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Abstract. In this papemwe give acorvergenceanalysisof atwo-level additive Schwarzmethodn whichthecoarse
meshbasisis constructedvith aggreation,amethodcommonin algebraiamultigrid. This coarsemeshdoesnotneed
geometridnformationaboutthe subdomainandcanreadilybeusedon unstructuregpatialmeshesWe illustratethe
performancevith severalcomputationaéxamples.
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1. Intr oduction. This paperprovidesa corvergencetheoryfor the two-level Schwarz pre-
conditionerfirst describedn [8—-10]. The preconditioners a two-level additve Schwarz method
[4,5,18]. Its novel featureis the useof aggreationideasfrom algebraianultigrid [1,22] andbal-
ancingNeumann-Neumanmethodg13-15]to constructhe coarsemesh.Theuseof aggreation
arosefrom necessity In the applicationsreportedin [8—10] the subdomainsvereirregular, anda
coarsemeshbasedn “hat functions”over the subdomainsvasimpractical. For the samereason,
we neededninimal overlapbetweersubdomainsUnlike the methodfrom [3], we do not needto
createa coarsemeshgeometryor usegeometrianformationaboutthe subdomains.

While ourtheoreticafesultsallow for overlap,andsomeof the experimentaresultsin § 3 are
for subdomainsvith substantiabverlap,the applicationof the preconditionein practicehasbeen
for minimally overlappingsubdomains.

Ouranalysisuseghestandardinite elemenframevork from [18,24]. Thepreconditionerlso
workswell in the contet of finite differenceshowever, assomeof theexamplesn § 3illustrate.

This preconditionewasdevelopedfor usein the Adaptive Hydrology model (ADH) [19], a
productioncodebeing developedat the US Army EngineerResearchand DevelopmentCenter
BecauséADH is athree-dimensionainstructureameshcode,detailedgrid refinemenstudiesare
too costlyto perform;therefore,n this paperwe illustratethe performanceof the preconditioner
with computationakxamplesin two spacedimensionsa settingin which grid-refinemenstudies
andinvestigation®f the effectsof overlapcanmorereadilybedone.

1.1. ProblemFormulation. We begin with theweakform of anelliptic boundarywalueprob-
lemonadomainQ) ¢ R¢ with boundanf'. Thegoalisto findu € V suchthat

(1.2) a(u,v) =I(v) forallv e V
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wherel is alinearfunctionalon V', andV is anappropriatdunction space.In our examplesthe
problemswill be secondrderwith Dirichlet or NeumanrboundaryconditionsandV C H' ().
We take approximatingspace®f continuousfunctionsV* c V. Theapproximatingproblemat
level h is to find " € V" suchthat

(1.2) a(u”,v) = I(v) forallv € V.
Theproblem,(1.2),is equialentto alinearsystem
(1.3) Aul = f

on V" wherea(u, v) = (Au,v) forallu,v € V. Here(:, -) isthe L?() innerproduct.
Schwarz preconditionersare designedio accelerateKrylov spaceiteratve methodsfor the
solutionof (1.3).

1.2. One-level Method. We begin with the one-level additve Schwarz preconditioner We
divide( into subdomaing©;};_, with anoverlapwidth of atleasts andassumehatJ;/ , Q; = Q.
Let R; betherestrictionmapfrom anelemenbf V" to thesubspac#’; of V" with supporton
Qj. Let
Aj = R;AR]

bethe subdomairoperator We assumehat A; is nonsingulaon V; anddefine
B;j = R] A7'R;,

Whereflj is anapproximatiorof A;. Theone-level additve Schwarz preconditioners
(1.4) M =3B,

1.3. Two-level Method. Thetwo-level additve Schwarz methodaddsa coarsemeshterm
BO = R’(I;AEIR()

to theone-level preconditionerHere A, is anapproximatiorof 4,. Welet VZ denotethe spaceof
coarsemeshbasisfunctions. If the coarsemeshrestrictionmap R, andthe coarsemeshoperator
Ay arewell designedthe conditionnumberof M A is significantlyreduced.

Onewayto definea coarseneshproblemis to discretizethe continuougproblemon a coarser
mesh. Thereare a few difficulties associatedvith forming the coarseproblemthis way. For
unstructuredneshessuchasthe onesconsideredn [8—10], the interpolationoperatordetween
thefine meshandthecoarsanesharedifficult to define.Seconda coarsaneshmustbegenerated,
stored,andparallelized Finally, the PDE mustbediscretizecandrecomputean thecoarsanesh.

Alternatiely, the discretizationof the coarsemeshoperatormay be definedin termsof the
existingfine meshdiscretization A Galerkinor variationalcoarsegrid correctionuseghefine grid
matrixto obtainthecoarsegrid operatoiasA, = Ry ARY, whereR, is theinterpolationoperatotto
the coarsemeshfunctionspaceand R} is therestrictionoperator Methodsthatobtainthe coarse
meshmatrix by usingthe fine meshmatrix are called nestedor multilevel methodg[18]. If the
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coarsameshbasisfunctionsareobtainedrom the fine meshbasisfunctions,thenthecoarsemesh
space/ # is containedn thefine grid spaceV”.

We usethe aggrgation-basedbasisfrom [8-10] in this paper whereone coarsemeshba-
sis functionis definedfor eachsubdomairasthe sumof the fine meshbasisfunctionsfor that
subdomain.

To setthenotationthatwe will needin § 2, let theexpansiorof afunctionu € V" in thefinite
elementasisbe

wherethes);'sarethebasisfunctionsfor thefine mesh andafunctionus € V# canberepresented
onthecoarsemeshspaceas

(1.6) Uc = Zuqu’k
K

wherethe U ;s arethefinite elementbasisfunctionsfor the coarsemeshspace SinceV# c V*,
U, canbewrittenas

(1.7) g =S Reji;.
J

Theindex K representthe subdomaimumber For our coarsemeshbasisfunctions,the valueof
Rk jiseither0 or 1. If thefinemeshbasisfunctionsy; is containedn subdomaink, thenRg,; = 1;
otherwise Rg; = 0.

Furtherexpandingtherepresentatioof u¢ gives

uc = Ykucg¥Vk
= 2K Uck 2j Ry,
= Zj (ZK UCKRKj) 77bj
= 2 (RTUC)]' Vi

ThusR” is the operatomnwhich interpolatesrom the coarsemeshto the fine mesh. Any function
onthecoarsemeshcanberepresentedolelyin termsof the alreadyexisting fine meshfunctions,
makingtheformulationof a separateoarseneshunnecessary

1.4. Condition Estimate. In Assumptionl.1we make precisetheideathat H is the charac-
teristic diameterof a subdomain.In Assumptionl.2 we make precisethe overlapé betweerthe
subdomainsindthe propertiesof the coarsameshbasisfunctions.

ASSUMPTION 1.1.

1. Theeis C > 0 sudthatdiam(2;) < CH forall j =1,...,J.
2. Theeisc > 0 sud thatfor all z € 2 there existsj > 1 sudthatz € €2; and

dist (z, 0Q2;\082) > co.
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3. TheeareCg, Cy,Cy > 0 sud thatfor all z € €2 theball
B(z,CrH) ={y € Q:dist (y,z) < CrH}

intersectsat mostC; + C¢ subdomain$; (i.e., an objectof diameterO (H) intersectsat
mostO(1) subdomains;).
4. () >CHY, j=1,...,J
In Assumptionl.1,  denoted ebesgueneasure.
ASSUMPTION 1.2. Assumehebasisfunctions¥; of the coarsespacesatisfy
L Wil o) < O~
1%i]|7. < CH
2. Theeis adomainQ™ c Q suhthaty, ¥; (z) = 1 for everyz € Q" anddist(z, Q) <
C4 for everyz € Q\Q™",
3. supp (¥;) C Q.
Parts1 and2 of Assumptionl.2 differ from similar assumption# [1] in the H' semi-norm
of the coarsemeshbasisfunctions,andin the distancefrom the spaceQ™ to o).
In § 2 weprove
THEOREM 1.1. LetV" = ¥°7_ V; C C(2) andlet Assumptiond.1and 1.2 hold. Assume
thattherisw > 1 sud that

(v,v) < (Aj_lAjU,U) < w(v,v)
forallv € VP and0 < j < J. Let
J
(1.8) M =Y B
j=0
thenthereis C' > 0, independentf H andh sud that

(1.9) K(MA) < Cw(1+ (H/h)?).

2. ConvergenceTheory. We baseour analysisontheresultfrom [23,24].
THEOREM 2.1. Let K, be a positiveconstantsothat, for anyv € V", there existsa decom-
positionv = >/, v; sud thatv; € V; and

J
(2.1) Y (Agwi,v;) < Ko (Av,v).
1=0
Let
J
(22) Kl = 11;1;%}?];6”,

whee, for1 <i,5 < J,e;; = 0if BP; =0 (i.e, if V; LV}), e;; = 1 otherwise Then

(2.3) Kk (MA) < wKo (1+ K1),
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whee
W = MaxX Amax (flj_lAj) )

0<j<t

We assumehatthe enegy normis equivalentto the H' seminormandwe canthereforereplace
(2.1) by
J

(2.4) % |Ui|i11(9) < K0|u|%11(ﬂ)-
Our estimatefor K, will bebasedn (2.4).

Thevalueof K; is anindicatorof thenumberof subdomainshatcontainary givenpointin €;
we assumeur partitionis suchthat K; = O(1). We solve the subdomairproblemsexactly in our
numericalresults,sow = 1 in § 3. Thusour conditionnumberestimates basedon the estimate
of Ky, which we obtainusingLemmas2.2 and2.3. Our analysisusessomeof the techniques
developedin [1], but we do not smooththe coarsemeshbasis. Our estimatesn LemmaZ2.2 are
thusdifferentfrom thosein [1].

We definethe coarsemeshoperator : V* — V' by

4 1
Qu:izzlai‘lfi, ai:ai(u):N(Qi)/Q u (x) dz,

i

whereu € V". Usingthe Cauchy-ScharzinequalityandAssumptionl.1we get

‘/ u () d:r‘ < O |lull,. HY.
Q

i

Hence
/2

H _
ou] < O llull s = CH2 .

Thevalueof K, depend®ntheboundof theenegy of Qu andonthe L? boundof theerrorin the
coarsaneshoperatoyi.e.,u — Qu. Theseboundsareprovidedin Lemma2.2.

Here,asin the remainderof this section,C' is a constanthatis independenof H andh. C
mayincreaseastheanalysigprogresses.

LEMMA 2.2. If Assumptiond.1and1.2hold,then

(2.5) lu— Qull7> < CH? [ulfn
H
(2.6) Qulzp < O Julfy
Proof. Let
B =0\Q"™
BI = U Qz
1€EB
W = sup {dist (z,00Q)}
reB’

By = {x € Q : dist (x,00) < W}.
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If x € B, thendist (z,02) < C6 by Assumptionl.2. Thus

Thereforewe havethatdist,cp (z,0Q) < CH sincediam (€;) < CH foralli. HencelW < CH
andusingthe Poincae inequality[6] we get

(2.7) lullr2gmy < llullpa(my) < CH |ulg gy -

LetN; = {j : Q; N Q; # 0} andlet card(N;) denotethe cardinalityof NV;. We have
1Qull72 = (ZieB a; (u) Ui (u), Xjep aj (u) ¥; (U))

< Yien Yjenins i (W) oy ()] [Tl 1 195112

< 3 ieB LjeNinB (ozi2 (u) + o (u)) CH¢  sincea® + b2 > 2ab

< CH%max {card(N;)} Siep @? (u) < C ¥icn ||“||i2(ni) <C ||u||iz(30) :
Therefore

(2.8) lu — Qullr2(p) < |ullzemy + 1QUll 2y < C llullpamy < CH Julg g -

. d—1
Since|¥; |3 < C2— we have

Qulz s < CH— max {card (N})} Siep 0F (u)
(2.9) < C5 Lies lullizay < Cas lullzzgs

2 2
< CHL(SHQ |U‘H1(Bo) = C% |u|H1(B0) :

Theestimatesabove arefor the set B aroundthe edgeof the domain.We completethe proof
by makingsimilar estimatesn Q™.
Let ug beanextensionof v suchthatug = v on2 and

|UE\H1(Rd) <C() |U‘H1(Q)'
Let B; = Ujen; €, andlet B; be the ball aroundB;. Thenby Assumptionl(c), we have that
diam (B;) < CH.

Forj=1,...,J,definec; = —M(gj) s, up dz, u; = ug—c;. Assumptionl.2andthedefinition
of Q imply thatfor z € Q N Q"

Qu (z) = Qu; (z) + ¢;.
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Therefore
2 J 2
|u— Qu“LQ(Qi"‘) < Z |u— QUHL?(Qinm)

i=1
J 2

= Z i + ¢ — @ (u; + Ci)”m(nmﬂint)
i=1
J 2

= N8 — Qaill 2 (g,n0ime) since Q¢ =c¢
i=1
J 2 2

< Z ||ﬂi||L2(Bi) + ”Qﬂ’i”Lz(Qin’“) :
=1

We use

_ 12 T 2 U ’
Qi ey < | Sen @ @) W[ < (Syens oy @) 195120,

L2(Q)

_ 2 _
< card(\;) 2 jeN; 0‘]2' (us) ”\I’j”y(nj) < CH* 2 jeN; 0‘]2' (u)
_ _ 2 _ 2
<CH'H deENi ||“i||L2(Qj) <C ||ui||L2(B,-) 3
andthePoincaé inequalityto obtain
2 2
lu— Qu“L?(Qint) <2y, ||U’Z||L2 ) < CH*Y, |ui|H1(Bi)

:CHQZ;]:1|U/E|H1(B) _CH Z 1|u|H1(B <CH |u|H1(Q)'

Thisand(2.8)imply (2.6).
We completethe proof of (2.5) by combining(2.9) with theestimate

2 _ 2
|QU|H1(th) < Z =1 |QU|H1 Q;NQint) = 25:1 Q (u; + Cz’)|Hl(Qinnt)
_ 2 12
=¥ |Qu; + ci‘Hl(Qin"t) =¥ |Q“i|H1(Qinnt)

2
< Zz 1 ‘ZJEN' Qj (1;) v, il mi(a)

< T cardW) Sens oF (@) 9570 g

d—1
> 1 H Z 12361\/ ||ul||L2 (9 H(sz 1||UZ||L2 (B;)

<CpH*EL, |ﬂi|§11( =0y 1\UE\H1 (B:) <ci |u\H1

This completeghe proof.O
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LEMMA 2.3. UnderAssumptiond.1and 1.2, for everyfinite elemenfunctionu € V", there
existsa decompositior{ui}{zo, u; € Vi, sudh that

(2.10) u

Us;

Il
M-

<
Il
=)

J 9 H 2 0
(2.11) > il < € (1 + 3) .
1=0

Proof. Definel}, to bethefine meshoperatorl;, : C — V}, by

L (w) = > ue) )

i=1

where{v;}"_, is thefinite elementbasison the fine mesh,and {z;}? , arethe fine meshnodal
points.Let u be partitionedsuchthat

o = Qu andu; = I, (6;(u — Qu)),

where {¢;} is a partition of unity suchthat;(z) = 1 forz € Q, 9, = 0 for z ¢ €, and
|V8;| < 5. Clearly by construction,

J
Z U; = u.
1=0

Thestandardagumentq18] imply that
J 2 1 2 2 2
@12)  Yluline < C (5l - Qullay + 1o~ Quitn )+ Qui o))
1=0

We completethe proof by applyingLemmaz2.2to estimateQu|%: ) and|lu — Qu||72 o). O

If welet )
H
K():C(l‘f‘g) ;

we completethe proof of Theoreml..1.
3. Numerical Results.

3.1. Laplace Equation. In this sectionwe considerthe simpletestproblem
(3.1) Vu=0

ontheunit squarg0, 1] x [0, 1] with zeroDirichlet boundaryconditions.In both§ 3.1.1and3.1.2
we usethe functionidentically equalto oneon the meshastheinitial iteratefor a preconditioned
conjugategradientteration. We terminatedheiterationswhentheresiduahadbeenreducedy a
factorof 1074

We obtainedsimilar resultsusing GMRES[17], Bi-CGSTAB [20], and TFQMR [7] in the
tests.
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3.1.1. Finite DifferenceDiscretizationswith Overlap. Theexperimentsn thissectionwere
designedo measurdhe effectsof overlap. We let h = 2™ bethe scaleof the fine meshandlet
theoverlapo betheis thenearesintegerlargerthan

(32) 2m01 + 0p

whereo, is theoverlapthatdepend®nthephysicaldomain,ando, is theoverlapthatis a constant
numberof gridlines. Thegrid is ann x n meshwheren = 2™ + o. In thisway we cansubdvide
theregioninto 4? subdomainsgachof sizem x m, where

m=2""P 40— 1.

ThescaleH of thesubdomaings 277.

We considereaverlapsof 1 (op = 1, 01 = 0) and1% (oq = 0, 0; = .01). We discretizedwith
five point differencesand usethe functionidentically one on the meshasthe initial iterate. We
usedthe MATLAB softwareassociateavith [12] for theseexperimentsandusedbilinear coarse
meshbasisfunctions. Thesedo not form a partition of unity asa pieceavise linear setwould and
wereusedto illustratetheflexibility of the preconditioner

In Table 3.1 we takulatethe numberof conjugategradientiterationsneededor termination
for severalvaluesof h and H, with anoverlapof 1 and1%. As thetheorypredicts,theiteration
countis constantash and H arereducedsimultaneouslyor the overlapof 1 anddeclinesasH is
reducedvith theoverlapof 1%.

TABLE 3.1
Iteration Statisticsfor Two-level AdditiveScwarzwith CG

Overlap=1 Overlap= 1%

H\h | 1/32 1/64 1/128 1/256| 1/32 1/64 1/128 1/256
1/4 12 16 21 28| 12 16 17 20
1/8 12 15 21 27| 12 15 17 19

1/16 8 12 16 21 12 13 15
1/32 8 12 15 10 11
1/64 8 12 8

1/128 8
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3.1.2. Finite ElementDiscretization with Minimal Overlap. In Table3.2we reportsimilar
resultsfor a piecaviselinearfinite elementdiscretizatiorof (3.1). Theoverlapin this computation
wasminimal.

TABLE 3.2
Finite ElementDiscretization

H\h|1/64 1/128 1/256
14 | 37 51 68
1/8 | 32 44 61
1/16 | 26 36 49
1/32 26 37

3.2. Richards’ Equation Results. In this sectionwe considera test problemthat models
groundvaterflow in a partially saturatedhomogeneousoil. The modelequationis the “head-
basedform of Richards’equation,
B, gl 00
o
where is the pressuréhead,f is volume fraction of the wetting phase,and &, is the relatve

permeabilityof the wetting phase.Theremainingtermsarescalarcoeficientsgivenin Table3.3,
alongwith their valuesfor thetestproblem.f andk, arefunctionsof ¢ givenby,

(3.3) =V [KkV (¥ + 2)],

(3.4) 0=(0.—06,)(1+ o) " +0,
(3.5) ke = (14 o)™ [1 — lagp™" (14 |a¢|")"”]2
(3.6) ) = min(v, 0),

wherem = 1 — 1/n. Thesefunctionsarederivedfrom thevan Genuchterj21] andMualem[16]
empiricalrelationsamongpressuresaturationandrelative permeability
Thetestdomainis the unit squar€g0, 1m| x [0, 1m] with boundaryandinitial conditions,

Y(z,0) = 0.0, z€]0,1] t>0
Y(x,1) = 01, z€(l1/3,2/3] t>0
(3.7) ®(r,1) = —10, =x€[0,1/3)U(2/3,1] t>0
®(z,z) = 00, =z=0,1 z€[0,1] t>0
U(r,z) = —z, x2z€]0,1] x]0,1] t=0

3.2.1. Finite DifferenceDiscretization with Minimal Overlap. We discretizedequatior3.3
by applyingcell-centeredinite differencedo the spatialoperatoy therebyyielding the systemof
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TABLE 3.3
Richards’ equationparametes

Description Symbol| Value
Saturatedrolumefraction | 6, 3.01 x 107!
Residualolumefraction | 6, 9.30 x 1072
Specificstorage S 1.00 x 1076 (1/m)
Hydraulicconductvity K, 5.04 x 10° (m/day)
Meanporesize o 5.47 x 10° (1/m)
Poresizeuniformity n 4.26 x 10°
differential-algebraiequations,
,](t @ZJ,E) (dd)z]—i—Sse )31/1”
(3.8) —as [Ki-l-%,j(wi-l—l,j — ;) — Koy (¥ — %‘—1,]')]
_Aiz(KH—%,j - Ki—%,j)

_ﬁ [Ki,j+§(¢z’,j+1 - wi,j) - Ki,j-%(wi,j - wi,j—l)]
wherei =0,...,N—-1,=0,...,N—1,Az = Az =1/N, and

(3.9) = [(Kskr)izrj + (Kskr)igl /2
(3.10) ,j:l:l = [(K k )wil + (K k ) ]/2

The semidiscretesystemwasintegratedin time over [0, 0.0149days]by applyingthe fixed
leadingcoeficient backward differenceformulasof ordersoneto five [2, 11]. Orderandstep-size
wereselectedvia local truncationerror estimatesandthe local truncationerror tolerancevasset
to 10/Az?.

At agivenstep,t,. 1, theapplicationof the integrationmethodyieldeda nonlinearsystemof
theform,

F[tn-Ha wn—klag(wn—kl)] = G(wn-i-l) =0

whereg(y) is athe backwarddifferenceformulafor 0 /0t. We solvedthe nonlinearsystemwith
aninexactNewtoniterationthatterminatedvhenthe 2-normof thenonlinearesiduawasreduced
by afactorof 10°.

At eachNewtoniterationwe obtainedthe Newton step,d™**, by solvingthelinearsystem,

o
with scaled preconditionedBiCGstab The scalingwasobtainedfrom the integrationmethods
weightedrootmeansquaredhorm. Sucha scalingwould, in realapplicationsallow terminationof
thelineariterationaccordingo tolerancespecifiedoy theintegrationschemen realapplications;
however, for this testwe iterateduntil the 2-norm of the true linear residualwas reducedby a

)] o = -G
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TABLE 3.4
Richards’ Equationlteration Statistics

H\h | 1/16 1/32 1/64 1/128 1/256
1/8 7 8 9 12 15

1/16 7 9 11 14
1/32 7 9 11
1/64 7 9
1/128 7

factorof 10~7 to insurethaterrorsin the Newton stepwereinsignificantwith respecto theNewton
iterationandintegration.

Thepreconditionewastwo-level additive Schwarzwith thecoarsegrid correctiondetermined
from therestrictionandinterpolationoperatorsn § 1.3. Thesubdomainfiadthe minimal overlap
of Az = 1/N. Table3.4 givesthe averageBiCGstabiterationsper Newton iterationfor two-level
additive Schwarz. Theiterationcountis constantis H andh arereducedsimultaneouslywhichis
consistentvith the predictionsof thetheory
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