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Abstract We have addressed the derivation and the analysis of an adaptive
decision scheme to detect possible extended targets modeled as Gaussian vectors
known to belong to a given subspace; noise returns from the cells under test
are modeled as independent and identically-distributed Gaussian vectors with
one and the same covariance matrix; a set of secondary data, free of signal
components is also available; secondary data are Gaussian-distributed and share
the same covariance matrix of noise in the cells under test but for a possible
different power level.

The proposed detector relies on a two-step design procedure: first we derive the
GLRT assuming that the noise covariance matrix is known up to a scale factor;
then, we come up with a fully adaptive detector by replacing the structure of the
covariance matrix of the noise with the sample covariance matrix based upon the
secondary data. The first step requires the maximum likelihood (ML) estimate of
the covariance matrix of the useful signal (under the signal-plus-noise hypothesis)
which, in turn, has a known structure. That ML estimate has been firstly proposed
by Bresler in [3]; a different derivation is also proposed herein.

The performance assessment is conducted resorting to the method proposed in
[4-5] to model extended targets: therein an exponential model for fully-polarized
returns has been used assuming that each scattering center can be characterized
by its (relative) range, amplitude, and polarization elipse.

[1] E. Conte, A. De Maio, and G. Ricci, "GLRT-Based Adaptive Detection Algorithms for
Range Spread Targets," IEEE Trans. on Signal Processing, Vol. 49, No. 7, pp. 1336—1348,
July 2001.

[2] T. McWhorter and M. Clark, "Matched Subspace Detectors and Classifiers," Mission
Research Technical Report: MRC/MRY-R-073, August 2001.

[3] Y. Bresler, "Maximum Likelihood Estimation of a Linearly Structured Covariance with
Application to Antenna Array Processing," Fourth Annual ASSP Workshop on Spectrum
Estimation and Modeling, 1988.

[4] W.M. Steedly and R.L. Moses, "High-Resolution Exponential Modeling of Fully Polarized
Radar Returns," IEEE Trans. on Aerospace and Electronic Systems, Vol. 27, No. 3, pp.
459-469, May 1991.

[5] K.M. Cuomo, J.E. Piou, and J.T. Mayhan, "Ultra-Wideband Coherent Processing," The
Lincoln Laboratory Journal, Vol. 10, No. 2, pp. 203—221, 1997.



Report Documentation Page

Form Approved
OMB No. 0704-0188

Public reporting burden for the collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and
maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information,

including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington
VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to a penalty for failing to comply with a collection of information if it

does not display acurrently valid OMB control number.

1. REPORT DATE
20 DEC 2004

2. REPORT TYPE
N/A

3. DATES COVERED

4. TITLEAND SUBTITLE

Adaptive Radar Detection of Extended Gaussian Tar gets

5a. CONTRACT NUMBER

5b. GRANT NUMBER

5c. PROGRAM ELEMENT NUMBER

6. AUTHOR(S)

5d. PROJECT NUMBER

5e. TASK NUMBER

5f. WORK UNIT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES)
Universita di Lecce Via Monteroni 73100 L ecce, Italy; Electrical and
Computer Engineering Campus Delivery 1373 Colorado State Univer sity

8. PERFORMING ORGANIZATION
REPORT NUMBER

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES)

10. SPONSOR/MONITOR'S ACRONYM(S)

11. SPONSOR/MONITOR'S REPORT
NUMBER(S)

12. DISTRIBUTION/AVAILABILITY STATEMENT

Approved for public release, distribution unlimited

13. SUPPLEMENTARY NOTES
See also, ADM 001741 Proceedings of the Twelfth Annual Adaptive Sensor Array Processing Workshop,
16-18 March 2004 (ASAP-12, Volume 1)., The original document contains color images.

14. ABSTRACT

15. SUBJECT TERMS

16. SECURITY CLASSIFICATION OF:

17. LIMITATION OF

a REPORT
unclassified

b. ABSTRACT
unclassified

ABSTRACT
c. THISPAGE uu

unclassified

18. NUMBER | 19a. NAME OF
OF PAGES RESPONSIBLE PERSON

19

Standard Form 298 (Rev. 8-98)
Prescribed by ANSI Std Z39-18



resentation

ADAPTIVE RADAR DETECTION OF EXTENDED GAUSSIAN TARGETS

G. Ricci

Dip. Ingegneria dell'lnnovazione
Universit degli Studi di Lecce
Via Monteroni, 73100 Lecce, Italy
e-mail: giuseppe.ricci@unile.it

ABSTRACT

This paper addresses adaptive detection of extended tar-
gets whose dominant scatterers are modeled as a linear
combination of known modes with jointly Gaussian co-
efficients. At the design stage we consider the following
instances of a priori knowledge about target and noise:
the noise is white with unknown power level while the co-
variance matrix of the coefficients is either known up to
its eigenvalues or totally unknown (for the first case we
also assume orthogonal modes); or both the noise and
the coefficients covariance matrices are unknown. We
derive GLRT-based detectors for the first two cases and
propose a fully-adaptive detector for the third one by
resorting to secondary data possessing the same covari-
ance matrix of the data under test up to a multiplicative
factor. Finally, we assess the performance of the last two
detectors by resorting to Monte Carlo simulation.

1. INTRODUCTION

L. L. Scharf

Electrical and Computer Engineering,
and Statistics
Colorado State University
Fort Collins, Co, 80523-1373, USA
e-mail: scharf@engr.colostate.edu

viewpoint, a more general framework is considered in [3]
where adaptive detection of point-like deterministic targets,
assumed to belong to a known subspace of the observables,
has been addressed. That model has also been generalized
to deal with point-like stochastic targets in [4]. Herein, fol-
lowing the lead of [2, 4], we address adaptive detection of
extended targets modeled as Gaussian signals known to be-
long to a known subspace of the observables.

To be more definite, assume that an array.odnten-
nas sense&’ range cells and that each antenna collétts
samples from each of those cells; thus, denotingpyhe
N-dimensional vector, withV. = LT, containing returns
from thek-th cell, k = 1,..., K, the problem at hand is
that of detecting the possible presence of the target’s scat-
tering centers, € CN, k=1,...,K, modeled as a lin-
ear combination of linearly independent modes, namely
ass; = HO,, where the columns of the matif ¢ (ORald
are the vectors of the basis while the entries of the vector
0, € C" are the coordinates of the possible target’s scat-
terer in thek-th cell. Moreover, we assume that thes

A High-Resolution Radar (HRR) can resolve a target into '€ (complex) Gaussian vectors with zero-mean and positive

a number of scattering centers depending on the range exSemi-definite covariance matRgy =
tent of the target, the range resolution capabilities of the

E[0:0]], whereE
denotes statistical expectation ahdHermitian transpose,

radar, and its operating frequency. Measurements indicatd €

05, ~CN,(0,Rgp),

kto TOC

that radar properties of several targets can be modeled in
terms of a set of scattering centers each parameterized by that thes,,’s are independent. The noise vectars

its range, amplitude and, possibly, polarization elipse [1].
Properly designed HRRs allow significant enhancement
of the detection performance as shown in [2, and references
therein] where adaptive radar detection of extended deter
ministic targets, embedded in possibly non-Gaussian distur-

bance, has been addressed. Therein, possible returns from
target's scattering centers are modeled as signals known u;?

to multiplicative factors, possibly different from one scat-
terering center to another, namely supposed to belong to
a one-dimensional subspace of the observables. From this

This work has been partly granted by NATO-CNR Senior Fellowships
Programme 2001.

CN, k =1,...,K, are modeled as additive and indepen-

al

dent complex Gaussian vectors with zero-mean and covari-
. . NXxN .

nce matrix given by/R.,,, € C ,y > 0,i.e.n; ~

CNN(0,vR1).

In this paper we design detectors based upon the Gener-

lized Likelihood Ratio Test (GLRT) assuming the follow-
ing instances for target and noise:

e Case t R,,, = Iy, wherely denotes théV x N
identity matrix,y is unknown, and the covariance ma-
trix Rgg Of the 8s is known up to its eigenvalues,
e1,...,e. say. We also assume that the columns of



H are each other orthogonal.

e Case 2 R,,,, = Iy while and the covariance matrix
Ry are unknown.

e Case 3:bothyR,,,, andRyy are unknown, buf/ >
N zero-mean Gaussian vectors with covariance ma-
trix R,,,, are available. These vectors will be referred
to in the following as secondary data.

matrix, E € C"*" is a diagonal matrix with non-negative
diagonal entriesgy, ..., e,, and’ denotes conjugate trans-
pose.

It follows that

R.. = HEH',

where
H=HU= [ﬂl---ET} e CVxr

We also assess the performance of detectors designed tQ - jice of a unitary matrix (remember tHAf H = 1,)

tackle cases 2 and 3 by resorting to Monte Carlo simula-

tion. The derivation of the GLRT for case 2 (unknoip,)

is conducted taking advantage of the results reported in [5].
More precisely, the next section addresses the design o

the GLRT-based detectors while Section 3 contains a pre-
liminary performance assessment conducted by resorting to

Monte Carlo simulation.

2. DETECTOR DESIGNS

We cannot implement the likelihood ratio since total or par-
tial ignorance ofRgy, v, and, possiblyR,,, is assumed.

Leaving aside case 3, we can resort, instead, to the GLRT
which is tantamount to replacing, under each hypothesis,

the unknown parameters with the maximum likelihood esti-
mates.

. i NX(N— .
Moreover, if we denote by € CV*™™") a matrix
whose columns are orthonormal vectors spanning the or-

1Ihogonal complement of the space described by the columns

of H, the following identity holds true
_ ol E + 717’ i:IT

R At

] |

)

It follows that the pdf ofX, underH,, is given by

T

[I

i=1

1 1
T aNK 4 (N-nK

1
(v +e)E

f(X | H1777E)

K K xlp: Tk
r .
R DA Sl P
X e 7 4ek=1 H k=1 lvi=1 TFei

To this end, note that the detection problems to be solvedWhereP;. andP= denote the projectors onto the subspace

can be re-cast in terms of the following binary hypothesis
test:

{

where

Hol
H12

xg ~ CNn (0,7IN),
X ~ CNN (07RSS +fYIN)7

k=1,...,

K,
k=1,...,K

)

R, = Elsgs]] = HRypH'.

2.1. Case 17 and the e;s unknown

This subsection is aimed at designing a GLRT to deal with
the case thaty and the eigenvalues dkyy are unknown
(while the eigenvectors dRyy are known).

For further developments itis necessary to determine the

probability density function (pdf) of the data matrix, i.e.,

X: [)(1...)([(}7

under each hypothesis. The pdfXfunderH, is given by

e

The pdf of the data under th&#; hypothesis, instead,
can be determined following the lead of [4]. To this end,
denote byUEUT an eigendecomposition of the positive
semidefinite matrixR¢y; hence,U € C™" is a unitary

Kot
X, Xk
k=1"k"F

1
TNK

1

(

v

1

J(X | Ho,7) = e 1)

spanned b)fli and the orthogonal complement of the sub-
space spanned by the columndbfrespectively.

For further processing, it is also convenient to denote by
gi(]),i=1,...,r, the function

xLP= i
2

'Y+e'i

K
k=1

4 PN S
9i(X |7, ei) Y

and re-cast the pdf of the data matrix, undgr, as

1 1

f(X | Hy,v, E) ANE S (N-n)K ©

X

[19:(XI 7€)
i=1

The derivation of the GLRT requires substituting the un-
known parameters by the corresponding maximum likeli-
hood estimates under each hypothesis. Maximizing the pdf
of the data undef{, with respect toy is straightforward; it

NK

yields
NK
—-NK
e =K .
(Zk—l Xixk >

Now focus on the more difficult task to maximize the
pdf of the data matrix with respect to thes, i = 1,...,r,

1

rgggf(x | Ho,7) = 3%



and~, under theH; hypothesis. We attack this problem by Proof. Let
maximizing the pdf with respect to thes, giveny. To this

L . 1 1 K-y
end, it is easy to check that hi(X|v) = WW@ ~
e_K%a if Y S Vi, [
max g;(X | v,e;) = Ky _ 1
nagoX e LT 0 2 x II <57
v (V)
ieN:j<i<r
where -
1 O]
K —_——
1 X H — € v )
= — > x| P =1, K
TiT K ;X’“ B,k B DT ieNii<i<j
Moreover, note that j=1...,r+ 1 with
1 O
; ; = —e v =1
maxgi(X |7 e, i=1....m _H,YKe
€0
is constant fory < ;, while its restriction td-;, +oo] is a and
monotonically decreasing function. oK 1 -1
Now, denote byy;) thei-th order statistic obtained by e G0V '
ranking~i, . .., in ascending order, i.e.,
It is easy to check that
Y1) < <Yy y
e e X | Hy,v, E
Moreover, let maXe, 20,...e,20 F(X | Hi, ,)
hl(X"y)v if O<’7§’7(1)7
K ho(X | y), if <~ < ;
5= 1 ZXTPixk. 2(X | 7) . Y1) =T = Y(©2)
(N —r)K &7k ™ = : (4)
o _ he(X17y), i vy <7 <90,
Then, itis easy to check that the function hei1(X | 7), if Y = Y-
max  f(X | Hy,7v,E) Moreover, theh;(X | v) possess the following properties:

€120,...,e,2>0
o h;(X|7) > hjs1i(X | 7). ~ > 0, with equality if

attains its maximum (with respect tg aty if 7 < (1), =i =1 r
7)) )ttty

while the maximizer is a point of the intervigl 1), 7] if 7 >
Y(1)- More specifically, it is possible to prove the following e hj(X|7v), ~ >0, attains its absolute maximum at
theorem. VG d=1,...,r+ 1.
Theorem 1. The function Itfollows that
o if ? 1 S Y1 then
Jmax f(X | Hi, v, E) v >0, W=
e12>0,...,e,> >(§I13,X >0f(X|H1,’Y,E), ’Y>0,
attains its maximum with respect toat .
attains its maximum &,y = 7.

Yy, f 1) <), R R o
. o If 51y > 1) andy 2y < v(2), itis also true that
Yoy, T A6 >vani =100 = LG <G, Y1) <) < V@)
R _5 ~ ‘ moreover, since
’V(r-‘rl)a if 7(1) >’y(i)az = ]-7"'77A7
max hi(X[v) = hi(X|yw) = ha(X | 7))
where <)
< max  ho(X|7v)

o (N_r)fy'_i_zj,':ll V) . Y1) $7<(2)
N = = =1,... 1. (3 ~
W= TN oy o ATt 6 = ha(X[Fw),




we conclude that

max _ f(X | Hy,7,e1,...

>0
€1>0,...,e,>0 T

767*)’

attains its maximum aj,»). Moreover, forj = 3,...,r,
if 3(1) > V@) i=1,...,7—1, andﬁ(j) < YG) itis
also true that

Y6-1) <AG) < V06)3
moreover, since

max hy(X|75)

hi(X = hy(X
Jax 1(X [ v@)) = ha(X [ v))
< max

ha (X
Y1) SY<(2) 2( ‘7)

hQ(X | 7(2))

IN

max
V-1 <Y<VG)

hi (X1 3G))s

we conclude that

max
€120,...,e,20

f(X|H1777E)7 7>07

attains its maximum &, .

e Similarly, if ;) > ), i = 1,...,7, we conclude
that

max
€120,...,e,20

f(X|H17'77E)7 7>0>

attains its maximum &, ).

The theorem is thus provem.

It follows that

max max

X | H E
550 61207“.767“204](( | 1,75 )7

is obtained by evaluating the function (4) at its maximizer;
we get

maxy>p  _ max >Of(X|H17%E)
61_ ,.4.767»_
f1(X|H1), 2(1) <)
J2(X[Hy), Y1) > )Y@ < Y2)s
=< fi(X|H1), Yy > 6y i =1, 0 — L) <0y
fr(X[Hu), zm >yt =1, = LAy <Y
fT‘+1(X|H1)7 ’Y(’L> >’Y(i)7i:17"'7r7

where

fi(X|Hy) =

1 _NKli[< 1 )K
. -
TNE =\

x( N—-r+(G-1)
(N =7+ X v

andy; is given by eqn. (3).

3

)(Nr+(.7’1))K

2.1.1. GLRT-based detector

It is then easy to see that the decision statistic of the GLRT
is given by

AX]
MIXL Y0y <0y,
Ao [X], Fay > vane) < 72,
=¢ NIXL Ao > a0t =1 0 = LG < 706)
AT’[X]v j(l) >7(i)72::17"'7’r*17§(7') S’Y(T)?
L, V@) > Yyt =1,...,m
where
NK
(L ZK xIx )
k=1*k*k
Aj[X] = NK

I, (va) ™

(N—r)7+ i;ll’Y(z‘) (N=r+(-1&
Ny

2.2. Case 2y and Ryy unknown

Again the pdf of the data matriX underH, is given by
egn. (1). It follows that implementation of the GLRT for the
case at hand requires determining the pdXotinder H;
and maximizing it with respect t9 andRyy. The pdf ofX
underH, is given by

_ VK o~ KURR..+9In) ]

X|Hp, v, Rgg) = —
f(X[H1,7,Roo) Ro. + In[E

where tf-] and| - | denote the trace and the determinant of a
square matrix, respectively, while

~ 1
R = —XX.
K

The maximization of the above pdf with respectta> 0
andRgy > 0 has been addressed in [5] where it has been
shown that

max max f(X|Hi,~,Reg)

— X|H
nax mex 135‘5(%1%9( |H1,7,Q)



whereg(X|H1,, Q) is given by

~ EUrPLR+(Q+L) P

[(my)N]Q + L))"

€

g(X‘Hh’Ya Q) =

with

1
Q= §LTR90L,

P =L 'H'RHL T,

andL denoting a nonsingular x r square root factor of
H'H, namely such thaL L = H'H. Moreover, maxi-

mization ofg(X|H1, v, Q) has been performed in two steps:

first it is shown that

g(X‘H17’77 Q)

g (Xl7), v < b,
grfl(X| ’7)7 Or <77 < Pr_1,

maxqQ>o

¢2 < v < ¢,
A/>¢17

where

—iK J K x i . »
gj(Xh/) = (ew (;) e 7 {tr[PHR]JFZi:jJrl d)z}’
™ i=1 v

and¢q, ..., ¢, are the eigenvalues of the matiordered
in non-ascending order, i.e.,

¢r < < 9.

Then, it is shown that the following theorem holds true.

Theorem 2. The function
rélggg(x | Hi,7,Q), ~v>0,

attains its maximum with respect toat

ﬁ?“a 37“ S ¢Ta
;7\7“717 ;Y\r > ¢ra§r71 < d)rflv
31» ﬁi>¢i7i:27'-‘araﬁy\1§¢lv
;)707 ,/y\i>¢i77;:17"'7r7
where
LY a6 HUPER]
Vi = = . j=0,...,m

N —j ’

Proof. See [5].m

It follows that the statistic of the GLRT is given by

AX, A <o

Arfl[X]a Yr > ¢r57r71 S (brfla
AIX) = ;

AI[X]7 §i>¢i7i:2a---77ﬁ%§¢17

17 §i>¢iai:1a"'7r7

(5)
where Nk
1 K T
) WZk:1xkxk)
AX] = ( .

(N—DK 115
'Y](' /) 371(?55{

This detector will be referred to as a partially-adaptive one.

2.3. Case 37, R,,,, and Ryg unknown

As a final step observe that the above decision statistic can
be modified to address detection in presence of correlated
noise. To this end, assume thidt > NV additional Gaussian
vectorsry, ~ CNy (0,R,,), k= K+1,..., K+ M, free

of signals components, but possessing the same statistical
characterization of the noise in the cells under test, but for a
possible different power level, are available. These vectors
are usually referred to as secondary data. Now we have to
discriminate between thH, hypothesis that can be re-cast
as

rp ~CNny (0,7R,,), k=1,... K,
ry ~CNpy(O0,R,,), k=K+1,....,. K+ M,

and theH; hypothesis which is given by

I‘kNCNN(O,RSS—l-’yR"n), kZl,...,K,
rp ~CNy (0,Rypn) k=K+1,... K+ M,

whereR,,,, denotes the unknown covariance matrix of the
secondary data and, up to a multiplicative factor, that of the
data under test.

Then, we can come up with a fully-adaptive detector
by resorting to detector (5) fed by the whitened data=
R,/ %r),, whereR,,, is the sample covariance matrix based
upon secondary vectors, i.e.,

This detector will be referred to as a fully-adaptive detector.

2.4. Performance Assessment

In the following we assess the performance of the partially-
adaptive and the fully-adaptive detectors by resorting to stan-
dard Monte Carlo counting techniques. More precisely, in
order to evaluate the threshold necessary to ensure a pre-
assigned value of Probability of False Alarif,(,) and the
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Figure 1: P; vs SNR (dB) of the partially-adaptive detector Figure 2: P; vs SNR (dB) of the partially-adaptive and
for N = 16, r = 3, Py, = 1073, v = 1, K andpy as the fully-adaptive detectorN = 16, r = 3, pg = 0.5,

parameters: curves with a square at each data point refer tg,, = 0.6,y = 1, Py, = 1073, K as parameter: curves with

pe = 0.5 while those with a star correspond g = 0.9; a square at each data point refer to the partially-adaptive
solid, dashdot, and dotted refer 6 = 24, K = 12, and detector while those with a star correspond to the fully-
K = 6, respectively. adaptive one with\/ = 32; solid, dashdot, and dotted refer

to K =24, K = 12, andK = 6, respectively.

Probability of Detection®;) we resort td 00/ Py, and 1000

independent trials, respectively. Itis important to stress thatcovariance must be estimated from secondary data. A thor-
both detectors have the Constant False Alarm Rate (CFAR)ough performance assessment is the object of outgoing re-

property with respect tg. search activity.
Figures 1 and 2 plaP, vs the signal-to-noise ratio (SNR)
defined as 3. REFERENCES
sNRr= T(Rs)

. tr (V.R”") _ [1] W. M. Steedly and R. L. Moses, “High Resolution Ex-
with R.,,, = Iy for curves of Figure 1. More precisely, the ponential Modeling of Fully Polarized Radar Returns,”
curves of Figure 1 refer to the partially-adaptive detector IEEE Trans. on Aerospace and Electronics Systems
with N = 16, r = 3, v = 1, an exponentially-correlated Vol. 27, No. 3, pp. 459-469, May 1991.

target with one-lag correlation coefficient, i.e.,
[2] E. Conte, A. De Maio, and G. Ricci, “CFAR de-

Ryy(i,j) = agp‘;*j‘, i,7€{1,...,r}, tection of Distributed Targets in non-Gaussian distur-
) ] bance,”IEEE Trans. on Aerospace and Electronic Sys-
K andpy as parameters. As H its columns are the first tems Vol. 38, No. 2, pp. 612-621, April 2002.

r vectors of the canonical basis " . The figure high-

lights that the performance improves @sincreases: as a [3] S. Kraut, L. L. Scharf, and L. T. McWhorther, “Adap-
matter of fact, since the noise is white the two hypotheses  tive Subspace DetectordEEE Trans. on Signal Pro-
become more and more distinguishable as the signal corre- ~ cessingVol. 49, No. 1, pp. 1-16, January 2001.

:;Ltlorn\l/ncrezfs(eish Irn addltlolnn, ';:hie prerfg rri::a?ce dOthlhe dle;[(iﬁtor[ ] L. T. McWhorter and L. L. Scharf, “Matched Subspace
proves a creases. gure =, Instead, we piot the Detectors for Stochastic Signals,” 11th MIT Lincoln

performance of the fully-adaptive detector implemented by Labs Workshop on Adaptive Sensor and Array Process-

resorting toM = .32 secondary datc_a anq assuming= 1 ing, Lexington, MA (USA), March 11-13, 2003,
and an exponentially-correlated noise with one-lag correla-

tion coefficientp,,, i.e., [5] Y. Bresler, “Maximum Likelihood Estimation of a Lin-
R (i 1) = pli=dl T N early Structured Covariance with Application to An-
(i 7)) =P~ 4 j €41, N} tenna Array Processingourth Annual ASSP Workshop

For comparison purposes curves of the partially-adaptive ~ ©N Spectrum Estimation and Modelinlinneapolis,
detector, fed by whitened data, are plotted too. The fig-  MN (USA) pp. 172-175, August 3-5, 1988.

ure highlights the loss of the fully-adaptive detector with re-

spect to the partially-adaptive one where an unknown noise
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Problem Formulation

This paper addresses adaptive detection of extended Gaussian vectors
known to belong to a known subspace of the observables.

To this end, we assume that:
e an array of L antennas senses K range cells and that

e cach antenna collects T' samples from each of those cells.

Denote by x; the LT-dimensional vector containing returns from the k-th
cel, k = 1,..., K. The problem herein addressed is the detection
of the possible presence of the target’s scattering centers s, € CV, k =
1,..., K, modeled as a linear combination of r linearly independent modes,
namely as

S = HOk,

within the K range cells under test.

We assume that:
- the matrix H € CY*" is known.

- The coordinates vectors 8 ~ CN (0, Ryy) are each other independent
and Ry is a positive semidefinite covariance matrix.

- The noise vectors nj, ~ CN ny(0,vR,,) are each other independent.



Problem Formulation (cont.)

We design detectors based upon the Generalized Likelihood Ratio Test
(GLRT) assuming the following instances for target and noise:

e Case 1: we assume that
- YRoun = 71
- the scale factor ~ is unknown;
- H is a slice of a unitary matrix and is known;

- the covariance matrix Rgy of the Os is known up to its eigenvalues,
€1,...,€p SaAy.

e Case 2: we assume that

- YR = 7In;
- the scale factor ~ is unknown;

- the covariance matrix Ryy is unknown.

e Case 3: we assume that

both YR,,,, and Ryy are unknown, but M > N zero-mean Gaussian
vectors with covariance matrix R,,, are available. These vectors will
be referred to in the following as secondary data.



Detector Design: v and the ¢;s unknown

The detection problems to be solved is

H()Z XkNCNN(O,”yIN), ]€=1,...,K,
Hy: x;~CNy(0,HRyH +71Iy), k=1,...,K

where v and the eigenvalues of Ryy are unknown.

Y

It is necessary to introduce the following quantities:
e UEU' is an eigendecomposition of Ryg;
e H=HU = |h;---h,|;
® 7(;) is the i-th order statistic obtained by ranking the

1 K

) + )
L= x,. P-x 1=1,....r
,YZ Kkgl k h; ks 9 T

in ascending order where P is the projector onto the subspace de-

scribed by h;;
e 7 and 7(;) are given by
K
= 7(]\[ =Y 142:31 xLP%IXk

and -
S = (N = )7+ X120 v
() N—-r+((G-1)

respectively. As to P%{ it denotes the projector onto the orthogonal

j=1,...,r+1,

complement of the subspace spannned by the columns of H.



Detector Design: v and the ¢;s unknown (cont.)

It is possible to prove that the GLRT is given by

H,y
A[Xh 7X/€] z )\
H
where
Avx, - xk]s ) <),
Aolx1, %k, Ay > 70):T2) < V@)

Alxy, . oooxe] =0 Ajlxa, Xk, A >0, =1,.. 0,0 — L) <

Aplxe,oxik], Aa) > i =100m = LA <
;7\/(2) >7(Z)7Z: 17"'7T7
with

T

NK
1 K

((N N+ ) >(N_(r_j+l))K
N—(r—j+1)

[Ti—; (%‘))K

V()

Yr)s



Detector Design: v and Ryy unknown

The detection problems to be solved is

H()Z XkNCNN(O,”yIN), ]€=1,...,K,
Hy: x;~CNy(0,HRyH +71Iy), k=1,...,K

with v and Ryy unknown.

It is necessary to introduce the following quantities:
e R is given by

R= 23w
= — X1.Xi.:
Kk:1kk7

e L is a nonsingular r x r square root factor of H'H, namely such that
LL' = H'H;
e the » X r matrix P is defined as

P =L 'H'RHL;

® ¢1,...,0, denote the eigenvalues of P ordered in non-ascending order.



Detector Design: v and Ry unknown (cont.)

It is possible to prove that the GLRT is given by

H,
Alxp - %) 2 X (1)
Hy
where
AT[XI"'Xk‘]) ’77“ S ¢7’7
Ar—l[xl e 'Xk]7 Ny > ¢raﬁr—1 < ¢T—17
Alxy - xi] = :
Al[xl"'xk]a f?’i>¢i7i:27"'7r7;}71§¢17
1, ”Ay¢>(bi,i:1,...,7“,
where NE
Al ] = (e Sk Xl
G1X1 X = INSDEK
’Vg(' ) H‘g=1 ¢ZK
and

s i T PiR
%—ZH“¢ F[H],j 1,...
N —j

~ .

This detector will be referred to as a partially-adaptive one.



Detector Design: 7R, and Ry unknown

Assume that M > N additional Gaussian vectors ry ~ CNy (0,R,;,),
k=K+1,..., K+ M, are available.

The detection problem to be solved is

Ho - I‘kNC./\/’N(O,’ann), kIl,...,K,
"\ re ~CNy (0,Rp) k=K+1,...,K+ M,

H, - rkNCNN(OaRSS_FfYRnn); kzla"'aKa
Yl e ~CN N (0,R) k=K+1,...,K + M,

with vR,,,, and Ryy unknown.

We can come up with a fully-adaptive detector by resorting to the partially-
adaptive detector (1) fed by the whitened data x, = R, '/?r;, where

_ 1 K+M

R, =— > rer.
M K

This detector will be referred to as a fully-adaptive detector.



Performance Assessment

Performance assessment is conducted via Monte Carlo Simulation: we re-
sort to 10° and 10 independent trials in order to set the threshold necessary
to ensure Py, = 1073 and P, respectively.

We assume the following simulation parameters
e the columns of H are the first r vectors of the canonical basis in RY;

e the target is exponentially-correlated with one-lag correlation coeffi-
cient pg, i.e.,

Rogli,j) = ofpy g e{l....rh
e we choose N =16, r =3, v = 1;

e curves of Figure 1 assume R,,, = Iy while those of Figure 2 refer to
exponentially-correlated noise with one-lag correlation coefficient p,,
le.,

Ron(inj) =py ' dje{l....N}

e the fully-adaptive detector of Figure 2 assumes M = 32 secondary
data.



Performance Assessment (cont.)

SNR (dB)

P; vs SNR (dB) of the partially-adaptive detector for N = 16, r = 3,
Pr, = 1073, v = 1, K and py as parameters: curves with a square at
each data point refer to py = 0.5 while those with a star correspond to
pg = 0.9; solid, dashdot, and dotted refer to K =24, K =12, and K = 6,

respectively.



Performance Assessment (cont.)

15 -10 -5 0 5 10
SNR (dB)

P; vs SNR (dB) of the partially-adaptive and the fully-adaptive detector,
N =16, =3, pg = 0.5, p, = 0.6, v = 1, Ps, = 1073, K as parameter:
curves with a square at each data point refer to the partially-adaptive
detector while those with a star correspond to the fully-adaptive one with
M = 32; solid, dashdot, and dotted refer to K = 24, K = 12, and K = 6,
respectively.
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Conclusions

e Note that both the partially- and the fully-adaptive detectors have the
Constant False Alarm Rate (CFAR) property with respect to ~.

e A thorough performance assessment is the object of outgoing research
activity.
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