")

solved to find the constant K :

_ CDO
= (n _1)CL*n 10.12

C.. is the lift coefficient corresponding to the maximum lift-to-drag ratio and not

necessarily the maximum value of C_. (Similarly, the drag coefficient

corresponding to the maximum lift-to-drag ratio is C,..) Substituting into Eq.

(10.10) gives the corresponding maximum

(&] _C _ (n-1)C.. 10.13

C Co-  NCy
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which readily identifies

n
C..=|——|C 10.14
o =5

as the drag coefficient corresponding to the maximum lift-to-drag ratio.
Rescaled lift and drag coefficients can be defined as:

C =C.4 10.15
Cp, =C,.f(4) 10.16

Notice they take on their “critical” values (C_. and C,.) when A=A, =1.

Because of this, these two definitions are introduced as “normalized” lift and drag

coefficients in some formulations:

A=C, = C, 10.17
C..
_C
f(i):CD:CD 10.18
-

Note that there will be a maximum value 4_,, based on the maximum lift a

vehicle can generate. At this point, we do not need to worry about that value but

we should know it exists. (A similar limit exists for maximum negative lift.)

Regardless of how A and f (/1) are introduced, comparing Egs. (10.9),

(10.12), (10.14), (10.15) gives f (2):

f (/1)=— 10.19
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Using L = % as shorthand, a corresponding “normalized” lift-to-drag ratio can
D

also be introduced:

c, L 10.20
Co L

With these definitions, we will now turn to rewriting Egs. (10.1) - (10.6) to allow

C, and C, to vary during entry.

The altitude variable Z is a poor choice since it is dependent on a (now)

non-constant C, . Instead, we can replace it with a similarly defined variable W :

oC.S [r L
w=£oe [T = 5
om ﬂ f (ﬂ,) 10.21

With this substitution, the four equations of motion that change become:

Z—V: = — W tan y 10.22

d_U_Z\NUf(ﬂ)\/ﬁ(l_i_L*ﬂCOSO'tan]/_’_ L. siny }

— 10.23
ds L. cos y f(4) 2WF (1) Br
o 2
dy _WAVAr l\/ﬁ Coso + (1— cos_y} 10.24
ds cos y u
dy WAy sin o —cosy tan ¢ 10.25

ds  cos’y
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These four equations, together with Egs. (10.3) and (10.4), can be numerically
integrated for variable lift problems with relative ease.
Vinh, et al. showed the equations can be simplified somewhat by
introducing another variable change:
u Ry 2

=——= 10.26
cos’y  gr

v is related to the kinetic energy and we will refer to it as a kinetic energy
parameter. With this change, the full set of six differential equations of motion

becomes:

dw

& = /W tany 10.27

2WVE (1) Br
QZ_M—(Z—v)mny 10.28
ds L. cosy

d7 W/I\/i CoSo +(1——j 10.29

ds cosy

dd cosy
—= 10.30
ds cos¢g
d .
94 _ siny 10.31
ds
Wﬂ,\/
dy ———sino —cosy tan ¢ 10.32
ds cos’ y
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These six equations are “universal” in two respects. First, they are valid during
entry as well as in orbit (since they are just a form those in Chapter 9). Second,
they are “almost” free of vehicle characteristics. The lift and drag profiles are
required to integrate, but not detailed knowledge of the mass, surface area, etc.

These are the equations we will use to examine entry with variable lift.

10.3 Parabolic Drag Polar

The drag polar in Eq. (10.9) has been left in its general form to this point.
In particular, we have not assigned a value to the exponent n. Regan and
Anandakrishnan show it’s in the approximate range 1.9958 < n < 2.5 for conical
shapes at hypersonic speeds (47:242). Vinh, et al. show n ~ 1.5 for thin-winged
hypersonic vehicles (58:309). For simplicity (and because it represents many
useful situations), we will assume the drag polar is parabolic with n =2 for our
purposes.

For a parabolic drag polar, the induced drag parameter becomes simply

K = o
= C.? 10.33

and the drag polar (Eg. (10.9)) reduces to:
C, =Cp, [1+ 12] 10.34

Equation (10.16) gives another expression for C,, where f (ﬂ) is now given by:

1+ A7
f(1)= +2 10.35
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Comparing these two expressions for C, reveals:
Cpr =2C,, 10.36

This tells us drag is evenly split between the zero-lift drag and induced drag when

the vehicle is at the maximum lift-to-drag ratio L.. As a check, the induced drag

at this point (1 = A. =1) is given by

C
(KCL2 )* = {CD"Z j(CL*/L)2 =Cp, 10.37

L*

which is exactly half of the total drag.
Equation (10.10) can be evaluated using these expressions for a parabolic

drag polar. After simplifying, the lift-to-drag ratio is:

c.__ x4, ( A j
- 0.38
Co Cor(1+47) *

B B L

Figure 10-1 summarizes the key aspects of this type of drag polar. For a
symmetrical vehicle capable of negative lift, Figure 10-2 shows the obvious

extension to the polar.
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Figure 10-1: Parabolic Drag Polar Relationships

Figure 10-2: Drag Polar Expanded to Include Negative Lift
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10.4 Planar Entry

For planar motion about a non-rotating planet, we can define the entry
plane to be equatorial without loss of generality. For equatorial entry with
o =0, Egs. (10.30) - (10.32) can be solved to give ¢ = =0 and d& =ds
throughout the entry. (We can arbitrarily assume & and s are zero at the same
time and let & = s if we so desire.) Equations (10.27) - (10.29) are decoupled and

describe the motion:

daw  —
v —prW tan y 10.39

dv 2Wvf (4)4/pr
— =" —(2-V)tany 10.40
do L. cosy

dy = W—’l‘/ﬁ + (1_ lj 10.41
do cosy v

The values spanned by W, V, and y are the “state space” of solutions to

Egs. (10.39) - (10.41). Following the lead of Vinh, et al., we can visualize the
state space in a cylindrical coordinate system, with h = %V for the “height,” V

for the “radius,” and » for the angular measurement (58:313-314). This is shown

in Figure 10-3.
If the solution to Egs. (10.39) - (10.41) can be related by a yet-to-be-
determined relationship ‘F between W, V , and » such that

FW,v,7)=0 10.42
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Figure 10-3: Cylindrical Representation of the (W,v, y) State Space

is true at any &, then the aggregate of all of the solutions to Eq. (10.42) forms a
two-dimensional surface in state space. (We cannot, however, assume F isan

easy or nice, closed-form relationship!) If a second (different) constraint must
also be satisfied, the solution (if it exists) is on the intersection of two surfaces. A
few of these relationships (and their two-dimensional surfaces) are relatively easy

to examine.

10.4.1 Entry at a Constant Flight-Path Angle

If the lift is varied to maintain a constant flight-path angle y,, then a

relationship between the state variables in the form of Eq. (10.42) is simply:

T(W,V,y)=7/—;/e=0 10.43
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The entire entry trajectory is contained in the (%V ,v) plane as shown in Figure

10-4. The “shape” shown within the plane is notional, but the plane’s orientation

Is exact since it is set at the fixed angle »,. As a result, the projection of the

entire entry onto the (v, y) plane is simply a line along v. The actual shape in the

(%V ,v) plane, as well as how it maps from cylindrical coordinates to “physical”

space, can be established by evaluating Egs. (10.39) - (10.41) in more detail.
The left-hand-side of Eq. (10.41) becomes zero and can be solved for the

lift profile required to maintain y, during entry:

A= C0S 7 (1_—\/) 10.44
/E Wv

At any particular point in the entry, the values of W and v “set” the required

value of lift A required to maintain y,. This “lift profile,” given by Eq. (10.44),

would continue throughout the entry until a physical limit suchas 4 > 4, or

-

N

gl=

Figure 10-4: Entry at Constant Flight-Path Angle
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A< A, isreached. At that point, the vehicle can no longer maintain the same

flight-path angle and the dynamics would change.
Equation (10.39) is separable and can be easily integrated to give the

altitude W at any point during the entry
W =W (8)=W, exp[—ﬁtan 7, (6’—6’6)] 10.45

where W, is the initial altitude. This is the equation for a logarithmic spiral.
Simply put, in the physical entry plane of the vehicle, the non-dimensional
altitude falls exponentially with “range” 6.

Equation (10.40) can be divided by (10.39) to relate W and v. Assuming

a parabolic drag polar and incorporating Eq. (10.44), the relationship becomes:

dv v { cos® 7, (1—vﬂ 2-v
= — 1+ — +— 10.46
dW Lk [ﬂr Sin ?/e ﬂr Wv W,Br

Rather than running screaming to a computer to solve this rather hideous

differential equation, we can attempt to simplify it. For most atmospheres of

. 1 . - .
interest, Wﬁ_ < 1 once the vehicle is sufficiently deep into the atmosphere.
r

Keeping only the largest term on the right-hand-side leaves us with a rather

simple equation:

dv v
== 10.47
dW L /prsin 2
This is easily integrated to give
v W -W,
— =P = 10.48
Ve L./ Br siny,
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where the e subscript again denotes entry conditions. This relationship gives the

shape of the trajectory in the (%V ,v) plane shown in Figure 10-4. Substituting

for W using Eq. (10.45), gives us an expression for v as a function of &:

v=v(8)=V,exp W {exp [—ﬁr tanz, (04, )} _1} 10.49

L./ Br siny,

Here, we see the non-dimensional kinetic energy falls off as an exponential to an

exponential as the range € increases.

Alternatively, we could approach finding v(e) directly from Eq. (10.40).

Using Egs. (10.44) and (10.45) and assuming a parabolic drag polar, we get:

2
g—:;+ f(0)v+9g(6) (1_VV) +(2—-v)tany, =0 10.50

In this equation,

f(@)_{we\/ﬁ }exp[—ﬁtan ye(e—ae)} 10.51

L. cosy,

and

cos 7,

9(0)= ELk—\/ﬁexp [E tany, (6 -6, )] 10.52

are used as shorthand for functions of & only. Equation (10.50) could be

integrated (maybe even analytically with a lot of pain and suffering) to find v as a

function of @ (i.e., V(H)). For our purposes, we will simply assume the solution

v(@) has been found. (It can be shown numerically that Eq. (10.49) is a very

good approximation for realistic entries so it can be used as the solution.)
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As a final note, Eq. (10.43) is not unique in describing the relationship

between W, V, and ». Equation (10.48) can also be arranged to give:

W -W
Yo exp| — = =0=7(W,v,7) 10.53
Ve L./ Ar siny,

The single constraint ( = constant) resulted in the ?’(W,v, ;/) defining motion

within the (%V ,v) plane. While not quite as obvious, the totality of solutions

satisfying Eq. (10.53) also lie within the (%V ,v) plane.

10.4.2 Entry at a Constant Sink Rate

The sink rate of an entry vehicle is the vertical component of its velocity:
WV, =WVsiny 10.54

Putting this into our current dimensionless variables, we can write

2

=2
vsin® y = —2 10.55
gr

For all of the planetary atmospheres of interest, gr ~ constant during the entry

(because of the “thin” atmosphere). Thus, for a constant sink rate, Eq. (10.55)
becomes
vsin® y =k 10.56

where k; is simply a new constant. We can then write

FW,v,y)=vsin’y—k =0 10.57
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as a relationship between the states. This constraint will limit the motion in a
two-dimensional “sheet.” (As we’ll see, it is not a plane in cylindrical

coordinates.)

The projection of the entry path onto the (v, 7) plane is shown in Figure
10-5 as the curve labeled vsin® y =k, . As the kinetic energy drops (and y

becomes more negative), the projection approaches the circle with a radius k; .

For a large sink rate, the radius is large. For a small sink rate, the radius is small.
Like in the last section, we can solve for the lift profile for this type of
entry. Differentiating Eq. (10.56) gives us:

ﬂs,in27/+j—22vsin ycosy =0 10.58

dé

o}
/7
3 -
Vv i 5
L siny
- vsiny =k, -7
7/ 1 7/ i
Q 7777777777777777777777777777777777777777777 '
k,cosy R
sin?y

Figure 10-5: Entry at Constant Sink Rate as Seen in (v, 7) Plane
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Equations (10.40) and (10.41) can be used to replace the derivatives. After
assuming a parabolic drag polar and simplifying, we are left with a quadratic

equation to solve for 4 anywhere along the entry:

A%(siny)+A(-2L.cosy)+siny + [ (sm A 1}}:0 10.59
Wv\/7

This has both positive and negative roots (giving positive and negative lift,

respectively) when:

oo e

(The choice of the root may depend on the capabilities of the vehicle and will

impacts other aspects of the entry, such as the deceleration experienced.)

Assuming y <0 throughout entry, this can be rearranged to give:

L.| =2sin? ¥ +k, (2 —sin®
W < [ 7_1_( 7)} 10.61
k. Brsiny

When this condition on altitude is reversed, only negative lift is possible. At
some point in the entry, a “control limit” may be reached. A control limit occurs

when A falls outside its allowed bounds (4

min

<A< 4,,)orno longer has any

real values. The roots become imaginary when:

4L§C0527_4Siny/{sin;/+ \/»{ [Sln 7_1H}<0 10.62
Wv

Vinh, et al. arrived at an expression similar to Eq. (5.59) after assuming a
flat-planet entry. We can match their result by making the same flat-planet
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assumption. Start by letting the dimensionless horizontal distance, altitude, and
kinetic energy be defined by:

X = ré 10.63

, _NAT 10.64
W

_ RV 2

Substituting these definitions into Eq. (10.59) and simplifying gives:

A2
A% (siny)+ A(-2L cos;/)+siny+E{1+ﬂé(sm2 7_1H:o 10.66
u r

In this scale « < Br , so we can simplify the result to just:

=0 10.67

A% (siny)+A(-2L.cosy)+siny + 2Lz

(43

Or, letting k, be a positive constant such that k? = grk, , Eq. (10.67) becomes:

A2
2Lzszln Y o
2

A%(siny)+A(-2L.cosy)+siny + 10.68

Physically, k, is the absolute value of the non-dimensional sink rate. Equation

(10.68) is the expression derived by Vinh, et al. for a constant sink rate entry over
a flat planet (58:337; 62:1620-1621). With Eq. (10.68), two solutions are possible

when:

7> K
2L, sin y 10.69
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(One solution is for positive lift and the other is for negative lift.) When this
condition on altitude is reversed, negative lift is the only possible solution. For

the flat-planet approximation, 4 becomes imaginary when:

Z<[k§(li coszysinzy)J

— 10.70
2L.sin” y
(Again, we have assumed y < 0 in the derivation of Egs. (10.69) and (10.70).)

Unlike entries with a constant flight-path angle, the equations of motion

for these entries are not readily solved analytically. Finding W, v, and y as

functions of & (or each other) is probably best left to numerical methods and
won’t be presented here. For the interested reader, Vinh, et al. provide a detailed
look at the relationship between » and A4 (58:337-343; 62:1620-1622). Even

without finding W, v, and y, we can say with certainty that the motion is
confined to a “sheet” whose projection on the (v, 7) plane is the curve shown in

Figure 10-5 (as long as the sink rate remains constant).

10.4.3 Entry at a Constant Velocity

If the lift is varied to maintain a constant velocity "V, , then

2
v =V, =—%& x~ constant 10.71
gr

for a “thin” atmosphere. Therefore, a relationship between the state variables

can be written as:

F(W,v,y)=v-v, =0 10.72

308



ENTRY WITH VARIABLE LIFT AND BANK

In cylindrical state space, the entire entry trajectory is contained on a cylinder of

radius v, centered on (and oriented along) the %V axis as shown in Figure 10-6.

(Only the valid half of the cylinder, for —90° < » < 90°, is shown.) The motion on
the surface of the cylinder cannot be easily found analytically, so it won’t be
presented here. However, finding the lift profile is straightforward.

Substituting v =v, into the differential equation for v (Eq. (10.40)) and
assuming a parabolic drag polar gives us the required lift profile to maintain a

constant velocity:

A= Jr\/(ve — 2)[\/\';*\/5—1/%} -1 10.73

Figure 10-6: Entry at Constant Velocity
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The choice of the sign, once again, affects other aspects of the entry such as the
deceleration. Once

L. sin
(Ve_z)( —7J_1<0 10.74

Wy, \/E

the roots are imaginary and the velocity can no longer be held at the same value.
<ALA , the

min — max ?

Similarly, when A falls outside the allowed boundaries A

velocity must change.

10.4.4 Entry at a Constant Dynamic Pressure
The aerodynamic forces acting on a vehicle as it enters the atmosphere is
proportional to the dynamic pressure %pRVZ (Ref. 22). In non-dimensional

terms, we can write the dynamic pressure as:

1 2
PVt
2. __ \ SrWv 10.75

Mg

SC..
For an entry with constant dynamic pressure and a thin atmosphere (so that
g = constant), Eq. (10.75) can be written simply as

Wy =k, 10.76

where k, is a constant. With a simple rearrangement, we can write this as

F(W,V,7) =77~k =0 10.77
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In our cylindrical state-space, this is the equation for a circular cone just touching

the origin and centered on the 1/W axis. This is shown in Figure 10-7. (Only
half of the cone is shown since —90° < y <90°.)
The motion on the cone surface (e.g., W () and v(y)) is too complicated

to bother finding analytically, but the lift profile can be found by differentiating
Eqg. (10.76)

dv. —k, dW

@ = _W2 _dg 10.78
1
W

Figure 10-7: Entry at Constant Dynamic Pressure
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and substituting Egs. (10.39) and (10.40) for the derivatives. If a parabolic drag
polar is assumed, the profile is:

—L.siny { 2VV 1} 1
— 10.79
w\/7

As long as the value for A remainsrealand 4. <A< A

min — max !

a vehicle entering

with this lift profile will maintain a constant dynamic pressure.

10.4.5 Entry at a Constant Heat Flux

In Chapter 7, we saw that the average heat flux and stagnation heat flux

were proportional to p®v* and p% "v?, respectively. When looking at an entry

with a constant heat flux, we can simply write
PV =Kk, 10.80

to cover both cases. For average (wall) heat flux a =1 and for stagnation heat

flux a= % Rewriting in terms of the current state variables, this relationship

becomes:
—(2a+3
W22 2ar) — g 10.81
For a thin atmosphere r ~ constant, our constraint equation can be written:
VS
F(W,v,7)= -k, =0 10.82

(&)
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For a =1 (constant average heat flux), Eqg. (10.82) is the equation for the surface

of a “semicubic paraboloid,” created by rotating a semicubic equation about the
1/W axis. For a= % (constant stagnation heat flux), the surface is that of a
“cubic paraboloid,” created by rotating a cubic equation about the /W axis. The
intersection of each of these paraboloids with the ( %V ,v) plane (for the same

value of k) is shown in Figure 10-8. A three-dimensional rendering of both

constraint surfaces is shown in Figure 10-9.
Using a process similar to how we found the lift profile for entry with a

constant dynamic pressure, Eq. (10.82) can be differentiated to give:

V' = T 10.83
d 0 W 2a+l d 9 .

[ [ [
—— Semicubic (Av Heat Flux) o

_____ Cubic (Stag Heat Flux)

Figure 10-8: Semicubic and Cubic Equations for Constant Heat Flux as Seen
in the (}6\/ ,v) Plane
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Figure 10-9: Entry at Constant Heat Flux

Equations (10.39) and (10.40) can be used to replace the derivatives and a

parabolic drag polar assumed. Once done, a solution for 2 (W,y) or A(v,y) can

be obtained with minimal effort. The solution is left as an exercise for the reader

as is the solution to the motion on the paraboloids.

10.4.6 Other Planar Entries

The five planar entries already discussed are just a few of the interesting
planar trajectories. They were singled out because various aspects (like A or the
“plane of motion”) can be found analytically with relative ease. Each had
relatively simple (and constant) constraints (e.g., constant flight-path angle or
constant sink rate). It is possible, however, for constraints to change during an
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entry. We have already seen two situations that might force a change: reaching a
limit on the allowable range of A or failing to find a real solution for 4. Another
situation is a planned change in one or more constraint.

Certain entry vehicles, including the US and the (then) Soviet space
shuttles, have multiple entry “legs.” The vehicles switch between different
constraints on the motion in discrete “segments” (perhaps triggered by altitude or
speed). For example, early in the entry the control system may maintain the
maximum drag (subject to heating and deceleration limits) in order to slow the
vehicle while high in the atmosphere. Later, the control might shift to
maintaining a fixed heat flux. Finally, when the vehicle is low enough, a constant
sink rate might be commanded. To study these types of vehicles, each leg can be
investigated independently and sequentially, beginning at entry.

If a vehicle’s entry is designed as an “optimal” trajectory (e.g., maximum
range or minimum total heating), the control can become even more complex. A
full treatment and solution requires the application of modern optimal control
theory. Optimal control is beyond the scope of this text and won’t be covered.
References 9 and 10, as well as many other books, can provide a good
introduction to the theory. Some examples of optimal entry trajectories, while not

necessarily planar, are discussed in References 11, 13, 33, 50, 54, 55, 60, and 61.

10.5 Non-Planar Entry
For entry with lift and a non-zero bank angle, all six differential equations

are required. After assuming a parabolic drag profile, these become:

dw —
& —pW tan y 10.84
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dv  Wwpr (1+22)

ds L. cos y

—(2-v)tany 10.85

dy Wﬂ\/7 [1_ _j 10.86

ds cosy v
déo _ Cosy 10.67
ds  cosg '
% =siny 10.88
ds

W/%/
dy S|na—0031//tan¢ 10.89
ds cos’ y

In general, solving these equations will require numerical methods. In three-
dimensional motion, both lift 4 and bank o can be adjusted to meet restrictions
(constraints) on the trajectory. (In control theory, 4 and o would be called the
“control variables.”) The next few sections introduce a few examples of non-

planar motion and the controls used to meet their requirements.

10.5.1 Equilibrium Glide

In Section 5.2, the concept of a quasi-equilibrium glide was introduced,
albeit for planar entries. In that section, we used the small angle approximation to
replace:

smy =y 10.90
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cos y =1~ constant 10.91

If we take this one step further and restrict the flight-path angle to a small, nearly
constant value, we have something even closer to equilibrium glide and Eq.
(10.90) becomes:

siny =y, 10.92

where y, is the “gliding” flight-path angle (which may or may not be equal to

the entry flight-path angle).

With this assumption, four of the differential equations simplify:

dw —

& -BWy, 10.93

dv  Wwypr (1+2?)

av _ _(2—v 10.94

ds L. &=,

97 _wa ECOSU+(1_1JZO 10.95
ds v

Z—W:Wixlﬁsin o —Cosy tan ¢ 10.96
s

Equation (10.93) can be integrated if the flight-path angle changes slowly enough

to be considered constant:
W =W, exp [—Eyg (s-s, )} 10.97

The “0” subscript denotes the conditions at the beginning of the (near)

equilibrium glide. The flight-path angle equation (Eq. (10.95)) reduces to a
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simple algebraic equation that can be solved:

Acos (1_\/)
o= — 10.98
Wy Sr
Or, substituting the solution for W (s) into this, we find:
(L-V) ol B
ACOSo = —exp| pfry,(s—s 10.99
w7 7).

The left-hand-side is the radial (local vertical) component of the lift force. These
two equations show the radial lift force balances the combined force of gravity
and centrifugal force. (If it isn’t clear why this is true, look back at Eq. (5.2) and
Figure 5-1.)

The four remaining equations of motion are coupled and not easily solved.
Eliminating W in favor of the control variables using Eq. (10.98), they can be

written:

dv (1—v)(1+ 12)

- = 7 _(2-V

s i coso ( )yg 10.100
% _ cosy
ds ~ cos 10.101
d .
_¢ =siny 10.102
ds

1-v
dy = u tan o —cosy tan ¢ 10.103
ds Y
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In the region of interest, Eq. (10.100) is dominated by the first term on the right

(because W/ Br > 74 ) SO it can be replaced with

dv (1—v)(1+ /12)
ds  LAcoso 10104

to yield a set of equations free from the flight-path angle. (This equation is

“exact” when y, =0.) This set of equations can be numerically integrated to

produce the entry trajectory.

For a “nearly true” equilibrium glide y, = 0 and the equation for W (Eq.

(10.93) fails to provide a solution for the changing altitude. Instead, it is found
with Eq. (10.98). Equations (10.101) - (10.104) must be integrated to obtain the

remaining states of the solution (v(s), €(s), #(s) , w(s)) to completely solve

for the trajectory of an equilibrium glide.

10.5.2 Maximum Cross Range at a Fixed Bank Angle
(Assumed Equilibrium Glide)

One of the advantages of lifting entry vehicles is their ability to shift the
landing/impact point off of their initial entry plane. This “shift” gives the vehicles
a cross range capability. Vinh and Gell, in separate publications, built on the
work of Eggers to find a “sub-optimum” control law to maximize the cross range
of a vehicle entering the atmosphere in an equilibrium glide at near circular speed
(23:13.51-13.53; 27:28-37; 57:346-363; 58:347-356). Since their solution allows
some analytical insight without delving into modern control theory, it is a good

example to present here.
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For entry about a non-rotating, spherical planet, we can define the entry

point to be
6,=0 10.105
¢, =0 10.106
v, =0 10.107

without loss of generality. For equilibrium glide at near circular

velocity, we can write:

7y=7.=0 10.108
v, =1 10.109

Lift and bank are to be selected such that they will maximize the cross range
(measured in terms of ¢).

To maximum distance, we’ll assume the velocity is reduced all the way to
zero. Itis reasonable to assume that the “longer” the distance (measured in terms
of s) it takes for the velocity to be reduced to zero, the more distance can be

covered by the vehicle. (This is one of the assumptions that make this a sub-

optimal solution.) Minimizing the change in velocity means % should have the
S

smallest magnitude possible; therefore, the right-hand-side of Eq. (10.104) should

minimized. For a given bank angle and speed,

A=1 10.110

ds

minimizes . In-other-words, the optimal (or at least “nearly optimal”) glide

is at the maximum lift-to-drag ratio. The bank angle, however, must be varied in

some optimal manner.
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In order to obtain an analytic solution, the problem must be simplified a

little further. First, we can look at the situation where the bank angle is held

constant. This does not strictly limit the application to a vehicle that can only

hold a constant bank angle. Vinh suggests we can assume there is an average

value & that provides comparable performance to the varying value (58:347).

Regardless of the reason, we will assume the bank angle is a yet-to-be-determined

constant & . Second, we can assume changes to the heading w and latitude ¢ are

small and:
siny =y
cosy =1
sing =¢

cosg =1

With these simplifications, the equations of motion become:

dv 2(1—V)

ds  Lcosa

9 _4

ds

dg _

ds 7
dy _(1-v)
ds Vv

10.111

10.112

10.113

10.114

10.115

10.116

10.117

10.118
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The equation for velocity is separable and easily integrated if the entry

speed is not exactly circular (v, #1):

L.coso

v=1-(1-v,)exp {M} 10119

Equations (10.117) can be differentiated with respect to s and combined with Eq.
(10.118) to form a single second-order differential equation:
(L-v)

d? _
ds? +¢= y tanc 10.120

For simplicity, Equation (10.119) has not been used to eliminate v in favor of s
yet. The complete solution to this differential equation involves first finding the
homogeneous solution and then the particular solution.

The homogeneous solution to this differential equation is simple
¢, (s) =c,cos(s)+c,sin(s) 10.121

where ¢, and c, are constants that can be evaluated using initial conditions once

the entire solution is known. The particular solution is more difficult to find, but

is manageable with a few modifications. Let

r=1-v
= 1—
( Ve)exp{L*COSE}

3 2s
=7, EXp L coso 10.122

be a new independent variable. (Note that s, =0 has been arbitrarily assumed.)

322



ENTRY WITH VARIABLE LIFT AND BANK

With this change, the relationships between the differential operators become:

d( )Z(chosﬁjd( )

i > i 10.123
d?( ) 1\d( ) (L2cos’s\d*( )
dz? __(;j dr " 4r° ds? 10124

Using these to transform Eg. (10.120) gives

,(d’¢ dg)  (Lcosa * | Lsin(25) ( T J
T (d12]+r(drj+( > J ¢—{ 3 } 1, 10.125

where the trigonometry identity

sin(26) =2cos&sing 10.126

was used to simplify the right-hand-side slightly. By its definition, z <1 for all
but the very last instant of the entry, so the right-hand-side can be expanded in a

binomial series:

(L)) (Lo

A particular solution can be built by assuming a power series of the form:

4, (v)=2 a7 10.128
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Substituting this into Eq. (10.127) and equating like powers of 7, gives the

coefficients of the power series:

LZsin(26
Q=23 2 2 —
8n“ + 2L cos” o

10.129

Converting the homogeneous solution to a function of z and combining with the

other pieces of the total solution for ¢, we get:

¢(r)=clc°SKL*C§S&J'”(ZZH+CZ Si”{(bcgsaj'”(r_zﬂ

L2sin(25) | & n
J{ 2( 0)}2 4 10.130

“~An® + L% cos’ &

At this point, we can use the initial conditions ¢, =0 and y, =0 to
evaluate ¢, and c,. The latter condition requires a slight amount of work. In

terms of 7, Eq. (10.117) becomes

%z(hcosajw

a7 o 10.131
telling us a¢ =0. With these boundary conditions, we can easily solve for
T T=Tg
c, and c,:
L¥sin(25) | & Pl
C, =~ : 10.132
' { 2 ;4n2+L§cosz5
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nTn -1
=-2L.sin az 10.133
~4n’ + Zcos’ &

(Once again, the identity in Eq. (10.126) was used.) Finally, the solution for ¢

can be written:

oS el (S
( ZL*SInUnZ;‘M‘ +n|i_:05 GJSinHLC;SEJIn(iH

ol

1 4N

2 +12 20082 5 10.134

(The solution for v could found by substituting this into Eq. (10.131) if desired.)
For an equatorial entry, maximizing the change in latitude ¢ equates to

maximizing the cross range. We need to maximize this “simplified” solution with

respect to & to find the optimal bank angle. The oscillatory terms are small when

the entry is near circular speed (7, <<1 when v, = 1) so they can be ignored.

After evaluating at the end of the flight (z, =1 when v, =0), we are left with:

¢(ﬂ)={ﬁsm(25)}i > % — 10.135

2 ~'4n° + LS cos“ o

The initial temptation might be to take the first few terms of this series and use the

resulting approximation to maximize ¢. Given enough effort, that tactic can be

“forced” to work, but there is a more elegant approach.
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A fraction of the form Lb can be written as:
a+

1
a+b_g_a(a+b) 10136

Applying this identity to the summation in Eq. (10.135), enables us to write:

= 1 L2cos’ o

1
F4n’+Lcos’c 43| 4n°  4n?(4n”+ L2 cos” 5)

—lii— 3 Lcos’5 10.137
413n* 5 4n*(4n’ + Licos’ ) '
A quick search of a math handbook reveals
$1_x
L2 g 10.138

which, in turn, enables us to write Eq. (10.135) as:

L'sin(25) (| 2* & 12 cos? &
T, || ————= || ——
#(7) { 2 24 nzzllémz (an’ + C cos’ 5) 10.139
If the maximum lift-to-drag ratio L. is small, the summation can be ignored.

Without the summation, we are left with Eggers’ formula for cross range
(23:13.53; 57:356; 58:351):

sin(25) 10.140
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From this equation, we can deduce that a bank angle of about &. ~ 45" maximizes
the cross range. (Note, however, Vinh, et al. show that Eq. (10.140)
overestimates the actual value of ¢(rf ) when compared to the value found
numerically integrating Egs. (10.101) - (10.104) with & = 45" (58:352).)

Gell found a relatively “inspired” way to analytically maximize Eq.

(10.139). Backing up to the previous form of the equation in Eq. (10.135) and

“undoing” the trigonometric identity, he started with:

~(1%2<in~ N
¢(rf)~(LS|nac050)nZ;4n2+ ool S 10.141

With a little rewriting, this becomes

¢(Tf ) z(LS|na]i :

= N + X

L bl

L.sino 1
= = 2})
( 4 J{ + L7 } x} 10.142

has been introduced for simplicity. The term in square

L.coso

where x =

brackets is the series expansion for a hyperbolic cotangent:

ZZ

= zcoth(7x) 10.143
Sn?+x°
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(Recognizing this fact is what | call “inspired” on Gell’s part!) With the

substitution, the expression for ¢(rf ) becomes:

rL.sinc zL.coso | tano
¢(Tf ) ~ (T] COth( > ] S 10.144

This expression can be maximized by taking the derivative (with respect to &)

and setting it equal to zero to find the optimum bank angle &.. This yields

— — 2,2 - 2 _
(ﬂ'LkZOSJ*jCOth(ﬂLkCZOSO'*j_(ﬂ' L:n J"Ml—cothz[m‘*czosa*ﬂ

_(%J(H tan? ci) =0 10145

where we can restrict ourselves to 0< &, < % to avoid any quadrant
ambiguities. (The problem is symmetrical, so a negative value of &, would

simply result getting the corresponding negative value of ¢(rf ) .) Equation

(10.145) must be solved numerically, but it is straight-forward. Table 10-1 gives

a few discrete results.

Table 10-1: Optimum Constant Bank Angles to Maximize Cross Range

Maximum Lift- Optimum Bank Optimum Bank
to-Drag ratio, Angle, (radians) Angle, (degrees)
0.5 0.7953 45.57
1.0 0.8212 47.05
15 0.8553 49.00
2.0 0.8910 51.05
2.5 0.9249 52.99
3.0 0.9556 54.75
3.5 0.9830 56.32
4.0 1.0071 57.70
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To compare the improvement in cross range using Gell’s optimum &,
from Eq. (10.145) and Egger’s & = 45", we can numerically integrate Egs.
(10.101) - (10.104) using both solutions for . Note, however, that some care
must be used to insure the integration “debanks” the vehicle to o =0 when the
heading angle w reaches +90°. This eliminates “back-tracking” and ensures the

vehicle continues to maximize the cross range. Figure 10-10 notionally illustrates
the difference a debank maneuver makes in the final latitude.

For comparison purposes, a near circular equatorial entry into Earth’s
atmosphere was simulated by integrating Egs. (10.101) - (10.104) using the initial

conditions v, =0.99, ¢, =0, 6, =0, and y, =0. The equations were integrated
forward until v, =0.001. Solutions using Gell’s &. and Egger’s & =45 are
shown in Figure 10-11. The figure shows the optimum (constant) bank angle is
not 45° forall L.. Above about L. ~ 2, the angles computed with Eq. (10.145)
provide a greater cross range. For L. >4, the cross range is effectively the entire

planet.

| I ]
—— Without "debank" '

- |- ==+ With "debank"

Vehicle begins“debank”
(w=90°, =07

Latitude

Longitude

Figure 10-10: “Debanking” to Maximize Cross Range
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T |
=45 and O (w=90")
75H----- & =3, and 0° (y =90)

Final Latitude (degrees)
T

0 0.5 | 1.5 2 25 3 35 4
Maximum Lift-to-Drag Ratio, L.

Figure 10-11: Comparison Cross Range using Egger’s and Gell’s Solutions for
Constant Bank Angle

10.5.3 Maximum Cross Range with a Variable Bank Angle
(Assumed Equilibrium Glide)

To this point, we’ve elected to search for a constant bank angle to
maximize the cross range. This is a suboptimal solution; however, the actual
optimal control for this scenario is to begin with a large bank and decrease it to

zero as w — 190" (13:77-81; 27:38; 57:346-351; 58:351). Gell suggests using

oc=o,tan™ (Mj 10.146
tany

since it is a function with the desired behavior. o, is a scaling factor selected to

maximize ¢, . In his dissertation, he empirically found

1 L.
O, = Eexp E 10.147
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for 0< L. <3.5 (27:37-39). A typical control profile using “Gell’s equation”

L.
o =2es tant| 252 10.148
2 tany

for continuous control during a near circular equatorial entry is shown in Figure
10-12. (For reference, L. =2.0 was used to create the figure.) The resulting
cross ranges for different values of L. are shown in Figure 10-13.

Also shown in Figure 10-13 are the results using the “real” optimal control
found by using modern control theory. Chern and Vinh applied that theory to
Eqgs. (10.101) - (10.104) and found the bank angle profile given by

1—v cos gsin(6; - 0)
tano = : —— 10.149
Vv (:05(19f —H)SInz//—cosz//sm ¢5sm(6’f —19)
90 T T T 90
—— Bank Angle o -
@ k- Heading Angle ¥ 75 o
(]
e =
> @
=) >
o a
) ®
= <€
< o
£ 8
@ ®
NI

Longitude

Figure 10-12: Typical Control Profile and Corresponding Heading Angle
using Gell’s Equation, Eq. (10.148)
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90 T I T T T

I
—— =45 and 0° (w=90) -~
75" G=3a,and 0" (v =90%) P
& from Gell's Equation
60— - - & from Modern Control Theory .

45~

Final Latitude (degrees)

0 0.5 1 1.5 2 2.5 3 3.5 4

Maximum Lift-to-Drag Ratio, L.

Figure 10-13: Comparison of Cross Range for Various Bank Angle Solutions

maximizes ¢, (13:77-81; 57:346-351; 58:351). The subscript “f” denotes final
conditions. To use this solution, the final longitude &, must be known at the

beginning of the maneuver, so its application is more difficult than simply using
Gell’s equation. But, as Figure 10-13 demonstrates, the solution from modern

control theory gives marginally better cross range for L. >3.0. A typical bank
profile found using Eq. (10.149) (and L. = 2.0) is shown in Figure 10-14. Notice

its similarity to the one shown in Figure 10-12. (Both of the solutions shown in

Figure 10-13 and Figure 10-14 assumed allowable maximum bank angle of

Oy =85°.)
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) T T T T T 90

o~ —— Bank Angle &

--=-- Heading Angle ¥

/

T8

/

- S 60

~_

e
L
I

Bank Angle, o(degrees)

(s@aibap) i ‘a|buy Buipeay

Longitude

Figure 10-14: Typical Control Profile and Corresponding Heading Angle
using Modern Control Solution for o

10.5.4 Maximum Cross Range with a Variable Bank Angle
(Shallow Entry)

All of the optimal bank angle solutions in the previous two sections were
found by using equilibrium glide assumptions and then integrating Eqgs. (10.101) -
(10.104) to find the cross range. It’s instructive to look back and use these
solutions in the full system of equations (Egs. (10.84)-(10.89)) in the hope that
we’ve found “near optimal” solutions for the “full dynamics” case. If we wanted
to delve into modern control theory, we could actually find the “true” optimal
control profile for non-equilibrium flight and then compare the answers. We
aren’t that industrious, so we’ll settle for showing that shallow entries remain
“close enough” to equilibrium glide for our bank angle profiles to be “close” to

optimal. We’ll use results found with Eq. (10.149) convince ourselves.
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Using the initial conditions W, =0.0005, v, =0.99, y, =—4",
¢, =6, =y, =0, amaximum lift-to-drag ratio of L. =2, a maximum bank of
0. =85, and an Earth-like atmosphere with ﬁ =900, Egs. (10.84)-(10.89)
were integrated forward until v, =0.001 to compare with the previous

equilibrium glide solutions. Figure 10-15 plots the control history (found with
Eqg. (10.149)) and corresponding heading angles for this example as a function of
longitude. This plot is analogous to Figure 10-14 except it reflects the use of “full
dynamics” for this shallow entry instead of assuming equilibrium glide. The
basic trends are the same, with the bank angle starting at its maximum value and
decreasing to zero as the heading angle approaches ninety degrees.

The results for latitude as a function of longitude are presented in Figure
10-16. Notice that equilibrium glide overestimates the longitude (or time-of-
flight), but accurately predicts the final latitude. (While this plot is for a solution

90 T T T T T T 90

\ —— Bank Angle o
sE ----- Heading Angle ¥ ! 75

Bank Angle, o{degrees)
(seaibap)  ‘a|bfuy BuipeaH

0 10 20 30 40 50 60 TO

Longitude

Figure 10-15: Control Profile and Corresponding Heading Angle using
Modern Control Solution
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40 T T T T T
—— Equilibrium Glide Assumption

..... Complete Equations

30r

Latitude, ¢ (degrees)

0 e 1 1 1 1
0 15 30 45 60 75 90

Longitude, & (degrees)

Figure 10-16: Latitude as a Function of Longitude for Flight using Modern
Control Solution for o

using the modern control theory solution, experience with numerous examples
shows that this overestimation of @ is typical when comparing equilibrium glide
to the “real” solution.) We’ll use latitude on the x-axis for the remainder of the
comparisons and quietly forget about the longitude discrepancy.

The bank angle solutions are compared in Figure 10-17. (It’s difficult to
see in the plot, but both solutions start with o =85".) Given the similarity, we
can (rightfully) expect the dynamics solutions to be similar. Solutions for W, »,
v, and y are shown in Figure 10-18 - Figure 10-21. (For equilibrium glide, W
was found with Eq. (10.98).) Notice how the solutions for equilibrium glide
represent (more or less) “averaged” or “smoothed” simplifications of the more
general solutions, especially in the first two figures. This fact and the realization
(from Figure 10-19) that the flight-path angle remains small gives us confidence
we are “close” to equilibrium glide for shallow entries; therefore, the bank angle

335



90 T T T
—— Equilibrium Glide Assumption
e Complete Equations -

Bank Angle, g (degrees)
Ull

0 10 20 30 40
Latitude, ¢ (degrees)

Figure 10-17: Bank Angle o as a Function of Latitude ¢ using Modern
Control Solution

10 T T T
—— Equilibrium Glide Assumption g
----- Complete Equations

—
-

0.01

Altitude Variable, W

10 3F 4 B

1%10 4 1 I |
0 10 20 30 40

Latitude, ¢ (degrees)

Figure 10-18: Altitude Variable W as a Function of Latitude ¢ using Modern
Control Solution for o
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5 T T T
4 Equilibrium Glide Assumption|_
— .
B A e Complete Equations
I 2
4] 20 ' HERY R - -1
= Y R Doy Y o
OO | oo P Do .
o | \ ; | : i R Do R
o OF O i Y j 3 i ; R R N
c Y ! \ : \ ; \ ' A
< 1 S : \ ' \ i S Yo Y -
E % M A ! K K . ' ;: V! 1 )
K Vol L N ¥ Vooan i
S -3 '. .
T :
— 4 -
_s 1 L 1 ;
0 10 20 30 40

Latitude, ¢ (degrees)

Figure 10-19: Flight-Path Angle » as a Function of Latitude ¢ using Modern
Control Solution for o

1 T T
—— Equilibrium Glide Assumption
a N Complete Equations
. 0.8[ .
Lih] [
o
e
L o6 A
=
(=)}
e
z
5 04 -
L
°
c
g 02F .
0
0 10 20 30 40

Latitude, ¢ (degrees)

Figure 10-20: Kinetic Energy Variable v as a Function of Latitude ¢ using
Modern Control Solution for o
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90, T T T
—— Equilibrium Glide Assumption )
N Complete Equations -

6

45

HeadingAngle, ¥ (degrees)

0 I 1 1
0 10 20 30 40

Latitude, @ (degrees)

Figure 10-21: Heading Angle y as a Function of Latitude ¢ using Modern
Control Solution for o

solutions found in Sections 10.5.2 and 10.5.3 can be applied to shallow entries in
general.

If we were to apply each of the solutions we’ve found to an arbitrary
shallow entry, we can expect the results would show similar trends. For example,
Figure 10-22 compares the cross range as a function of L. for the current
problem. While not as definitive as when we assumed equilibrium flight (Figure
10-13), the same trends are evident in this figure. In order of increasing
“optimality,” we have the two constant solutions, ¢ = 45" and & = . (from Eq.
(10.145)), producing nearly the same results. The latter generally gives more
cross range. Next, the solutions for o from Gell’s Equation (Eqg. (10.148)) and
the Modern Control theory (found with Eq. (10.149)) also produce similar results
with the latter generally giving more cross range at larger values of L.. A

dedicated student might want to explore other examples to verify the trends hold

in general, but we won’t.
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90

751

60

Final Latitude (degrees)
&
1

I T I T T I

& =45 and O° (w=90) e
=&, and 0° (w =90%) -
o from Gell's Equation

¢ from Modern Control Theory

1 | 1 | 1 | 1

0.5 1 1.5 2 2.5 3 3.5 £l
Maximum Lift-to-Drag Ratio, L,

Figure 10-22: Comparison of Cross Range for All Bank Angle Solutions

(Shallow Entry Example)

10.5.5 Diveline Guidance

Divel

ine guidance (DG) is a type of control that provides a trajectory-

shaping and trajectory-targeting algorithm. In its use, one or more “divelines” are
selected that intersect the Earth (at “targeted points”). When the DG control is

initiated, the orientation and magnitude of the vehicle’s lift vector L is

continuously adjusted to guide the vehicle until it is flying “down” the first
diveline. (See Figure 10-23.) At some point, it breaks off that approach and the

lift vector reorients to maneuver and fly down the next diveline. This continues

until the vehicle flies down the final diveline, which intersects the Earth exactly at

the desired impact point.
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Current Trajectory L
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On to the
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Commanded

D>

“Targeted”
Point

Figure 10-23: Diveline Guidance Geometry

Finding the orientation of L is rather simple, so this algorithm is relatively
simple to implement (at least in theory). The control is continuously varying,
however, and the equations of motion must be numerically integrated. The details
for finding the desired L will not be presented here, but are rigorously covered in

Regan and Anandakrishnan’s text (47:252-257). Cameron’s and Gracey, et al.’s
works also provide a good background on the subject (12:670-678; 28:558-563).

340



ENTRY WITH VARIABLE LIFT AND BANK

10.5.6 Other Non-Planar Entries

Other useful non-planar trajectories which require finding control profiles
(both 4 and o) include a wide assortment of optimized paths (e.g., minimum
heating), interceptor avoidance maneuvers (e.g., random changes), and energy
management maneuvers (e.g., limiting the speed). Of course, for manned entry
(and nuclear warheads), there is always the requirement to maneuver from the
actual entry trajectory to the desired trajectory to insure the vehicle “lands” where
the user intends it to land! As the last few sections have no doubt shown,
analytically finding control profiles quickly becomes difficult, so we will not
delve into these. The interested reader can easily find a plethora of “special
cases” to study, including those discussed in Refs. 11, 13, 33, 50, 54, 55, 60, and
61.

10.6 Problems

Material Understanding:

1. Show that Eq. (10.23) for 3—2 becomes

ﬂ:_M_(Z_V)tany
ds L. cosy

when u is replaced by v=———.
cos” y
2. Show that k, in Vinh’s equation for the control law of a planar, constant sink

rate entry is a non-dimensional representation of the sink rate. (k, is

introduced in Eq. (10.68).)
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3. Show the more general condition on altitude W given by Eq. (10.60)

W< L{—Zsin2 ;/+k1(2—sin2 7)]

k. Brsiny
reduces to

_k22

L>——
2L.siny

by changing to “flat planet” variables.

4. Using a process similar to how we found the lift profile for entry with a

constant dynamic pressure, find the solution for ﬂ.(W,y) for entry at a

constant heat flux.

5. In Section 10.5.2, av

& was minimized with respect to 4 to maximize the
S

“time” it took for the velocity to drop to zero. Explain why the other control

variable, o, cannot be used in a similar manner to maximize the cross range.
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Computational Insights:

6.

In Section 10.4.1, we assumed a vehicle was “sufficiently deep into the

atmosphere” to set Wlﬂ_ < 1. For entry into Earth’s atmosphere (8r = 900)
r

with , =-5", v,=0.98, L. =2, and C . = 2, graphically compare the
solutions to Eqs. (10.46) and (10.48) to show that for entry from W, =1x107*,

the “sufficiently deep” requirement is rapidly met. Compare the lift profile

(C% versus entry “time” @) for the two solutions to show they are
D

consistent.
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Chapter 11

Orbital Contraction

11.1 Introduction

In Chapter 9, a set of equations originally presented by Vinh and Brace
were derived as a “unified theory” valid for both orbital motion and entry into a
non-rotating planetary atmosphere. Those equations can be modified somewhat
to examine the motion of a non-lifting satellite perturbed by a rotating
atmosphere. The process is documented in detail in several works (40:6-18;
58:274-283). While useful, the full set of equations is beyond what we need for a
cursory look at the effects of drag on a satellite’s orbit. Instead, we will take a
somewhat simplified approach and eventually end up with equations consistent

with Vinh’s but more suitable for “simplified” analyses.
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11.2 Relating Inertial and Relative Velocity

Our usual expression for drag

I3=—&2DSRVR\7 11.1

is based on the velocity relative to the atmosphere ®V . Orbital motion, on-the-

other-hand, is described using the inertial velocity 'V . To examine orbits
perturbed by drag, we need an expression relating the two velocities. While the
expression is easy to derive, we’ll need to expend some effort to put it into a
simple form written in coordinates we can use.

Using our usual notation, the satellite’s velocity relative to the atmosphere

"V toits inertial velocity 'V is simply

RV =V -V, 11.2

where V, is the inertial velocity of the atmosphere. If it is assumed the

atmosphere moves along with the planet, then at a radius r the atmosphere is
moving with a speed of

V, = ozl cos¢g 11.3

in a direction parallel to the equator. (@, is positive when the planet rotates

in a positive sense about its north pole.) One way to write this as a vector is to

introduce an inertial “nodal”” reference frame with one axis pointed along the
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ascending node €., one along &, , and one completing the system such that

€rote X €p_noge = €, @S shown in Figure 11-1. In this frame:

Vi, = 0,1 COS B[ —Sin (60— Q)8 +€0S(0-Q)E, 4 | 11.4

Using the spherical trigonometry identities
cosgcos(6—-Q) =cos(w+v) 1186

cosgsin(6—Q) = cosisin(w+v) 11.6

- — > €,
r
' VA
Q To+v s (Parallel to local
A ¢ parallel of latitude)
D [ 3 I(Q_Q)
e, -
. ep—node
enode

Figure 11-1: Relationship of \7A, Orbit Plane, Inertial OXYZ Frame, and
Nodal Reference Frame
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enables us to eliminate the longitude and latitude from Eq. (11.4) and write:

V, = a)@r[—cosisin(awrv)énode +cos(a)+v)ép_node] 11.7

For convenience, the common definition of argument of latitude, zz = w+v, can

be introduced:

—

V, = a)er[—(cosisin 2)80ge +(cosu)ép_node] 11.8

Another coordinate frame, aligned with the orbital plane, is convenient to

use. As illustrated in Figure 11-2, let €, be in the orbit plane and aligned with the
satellite’s radius vector. Perpendicular to €, and still in the orbit plane is another

vector €. (& isin the local horizontal plane.) Finally, &, completes the system

A ~

such that &, =€, xé;. (Note that &, is parallel to the orbit normal.) In the

Orbital Plane

)

node

Figure 11-2: The ORSW Reference Frame
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convention of Chapter 3, this frame could be labeled as the ORSW frame for easy
reference. The ORSW frame is related to the nodal frame by a series of two
rotations:

A~

enode

= R‘W (ZZ) Rnode (I) é\p—node 11.9

A

e

z

é‘m SP> ;UCD>

Expanding out the rotations and simplifying, this becomes:

& | [coszz sinz 0][1 O 0 |[ é.4
& |=|-sinzz cosz 0|0 cosi sini|l€e,
&y 0 0 1{0 -—sini cosi|| &

[ cosz sinzcosi sinzsini || é

node

=|-sinzz coszcosi coszsini || €, _ . 11.10
0 —sini cosi €,
With the aid of this transform, Eq. (11.8) becomes:
V, = w,r[ (cosi)é —(sinicosz)8, | 11.11

In this same coordinate frame, the satellite’s inertial velocity is simply:
'V = ré, + rvé, 11.12

Combining Egs. (11.2), (11.11), and (11.12) allows us to write an expression for

the velocity vector of the satellite relative to the atmosphere

V =16, +(rv—w,rcosi)é +m,r(sinicosz)é, 11.13
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and its magnitude:

"y 2r’ve, cosi air? .
Rv? :‘RV‘ = 'V{l— VIC{)/@Z + a.)f)/z (COSZH-SII’IZ |coszu) 11.14
For most planets, a, is small and terms multiplied by 2 can be ignored. Thus,

we have the approximation:

2. .
Ry2 — 'Vz[l— 2r vlc:)/®2c03|J+®(w2)

11.15

2r¥vam.. Cosi
2
~ IV (1_IV—®2J

(The notation ©( ) has been used to denote “on the order of ( ) in the equation

above.) If the satellite is assumed to be in an elliptical orbit, the radius and time

derivatives can be eliminated using well-known two-body solutions

. a(1-¢’)

= 11.16
1+ecosv

‘- anesinvy

ﬁ 11.17

po=—o N 11.18

where n = ﬁ3
a

is the mean motion. (Technically, we must also assume the
satellite orbit is simple two-body motion to make these substitutions. Drag makes
this assumption somewhat false; however, it’s a good approximation for short

time periods.) Leaving the vector expression intact for the moment, we can use
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these substitutions to rewrite Eq. (11.15) for the magnitude in terms of orbital

elements:

2na’w, (1—e2)% cosi
- 2

V2x V2|1

11.19

Slightly rewriting the small term in the brackets by replacing the mean motion

and introducing the vis-viva equation to “partially” replace 'V yields:

2na’w, (1—e2 )}/2 cosi 2a(1—e)}/2 (1+ e)}/2 r%a)@ COSi

11.20
v* 'V (2a- r)%

This term will, eventually, represent the effects of atmospheric rotation on
drag. Since that effect is small and the Eq. (11.19) itself is an approximation, a
few more approximations won’t change the results appreciably. This term is most
important near periapsis (where drag effects are greatest), so it is reasonable

approximate it by an “average” value based on periapsis conditions. Specifically,

we can use the initial values at periapsis: 'Vpo, I, and i,. (Inclination rarely

changes by more than a degree during a satellite’s lifetime, so assuming a

constant value of i =1, is easily justified for this situation (35:24).) With these

substitutions, Eq. (11.20) becomes:

2 2 % H H
2na’ m, (1-€* )/* cosi _2r,,0, COS,

IVE i/ 11.21

p0

Substituting this back into Eq. (11.15) gives a simple expression relating the
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satellite’s relative and inertial velocity magnitudes:

11.22

. \%
2r . COSI
V'V (1——p0 I\(/Ja OJ

p0

With one final approximation, this can be rewritten with the help of a binomial

series and truncated to two terms:

r .. COSi

Valv[1-2 e 70 W F 11.23
VpO
where
N2
r @, CoSi

F= [1—$J 11.24

p0

has been introduced as a notational convenience (and because it matches classical
results). While derived somewhat differently, this relationship matches that found
by King-Hele in his classic text (35:24-25).

We can now return to the vector equations. Starting with Eq. (11.12) and
eliminating r, r,and v with Egs. (11.16) - (11.18) gives the inertial velocity
vector:

[ naesinv ). | na(l+ecosv) |
Vel &t — 1 |& 11.25

\J1-¢? \J1-¢?

For perfect two-body motion, the inertial velocity is along a tangent to the orbit,

so Eq. (11.25) can be used to define a tangent direction:

éT =— 11.26
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(Once again, we are assuming the drag has a small effect on the satellite motion,
so the orbit “almost” follows two-body dynamics.) With this definition, inertial
velocity is simply:

'V = Vg 11.27

Define a new ONTW reference frame with one axis along the inertial
velocity (orbit tangent) €, , another perpendicular to the orbit plane along €,
(parallel to the angular momentum vector), and third €, in the orbit plane such
that é, x€, =§, . (€, can be thought of as an “outward normal” to the orbit path

in the orbit plane.) The ORSW frame and the ONTW frame are related by

[1+ecosvy  —esinv
0
A f f -
eN . eR
~ esinv 1+ecosv ~
e |= : ; 01 & 11.28
S 0 0 1 S
where
|
f :(1+ 2e003v+e2)% :l(l—ez)% 11.29

na

has been introduced for convenience (24:166).

Using this rotation (and eliminating r, ¢, and v ), the relative velocity

vector given in Eq. (11.13) becomes

V="V 6, + Ve + RV, 6,

11.30
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where the components are:

aew, (1-e*)sinvcosi

N f (1+ecosv) 11.31

a, o maf | a)@(l—ez)%cosi
b= (1—e2)% - 2 11.32
e \sini
- aw, (1-€*)sinicosu i

1+ecosv

"V, is dominated by the small multiplier @,e throughout the orbit.
When the satellite is nearest to the planet, sinv makes it even smaller, eventually
reaching zero at periapsis (when the drag effect is largest). Thus, ®V, will be
neglected. "V, is proportional to the small term «, and not the (even smaller)

wgesiny terms, so it will kept. Our vector becomes:

Ve + R, 8, 11.34

(Note that neglecting "V, relative to "V, also implies the drag component in the

orbital plane is along the inertial velocity vector and tangent to the orbit.) King-
Hele makes the same assumption in his classic formulation as do Vinh, et al. in

their text (35:40; 58:279). An excellent derivation which retains ®V,, can be
found in Fitzpatrick’s text (24:319-323).
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We can rewrite "V, using the definition f =l(1—e2 )%:
na

naw, (1-—e? %cosi
WV, ='V|1- 1 vE ) 11.35

Comparing this with Eq. (11.21), we can see we have already derived an

appropriate approximation:

naw, (1-e? %cosi r . COSi
Vv, ='V|1- 5 — ) ~'V[1- 2 11.36
V V

po

(At first glance, it appears Egs. (11.23) and (11.36) say that *V = "V, ; however,
they really only say ®V ~ "V, . Because "V,, < "V, , the magnitude of "V is

dominated by ®V; and "V ~ "V, .) Substituting back into Egs. (11.33) and (11.36)

into Eq. (11.34), we can write the relative velocity vector as:

|
00 1+ecosv

- ' aw. (1—e?)sinicosu
RV ~ IV(]__M]@T +[ ®( ) :léw 11.37

It could be argued that the &, component in Eq. (11.37) should be
similarly evaluated near perigee like we have done with the € component;

however, there is a somewhat subtle difference in the effect of such an

approximation. Inthe € component, we made an approximation to a term of the
form (1-¢) where ¢ is small. The “1” dominates the value and the & almost

“lost in the noise” of the calculation. In the €, component, we have a small term
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alone. It is not added to anything “larger,” so the term itself dominates the value.
Because of this, the €, component is left “exact.”

The definition of F can be inserted to simplify Eq. (11.37) (and to match
classical results):

A~

aw, (1-¢€*)sinicosz
8, 11.38

1+ecosv

WV~ VJFé, +[

Since @, is small for most planets, Eq. (11.38) tells us most of the velocity

relative to the atmosphere is aligned with the inertial velocity vector tangent to the
orbit. Some authors choose to ignore the out of plane component altogether,
while others retain it (24:319-323; 35:40; 58:274-280). We will retain it for now.

11.3 Drag Acceleration Vector

If Eq. (11.1) is divided by the mass of the satellite, we have an expression

for the acceleration caused by drag:

_ D -
Ajrag = - = —-Bp*V TV 11.39
m
where
C.S
B=-2 11.40
2m

is one of many ways of defining the ballistic coefficient (5:423-424; 49:330-333;
56:140; 65:86). (Variations include the reciprocal of this expression and twice

this expression!) Substituting for *V and "V from Egs. (11.23) and (11.38), this

becomes

Ay = 1€ +WeE, 11.41
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where
_ I\/ 2
T=-BFpV 11.42
aw. (1—e?)sinicosu
W—B\/Ep'vl ®( ) ] 11.43
l+ecosv

are the components along each axis of the ONTW frame. (If "V, had not been
neglected, there would also be a component N in the &, direction.)

King-Hele and Fitzpatrick treated T and W as perturbing accelerations to
pure two-body orbital dynamics by using Lagrange planetary equations (24:175,
322-323; 35:31-36, 40-42). The advantage in this case is that the drag effects are
seen in terms of easy-to-visualize orbital elements. The disadvantage is that the
resulting equations are only valid when drag is a minor perturbation to an orbit
and not during atmospheric entry.

Vinh, et al. modified the universal theory equations (Egs. (9.29) - (9.34))
to include the effect of T by modifying the drag coefficient and the effect of W
by treating it as “pseudo-lift” (58:279). The advantage is they find a set of
equations bridging the gap between orbital motion and planetary entry into a
rotating atmosphere. The disadvantage (albeit minor) is that the modification is
not entirely intuitive. (Vinh, et al. also formulate a perturbation technique related
to the Lagrange planetary equations (LPES) in order to look at long term effects
on orbits (58:280-281).)

We will follow the LPE approach in upcoming sections. But, before

proceeding, it is helpful write &,,, in terms of the eccentric anomaly E instead

of true anomaly v. In Chapter 2, several mathematical relationships between v

357



and E were given. They are repeated below for convenience:

e +Ccosv
COSE=—— 11.44
1+ecosv

_ (1—e2)% siny
shE=——-~————— 11.45
1+ecosv

v (1+eV?. (E
tan E = E tan E 11.46

The orbital radius and velocity were also given in terms of E:

r=a(l-ecosE) 11.47
NE: :(EJ(HecosEJ 11.48
a )\1-ecosE
These relationships allow us to rewrite Egs. (11.42) - (11.43) in terms of eccentric
anomaly:
T :_BFp(ﬁj(HecosEj 11.49
a J{1-ecosE

W = -, BVF pna? (1+ecos E)}/2 (1-ecos E)% sinicosu 11.50

In Eq. (11.50), the positive roots are always taken because they come from

b
simplifying the product of two positive terms, 'V = (ﬁ] (

1+ecosE J%
———— | and
a

1-ecosE
(1—ecos E) . Equations (11.49) and (11.50) are in the form we need to apply the
LPEs.
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11.4 Lagrange Planetary Equations

The Lagrange planetary equations describe changes in orbital elements
when an orbit is perturbed from the nominal two-body solution. The equations
are well-documented in many forms and will not be derived here (5:396-407;
20:327; 24:145-175; 42:146-148; 65:78-85, 94-98). The two we need for this

chapter are:

da _g(1+ecosEj%T

—= 11.51
dt n\l-ecosE

de 1-¢° (1—ecos Ej% 2cosE sinE

—= T+ N 11.52

dt  na \1+ecosE) |l1-ecosE (1_ez)%

Previous approximations have left us with N ~ 0 and we can change the
independent variable to eccentric anomaly by dividing Egs. (11.51) and (11.52)
by the identity:

dE_n
dt 1-ecosE 1153
Making these changes, the differential equations become:
%:%(Hecos E)% (1-ecos E)%T 11.54
dE n
de 2(1-¢”)cosE (1_ecosE )2
—= 5 T 11.55
dE n-a 1+ecosE
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Finally, T can be replaced with Eq. (11.49):

3

1+ecosE %
da_ —ZaZBFPQ 11.56

dE (1-ecos E)%

g oaBF (MJ% (1-€®)cosE

dE P 1-ecosE 7

The theory is somewhat simpler to derive if we define
X = pae 11.58

to replace the eccentricity. Equation (11.56) is unchanged, but Eq. (11.57) is
traded for:
dx de

_:ﬂa

da l+ecosE %
— 4+ fe—=-2Ba’BFp| ————"—| (cosE+e .
= dE+,6’ = yii p( j ( +e) 11.59

l1-ecosE

(Strictly speaking, the eccentricity in Eq. (11.59) should be replaced with e = Lﬂ
a

to complete the variable change. We will, however, leave it in for the moment.)
To put these in the (nearly) final form, we need to replace the density p

with an expression in terms of orbital elements. If we assume a strictly

exponential atmosphere, we can write
p(r)= Pr, exp[—ﬂ(r -r, )J 11.60

where Pr, is the density at the initial periapsis radius r, . (This definition is

consistent with that in earlier chapters. We have merely chosen to use the

periapsis radius instead of the planetary radius as the reference point.) Equation
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(11.47) can be used to eliminate the radius in favor of the eccentric anomaly and

semimajor axis to get:
p(E)= Pr,, exp{—ﬁ[a(l—ecos E)- rpo]}

In terms of the initial semimajor axis and eccentricity
Fo, = (1-e)
so the density can also be expressed as
p(E)=p, exp| B(a;—age, —a)+ paecosE |
= Py, exp| B(a,—a)—X, |exp(xcosE)

where X, = 3,8, .
Combining Eqg. (11.63) into the two LPEs of concern, we have:
da

— =-2a’BF p, exp| B(a,—a)—X, |exp(xcosE
dE . 2PLAL )7 Jerel )(1—ecosE)%

dx
E:_zﬂazBFprpoexp[ﬂ(ao—a)—xo]
1+ecosE %
. E T E
exp(xcos )(1—ecosEj (cosE+e)

(1+ecos E)%

11.61

11.62

11.63

11.64

11.65

Once solved, these two equations will describe the reduction in the semimajor

axis and the orbital “circularization” due to atmospheric drag. (Collectively, the

two effects will be called “orbital contraction” or “orbit contraction.”)

Numerically integrating Egs. (11.64) and (11.65) is definitely possible, but very

inefficient due to the long times required to see the small effects of drag on the

orbit. Fortunately, the problem can be simplified to study “the trends.”
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11.5 Average Rates of Orbital Contraction

On the right-hand-side of Egs. (11.64) and (11.65), the orbital elements a
and e change very little in a single orbit (an interval of 27 in E). If “average”
values are used for a and e (and, of course, x), then we can average over one
orbit to find the average rate of change for a and x. Mathematically, these

averages are

<%> ) —2aZBF,orpo exp| B(a, —a) -, |
dE/ 27

2z %
| exp(xcos E)de 11.66
(1-ecos E)%

0

<dx>_ —2f3a’BF p,_exp| f(8 —2a)=X, |
dE/ 2r

2z %
| exp(xcos E)(w) (cosE +e)dE 11.67
. 1-ecosE

where the ( ) brackets are used to denote “average over an orbit.” The

integrands can be simplified for integration if they are expanded in a power series

in . For the case when e < 0.2, King-Hele suggested an expansion retaining

terms to order e (35:43). In Eq. (11.66), the expansion is

(1+ecos E)%

3
~1+2eCcoSE +—¢? [1+ cos(2E)]
(1-ecosE)’ 4

1.
—e”| 3cosE 3E
+5e [3cosE +cos(3E) | 11.68
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and in Eq. (11.67) it is:

(1+ecosE

. E E L 3 2E
1—ecosE) (cosE +e) ~ cos +Ee[ +c0s(2E) ]

1.
—e“|11lcosE 3E
+3e [11cosE +cos(3E) ]

1
JrEe3 [7+8cos(2E)+cos(4E) | 11.69

When Eq. (11.68) is substituted into Eq. (11.66), a closed-form answer is obtained

d
<£> ~-2a’BF p,_ exp| B(a, —a)— X, |

.[IO+2ell+%e2(lo+I2)+%e3(3ll+ls)} 11.70

where 1, =1,(x) is shorthand for the modified Bessel functions of the first kind

and of order n (35:43-44; 56:606; 58:284). For reference, these Bessel functions
are defined as:

1 2z
In(x):ZIo cos(nE)exp(xcosE)dE 11.71

Equation (11.70) gives the average rate of change (with respect to eccentric

anomaly) in the semimajor axis. Since the semimajor axis describes the size of an

orbit, this could be viewed as one measure of the orbit’s “shrinking” due to drag.
Similarly, Egs. (11.67) and (11.69) give:

<3—é> ~-2f3a’BF p,_exp| f(a,—a)~X, |

-[Il +%e(3|0 + I2)+%e2 (111, + I3)+%e3(7l0 +8l, + |4)} 11.72
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Buried in this equation, through the relationship x = fae, is a measure of the

“circularization” of the orbit due to drag.

Equations (11.70) and (11.72) have been integrated to find a and x in
closed-form by King-Hele, Longuski, Vinh, and others using various formulations
and approximations (35:41-73; 40:27-37; 58:284-291). The interested reader can
refer to any of their texts for details. As we are only interested in some general
trends, these two equations will suit our needs as written.

We can use Egs. (11.70) and (11.72) to calculate the semimajor axis and
eccentricity of an orbit perturbed by drag. Figure 11-3 illustrates the process and
typical results for a few orbits are shown in Figure 11-4. The “stair step”
appearance is a result of holding the orbital elements constant during each orbit.
The stair steps are unnoticeable when the values are plotted for the (typically)
large number of orbits in a satellite’s lifetime. Several results using this technique

will be given in the next section.

Find change during orbit
Start with semimajor axis and <da>i ~ 27 <%>
eccentricity at beginning of orbit —»| Form x = pae dE/,
“i"a, ¢,

Calculate parameters at end of
orbit/beginning of next orbit

a,, =a +(da),
X,y =X +(dx)

= Xi +1
St A%

Figure 11-3: Method for Using Averaged Equations

Graph results
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Eccentricity or Semimajor Axis

Orbit Number

Figure 11-4: Example Results for Averaged Equations

11.6 Observations about Orbital Contraction

Even without delving into complicated solutions, we can already draw

some conclusions from the results in Egs. (11.70) and (11.72):

Since 1, (x) >0 forall x, Eq. (11.70) proves the semimajor axis a
decreases with each orbit.

Equation (11.72) proves x = fae decreases with each orbit for the same
reason.

Both a and x decrease faster when the eccentricity is larger.

It’s not immediately obvious how quickly the eccentricity decreases
relative to how quickly the semimajor axis decreases.

Figure 11-5 shows typical orbital contraction profiles computed using the method

described in Section 11.5 and shown in Figure 11-3. These graphs visually

confirm two of the observations above; a and x decrease with time. The shapes

in these plots remain surprisingly constant over a wide range of elliptical orbits

with e <0.2. Only the scales on the axes change.
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Figure 11-5: Typical Orbital Contraction Profile

Mathematically, we can demonstrate the often stated “fact” that an orbit is
circularized by drag before its periapsis begins to significantly drop (56:609;
65:86; 66:85). To make the derivations a little simpler, we start by rewriting Egs.
(11.70) and (11.72) slightly as

da

<d—E>z—Ca eﬁa[l0 +2e|1+%e2(lo + I2)+%e3(3ll+ IS)} 11.73

<%>z—Ca e’
dE
1 1 2 1 3
-ﬂ[ll+5e(3lo+lz)+§e (11I1+I3)+Be (7I0+8I2+I4)} 11.74

where

C=2BFp, exp[Ba, — X, | 11.75

has been used as shorthand for the constants. Retaining terms smaller than order
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e is unnecessary to demonstrate trends, so these are further simplified to:

<3_Z> ~-Ca’e”(1,+2el,) 11.76

<3—é>z—0a eﬂaﬂ[ll+%e(3lo+lz)} 11.77

Recall the definitions of periapsis and apoapsis and write them in our current

variables:
rr=a(l-e)=a X 8
=a(l-e)=a-— 11.7
P B
X
r,=a(l+e)=a+— 11.79

Differentiating these and assuming we can take averages over an orbit as we did

in the previous section, we have:
dE dE/ B \dE 1180
d(r,)\ /da\ 1/dx
=(—)+—(— 11.81
dE de/ p\dE

After substituting Egs. (11.76) and (11.77), these become:

<%>zCa e/ {(|0—|1)+e{2|1—%(3|0+|2)}} 11.82
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<%E)>~—Ca e_ﬂa{(IOJrIl)+e[2|1+%(3|°+|2)}} 11.83

To compare the relative changes, form the ratio of the magnitudes of these rates

of changes

&

{(uo _ |1)+e{2|1 La,+ |2)}H

d(r)

~ = 11.84
d(r d(r, 1
<§E>> a(n) {(.O+.1)+{2.1+2(3|0+.2>}H
where we have treated the derivatives as continuous and dropped the ( >
brackets on the right-hand-side. Since I, (x)> 0, the ratio can be bounded:
(1, )+e[2| L )}
din)| [0 2 T -y
~ < <1 11.85

d(r)

(I + 1)+ 21, + 2 (31, + 1,) e+t
(CRNEERSER)|

Equation (11.85) proves the apoapsis radius changes faster than the periapsis

radius on a drag-perturbed orbit. This effect circularizes the orbit as the apoapsis
lowers to the periapsis radius. Closer examination of Eq. (11.85) also reveals that
the larger the eccentricity, the faster the apoapsis drops. Had we carried all of the
terms in Egs. (11.73) and (11.74) through to Eq. (11.85), we would have found
the same trends, only with significantly more effort.

Figure 11-6 graphically illustrates the relatively dramatic difference in the
rates at which periapsis and apoapsis change for both nearly circular and
moderately elliptical orbits. (For reference, these were computed using an Earth-
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Orbit with 0.01 Initial Eccentricity Orbit with 0.18 Initial Eccentricity
T T T T 1.5 T T

1.02—==—

T T
—— Periapsis/Initial Periapsis
----- Apoapsis/Initial Periapsis| |

101 -

\
3
| LI b
0.99 |
.9y “ \\..
—— Periapsis/Initial Periapsis | . 1T 7]
--- Apoapsis/Initial Periapsis !
0.9 L L L L l 09 L 1 1 L
Orbit Number Orbit Number

Figure 11-6: Circularization of Two Orbits

like atmosphere and the method described in Section 11.5.) Notice that for both
orbits, once the periapsis and apoapsis are equal, they both drop more rapidly.

This is the subject of the next few paragraphs.

If we accept the concept that an elliptical orbit tends to circularize when
perturbed by drag, then we can treat the “end game” of the orbit as a decay from a

circular orbit. Late in the orbit lifetime (or at least once it is circular), x=0,

l,(x)=1,and 1,(x)=0, so Egs. (11.73) and (11.74) are simply:

da 4a
E —Ca’e™” 11.86

ax -0 11.87
dE
(Once again the derivatives have been assumed to be continuous and the ( )

brackets dropped.) The latter is easily solved, giving x =0 for all values of the

eccentric anomaly. This says that a circular orbit remains circular. (More
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precisely, it says a circular orbit remains circular as long as the drag is only a
perturbation to the orbit!) The first equation requires a little more work.

For a circular orbit, the semimajor axis can be replaced in favor of the
altitude h and Eq. (11.86) rewritten as

dh PR+
d_E:_C(R® +h)’ e /R

=—C,(Ry + h)2 g 11.88

where R, is the planetary radius. Since, for most atmospheres of interest

h < R, , we can make the approximation:

dh
E" ~C,R2e ™ =-Ce/" 11.89

If the altitude is h, when the eccentric anomaly is E,, this separable differential

equation is easily solved to give:

h z%ln[em —ﬂCZ(E—EO)]
:%In[eﬂho ~-C,(E- EO)] 11.90

Equations (11.75), (11.88), and (11.89) can be used to evaluate the constant C, :

C,=2fBFp, e"R}

2
=2BF p.Rs 11.91

Ps = pr, exp[—ﬂ(% 1, )J =Pr, exp(Bh, ) has been introduced as the
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density at the planet’s surface. With this change, Eq. (11.90) becomes:

h z%ln [em —ZﬂBFpSRé(E—EO)] 11.92

Finally, to get a rough estimate of the time it takes to decay completely from a

circular orbit, we can simply replace the eccentric anomaly in favor of time using

|u [u
E — EO = gAt ~ ?At 11.93
@D

and solve for when the altitude reaches zero:

At ~ (eﬂhD —1) 11.94

As you might expect, Eq. (11.94) shows the lifetime of a low-altitude
satellite is inversely proportional to its ballistic coefficient B and the atmospheric

density p,. We can’t control either of these very easily to extend the life of a
satellite. Luckily, however, the equation also shows lifetime is directly
proportional to the exponential of its initial altitude h,. Increasing h, by A will

almost triple At.

11.7 Summary

Unlike previous chapters where we looked at trajectories dominated by
drag (i.e., “atmospheric entry”), this chapter focused on two-body orbital motion
perturbed by drag. We simplified the equations and analyzed changes to
eccentricity and semimajor axis. These are the dominant effects of drag, but for
completeness, we should note it is possible to look at the (lesser) effect of drag on

the orbital inclination. (The rotation of the planet, through Eq. (11.50), introduces
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an out-of-plane acceleration that causes the inclination to change.) Fitzpatrick
follows a very similar process to that in Sections 11.3 and 11.4 to find

perturbations to all six classical orbital elements (24:319-330).

11.8 Problems

Material Understanding:
1. Show that

2na’w,v1-¢€° cosi _ 2r,,0; Cosiy
|V2 |V

p0

~ I ~I -~-
whenr~r,, V~ 'V, andi~i.

2. Starting with &,,, =Té +Wg, in terms of true anomaly v (as given in Egs.

(11.41) - (11.43)), show the components can be written in terms of eccentric

T =—BFp u l1+ecosE
a /)\1l-ecosE

W = -, B+F pna® (1+ecos E)}/2 (1-ecos E)}/2 sinicosu

anomaly as:

3. Not all formulations use the periapsis radius as the reference point when
writing an expression for the density. Show that density in a strictly

exponential atmosphere can also be expressed in terms of semimajor axis by
p(E)=p,exp(BaecosE)

where p, is the density at a radius equal to the semimajor axis.
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4. Equation (11.94) gives an estimate for the decay time for a low-altitude
satellite. For a non-rotating atmosphere, it becomes

At L (™)

" 2BBF p iR

Show that increasing the initial altitude by },/6’ almost triples At.
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Chapter 12

Apollo 10 Reentry

12.1 Introduction

In the previous chapters, we’ve tried to stick to the “quest” to
develop universal results and free ourselves from detailed knowledge of
the vehicle whenever possible. This enables us to see general trends and
narrow down the characteristics a vehicle might require to meet a mission
goal. For example, to limit the maximum deceleration, the methods
discussed all the way back in Chapter 5 can help us identify the minimum
required lift-to-drag ratio, which, in turn, begins to define the vehicle.
While this is an excellent approach early in the design (and is a primary
goal of this book), there comes a point where we would like to examine a
vehicle whose design is “fixed.”

The reentry trajectory of Apollo 10 is quite well-documented, so it
makes an excellent example for us to compare methods from this
introductory text to actual flight results (Refs. 3, 29, 51). (If you’re
wondering why | didn’t select the more famous Apollo 11 as the example,

it’s because a data loss during the mission prevented a detailed postflight
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analysis (29:2).) We’ll assemble the necessary information to simulate the
flight and compare the results to “reality.” Then, we’ll examine a few
“perceived” improvements to our simulations, introducing a few ways to

analyze results along the way.

12.2 Actual Vehicle and Entry Characteristics

You might expect assembling the necessary entry interface (EI)

conditions (y,, etc.), control laws (o, etc.), and vehicle parameters (C,,

etc.) would be relatively easy given the plethora of data that was collected
with Apollo. Unfortunately, it requires sorting through multiple reports
which are lengthy and sometimes conflicting. We’ll start with the easiest
information to find and identify any conflicts and estimates as we
complete the task.

At entry interface, Apollo 10’s telemetry recorded the values in
Table 12-1 (51:3). (As we’ll discuss later, two different EI times were
given in NASA'’s own postflight analysis report. The values given in the
table reflect the time prominently given in the front of the report.) The
entries are shown with the same number of significant digits cited in the
NASA source document but it’s unlikely they are as accurate as they
appear. (We’ll maintain a similar number of significant figures for

consistency.)
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Table 12-1: Actual Apollo 10 States at Entry Interface (51:3)

State Value
Inertial Velocity, 'V, 11.06715 km/s
Inertial Flight-Path Angle, 'y, —6.6198381°
Inertial Azimuth, 'S, = 90" - "y, 719317
Longitude, 6, 174.24384" East
Geodetic Latitude, ¢, 23.653003° South
Geodetic Altitude, h,,_ 123.55077 km

The bank angle o was varied during entry to target the desired landing
point as well as to manage the deceleration. Rather than trying to model the
control logic for the capsule, we will simply treat the bank angle as a known
function of time. The actual bank angle history for Apollo 10’s entry is tabulated
in Reference 51 and Figure 12-1 presents it graphically (and assumes
instantaneous changes). The drogue chutes deployed 498 seconds after entry so
o =0° has been added to the plot at that point and beyond (51:24).

The magnitude of the lift was not employed as a control parameter during
Apollo entries, with one possible exception. Rolling the capsule about the
velocity vector (i.e., rotating the bank angle through 360°) could be used to
effectively cancel out lift. Such a maneuver could be used to “stay the course”
when the capsule’s trajectory is already “on target.” In the case of Apollo 10,
however, Figure 12-1 seems to indicate this was not utilized.

Not controlling the lift magnitude doesn’t mean the lift-to-drag ratio
remains a constant. For real vehicles, it varies with the Mach number. Figure

12-2 shows the actual C, /C, values recorded during Apollo 10’s entry as well as

preflight predictions for it and Apollo 11 (29:4; 51:36). The data sets are similar
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across the range of Mach numbers and all three sets are fairly “flat” (nearly
constant) above Mach 25, with the recorded (actual fight) values remaining flat
down to about Mach 15.

NASA’s postflight analysis for Apollo 10 did not document separate

values for C, and C, (51). Without these values, we won’t be able to integrate

the equations of motion. Fortunately, the preflight estimates for Apollo 11 are
documented (29:4). These two capsules were virtually identical aerodynamically,
so we will use the Apollo 11 values shown in Table 12-2.

Finally, we need a couple of constants for the capsule. The reference area

S upon which C,_ and C, are based is the maximum cross section for capsules

(21:2-3). Using the design diameter of 154 in, we can calculate S =12.017 m?
(4:84). The estimated pre-entry mass for Apollo 10 was m=5498.22 kg (51:11).

Table 12-2: Aerodynamic Coefficients for the Apollo 11 Command Module (29:4)

Mach C/
C C L
Number - P Co

0.4 0.24465 0.853 | 0.286811
0.7 0.26325 | 0.98542 | 0.267145
0.9 0.32074 | 1.10652 | 0.289864
11 0.49373 1.1697 0.4221

1.2 0.47853 1.156 | 0.413953
1.35 0.56282 1.2788 | 0.440116
1.65 0.55002 1.2657 | 0.434558

2 0.53247 1.2721 | 0.418576
2.4 0.5074 1.2412 | 0.408798
3 0.47883 1.2167 | 0.393548
4 0.44147 1.2148 | 0.36341

10 0.42856 1.2246 | 0.349959
229.5 0.38773 1.2891 | 0.300776
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12.3 Setting up the Simulation

12.3.1 Equations of Motion

We have almost all of the information necessary to integrate the

dimensional equations of motion we found in Section 3.4 (Egs. (3.35)-(3.37) and

(3.65)-(3.67)). Only a few easily obtained tidbits remain, such as determining the

alignment of the inertial and Earth-fixed coordinate frames at the time of entry

and setting a value for Earth’s rotation rate. For our immediate purposes, we

won’t need these, however.

We can simplify the dimensional equations of motion by first ignoring the

Earth’s rotation

Vy

r=RV siny

je RV cos y cosy

¢

rcos¢

. "Vcosysiny

r

RV :—E—gsiny
m

2

. L

AV y =—c0soc —gcosy+——Cosy
m

. Lsinoc Rv?

= ———COS ¥ COSy tan ¢
mcosy

12.1

12.2

12.3

12.4

12.5

12.6
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and then making our usual assumptions about gravity, density, lift, and drag:

R 2
9=g(r)=95(7®j 12.7

p=pe ) 12.8

L =&RV2 12.9
2

D :&R\/2 12.10
2

Implicit in Eq. (12.7) is the fact we’ve used the Earth’s radius as the reference

radius (r, = Ry). The physical constants needed for Egs. (12.7) and (12.8) are

given in Table 12-3. With the proper initial conditions, we can integrate Egs.

(12.1) - (12.6) and compare the results to the actual reentry.

Table 12-3: Physical Properties of the Earth

Radius of the Earth, R, 6378.137 km
Acceleration of gravity at the Earth’s 9.81 m/s?
surface, g, 8L m/s
Atmospheric density at the Earth’s 1.925 ka/m?
surface, p, 225 kg/m
Inverse scale height, g 0.14 km™
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12.3.2 Conditions at Entry Interface

In addition to the longitude &, NASA gave the entry position in terms of

“geodetic” altitude h, and latitude ¢, instead of the “geocentric” values r and

¢ we’ve been using throughout this book. Their relationship is shown in Figure

12-3. The radius r is easily found by evaluating the following equation:

2 de a, (l_ez)

2 2
r’= +h,, | cos’¢, + +h, | sin¢ 12.11
[,ll—ezsinzg/}gd ng i [,ll—ezsinzg/}gd ng "

(This equation and others relating geodetic and geocentric values are readily

found in other references, including References 5 and 68.) For Earth,
a, =6378.137 km and e =0.08181919 (5:98; 68:387). Substituting these values

and those from Table 12-1, we can calculate the entry radius:

r, =6498.270 km

A

d,

Figure 12-3: Geocentric and Geodetic Latitude (Exaggerated Geometry)
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Geodetic and geocentric latitudes are related by the following:

a,(1-¢*)

J1-e’sin’ g,

tang = tan g, 12.12

a
£ + hgd

J1-e’sin’ g,

When evaluated at EI, we get a geocentric latitude of:

+ hgd

¢, = 23.51457° South

Combined with the entry longitude value already given in Table 12-1, these
values define the position vector at entry.

Consistent with ignoring Earth’s rotation in the equations of motion, the
values for the inertial entry velocity, flight-path angle, and heading angle in Table

12-1 can be assumed to be Earth-relative:

V. ="'V, =1106715 km/s
7. ="y, =—6.6198381°
v, ="y, =90"-'p =18.0683

These three values define the magnitude and direction of the capsule’s velocity at
entry (i.e., the velocity vector).

Table 12-4 summarizes the entry states (initial conditions) for integrating
Egs. (12.1) — (12.6).
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Table 12-4: Apollo 10 States at Entry Interface

State Value
Radius, T, 6498.270 km
Flight-Path Angle, 7, —6.6198381
Heading Angle, v, 18.0683°
Velocity, °V, 11.06715 km/s
Longitude, 6, 174.24384" East
Latitude (Geocentric), ¢, 23.51457° South

12.3.3 Aerodynamic Coefficients During Entry

As we saw in Figure 12-2, the lift-to-drag ratio varies with Mach number.
On-the-other-hand, the figure also shows the ratio is fairly constant to down to at
least Mach 15 for Apollo 10. In fact, an “averaged” fit to the entire graph might
be a horizontal line at, more or less, the Mach 15 value. A reasonable first

approach is to assume constant values for C, and C,. Averaging the top two

entries in Table 12-2 gives us

C, =0.40815
C, =1.2569

to use as constant values.
When we (finally) plot our results, we’ll see that these constants give

excellent results. If they did not, one alternative is to calculate the Mach number

(based on the speed and altitude) as we integrate and continuously adjust C, and
C, by interpolating Table 12-2. (We’ll cover this in Section 12.5.2 when we

examine improvements to our simulation.) Another option is to simply select C,
and C, values that give the best results while still being realistic for the problem

at hand.
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12.4 Comparing the Simulation to Reality

The previous sections established the equations of motion (Egs. (12.1) -
(12.6)) and corresponding initial conditions (Table 12-4) for the Apollo 10 entry.
Figure 12-1 provides the bank angle “program” and the remaining constants in the

equations (mass, reference area, C,, and C_) have been established. At this

point, Egs. (12.1) - (12.6) can be numerically integrated quickly (and quite easily)
using a wide range of software programs.*
After integrating to find the trajectory, we need to convert the radius r

and (geocentric) latitude ¢ values we find to geodetic altitude h,, and latitude
¢, to compare with the actual trajectory published by NASA. (Itis easier to

convert our results than the other way around. We know our solution completely
and can simply apply the conversion before graphing the results.) The conversion

is as simple as simultaneously solving Egs. (12.11) and (12.12) for h, and ¢,

for each point on our trajectory. Figure 12-4 shows the small difference between

geocentric altitude

h=r-R, 12.13

and the geodetic altitude for this problem. Figure 12-5 illustrates the similarly
small difference in latitude values.

NASA’s postflight analysis report presents most of the information in the
form of graphs, many of which cannot be read to more than a few significant
figures (51). Except where specific values are called out in the text of the report,

any comparisons we make are only as accurate as our ability to read the graphs.

! Results in this chapter were found by integrating Egs. (12.1) - (12.6) with PTC’s Mathcad, Version 14.
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Further, the “true” values derived from telemetry are plotted as discreet points in

the report. For simplicity, values from NASA’s graphs have been manually

digitized and reconstructed here as continuous curves. Some error is inevitable in

the process but is negligible for our purposes. Having made the appropriate

disclaimers about accuracy, we can begin to compare simulation results and the

actual values recorded by NASA.
Figure 12-6 and Figure 12-7 compare the geodetic altitude and inertial

velocity, respectively. (Recall, by ignoring Earth’s rotation, we’ve assumed

"V = 'V throughout the entry.) In lieu of the flight-path angle, NASA computed

the altitude (or sink) rate h. A comparable value from the simulation is easily

computed:

h="Vsiny

125
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—— Simulation

Figure 12-6: Geodetic Altitude Comparison for Apollo 10 Reentry
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Figure 12-7: Inertial Velocity Comparison for Apollo 10 Reentry

Figure 12-8 compares the altitude rates. Finally, the deceleration profiles are

compared in Figure 12-9, where

PCLS

Qecel ~ _RV = om

"V?+gsiny 12.15
has been used to calculate an approximate deceleration from our simulation.
Visually, the simulated and actual trajectories are very similar, following
the same trends and matching closely in magnitudes. A few specific values are
called out in NASA’s postflight analysis report ; however, the report contains
conflicting information. It cites two different times (differing by 1.2 seconds) for
the point of entry interface (51:3, 15). Events throughout it are referenced relative

to the EI or to the mission clock (starting at launch). Sometimes the same event is
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referenced inconsistently to both, so we must accept that either time could be
correct and make the appropriate allowances when comparing our simulation
results. (To further complicate the comparison, at least two numerical entries in
NASA’s report have an unexplained 1.4 second discrepancy!)

Table 12-5 compares the geocentric radius at four event times called out in
the report. When different times are cited, the times and simulation results are
shown as a range. Figure 12-6 and Table 12-5 show the simulation closely
matches the actual altitude throughout most of the flight.

Table 12-6 compares the inertial velocity at seven event times cited in the
postflight analysis report. Figure 12-7 and Table 12-6 both show the simulation
agrees with reality quite well, with the biggest differences occurring near the end
of the flight.

A few key deceleration events can also be compared. Specifically, the
largest, second largest, and first minimum deceleration values are called out in the
postflight report. Table 12-7 compares the telemetry-derived values with our
simulation results. Again, the graphic (Figure 12-9) and table confirm fairly good
agreement, with the simulation providing slightly “optimistic” lows and

“pessimistic” highs.

Table 12-5: Geocentric Radius at Specific Event Times (51:10, 17-18)

Time after EI Event Geocentric Radius (km)
(sec)
Actual Simulation
80.8-81.4 Max. deceleration 6431.159 6433.133 - 6433.129
128.8 -129.4 First min. deceleration 6435.110 6436.734 - 6436.672
136.8 Final guidance phase 6434.462 6435.636
436.8 - 438.0 Guidance termination 6395.657 6396.021 - 6395.721
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Table 12-6: Inertial Velocity at Specific Event Times (51:10, 15, 23)

Time after El Inertial Velocity
Event
(sec) (km/sec)
Actual Simulation
274 First encounters 0.05g 11.0929 11.0886
28.0 Encounters 0.043g 11.0926 11.0886
30.0 Zero bank angle set 11.0935 11.0882
76.8 -78.0| Initiate "Huntest" guidance 10.0048 9.81044 -9.72584
128.0 Time of interest 7.89310 7.68931
136.8 Final guidance phase 7.62997 7.44351
436.8 - 438.0 Guidance termination 0.70308 0.320477 - 0.312815

Table 12-7: Deceleration Comparison at Specific Events (51:12)

Deceleration Event Magnitude (g's)
Actual  Simulation

Largest 6.76 7.19

Second largest 4.60 5.21

First minimum 2.80 2.70

A final comparison we can make is the touchdown point. Apollo 10

landed at 15.07° South (geodetic) latitude and 164.65° West longitude (51:25).
Our simulation does not model the trajectory after the drogues deploy, but we can

approximate the touchdown point by assuming it is directly below where they
deploy. At this time (EI+498 seconds), the simulation results are 15.06° South
(geodetic) latitude and 163.67° West longitude. The difference of roughly 110

km is certainly acceptable given the numerous simplifications we’ve used.
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12.5 Where to Improve the Simulation?

Even though the results just presented are “good enough” for most
purposes (including estimating maximum deceleration, range, and flight time), the
engineers among us will always want to push for the maximum accuracy. Several

relatively “obvious” enhancements are:

e Include the Earth’s rotation
e Include effect of Mach number on lift and drag
e Improve the atmosphere model

e Improve the gravity model

However, it’s not as simple as just throwing additional terms into the numerical
integration. Assumptions and approximations that went into deriving Eqgs. (12.1)
- (12.6) tend to “balance out” and removing one or two assumptions may not
improve the overall results. To demonstrate, we’ll look at each of these four

enhancements individually.

12.5.1 Including Earth’s Rotation

Consider adding the rotation of the Earth back into the dynamics.
Equations (12.4) — (12.6) would be replaced by

RV = b gsiny +ra? cos¢(cos¢sin y —singsin z//COSy) 12.16
m

2

RV7=%C050—90037/+ cosy + 2"V w, cosgcosy

+rw; cos¢(cosgcosy +singsinysin y) 12.17
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2

. Lsin i .
Vy = sNo_ cosy cosy tan g+ 2"V w, (siny cosgtan y —sin )
mcosy r
2
ro? .
% Sin ¢ cos ¢ coSy 12.18
Ccos y

where @, is Earth’s rotation rate. To use these, we’ll need to convert the inertial

values we are given to values relative to the rotating Earth. In addition to ®V , we

can’t forget that » and w in the equations of motion are actually relative

quantities since they are measured with respect to the relative velocity vector ®V .

(This “subtlety” was called out in Section 3.5 as a warning for this very example.)
Using a geocentric-equatorial coordinate system aligned with the prime

meridian at El as our reference, we can use the values in Table 12-1 (and the

conversions in Egs. (12.11) and (12.12) ) to can calculate the inertial position

and velocity vectors. These are:

-5928.60
r,=| 597.622 |km
-2592.694

-1.23773
'V, =|-10.3795 [km/s
3.63549

(Once again, these numbers are shown with more significant figures than we can
reasonably expect to be valid.) The corresponding relative velocity and inertial

angles are easily computed:

= |V, - @, T, =10.6589 km
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7. =90°—cos| 2 | 687450
|V
w, =90° —cos™ (_Rve:ez J =19.9425°
.

We can use these as initial conditions to integrate the equations of motion.
After integrating, we must assemble the (relative) position and velocity vectors
and then transform them to the inertial frame to compare to our previous
simulation and to “reality.” The simple (but cumbersome) transforms make good
use of the matrix rotations derived in Chapter 3 and will not be detailed here.

Figure 12-10 compares the geodetic altitude for the previous (non-rotating
Earth) simulation with this one and Apollo 10’s actual trajectory. Graphically, the
results appear comparable with this simulation appearing to give slightly better
results between about 90 and 400 seconds. To help compare overall “goodness”
of the simulations, we can use the root mean square (RMS) error between

simulated and actual altitudes:

n

2[(h9d (ti ))simulation _(hgd (ti ))actual T

RMS, =1+ 12.19
n

(The debate of using n—1 or n in the denominator of Eq. (12.19) is pointless; the
difference is insignificant if we use enough points!) The RMS is comparable to the

standard deviation of the error along the entire trajectory. When compared at one
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Figure 12-10: Geodetic Altitude for Simulations with and without Rotation

second intervals between entry and drogue deployment, the RMS can be written

as

498

Z[( hgd (t))simulation _(hgd (t)>actual T

RMS, =1/~
hyg 499 12.20

or, as

498

Z [( hgd )simulation B ( hgd )actual T

— t=0
RMShgd = 299 12.21

for simplicity. Using this measure, RMShgd =3.21 km when Earth’s rotation is
included and RMShgd =3.63 km when isn’t. For altitude, it appears we have

marginally improved the simulation accuracy on average along the trajectory.
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Figure 12-11 provides a similar comparison for the inertial velocity. In
this plot, it’s more difficult to decide which simulation provides better results.
Between 110 and 350 seconds, the first simulation gives better results while this
one better matches reality after 350 seconds. (The velocity prediction at drogue

deployment is near perfect.) Evaluating the velocity RMS for each simulation

498

STV )= (V) |

RMS,, = 1=0 299 12.22

we find RMS, , =187 m/s with rotation included and RMS,, =241 m/s without

rotation. For inertial velocity, overall accuracy appears to be improved when the

Earth’s rotation is modeled.
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Figure 12-11: Inertial Velocity for Simulations with and without Rotation
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Deceleration results are shown in Figure 12-12. As before,

"
Qgeces © — V 12.23

was used to estimate the deceleration from the simulation results. (The
oscillations in the rotating Earth values after about 450 seconds are a numerical
artifact caused by round-off error as the velocity approaches a constant.) Both
simulations tend to overestimate deceleration maximums and underestimate
minimums. At two of the three peaks, this simulation produces better estimates
but is worse at the third. The RMS

STV ser = (V) |

RMS..o =\ 299 12.24

8 T T T
—— Simulation (non-rotating)
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Simulation (rotating)
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Figure 12-12: Deceleration Comparison for Simulations with and without
Rotation
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suggests this simulation produces slightly worse results overall, with a

RMS,,., =5.40 m/s? foritwitha RMS,, = 4.60 m/s* when we ignore the

decel decel

Earth’s rotation! Most of this difference, however, comes in the last 125 seconds.
The RMS values are much closer at 2.94 m/s? (with rotation) and 3.21 m/s?

(without rotation) during the first 375 seconds. Neither simulation is a clear
“winner” when it comes to estimating decelerations.

Finally, we can compare the estimates of the touchdown point. Table 12-8
summarizes the results. Both simulations predict the geodetic latitude 0.01° north
of the actual location. The non-rotating simulation predicts a longitude 0.98° east

of the actual location while the rotating simulation predicts one 0.97° west of the
actual location. At first glance, we could conclude these show equal accuracy, but
recall we assumed the touchdown point for our simulations was immediately
below where the drogues deployed. The capsule was traveling eastward when the
drogues deployed and likely continued along that path until the main parachutes
deployed (Figure 12-13). As a result, the touchdown point would be more
eastward than we’ve assumed, making the non-rotating simulation results worse
and the rotating simulation better. Without knowing the actual latitude and
longitude when the drogues deployed, we cannot quantify the results any more

accurately.

Table 12-8: Touchdown Point Comparison for Apollo 10

Latitude (geodetic) | Longitude

Actual 15.07° S 164.65° W

Non-rotating simulation 15.06° S 163.67° W

Rotating simulation 15.06° S 165.62° W
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Photo: NASA

Figure 12-13: Apollo 10 Descending on its Main Parachutes

With the possible exception of deceleration predictions, adding Earth’s
rotation to the simulation does appear to improve the overall accuracy (as
measured by the root mean square). However, the differences in RMS for the
simulations are only 420 m and 54 m/s for geodetic altitude and inertial
velocity, respectively! The dramatic increase in complexity (especially
converting between rotating reference frames) may not justify the relatively small

improvements in accuracy for many situations.

12.5.2 Including the Effect of Mach Number on Lift and Drag

Before we can incorporate C, and C as functions of Mach number M

in our simulation, we must calculate the Mach number from the velocity. For an
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ideal gas, the speed of sound is given by

Cc=vVERT 12.25

where £ is the specific heat ratio, R is the gas constant per unit weight, and 7 is

the absolute temperature of the atmosphere (52:38). For Earth,

C ~ 20.0468F r% 12.26

when T is in degrees Kelvin (32:C29). Thus, the Mach number is given by

v A

C  20.0468JT

at any instant. Our equations (Egs. (12.1) - (12.6) ) don’t provide the atmospheric
temperature, so we must compute it separately while integrating.

To be completely consistent with our equations of motion, our temperature
model should be based on the same assumptions as our atmospheric model. An
oft-forgotten assumption in our simple exponential model is that the atmosphere
is isothermal (46:15)! The dilemma, of course, is what temperature should be
used — an average, sea level, or something else? If we are willing to accept a
small inconsistency, we can use a more accurate model of the atmosphere for
evaluating Eq. (12.27) and avoid the question all together.

A model of the “1962 Standard Atmosphere” is readily available and can
be used with Eqg. (12.26) to find the speed of sound at any altitude (32:C28-C29;
46:14-20). Figure 12-14 plots the altitudes of interest. This function of altitude
and Eq. (12.27) are used when integrating the equations of motion to determine
the Mach number along the reentry trajectory. (As a side note, notice how the
speed of sound in Figure 12-14 oscillates around an average value below about
110 km. This gives some “visual” justification for our usual assumption of an

isothermal atmosphere.)
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Figure 12-14: Speed of Sound in Earth’s Atmosphere

Before the actual reentry, our best estimates for lift and drag coefficients
are the predicted values in Table 12-2. If we linearly interpolate between values,
we can estimate values at any Mach number (Figure 12-15). (These values are
actually for Apollo 11; as before, we’ve assumed they are appropriate for Apollo

10.) Armed with C_ and C; as functions of Mach number (and Figure 12-14

and Eq. (12.27) to calculate the Mach number), the equations of motion can be,
once again, integrated and compared to the actual trajectory.

Figure 12-16 - Figure 12-18 compare the results using constant and Mach
number dependent aerodynamic coefficients to the actual observed trajectory.
Unlike in Section 12.5.1, these plots clearly show our “improved” model failed to
actually improve the simulation. In fact, the predicted altitude, velocity, and
deceleration are worse at most points along the trajectory! The root mean square

error values summarized in Table 12-9 confirm this observation.
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Figure 12-18: Deceleration with and without Mach-dependent C, and C,
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Table 12-9: RMS Errors with and without Mach-dependent C, and C,

C, and C, Constant | C,_ and C, Functions

RMS;, 3.63km 4.48 km
RMS,, 241 m/s 814 m/s
RMS,.... 4.60 m/s’ 8.43 m/s’

It shouldn’t come as much of a surprise that we’ve failed to improve the

simulation accuracy. The functions for C, and C,shown in Figure 12-15 are

based on preflight estimates of the capsule aerodynamics. Turning back to Figure
12-2, notice the preflight estimates and measured lift-to-drag values are
sometimes off by 5%. (Apollo 11 displayed a similar, if not greater, discrepancy
between predicted and observed values (41:21).) It’s likely our functions are
equally wrong!

Just how much of a difference 5% can make is illustrated in Figure 12-19
and Figure 12-20. The “band” of trajectories shown is generated by changing the
constant C_ in our (original) simulation by £5%. Clearly, unless there’s reason
to believe the preflight values are extremely accurate, there isn’t a need to

complicate the simulation. Errors in the aerodynamics are as likely to worsen the

predictions as they are to improve them!
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NASA didn’t use either the preflight estimates or the measured values
when they established the “Best Estimated Trajectory” (BET) in the postflight
analysis report (51:11, 36). Instead, they “tweaked” the values to match other
observed measurements (altitude, velocity, etc.). The “reconstructed” lift-to-drag
ratio required to calculate the BET is shown in Figure 12-21 along with the
predicted and recorded values. Not only are the reconstructed values at least 5%
different than the measured values, they are biased larger for almost the entire
range.

What do all of these graphs tell us? First, aerodynamic uncertainties can
dramatically change the predicted trajectory. Second, until you are “certain” of

your vehicle properties, you have no reason to believe your simulation is any
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Figure 12-21: Apollo 10 Lift-to-Drag Ratio as a Function of Mach Number
(51:36)
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more accurate simply because you have modeled it “better.” Third, even if you
have the best knowledge available (as NASA did), predicting the precise
trajectory can be elusive. Finally, “tuning” the (sometimes) uncertain vehicle
aerodynamic properties provides a convenient tool for better matching
simulations to observed data. The “tuned” aerodynamics can then be used to
better predict the next reentry.

12.5.3 Improving the Atmospheric Model

Improving our atmospheric model is as straight-forward as replacing the
simple exponential in our simulation (Eqg. (12.8)) with any other (better) model.
(This assumes we are limiting our atmospheric model to predicting the density. If
wind predictions, etc. are included, other changes would be needed to incorporate
their forces into the equations of motion. Such changes would require us to
revisit the original derivations in Chapter 3 and, therefore, won’t be considered
here.) Once the atmospheric model is replaced, we can integrate the equations of
motion and “rate” any improvement in the simulation results.

The 1962 Standard Atmosphere model introduced in the previous section
breaks the atmosphere below 150 km into 12 exponential “bands” to better match
reality, so it’s a reasonable replacement to try (32:C28-C29; 46:14-20). Figure
12-22 and Figure 12-23 compare the two models in the region of interest. The
first shows the (almost identical) estimates on a logarithmic scale, while the

second plots the “percentage of difference”

% diff = 200 £ L1952 12.28
P+ Pigsr
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and absolute difference

|AP| = |P - p1962| 12.29

between the models. In these equations, p is the density given by Eqg. (12.8) and
P 1S the density given by the model of the 1962 Standard Atmosphere.

We can see good agreement between the two atmospheric models, with
the largest percentage differences tending to occur where the absolute difference
is the smallest (high altitude). At high altitude, the drag has a lesser effect on the
trajectory. At lower altitudes (where drag is much more pronounced), the two
models match better (in terms of percentage of difference). If nothing else, this
pair of graphs should give you confidence the “simple” atmospheric model we’ve
been using in all of our previous work is actually fairly good (at least below 125
km)! Of course, the real proof is to compare trajectories calculated with our usual
(simple exponential) model and the 1962 model.

Figure 12-24 - Figure 12-26 show the nearly identical results for
simulations using the two atmospheric models. The altitude and velocity
predictions never differ by more than 1.1 km and 100 m/s, respectively. The
deceleration predictions are likewise similar. The two atmospheric models
produce results within 0.5 g’s of each other for the entire trajectory. The
maximum difference is at the peak deceleration point (near 80 seconds after El),
with the 1962 Standard Atmosphere matching the actual value better. (This is
probably a lucky coincidence.)

The root mean square error values in Table 12-10 help quantify the
accuracy of both simulations over the entire reentry. For this particular example,
the simple model yields slightly better estimates (when we use the RMS to rate

“overall” accuracy). The differences are so small, however, a minor change in an
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Figure 12-26: Deceleration with Two Different Atmospheric Models

Table 12-10: RMS Errors for Different Atmospheric Models

Simple Exponential

1962 Standard Atmosphere Model

RMS;, 3.63 km 3.64 km
RMS,V 241 m/s 261 m/s
RMS,.., 4.60 m/s? 4.71 m/s?

aerodynamic coefficient or a slightly different entry profile could easily reverse

the results. In short, either model of the atmosphere is just as likely to give

“better” results.
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By now, it should be obvious there is little to be gained by complicating
our equations of motion with the 1962 Standard Atmosphere Model.
Assumptions made when we originally derived the equations (point mass,
relationship of drag to "V ?, etc.) as well as real-world factors (imperfect
aerodynamics, wind gusts, etc.) easily mask potential accuracy gains! Other,
more complicated, simulations with better dynamics equations might benefit from
a better atmospheric model, but it appears we cannot.

Even with a far superior simulation, there is a bit of “magic” involved with
modeling the atmosphere. NASA, with full knowledge of the vehicle and 6-
degree-of-freedom modeling, had to “fudge” their best estimated trajectory by

using an atmospheric model for 30° North in January (51:11). Apollo 10

reentered between 16° and 24° South in May!

12.5.4 Improving the Gravity Model

The largest unmodeled gravity acceleration is due to the Earth’s
oblateness. When this “J,” effect is included, the gravity vector remains in the
plane containing the radius and the north pole (or, equivalently, in the plane along
the current longitude meridian) but is no longer directed at the center of the Earth.

Instead, it has components opposite the radius vector €, and perpendicular to the
radius (along the —€, direction):

g=-0.6 -9,8, 12.30
(The choice to attach the negative signs to the vector equation instead of the

components is arbitrary. As shown in Eq. (12.30), we follow the convention used

in Chapter 3 when we defined gravity as simply g =—g(r)é,.) The components
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in Eq. (12.30) are given by
g,=41-33,(Re 2(3sin2¢75—1) 12.31
2T 2% r

Ro ) ..
3‘;}[%) cos¢sing 12.32

9

where u is the gravitational constant and J, =1.0827x10~ for Earth (46:35, 36;
53:52). (We’ve shown u = g,R2.) Comparing these two, we can see g, is
approximately 1000 times larger than g, . This large difference is the very reason
we have ignored g, until now.
In terms of the vehicle-pointing system introduced in Section 3.2.3, Eq.

(12.30) can be equivalently written:

d=-0.6, —0,8, 12.33
Inserting this directly into Newton’s Second Law of Motion (Eg. (3.38)) and

solving for the force equations in the same manner as in Chapter 3, we get three
new equations of motion:

. D . i
"V =———g,siny—g,sinycosy 12.34
m

2

RV;>:£<3050—grcos;/+ g,sin’y +
m

Cos ¥ 12.35
.
H 2
Vy = Lsing v cosycosy tang—g, cosy 12.36
mcosy r Cos ¥

These replace Egs. (12.4)-(12.6) and can be integrated along with Egs. (12.1)-
(12.3) to simulate the trajectory with this “better” gravity model.
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The resulting trajectory is even closer to our original solution than when
we tried a different atmospheric model; in fact, the two simulation results are
virtually indistinguishable when plotted as functions of time. The maximum
difference is 280 m, 262 m/s, and 0.075 g’s for geodetic altitude, inertial velocity,
and deceleration, respectively. The root mean square error values in Table 12-11
help quantify the accuracy of both simulations over the entire reentry.

For this specific example, the “better” gravity model did slightly better at
predicting altitude but worse when it came to velocity and deceleration. The
differences between the results are so small they are easily overshadowed by other
real-world factors including wind effects, seasonal variations in atmospheric
density, etc. Clearly, adding the J, component of gravity does not improve the

overall accuracy of the simulation.

12.6 Summary

The equations of motion we’ve used (in one form or another) throughout
this book can provide solutions accurate enough to study “real” problems. Of the
four “obvious” enhancements, none improved all three critical states (altitude,

velocity, and deceleration) when the entire trajectory was examined using the

Table 12-11: RMS Errors for Gravity Models

Spherical J2 Included
RMS, 3.63 km 3.57 km
RMS,, 241 m/s 253 m/s
RMS,..., 4.60 m/s? 4.69 m/s?
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RMS errors. (See Table 12-12.) Where there did appear to be improvements,
they were small and could be overshadowed by unmodeled real-world variations
in the atmosphere or aerodynamics. (For example, asymmetric ablation of the
heat shield can cause the drag coefficient to change and could introduce an extra
lift force.)

You may wonder how NASA predicted the splash-down points so
accurately now that you’ve seen how sensitive the trajectory is to small changes
in the aerodynamics. The answer is simple — NASA didn’t have to get it perfect.
The active control of the capsule drove it to the touchdown point. Their a priori
simulations only had cover the range of possible entries to insure the guidance

would work. Our simulations are accurate enough to meet that requirement.

Table 12-12: RMS Errors for Different “Improvements” to the Simulations

Improvement to Dynamics

Baseline Rotation Aero Atmosphere J2
RMS, | 363km | 321km | 4.48km | 364km | 3.57km
RMS 241 m/s 187 m/s 814 m/s 261 m/s 253 m/s

RMS,., | 460 m/s?* | 540 m/s® | 8.43 m/s? | 4.71 m/s® | 4.69 m/s?
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12.7 Problems

1.

For a non-rotating planet, Newton’s Second Law of Motion can be written as

(V)

m =L+ D+mg iflift, drag, and gravity are the only forces acting on the

vehicle. (Details can be found in Section 3.4.) Show that substituting gravity in

the form

g=-0.€ -0,
= _grex2 _g¢ezz

and lift and drag vectors in their usual forms into this vector equation gives us

the three scalar force equations:
- D . :
"V =———g,siny—g,sinycosy
m

2

. L .
RV;/=—(:030—grcos;/+g¢sm y+ coSy
m r
H 2
v = Lsino _ Cosy cosy tang —g, cosy
mcosy r cosy

Rd(R\7

S~

and equate the vector

Hint: Make use of Eq. (3.61) to replace

components on each side of the equation.
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Appendix A

Apollo 10 Revisited

Chapter 12 examined Apollo 10’s reentry using dimensional equations
(Egs. (12.1) — (12.6)). We can repeat that example to compare the relative
accuracy of results using the non-dimensional Universal Equations (from Chapter
9 or Chapter 10). In case you’re wondering, the dimensional equations are far
easier to use in this particular situation (where the vehicle is well-defined and the
bank history is given as a function of time) and would normally be the desired
approach. However, it’s a good opportunity to compare the results.

The Chapter 9 forms of the Universal Equations are the easiest to apply
here since we’ll be assuming a single (constant) lift-to-drag ratio for the entire
flight. These equations are

dz _ —BrZtany Al
ds
d_Uz_ZZU— Vﬂr 1_{_&00501:3_“]/4_&7/_ A2
ds cosy Co 27/ pr
dé cos
—= L A3
ds cos¢
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——=sin :
ds 174 A4
- 2
dy _ZNpr CL coso+— 157 A5
ds cosy | C, zJ u
dy _Z 'fr &sin Y cosy tan ¢ A6
ds cos“y|Cp z,/
where
RV 2 cos?

gr

_ PGS |1 As
2m \ g '

and Br ~900 for Earth. To incorporate the bank profile given by Figure 12-1,
we need to integrate

da _r
ds "Vcosy

A.9

along with Egs. (A.1) - (A.6) to get time. r and "V are found by simultaneously
solving Egs. (A.7) and (A.8) during the integration.

Using the same initial conditions as those given in Chapter 12 (converted to
non-dimensional values where necessary), these equations were integrated. The
results were then converted to back to dimensional values and compared to the results
of the “baseline” solution in Chapter 12. The results for all six states are shown in
Figure A-1 - Figure A-6. As you can see, the results are very close for all of the
states. The differences are easily within the accuracy of many of the assumptions.
(See Chapter 12 for more details on the impact of errors in the drag coefficients, etc.)
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720 T T T T ;
— Simulation (dimensional) j
63017)----- Simulation (non-dimensional) ;
—~  S40r ;
oh '
QL '
=
=450
L
&
< 360
on
=]
5 270¢
3]
L
I
180F
90~
0 1 1 1
0 100 200 300 400 500

Time after EI (sec)
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We should have expected similar answers. The Universal Equations are
approximations to the dimensional equations, with the primary assumptions

being:

—x1 A.10

Br ~ constant = Ar A1l

For Earth, these are both very good approximations.
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Appendix B

Capstone Project

B.1 Project Set Up

A good way to tie together all of the material through Chapter 9 is with a
capstone project. (Material from Chapter 10 and may be used as well if desired.)
This sample project, the Katcoan Science Probe, addresses the design of an
atmospheric entry mission. The main focus of the project is to practice using the
material learned to “solve” and perhaps “optimize” an entry profile. Then, with a
solution (and there are many) in hand, the deceleration and heating profiles are
examined.

Creativity is encouraged as is “bending the rules” to meet the mission
requirements. For example, some students have added a thrusting maneuver just
before hitting the atmosphere the first time to slow the probe down. (Others
considered that “cheating” and opted to execute an atmospheric deceleration.
Sadly, there was also the one student that relied on a 10,0009 “dirt” deceleration,
better known as a “splat” maneuver.)

One word of caution is in order; however, this project can eat up

tremendous amounts of time. Sometimes it’s because students have difficulty
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finding a trajectory to meet the mission requirements. But, more often than not,
it’s because they spend so much time “tweaking” their trajectory to get the best
performance for the mission. In spite of this, the feedback on this project has

been 100% positive. Enjoy.

B.2 The Katcoan Science Probe

The following pages are the project assignment in a format that is
“almost” ready to hand out. Feel free to photocopy those pages for use in class.
For smaller classes, the project can be worked as a group project to get a “systems

engineering” view of the tradeoffs experienced to maximize mission time.
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The Katcoan Science Probe

Background: Researchers at the Imperial
Science Academy of the planet Katco have
been ordered to send a scientific probe to a
backwards little planet known to the locals
as “Earth.”

The Katcoans are trying to design the
mission so that the probe will dip into the
atmosphere to collect samples. The probe
should arrive at Earth traveling no more
than 15 km/sec (to avoid detection) and then
spend as long as possible in the atmosphere below an altitude of 80 km. At the
end of the mission, the probe should be outside the atmosphere so that it can be
recovered by a cloaked Katcoan science ship. Your goal is to analyze/design this
mission. You must live with the dictated vehicle parameter values given below.

Katcoan technology routinely creates probes with the following parameters:
o C,=05
o A reference area of S =100m?
o Lift-to-drag ratios that range 0 < C /C, < 6.6 without changing C, or S
o By law, all probes to primitive planets must have a mass of exactly
m =1000kg

(Don’t ask me how or why -- it’s Katcoan technology!)

The planned mission will be examined with two things in mind — deceleration and
heating. The pertinent questions are summarized below:

o Deceleration: What does the deceleration profile look like? What is the
maximum and where does it occur?

e Heating: What does the non-dimensional stagnation heat flux (1 look like? What

is the maximum and where does it occur?
o Dynamics: What does the flight profile look like?
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Deliverables:

1.

A short “report” to be handed in
a. Explain your approach to solving the problem

b. Give your initial conditions (e.g., "V, 7., 6,, etc.) and assumed
values for the vehicle parameters (e.g., C,/C,, S, m, etc. where
appropriate)

c. Asa minimum, present graphs showing your solution to the trajectory
for velocity, altitude, and flight-path angle (as they change with
“time”).

d. Present the graphs required for your particular assignment (from the
table above).

e. Discuss any “trends” you think are worth mentioning (such as “any lift
in the range 0.5<C_/C, < 2.0 will satisfy the mission”) and feel free

to add extra graphs if they help.

You will present your findings to the class during a short (10-15 minutes
or so) briefing. You can steal graphs from your report to make most of the
briefing. The goal of the briefing is to make sure everyone in the class
understands how you solved the problem and what your major findings
were.

You will be evaluated on (in no particular order):

oo wdE

Correctness in your methods
Meeting the constraints (assuming they can all be met)
Ease of understanding what you did
Completeness of your results (summary, graphs, etc.)
Neatness, “readability,” and clarity
Special consideration will be given for these “separating factors:”
a. Adding extra (but useful) plots to help explain any special features
of your solution
b. Going beyond the minimum [e.g., showing how selecting a
mission for maximum time impacts the maximum deceleration
experienced).
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Answers to Selected Problems

Chapter 2

la. 7 =(-2.4836, +1.0548,) DU , V =(-05331¢, -0.06890¢, ) PU~L |

b. F =(2.50476, +1.00188, ) DU,

V =(0.49938, +0.000508, +0.19904¢, ) PUZ |

2a. r,= 0.287 DU

_ _1.10 DU
b. 7, =-0982rad ,V, =1.10 PUL |

3. a=222DU, e=0.100, i =0.524 rad, Q=0rad, w=0rad, v=0rad

4. y=0rad

Chapter 3
2.

"V = —gsiny +ra? cosg(cos gsiny —sin gsiny cos y )
2
Wy =—gcosy+ v
r
A : : rel .
Vi =-— cosy cosy tan g+ 27V a, (S|m//cos¢tan;/—sm¢)— sin ¢ cos g cosy
r cosy

COSy +2"V @, COSPCOSY + rws Cos$(cospcosy +singsiny siny )
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ANSWERS TO SELECTED PROBLEMS

Chapter 4

; rY fv? r
la. r="Vsiny, vV = —go(?‘)) siny, Rvy:{ ; —go(?oj }0057

2
b. For y =0, the third equation above becomes "V =, /M . Comparing this
r

to the two-body equation for circular velocity, you can see u = g,r’.

2. (Simpler option):
c, =siné@siny —cosy sin ¢cosd
¢, = —siny cos@ —cosy singsin g
C, = COSy COS ¢

3. Starting with Eq. (4.31):

pC_SRV? LY .
(adecel)\,:DZ—m—i_gO ?O siny

=(77ﬂ)RV2+go(r7°j siny

Z(ﬂﬂ)(ZQOVOT)Jrgo(r—OTSin y

r

2
I .
=2p1,9,mT + 9, (?Oj sy

. I, . _
For thin atmospheres -2 ~ 1. Also, siny = £/1—cos” y where the sign is
r

determined by the sign of y. Thus, we get

(adecel )v = 2,Br09077T * go \/1_ COSZ V4
= 2,907 £9o1-&%y
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Starting with Eq. (4.32):

2 2 2
(adecel ) _pC S RV [ RV - gO (r?oj j|C057

2m r

(e ¥ s

(L)
ofE i 31

J+go(l—2T)§

C
=-2[r, T =%
P90 (C

D

Chapter 5
3. Forskip entry, n and y are related by:

_ Cosy—cosy,
")
To find a maximum, minimum, or inflection point:

v )

Solving gives y. =0. To prove this is a maximum (i.e., a “minimum” in

altitude since large n» means low “physical” altitude), take the second
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derivative:

d277| _ —cosy _

-1
dy?|  (C C
- (%) (%)

2
For positive lift, d 727 <0, so this point is a maximum for 7.
V=
1 1 47
6. ¢,=L,¢=—,C=—,C,=——
TR AT T BT s

7. Answers may vary, but this is a typical plot:

Change in Eta vs. Velocity Ratio

0.8 T T T T
—— C1/Cd=.01
0.7 —— C1/Cd=.05 [
Cl/Cd=.1
06 —— clycd=5 [

Delta Eta

Velocity/Entry Velocity

We have violated one of the assumptions for this type of entry -- this graph includes
v>0. Technically, we should have cut the plots off just as the slope reached zero
(y=0). Also, remember that our medium/steep entry equations were for near circular
speeds -- something we have clearly violated in making this graph. Now, having said
that, recall that the same equations are valid for skip entry, and this begins to look
more like what you'd expect with skips (especially since y becomes positive.)

An overachiever would superimpose the solution for shallow gliding entry on this to
see how close 0.2 radians is to "shallow" entry.
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8. Parta. Consider the two cases
shown in the table to the right.
The pair of figures below compare
the solutions from numerically
integrating Eq. (5.78) with the
closed-form solutions given by
Eq. (5.80).

Part b. The next figure plots the

Numerical Integration

----- Closed-Form Sol'n

Case #1

Case #2

T, =051 T, =0.60

7. =—0.15radians |y, =-0.10 radians

C,/C, =02 C,/C,=0.2

Br, =910, 5, =10

Mumerical Integration

--=- Closed-Form Sol'n
T

Non-Dim Alutude

Case 1

“constant"&+ 1 1—i for
C, prn 2T,

both cases. Notice how the curves
asymptotically approach C, /C,, .
The fact that this term is dominated
by the lift-to-drag ratio is what
enables the assumption of “constant”

to work.

Non-Dim Altitude

Case 2

3]

1

Arn

—— Case 1
—— Case 2

0.01 0.1
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9. A more than sufficient answer that covers the entire range of entry angles is

given in the plots below. Two other lift-to-drag ratios are plotted to help

illustrate the effect of changing the lift.

0.8, T T T T 500 T T T T T
—— CL/CD=.1 — CL/CD=.1
x . .
i 0.7 —— CL/CD=2 [ 3 < N CL/CD=2
S o CLCD=3|| 17 4o CL/CD=3 []
a <
é 0.5 B i) L _
= 300 N
NN,
E 0.4 7 § A
pY 03 m 8 200 .
2 o)
3 o
= 02 — 9
= @ 100~ N
< 0.1~ E > N
o 1 | 1 1 1\
-5 -125 -1 -0.75 -0.5 -025 0 15 -125 -1 -0.75 -0.5 -0.25 0

Flight-Path Angle at Entry,7, (radians) FlightPath Angle at Entry, 7, (radians)

Chapter 6

1. Results may vary slightly (especially with Loh’s solutions) depending on the

initial guess values and initial altitude selections.

110° 1

Non-Dim Altitude, Eta

0.1

T 0.5 S Sl — T
—— First Order
————— Loh's 2nd Order ol
S e Approx DEs j =
S &
o g
E -0.03 o 034~
=3
< E=1
= £
£ ~0.04~ B < 0261
= £
] 2
= I 1 ZE .18 First Order
----- Loh's 2nd Order
) ) Approx DEs
—0.06 I 1

110°

110 110° 0.01

Non-Dim Altitude, Eta
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Chapter 7
1.

_ pCyS7V?
2m

)
d(\/2900 ) _chr;)]s(zgoro-l-)

dt
1 /290 dT _
209.r.T
2 d'[ 77( 9olo :B)
ar

= ~28(20,5, (177

Inverting both sides gives the desired result:

dt

1 1
dT  28\2g,1, ;7%

4. Since y, <0 and |sin y,| <1, we can write the true statement:

—siny, <,/-siny,

Recognizing 3e > +/6e , we can divide the left side by 3e and the right side by
J6e and still have an inequality:

—siny, - —siny,
3e 6e

Finally, if we multiply by T.%:

Y —
T./2siny, <Te% siny,
3e 6e

T, <0,
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7. The heat flux graph is shown here. This corresponds to the dynamics graphed in

Problem 1 of Chapter 6.

—— First Order Wall
—— 2nd Order Wall ||
—— Approx DE Wall
— - - First Order Stag
=-=-= 2nd Order Stag

----- Approx DE Stag
I I I
0.03 0.04 0.05 0.06

Non-Dim Altitude, Eta

Flux/Te”1.5

10. An example is shown below for y, =-80" and gr, =910.

100y T T

10{~

0.1

eta

0.01

1x1077
1x10""

s
1x10

1x10” %
0 0.1 0.2 0.3

stagnation heat flux/Te”1.5
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Chapter 8

2. Starting first with the Loh’s equation given by Eq. (6.36) and setting 7, =7,:

C, U
cosy, + p|1--Te
v s 2]

D ur
cosy, =
1+1(1—1] 1- e
s\ 2T T
cosy, = cosy, +0
1+i i—l (0)
£y 2T
oSy, =CO0S¥,

which gives the expected result , =—y,. Turning to the other of Loh’s

equations, given by Eq. (6.34), and setting T, :% and y, =—7,

In(T_f J‘ 2(r: -7.)
Te
C. ! 1- L COS ¥
2T,

Co B
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ANSWERS TO SELECTED PROBLEMS

and solving:

Proving the first-order solution reduces to this same expression is trivial and

won’t be duplicated here.

5a. T,=3.69,b. r, =0.977r,

Chapter 9
_ - _PpSCo [T [ SC, [Ty
5. Given the definition P == 5 om\ s psexp[—ﬂ(fp—R@)]We

can form the ratio between the “high” and “low” values:

thigh _ rphigh exp| — r —r
- Y ﬂ Phigh Piow
Fplow r‘plow

Phigh

For thin atmospheres, ~ 1. Using this fact and the given information on

Piow

the range of F,, we can solve for (rph_h -, ) :
ig ow

_ F -
(rp_ -, )=—1In Sl — 1'”(0'065]:10'8““
wn w5 0.14km™ | 0.295

Piow
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7. A graph of the overshoot boundary is shown below. A line at

ue

— = V=42 helps us to read the chart at parabolic entry. The graph
cos” y,

easily shows Z, ~0.015 as the point of interest. You must still convert that

to an altitude (for Earth) and compare it to the undershoot value of

Z  ~0.295. (Problem #5 from this chapter solves a similar problem for a

Punder

strictly ballistic problem. In the problem we find that corridor width to be
10.8 km.) A question you should ask yourself — because it makes a great test
question — is “Can can | expand the corridor even more by using positive lift

to change the undershoot boundary?”

P: 22 T I T
o ”§ f =0.05
217 |5 =900 7]
I | 1S — 034 i
At e
1.6~ -
o
9
o4 -
e
]
T 12 -~
_o L
g | ! ! ! ! 1
0 0.005 0.01 0.015 0.02 0.025 0.03
Periapsis Parameter Z,=F,
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Chapter 10
2. k, was defined just above Eq. (10.68) as k. :ﬁkl. Replacing k; using Eq.

(10.56), we have k? :E(vsinzy). Using Eq. (10.26) to replace v and

simplifying:
- 2
k? = ﬂr(ljsinzy
ar
k, = /ﬂ AV siny
gr
For thin atmospheres, gr ~ constant and % has units of velocity and can
r

be used as a scaling factor to “non-dimensionalize” a velocity. Since ®V siny

is the (dimensional) sink rate, dividing it by g creates a non-dimensional

pr

form of a sink rate.

6. The first plot below shows the altitude versus velocity curves are, for all
intents and purposes, identical. The second shows some difference in the
commanded lift, but not enough to significantly alter the trajectory. The final

plot helps explain why there is so little difference — the vehicle has dropped to

10% of its initial Kinetic energy (% <0.1) by the time the control laws

diverge. Recalling that lift is proportional to velocity squared (or proportional
to kinetic energy), you can see that the difference, while growing, has less and
less of an effect on the motion. (A log scale was used on the x-axis of the

final plot simply to “blow up” the region where the results differed.)
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2 T T T

A 1 7
[~ Numerical Solution |
|- Approximate Solution |

1707 0.01 0.1 1 10

Chapter 11

1. Begin by expanding out the mean motion and simplifying:

%
H 2\% :
2na’w, (l—ez)% CoSi Z(aj ao, (1-¢’) * cosi
IVE = IVE

Next, approximate the velocity by its initial periapsis value using the vis-via

equation

440



ANSWERS TO SELECTED PROBLEMS

and replace one of the velocities in the equation. At the same time, replace
the inclination with its initial value. This gives:

%
2naa, (1-¢° )% cosi_ Z(Zj aw, [ (1-e)(1+ e):l}/2 cosi,

i)

2aw, (1-e)cosi,
- v

Po

_ 2r ,@, COS|,
'V

Po

This is the desired result.

4. For small changes in the orbit, we can assume the denominator is almost a
constant. (The only changing value is F , and it’s a constant close to 1.)
Thus, we can take the ratio between the “higher” orbit and the “lower” orbit to
get:

o) g

e -1

A‘thigher - e

AtIower
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B(ho+87)

Realize e > e 1 and simplify:
Blho+B7
Athigher ~ € ( )_1
I
AtIower € -1
Alho+p
o)
P
e/i’ho+1
- eﬂho
=e
~ 2.7

Chapter 12

1. After equating, the three component equations are:

FVZcos’y L D ..
—————=—C0SoCoSy——siny —g,
m m

"Vsiny + "V ycosy —

RV cos 7 cosy — "V ysin y cosy — "V cos ysiny

2

+——C0S y cosy (siny —tangcosy siny )

L i i . D
= ——(cososinycosy +sinosiny ) ——cos y cosy
m m
"V cos ysiny — 'V ysinysiny + "V cos y cosy

2
+

cosy (cosy cos’y tan g+sinysiny )

L . . . D .
=—(-cosasinysiny +sinocosy ) ——cosysiny — g,
m m
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The second and third component equations combine to gives one force

equation

. Lsin 2
AV = s cosycosy tang—g, cosy
mcosy r cos ¥

and another equation we’ll need:

2

. . . L . D .
"V cosy - "Vysiny+——cosysiny = ——cosysiny ——cosy —g,siny
m m

Combining this latter equation with the first component equation yields the

other two force equations:
- D . .
W =———g,siny—g,sinycosy
m

2

. L . 5
Wy =—coso—g,cosy+g,sin® y +——cosy
m
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Index

A

Acceleration, 65, See also: Deceleration
centripetal, 39
Coriolis, 39
drag, 356-58, 372
relative, 39
Aerodynamic heating, 215, See also: Heating
Altitude
geocentric, 382, 385
geodetic, 382-83
non-dimensional, 69, 242—-43, 294
Apoapsis, 13
Apollo
Apollo 10 reentry, 375-79, 384-91, 393-99,
401-7, 409-12, 414-15, 417, 419-21
Apollo 11 reentry, 375, 379, 404
Approach conic, 222-25
periapsis, 225-27
Argument of latitude, 348
Argument of periapsis, 11, 255
Ascending node, 11, 251, 255
Atmosphere
1962 Standard, 400, 407-8
exponential, 68-69, 400
isothermal, 242, 400

B

Ballistic coefficient, 356

Ballistic entry

shallow, 131-38, 140

steep, 143, 160-62, 200-215, 216
Ballistic missile. See Missile
Bank angle, 44

for planar entry, 59

variable, 290-96, 315-41

C

Control

optimal, 315, 330, 331
Crew Exploration Vehicle (CEV), 280-83
Cross range

maximum, 319-39

D

Decay
orbital, 369-71
Deceleration, 6566, 71, 162—-63, See also:
Acceleration
Diveline guidance, 339-40
Drag, 43, 346, 356-58, 360-61, 364
perturbation, 357, 364, 370, 360-61, 372
Drag polar, 291
parabolic, 296-98

Dynamic pressure, 310

E

Eccentric anomaly, 13, 14, 357
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Eccentricity, 11, 255
finding, 18, 225, 226, 359-61, 362-65

Entry corridor, 221-36, 261-72
overshoot boundary, 230, 262-66
undershoot boundary, 227-30, 235, 266—-69
width, 226, 235-36, 269-72

Equilibrium glide, 78—-88, 88, 316-19, 319-39

F

Flight
phases of, 2-4, 57, 77, 122, 285
Flight-path angle, 10, 31, 54, 393-94

Force equations, 52, 413

G

Gliding entry
medium/steep, 88102, 159
shallow, 77-88, 88, 155-58
supercircular speed, 103-7
Gravity model
spherical, 48, 55, 64, 242, 381, 412
with J2, 412-13

H

Heading angle, 32, 54, 393-94
Heating
flux, 172, 174, 175
flux (non-dimensional), 179
rate, 175
total, 177

total (non-dimensional), 179

Inclination, 11, 251, 253, 255

K

Kinematic equations, 42

L

Lagrange planetary equations, 357, 359-61
Latitude, 29

geocentric, 382

geodetic, 382—-83
Lift, 44, 45, 46

drag polar, 291-94, 296-98

variable, 290-96, 296-98, 299-315
Local horizontal, 9, 31
Loh's second-order solution, 145

deceleration, 162-63

development, 151-54

reduction to first order, 155-62
Loh's unified solution

development, 147-51

from general unified theory, 255-61
Longitude, 29

M

Mean motion, 15
Mercury, 138, 169
Missile
ballistic, 1, 2-4, 12, 13, 24, 117

Multipass entry, 272-81, See also Skip entry
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N

Non-planar entry, 315-41

Nusselt number, 172

0

Optimal control. See Control, optimal
Orbit
circular, 10, 11, 15
elliptical, 10, 11, 12-15
hyperbolic, 10, 11, 17-18
motion, 7-23, 58, 61, 72, 108, 196, 221-27,
245-55, 263, 264
parabolic, 10, 11, 16
with drag, 55, 272-81, 345-72
Orbital contraction, 345-72
Orbital decay, 369-71
Orbital elements
finding, 18-21, 222-25

Orion. See Crew Exploration Vehicle

P

Periapsis, 12

Period, orbital, 14

Planar entry, 57-71
constant dynamic pressure, 310-12
constant flight-path angle, 304
constant sink rate, 304-8
constant velocity, 308-10
defined, 58
multiple legs, 315
optimal, 315
variable lift, 299-315

INDEX

Position
finding from orbital elements, 21-23

Prandtl number, 171, 172

R

Radius
orbital, 8
reference, 64, 147
Reference frames
geocentric-equatorial, 27-28
perifocal, 21
planet-fixed, 28-29
vehicle-pointing, 29-32
velocity-referenced, 32—-35
Reynolds' analogy, 171, 172, 173
Reynolds number, 64, 173
Right ascension of the ascending node. See

Ascending node

S

Scale height, 132
Semilatus rectum, 10, 13, 255
Shock, 168, 171, 173, 174, 175
Skip entry
planar, 108-17, 159-60, 200, 280-83

Stanton number, 173

T

Tradeoff
design, 5, 167, 170

True anomaly, 255
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U Vv

Unified theory. See Universal equations of Velocity
motion circular, 15, 132
Universal equations of motion finding from orbital elements, 21-23
application, 261-69, 272-80, 281, 280-83, orbital, 12
283-85, 300304, 304-8, 308-10, 310-12, reference, 78
315-16, 316-19, 319-39, 417-22 Vis-viva equation, 12
development Vostok, 138

constant drag coefficient, 240-45
variable drag coefficient, 290-96 Y

reduction to Loh's solutions, 255-61

. . . Yaroshevskii, 131, 138, 140, See also: Ballistic
reduction to orbital equations, 245-55

entry
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