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BLIND TIME-FREQUENCY ANALYSIS FOR SOURCE
DISCRIMINATION IN MULTISENSOR ARRAY PROCESSING

1. EXECUTIVE SUMMARY

This report presents a comprehensive summary of the research work performed under the
ONR funding, grant number N00014-98-1-0176 over the period of November 15th, 1997 to
September 30th, 2001. The research team over periods of the grant consists of Prof. Moeness
Amin (PI), Dr. Adel Belouchrani (Postdoctoral Fellow), Dr. Yimin Zhang (Postdoctoral Fellow),
and Mr. Weifeng Mu (Graduate Student).

The results obtained in this project have been disseminated over the past four years in
nineteen journal articles and over twenty-five peer reviewed conference papers. Section 2 lists,
with complete citations, all publications acknowledging the ONR support. This list is also used to
point the reader of the executive summary to the pertinent papers of each sub-section. As most of
the research has already been documented in three annual reports (October 1998, October 1999,
October 2000), we include in section 4 of this final report detailed descriptions of the main
contributions over the past four years highlighted in nine key journal publications. Section 3
includes an introduction to the theory underlying the thrust of our approach to solving array
signal processing problems using time-frequency distributions.

In addition to the research team at Villanova University, we have collaborated with
scientists from Canada, Turkey, Spain, and Australia on several important aspects and objectives
of the ONR project.

1.1 Main Contributions

The research fund from the ONR over the past four years has been effectively used for
advancing the theory of time-varying spectrum analysis and its applications to the important area
of sensor array processing. We pioneered the development of multi-sensor receivers based on
quadratic time-frequency and joint-variable distributions. We have provided the theoretical
framework for solving direction finding and blind source separation problems using bilinear
transforms, and established the fundamental role of time-frequency distributions for the rejection
of nonstationary interferers in direct sequence spread spectrum communication systems. We were
the first to utilize the time-frequency signatures of signal arrivals for improved detection, angle-
of-arrival estimation, and blind signal recovery. We were also the first to use the signal power
distributions in the time-frequency domain for optimum excision of smart jammers and a large
class of undesired waveforms through time-varying filtering, least-square synthesis methods, and
subspace projection techniques. The research team working on ONR funding at Villanova
University have introduced the original concepts of spatial time-frequency distributions, and more
generally spatial joint-variable distributions, and provided the comprehensive analysis of their
role in high resolution angle-of-arrival estimation and equalization of the communication channel.
In doing so, we have elevated bilinear transformations from a purely temporal processing tool to a
more powerful spatio-temporal processing technique. In this respect, we opened the door for
time-frequency distributions to join cyclostationary, second- and higher-order statistics methods
in utilizing the spatial dimension for enhanced receiver performance. Our work has shown that
time-frequency distributions represent the natural mechanism to process narrowband signals in
broadband communication platforms, stationary signals in a dominating nonstationary
environment, and spread spectrum communication signals contaminated by powerful jammers.



1.2 Fast Computational Time-Frequency Distribution Kernels

Time-frequency distributions (TFDs) are a powerful tool for nonstationary signal analysis in
a wide variety of applications. However, the computational burden limits the applicability of the
TFD in practice. Hence, design of fast implementation methods are important to utilize TFDs for
applications that require on-line processing such as radar systems and nonstationary jammer excision
in spread spectrum communications. The TFD is often computed using the following procedure.
First, the bilinear data products are computed which form the instantaneous autocorrelation function
(IAF). Next, the IAF is smoothed along each time-lag using a time-frequency (t-f) kernel to produce
the local autocorrelation function (LAF). Finally, the LAF is Fourier transformed along the time-lag
variable to yield the required TFD. Recognizing the fact that the computations required to compute
the DFT are much smaller than those needed to compute the LAF, it becomes logical to target the
calculation of the LAF, for significant computational savings.

We have introduced a new recursive structure for efficient computations of the local
autocorrelation function. This recursion is achieved by decomposing the t-f kernel along each
time-lag into a finite number of cosinusoidal terms. Each term generates one recursive equation to
update the LAF. This technique is named the trigonometric decomposition of time-frequency
kernels, and can be viewed as a frequency sampling design technique of t-f kernels. This
proposed class of Trigonometric kernels (also referred to as the frequency sampling (FS) kernels),
while providing considerable reduction in the computation of the LAF, retain the Hermition
property of the LAF which simplifies the DFT operations. Further, trigonometric decomposition
is amenable to data -dependent kernel design and does not compromise the time-frequency
desirable properties.

Publications[36,38,40]
1.3 Blind Source Separation in the Ambiguity Domain

Time-frequency distributions are proposed for applications to array signal processing
problems. For this purpose, spatial time-frequency distributions (STFDs) have been introduced
and represented in a matrix form. The elements of a spatial time-frequency distribution matrix are
the time-frequency distributions and the cross-time frequency distributions of the data received at
the multi-sensor array. It has been shown that the relationship between the spatial time-frequency
distributions of the sensor data and the time-frequency distributions of the sources is identical to
that of the sensor data covariance matrix and the sources’ correlation matrix. This key property
permits direction finding and blind source separations to be performed using the sources’ time-
frequency localization properties.

Blind source separation consists of recovering a set of signals of which only
instantaneous linear mixtures are observed. This problem has been typically solved using
statistical information available on source signals, including second or higher order statistics.
Our primary contribution in this area is to show that the spatial time-frequency distributions is an
effective alternative to separating sources whose signatures are different in the t-f domain.
Successful applications of STFDs to source separation require computing STFD at different time-
frequency (t-f) points. The results are then incorporated into a joint-diagnalization technique to
estimate the mixing, or the array manifold matrix. This matrix transfers the source signals into
sensor data — a process that we must undo by blind separation, often up to a multiplicative
complex scalar and the order of the sources.



Next, we have improved source signal estimation by performing the blind source
separation using ambiguity functions rather than time-frequency distributions. Unlike the spatial
time-frequency distributions, where the separation is performed using various time-frequency
bins, the proposed approach is based on information from the ambiguity domain. The procedure
is similar to that adopted in spatial TFD-based blind source separation. The main difference,
however, lies in the domain in which the mixing matrix is estimated. In the proposed technique,
the mixing matrix is obtained by joint diagonalization of the spatial ambiguity (SAF) matrices
rather than the spatial time-frequency distribution matrices. These SAF matrices are formed from
the auto- and cross- ambiguity functions of the data received by the different array sensors. It is
shown that at each time-lag and frequency-lag point in the ambiguity domain, the sensors’ SAF
matrix is related to the sources’ ambiguity function matrix in the same fashion as the sensors’ and
sources’ TFDs. Performing blind source separation in the ambiguity-domain, rather than the t-f
domain, provides a greater ability to formulate the problem using the signal auto-terms. Avoiding
cross-terms both simplifies and improves the performance of joint-diagonalization, and
subsequently enhances source estimation.

Publications[18,21,26,29,33,37,39,42]
1.4 Spatial Averaging of Time-Frequency Distribution for Source Separation

Symmetric spatial averaging of spatial time-frequency distributions has been introduced.
The spatial averaging of the spatial time-frequency distributions of the data across an antenna
array removes the undesired effect of crossterms between the impinging signals. These terms
reside along the off-diagonal entries of the source time-frequency distribution matrix, and
consequently impede the source separation performance, which is based on pre-assumed diagonal
matrix structure. Spatial averaging amounts to forming a spatial Hermitian Toeplitze matrix using
the auto- and cross-time-frequency distributions of the data over one half of the array. This matrix
is then added to the spatial matrix corresponding to the other half of the array. The desired effect
of this averaging is reallocating the interaction between the source signals in the time-frequency
domain from the off diagonal to the diagonal elements of the source TFD matrix. In this respect,
cross-terms, due to their potential high values, are regarded as useful components that could be
employed for improved performance. Without spatial-averaging, array performance is very
sensitive to whether only auto-term or cross-term points or their mix are incorporated in the
source separation procedure. With spatial averaging, this is no longer a concern, and as such, a
major burden is using bilinear time-frequency distributions has been alleviated.

Publications[13,31]
1.5 Bilinear Signal Synthesis in Antenna Arrays

We have introduced a new approach for signal synthesis in antenna arrays using the
spatial separation of the sources as well as the sources’ localization properties in the time-
frequency domain. In effect, source separation, or signal recovery, is performed based on the
difference in both the time-frequency and spatial signatures of the signal arrivals. In the proposed
approach, we permit the source spatial signatures to play a fundamental role in enhancing the true
signal t-f power concentration, leading to improved synthesis performance. This is achieved by
averaging of the time-frequency distributions of the sensor data across the array prior to
proceeding with commonly used least squares bilinear syntheses methods. The signals impinging



on the receiver are assumed to be localizable in the time-frequency domain, e.g., FM and
polynomial phase signals.

Unlike the existing source separation techniques based on time-frequency signal
representations, the devised approach does not require whitening or retrieval of the source
directional matrix, thereby, simplifies the signal recovery process. Further, as a result of the
averaging process across the array, a weighting function in the time-frequency domain is
constructed which decreases the noise levels, reduces the interactions of the source signals, and
mitigates the cross-terms. These desirable effects are obtained independent of the temporal
characteristics of the source signals and without causing any smearing of the signal auto-terms.

Publications[4,6,7,14]
1.6 Time-Frequency MUSIC for Direction Finding

Our first contribution to direction finding is the introduction the Time-frequency MUSIC
as a new array signal processing method based on time-frequency signal representations. As
discussed above, spatial time-frequency distributions have successfully been used to solve the
problem of blind source separations for nonstationary signals. We have used the same underlying
structure of STFDs to solve the direction finding problem, i.e., angles of arrival (AOA)
estimation. A new method for the estimation of the signal subspace and the noise subspace based
on time-frequency signal representations has been introduced. The proposed approach consists of
the joint block-diagonalization (JBD) of a set of spatial time-frequency distribution matrices.
Once the signal and the noise subspaces are estimated, any subspace based approach can be
applied for AOA estimation. We propose to use the MUSIC algorithm. The effects of spreading
the noise power while localizing the source energy in the time-frequency domain amounts to
increasing the robustness of the eigenstructure superresolution method with respect to noise, and
hence improves spatial resolution. Performance of the proposed Time-Frequency MUSIC (TF-
MUSIC) for different time-frequency kernels was evaluated numerically.

Publications[12,24,28,32,35,43]
1.7 Time-Frequency Maximum Likelihood Methods for Direction Finding

We have introduced a novel time-frequency maximum likelihood (t-f ML) method for
direction-of-arrival (DOA) estimation for non-stationary signals impinging on a multi-sensor
array receiver. We have shown the superiority of this method over conventional maximum
likelihood DOA estimation techniques. Time-frequency distributions localize the signal power in
the time-frequency domain, and as such enhance the effective SNR, leading to improved DOA
estimation. The localization of signals with different time-frequency signatures permits the
division of the time-frequency domain into smaller regions; each contains smaller number of
signals than those incident on the array. The reduction of the number of signals within different
time-frequency regions not only reduces the required number of sensors, but also decreases the
computational load in multi-dimensional optimizations. Compared to the recently proposed time-
frequency MUSIC (t-f MUSIC), the proposed t-f ML method can be applied in coherent
environments, without the need to perform any type of preprocessing that is subject to both array
geometry and array aperture.

Publications[17,27]



1.8 A Wideband Perspective to Spatial Time-Frequency Distributions

All previous work on this project has relied on the assumption of narrowband arrays.
That is, the spatial signature of a nonstatinoary signal, e.g., a chirp signal, is assumed constant
over the source bandwidth. This may be true for cases in which the signal bandwidth is negligible
compared to the carrier frequency. Although simplifies the analysis and simulations, the
narrowband assumption may not always hold true, specifically, in military signal processing
applications.

We have successfully relaxed the narrowband array constraint, imposed in past algorithm
developments, and extended the narrowband spatial time-frequency distributions (STFDs) to the
wideband case. A new STFD-based wideband root-MUSIC estimator is proposed. This technique
employs an extended coherent signal-subspace (CSS) principle involving coherent averaging over
a pre-selected set of time-frequency points rather than the conventional frequency-only averaging
procedure. For FM signals, it is demonstrated that the proposed method outperforms both the
conventional, commonly used, CSS algorithm for wideband sources and is also superior to the
iterative root-MUSIC technique recently appeared in the literature.

Publications[19,20]

1.9 Subspace Analysis of Spatial Time-Frequency Distribution Matrices

Subspace analysis of spatial time-frequency distribution (STFD) matrices have
been developed. It has been shown that for signals with clearly defined time-frequency
signatures, such as FM signals, smaller estimation errors in the signal and noise
subspaces can be achieved by using spatial time-frequency matrices over the subspace
estimates obtained from using the data covariance matrix approach. This improvement in
subspace estimation is the result of incorporating the time-frequency points along the
instantaneous frequencies of the impinging signals on the array into the subspace
estimation procedure. These points belong to autoterm regions of high power
concentrations, and as such, when used in constructing STFDs, they provide high SNR
matrices with improved eigen-decompositions. The advantages of STFD-based direction
finding over traditional direction finding methods using data covariance matrices were
demonstrated using the MUSIC algorithm. It was shown that the time-frequency MUSIC
outperforms conventional MUSIC in the two situations of low SNR and closely spaced
sources. Unlike conventional array processing techniques, which are nondiscriminatory,
and must therefore spatially localize all signals incident on the array, the STFD-based
array processing provides the flexibility of dealing with all signal arrivals, or a subset of
them. In this respect, it does not suffer from the drawback of requiring higher number of
sensors than sources. The ability to select fewer sources depends on the distinction of
their time-frequency signatures from those of other source signals. The eigenstructure of
the STFD matrix constructed from the time-frequency points that belong to the autoterm
regions of a number of sources will only yield the signal subspace of these sources. It was
shown that the maximum improvement in subspace estimation using STFD over data
covariance matrices is achieved when constructing the STFD from only one source
signal.

Publications[9]



1.10 Chirp Beamforming

The problem of direction finding in sensor arrays in the presence of constant modulus
signals is addressed. A new deterministic maximum likelihood (ML) direction of arrival (DOA)
estimator is introduced and the exact Cramer-Rao bound (CRB) is derived for the general case of
multiple constant-amplitude polynomial-phase sources. Since the proposed exact ML estimator is
computationally intensive, an approximate solution is proposed, originating from the analysis of
the ML function in the single chirp signal case. As a result, a new form of spatio-temporal
matched filter, referred to as the chirp beamformer, is derived, which is applicable to “well
separated” sources that have distinct time-frequency or/and spatial signatures. This beamforming
approach requires solving a 3D optimization problem and, therefore, enjoys essentially simpler
implementation than that entailed by the exact ML. Simulation results have validated our
theoretical CRB analysis and shown the offerings and performance advantages of the proposed
estimators. The relationship between the chirp beamformer and well-known conventional
narrowband beamforming techniques is delineated.

Publications[2,11,16]
1.11 Blind Source Separation via Joint Anti-Diagonalization

The blind source separation methods can be based on maximum likelihood separation by
decorrelation and rotation, neural networks, or on TFDs, which is the focus of this research. The
latter has only considered autoterms of the signal TFDs, and exploited the diagonal structure of
the source TFDs evaluated at autoterm TF points. We have been able to perform blind source
sparation by including, in addition to the autoterms, the crossterms of the source TFDs. This is
achieved by exploiting the anti-diagonal structure of the source TFD matrix evaluated at the
cross-term TF points. A Jacobi-like algorithm has been derived for the maximization of the Joint-
Diagonalization/Joit Anti-Diagonalization (JD/JAD) criterion. The success of the JD or JAD
methods depends strongly on the correct selection of the autoterm and crossterm points.
Therefore, it is crucial to have a selection procedure that is able to distinguish between autoterm
and crossterm points based only on the TFD matrices of the observation. We have proposed an
automatic selection procedure to decide, with no a priori knowledge about the sources, whether a
considered TF point corresponds to an autoterm or a crossterm. The proposed technique is robust
to noise and TF point selection errors and improves the quality of source separation.

Publications[8]

1.12 Spatial evolutionary Spectrum for DOA Estimation and Blind Source
Separation

The evolutionary spectrum (ES) was introduced in the sixties by Priestly. This spectrum is
based on the modeling of nonstationary signal as a collection of uncorrelated sinusoids with
random time-varying amplitudes. The work in this area has lead to the generalization, estimation,
and the linkage of ES to TFDs. For processes with restricted time-frequency correlation, referred
to as underspread nonstationary random processes, it has already been shown that major
definitions of time-varying spectra, such as the generalized Wigner-Ville spectrum and
generalized evolutionary spectrum, yield effectively equivalent results. We have successfully
combined the concepts of the evolutionary spectrum and array processing. The nonstationary
signals received by each sensor of the array will be modeled as a sum of complex sinusoids with
time-varying amplitudes. These amplitudes carry information about the direction of arrival. The



time-varying amplitudes using linear estimators based on mean-squared error minimization are
first estimated. These estimates are then used to generate the time-varying cross-power
distributions between the data across the array. Proceeding similar to spatial joint-variable
distributions, the time-varying cross-power estimates computed at high SNR time-frequency
points are used for angle estimation. Further, we have shown that the spatial evolutionary
spectrum can be directly used for blind source separation. Due to their attractive cross-terms
properties, the spatial evolutionary spectrum performance for direction finding and signal
recovery compares and potentially exceeds that of TFDs. The same argument applies to positive
time-frequency distributions. Next year, we aim to develop positive spatial joint-distributions and
examine the offering of positive spectra in angle estimation.

Publications[23]
1.13 Nonstationary Interference Using Subspace Projection Techniques

Combined spatial and time-frequency signatures of signal arrivals at a multi-sensor array
are used for nonstationary interference suppression in broadband communication platforms. We
have focused on direct-sequence spread-spectrum (DS/SS) communications and shown that with
random PN spreading code and deterministic nonstationary interferers, the use of antenna arrays
offers increased DS/SS signal dimensionality relative to the interferers. Interference mitigation
through spatio-temporal subspace projection technique leads to reduced DS/SS signal distortion
and improved performance over the case of a single antenna receiver. The angular separation
between the interference and desired signals has been shown to play a fundamental role in trading
off the contributions of the spatial and t-f signatures to the interference mitigation process.

The main purpose of our work under this topic is to integrate spatial and temporal
processing for suppression of nonstationary interferers in DS/SS systems. Specifically, we have
successfully extended the projection-based interference mitigation methods to multi-sensor array
receivers. Receiving nonstationary interferers at different points in space provides interference
suppression techniques with the capability to suppress the interferers using individual or
combined time, frequency, and space variables. The proposed multi-sensor interference excision
technique builds on the offerings of quadratic TFDs for estimation of 1) the time-frequency
subspace and time-frequency signature of nonstationary signals, and 2) the spatial signature of
nonstationary sources using direction finding and blind source separations. With the knowledge
of the time-frequency and spatial signatures, the objective is to effectively suppress strong
nonstationary interferers with few array sensors. The proposed technique does not require the
knowledge of the array response or channel estimation of the DS/SS signal, but it utilizes the
distinction in both of its spatial- and time-frequency signatures from those of the interferers that
impinge on the array. With the combined spatial-time frequency signatures, the projection of the
data vector onto the subspace orthogonal to that of the interferers leads to improved receiver
performance over that obtained using the subspace projection in the single-sensor case.

Publications[1,22,34]

1.14 Blind Spatial Processing For Frequency Diversity Spread Spectrum
Communications: Partial Jamming Suppression

Frequency diversity spread spectrum (FD-SS) has been recently shown to be a powerful
tool for digital detection as well as an effective alternative to the traditional spread spectrum
techniques, namely direct sequence (DS-SS) and frequency hopping (FH-SS). In a general



context, diversity is conceived by the existence of several replicas (either in code, time space, or
frequency). When diversity is available to the receiver either by the structure of the transmitted
signal or the architecture of the receiver, optimum spatial signal processing, which is blind to the
temporal signal characteristics, can be derived.

We have devised a novel technique to obtain optimum blind spatial processing for
frequency diversity spread spectrum (FD-SS) communication systems. The sufficient statistics for
a linear combiner, which prove ineffective due to the interferer’s spectral location, are modified
to yield improved detection under partial jamming in the spectral domain. Robustness to partial
time jamming is achieved by extending the notion of replicas over the frequency axis to repetition
over the time variable. Analysis and simulations are provided showing the advantages of using
FD-SS with spatial diversity to combat interference which is confined to a narrow frequency or
time support relative to the desired signal extent in either domain.

Publications[25,30]

1.15 Adaptive Array Processing for Multipath Fading Mitigation Via Exploitation
of Filter Banks

The spatial-temporal equalization can be achieved by space-time adaptive processing
(STAP) to effectively mitigate inter-symbol interference (ISI) and co-channel interference (CCI).
Such a scheme consists of an integrated adaptive array and a temporal equalizer to perform
jointly optimum spatial and temporal signal processing. However, solving both the CCI and ISI
problems simultaneously by conventional STAP methods is difficult. The recent STAP methods
require either large scale matrix inversion, recursive calculation or cascaded CCI and ISI
cancellers.

We have proposed an efficient subband adaptive array processing method that utilizes
filter banks to mitigate both the CCI and ISI effects in land mobile communications. A subband
adaptive array has, in effect, the same function as an STAP system, while the implementation is
much easier. The subband adaptive array provides sub-optimal performance in the context of
frequency-spatial signal processing, which enhances the signal correlation between multipath rays
prior to processing. In subband adaptive arrays, the frequency band of the received signal is
divided into smaller bands through the use of filter banks. Analysis filters yield a significant
increase in the signal correlation between the multipath rays within each subband. Such an
increase is blind in the sense that it does not require a priori knowledge of the arriving signals. As
a result of increased correlation, the multipath fading associated with both the desired and the
interference signals is reduced, thus yielding faster convergence of the adaptive weight vector as
well as fewer degrees-of-freedom (DOF's) required for adequate equalization. The importance to
properly choose the analysis and synthesis filters to obtain good equalization performance by
subband signal processing is emphasized. The signal correlation enhancements of multipath
signals using different filter banks are compared and several simulation examples are provided to
confirm the effectiveness of the proposed method.

Publications[3,15,41,44]
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3. FUNDAMENTAL OFFERINGS OF TIME-FREQUENCY
IN ARRAY PROCESSING

Time-frequency distributions have been shown to be a powerful tool in nonstationary
signal analysis. So far, most of the work on this subject has focused on temporal signal
processing without much attention given to the spatial variable.

To introduce the spatial time-frequency distribution, we first recall that Cohen's class of
time-frequency distribution (TFD) of a signal x(#) is given by

D (tf)={_[ o(t-uwt)x(u+1/2)x (u=1/2)e " dudr (1)

where ¢ and f represent the time index and the frequency index, respectively. The kernel ¢(z,7)

is a function of the time and lag variables. The cross-TFD of two signals x,(f) and x,(Z) is

D, (1f)= J:j: Ot —uT)x,(u+T/2)x, (u—T/2)e > dudt )

Expressions (1) and (2) are now used to define the following data spatial time-frequency
distribution (STFD). Replacing x() in (1) by the data vector x(z) yields

D, (t.1)=[_|_ or-unx(u+ t/2)x" (-7 /2)e T dudt 3)
where [D, (¢, )]; = Dx,x, @, f), for i,j=12,...,n, and the superscript “H” denotes the
complex conjugate transpose of a matrix or a vector. The following narrowband model

x(t) = As(t) +n(7) = y(£) +n(z) )
is assumed, where y(¢) is the signal component of x(z) and the m x n spatial matrix A is the
mixing matrix. The elements of the m x 1 vector x(t), which represents the measured or sensor

data, are multicomponent signals, while the elements of the n x 1 vector s(¢) are often
monocomponent signals. n(z) is an additive noise vector whose elements are temporally and

spatially white, zero mean Gaussian distributed process with variance 0. Due to the linear data
model, the STFD takes the following structure

D, (1,f)=D,(t, /)+D, (1, {)+ D, (1, )+ Dy (1. f). G

Under the uncorrelated signal and noise assumption and the zero-mean noise property,

E[D,,(1, f)] = E[D,(1 )] =0, and it follows

Du(t, f) =E[D, (4 /)1=D,, ¢ f)+D, ¢ f)=AD, (1 A" +5°1 (6)
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where D, (¢, f) is the spatial time-frequency spectrum and D_(¢, ) is the TFD of s(t). We note

that Dxx(t, f) is a matrix of dimension m x m, whereas D_(t, f) is of dimension n x n. For

narrowband array signal processing applications, A holds the spatial information and maps the
auto- and cross-TFDs of the source signals into auto- and cross-TFDs of the data.

Expression (6) is similar to that which has been commonly used in blind source
separation and direction of arrival (DOA) estimation problems, relating the signal correlation
matrix to the data spatial correlation matrix. Here, these correlation matrices are replaced by
spatial time-frequency distribution matrices. This means that we can solve these problems in
various applications using a new formulation which is more tuned to nonstationary signal
environments.

The two subspaces spanned by the principle eigenvectors of Exx( t, f ) and the columns
of A are, therefore, identical. Since the off-diagonal elements are cross-terms of D_(t, f ), then

this matrix is diagonal for all (t-f) points which correspond only to the signal autoterms. In
practice, to simplify the selection of such points of true high power localization, we apply the
smoothing kernel ¢(t,7) that may significantly decrease the contribution of the cross-terms in

the t-f plane.

To our knowledge, there are five key advantages of array processing using time-
frequency distributions which have not yet been properly presented and fully utilized. In order to
clearly explain these advantages, we use the pictorial diagram in Fig.1. Two sources A and B are
incident on a multisensor array. Source A occupies the time-frequency region R, whereas source
B occupies the time-frequency region R,. The time-frequency signatures of the two sources

overlap, but each source still has a time-frequency region that is not intruded over by the other
source. We will assume that the background noise is white.

1) Equation (6) can be easily derived for any arbitrary joint-variables. Time and frequency are
indeed the two most commonly used and physically understood parameters. However, by
replacing the spatial time-frequency distributions by spatial arbitrary joint-variable distributions,
one can relate the sensor joint-variable distributions to the source joint-variable distributions
through the same mixing matrix A. As shown below, there are situations where it is preferable to
consider other domains such as the ambiguity domain, where the locations of the signals and their
cross-terms are guided by properties and mechanisms different than those associated with the
time-frequency domain.

2) Equation (6) is valid for all time-frequency points. The inability to perform ensemble
averaging gives rise to the question of whether one time-frequency point suffices for adequate
direction finding and source separation, and how sensitive the performance is to a random choice
of a t-f point? Further, if several t-f points are used, then how to choose and combine these points
for improved performance, and whether the method of combining should differ depending on the
task in hand? Direction finding techniques require D_(t, f)to be full rank, preferably diagonal.
Some blind source separation techniques demand the diagonal structure of the same matrix
without degenerate eigenvalues. These properties along with high SNR requirements may be
difficult to achieve using a single time-frequency point. We have identified two different
methods to integrate several t-f points into equation (6). One method is based on a simple
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averaging performed over parts or the entire time-frequency regions of the signals of interest.
The second method incorporates desirable time-frequency points into joint diagonalization or
joint block diagonalization schemes. Both methods aim to fully utilize the points of maximum
power concentration and avoid the time-frequency region of significant noise contamination.

3) The time-frequency distribution of the white noise is distributed all over the time-frequency
domain, whereas the TFDs of the source and jammer waveforms are likely to be confined to
much smaller regions. Referring to Fig.1, the noise is spread over both R, and R, as well as the
complement region R_. If the time-frequency points (¢, f ) used in either the averaging or joint
diagonalization approaches belong the noise only region R, then no information of the incident
waveforms is used and, as such, no reasonable source localization and signal separation outcomes
can be obtained. Accordingly, the performance in this case is expected to be worse than
conventional approaches. On the other hand, if all points (z, f) in Fig.l1 are used, and the
employed TFD satisfies the marginal constraints such as the Wigner distribution, then it is easily
shown that only the average power is considered. As a result, the problem simplifies to the second
order covariance based matrix approach, traditionally used in high resolution direction of arrival
estimation. This is an important property, as it casts the conventional techniques as special cases
of the proposed framework based on time-frequency analysis. Finally, if we confine the (z, f)
points to R, and R, then only the noise part in these regions is included. The result of leaving

out the points (z, f) which are not part of the time-frequency signatures of the signal arrivals is, in
essence, enhancing the SNR of the input to be utilized by the source localization and signal
separation techniques.

4) By only selecting (¢, ) points which belong to the t-f signature of one source, then this source
will be the only one considered by equation (6). This is, in essence, equivalent to implicitly
performing spatial filtering to remove other sources from consideration. It is important to note
that such removal does not come at the expense of reduction of the number of degrees of
freedom, as it is the case in beamspace processing, but the problem remains a sensor space
processing with the original number of degrees of freedom is kept intact. This represents a key
contribution of TFDs to the direction finding and angle estimation area. An antenna array can,
indeed, be used to localize a number of sources equal or even greater than its number of sensors.
The fundamental condition is that there must be time-frequency regions over which the respective
time-frequency signatures of the sources do not overlap. In principle, the lower limit on the size
of such regions is a single time-frequency point. Referring to Fig.1 and considering the case of
two sensors, if all t-f points incorporated in direction finding belong to region R, and not R,,
then the signal subspace defined by equation (6) is one-dimensional. In effect, by excluding
source B, a one-dimensional noise subspace is established, which allows us to proceed with
noise-subspace based high resolution techniques for localization of source A. Within the
proposed framework, one can localize one source at a time or a set of selected sources, depending
on the array size, overlapping and distinct time-frequency regions, and the dimension of the noise
subspace necessary to achieve the required resolution performance. The same concepts and
advantages of t-f point selection discussed above for direction finding can be applied to blind
source separations.

5) The a priori knowledge of some temporal characteristics or the nature of time-varying
frequency contents of the sources may permit direct selection of the t-f regions used in equation
(6). In general, if we choose a joint-variable domain, where a class of signals is confined to a
specific known joint-variable region, then one can perform direction finding and source
separation for only this specific class. For instance, it is known that in the ambiguity domain all
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fixed frequency sinusoids map to the vertical axis, independent of their amplitudes, frequencies,
and phases are. By only incorporating the points on the vertical axis, which represents the time-
lag variable, we focus on separating and localizing narrowband components in the presence of
broadband signals.

>

Fig. 1 Signals with different time-frequency signature
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I. Introduction

There are several methods that have been proposed for interference suppression in direct-
sequence spread-spectrum (DS/SS) communications, most have 'been related to one do-
main of operation [1}, [2]. These methods include the narrowband interference waveform
estimation [3], [4], frequency domain interference excision [5], zero-forcing techniques [6],
adaptive subspace-based techniques [7], [8], and minimum-mean-square error (MMSE)
interference mitigation techniques [9].

Nonstationary interferers, which have model parameters that change with time, are
particularly troublesome due to the inability of a single domain mitigation algorithm to
adequately remove their effects. The recent development of the quadratic time-frequency
distributions (TFDs) for improved signal power localization in the time-frequency plane
has motivated several new approaches for excision of interference with rapidly time-varying
frequency characteristics in the DS/SS communication systems. Comprehensive summary
of TFD-based interference excision is given in reference [10]. The two basic methods for
time-frequency excision are based on notch filtering and subspace projections. Utilization
of the interference instantaneous frequency (IF), as obtained via TFDs, to design an open
loop adaptive notch filter in the temporal domain, has been thoroughly discussed in [11],
[12]. Subspace projection methods, commonly used for mitigating narrowband interference
[13], [14], have been recently introduced for suppression of frequency modulated (FM)
interference and shown to properly handle multi-component interference, reduce the self-
noise, and improve the receiver performance beyond that offered by other time-frequency
based techniques {15], [16], [17].

The main purpose of this paper is to integrate spatial and temporal processing for
suppression of nonstationary interferers in DS/SS communication systems. Specifically,
we extend the projection-based interference mitigation techniques in [15], [16], [17] to

multi-sensor array receivers. The proposed multi-sensor interference excision technique
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builds on the offerings of quadratic time-frequency distributions for estimation of 1) the
time-frequency subspace and time-frequency signature of nonstationary signals, and 2)
the spatial signature of nonstationary sources using direction finding and blind source
separations. With the knowledge of the time-frequency and spatial signatures, the ob-
jective is to effectively suppress strong nonstationary interferers with few array sensors.
The proposed technique does not require the knowledge of the array response or channel
estimation of the DS/SS signal, but it utilizes the distinction in both of its spatial- and
time-frequency signatures from those of the interferers that impinge on the array. With
the combined spatial-time-frequency signatures, the projection of the data vector onto the
subspace orthogonal to that of the interferers leads to improved receiver performance over
that obtained using the subspace projection in the single-sensor case.

The rest of the paper is organized as follows. In Section II, the signal model is described.
Section III briefly reviews the subspace projection technique. We present in Section IV
blind beamforming based on subspace projection and derive the receiver output signal-
to-interference-plus-noise ratio (SINR). Several numerical results are gii\fen in Section V.

Section VI concludes this paper.

I1. Signal Model

In DS/SS communications, each symbol is spread into L = T/T, chips, where T and
T. are, respectively, the symbol duration and chip duration. We use discrete-time form,
where all signal arrivals are sampled at the chip-rate of the DS/SS signal. The symbol-rate
source signal is denoted as s(n), and the aperiodic binary spreading sequence of the nth
symbol period is represented by ¢(n,l) € £1,1 = 0,1,---,L — 1. The chip-rate sequence

of the DS/SS signal can be expressed as
d(k) = s(n)e(n,l)  with k=nL+1 (1)
For notation simplicity, we use ¢(l) instead of ¢(n,!) for the spreading sequence.
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We consider an antenna array of N sensors. The propagation delay between antenna
elements is assumed to be small relative to the inverse of the transmission bandwidth, so
that the received signal at the N sensors are identical to within Complex constants. The
received signal vector of the DS/SS signal at the array is expressed by the product of the

chip-rate sequence d(k) and its spatial signature h,
x,(k) = d(k)h. (2)

The channel is restricted to flat-fading, and is assumed fixed over the symbol length, and
as such h in the above equation is not a function of k.

The array vector associated with a total of U interference signals is given by

U
xu (k) = Z:éiui(k) 3)

where a; is the array response to the sth interferer, u;(k). Without loss of generality, we
set ||h||Z = N and ||a;||% = N, i = 1,2,---,U, where || - || is the Frobenius norm of a

vector. The input data vector is the sum of three components,
U
x(k) = x,(k) +x,(k) + b(k) = d(k)h + >_ a;ui(k) + b(k) (4)
=1

where b(k) is the additive noise vector. In regards to the above equation, we make the
following assumptions.

A1) The information symbols s(n) is a wide-sense stationary process with E[s(n)s*(n)] =
1, where E[-] is the statistical expectation operator, and the superscript * denotes complex
conjugation. The spreading sequence c(k) is a binary random sequence with Elc(k)c(k +
1)] = 6(1), where 6(l) is the delta function.!

A2) The noise vector b(k) is zero-mean, temporally and spatially white with

Eb(k)b"(k+1)]=0 foralll,

1This assumption is most suitable for military applications and P-code GPS.
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and

Eb(k)b" (k +1)] = 06(1)1y,

where ¢ is the noise power, the superscripts 7 and ¥ denote transpose and conjugate
transpose, respectively, and Iy is the N x N identity matrix.

A3) The signal and noise are statistically uncorrelated.

III. Subspace Projection

The aim of subspace projection techniques is to remove the interference components
before despreading by projecting the input data on the subspace orthogonal to the inter-
ference subspace, as illustrated in Fig. 1. The receiver block diagram is shown in Fig. 2.

A nonstationary interference, such as an FM signal, often shares the same bandwidth
with the DS/SS signal and noise. As such, for a chirp signal or a signal with high-order fre-
quency laws, the signal spectrum may span the entire frequency band, and the sample data
matrix loses its complex exponential structure responsible for its singularity. Therefore,
the interference subspace can no longer be obtained from the eigendecomposition of the
sample data matrix [13], [15] or the data covariance matrix [14], as it is typically the case
in stationary environments. The nonstationary interference subspace, however, may be
constructed using the interference time-frequency signature. Methods for estimating the
instantaneous frequency, instantaneous bandwidth, and more generally, a time-frequency
subspace, based on the signal time-frequency localization properties are, respectively, dis-
cussed in references [15], [18], [19].

For the general class of FM signals, and providing that interference suppression is
performed separately over the different data symbols, the interference subspace is one-
dimensional in an L-dimensional space. We note that since an FM interference has a
constant amplitude, its respective data vector can be determined from the IF up to a
complex multiplication factor. The unit norm normalization of this vector represents the

one-dimensional interference subspace basis vector. Among candidate methods of IF es-
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timation is the one based on the time-frequency distributions. For example, the discrete
form of Cohen’s class of TFD of a signal z(t) is given by [20]

D..(t, f) = E Z d(m, )z (t +m +7)z*(t + m — 7)e T (5)

Mm=—00 T=——00

where ¢(m,7) is a time-frequency kernel that could be signal-dependent. The TFD con-
centrates the interference signal power around the IF and makes it visible in the noise and
pseudo-random (PN) sequence background [18], [21]. It has been shown that, for linear
FM signals, Radon-Wigner transform provides improved IF estimates over the TFD [22].
Parametric methods using autoregressive model have also been proposed [23].

Other nonstationary interference with instantaneous bandwidth or spread in the time-
frequency domain are captured in a higher-dimension subspace. In this case, the inter-
ference subspace can be constructed from the interference localization region {2 in the
time-frequency domain (see, for example, [15]). The subspace of interest becomes that
which fills out the interference time-frequency region €2 energetically, but has little or no
energy outside €.

Interference-free DS/SS signals are obtained by projecting the received data vector (in
the temporal domain processing, the vector consists of data samples at different snapshots)

on the subspace orthogonal to the interference subspace.

A. Temporal Processing

In the single-sensor receiver, the input data is expressed as
z(k) = zs(k) + 2o (k) + b(k )+ 2 u;(k (6)

Using L sequential chip-rate samples of one symbol of the received signals at time index
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k, we obtain the following input vector

[2(k) z(k=1) --- z(k—L+1)]"

= [zs(k) zo(k—1) - z(k—L+1)]" -
+[u(k) zu(k—1) - zu(k— L+ 1))
+[bk) bk—1) --- b(k—L+1)]"
or simply
X (k) = X (k) + X, (k) + B(k). (8)

We drop the variable k£ for simplicity, with the understanding that processing is per-

formed over the nth symbol that starts at the kth chip. Then, equation (8) becomes
X=X,+X,+B. (9)

Below, we relax the FM condition used in [13], [16] that translates to a single dimension
interference. The general case of an interference occupying higher dimension subspace is
considered. We assume that the ith interferer spans M; dimensional subspace, defined by
the orthonormal basis vectors, V1, Vi, -+, V; ar,, and the different interference subspaces
are disjoint. Define

Vi=[Via Viz -+ Vim] (10)
and let M = Eﬁil M; as the number of total dimensions of the interferers. With L > M,

the L x M matrix
V=WV, - W], ViV;=% fori#j (11)

is full rank and its columns span the combined interference subspace J. The respective
projection matrix is
P=v(Viv) vi (12)
The projection matrix associated with the interference orthogonal subspace, G, is then
given by
P=1I, - V(VEV) IVH, (13)
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When applied to X, matrix P projects the input data vector onto GG, and results in
X, =PX =PX;+ PB, A (14)

which no longer includes any interference component.
The single-sensor receiver implementing subspace projection for excision of a single
instantaneously narrowband FM interferer (i.e., U = 1, M; = 1) in DS/SS communications

is derived in [24]. The receiver SINR is shown to be

(L—1)? L-1
R . (15)

(1—%)+0(L—1) - —L(L—1)+a

For typical values of L, (L —2)/(L — 1) ~ 1, and equation (15) can be simplified as

SINR =

L-1
SINR ~ =7 (16)

Compared to the interference-free environment, where the receiver SINR is L/o, nonsta-

tionary interference suppression in (16) is achieved by reducing the processing gain by 1

and increasing the noise power by the self-noise factor of 1/L.

IV. Subspace Projection in Multi-Sensor Receiver

In this section, we consider nonstationary interference excision in multi-sensor receivers
using subspace projections. We note that if the subspace projection method discussed in
Section III is extended to an N-element array by suppressing the interference indepen-
dently in each sensor data and then combining the results by maximum ratio combining

(see Fig. 3), then it is straightforward to show that the receiver SINR is given by

N(L-1)

NR ~x ———=.
SINR o+ N/L

(17)

The above extension, although clearly improves over (16), does not utilize the potential
difference in the spatial signatures of signal arrivals, and, therefore, is inferior to the

receiver proposed in this Section.
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A. Spatio-Temporal Signal Subspace Estimation

To construct the spatio-temporal signal subspace of the interference signals, it is impor-
tant to estimate both the time-frequency signature (or subspace) and the spatial signature
of each interferer. The IF estimation of an FM interference signal based on time-frequency
distribution is addressed in Section III. It is noteworthy that when multiple antennas are
available, the TFD may be computed at each sensor data separately and then averaged
over the array. This method has been shown in [25] to improve the IF estimation, as it
reduces noise and crossterms that often obscure the source true power localization in the
time-frequency domain.

On the other hand, the estimation of source spatial signature can be achieved, for ex-
ample, by using direction finding and source separation techniques. When the interference
signals have clear bearings, methods like MUSIC [26] and maximum likelihood (ML) [27]
can be used to estimate the steering matrix of the interference signals. These methods
can be revised to incorporate the TFD of the signal arrivals for improved performance
(28], [29], [30]. On the other hand, in fading channels where the steering vector loses its
known structure due to multipath, blind source separation methods should be used [31],
[32], [33]. Since the interferers in DS/SS communications often have relatively high power,
good spatial signature estimation is expected.

More conveniently, the spatial signatures can be simply estimated by using matched
filtering once the time-frequency signatures are provided. The maximum likelihood esti-

mator for the vector a; is obtained as
L-1 L-1 -
& = VN Y- a;(k)x(k)/I| 3 @ (k)x(k)l |, (18)
k=0 k=0

where 4;(k) is the estimated waveform of the ith interferer. It is noted that the possible
phase ambiguity in the waveform estimation of 4;(k) does not affect the estimation of the
spatial signature. For slowly varying channels, the above average can also be performed

over multiple symbols to improve the estimation accuracy.
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In the analysis presented herein, we assume knowledge of the interference subspace and

its spatial signature to derive the receiver SINR.

B. Proposed Technique

The subspace projection problem for nonstationary interference suppression in DS/SS
communications is now considered within the context of multi-sensor array using N array
elements. We use one symbol DS /SS signal duration (i.e., L chip-rate temporal snapshots),
and stack L discrete observations to construct an NL x 1 vector of the received signal
sequence in the joint spatio-temporal domain. In this case, the received signal vector in

(4) becomes T
() Tk =1) o KT(k~L+1)]

= [T(k) L(k-1) - L(k-L+1)]

(19)

+[xIk) $T(—1) - xT(k—L+1)]
+[bT() BTk =1) o BTk - L+ D)
or simply )
X =X,+X,+B, (20)

where again the variable k is dropped for simplicity.
In (19), the interference vector in the single-sensor problem, given by (7), is extended
to a higher dimension. With the inclusion of both temporal and spatial samples, the mth

basis of the ith interference becomes
Vi,m = V;,m X a; (21)

and

Vi=[Vi1 Vig .-+ Viun], (22)
where ® denotes the Kronecker product. The columns of the LN x M matrix

spans the overall interference signal subspace.
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For independent spatial signatures, the matrix rank is M. The orthogonal projection
matrix is given by

P=I,y-V(VV) Vi (24)
The projection of the signal vector on the orthogonal subspace of the interferers’ yields
X, =PX =PX; +PB. (25)

The block diagram of the proposed method is presented in Fig. 4. As shown in the
next section, effective interference suppression can be achieved solely based on the spatial

signatures or the time-frequency signatures, or it may require both information.

C. Performance Analysis

Below we consider the performance of the multi-sensor receiver system implementing

subspace projections. Recall that
Vf,{nVJn =0 forany i,m # j,n. (26)
and
VAV = NIy, (27)

the projection matrix P becomes

1
P=hN—NVVE (28)

The signal vector X; can be rewritten as

X, =[H) Fk-1 - Tk-L+1)]

S

= [dWNT d(k - DWT - d(k- L+ 1)hT]T

T (29)
=s(n)[c(L-1)e(L-2) --- ¢(0)] ®h
A s(n)q,
where the LN x 1 vector
a=[c(L-1)cL-2) - c(0)]"®hAc®h (30)
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defines the spatio-temporal signature of the desired DS/SS signal. q is the extension of
the DS/SS code by replicating it with weights defined by the signal spatial signature.
By performing despreading and beamforming, the symbol-rate decision variable is given
by
y(n) = 4" X (k) = s(n)a"Pq + a"PB(k) A yi(n) +12(n), (31)
where y;(n) is the contribution of the desired DS/SS signal to the decision variable, and

y2(n) is the respective contribution from the noise.

The SINR of the array output becomes (see Appendix A)

) L - f:Minz

= arly(k) ((i " ﬁip)z _ z}émm‘*) +2 (L - éMiqu) ,

where &; is defined in (A.9), and 3; is the spatial correlation coefficient between the spatial

signatures h and a;,7 =1,2,---,U, and is given by
B = L hfa (33)
T T N_ Gy

Note that when the noise power is small, i.e., 0 < 1, the variance of y; becomes dominant,

and the output SINR reaches the following upper bound
U 2
(L - Milﬂiﬁ)
i=1
U 2 U ’
(Z Mi|5¢|2> -2 &|6*
=1 =1

This result is affected by the factors L, M;, ||, and &;,5=1,---,U. On the other hand,

SINRhigh SNR ~ (34)

when the noise level is very high, i.e., 0 > 1, the noise variance plays a key role in

determining var[y(k)], and the output SINR becomes
U 2
@_zmm@ v/ v
SINR|ow SNR = =1 = (L - Z Mz|ﬂ1l2> (35)

9L iM'W'P =1
N P i|Mi
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Unlike the high input SNR case, the output SINR in (35) also depends on both N and o.
Comparing (34) and (35), it is clear that the improvement in the receiver SINR becomes
more significant when the spatial signatures produce small spatial correlation coefficients
and under high SNR.

Next, we consider some specific important cases. When ; = 0,i = 1,---,U, var[y;(n)] =
0, the receiver SINR in (32) becomes SINR = LN/o. This is to say, the output SINR
is improved by a factor of LN over the input signal-to-noise ratio (SNR) (not the input
SINR!). This implies that the interferers are suppressed by spatial selectivity of the array
and their suppression does not cause any distortion of the temporal characteristics of the
DS/SS signal. The DS/SS signal in this case enjoys the array gain that contributes the
factor N to the SINR.

For a single FM interferer (U = 1, M; = 1), equation (32) becomes
2
(L - 14P)
2 4, 0 2\
(1-2) 18l + 2 (L 18P)

It is easy to show that SINR in (36) monotonously decreases as |3;| increases, and the

SINR =

(36)

lower bound of the SINR is reached for |3;| = 1, which is the case of the desired DS/SS

signal and the interference signal arriving from the same direction. With a unit value of

|/61|a

(L—1)? N(L—1)
SINR = 2 ~ . (37)
(1-3)+ge-n oML

This result is the same as that of the single-sensor case developed in [16], except for the
appearance of the array gain, IV, for the desired DS/SS signal over the noise. This equa-
tion also coincides with (17). That is, the independent multi-sensor subspace projection,
illustrated in Fig. 3, results in the same output SINR with the proposed multi-sensor
subspace projection method when |5;| = 1.

On the other hand, the maximum value in (36) corresponds to 8 = 0, and is equal to

SINR = LN/o, as discussed above. For the illustration of the SINR behavior, we plot in
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Fig. 5 the SINR in (36) versus |3;| for a two-sensor array, where L = 64, and one FM
jammer is considered with M = 7. The input SNR is 0dB.

Given the temporal and spatial signatures, the proposed technique simplifies to two
consecutive tasks. The first is to estimate the spatio-temporal signature. When using
multiple antenna receivers, a basis vector of the orthogonal projection matrix is obtained
by the Kronecker product of a jammer’s temporal signature and its spatial signature, that
results in the LN x LN orthogonal project matrix instead of L x L in the single antenna
case. The second task is jammer suppression via subspace projection. This involves the
multiplication of an LN x LN matrix and an LN X 1 vector.

Note such increase in computations is natural due to increase of dimensionality. It
is noteworthy that array processing expands overall space dimensionality but maintains
the jammer subspace dimension. As a result, it yields improved SINR performance over

temporal processing or spatial processing only methods.

V. Numerical Results

A two-element array is considered with half-wavelength spacing. The DS/SS signal uses
random spreading sequence with L = 64. The AOA of the DS/SS signal is 0 degree from
broadside (6p = 0°).

We consider two interference signals. Each interference signal is assumed to be made up
of uncorrelated FM component with M; = 7,7 = 1,2. The overall interference subspace is
M=14. The AOAs of the two interferers are 8; = [40°,60°]. The respective spatial correla-
tions in this example are | 51| = 0.53 and |G| = 0.21. Note that, in the subspace projection
method, the output SINR is independent of the input jammer-to-signal ratio (J SR)-, since
the interferers are entirely suppressed, regardless of their input power. Fig. 6 shows the
receiver SINR versus the input SNR. The upper bounds correspond to interference-free

data. For high input SNR, the receiver SINR is decided by the induced signal distortion,

described by the variance given in (A.10). It is evident from Fig. 6 that the two-antenna
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receiver outperforms the single-antenna receiver case by a factor much larger than the
array gain. Since the output SINR in the two-antenna receiver highly depends on the spa-
tial correlation coefficients, the curves corresponding to a two-sensor array in Fig. 6 will
assume different values upon changing 3;, or/and ;. The best performance is achieved
at By =B, =0.

Fig. 7 shows the receiver SINR versus the number of chips per symbol (L). We let L
vary from 8 to 4096, whereas the input SNR is fixed at 0 dB. The two interference signals
are incident on the array with angles 6; = [40°,60°]. They are assumed to maintain their
time-frequency spread with increased value of L. As such, the respective dimensions of
their subspaces grow proportional to the number of chips per symbol. In this example, the
dimension of each interference signal is assumed to be 10 percent of L (round to the nearest
integer). The output SINR improvement by performing array processing at different L is
evident from this figure. It is seen that, unlike the case of the instantaneously narrowband
FM interference, where the output SINR increases rapidly as L increases, the output SINR
in the underlying scenario ceases to increase as L assumes large values. This is because
the rank of the interference signal subspace increases with L.

In Fig. 8 we investigate the receiver SINR performance versus the number of array
sensors. In this figure, L is set at 64, and the input SNR is 0 dB. Two interference sig-
nals composed of uncorrelated FM components are considered, and M; = 7,7 = 1,2, are
assumed. Two examples are used to examine the effect of different AOAs. In the first ex-
ample, 6; = [40°,60°]. The output SINR improves sharply as the number of array sensors
increases from one to three, beyond which the improvement becomes insignificant. The
differences in the above AOAs of the desired DS/SS signal and the interference signals
are relatively large, and a small number of array sensors leads to negligible spatial cor-
relation coefficients. We also show a case with closely spaced interference signals where
6, = [5°,15°]. In this case, the output SINR slowly improves as the number of array

Sensors increases.
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It is noted that, when we consider a specific case, the output SINR does not increase
monotonously with the number of array sensors. This is because the relationship between
the spatial correlation coefficient and the AOAs is by itself not monotonous. Nevertheless,
when we consider the general case with different AOA combinations, high number of array

sensors often reduce the spatial correlation coefficients.

VI. Conclusions

In this paper, subspace projection techniques were employed to suppress nonstationary
interferers in direct-sequence spread-spectrum (DS/SS) communication systems. Interfer-
ence suppression is based on the knowledge of both the interference time-frequency and
spatial signatures. While the former is based on instantaneous frequency information that
can be gained using several methods, including time-frequency distributions, the later can
be provided from applying higher resolution methods or blind source separation techniques
to the signal arrivals.

The differences between the DS/SS signal and interference signatures both in the time-
frequency and spatial domains equip the projection techniques with the ability to remove
the interference with a minimum distortion of the desired signal.

The receiver performance based on subspace projections was analyzed. It was shown
that the lower performance bound is obtained when the sources have the same angular
position. In this case, the problem becomes equivalent to a single-antenna receiver with
only the presence of the array gain. On the other hand, the upper bound on performance is
reached in the interference-free environment and also corresponds to the case in which the
spatial signatures of the interference signals are orthogonal to that of the DS/SS signal.

Numerical results were presented to illustrate the receiver SINR dependency on spatial

correlation coefficient, input SNR, and the PN sequence length.
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Appendix A

To derive the output SINR expression, we use s(n) = +1 (the output SINR is indepen-

dent of s(n) and same result follows when s(n) = —1). Then,
Ely(n)] =E[q"Pq]

[ 1
= B |q"(1- vV

=E[a"q] - -%,-E[ HyyH ]

(A1)
_—.LN—YV-E q” ZV“ZV }

111 121

1
=LN-5E|d" S S Vam Y S Vwmq]

i1=1m;=1 i2=1mo=1

It is straightforward to show that (the definition of f; is given in (33))

L-1

0"Vim = (€®h)" (Vim®2) = ('Vim) © (272;) = NG 3 Vim(De).  (A2)

Using the orthogonal property of the spreading sequence Al) (A.1) becomes

M, -1 IW,Z L-1
E[yl(n)] =LN - NE Zﬁu Z Zvn mx Zﬂ,2 Z Z 127712 :|
mi=11[0,=0 12=1 mo=1[l=0
M; L-1
= LN - NZI@P 33 VimDPE)
m=1 =0

=N (L — ZMiw,-P) :

(A.3)

Due to the zero-mean property of noise (assumption A2), E[ys(n)] = 0. Accordingly,

Ely(n)] = Elpa(n)] = N (L -y Miwiw) . (A.4)

It is clear from (A.4) that the increase in the space dimensionality from L to NL does not
simply translate into a corresponding increase in the desired mean value, or subsequently
in the processing gain. Also, from assumption A3), the cross-correlation between y;(n)
and y,(n) is zero, i.e.,

Elyi(n)y2(n)] = E[y1(n)y;(n)] = 0. (A.5)
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Therefore, the mean square value of the decision variable is made up of only two terms,

E[lym)l] = E [lm(m)*] + E )] (A-6)

The first term is the mean square value of y;(n). From (26), we have

E [j(n)[*] = E [a"Paq"PHq]

1
—E [qH (IN _ NVVH) aq (ILN _ mvvf’) ]
2 1
=B [q"qq"q] - TF [a"ad"VV7q| + 5 E [a"VVTaqfVViq|
U
= (LN)? = 2LN*>" M;|6:?
1=1
My -1 U Mi, L1
+N2E Z ﬁll Z Z ‘/1.1,7711 ll (ll) Z :2 Z Z 12, m2
my= 1l1_0 =1 ma=113=0
Miz 11 U My, L1
Y S V) L Y S Vi ]
i3=1 ma=1l3=0 14=1 mg=1]4=0
U
= (LN)? —2LN*" M;|6i|?
i=1
U 1 B
+N2E[ > BB D, Z Viymy (1) V) m, (l2)c(la)c(l2)
11=io=1 mi=mao=1l= 12 0

t13=14=1 ma=mg=1Il3=1l4=0

U Mg
x D BBl X Z Visma (ls) Z4m4(l4)0(l3)0(l4)}

+N2 Z '611 14 Z Z Vll,ml(l) z4m4( ) ( ) (14)
i1=i4=1 mi=mg4= 1ll_l4—0
U Mg
X Y BB, Z Viams (l3) zzmz(IZ)C(lB)C(lz)]
ig-—iz—l m3=mao=1lzg=ls=0
+N2E Z /821ﬁ13 Z Z Z V;l m1 13,m3(l3) (ll)c(l3)
11 =13=1 mi=1m3=11l1=I3=0
M;, M, —
X Z ﬂl? Z Z Z 12m2 24m4(l4)c(l2)c(l4)]
io=ig=1 mo=1my=1ls=ly=
U Mi,
—2N’E > BuBLBLBE >
11 =lp=ig=14=1 m1=mo=mz=myg=1
L-1
X > Vam (V3 g (1) Vigms (18) Vi g (L) () e(l2) (T ) e(la)
lLi=lo=l3=14=0
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U
= (LN)* —2LN?*Y_ M;|6:°
=1

U 2 U
N? (2 (Z Mi|ﬁi|2> +

2

U
-2 Z &-Iﬂi|4) : (A7)

i Vi
where
M; M; L-1
fy = ‘/;ml ‘rlmg ) (A-8)
mi=1mqo=1 [=1
and
M; L-1 s
=3 > [Vim O (A.9)
m=1 [=1

In practice, v; takes negligible values, and equation (A.7) can be simplified to

U U U
E [jy1(n) ] = (LN)? = 2LN* 3" Mi|B + N* (2 (ZMA@-!Z) _22§i|ﬂi|4)- (A.10)

The value of & depends on the type of interference signals. Specifically, when the ith

2

interference signal is made up of a single FM or a number of uncorrelated FM signal
components, then the basis vectors are of constant modulus, and
&= —. (A.11)
The second term of (A.6) is the mean-square value of y(n),
E[ly(n)f] = E [a"PB(k)BF (k)Pq|
U (A12
= 0E [¢"PP¥q| = 0E [q"Pq] = oN (L -3 Milﬂi|2> :

. ~
The variance of y(n) is given by 1

varly(n)] = Elly(n)|"] — E*[y(n)]

= Bl (n)*) + E[l2(n) ) = E*[ur(n)]

U U 2 U
= (LN)* —=2LN?3_ M;|B;]* + N? (2 (Z Mi|5i|2> - %Z Milﬂi|4)
-1

i=1 i=1

+oN (L - EU:M,.|@|2) ~ N? <L - zUjMiw?)z

i=1 i=1

U 2 U U
= N? ((ZMi|ﬂi|2) —2Z§i|5i|4) +oN (L_ZMi‘ﬂi12>'
i=1 i=1 =1

(A.13)
Equation (32) follows by using the results of (A.4) and (A.13).

36



References

[1] H. V. Poor and L. A. Rusch, “Narrowband interference suppression in spread-spectrum
CDMA,” IEEE Personal Comm. Mag., vol. 1, no. 8, pp. 14-2'7, Aug. 1994.

[2] J. D. Laster and J. H. Reed, “Interference rejection in digital wireless communications,”
IEEE Signal Processing Mag., vol. 14, no. 3, pp. 37-62, May 1997.

[3] L. B. Milstein, “Interference rejection techniques in spread spectrum communications,”
Proc. IEEE, vol. 76, no. 6, pp. 657-671, June 1988. |

[4] J. Wang and L. B. Milstein, “Adaptive LMS filters for cellular CDMA overlay,” IEEE
J. Select. Areas Commun., vol. 14, no. 8, pp. 1548-1559, Oct. 1996.

[5] S. Sandberg, “Adapted demodulation for spread-spectrum receivers which employ
transform-domain interference excision,” IEEE Trans. Commun., vol. 43, pp. 2502-
2510, Sept. 1995.

[6] L. A. Rusch and H. Poor, “Multiuser detection techniques for narrow-band interference
suppression in spread spectrum communications,” IEEE Trans. Commun., vol. 43, no.
2/3/4, pp. 1725-1737, Feb./Mar./Apr. 1995.

[7] H. Fathallah and L. A. Rusch, “A subspace approach to adaptive narrow-band inter-
ference suppression in DSSS,” IEEE Trans. Commun., vol. 45, no. 12, pp. 1575-1585,
Dec. 1997.

[8] M. Lops, G. Ricci, and A. T. Tulino, “Narrow-band-interference suppression in mul-
tiuser CDMA systems,” IEEE Trans. Signal Processing, vol. 46, no. 9, pp. 1163-1175,
Sept. 1998.

[9] L. A. Rusch, “MMSE detector for narrow-band interference suppression in DS spread
spectrum,” in Proc. Interference Rejection and Signal Separation in Wireless Commaun.
Symp., Newark, NJ, March 1996.

[10] M. G. Amin and A. Akansu, “Time-frequency for interference excision in spread-

spectrum communications,” in “Highlights of signal processing for communications:

37



celebrating a half century of signal processing,” IEEE Signal Processing Mag., vol. 16,
no. 2, March 1999.

[11] M. G. Amin, “Interference mitigation in spread spectrum communication systems us-
ing time-frequency distribution,” IEEE Trans. Signal Processing, vol. 45, no. 1, pp.90—
102, Jan. 1997.

[12] M. G. Amin, C. Wang, and A. Lindsey, “Optimum interference excision in spread
spectrum communications using open loop adaptive filters,” IEEE Trans. Signal Pro-
cessing, vol. 47, no. 7, pp.1966-1976, July 1999.

[13] B. K. Poh, T. S. Quek, C. M. S. See, and A. C. Kot, “Suppression of strong narrow-
band interference using eigen-structure-based algorithm,” in Proc. Milcom, pp. 1205-
1208, July 1995.

[14] A. Haimovich and A. Vadhri, “Rejection of narrowband interferences in PN spread
spectrum systems using an eigenanalysis approach,” in Proc. IEEE Signal Processing
Workshop on Statistical Signal and Array Processing, Quebec, Canada, pp. 1002-1006,
June 1994.

[15] F. Hlawatsch and W. Kozek, “Time-frequency projection filters and time-frequency
signal expansions,” IEEFE Trans. Signal Processing, vol. 42, no. 12, pp. 3321-3334, Dec.
1994.

[16] M. G. Amin and G. R. Mandapati, “Nonstationary interference excision in spread
spectrum communications using projection filtering methods,” in Proc. 82nd Annual
Asilomar Conf. on Signals, Systems, and Computers, Pacific Grove, CA, Nov. 1998.

[17] S. Barbarossa and A. Scaglione, “Adaptive time-varying cancellation of wideband
interferences in spread-spectrum communications based on time-frequency distribu-
tions,” IEEE Trans. Signal Processing, vol. 47, no. 4, pp. 957-965, April 1999.

[18] B. Boashash, “Estimating and interpreting the instantaneous frequency of a signal,”
Proc. IEEE, vol. 80, no. 12, Dec. 1990.

[19] P. Loughlin and K. Davidson, “Instantaneous bandwidth of multicomponent signals,”

38



|

i in Proc. SPIE: Advanced Signal Processing Algorithms, Architectures, and Implemen-
tations IX, vol. 3807, pp. 546-551, July 1999.

[20] L. Cohen, Time-Frequency Analysis, Prentice Hall, 1995.

[21] P. Rao and F. J. Taylor, “Estimation of the instantaneous frequency using the discrete
Wigner distribution,” Electronics Lett., vol. 26, no. 4, pp. 246-248, Feb. 1990.

[22] M. Wang, A. Chan, and C. Chui, “Linear frequency-modulated signal detection using
Radon-ambiguity transform,” IEEE Trans. Signal Processing, vol. 46, no. 3, pp. 571—
586, March 1998.

[23] P. Shan and A. A. Beex, “FM interference suppression in spread spectrum com-
munications using time-varying autoregressive model based instantaneous frequency
estimation,” in Proc. IEEFE Int. Conf. on Acoustics, Speech, and Signal Processing,
Phoenix, AZ, pp. 2559-2562, March 1999.

[24] R. S. Ramineni, M. G. Amin, and A. R. Lindsey, “Performance analysis of subspace
projection techniques for interference excision in DSSS communications,” in Proc. IEEE
Int. Conf. on Acoustics, Speech, and Signal Processing, Istanbul, Turkey, June 2000.

[25] W. Mu, Y. Zhang, and M. G. Amin, “Bilinear signal synthesis in array processing,”
in Proc. IEEFE Int. Conf. on Acoustics, Speech, and Signal Processing, Salt Lake City,
UT, May 2001.

[26] R. O. Schmidt, “Multiple emitter location and signal parameter estimation,” IEEE
Trans. Antennas Propagat., vol. 34, no. 3, pp. 276-280, March 1986.

[27] I. Ziskind and M. Wax, “Maximum likelihood localization of multiple sources by
alternating projection,” IEEE Trans. Acoust., Speech, Signal Processing, vol. ASSP-
36, no. 10, pp. 1553-1560, Oct. 1988.

[28] A. Belouchrani and M. Amin, “Time-frequency MUSIC,” IEEE Signal Processing
Lett., vol. 6, no. 5, pp. 109-110, May 1999.

[29] Y. Zhang, W. Mu, and M. G. Amin, “Time-frequency maximum likelihood methods
for direction finding,” J. Franklin Inst., vol. 337, no. 4, pp. 483-497, July 2000.

39




[30] Y. Zhang, W. Mu, and M. G. Amin, “Subspace analysis of spatial time-frequency
distribution matrices,” IEEE Trans. Signal Processing, vol. 49, no. 4, pp. 747-759,
Apr. 2001.

[31] J. F. Cardoso, A. Belouchrani, K. Abed Maraim, and E. Moulines, “A blind source
separation technique using second order statistics,” JEEE Trans. Signal Processing,
vol. 45, no. 2, pp. 434-444, Feb. 1997.

[32] A. Belouchrani and M. Amin, “Blind source separation based on time-frequency signal
representation,” IEEE Trans. Signal Processing, vol. 46, no. 11, pp. 2888-2898, Nov.
1998.

[33] Y. Zhang and M. G. Amin, “Blind separation of sources based on their time-frequency
signatures,” in Proc. IEEFE Int. Conf. on Acoustics, Speech, and Signal Prbcessz'ng,
Istanbul, Turkey, June 2000.

40



Signal Subspace
X(k)

Jammer Dimension J

Orthogongl Subspace G
PX(k)

y

Fig. 1 Jammer suppression by subspace projection.

chip-rate

symbol-rate
sequence output
despreading

Fig. 2 Block diagram of single-sensor subspace projection.

41



Fig. 3

Fig. 4

chip-rate
sequence
—

chip-rate
sequence
—

despreading }—»

=

despreading _]—»

symbol-rate
output
——=

Block diagram of independent multi-sensor subspace projection.

chip-rate

sequence
—

chip-rate

sequence
—

r

\
despreading

~

=

despreading
J

symbol-rate
output
-

Block diagram of proposed multi-sensor subspace projection.

42



22 T T T T
21 ______4_.__._*__,__.z.__.__;_\.:._._,_A_._._._._A._A..._._....‘._._A_A_.__
20+ Ts. .
%19- \\ -
=
@ 18F ~ ‘
— N
=1 N
.2‘ N
S 17} [~ noaray S
- — array N=2 R
—— upper bound: no array
16 [~ - upper bound: array N=2 1
156 6o © © O—6—6—0—06 © <
14 1 1 1 1 -
0 0.2 0.4 0.6 0.8 1
1B,

Fig. 5 Output SINR versus |6 (input SNR=0dB, L=64, U=1, M=T).

70 T T T T T
—e— no array
-~ array N=2

60H — upper bound: no array -9
-~ - upper bound: array N=2 g

Output SINR (dB)

|
-
o

—20 -10 0 10 20 30 40
Input SNR (dB)

Fig. 6  Output SINR versus input SNR
(L=64, U=2, My = My, =17, 0p = 0°, 6, = [40°,60°]).

43



40 T T T
—— no array

-~ array N=2
—— upper bound: no array L |
— - upper bound: array N=2 e

[
a1
T

Output SINR (dB)
N N w
e 2

-
18]
T

T

10

Fig. 7 Output SINR versus the number of chips per symbol (L)
(input SNR=0dB, U=2, M, = M, =7, 8p = 0°, 6, = [40°,60°]).

35 T T T T T T T
30}
o
Tost
ot
=
w
2
520
o
15f o
e —e— 6,=[40°, 60°]
e -0 6= 5° 15°%
ed —— upper bound
10 1 1 1 L L I T
0 2 4 6 8 10 12 14 16

Number of array sensors

Fig. 8  Output SINR versus the number of array sensors

(input SNR=0dB, L=64, U=2, M; = M, =T).

44



Estimating parameters of multiple wideband
polynomial-phase sources in sensor arrays

A.B. Gershman', M. Pesavento!, and Moeness G. Amin?
 Department of Electrical and Computer
McMaster University, Hamilton, Ontario, L8S 4K1, Canada
} Department of Electrical and Computer Engineering,

Villanova University, Villanova, PA 19085

Abstract

In this paper, we consider the problem of estimating the parameters of multiple wideband polynomial-
phase signal (PPS) sources in sensor arrays. A new maximum likelihood (ML) direction of arrival (DOA)
estimator is introduced and the exact Cramér-Rao bound (CRB) is derived for the general case of multiple
constant-amplitude polynomial-phase sources. Since the proposed exact ML estimator is computationally
intensive, an approximate solution is proposed, originating from the analysis of the log-likelihood (LL)
function in the single chirp signal case. As a result, a new form of spatio-temporal matched filter (referred
to as the chirp beamformer) is derived, which is applicable to “well-separated” sources that have distinct
time-frequency or/and spatial signatures. This beamforming approach requires solving a 3D optimiza-
tion problem and, therefore, enjoys essentially simpler implementation than that entailed by the exact
ML. Simulation results are presented, illustrating the performance of the estimators and validating our

theoretical CRB analysis.
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I. Introduction

Estimating the parameters of polynomial-phase signals (PPS’s) is an important prob-
lem because linear and nonlinear frequency-modulated (FM) signals are encountered in
several practical applications. For example, in synthetic aperture radar (SAR), synthetic
aperture sonar (SAS), inverse SAR and SAS (ISAR and ISAS), and in Doppler radar and
sonar imaging, the returns are FM signals [1]-[4]. Furthermore, FM signal waveforms can
be intentionally transmitted in multi-sensor systems. For example, chirp signal waveforms
are widely used for pulse-compression in radar and sonar [1]. Both cases of constant-
amplitude and time-varying amplitude FM signals have attracted much attention in the
literature [3]-[8]. Recently, there has been a growing interest in estimating the parameters
of multiple PPS sources impinging on a multi-sensor array [9]-[14]. Several authors have
solved this problem using narrowband assumptions, where the signal spatial signatures
are assumed to remain invariant over the observation period. In particular, a new spa-
tial time-frequency distribution (STFD) concept has been developed and employed for
direction finding of narrowband FM sources using subspace techniques [10]-[11]. Several
exact and approximate ML algorithms for this estimation problem have been proposed [9].
Promising extensions of the above-mentioned narrowband approaches to the case of wide-
band FM signals have been recently reported [12]-[15]. However, these wideband methods
suffer from a high computational cost and restrictive assumptions. In particular, the ap-
plication of the wideband STFD approach [13]-[14] is severely restricted by short sliding
data window lengths, whereas the consideration in [12] is limited by the assumption of
linear FM signals with the central frequency which is known and identical for each source.
The iterative approach reported in [15] may lead to strongly biased DOA estimates [13],
and its convergence is not guaranteed.

It is also important to stress that the conventional wideband techniques (such as coherent-

subspace MUSIC [16]-[17] and wideband ML [18]) have only a limited application to the
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PPS case because they do not take any advantage of the specific PPS structure. Also,
the wideband coherent-subspace-based techniques require preliminary information about
the source localization angular sectors or initial DOA estimates to compute focussing ma-
trices. The focussing operation itself can be done only approximately and this may lead
to a strong bias in the resulting DOA estimates. Furthermore, in the PPS case these
subspace-based techniques are severely restricted by the window length (this restriction is
similar to that of the wideband STFD approach [13]) and their performance may be very
critical to the choice of several free parameters, such as the focussing frequency, the width
of array interpolation sectors, etc.

In this paper, we derive a new form of the ML estimator of the parameters of multiple
wideband constant-ampl‘itude PPS sources received by a sensor array. Our technique is
free of the above-mentioned restrictions on the signal waveform parameters and the length
of the observation interval. Novel explicit expressions for the corresponding CRB on the
accuracy of estimating the model parameters are derived.

Although the presented ML estimator concentrates the problem at hand with respect
to the signal nuisance parameters (initial amplitudes), its computational cost may be
still very high, since it involves a nonlinear optimization over the parameter space of a
high dimension. Since the proposed exact ML estimator is computationally intensive, an
approximate solution is considered, originating from the analysis of the LL function in
the single linear FM source case. Using this approximation, we derive a new form of
spatio-temporal matched filter (referred to as the chirp beamformer), which is applicable
to the wide class of scenarios with “well-separated” (either in DOA or in any of frequency
parameters) sources. The developed chirp beamforming approach entails solving a 3D
optimization problem and, therefore, enjoys essentially simpler implementation than the
exact ML technique.

Our paper is organized as follows. The array signal model used in the underlying problem

is presented in Section 2. Based on this model, the ML estimator is derived in Section
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3, and the exact CRB on the accuracy of estimating the model parameters is established
in Section 4. In Section 5, we present the chirp beamformer as a simplified alternative
for the ML estimator. Simulation results are presented in Section 6. They illustrate the

performance of the estimators and validate our CRB analysis.

II. Array Signal Model

Assume that L wideband constant-amplitude PPS’s impinge on a linear array of M

omnidirectional sensors. Then, the vector array outputs obey the following model
x(t) = A(t)s(t) +n(t), t=0,1,...,N—-1 (1)

where A(t) is the M x L time-varying direction matrix, s(t) is the L x 1 vector of wideband
nonstationary source waveforms, n(t) is the M x 1 vector of complex circularly Gaussian
zero-mean temporally and spatially white sensor noise, and N is the number of snapshots.

The Ith polynomial-phase source waveform can be modeled as

Sl(t) — a[ej(wl_ot‘f'u»'l,]t2/2+"'+wl,K-—ltK/K) — alg(wl’t) (2)
where
s K_l tk_H
g(wi,t) = exp J (3)
o is the initial complex amplitude, w;x (I = 1,2,...,L; 0,1,...,K — 1) are the

unknown discrete-time frequency parameters, and
(:)l(t) = Wy ktk (4)

is the discrete-time instantaneous frequency of the /th waveform. It is important to stress

that the discrete- and continuous-time instantaneous signal frequencies are related as

@ (t) = Atap(t) (5)
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where At is the sampling interval and @f*(¢) is the continuous-time (physical) instantaneous

frequency of the /th PPS. The K x 1 vector
wi 2 o, wins - wir-1]T (6)

contains the unknown discrete-time frequency parameters of the /th signal, and K is the
order of the polynomial-phase model®.

The direction matrix

A(0,5(t) = [a(81,0:1(t),a(bz,@q(t)),...,a(0L,0L(t))]
= [a(ﬂl,wl, t), 0(62, Wo, t), N ,a(HL, Wy, t)]

= A(e,w,t) (7)

consists of the time-varying steering vectors

D), () ek
a(f,w;,t) = |1,exp chtdlslnel y...,€Xp jc—A—t—dM_lsmHl (8)

where

0 2 [01,6,...,0.]" (9)
w £ [w],wj, ,wg]T (10)
@) £ [@(t), (1), ... ,&r@)]" (11)

6, is the DOA of the [th source, and d; is the spacing between the first and the (i + 1)th
array sensors. We stress that the relationship (5) is used in (8) to express the steering
vector as a function of the discrete-time frequency parameters. As follows from (7), the
direction matrix can be written as a function either of the frequency parameters (10) or
of instantaneous frequencies (11). Note that in (8) it is assumed that the instantaneous

signal frequencies @;(t) (t = 1,...,L) do not change during the time necessary for a wave

Tn what follows, the order K is assumed to be known.
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to travel across the array aperture?.

Using (2)-(11), model (1) can be rewritten as

z(t) = A(f,w,t)G(w,t)a + n(t)

= A(f,w,t)a+ n(t) (12)
where
a 2 |o,...,a)" (13)
G(w,t) £ diag{g(wy,?),...,9(wr, 1)} (14)
AB,w,t) 2 A0,w,1)G(w,t) (15)

Note that all nuisance parameters (the initial source amplitudes) are now included in the

vector a.

IIT. Maximum Likelihood Estimator

In this section, we derive a novel ML estimator of the source DOA’s and frequency
parameters based on the assumption that the initial signal amplitudes are constant (de-

terministic) values. The negative log-likelihood (LL) function is given by

N-1
'CN(@) = Z Hl‘(t) - A(eawat)G(wat)aH?
t=0

= lz(t) — A6, w, t)ex|? (16)

t

Z

Il
o

where the (LK + 2L) x 1 vector of unknown model parameters is defined as

CE [OT,wT,aT]T

2This assumption means that the signals remain narrowband in each snapshot, i.e. their instantaneous band-
widths are small compared with the inverse of the wavefront propagation time across the array. However, the
signals are assumed to be wideband at the full observation interval of N samples because the propagation time

across the aperture is usually much smaller than the sampling interval.
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Rewrite (16) as

N-1 N-1
Ly(©) = of { AH(o,w,t)A(o,w,t)} o {Z 2t (1) A(6, w, t)} o

t=0

N-1 N-1
— of { AH(o,w,t)m(t)} + 3 2 ()2 (t)

The minimization of Ly over a yields

& = {iAH(O,w,t) Owt} {ZA 0,w,t)z )}

Substituting (18) into (17), we obtain the concentrated negative LL function

N-1
z () (1)
£=0
N-1 N-1 -1
{E c?(t)A(0,w, t)} { AH(O,w,t)A(B,w,t)}
t=0 t=0
x { A" (6,w,t)z ()}

Ignoring the constant terms, the positive concentrated LL function is given by

The ML estimator is

6,0 = arg max Lp(0,w)

(17)

(18)

(19)

(21)

The above estimator jointly estimates the source directions and their frequency parameters

0 and w, respectively, and generally requires a highly nonlinear optimization of (20) over

these variables. However, if properly initialized, the optimization of the LL function may

be implemented by means of simple local optimization algorithms.

51



IV. Cramér-Rao Bound

In this section, we derive novel explicit expressions for the exact CRB on the accuracy
of estimating the signal model parameters.

The observations (12) satisfy the following statistical model:
z(t) ~ No (;1(0, w,t)a, 021) (22)

where N denotes the complex multivariate circularly Gaussian probability density func-
tion, and o2 is the noise variance.
For mathematical convenience, we redefine the signal frequency parameters in an order

different from (6) and (10). Let €2 denote the matrix

W10 W20 Tt Wro
w1 Wa 1 Tt Wi
A ] 3 3
Q2 (23)
WyKk-1 W2k-1 °° WL K-1

Using (23), we can alternatively rewrite equation (10) as
w = vec {Q} (24)

where vec{-} represents the so-called vectorization operator stacking the columns of a
matrix to form a column vector. In what follows, we will also use another definition of the

vector of the signal parameters,

v £ vec {QT}
= [VOT, ,u;{_l]T (25)
where
Vi 2 (Wi wok, oo wig)” (26)

The two alternative definitions (24) and (25) are equivalent, i.e., in principle either one

can be applied in the underlying problem. However, the use of (25) in lieu of (24) in the
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definition of the full parameter vector helps simplifying the derivations, as it corresponds to
a more convenient order of the subblocks of the Fisher Information Matrix (FIM). We note
that the first definition (24) will be used herein to denote the freqﬁency parameters as the
arguments of matrices or scalar functions, whereas the second definition (25) will be only
exploited to provide a proper order of the FIM elements. Using (25), the (LK +3L+1) x 1

vector of unknown real parameters can be defined as

v £ [OT,Re{a}T,Im{a}T,VT,UZ]T
= [67,&7,07,0%" (27)
where
& = [Re{a}T,Im{a}T]T (28)

The elements of the FIM of a complex circularly Gaussian process x(t) ~ N¢ (u(t), R)
are given by [21], [22],

_ LOR 0R S oun) s oul) |
[Fly, = Ntrace{R B am}mm{% T (29)

Applying (29) to the model (22), we obtain

NM 80'2 60'2 2 phity 8{aHAH(97wvt)} 0 {A(eaw7 t)a}
[F]l,k = ? 8_1/)1 a—wk + ;2- Re 2 awl Bgl)k (30)

Using (30), the following explicit expressions for the blocks of the FIM are derived (see
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Appendix A for details),

Fgg = —Re

Fga = —Re

F,., = -aRe{N_l{(A”AH(O,w,t)) @T;’(t)} {Tm(t)Q(

Foyp =

Fooo = Fgo2=F, ,2=0
where

A £ diag{al7 U ,CXL}

D(6,w,t) £ D(0,w,1)G(w,1)

AYD"(0,w,t)D

{
{
Fo,, = —Q—Re{N—IA D (Bwt){
{
{

(0, w,t)A

AYD™(0,w,1) A0, w,1)Q

}
}

Aowt) )}}

s |0a(01,w;,t) 0a(fy,w,,t) da(f,wp,t)
D0,w,t) = [ 20, , 26, e 2,
Q £ [I,jI]
A gk ¢ T
Tk(t) = gt (—k+1E+UC)
1
u £ cAL [O,dl,--- ,dM—l]T
c £ [sinf),sinb,,... ,sinOL]T

FE is the M x L matrix containing ones in all positions, and 0 is the vector of zeros.
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With (31)-(38), the FIM has the following structure:

F 0
F = : (46)
07 F,2p
where
Fgy Foy Fy,, Fgy,_,
Fs Fys Fso, -+ Faup,
F = FOuo Fguo FVOVO e FVoVK__l . (47)
Fol/}( 1 ngK 1 F;I;()VK 1 e FVK_1VK_1 h

From (47) and the partitioned matrix inversion formula [22], it follows that

F' o0
CRB £ F'= (48)
0" F,., .

Equations (31)-(38), (47), and (48) determine an explicit form of the CRB matrix as a

function of the unknown source parameters.

V. Chirp Beamformer

In the general case, the implementation of the ML estimator (20)-(21) im—folves a highly
nonlinear optimization over the unknown parameter vectors @ and w. Therefore, the
associated computational cost may not be always acceptable. In this section, we simplify
the ML estimator (20)-(21) by deriving the so-called chirp beamformer which requires a
simpler 3D search instead of global optimization. Assuming the single source case3, we
have that the matrix A(8,w,t) simplifies to the vector a(0,w,t), and the LL function

(20) can be written as

2

N-1 -1 /v
Lp(b,w1) = { a” (61, w1, t)a(61,w, t) } Zm a(fy,ws,1)
t=0
1 v 2
= — |3 2 (a0, w,1) (49)
NM |

3This assumption will be relaxed later.

39



where
a(0,,w;,t) = g(w, t)a(f;,w,t) v (50)

and the obvious property @a”a = M is used. Assuming a linear FM (chirp) signal, we
have w; = [wl,o,wl,l]T and, hence, there are only three parameters {6;,w; o,w; 1}, which
correspond to the DOA, initial frequency, and the linear chirp rate, respectively.

Introducing the simplified (subscript-free) notation
0=60,, £=uwp, ¢ =w, (51)

and omitting the constant factor 1/M, we can rewrite the right-hand side of (49) as the

following function:

N-1 2

Y " (t)a(,¢,¢, )

t=0

1

f(gvf,C): 'N-

(52)

Hereafter, (52) will be referred to as the chirp beamformer®.

The parameters of interest can be obtained from the main maxima of (52) by means of a
3D search over the parameters {6, &, (}. It is worth noting that this is a much more feasible
problem than the global maximization of the LL function over L(K + 1) parameters. The
chirp beamformer (52) can be easily applied to the multiple source case under the condition
that the sources are “well-separated” in one or more parameters in (51). This property
follows from the structure of the function (52), which is linear with respect to the second-
order moments of x. Therefore, as in the case of the conventional beamformer [23], [25]
which is widely used in narrowband array processing, the chirp beamformer (52) can be
straightforwardly extended to the multiple source case.

Interestingly, the chirp beamformer has quite a different structure as compared to the

“We use this term because of the obvious analogy with the narrowband conventional beamformer [23] which can

be easily derived from the conventional deterministic ML estimator under the single-source assumption [24].
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conventional beamformer. The latter function is given by [23]

fos(0) = af(h)Ra(6)
1 3= 2
= 5 | (t)a(0)] (53)
t=0
where
f= 13 se () (54)
N t=0

is the sample covariance matrix, and the steering vector does not depend on the temporal
index ¢t. Comparing (52) and (53), we maintain that the conventional beamformer repre-
sents the sum of the squared absolute values of vector inner products, whereas the chirp
beamformer, on the other hand, is determined by the squared absolute value of the sum
of inner products. This essential difference between (52) and (53) can be explained by
the fact that in the chirp signal case, the signal temporal characteristics are taken into
account by means of the parametric time-domain polynomial-phase model. Obviously,
this corresponds to the so-called coherent matched time-domain processing, whereas in the
conventional narrowband case the snapshots z(t) are assumed to be independent and,
therefore, the processing in (53) remains incoherent in time-domain.
In the single-sensor case, the function (52) becomes independent of § and yields

N— 2

-

z(t)e eI /2

f60 = (55)

t=
Note that (55) is frequently used for single-channel chirp signal analysis and is commonly
referred to as the chirp/quadratic-phase transform [4], [26].

An interesting relationship of the chirp beamformer (52) to traditional estimation tech-

niques can be obtained for the conventional harmonic signal case (( = 0). In this case,
a(6,¢,¢,1) = a(0,€,t) = ¢ a(6,) (56)

where the vector a(f,&) is the conventional steering vector, which is identical to that in
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(53). Hence, the beamforming function (52) can be transformed to

£6,6) = |x(€)a,6)
= a¥(0,6)X (&) X" (¢)a(b,€) (57)

where
z(t) e ¢ (58)

is the M x 1 vector of the Fourier-transformed array outputs. The estimator (57) represents

a single-snapshot variant of the frequency-domain conventional beamformer [25]

fe(6,€) = a”(0,&)R(€)a(6,€) (59)
where
o
Z &)X, (60)

=0
is the sample spectral density matrix, the time index 7 indicates the location of the
respective short Fourier transform sliding window®, and P is the total number of sliding
windows (or, in the other words, the number of frequency-domain snapshots).

Similarly to the chirp beamformer (52), a polynomial-phase beamformer can be defined
that corresponds to a more general PPS. In this case, the number of parameters in (52)

will increase, depending on the polynomial-phase model order.

VI. Simulation Results

In all our simulation examples, we assume a uniform linear array (ULA) with omni-
directional sensors. The sonar case [27] is considered with the sound propagation speed
¢ = 1500 m/s, the interelement spacing d = 1.5 m, and the sampling interval At = 0.01 s.

The additive white noise is modeled to have identical variances in each array sensor.

5This index is not shown in (57) because it is a particular case where the single window, whose length is equal

to the whole observation length, is used.
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In each simulation example, the experimental DOA and frequency parameter estimation
root-mean-square errors (RMSE’s) are computed using 50 independent simulation runs
and results for both the ML estimator (21) and the chirp beamformer (52) are displayed.
The Genetic Algorithm (GA) was used to find the global maximum of the LL function
(20). There was no specific initialization of the parameter values. GA is known to be a
globally convergent technique and we established the global convergence property through
our simulations by a proper choice of the GA parameters, so that there are no outliers
caused by the algorithm itself.

It is interesting to compare DOA estimation results for the derived estimators and CRB
with the performance which may be expected in the case when no parametric signal model

in time s used, i.e. when the signal is modeled as
z(t) ~ No(A(0,&(t))s(t), o*1) (61)

where s(t) are arbitrary unknown deterministic waveforms. Note that if both 8 and @ are
unknown, the problem becomes nonidentifiable and the corresponding CRB does not exist.
However, assuming that the instantaneous signal frequencies are exactly known during the
whole observation interval®, we obtain the optimistic deterministic bound corresponding
to the aforementioned case when no signal parameterization in time is used. Hereafter,
this bound is referred to as the benchmark deterministic CRB.

In all subsequent DOA RMSE plots, two CRB’s are displayed. The first bound is
computed using equations (31)-(38) and referred to as the PPS CRB, whereas the second
bound is the benchmark deterministic CRB introduced above. )

In the following three examples, we assume a ULA which receives two equi-powered
chirp sources impinging on the array from the directions #; = 10° and 6, = 15° relative

to the broadside and having the initial continuous-time frequencies 420 Hz and 401 Hz,

respectively, and the continuous-time chirp rates —24 Hz/s and 24 Hz/s, respectively (the

5This is obviously an idealistic assumption but it is used to obtain an optimistic result for the CRB.
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latter correspond to the discrete-time chirp rates wy;; = —0.01508 and w,; = 0.01508,
respectively).

The Wigner-Ville distribution (WVD) computed for N = 100 samples of the sampled
source waveforms is shown in Fig. 1. Note that this and the subsequent WVD plots display
signal waveforms in their baseband representation, which corresponds to downconverted
waveforms’ with the downconversion frequency 400 Hz. In each simulation run, the initial
source amplitudes are fixed and equal to o; = e 7™/® and ay, = e™/4.

In the first example, we assume that M = 10 and SNR = 0 dB. In Fig. 2, the RMSE’s of
the estimated DOA’s are shown along with the two aforementioned CRB’s versus the SNR.
The latter parameter is defined as SNR = —10logo?. Fig. 3 displays the RMSE’s of the
estimates of the discrete-time initial frequency and chirp rate along with the corresponding
PPS CRB’s versus the SNR.

From Fig. 2 it follows that in the direction estimation case, the PPS CRB is significantly
lower than the benchmark deterministic CRB and the performance of the ML estimator
remains very close to the PPS CRB. The RMSE of the chirp beamformer visibly exceeds
the PPS CRB because in the multiple signal case this technique is only an approximate
solution to the ML estimation problem. At the same time, from Fig. 2 we see that
the RMSE of the chirp beamformer is essentially lower than the benchmark deterministic
CRB. This important observation demonstrates the role of the matched polynomial-phase
processing in time-domain and validates essential improvements in DOA estimates which
can be achieved if chirp signals are treated in a correct way. In particular, this comparison
clearly shows that the chirp beamformer is a reasonable approximation of the exact ML
method. More generally speaking, by exploiting the polynomial-phase temporal signal
structure, we are able to improve essentially the DOA estimation accuracy as compared

to the techniques which do not exploit such a structure or use a mismatched signal model.

" According to a common convention, all time-frequency distributions are displayed in terms of the discrete-time

f rather than w = 27 f.
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Fig. 3 clearly demonstrates that both the ML estimator and chirp beamformer have ex-
cellent performances in estimating the frequency parameters. In particular, their RMSE’s
remain close to the corresponding PPS CRB’s. Note again that ML outperforms the chirp
beamformer because in the multiple source case considered, the latter technique is only
an approximation of the exact ML estimator.

In the second examiple, the same parameters as in Example 1 are applied except SNR
and N. We take N = 100 and the performance is examined versus the SNR. For this
example, the DOA estimation RMSE’s are displayed in Fig. 4, whereas the RMSE’s of the
discrete-time frequency parameter estimates are shown in Fig. 5. In both these figures, the
corresponding CRB’s are shown. Similarly to the previous example, the RMSE’s of ML
in Figs. 4 and 5 are very close to the respective PPS CRB’s. However, the performance of
the chirp beamformer can be hardly improved when increasing the SNR. The theoretical
reason for this behavior is that the chirp beamnformer has a significant bias which does
not vanish when increasing the SNR. Since the RMSE includes both the variance and
bias-related terms, it becomes constant at high SNR’s. Note that such a behavior is quite
typical for all conventional (low-resolution) beamforming techniques whose performances
are mainly determined by the aperture and data lengths. However, it is worth noting that
despite such an “error floor” effect, the chirp beamformer outperforms the deterministic
benchmark CRB at low SNR’s (Fig. 4).

In the third example, we assume the same parameters as in the examples above, but fixed
SNR = 0 dB and N = 100. The performances of the ML estimator and chirp beamformer
are tested versus the number of sensors M. The DOA and frequency parameter estimation
RMSE’s of both these techniques are plotted in Figs. 6 and 7, respectively, along with the
corresponding CRB’s. From Fig. 6 we see that at low values of M, the DOA RMSE’s of
both the ML estimator and chirp beamformer are very close to the PPS CRB which, in
turn, is much lower than the benchmark deterministic bound. However, at large sensor

numbers the RMSE of chirp beamformer may exceed both the PPS and the benchmark
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deterministic CRB’s while these two bounds almost merge. Fig. 7 shows that the ML
estimates of the frequency parameters keep close to the corresponding PPS CRB’s. The
chirp beamformer estimates of these parameters are, as a rule, noticeably higher, but still
provide a reasonable quality of the frequency estimates.

To summarize these three examples, note that the proposed ML estimator has an ex-
cellent performance which achieves the corresponding PPS CRB'’s, even-at low SNR’s and
small numbers of sensors/samples. The performance of the chirp beamformer is not as
high, but still remains better than the benchmark deterministic CRB in several practically
important scenarios where the SNR is low and the number of sensors is small. Therefore,
chirp beamformer appears to be a reasonable approximation of the exact ML technique.

In the fourth example, we assume a ULA of M = 10 sensors and two equi-powered
chirp sources with the SNR = 0 dB and the DOA’s §, = 8, = 30°. Here, N = 10 and the
initial continuous-time frequency of each source is equal to 412.73 Hz. The continuous-
time chirp rates are —127.32 Hz/s and 127.32 Hz/s, respectively, which correspond to the
discrete-time chirp rates w;; = —0.08 and wy; = 0.08, respectively.

The WVD computed for N = 100 samples of the signals corresponding to this example is
shown in Fig. 8. From the signal parameter values taken it follows that the two signals are
modeled to have identical DOA’s and initial frequencies — the only difference between them
is in their chirp rates. Fig. 9 displays the 2D slice of the 3D chirp beamforming function
evaluated at their true frequency. From this figure, we observe that chirp beamformer is
able to resolve closely spaced sources (and even sources having the same DOA’s and initial
frequencies), based solely on the diversity of their chirp rates. This fact demonstrates that
there is an essential advantage in parameterizing PPS’s in time, as this enables to make
the processing coherent and matched in time-domain, and, therefore, to exploit the signal
time-frequency diversity.

An important observation is that although the chirp signals used in onr simulations may

be subject to aliasing in time-domain (for example, see Fig. 8), there is no ambiguity in
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their parameter estimates which are obtained using the ML and chirp beamforming meth-
ods. To explain this fact, we stress that both these techniques are space-time processing
methods and there is no aliasing in the spatial domain. Indeed, in all simulation examples
the instantaneous continuous-time signal frequencies do not exceed 500 Hz. The latter
frequency corresponds to the case of array sensors spaced half-wavelength apart. There-
fore, all instantaneous signal frequencies correspond to interelement spacings which always
satisfy the condition d < \/2 and, hence, there is no spatial aliasing. This explains why
there is no ambiguity in the resulting DOA and frequency parameter estimates obtained
using the space-time processing techniques (21) and (52).

We end up this section with a remark prompted by our additional simulations whose
results are not detailed in the interest of brevity. These simulations have shown that in
the large sample size case (N > 1), the PPS direction estimation CRB is practically
independent of the initial signal amplitudes. The same is true for the PPS CRB on the

frequency parameters.

VII. Conclusions

The problem of direction finding in sensor arrays in the presence of multiple wideband
constant-amplitude polynomial-phase signals was addressed. A new form of the maximum
likelihood estimator of signal parameters was presented. This algorithm concentrates the
problem .at hand with respect to the nuisance initial signal amplitude parameters and is
based on the optimization of a nonlinear log-likelihood function.

Furthermore, we derived explicit expressions for the exact Cramér-Rao bound on the
accuracy of estimating the signal model parameters. The performance of the maximum
likelihood algorithm was illustrated by numerical examples and compared to the obtained
Cramér-Rao bound.

Since the proposed exact maximum likelihood estimator may be computationally in-

tensive, a simpler approximate technique was presented, originating from the analysis of
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the log-likelihood function in the single chirp signal case. As a result, a new form of
spatio-temporal matched filter (referred to as the chirp beamformer or, more generally,
the polynomial-phase beamformer) was derived, which is applicable to a wide class of mul-
tiple polynomial-phase signal scenarios. Our chirp beamforming approach requires solving
a 3D optimization problem and, therefore, enjoys essentially simpler implementation than
that associated with the exact maximum likelihood technique. Numerical examples were
presented showing the DOA estimation performance of the chirp beamformer against the
Cramér-Rao bound for different values of SNR, as well as different numbers of snapshots
and array sensors. Although the exact ML estimator outperforms the chirp beamformer,

the latter technique appears to be a reasonable approximation of ML.
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Appendix A: Derivation of the FIM

Let us obtain closed-form expressions for all particular subblocks of the FIM.

Direct computations yield

0 {aHAH(O,w,t)}

~H
3Re (o) = A (6,w,t) (62)
a{aHAH(B,w,t)} o
Alm (o} = —jA (0,w,t) ~ (63)
Introducing the L x 2L matrix
Q £ [I,jI] (64)

we can rewrite (62) and (63) in a compact form as

) {aHAH(e, w, t)}
&

=Q7A"(6,w,t) (65)

Straightforward computations also yield

a{aHAH (0,w,t)}

= ofGY (w,t) ee] D7 (0,w,1)
00,

= afeelG? (w,t) D" (0,w,t)
= aeel D" (6, w,t) (66)
where e; is the Ith column of the identity matrix (i.e. vector containing one in the Ith

position and zeros elsewhere), the diagonal structure of G (w, t) is used, and the following

notations are introduced:

DO,w,t) 2 D(6,w,t)G(w,1) (67)
s [0a(01,w1,t) 0a(fs,ws,1) O0a(fr,wp,t)
D(e?w? t) - I: 691 ? 802 2R ) aaL (68)

From (66), we obtain that

a{aHA”(a,w,t)}
0

. . . H
= [D 0,w,t)eela, D (8,w,t)esela, ..., D(8,w,t) eLefa]
= ATD"(9,w,1) (69)
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where

A £ diag{on, -, a1}

Let us introduce the following notation

hk (wl, t) —‘A:

>

g(w,1)
Hk (w,t)

Il

bm,k(ela U)l,t) é

Bk(97w7t) é

lI>

II>

ol

~
o

SN
>

ag (wlv t)
&u,,k

tk+1

k+1

J

[9(w, 1), g(wa, 1), .

dg” (w,1)
al/k

diag {hg(w1, ), ..

tk+l

J

k+1

G(w,t)

lawht)

Oa(6

awmyk
j tk sin 91 U a(0,, wy, t) 6l,m

1
c At

diag {sin6;,sin b,, . .

dlag {0, dl, ces ,dM_l}

K-1
exp {j S
s=0

. e 7g(wL’ t)]T

ts+l

s+1

}

yhi(wi, )}

.,sinf.}

[30(91,w1,t) 0a(fy,wo,t)

[siné

1 T
— e dpr—
CAt [01d1, y UM 1]

1,8inf,, ... ,sinf
t

— E T

F 1 +uc)

jtk (

60.)1,16 ’ &uzk
jt*UA(0,w,1)C

]T

g ooy

60(9L,(4JL, t)

6(4)[,’)6

(78)
(79)
(80)
(81)

(82)

where E is the matrix containing ones in all positions and d; ., is the Kronecker delta.
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|
|
f
Using (71)-(79), we obtain that

~H
8{aHA (vaat)} 8{gH(w,t)AHAH(9,w,t)}
Owy k Owy i

0 {g"(w,t
= ———-{gaufw’ )} ATAT(0,w,t) + g% (w,t)AH
Lk

0 {AH(B,w,t)}
Bwl,k
= elTHf(w, t)AHAH(O, w,t) + gH(w, t)AHele;‘rBf(O, w, t)(83)

From (83), (73), and (78), it follows that

) {aHA”(e,w,t)}
= Hf(w,t)A" A7 (0,w,1)

8l/k
+ [Bi(0,w, t)eie] Ag(w, ), ..., Bk(B,w,t)eLegAg(w,t)]H
= H{(w,t)ATA"(0,w,t) + GH(w,t)AT B (0, w,1)
_ ) tk+1 " H oAl
= —jk+1G (w, ) A" A7 (0, w, 1)
—jt*GH(w, ) A¥ CAH (0, w,t)U (84)

Using (80), (81), and exploiting the diagonal structure of the matrices A, C, and U, we

can write
GH(w,)AY CAH(0,w,)U = (AH A7(6,w, t)) o (cu”) (85)

where © is the Schur-Hadamard (elementwise) matrix product. Inserting (85) into (84)

and using (82) gives

9 {aHAH(o,w, t)}
oV

= (a%4"(6,w,) 0T () (86)

Using (30), (65), (69), and (86), we obtain the explicit expressions (31)-(38) for the FIM
subblocks.
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Fig. 1. WVD of the source waveforms. Examples 1-3.
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Fig. 2. Comparison of the DOA estimation RMSE’s of the ML estimator and chirp beamformer with the

PPS and benchmark deterministic CRB’s versus the number of snapshots. First example.
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PPS and benchmark deterministic CRB’s versus the SNR. Second example.
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Abstract

Several subband array methods have been proposed as useful means to perform joint spatio-temporal
equalization in digital mobile communications. These methods can be applied to mitigate problems caused
by the inter-symbol interference (ISI) and co-channel interference (CCI). The subband array methods
proposed so far can be classified into two major schemes: (1) a centralized feedback scheme and (2) a
localized feedback scheme. In this paper, we propose subband arrays with partial feedback scheme, which
generalize the above two feedback schemes.

The main contribution of this paper is to derive the steady-state mean square error (MSE) performance
of subband arrays implementing these three different feedback schemes. Unlike the centralized feedback
scheme which can be designed to provide the optimum equalization performance, the subband arrays
with localized and partial feedback schemes are in general suboptimal. The performance of these two
suboptimal feedback schemes depends on the channel characteristics, the filter banks employed, and the

number of subbands.
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I. Introduction

Mobile communication systems are developing toward higher-speed digital wireless net-
works. Their applications are rapidly expanding from voice transmission to a wide class
of multimedia information. In the new wireless networks, the communication channels
are often frequency-selective, which makes the inter-symbol interference (ISI) to be highly
pronounced. Another important problem in mobile communication is the co-channel in-
terference (CCI), which is the result of frequency reuse in cellular systems.

Adaptive arrays implementing spatial or spatio-temporal equalizations prove useful in
suppressing both ISI and CCI, leading to improved communication quality and increased
communication capacity [1]-[4]. Specifically, space-time adaptive processing (STAP) tech-
niques are power tools to achieve spatio-temporal equalizations. The high complexity and
slow convergence, however, are key issues in practical implementation of STAP systems.

Recently, subband adaptive array methods have been proposed as alternative tools for
spatio-temporal equalization. The authors have proposed in [5] - [8] to use subband
arrays to realize joint spatio-temporal equalizations. This concept has also been extended
to subband STAP schemes [9], [10]. Compared with conventional STAP systems, subband
adaptive arrays offer amenability to parallel implementations [8], rapid convergence [11],
[12], and a reduction of processing complexity [13], [14]. Subband processing is cast in [15]
as an elegant and computationally efficient solution to the needs for increased bandwidth
in array processing applications.

The subband array methods proposed so far can be classified, in terms of the definition of
error signals used to control the weight updation, into two major classes: (1) a centralized
feedback scheme and (2) a localized feedback scheme. A subband array with the localized
feedback scheme allows parallel subband processing with greatly reduced computations at
each subband, accompanied with improved convergence. These features are vert attractive

in STAP implementations, as the system complexity increases sharply when either or all
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of the data rate, delay profile, and the number of array sensors increase.

We propose in this paper the partial feedback scheme, which generalizes the above
two feedback schemes. The proposed partial feedback scheme pefmits more flexibility in
trading-off the system complexity, converegence, and the steady-state mean square error
(MSE) performance.

Our main contribution in this paper is analysis of the MSE performance of subband
arrays with the three different feedback schemes. For simplicity of analysis and comparison,
it is assumed that the reference signal is available. For the centralized feedback schemes,
reference [16] has shown that frequency domain array processing provides the same steady-
state MSE performance as that offered by the STAP system, using tapped delay-lines
(TDL). Reference [17] provides important comparison results between the centralized and
localized feedback schemes. However, such comparison was limited to the simulation
results, and analytical support was not presented.

In this paper, we consider the analytical results of MSE performance of subband arrays
with the three different feedback schemes. To the best of our knowledge, such results for
the localized and partial feedback schemes have not yet been produced. It is shown in the
following discussion that, unlike the centralized feedback subband array, which gives the
optimum spatio-temporal equalization performance, the MSE performance provided by the
-localized and partial feedback subband arrays are generally suboptimal. The performance
of these two suboptimal feedback schemes depends on the channel characteristics, the filter
banks employed, and the number of subbands.

This paper is organized as follows. In Section 2, we introduce the signal model, and
the steady-state MSE performance of the STAP systems is described. In Section 3, the
subband decomposition is introduced, and the steady-state MSE performance of the cen-
tralized feedback subband array is derived and shown to be equivalent to the optimum
STAP results. Section 4 analyzes the steady-state MSE performance of localized feedback

subband arrays. In Section 5, the partial feedback scheme is proposed and its steady-state
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MSE performance is analyzed. Section 6 provides simulation examples for the covariance
matrices of the original and the subband signals. The MSE results are compared for

different feedback schemes.

I1I. Signal Model

We consider a base station that uses an antenna array of N sensors with P users, where
P < N. The signal of interest is denoted by s;(1),! € (—o00, 00), whereas the signals from
the other users are denoted by s,(l), p = 2, ..., P. Accordingly, the received signal vector
Z(l) at the array, expressed in discrete form, is given by

p &0 - -
=3 2 sp(m)hy(l—m)+b(l) (1)
p=lm=—00
where

sp(1): information symbol of the pth user,

l_ip(l): channel response vector of the pth user,

b(1): additive noise vector.

In this paper, we restrict the discussion to T-spaced equalization (i.e., sampled at the
symbol rate) for simplicity. We make the following assumptions.

A1) The user signals s,(l),p = 1,2,..., P, are wide-sense stationary and independent
and identically distributed (i. i. d.) with E[s,(I)s;(l)] = 1, where the superscript * denotes
complex conjugate.

A2) All channels h »(1),p= .., P, are linear time-invariant and of a finite duration
within [0, D,). That is, A,(I) = 0,p=1,2,..., P, for { > D, and [ < 0.

A3) The noise vector b(l) is zero-mean, temporally and spatially white with
E[BNST ()] =0, and EpB()bY ()] = oly,

where the superscripts 7 and ¥ denote transpose and conjugate transpose, respectively, o

is the noise power, and Iy is the N x N identity matrix.
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Considering M successive snapshots, we have

x(l) = éHpsp(l) +b(l) | 2)
where
x(l) = [ #TA-1) - F(l-M+1)]" (3)
hy (0) ho(Dy) 0 0
H, - 0 Fy(0) hp(D,) O 0 "
0 0 £y0) hp(Dy)
sp(l) = [5(1) 5(1 = 1) -++ 8,(1—= M = D, +1)]" (5)
and
b(l) = [67() BT(—1) --- BTU-M+1)]", (6)

Denote (m) as the weight vector of the STAP system corresponding to Z(! — m), and

define w(l) = [@T(1),---, 07 (1 - M + 1)]T. Then, the output of the STAP becomes
y() = wi(O)x() = Y @ (m)Z(l - m). (7)
Using the minimum mean square error (MMSE) criterion,

(8)

min E |y(1) — s:( — v)* = min E [wx(1) - s,(1 — v)|

where 0 < v < M + D; — 1 is an appropriate time delay which minimizes the MSE [10],
then the optimum weight vector is given by the Weiner-Hopf solution

Wopt = R”lr (9)
where

R = E[x*([)xT ()] (10)
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is the correlation matrix of x({), and
r = E[x*(1)s;(l — v)] (11)

is the cross-correlation vector between x(l) and the training signal, which is assumed to
be an ideal replica of s;(l). The superscript * denotes complex conjugate. Substituting

(2) to (11) yields

- = E[H:s!()s1(l — v)] = Hley1, (12)

(Z H,s,(l) + b(l)) s1(l — v)

=1

where €,17 = [0 --- 01 0---0]7 is a vector whose elements are zero except that at the
v + 1 element being 1. It is obvious that r is the (v + 1)-th column of HJ.

Since R is Hermitian, then the MMSE is given by

MMSE = E|wlx(l) - s:(1)]"
= BT ®RYTx() - 5:0)]]
= rT(RY)TEx()x" (Rt
—rT(R-YHYTE[x(1)s*(1)] (13)
+E[s1(1)s1(1)]
—rfR7'E[x*(1)s1(1)]

=1-rfRIr.

III. Subband Arrays
A. Subband Decomposition

Subband decomposition is performed by exploiting a set of analysis and synthesis filters.
Discrete Fourier transform (DFT) and modified-QMF filter banks are examples of perfect
reconstructed (PR) and near-perfect reconstruction (NPR) filter banks, respectively [8].
Decimation can be applied between the analysis filters and the synthesis filters to reduce

the processing data rate. The decimation rate should not exceed the number of subbands.
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Such decimation, however, often reduces the steady state system performance due to
aliasing. We maintain that, the PR and NPR properties can be easily destroyed if adaptive
techniques are employed between the analysis filters and the synthesis filters because of
the changes in the aliasing characteristics. In this paper, no decimation is performed for
subband signal components. In this case, the synthesis filters are either not necessary, or
can be integrated at the analysis filters.

Let the subband decomposition devide the data sequence at the output of ith virtual
channel, #;(l), into ) subband sequences, asgl)(l), .- -,ng)(l), where the superscript (m)
denotes the signal component at the mth subband. We define

xr(l) = [(:E’(Tl)(l))T . (j’(TQ)(l))T]

T

as the signal vector for the subband arrays with
0 = [0 0,570 50 0]
As a general expression, we can relate xr(!) and x(I) by a QN x M N transform matrix as
x7(l) = Tx(l). (14)

We only consider the specific cases where T is square (i.e., @ = M) and unitary (i.e.,
TTH =THT = Inn). That is, the number of subbands is set equal to the number of the
snapshots at each array sensor. This kind of subband processing is also known as real-time
transform-domain processing [18].

A good example of such transform is the DFT filter bank, where the transform matrix

T can be expressed in the form

T =P (Iy®T,)P (15)
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where ® denotes Kronecker product, and

Wy Wy Wi e Wo
1 I/Vi?l Wzb Wf{ Tt Wﬁ -
To = W . . (16)
7 A~ M- M-1)?2
Wi, Wt wa e w Y

with Wi = exp (%}l) In (15), P is a permutation matrix to change the order of the
elements of vector x(/) such that the M samples at each array sensor align together.

The DFT filter bank satisfies the PR condition [19] because the only non-zero sum of
the column vectors (i.e., the coefficients of the analysis filters for different subbands) of

T, appears at the first column.

B. Subband Array with Centralized Feedback

In this part, we consider the subband array with centralized feedback scheme, as illus-
T
trated in Fig. 1. Weighting x(I) by the weight vector wr = [(W(Tl))T (WShT ... (W(TM))T] ,

the output of the transform domain array system becomes
yr(l) = wixr(l) = wiTx(l). (17)
Again, using the MMSE creterion

min E [yr (1) — s1(( - v)[°

) (18)
=min £ |w§xT(l) —s5(l— v)l ,
wr
the optimum weight vector becomes
where
Ry = E[x;(D)x%()] = T*RTT (20)
is the correlation matrix of x7({), and
rr = E[x5()s1(l = v)] = T'r (21)
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is the cross-correlation vector between xr(l) and s;(! — v). When the optimum weight

vectors are used for both STAP and the subband array, it is straightforward to show
yr(l) = Wi, Tx(1) = wg,x(1) = y(l), (22)
and that the MSE of the subband array equals to the MMSE of the STAP systems

MSEcr = E|yr(l) — (I —v)[?
= Ely() - s(-v)f (23)

= MMSE.

IV. Subband Array with Localized Feedback
A. Structure

Subband arrays with the localized feedback scheme are often used for reduced system
complexity and improved convergence performance. The basic idea behind the localized
feedback is that the signal correlaton between signals at different subbands are often small
due to the decorrelation function of the subband decomposition. Therefore, the signals at
different subbands can be processed separately. A subband array with localized feedback
scheme is illustrated in Fig. 2.

In the localized feedback scheme, the reference signal is decomposed into its subband

version

m 1 m) -
s —v) = T T5 - v), (24)

which is then used as the reference signal at the mth subband, where
Y = __]_M—[WM Wiy - Wy (25)

is the mth row of the matrix T,, and

Sl-v)=[s(=v) sil=v=1) -+ si(l—v =M+ 1]
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is the M samples of the reference signal used for the subband decomposition. The factor
1/v/M used in (24) is to normalize the power of the reference signal at each subband

because

ZT )5l —v) = [ZW" ZWM-- ZI/IMJSIZ—U)z\/Msl(l—v). (26)

The N x 1 weight vector at the mth subband, independent of other subbands, can be
obtained from the N x N correlation matrix R{"™ = E [x(Tm)(l)(xgrm)(l))H] and the N x 1

correlation vector i = E [(X(Tm)(l))* s - v)] as

wi = (RE) e, (27)
B. Performance Analysis
Denote )
RY o 0
0o RY 0
Rp=| | 7 (28)
o o : R®M
and
, T T T
ry = [(r(Tl)) ()7 o (1) ] ' (29)
Using the following property of block-diagonal matrix
(RY)T 0 o0 ]
- U
R =| o (30)
0 o i (Ry)7

the weight vector of the localized feedback subband array can be expressed as

(RE)'ry "




As implied from (28), R} is the block-diagonal approximation of Ry by ignoring its off-
block-diagonal elements. On the other hand, the cross-correlation vector between the

received signal vector and the reference signal at the mth subband is

i =E[(x"0) M0 - v)

=F :(T(m)x(l))* s™ (1 — v)]

= E |(T™)’ ( > H,s, (1) + b(l)) \/%Tf,m’é’l (- v)] (32)

[T B [s10057 (1 - v)] [T¢V]

o]

-5l

* T
[T 3, [T¢7)
where T(™ is the N x M N submatrix of the matrix T corresponding to the mth subband,

J, is an (M + D; — 1) x M matrix expressed as, provided that we choose v < Dy,
3o =B [s0F -] = [0] Ly 0p,..[", (33)

where 0, denotes the zero matrix of size v X M.

Therefore, the MSE of the localized feedback subband array is given by

2
MSErr = E|s1(l) ~ w'rxr(l)|

= 1+ 2 (RY) " Rr(Ry) rf (34

—2Re [r’g(R,’.p)“er] i
Equation (34) implies that the localized feedback subband array approach is suboptimal,
and, its performance depends on the significance of the cross-correlation between signals

at different subbands. It is clear from (20) and (34) that the off-block-diagonal elements of

matrix Ry depends on both the transform matrix T and the channels H,,p=1,2,..., P.

V. Partial Feedback Scheme of Subband Arrays

In the previous section, we discussed the subband array with the localized feedback

scheme as an approximation of the subband array with the centralized feedback scheme.
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The former scheme has an independent weight update loop at each subband, at the cost
of performance degradation, since the cross-correlations between different subbands are
neglected in the weight estimation.

To provide more flexibility in trading-off the system performance and the complexity,
we introduce subband arrays with the partial feedback scheme. As will be depicted, the
partial feedback scheme is indeed a generalization of the centralized and localized feedback
schemes, both can be considered as two extreme cases of the partial feedback scheme.

A subband array with partial feedback scheme is shown in Fig. 3, where the total M
subbands are devided into K groups. The number of subbands in kth group is M, k =
1,2,..,K, with M; + My +---+ Mg = M. In this paper, we consider the simple case of
My=M,=---=Mg=M/K.

In this case, the signal covariance matrix Ry is approximated by a new block-diagonal

matrix R with a larger block size M, N, expressed as

R o .. 0 _
(G2)
0 ... 0
rp=| 0 . (35)
o o : R
where
(Rr)e-nmn+1,e-mn+1 - (RT) k1) N4 1600 N
G : .
RY = : : (36)
(RT) kM, Ny(k—1)M; N+1 e (R7)ka N jea, N

and (Rr);; is the (4, j)-th element of matrix Rr. When M, > 1, since fewer off-block-
diagonal elements are ignored in R} as compared with R/, the partial feedback scheme
should provide more accurate optimum weights estimation and subsequently better MSE

results than those of the localized feedback scheme.
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Similar to (30), we have

(ngwGl))—l 0 BT 0
L]0 ®T e o
(Ry)™ = : .- (37)
0 0 LR

Therefore, the weight vector in the partial feedback scheme is given by

(Rq(wGl))_lr;GI) 1

(R,(TG2))_11‘(GZ)
wp = (R7) 7' = o (38)
(RQ(WGK))—II.:(FGK) |
where
o = B [(xF 1) s 0)], (39)
" G\ T G\ T
rT:[(rT ) (I'T )] ) (40)
sgc’“) is the reference signal at the kth group, and
T
XC(I‘Gk)(l) [(xggk—l)M1+1)(l))T (X(TIfMl)(l))T] . (41)

The MSE of the partial feedback subband array is therefore
MSEpr = Elsi() - w'pxr(D)]
= 1+ "8 (RY) "R (RY) ' (42)
—2Re [r”?(sz'a)‘er] :

V1. Simulation Results

A three-element linear array with half wavelength inter-elementv spacing is considered.
Two user signals are illuminating the array (P=2), each has a maximum delay spread of 5
symbols (D = D; = D, = 5). Six multipaths are randomly generated for each user whose
detailed parameters are given in Tables 1 and 2, respectively. The input signal-to-noise

ratio (SNR) is 20 dB for both signals.
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Fig. 4(a) and (b) show the magnitude of the correlation matrices R and Ry, where
M=8. In Fig. 4(a), —60 dB is used to represent zero values so as to avoid errors in
decibel calculation. In Fig. 5(a) and (b), we show similar results for M=32. It is clear
that, while the value of R for different taps would be large depending on the channel
coefficients, the value of Ry between different subbands becomes much smaller. However,
the cost is increased floor values of the correlation matrix. The sidelobe effect is reduced
as the number of subbands increases, as evident when comparing Fig. 4 and Fig. 5. This
reduction is responsible for improving the MSE performance and pusing it closer to the
optimum MMSE.

Fig. 6 shows the MSE performance for different feedback schemes. The number of
subbands M changes from 4 to 32, and the MSE performance at different values of M;
are evaluated. The dashed line shows the asymptotical lower bound of the MSE as M
increases towards infinity. It is shown in Fig. 6 that the difference between different
feedback schemes is large when M is relatively small (M is 4 or 8 in this figure) and small
for large value of M (M is 16 or 32). Therefore, the subband array with localized or partial
feedback schemes can closely approach the optimum MMSE performance when increasing

the number of subbands.

VII. Conclusion

We have analyzed the perforﬁance of subband arrays with different types of feedback
schemes, and the expressions of the steady-state mean square error (MSE) have been de-
rived. It has been shown that subband arrays with localized and partial feedback schemes
are generally suboptimal, and their performance depends on the channel characteristics,
the filter banks employed, and the number of subbands. The proposed partial feedback
scheme generalizes the subband arrays with centralized and localized feedback schemes,
and provides more flexibility in trading-off the system complexity with the MSE perfor-

mance.
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TABLE 1

PARAMETERS OF THE SIGNAL OF USER 1

hy AOA (deg)

7= 0 0.7016 + 70.0000 33.54

7= T 0.1188 + 50.0570 18.06

7=2T —0.1353 + 50.3165 38.26

r=3T -—0.2231-370.1808  5.89

T7=4T  0.1476 + j0.2898 34.79

T=5T —0.3106 — 70.2945 30.78

TABLE II

PARAMETERS OF THE SIGNAL OF USER 2

ho AOA (deg)

7= 0  0.6787+ ;0.0000 47.77

T= T 0.1561 — j0.0592 54.82

T=2T —0.2173 + j0.3342 68.07

T=3T —0.2801 + 50.1987 55.60

T=4T -0.1119 + 50.2950 39.89

7=5T —0.3122 4+ j0.1938 44.11
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Abstract

We address the problem of blind source separation of non-stationary signals of which only instan-
taneous linear mixtures are observed. A blind source separation approach exploiting both auto-terms
and cross-terms of the time-frequency (TF) distributions of the sources is considered. The approach is
based on the simultaneous diagonalization and anti-diagonalization of a combined set of auto-term and
cross-term time-frequency matrices, respectively. Numerical simulations are provided to demonstrate the

effectiveness of our approach and compare its performances with existing TF-based methods.
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I. Introduction

Blind source separation consists of recovering a set of signals of which only instanta-
neous linear mixtures are observed. Signal separation algorithms are based on the main
assumption of mutual independence of the source signals. Various techniques have been
proposed, including the separation by maximum likelihood [3], separation by decorrelation
and rotation [1], [?], separation by neural networks [2], separation by contrast function
[9], separation by information-theoretic criteria [10].

For non stationary source signals, blind source separation based on time-frequency dis-
tributions has been introduced in [5], [6]. The methods consider only auto-terms of the
signal time-frequency distributions. They exploit the diagonal structure of the so-called
Spatial Time-Frequency Distributions (STFDs) of the source signals, evaluated at the
auto-term TF points. In this paper, we propose to exploit, in addition to the auto-terms,
the cross-terms of the signal time-frequency distributions. This is achieved by exploiting
the anti-diagonal structure of the STFDs of the source signals, evaluated at the cross-term
TF points. Moreover, we propose an automatic selection procedure to decide, with no
a priori knowledge about the sources, whether a considered TF point corresponds to an
~auto-term or a cross-term.

As a consequence, in comparison with the method in [5], the proposed one is more
robust to noise and TF point selection errors and results in better separation quality of

the sources.

I1I. Problem formulation

Consider m sensors receiving an instantaneous linear mixture of signals emitted from
n < m sources. The m x 1 vector x(t) denotes the output of the sensors at time instant ¢

which may be corrupted by additive noise n(t). Hence,

x(t) = As(t) + n(t), (1)
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where the m x n matrix A is called the ‘mixing matrix’. The n source signals are collected
in a n x 1 vector denoted s(t) which is referred to as the source signal vector. The sources
are assumed to have different structures and localization properties in the time-frequency
domain. The mixing matrix A is full column rank but is otherwise unknown. In contrast
to traditional parametric methods, no specific structure of the mixture matrix is assumed.

The problem of blind source separation has two inherent ambiguities. First, it is not
possible to know the original labeling of the sources, hence any permutation of the esti-
mated sources is also a satisfactory solution. The second ambiguity is that it is inherently
impossible to identify the scaling of the source signals. We take advantage of the second
indeterminacy by treating the source signals as if they have unit power. This normaliza-
tion still leaves undetermined the ordering and the phases of the columns of A. Hence, the
blind source separation is a technique for the identification of the mixing matrix and/or

the recovering of the source signals up to a fixed permutation and some complex factors.

IT1. Spatial time-frequency distributions _
The discrete-time form of Cohen’s class of Time-Frequency Distributions (TFD) for a
signal z(t) is given by [7]

Do.(t, f)= z ¢(m, Dx(t +m + )z* (t + m — [)e 347! (2)

where ¢ and f represent the time index and the frequency index, respectively. The kernel
@(m, 1) characterizes the distribution and is a function of both the time and lag variables.
The cross-TEFD of two signals z;(¢) and z,(¢) is defined by

Dzlzz t f Z¢ m, l xl(t +m + l)xz(t +m - l) —j4~ fl (3)

Iim=—c0
Expressions (2) and (3) are used to define the following data spatial time-frequency distri-
bution (STFD) matriz,

Dy (t, f)= Zq’)ml (t+m+Dx"(t +m — l)e 7/ (4)

l;m=—00
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where [Dxx(t, f)]ij = Dqys,(t, f), for i,j =1,---,n and the superscript ¥ denotes the
transpose conjugate operator.
Under the linear data model (1) and assuming noise-free environment, the STFD matrix

takes the following structure:
Dyx(t, f) = ADy(t, f)AY (5)
where Dg(t, f) is the signal TFD matrix whose entries are the auto- and cross-TFDs of

the sources.

Auto-STFD:. We define the auto-STFD by
Di.(t, f) = Dg(t, f) for auto-term TF points (6)

Since the off-diagonal elements of Dg(t, f) are cross-terms, the auto-STFD matrix is
quasi diagonal for each TF point that corresponds to a true power concentration, i.e.

signal auto-term.

Cross-STFD:. We define the Cross-STFD by
D¢ (t, f) = Dss(t, f) for cross-term TF points (7)

Since the diagonal elements of Dg(t, f) are auto-terms, the cross-STFD matrix is quasi
anti-diagonal (i.e. its diagonal entries are close to zero) for each TF point that corresponds

to a cross-term.

IV. Proposed algorithm

Let W denote an m X n matrix, such that (WA)(WA)¥ = UU¥ =1, i.e. WA is an
m X m unitary matrix (W is referred to as the whitening matrix, since it whitens the
signal part of the observations). Pre- and post-multiplying the TFD-matrices Dyx(t, f)

by W, we define the whitened TFD-matrices as:

D_xx(t5 f) = WDXX(t’ f)WH (8)
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From the definition of W and Eq.(5), we can express D, (¢, f) as
Dxx(ta f) = UDy, (t, f)UH ) (9)

Joint Diagonalization (JD):. By selecting auto-term TF points, the data auto-STFD will

have the following structure,
Dg, (¢, f) = UDg(t, /)U” (10)

where D¢, (¢, f) is diagonal. The missing unitary matrix U is retrieved (up to permutation
“and phase shifts) by Joint Diagonalization (JD) of a combined set {D2%, (t;, f;)|i = 1,---,p}
of p auto-STFD matrices. The incorporation of several auto-term TF points in the JD
reduces the likelihood of having degenerate eigenvalues.
The joint diagonalization [4] of a set {M|k = 1..p} of p m x m matrices is defined as

the maximization of the JD criterion:

P m
def
C(V)=E Z Z [vEIM,v;)? (11)
k=11i=1
over the set of unitary matrices V = [vy,---,v,]. An efficient joint approximate diago-

nalization algorithm exists in [4] and it is a generalization of the Jacobi technique [8] for

the exact diagonalization of a single normal matrix.

Joint Anti-Diagonalization (JAD):. By selecting cross-term TF points, the data cross-

STFD will have the following structure,
DZ,(t, f) = UDL(t, f)U" (12)

where D¢ (2, f) is anti-diagonal. The missing unitary matrix U is ‘uniquely’ (i.e. up to per-
mutation and phase shifts) retrieved by Joint Anti-Diagonalization (JAD) of a combined
set {Dgs, (ti, fi)]i =1, -+, ¢} of ¢ STFD matrices.

The joint anti-diagonalization is explained by first noting that the problem of anti-

diagonalization of a single m x m matrix N is equivalent! to the maximization of the

1This is due to the fact that the Frobenius norm of a matrix is constant under unitary transform, i.e.
norm(N) =norm(V#NV).



criterion

C(N,V) ¥ -3 |vANv,]? (13)

i=1
over the set of unitary matrices V = [vy,--+,vy]. Hence, JAD of a set {Nk|k = 1..¢} of

g m X m matrices is defined as the maximization of the JAD criterion:

q qg m
CV)E S CNLV) =-S5 VN, ? (14)
k=1 k=11i=1

under the same unitary constraint. A Jacobi-like algorithm has been derived for the

maximization of the JAD criterion (14).

Combined JD/JAD algorithm:. The Combined joint diagonalization and joint anti-diagonalization
of two sets {My|k = 1..p} and {Nk|k = 1..q} of m x m matrices is defined as the maxi-
mization of the JD/JAD criterion:
def = [ & G
OV 3= (3 WM - 3 N (15
=1 \k=1 k=1
over the set of unitary matrices V. = [vy, -+, vy,]. A Jacobi-like algorithm has been

derived? for the maximization of the JD/JAD criterion (15).

Selection procedure:. The success of the JD or JAD of STFD matrices in determining the
unitary matrix U depends strongly on the correct selection of the auto-term and cross-term
points. A simulation example is given in Section 6. to emphasise this point. Therefore,
it is crucial to have a selection procedure that is able to distinguish between auto-term
and cross-term points based only on the STFD matrices of the observation. Here, we
propose a selection approach that exploits the anti-diagonal structure of the cross-term

STFD matrices. More precisely, we have

Trace(D,(t, f)) = Trace(UDE(¢, £)UH)

= Trace(D(t, f)) = 0.

2Details of the JAD algorithm are omitted here due to space limitation.
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}

Based on this observation, we derive the following testing procedure:

if :2?;?((3::((2 j:)))) < € —» decide that (¢, f) is a cross-term
T D_ (¢t
f n:)?fr(:((];::((t:}{)))) > ¢ — decide that (¢, f) is an auto-term

where € is a ‘small’ positive real scalar. The correct choice of the value of € is still under

investigation. An ad-hoc value (e = 0.1) has been used in our simulation experiment.

Identification Procedure:. Equations (5-15) constitute the proposed blind source separation
approach which is summarized by the following steps:

o Determine the whitening matrix W from the eigen-decomposition of an estimate of the
covariance matrix of the data (see [5] for more details).

o Compute the TF distribution of the array output according to (4).

« Select a set of TF points (usually corresponding to the high amplitude points of the
signal TF transform) then distinguish between auto-term and cross-term points using the
above selection procedure.

o Determine the unitary matrix U by maximizing the JD/JAD criterion applied to the
whitened STFD matrices computed at the selected TF points.

« Obtain an estimate of the mixture matrix A as A = W#U, where the superscript #

denotes the pseudo-inverse, and an estimate of the source signals §(t) as §(t) = UfWx(¢).

V. Discussion

We give here some comments to get more insight into the proposed blind source sepa-
ration (BSS) method:

1) In practice, the source cross-STFD matrices will not be purely anti-diagonal. This
is because some auto-terms, through their side lobes or main lobes, will intrude over the
cross-term regions. The cross-terms will be however the dominant components. This
situation is similar to the earlier work on joint digonalization of STFD selecting auto-

term points [5], where the source auto-TFD matrix are not purely diagonal because of
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cross-term intrusion. This impairment is taken care of thanks to the joint approximate

character of the diagonalization and the anti-diagonalization algorithm and its robustness.

2) In contrast to the previously proposed Time-Frequency Separation (TFS) approach [5],
the new proposed algorithm, allows selecting TF points in both auto-term and cross-term
regions, as both regions provide separate key information about the signals. This results

in a better separation performance (see simulation example in Section 6.).

3) The cross-term issues rise in both t-f and ambiguity domain based BSS. Therefore

our blind separation method can be applied to both domains.

4) The smoothing kernel reduces the cross terms by re-distributing them across the t-f
domain, rather than being concentrated at specific points where they can be confused
with real energy. This re-distribution process will place some of these terms on the top
of the autoterms, rendering the STFD matrix, constructed from autoterms, non-diagonal.

So, in many cases, the Wigner-Ville distribution is more robust then any other distribution.

5) The JAD algorithm provides an estimate of the unitary matrix U and cross-STFD
matrices DS (¢, f). A necessary condition for the uniqueness of the solution is that the
number of equations is greater than the total number of unknown parameters. This leads
to the condition ¢ < m — 1 where ¢ is the number of the m x m matrices to be fed to the
JAD algorithm. Note that for the JD algorithm we need only p < 1 as necessary condition.

A more detailed study on the identifiability of the problem will be given elsewhere.

VI. Simulation

First experiment:. We consider a uniform linear array of n = 3 sensors having half wave-
length spacing and receiving signals from m = 2 sources in the presence of white Gaussian

noise. The sources arrive from different directions ¢; = 10 and ¢, = 20 degrees. The
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emitted signals are two chirps. The kernel used for the computation of the TFDs is the
Wigner-Ville kernel. Eight STFD matrices are considered.

The performance is characterized in terms of signal rejection. The mean rejection level
is defined as

¥ ; E|A*A,, (16)
a7p

We compare in Figure 1 the performance of the TFS algorithm proposed in [5] and the new
algorithm for a signal-to-noise ratio (SNR) in the range [5 - 20 dB]. The mean rejection
levels are evaluated here over 100 Monte Carlo runs with 1024 samples. It turns out that,

in this case, the new algorithm performs slightly better than the TFS algorithm.

Second experiment:. In this experiment, we consider two chirp signals (n = 2), described

by

s1(t) = exp(—30.0047t?)

sa(t) = exp(—;0.0047t* — jm0.4t),

embedded in noise leading to an SNR of 0 dB. We set m = 5. The Wigner-Ville distribution
(WVD) of the mixture at the middle sensor is depicted in Figure 2. From Figure 2, we
selected eight arbitrary TF points, among which one was a cross-term. Using the algorithm
based on JD only, suggested in [5], we obtain the estimated signals, described by WVDs,
shown in Figure 3. The figure clearly shows that the algorithm had failed. An estimate of
the mean rejection rate was as high as 3 dB. However, if we apply the proposed method
from Section 4., the results are more promising, leading to Figure 4 with a signal rejection
level estimate of -26 dB. One may suggest to remove the cross-term, identified with the
method suggested in Section 4., and run a JD algorithm based on the auto-terms only.
The result of this approach is depicted in Figure 5. Although visually not noticeable,
this approach is worse as the signal mean rejection level estimate is higher by circa 2 dB

(-24dB).

107



Third experiment:. Here, we use three sources signals at 20 dB SNR. The number of
antenna elements is again m = 5. The WVD of the mixture at the middle sensor is
depicted in Figure 6. Six TF points are considered, among which six are cross-terms. The
procedure described above was used with ¢ = 0.1 to identify the auto-terms and cross-
terms and the JD/JAD criterion ran.The result is depicted in Figure 7. It is clearly seen

that the method performs very well with a rejection mean level estimate of -28 dB.

VII. Conclusions

In this paper, the problem of blind separation of linear spatial mixtures of non-stationary
source signals based on time-frequency distributions has been investigated. A solution
based on the hybrid diagonalization / anti-diagonalization of a combined set of spatial
time-frequency distribution matrices, selected in both the auto-term and cross-term re-
gions, has been proposed. Numerical simulations have been provided to illustrate the

effectiveness of our approach.
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Subspace Analysis of Spatial Time-Frequency

Distribution Matrices

Yimin Zhang, Weifeng Mu, and Moeness G. Amin
Department of Electrical and Computer Engineering,

Villanova University, Villanova, PA 19085

Abstract

Spatiél time-frequency distributions (STFDs) have been recently introduced as the natural means to
deal with source signals that are localizable in the time-frequency domain. Previous work in the area has
not provided the eigen analysis of STFD matrices, which is key to understanding their role in solving
direction finding and blind source separation problems in multi-sensor array receivers. The aim of this
paper is to examine the eigenstructure of the STFDs matrices. We develop the analysis and statistical
properties of the subspace estimates based on STFDs for frequency modulated (FM) sources. It is shown
that improved estimates are achieved by constructing the subspaces from the time-frequency signatures of
the signal arrivals rather than from the data covariance matrices, which is commonly used in conventional
subspace estimation methods. This improvement is evident in low signal-to-noise ratio (SNR) environment
and in the cases of closely spaced sources. The paper considers the MUSIC technique to demonstrate
the advantages of STFDs and uses it as grounds for comparison between time-frequency and conventional

subspace estimates.
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I. Introduction

While time-frequency distributions(TFDs) [1], [2], [3], [4] have been sought out and
successfully used in the areas of speech, biomedicine, automotive industry, and machine
monitoring, their use in sensor and spatial signal processing has not been properly in-
vestigated. The evaluation of quadratic time frequency distributions of the data snap-
shots across the array yields the “spatial time-frequency distributions” (STFDs) [5], [6].
These spatial distributions permit the application of eigenstructure subspace techniques
to solving a large class of channel estimation and equalization, blind source separation,
and high-resolution direction-of-arrival (DOA) estimation problems. In the area of blind
source separation, the spatial time-frequency distributions allow the separation of Gaus-
sian sources with identical spectral shape, but with different time-frequency localization
properties, i.e., different signatures in the time-frequency domain. For direction-of-arrival
estimation problems, the construction of the signal and noise subspaces using the source
time-frequency signatures improves angular resolution performance.

Although the applications of the spatial time-frequency distributions to blind source
separation and DOA estimation problems using multiple antenna arrays in nonstationary
environments have been introduced in [5], [7], [8], yet so far there has not been sufficient
analysis that explains their offerings and justify their performance. The aim of this paper
is to examine the eigenstructure of the spatial time-frequency distribution matrices and
provide statistical analysis of their respective signal and noise subspaces. The paper
focuses on the class of frequency modulated (FM) signals, as they represent a clear case of
nonstationary signals that are localizable in the time-frequency domain. It shows that the
subspaces obtained from the STFDs are robust to both noise and angular separation of
the FM waveforms incident on the array. This robustness is primarily due to spreading the
noise power while localizing the source energy in the time-frequency domain. By forming
the STFD matrices from the points residing on the source time-frequency signatures, we
increase, in essence, the input signal-to-noise ratio (SNR), and hence improve the accuracy
of the subspace estimates.

This paper is organized as follows. Section II presents the signal model and considers

nonstationary environments defined by FM source signals. The statistical properties of
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signal and noise subspace estimates for uncorrelated FM signals over the observation period
are delineated. In Section III, we give a brief review of the definition and basic properties
of the spatial time-frequency distributions, and derive the signal and noise subspaces using
STED matrices for the general class of FM signals. We demonstrate the robustness of the
STFD-based subspace estimates to both noise and angular source separation as compared
to those obtained in Section II using covariance matrices. The analytical results of Sections
IT and III are used in Section IV to examine the performance of the direction finding
MUSIC technique based on the covariance matrix and STFD noise subspace estimates.

Numerical simulations are given in Section V.

II. Subspace Analysis for FM Signals
A. Signal Model

In narrowband array processing, when n signals arrive at an m-element array, the linear
data model

x(t) = y(t) + n(t) = Ad(t) + n(¢) (1)

is commonly assumed, where the m x n spatial matrix A = [a;, ---, a,] represents the
mixing matrix or the steering matrix. In direction finding problems, we require A to have
a known structure, and each column of A corresponds to a single arrival and carries a
clear bearing. On the other hand, when we consider blind source separation problems, A
is a mixture of several steering vectors, due to multipaths, and its columns may assume
any s‘tructure. The analytical treatment in this paper does not depend on any special
structure of matrix A.

Due to the mixture of the signals at each sensor, the elements of the m x 1 data vector
x(t) are multicomponent signals, whereas each source signal d;(t) of the n x 1 signal vector
d(t) is often a monocomponent signal. n(t) is an additive noise vector whose elements
are modeled as stationary, spatially and temporally white, zero-mean complex random

processes, independent of the source signals. That is,
E[n(t+7)n”(t)] = 06(7)I and E[n(t+7)n”(t)] =0 for any 7 (2)
where 6(7) is the delta function, I denotes the identity matrix, o is the noise power at
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each sensor, superscript 7 and 7, respectively, denote conjugate transpose and transpose,
and F(-) is the statistical expectation operator.

In equation (1), it is assumed that the number of sensors is larger than the number of
sources, i.e., m > n. Further, matrix A is full column rank, which implies that the steering
vectors corresponding to n different angles of arrival are linearly independent. We further

assume that the correlation matrix
Ryx = E[x(t)xH (t)] (3)

is nonsingular, and the observation period consists of NV snapshots with N > m.

Under the above assumptions, the correlation matrix is given by
R.x = E[x(t)x"(t)] = ARqaA" + 01, (4)

where Rqq = E[d(t)d(t)] is the source correlation matrix.

Let Ay > Ag > -+ > Ay > Apg1 = Apgo = -+ = A, = 0 denote the eigenvalues of Ryx.
It is assumed that A;, 2 = 1,---,n, are distinct. The unit-norm eigenvectors associated
with Ay, ..., A, constitute the columns of matrix S = sy, ...,s,], and those corresponding
t0 Any1, ...y A make up matrix G = [g1, ..., Bm—n). Since the columns of A and S span the
same subspace, then AFG = 0.

In practice, Ry is unknown, and therefore should be estimated from the available data

samples (snapshots) x(i), ¢ = 1,2,..., N. The estimated correlation matrix is given by
_ ) LN
Rux = — > x(1)x" (4). (5)
N =1

Let {81,...,84,81,--;8m-n} denote the unit-norm eigenvectors of R.x, arranged in the
descending order of the associated eigenvalues, and let S and G denote the matrices
defined by the set of vectors {8;} and {g;}, respectively. The statistical properties of
the eigenvectors of the sample covariance matrix R for signals modeled as independent

processes with additive white noise are given in [9].
B. Subspace Analysis for FM Signals
In this paper, we focus on analytic frequency modulation (FM) signals, modeled as
d(t) = [di(2), - dn(t)]T = [D1e™O), ., D, VO (6)
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where D; and 1);(t) are the fixed amplitude and time-varying phase of ith source signal.
1 d’l/)z(f)
2 dt
FM signals are often encountered in applications such as radar and sonar [2]. The

For each sampling time ¢, d;(¢) has an instantaneous frequency f;(t) =

consideration of FM signals in this paper is motivated by the fact that these signals are
uniquely characterized by their instantaneous frequencies, and therefore, they have clear
time-frequency signatures that can be utilized by the STFD approach. Also, FM signals
have constant amplitudes. To simplify the analysis, we assume that the transmitted signals
propagate in a stationary environment and are mutually uncorrelated over the observation
period [1 : N]. Subsequently, the corresponding covariance matrices are time-independent.

Under these assumptions, we have

1 X X L
—N;di(k)dj(k) =0 fori#3j i,5=1,..,n. (7)
In this case, the signal correlation matrix in (4) is
Rayq = diag [D,?, i=1,2, n]

where diag[-] is the diagonal matrix formed with the elements of its vector valued argu-
ments. From the above assumptions, we have the following Lemma.

Lemma 1: For uncorrelated FM signals with additive white Gaussian noise,

a) The estimation errors (§; — s;) are asymptotically (for large N) jointly Gaussian

distributed with zero means and covariance matrices given by

E [(éz‘ —5:)(8; — Sj)H]

g Ai + Ap — ~ (8)
== VIV ij D Wi j,
N kz:l (Ak‘—)\)2 kk+z gkgk (S;JZW(S,J
k#i
Ai +Aj—0) ~
E|(8; —s:)(8; —5;)T :—Z(I—J——s‘sfl—éi-)Avi-. 9
(8= 508 - )] =~ 55 g (1 - 0) A Vs (9)

b) The orthogonal projections of {g;} onto the column space of S are asymptotically
(for large N) jointly Gaussian distributed with zero means and covariance matrices given
by

N 1,39 (10)

s[iss"e) (578)) - £ [£ 2
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(887%,) (sngj)T] —0 foralli, j (11)

The proof of part a) is given in Appendix A. The proof of part b) follows the same exact
steps of the respective results derived in reference [9], and is not given here. Equations (8)
and (9) hold strong similarity to those of [9]. The only difference is that the term (A;)x)
in equations (3.8a) and (3.8b) in [9] is replaced by o(}; + Ax — o) in (8) and (9), due to
the uncorrelation property (7). Accordingly, for high input SNR (A\x > 0,k =1,2,...,n),
the estimation error of (§; — s;) can be greatly reduced. From (8) and (9), each column
of the signal subspace will be perfectly estimated when o = 0. This is in contrast with
the estimation error that would result under the same noise-free condition, if we use the
temporally-independent signal characteristics considered in [9].

Equations (10) and (11) are identical to (3.9) and (3.10) derived in reference [9]. The
reason of such identity is that, despite the difference in the signal eigenvectors in the two
different scenarios, discussed in this paper and in reference [9], the signal subspaces in
both cases are identical, and is spanned by the columns of matrix A. Accordingly, the
projection of the estimated noise eigenvectors on the true signal subspace for either FM

signals or white random processes yield equal results.

III. Subspace Analysis for STFD Matrices

The purpose of this section is to show that the signal and noise subspaces based on
time-frequency distributions for nonstationary signals are more robust to noise than those

obtained from conventional array processing.

A. Spatial Time-Frequency Distributions

We first review the definition and basic properties of the spatial time-frequency dis-
tributions (STFDs). STFDs based on Cohen’s class of time-frequency distribution were
introduced in [5] and its applications to direction finding and blind source separation have
been discussed in [7], [8] and [5], respectively. In this paper, we consider the simplest
member of Cohen’s class, namely the pseudo Wigner-Ville distribution (PWVD) [1] and
its respective spatial distribution. Only the time-frequency (t-f) points in the autoterm

regions of PWVD are considered for STFD matrix construction. The autoterm region
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refers to the time-frequency points along the true instantaneous frequency (IF) of each
signal. The crossterms may intrude on the autoterms through the power in their main-
lobes or/and sidelobes. This intrusion depends on the signal temporal structures and the
window size. In this paper, however, we assume that the crossterms are negligible over
the autoterm regions.

The discrete form of pseudo Wigner-Ville distribution of a signal z(t), using a rectan-

gular window of odd length L, is given by

L-1
2

Dy.(t, f)= Y a(t+7)z"(t—r1)e ", (12)

p=—lsl

where * denotes complex conjugate. It should be noted that incorporating multiple
time-frequency points, via time-frequency averaging, over the autoterm region causes the
crossterm components present at the signal IF to cancel each other, rendering their overall
effect negligible.

The spatial pseudo Wigner-Ville distribution (SPWVD) matrix is obtained by replacing
z(t) by the data snapshot vector x(t),

Dyx(t, f) = E x(t +7)x" (t — 7)e I (13)
Substitute (1) into (13), we obtain
Dicx(t, f) = Dyy(t, f) + Dyn(t, ) + Duy(t, f) + Dua(t, ). (14)

We note that Dyx(t, ), Dyy(t, f), Dyn(t, f), Dny(t, f), and Dpy,(t, f) are matrices of
dimension m x m. Under the uncorrelated signal and noise assumption and the zero-mean
noise property, the expectation of the crossterm STFD matrices between the signal and

noise vectors is zero, i.e., E [Dyn(t, f)] = E' [Dny(t, f)] = 0, and it follows

E [Dxx(t7 f)] = DYY(tv f) + E [Dnn(ta f)]
= ADdd(t, f)AH + E [Dnn(ta f)] ’ (15)

where the source time-frequency distribution (TFD) matrix

L—-1
2

Ddd(t, f) = Z d(t + T)dH(t - T)€_j47rfT (16)

—_Li-1
T=-73
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is of dimension n x n. For narrowband array signal processing applications, the mixing
matrix A holds the spatial information and maps the auto- and cross-TFDs of the source
signals into auto- and cross-TFDs of the data.

Equation (15) is similar to the formula that has been commonly used in DOA estimation
and blind source separation problems, relating the signal correlation matrix to the data
spatial correlation matrix. In the above formulation, however, the correlation matrices are
replaced by the spatial time-frequency distribution matrices. The well established results
in conventional array signal processing could, therefore, be utilized and key pro‘blems
in various applications of array processing, specifically those dealing with nonstationary
signal environments, can be approached using bilinear transformations.

It is noted that relationship (15) holds true for every (t, f) point. In order to reduce
the effect of noise and ensure the full column rank property of the STFD matrix, we
consider multiple time-frequency points, instead of a single one. That is, the signal and
noise subspaces are constructed using as many (¢, f) points in the source autoterm regions
as possible. This allows more information of the source signal time-frequency signatures
to be included into their respective subspace formulation, and as such enhances direction
finding and source separation performance. Joint-diagonalization [10] and time-frequency
averaging are the two main approaches that have been used for this purpose [5], [7], [11].

In this paper, however, we only consider averaging over multiple time-frequency points.

B. SNR Enhancement

The TFD maps one-dimensional signals in the time domain into two-dimensional sig-
nals in the time-frequency domain. The TFD property of concentrating the input signal
around its instantaneous frequency while spreading the noise over the entire time-frequency
domain increases the effective SNR and proves valuable in the underlying problem.

The ith diagonal element of TFD matrix Dgq(t, f) is given by

L-1

Dyg(t,f)= Y Diefttin-vwitni-sinir (17)

pm— L=l

2

Assume that the third-order derivative of the phase is negligible over the window length
1 diyi(t)
————>="and

L, then along the true time-frequency points of the ith signal, f;(t) = e
T
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I — _
Yi(t +7) — it — 7) — 4n f;(¢)7 = 0. Accordingly, for 1 <t<N- Q,
L2—1
‘Ddidi (ta fl(t)) = z D12 LD2 (18)
Similarly, the noise STFD matrix Dy, (¢, f) is
Dun(t, f) = Z n(t +7)n (t — 7)e 347, (19)

2
Under the spatially and temporally white assumptions, the statistical expectation of

D (¢, f) is given by

E[Dun(t, f)] = E [n(t +7)nf(t - 7')] e I = oT. (20)

r=—
Therefore, when we select the time-frequency points along the time-frequency signature
or the IF of the ith FM signal, the SNR in model (15) is LD? /o, which has an improved
factor L over the one associated with model (4). The IF of the FM signals can be estimated
from the employed TFD, which in this case is the PWVD. It may also be given separately
using any appropriate IF estimator. It is noted that the STFD equation (15) provides a
natural platform for the direct incorporation of any a prior: information or estimates of
the IF into DOA estimation.

The pseudo Wigner-Ville distribution of each FM source has a constant value over the
observation period, providing that we leave out the rising and falling power distributions
at both ends of the data record. For convenience of analysis, we select those N — L + 1
time-frequency points of constant distribution value for each source signal. In the case
where the STFD matrices are averaged over the time-frequency signatures of n, sources,

i.e., a total of n,(N — L + 1) time-frequency points, the result is given by

N 1 no N—L+1
D (N L—}-].)X_: lz; Dxx tz,fqz( )) (21)

where f,;(¢;) is the instantaneous frequency of the gth signal at the ith time sample. x(t)
is an instantaneous mixture of the FM signals d;(t),7 = 1,-- -, n, hence features the same

IFs. The expectation of the averaged STFD matrix is
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1 ne N—L+1

D = F [f)] = nD(N "L+ 1) ; ; E[Dxx(tiy fq,i(ti))]

1 2 A
= = [LDZasal! + 1] = —A’R3(A%)" + o1, (22)
o q:] 0
where R%y = diag[D?,i=1,2,---,n,] and A° = [aj,ay,---,a,,] represent the signal

correlation matrix and the mixing matrix formulated by considering n, signals out of the
total number of n signal arrivals, respectively.

It is clear from (22) that the SNR improvement G = L/n, (we assume L > n, throughout
this paper) is inversely proportional to the number of sources contributing matrix D.
Therefore, from the SNR perspective, it is best to set n, = 1, i.e., to select the sets of
N — L +1 time-frequency points that belong to individual signals one set at a time, and
then separately evaluate the respective STFD matrices.

This procedure is made possible by the fact that STFD-based direction finding is, in
essence, a discriminatory technique in the sense that it does not require simultaneous
localization and extraction of all unknown signals received by the array. With STFDs,
direction finding can be performed using STFDs of a subclass of the impinging signals with
specific time-frequency signatures. In this respect, the proposed direction finding technique
acts as a spatial filter, removing all other signals from consideration and, subsequently,
saves any downstream processing that is required to separate interference and signals of
interest. It is also important to note that with the ability to construct the STFD matrix
from one or few signal arrivals, the well known m > n condition on source localization
using arrays can be relaxed, i.e., we can perform direction finding or source separation
with the number of array sensors smaller than the number of impinging signals [6]. From
the angular resolution perspective, closely spaced sources with different time-frequency
signatures can be resolved by constructing two separate STFDs, each corresponds to one
source, and then proceed with subspace decomposition for each STFD matrix, followed
by an appropriate source localization method (MUSIC, for example). The drawback of
performing several direction finding using different STFD matrices is of course the need

for repeated computations of eigen-decompositions and source localizations.
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C. Signal and Noise Subspaces Using STFDs

The following Lemma provides the relationship between the eigen-decompositions of the
STFD matrices and the data covariance matrices used in conventional array processing.

Lemma 2: Let A > A3 > -« > X0 > A ) = X ., =--- = X, = o denote
the eigenvalues of R2, = A°RS,(A°)¥ + o1, which is defined from a data record of a
mixture of the n, selected FM signals. Denote the unit-norm eigenvectors associated with

%,y An, Dy the columns of 8° = [sf,...,s5 | , and those corresponding to A3 ., ..., A2,
by the columns of G® = [g},...,g?,_,,. ]. We also denote PSSR M > L=
X7

n

0

42 == M = ¢!/ as the eigenvalues of D defined in (22). The superscript ¥/ denotes
that the associated term is derived from the STFD matrix D. The unit-norm eigenvectors
associated with Y ..., A are represented by the columns of S = [s/, ..., st/], and those

n

corresponding to )\flfo 15 A are represented by the columns of G/ = [g!/, gl .
Then,
a) The signal and noise subspaces of St/ and G!/ are the same as S° and G?°, respectively.
b) The eigenvalues have the following relationship:
Mo o o

tf

I .
N {£(Af—a)+a=—/\?+(1—£)0 1 <1, (23)
R =0 n, <1< m.

The proof of Lemma 2 is shown in Appendix B.

An important conclusion from Lemma 2 is that, the largest n, eigenvalues are amplified
using STFD analysis. Fig. 1 shows the two principal (largest) eigenvalues ¢ (i.e., L = 1)
and A (for L = 33 and L = 129), where a uniform linear array of eight sensors (m = 8)
separated by half a wavelength and receiving signal from two sources (n, = n = 2) is used.
The two signals are of equal power(D; = D, = D), and their angular separation A# is
defined as 6, — 6;. We choose 0, + 6, = 0, that is, the two signals are symmetric with
respect to the broadside direction. Denote
g ala,
|las]l2 ||azl]2
as the spatial correlation coefficient between the two directional vectors a; and a,, cor-

responding to the angles 6; and 6,. ||al|; is the 2-norm of a vector a. The two largest
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eigenvalues for the two uncorrelated signals are given by [12]
A, =mD?[1+|8]]+0. , (24)

Hence, combining (23) and (24), we obtain
mL

Ty

My=—D*[1%|]] +0. (25)

The amplification of the largest n, eigenvalues improves detection of the number of the
impinging signals on the array, as it widens the separation between dominant and noise-
level eigenvalues. Determination of the number of signals is key to establishing the proper
signal and noise subspaces, and subsequently plays a fundamental role in subspace-based
applications [13]. When the input SNR is low, or the signals are closely spaced, the number
of signals may often be underdetermined. Fig. 2 shows, for the same signal scenario of
Fig. 1, the threshold level of the input SNR required to determine the correct number of
signals 7 = 2 according to the Akaike Information Criterion (AIC) [14]

P

min N(m — 7)log
n

] + f5(), (26)

where

1

AR D = 3 n h(R) A (ﬁ &-)M, B AAEm—R).  (27)

m=n,_zu i=f+1

It is clear from Fig. 2 that, when the STFD is applied, the SNR threshold level necessary
for the correct determination of the number of signals is greatly reduced.

Next we consider the signal and noise subspace estimates from a finite number of data
samples. We form the STFD matrix based on the true (¢, f) points along the IF of the n,
FM signals.

Lemma 3: If the third-order derivative of the phase of the FM signals is negligible over
the time-period [t — L + 1,¢t+ L — 1], then

a) The estimation errors in the signal vectors are asymptotically (for N > L) jointly

Gaussian distributed with zero means and covariance matrices given by
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oL NV Ly tf (VB eRe A tf (_tr\H
— _L_—S S + —r 6i .
no(N - L+1) % o ) e (@) 6
E (8 - s¥) (sV - s¥)"
L PRI\ T
= - ( i ) (s) (1-46i,) AV (29)

__nO(N_L_*_l) ()\éf_/\if)Q S,

b) The orthogonal projections of { gl } onto the column space of S/ are asymptotically

(for N > L) jointly Gaussian distributed with zero means and covariance matrices given by

B(sv(s)" ) (57 (7))

UL o /\if tf tf H 1 tf
- no(N — L+ 1) lz (U_Aif)2sk (sk) ]5i’j é (N—L+1)U 0i s (30)

k=1

T
E (Stf (Stf)”ggf) (stf (s)"g) =0 foralli, j (31)

The proof of (28)-(29) is given in Appendix C, and the proof of (30)-(31) is given in
Appendix D.
To demonstrate the performance advantage of using STFDs, we substitute (23) into

(28)~(30),

Atf  tf\ (atf  tf\H o)
E(Si _Si)(sj “‘SJ) —mx
2 (M —0)+ (X —0)+ 20 g "L (N —0)+ 2o i
o _ o sp(sp)” + > g (g0)7 | diy) (32
0 B L AP Pl P L )
k#1
E (8 - s¥) (8 —s¥)"
o (M —0)+ (X —o0)+ o T
— — . 1 0 o 1 . 61 . ,
N-L+1 (/\z — /\?)2 X §; (Sz) ( ,J) (33)
and
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(o002 o160
o (A —0)+ %0

o
~ N-L+1 Lzz:l (o —A9)?

sp (s9)™| ;5. (34)

From (32)-(34), two important observations are in order. First, if the signals are both
localizable and separable in the time-frequency domain, then the reduction of the number
of signals from n to n, greatly reduces the estimation error, specifically when the signals
are closely spaced. The examples, given in the following section, show the advantages of
using t-f MUSIC with partially selected signals. The second observation relates to SNR
enhancements. The above equations show that error reductions using STFDs are more
pronounced for the cases of low SNR and/or closely spaced signals. It is clear from (32)-
(34) that, when A\ > o for all k = 1,2,...,n,, the results are almost independent of L
(suppose N > L so that N — L + 1 ~ N), and therefore there would be no obvious
improvement in using the STFD over conventional array processing. On the other hand,
when some of the eigenvalues are close to o (A} ~ o, for some k = 1,2, ...,n,), which is the
case of weak or closely spaced signals, all the results of above three equations are reduced
by a factor of up to G = L/n,, respectively. This factor represents, in essence, the gain

achieved from using STFD processing.

IV. The Time-Frequency MUSIC

To demonstrate the robustness of the eigen-decomposition of the STFDs when used in
practical applications, we consider in this section the recently proposed time-frequency
MUSIC (t-f MUSIC) algorithm [7]. The DOA estimation based on time-frequency maxi-
mum likelihood (t-f ML) is investigated in reference [8]. )

We first recall that the DOAs are estimated in the MUSIC technique by determining

the n values of 6 for which the following spatial spectrum is maximized [15],
-1

Faw(8) = aH(H)GGHa(H)]—l — [aH(e) (1— SSH> a(o)] . (35)

Where a(f) is the steering vector corresponds to 6. The variance of those estimates in the

conventional MUSIC technique, assuming white noise processes, is given by [9]
1 aH(Hi)Ua(Bi)

e - . 2 Poned
B —w) =55 h(6;)

(36)
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where w; is the spatial frequency associated with DOA 6;, and &; is its estimate obtained

by the conventional MUSIC. In the above equation

n

U=o¢ [Z -(?;_ék/\—)stsf] y d(91) = da(9,~)/dw, h(gl) = dH(G,)GGHd(gz) (37)

From the results of Lemma 1, part (b), U = U, which implies that (36) also holds true
when the conventional MUSIC algorithm is applied to FM signals in white noise.

Similarly, for t-f MUSIC with n, signals selected, the DOAs are determined by locating
the n, peaks of the spatial spectrum defined from the n, signals’ time-frequency regions.

-1

gUw)z[a”wyiﬁ(éﬁ)”aw)"lz[an)(l—sﬂ(S”)”)awﬂ . (38)

Following the same procedure in [9] and using the results of Lemmas 2 and 3, we obtain

the variance of the DOA estimates based on t-f MUSIC,

1 aH(Qi)U‘fa(Hi)
N—L+1) hi(g)

E(of —w) = 3 (39)

where (I)ff is the estimate of w; obtained by the t-f MUSIC, U¥ is defined in (30), and
tf _ 3H tf (~tf\H
R (6,) = a"(6:)GY (GY) " d(6) (40)
which is equal to h(6;), if n, = n.

V. Simulation Results

Consider a uniform linear array of 8 sensors spaced by half a wavelength, and an obser-
vation period of 1024 samples. Two chirp signals emitted from two sources positioned at
angle 6, and 6,. The start and end frequencies of the signal source at 6, are w,; = 0 and
we1 = 7, while the corresponding two frequencies for the other source at 6, are wy, = 7 and
we2 = 0, respectively. The noise used in this simulation is zero-mean, Gaussian distributed,
and temporally white. The SNR of the ith FM signal is defined as SNR; = 10log (D?/0).
Fig. 3 shows the PWVD of the mixed noise-free signals for L = 129.

Fig. 4 displays the variance of the estimated DOA 6; versus SNR for the case (61,6;) =
(—10°,10°). The curves in this figure show the theoretical and experimental results of

the conventional MUSIC and t-f MUSIC (for L=33 and 129). The Cramer-Rao bound
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(CRB) is also shown in Fig. 4 for comparison. Both signals were selected when performing
t-f MUSIC (n, = n = 2). We assume that the number of signals is correctly estimated
for each case. Simulation results were averaged over 100 independent trials of Monte
Carlo experiments. The advantages of t-f MUSIC in low SNR cases are evident from this
figure. The experiment results deviate from the theoretical results for low SNR, since we
only considered the lowest order of the coefficients of the perturbation expansion of v; in
deriving the theoretical results (see Appendix A). Fig. 5 shows estimated spatial spectra
at SNR=-20 dB based on t-f MUSIC (L = 129) and the conventional MUSIC. The t-f
MUSIC spectral peaks are clearly resolved.

Fig. 6 shows examples of the estimated spatial spectrum based on t-f MUSIC (L = 129)
and the conventional MUSIC where the angle separation is small (§; = —2.5°, 6, = 2.5°).

- The input SNR is —5 dB. Two t-f MUSIC algorithms are performed using two sets of time-

frequency points, each set belongs to the time-frequency signature of one source (n, = 1).
It is evident that the two signals cannot be resolved when MUSIC is applied, whereas by
applying t-f MUSIC separately for each signal, the two signals become clearly separated
and reasonable DOA estimation is achieved. This is attributed to the signal’s distinct
time-frequency signatures. It is noted that there is a small bias in the estimates of t-f
MUSIC due to the imperfect separation of the two signals in the time-frequency domain.

It should be noted that the computation cost used to implement the t-f MUSIC is
higher than the conventional MUSIC because it involves the additional processing based
on bilinear t-f distributions. Nevertheless the pseudo Wigner-Ville distribution consid-
ered in this paper is relatively simple and only requires a bilinear product and one FFT
operation. Moreover, there exist now several computationally efficient t-f kernels that al-
low time-frequency distributions to be provided via spectrogram-based implementations,
recursive, and multiplication free processing. On the issue of practical implementation,
many procedures have been devised so that any distribution can be calculated quickly
with minimum computer resources [16]. Recently, kernels have been devised, specifically
tailored to very fast computation, with the binomial kernel devised by Jeong and Williams
being the prime example [17]. Methods for decomposition of kernels, leading to fast com-

putation and increased understanding, have also been carried out by White [18], Amin
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[19], [20], Venkatesan and Amin [21], and Cunningham and Williams [22].

VI. Conclusions

Subspace analyses of spatial time-frequency distribution (STFD) matrices have been
presented. It has been shown that for signals with clearly defined time-frequency signa-
tures, such as I'M signals, smaller estimation errors in the signal and noise subspaces can
be achieved using spatial time-frequency matrices over the subspace estimates obtained
from the data covariance matrix approach. This performance improvement is the result of
incorporating the time-frequency points along the instantaneous frequencies of the imping-
ing signals on the array into the subspace estimation procedure. Under the assumption
that the instantaneous frequencies are idealy located, these points belong to autoterm re-
gions of high power concentrations, and as such, when used in constructing STFDs, they
provide high SNR matrices with improved eigen-decompositions.

The advantages of STFD-based direction finding over traditional direction finding meth-
ods using data covariance matrices were demonstrated using the MUSIC algorithm. It was
shown that the time-frequency MUSIC outperforms conventional MUSIC in the two situ-
ations of low SNR and closely spaced sources. R

Unlike conventional array processing techniques, which are nondiscriminatory, and must
therefore spatially localize all signals incident on the array, the STFD-based array pro-
cessing provides the flexibility of dealing with all signal arrivals, or only a subset of them.
In this respect, it does not suffer from the drawback of requiring higher number of sensors
than sources. The ability to select fewer sources depends on the differences of their time-
frequency signatures from those of other source signals. The eigenstructure of the STFD
matrix constructed from the time-frequency points that belong to the autoterm regions of
a number of sources will only yield the signal subspace of these sources. It was shown that
the maximum improvement offered using STFD over data covariance matrices is obtained

when constructing the STEFD from only one source signal.

Appendix A

For notation simplicity, we denote v;, 1 = 1,2, ..., m, as the eigenvectors of the correlation

matrix Ry, where the first n vectors form the signal subspace (s;, i = 1,2, ...,n), and the
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last m — n vectors form the noise subspace (g;, i = 1,2, ...,m — n).

To derive the covariance matrices, we follow the same procedure in [9] and [23], but note
the fact that the underlying signals are deterministic rather than white random processes,
which are considered in [9] and [23]. We define Ryy in terms of a random perturbation to

Rxx with a perturbation factor p, 0 < p < 1. Thus,

~

Rxx = Ryx + (Rxx - Rxx) = Ry + pB. (Al)

When the source signals are FM and the noise vector forms a multivariate white Gaussian
process, then B is a Hermitian, zero-mean random matrix whose elements are asymptoti-
cally jointly Gaussian. Let ¥; denote the unnormalized perturbed version of the eigenvector

v;. According to [24],
3 m 00 (i) 1
Vi=vit+ 3 (D tp | vk (A.2)
i !
where t§}3, l =1,2,.., are the coeflicients of the perturbation expansion of ¥; along vy.
By keeping the term with the lowest order of p, then [23]

»  VvEBv; ,
) = A:_Ai, k # i. (A.3)

The mean square value of t§2 is given by
2] _ £ V,va,-'viHka
(A = Ai)?

To evaluate the numerator in the above equation, we consider the following general case.

E [A;g

(A.4)

FE [vf’ Bv]-vf Bvl] = Z—%E [VzH (f{xx — Rxx) vjvf (ﬁxx — Rxx) v,]

- 1 B N Ho (s v (1 ). N gty 1
= ‘(Np)2 ;Vz‘ X( T)x ( r)vg qglvk X( q)x ( q)vl
—I%viHRxijVfoxvl. ) (A5)

It can be easily realized that the expected value in (A.5) is taken from a product of four
non-zero mean Gaussian random variables. It is well known that for Gaussian random

variable z1, 25, T3, T4 With non-zero means,

E[112073%4) = E[1129)E[23%4] + E[2123) E[z2%4]
+E[z124)E[zo13]) — 2E[21] E[22) E|23) E[24)- (A.6)
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Using the properties of the zero-mean circular complex Gaussian noise vector and the

deterministic source signal vector, then

E[X(tr)] = }’(tr),
E [x(t)x"(ty)] = y(t)y"(t;) + 016,
E [x(t,)xT(tq)] = y(t)y"(t,).

Accordingly, (A.5) can be written as

E [v{’ijvavl]
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Il
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1 N 1 N
+ [Vz’HY(tT)yH(tr)vlaj,kU] + (Np)? Z [(51-,1(5]-*02] . (A7)

r=1

By using the uncorrelation assumption (7),
1 N " 1 N
— ty?(t,) =A =Y d(t,)d ()| AY
Tyl ) = A |5 T dea )

= ARddAH = Ryy = Rxx - OI,

(A.8)

equation (A.7) simplifies to
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E [viHijvavl]

o 2

[ o
= N_pi -61"[vany]' + V{{R/ny[(Sj’k] -+ _]V_Z)Qéi’ldj’k
I 5 vH H o?
= N_p2 .(Si’lvk (Rxx bt UI) V] + Vz- (Rxx bt UI) Vléj,k] + N_pzé.-i’lé‘.’k
= ]—\—,% :61,1\/,? Ryxv; + vf’ Ryxvidjx — g5i’l5j’k]
o
= W [)\‘t + )\j — 0'] 61715',19
Therefore,
i HFBv,viBv o M+ —o0)
E t(1)2:|=E Vi (A k — i k P .
[ 1k ()‘k — )\1)2 sz ()\1 _ Ak)2 ’ k # t, (A 10)
and ; .,
Bv;viBvy
B [t (t%) —E[ Yk 2V ]zo,k i, k# 3. AL
[ ( i ] (A — M) (A — )\j) # #7 ( )

It is shown in [13] that

cov (¥;, ;) = cov (¥4, ¥;) + o(N72).

H

(Z t%vak) (Z t(k)pvk) }
k=1 k=1
ki [

By ignoring the terms of N=2, then

cov (V;,V;) ~ cov(V;, V)~ E

= FE E t(z) vivE§;
k=1 p Kok k=1 (Ai‘)\k)2
k#i ki

Replacing vy by s; or gi leads to equation (8). Similarly,

cov (\‘ri,fr;) ~ Ccov (\7,- \'/*)

" N\NT
m
(Z tlkpv ) (Z tix ka)
,Icc;i k#3
H

R
b

= p’F Z Z tlkltgjk)zvklvz;

k=1 kg=1
k1#i ko#J
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From (A.9), it is clear that the above equation has non-zero value only when k; = j and

ko = 4. Noting the fact that k; # 7 and k> # j, (A.13) becomes

2

o ax) p H
(2 Ai -+ /\J — 0 T
PRS0 a1

For the signal subspace, v; is s;, ¢ = 1,...,n, and (A.14) yields (9) and this concludes the

proof for part a) of Lemma 1.

Appendix B

Using eigendecomposition theory, we have
A’Rg4(A%)" = QEQ” (B.1)

where E = diag [&,--,&,,,0,---,0] is a diagonal matrix whose elements are the eigen-
values of A°R34(A°)H and Q is the corresponding eigenvector matrix. Clearly, & =
XN—0,i=1---n,,and Q= S° | G° ].
From the definition of A? and A/, it is evident that
L L
D = ~QEQ"+01=Q [n—s + aI] Q¥ (B.2)
o 0

Therefore, R2, and D share the same set of eigenvectors, that proves part a) of Lemma 1.
L L

The ith eigenvalue of D is —& + 0 = — (A — o) + 0 for i < n, and is o for n, < i < m,
N, n

[

subsequently leading to part b).

Appendix C

Similar to Appendix A, we let v;, ¢ = 1,2, ..., m, represent the whole eigenvectors of the
STFD matrix D, where the first n, vectors form the signal subspace (s/, i = 1,2, ..., To)s
while the last m—n, vectors form the noise subspace (gff, i=1,2,..,m—n,). Asdiscussed
in Section III, we assume that the selected time-frequency points belong to regions where
no crossterm components are present.

For an array mixture of FM signals, we select points from n, signals at the time-

frequency domain, where the pseudo Wigner-Ville distribution matrix is defined in (13).
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We define D in terms of a random perturbation to D with a perturbation factor p, 0 <

p < 1. Thus,
D=D+(D-D)=D+pB. | (C.1)

Matrix B is a Hermitian, zero-mean random matrix whose elements are asymptotically

Jointly Gaussian [8]. Similar to Appendix A, we derive

E [VZH Bv,v Bvl]

= lE [VZH (f) — D) vivl (]5 - D) vl]

P2
1 no N—L+1 no N-L+1
= i xx tu ¥ V xx tz: i
- DR |\& & el % v Jas)
1
_p viDv,viDv, (C.2)

Substituting (21) and (A.7) into (C.2), we obtain

E [viHijvavl]

L SEEEE £ E i
— Z Z e 4T a1, T1Hfag,ip T2
(nop(N — L + 1)) 2(11 =1gp=1 =1 =l g L=l L

x{E [v;Hx(t,-1 +n)x" (t;, — Tl)Vj] E [fo(ti2 + 1) xH (t;, — 72)vl]

+E [vflx(ti1 + 1) VEx(t;, + 7‘2)] E [xH(ti1 — ) vxH (t;, — Tg)vl]

+E [vf”x(ti1 +m)xH (t;, — Tz)Vl] E [v}:{x(ti2 + 7o)xH (t;, — Tl)Vj]

—2F [vflx(til + Tl)] E [xH(ti1 - Tl)Vj] E [v}?x(ti2 + 7'2)] E [xH(ti2 - TQ)VI] }
-—lvHDv]v,val

No No N- L+1N L+1 LT

- BRSNS T 5 elaanti

(nop(N L + 1 g1=1g2=1 ;=1

2=l p=_Lfol o= Lo
X [ViHY(tn + 1)y (b, — 12) V1083481, —r, 1, 42
+00; 0, +Tl,ti2—‘r2vllcq3'(ti2 + 1)y (b, — T1)Vj

+026’i,l6j,k5til,ti2 67'1,7'2] . (C3)
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Under the assumption of no crossterms, gq; should be equivalent to g, to have non-zero
values, and in this case, ¢; = ¢ = ¢q. Note that within the time-frequency region of the gth
signal, y(t) = y4(t) A Adg(t). When the third-order derivative of the phase is negligible
over [t — L+ 1,t+ L — 1] for any signal and any ¢, we have

E [viHijvav;]

L— L
no N—L+1N-L+1 %5+ :

N L+1QZI§: SIS

g=1 4;=1 1p=1 "= —_L-1 17.22 L;

1
X ‘z’ y(til | 71)}' (tiz 72) blo{sj,k(sli —Titig+T2
1 2

+05i,16t11+71 Wiy =T Vli{y(tiz + T2)yH(ti1 - Tl)V]]

Pl S
no(N — L + 1)p? BTk

oL L
ne(N — L + 1)p? [a()‘i —o)+ (A —o)+ U} 03,105,k
oL

= n (N - L + 1)p2 [(/\:f -+ /\;f — 0’)] 5i,16j,k- (04)

1R

Let v; denote the unnormalized eigenvector given in a perturbation expansions by

Ve v ;(Z%W) (C5)

where tl(,ic), [l =1,2,..., are the coefficients of the perturbation expansion of v; along vy,

and keeping the term with the lowest order of p, then
, H .
@ = —EZT g (C.6)

Therefore,

v

]

oL A+ 2 — o)

and
v Bvivf Bv,

=2 =)

]=mk¢ak¢j (C.8)
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Similar to Appendix A, we follow

cov (¥;,¥;) =~ cov(V;,V;)

H
m .
=~ (Ztlkpvk) (Zt(fk)lﬂ’k) =F Z (z) PVrVE 6 J:l
L m Atf )\tf

T n(N—-L+ 1); (A — ,\ff) SETH
ki
(28) follows by properly replacing vy by sk or g,c Similarly,

T
k;éz ’l:;]

vlev1 vszv] T
=ML =)

cov (if,-,\”f’;) ~ cov (vl, ])

=pZZE

k=1 ko=1
ky#i ko#j

2
p
- _mE [Vf] Bv,v/Bv;] v;vi (1~ 8;)
7 (3
oL A 4 )\tf -0

= - T(1_§..
- no(N — L+ 1) ()\tf )\tf) AAL (1 51,])- (C].O)

For the columns of signal subspace, v; becomes s/, and (C.10) becomes (29).

Appendix D
This appendix follows the procedure of [9]. Denote

r=(s¥)" D’

and +; the ith column of I'. Using the results of (C.2) — (C.4), and the fact (Stf )H DGY =

0, we have

E [’Yi’YJH]t,q =E [((sif)H ﬁg:f> ((g;f)H ]f)s:f)] = no(N iLL +1) )‘:f(st,qéiaj' (D.1)

Subséquently

E[ywy|=E [((Stf)H ﬁg?) ((g;f)H ﬁstf)] T no(N C:LL ¥ 1)Atf‘5"ﬂ' (D2
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where A = diag [)\tlf, ,)\flfo] Similarly,

E ['y,-'y;‘-r]t’q =F [((sﬁf)H ljg:f) ((sflf)H f)g;f>] =0, (D.3)
and subsequently
E [’y,-'ij] =0. (D.4)

H
Since St/ (S‘f) g!/ has the same limiting distribution as that of —S¥(I' — o)~ 1y, [8],

then it follows

E (stf (s¥)" & ) (stf (s)" g ) !

B oL tf  T\=1Atf(AtS -1qH
- B~ K e,
_ oL T AT '
- [z T ()" 6., (D.5)
and
T
E (S‘f (Stf)Hgff) (Stf (stf)H g;f) =0 for all 7, j. (D.6)
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Spatial Averaging of Time-Frequency
Distributions for Signal Recovery in Uniform

Linear Arrays

Yimin Zhang and Moeness G. Amin
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Abstract

This paper presents a new approach based on spatial time-frequency averaging for separating signals
received by a uniform linear antenna array. In this approach, spatial averaging of the time-frequency
distributions (TFDs) of the sensor data is performed at multiple time-frequency points. This averaging
restores the diagonal structure of the source TFD matrix necessary for source separation. With spatial
averaging, crossterms move from their off-diagonal positions in the source TFD matrix to become part
of the matrix diagonal entries. It is shown that the proposed approach yields improved performance
over the case when no spatial averaging is performed. Further, we demonstrate that, in the context
of source separation, the spatially-averaged Wigner-Ville distribution outperforms the combined spatial-
time-frequency averaged distributions, such as the one obtained by using the Choi-Williams distribution.
Simulation examples involving the separation of two sources with close AM and FM modulations are

presented.
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I. Introduction

Recently, time-frequency distributions (TFD) have been employed for direction finding
and blind source separation problems in sensor array processing [1-5]. The spatial time-
frequency distributions (STFDs) were introduced in [1] and represented by a spatial matrix
whose elements are the auto- and cross-time-frequency distributions of the data received
at the different array sensors. STFD techniques are most appropriate to handle sources of
nonstationary waveforms that are localized in the time-frequency domain. The robustness
of the subspace estimates using STFD matrices is analyzed in [17], and shown to have an
advantage over those obtained from the covariance matrices.

The application of STFDs to separating sources with distinct time-frequency (t-f) sig-
natures is presented in [2]. In this reference, it is shown that the source TFD matrix,
whose elements are the auto- and cross-TEFD of the source signals, and the sensor data
STFD have the same relationship as the one between the source and the data correla-
tion matrices. This relationship is defined by the mixing, or the array manifold matrix.
The steps applied in blind source separation based on second order statistics (the SOBI
technique) outlined in [9] could therefore be used in the time-frequency formulation of the
problem. The general theory of solving blind source separation problems using spatial
arbitrary joint-variable distributions, including those of time and frequency, is given in [3].
In [4], the two arbitrary variables are chosen as the time-lag and frequency-lag, and the
source separation was performed using spatial ambiguity functions. The use of STFDs for
direction finding is discussed in [5] and [18], where the time-frequency MUSIC and the
time-frequency maximum likelihood techniques are proposed.

Although blind source separations based on time-frequency distribution outperform the
SOBI method for nonstationary signals, the fundamental problem with the bilinear time-
frequency approach remains the need for the incorporation of STFD matrices computed
only at the source autoterm points. Crossterms impede performance, as they reside on the
off-diagonal elements of the source TFD matrix, and as such, violate its diagonal structure
necessary for source separation. Identification of autoterm regions are often difficult for a
large class of multi-component nonstationary signals, and even if properly identified, due

to the complexity of the impinging signal time-frequency signatures and the use of finite

146



data records, autoterm regions cannot be entirely free from crossterm mainlobe or/and
sidelobe contamination.

In this paper, we discuss the role of TF'D crossterms and demonstrate the effect of spatial
averaging on STFDs. By utilizing the Vandermonde structure of the array manifold matrix
and performing spatial averaging on the spatial time-frequency distribution matrices, we
set the off-diagonal elements of the corresponding source TFD matrix to zero. This is
achieved by moving the crossterms from their off-diagonal positions to join the autoterms
as diagonal entries of the source TFD matrix at one time-frequency point. In this respect,
the performance of the source separation technique becomes much less dependent on the
selection of the time-frequency points at which the STFD matrices are computed. It is
shown that the spatially-averaged STFDs outperforms the case where no spatial averaging
is performed, even when only autoterm points are involved in both cases.

Spatial averaging is a simple and well-known technique in conventional array process-
ing [6]. It employs additional array sensors to reduce cross-correlation in coherent and
correlated signal environments, and thereby permits proper angle-of-arrival (AOA) esti-
mations and source separations. In this paper, we show that spatial averaging plays a key
role in the underlying TFD-based source separation problem and its application leads to
matrix diagonalization and crossterm mitigation. Spatial averéging gives robustness to
time-frequency point selections and yields improved performance over other TFD-based
techniques, specifically for sources whose signatures are closely separated in the time-
frequency domain.

The restoration of the diagonal structure of the source TFD is only part of the prob-
lem. Source separation using spatially-averaged TFD evaluated at a single time-frequency
point can still lead to noisy and non-unique results. Since the power distribution of the
signals impinging on the array varies over the time-frequency plane, then different time-
frequency points may exhibit different SNRs. The main two advantages of incorporating
several spatially-averaged TFD matrices evaluated at different time-frequency points into
a joint-diagonalization scheme are to avoid having degenerate eigenvalues and to reduce
the possibility of choosing a point with high noise contamination.

It is noted that, unlike the method in [2], the proposed approach requires the information
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on the array manifold, and is sensitive to the calibration error. In this case, conventional
AOA estimation methods, such as the maximum likelihood [11], matrix pencil [12], MUSIC
[13], root MUSIC [14, 15], and ESPRIT [16] techniques, can also be used to estimate the
mixing matrix, and further to separate the source signals. The proposed approach not
only requires no angular search but also enjoys the discriminatory property of TFD-based
array processing, where fewer sources can be considered by only selecting their respective
time-frequency signatures [17-19].

This paper is organized as follows. In Section II, the source separation approach based
on spatial time-frequency distribution is briefly summarized. In Section III, we introduce
the spatially averaged time-frequency distributions, and discuss the difference between
spatial averaging and kernel methods in handling the crossterm problem. Simulation

results demonstrating the usefulness of the proposed technique are given in Section IV.
II. Source Separation Based on Spatial Time-Frequency Distributions
A. Spatial Time-Frequency Distributions

In many practical situations, the data vector x(t) for an N-element array follows an

instantaneous mixture model and is given by

x(t) = y(t) +n(t) = As(t) + (), (1)
where x(t) = [zo(t),- -, zy-1(t)]" is the data snapshot vector at time ¢, and the superscript
T denotes transpose. The vector s(t) = [s1(t),- - -, sn(t)]T contains n source signals at the

same time, and n(t) is the additive noise vector. This model is commonly used in the
field of narrowband array processing. The vector y(t) = [yo(t), - -+, yn_1(¢)]7 contains the
noise-free array output. The mixing matrix A is the transfer function between the source
signals and the data at the array sensors. We assume that the mixing matrix A is full
column rank.

The source signal vector s(t) is assumed to be a deterministic signal vector with corre-

lation matrix
T

Ru(r) = Jim % > st +7)s" () ()

where superscript 7 denotes the conjugate transpose of a matrix or a vector. In reference

[2], it is assumed that Rss(7) = diag[rii(7), -, maa(7)], where diag[-] is the diagonal
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matrix formed with the elements of its vector valued argument, and 7 (7 )= h_r)xgo tZ si(t+
7)s}(t) denotes the correlation of s;(¢). This assumption implies that the components s;(t),
1 < i < n, are mutually uncorrelated. However, in our proposed fnethod, this assumption
is no longer necessary.

The additive noise n(t) is modeled as a stationary, temporally white, zero-mean complex
random process independent of the source signals. For simplicity, we also require n(t) to
be spatially white, i.e.,

E [n(t+7)n" (t)] = 026(r)I (3)
where §(7) is the Kronecker delta and I denotes the identity matrix. Since the signal
power and the signal ordering are indeterminable in source separations [3], we simplify the
problem by treating the source signals as if they have unit power. Accordingly |

1 X
Ros(0) =1 and Ryy = Jim 75> y(0y" (1) = A", (4)
The discrete-time form of Cohen’s class of TFD for signal z(t) is given by [7]
D..(t, f) = Z Z d(m, Dz (t +m + Da*(t +m — e/ (5)
I=—o00 M=—00
where t and f represent the time index and the frequency index, respectively. The kernel
¢(m, 1) characterizes the TFD and is a function of both the time and lag variables. The
cross-TFD of two signals z;(t) and z;(t) is defined by [7]
Dy, (t, f) = z Z $(m, Dzi(t +m + Dzi(t +m — De™ I, (6)
I=—o00 Mm=—00

One possible definition of spatial time-frequency distribution (STFD) is given in [2] and
incorporates both equations (5) and (6),

Dyx(t, f) = Z Z d(m, )x(t +m + )x" (t + m — [)e~*7! (7)

I=—00 M=—00
where [Dxx(t, f)]; ; = Dz (¢, f), for 3,5 = 0,---, N — 1. It is shown in the next section
that other forms of STFD can be more useful in the context of source separation. Under
the linear data model of Eq. (1), and assuming noise-free environment, the STFD matrix

in (7) takes the following simple structure
Dyx = ADss(ta f)AH (8)
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where Dg(t, f) is the signal TFD matrix whose entries are the auto- and cross-TFDs of
the sources. Eq. (8) is similar to the formula that is commonly used in conventional
blind source separation and direction-of-arrival (DOA) estimation problems [8,9], relating
the signal correlation matrix to the data spatial correlation matrix. If Dg(¢, f) is a full-
rank matrix, the two subspaces spanned by the principle eigenvectors of Dy,y(¢, f) and
the columns of A become identical. In this case, direction finding techniques based on
eigenstructures can be applied. If Dg(t, f) is diagonal, i.e., the signal cross-TFDs at the
time-frequency point (¢, f) are zeros, the mixture matrix and the signal waveforms can be

recovered using blind source separation methods (1,2].

B. Source Separation Based on Spatial Time-Frequency Distributions

The source separation algorithm based on spatial time-frequency distributions is an
essential part of the proposed method. The algorithm is given in details in reference [2]
and is summarized below.

The first step is the whitening of the signal part y(t) of the observation. This is achieved
by applying a whitening matrix W to y(t), i.e., an n x N matrix satisfying:

T
Jim % S Wy(t)y? (()WH = WR,, W = WAAPAF =T, 9)
—00 =1

WA is an n X n unitary matrix U, and matrix A can be written as
A =W*U (10)

where superscript # denotes pseudo-inverse. The whitened process z(t) = Wx(t) still

obeys a linear model,
z(t) = Wx(t) = W [As(¢) + n(t)] = Us(t) + Wn(?). (11)
By pre- and post-multiplying the STFD matrices Dy« (t, f) by W, we obtain
D,.(t, f) = WDy (t, YWH (12)

which is, in essence, the STFD of the whitened data vector z(t). From the definitions of
W and U,
D,.(t, f) = UD4(t, f)U". (13)
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Equation (13) shows that if Dg(t, f) is diagonal, then any whitened data STFD matrix
is diagonal in the basis of the columns of the matrix U, and the eigenvalues of D,,(t, f)
are the diagonal entries of Dg(¢, f). An estimate U of the unitary matrix U may be
obtained as a signal subspace of a whitened STFD matrix evaluated at a time-frequency
point corresponding to the signal autoterm. The source signals can then be estimated as
§(t) = OWx(t), and the mixing matrix A is estimated by A = W#U.

Although the unitary matrix can be obtained from a single time-frequency point, STFDs
corresponding to different (¢, f) points should be incorporated, so as to reduce the possi-
bility of having degenerate eigenvalues and subsequently non-unique solutions. The joint-
diagonalization (JD) scheme can be used to incorporate multiple time-frequency points
[2]. This scheme forms K STFD matrices {D,,(¢;, f;i)|i = 1,---, K} at a set of preferable
K time-frequency autoterm points. The unitary matrix U is then obtained as the joint

diagonalizer of the set {Dg,(t;, fi)li=1,---,K}.

III. Spatial Averaging Time-Frequency Distributions
A. Spatial Averaging Methods

Spatial averaging method was introduced by Pillai [6] to restore the full-rank property
of the signal correlation matrix in the presence of coherent signals. Unlike other spa-
tial smoothing methods [20-23], which only restore the full rank property of the mixing
matrix when the impinging signals are coherent, the spatial averaging method enforces
the diagonal structure of the signal correlation matrix. This diagonal matrix property is
essential to perform source separation, as previously discussed. Here, we present the role
of spatial averaging in the context of TFD analysis, and propose signal separation using
joint diagonalization based on spatial averaging of spatial TFD matrices.

The basic idea of spatial averaging is to use subarrays of a uniform linear array to obtain
an averaged correlation matrix, or in the underlying problem, an averaged STFD matrix,
with the off-diagonal elements set to zero.

Without loss of generality, we consider a simple example of n = 2, i.e., there are only
two sources, s;(t) and sy(t). The result is generally true for n sources and N sensors, as

long as n < N.
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By ignoring the effect of noise, the received signal at the i-th array sensor (i = 0,1,---, N—

1) is represented by
zi(t) = 20 (1) + 2 (t) = 51()e I 4 s, (t)e I (14)

where wy, = 27sin¢x /A, k = 1,2, are the spatial radian frequencies, ¢, are the angles-of-
arrival, A is the RF wavelength, and d; is the distance between the 0-th and the i-th array

sensors. The cross-TFD of z;(t) and z;(¢), assuming uniform linear array, is

Dy (t, f) =D, <1>(t H+D,e» m(t f)+ D <2>(t f)+D,o <2>(t f)
= [Doss (&, £) + Do, (1, =" )] =3t (15)
+ [Daaos (b £) + Dy (1, femitbleor=on)] gmildimdites
Due to the presence of the cross-terms (second term in each bracket in (15)), the TFD

matrix Dyy(t, f) does not provide the proper information to carry out source separations.

The auto- and cross-TFD of the data z4(t) and z;(t), i =0,1,---, N — 1, is

Diﬂowi (t’ f) = [Dslsl (t’ f) + D525] (t7 f)] ejdiwl + [D5252 (tJ f) + D5152 (t7 f)] ejdi“’? (16)

where we used the sensor receiving z,(t) as the reference sensor and set dy = 0. Denote
bi(t,f) = Dsys,(t, f) 4+ Dsys, (8, f) and bo(t, f) = Dy,s,(t, f) + Ds,s,(t, f). The values
of bi(t, f) and bo(t, f) are generally complex. If b (¢, f) and by(t, f) are real, then the

Hermitian Toeplitz spatial time-frequency matrix

DzoZo (t f) Dﬂtozx(ta f) e Dzo:c]v_l(tv f)

—_ zoxl t Dzoro tv e onzN_z t,

D)= | Pt wh - ) -
::ozN 1(t7f) D;QIA g(t’f) onxo(t7f)

generated from the cross-TFDs Dy 5 (2, f), Dyoz, (8, f)y - -+, Dzgzy_, (¢, f) between the data
samples at the reference sensor and those at other sensors of the array can be expressed
as [24]

Dux(t, f) = ADg(t, f) A" (18)

where A is a Vandermonde matrix, and

ﬁss(t7 f) = dzag [bl (ta f)7 bQ(t’ f)] (19)
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is the corresponding source TFD matrix. Note that Dy,(t, f) has a different structure
from that of the STFD matrix defined in (7), and was used in reference [2] for blind source
separation. Clearly, (18) has the same form as (8), but Dg,(t, f) here is diagonal, even if
the selected (¢, f) point corresponds to a crossterm.

In the case of complex signal waveforms, the realness and the diagonal structure of
D.s(t, f) can be restored by spatial averaging. We add N — 1 array sensors symmetrically
about the reference point, as shown in Fig. 1. The received signal at i-th sensor of the

new set is,

z_i(t) = 2D() + 22 (2) = s1(£)e 4 sy(t)eies, (20)
The new cross-TFD of z4(t) and z_;(¢) is,
Dirge_i(t, f) = [Deys(t, ) + Doy (¢, )] €775 + [Dyyiy (¢, f) + Doy (8, f)] €77%42. (21)
The spatial averaging of (16) and (21) is given by
DE(t, £) = [Daoai(t, f) + Do, (8 )] /2= a2, )™ + ealt, feP%er  (22)
where
1(t, £) = Dasarlts £) + Re [Doso (1)), 2(t, ) = Dagey(t, ) + Re D, ).

Since the terms in the brackets in (21) are all real, the matrix formed from the TFDs (22)

Da(v:oz)(taf) ng)(t,f) D:(c]z\:{_l)(t’f)
- Dg:lz)* t7f D:(c(:)c) t’f 15;5_2) 12
Bt )= | U T U ) (23)
D£1:~1)*(t7 f) f):(cla::,_:z)* (t’ f) T D:(Lgc) (t, f)

is Hermitian and Toeplitz. This matrix is referred to as the spatially-averaged TFD
(SATFD) matrix. Similar to the real TFD case, in the noise-free environment, the SATFD

matrix in (23) can be expressed as
f)xx(t, f) = Aﬁss(ta f)AH (24)

where

ﬁss(ta f) = dia'g [Cl (t7 f)7 02(t7 f)] : (25) }
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The off-diagonal elements of Dg(¢, f) are zero, where as the matrix diagonal entries are
now made up of both autoterms and crossterms of the impinging source signals. By
enforcing the diagonal structure of the source TFD matrix f)ss(t, f), spatial averaging
of the Hermitian Toeplitz STFD matrices extends the validity of the TFD-based signal
separation in the presence of cross-TFDs.

The steps for source separation used in [2] and summarized in Section II can be applied
to the SATFD Dyx(¢, f) instead of the STFD D, (t, f). With spatial averaging, the
incorporation of STFDs at only autoterm points into the joint-diagonalization scheme is

no longer crucial to achieve good performance.

B. Comparison between Spatial Averaging and Kernel Methods

‘There are two sources of crossterms in the underlying source separation problem. The
first type are the crossterms that are the results of the interactions between the components
of the same source signal. Whether we use the STFD defined in (7) or in (17), those
crossterms are not harmful to the blind source separation problem, since they always
reside, along with the autoterms, on the main diagonal of the source TFD matrix. The
other type of crossterms are those generated from the interactions between two signal
components belonging to two different sources. These crossterms are associated with cross-
TFDs of the source signals and, at any given time-frequency point, they constitute the
off-diagonal entries of the source TFD matrices. The crossterms generated from the data
cross-TFDs violate the basic assumption in the problem of source separation regarding
the diagonal structure of the source TFD matrix. We must therefore select the t-f points
that belong to autoterm regions where crossterm contributions are at minimum. However,
the selection of autoterm points is often difficult in the absence of a prior: information of
the source signals, specifically for low SNR or when the signals have highly overlapping
time-frequency signatures. The later case can be encountered in radar echoes and a-coustic
signal processing.

The use of smoothing time-frequency kernel for crossterm reduction is a candidate so-
lution of the above problem. The main function of this kernel in the context of source
separation is to prevent the selection and incorporation of crossterm points in the joint-

diagonalization scheme, as well as to reduce the contribution of crossterms at selected
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autoterm points. In essence, the fundamental role of the t-f kernel is to make the source
TFD matrices as close to a diagonal structure as possible. The t-f kernel can be applied
to both forms of STFDs in (7) and (23). It is noteworthy that the smoothing kernel does
not distinguish between the aforementioned two types of crossterms, and accordingly it
reduces all entries of the source TFD matrix, including the diagonal elements.

The problem with the smoothing kernel is fourfold. First, for sources with closely
separated time-frequency signatures, the effectiveness of the smoothing kernel in reducing
crossterms is highly impaired. Second, reduction of crossterms depends on their vtime-
frequency locations, especially when fixed shape kernels are used. For example, t-f kernels
satisfying the marginal properties are not suitable for removing the crossterms which lie
on the time-lag and frequency-lag axes in the ambiguity domain. Third, depending on
the employed t-f kernel, part or all of the crossterms may be displaced to mount on the
selected autoterm points. The situation can make the source TFD matrix to further
deviate from a diagonal structure, cause performance deterioration from the case when
no smoothing is applied. We refer to this undesired property as the smoothing problem.
Fourth, since source separation is often performed incorporating a finite number of data,
samples, the intrusion of crossterms on autoterm regions cannot be prevented or entirely
removed. This is because the window spreads out the crossterms in the time-frequency
domain so that the mainlobe or/and the sidelobes of the crossterms are deemed to overlap
with the signal autoterms. We refer to this undesired property as the leakage problem in
STFDs. In addition to the above drawbacks, the t-f kernel ignores the fact that the first
type of crossterms need not be smoothed, as its appearance along the diagonal elements
can improve the effective signal to noise ratio.

The spatial averaging of the STFD defined in (23) at a given (¢, f) point does not
smooth or reduce the crossterms at that point, but rather move them from their residence
on the off-diagonal matrix entries to be part of the matrix diagonal elements. The other
part represents the contribution of the autoterms at the same point. Therefore, not only
we are able to set the off-diagonal elements of the source TFD matrix to zeros, but also
we can improve performance by selecting the (¢, f) points of peak values, irrespective of

whether these points belong to autoterm or crossterm regions.
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IV. Performance Evaluation
A. Performance Index

We use a slightly modified version of the performance index applied in [2] to evaluate
the performance of the proposed source separation technique. The estimate of the source
signal vector is computed by applying the pseudo-inverse of the estimated mixing matrix

A to the received signal vector x(t), i.e.,
§(t) = A*x(t) = A*As(t) + A#n(t) (26)

where A = W#U. We stress that in general, this procedure is not optimal for recovering
the source signals based on an estimate A. For large enough sample size, matrix A should
be close to the true one A, so that A#A well approximates the identity matrix. We
normalize matrix A by

A, = Adiagonal (A#A) (27)
where diagonal(F) denotes the matrix formed by the diagonal elements of F. As such, the
diagonal elements of AffA become exactly one, giving more meaning to the performance
index

L,=E ’(AfA) (28)

rq

which defines the interference-to-signal ratio (ISR). Thus, I,, measures the ratio of the
power of the interference of g-th source signal to the power of the p-th source signal. As the
measure of the global quality of the separation process, we also apply the global rejection
level to evaluate the overall performance of the proposed method
Tpers = Z Ipq- (29)
g#p

B. Effect of Crossterms between Source Signals

In this section, we examine the effect of the time-frequency crossterms on source sep-
aration per~rmance when spatial averaging is not applied. To simplify the problem, we
assume that Rss is an identity matrix. When crossterms are present at the off-diagonal

elements of the TFD matrix Dg(t, f), then

Di(t, f) = P(t, /)G(t, )P (2, f) (30)

156



matrix of the data vector under noise-free conditions becomes

and the STFD matrix of the whitened array signal vector is

provided based on a single (¢, f) point, then from (32),
A = W#WAP(t, f) = AP(t, f)
which is dependent on the unitary matrix P(t, f). Furthermore,

A*A = [AP(t, ))]* A = PH(t, f)

AfA = :diagonal (A#A)]_IA#A

= :diagonal (PH(t, f))]_lPH(t, f)
o1 (t, f) 0] "Toult, f) pa,f)

_ p2—21(t7 f) p12(taf) p22(ta f)
| O Pt )1 Lot f)  paalt, f)
1 Pupu(t, f) - Paapm(t )]

_ prpet, f) 1 o Dpabna(t, f)
L0 pin(t, ) ppoa(t, f) -+ 1

where p;; = [P(t, f )]ZJ Accordingly, the performance index becomes
-1 2
IP‘I = ’pqq (t7 f)pqp(ta f)|
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Dyx(t, f) = AD(t, f)AY = AP(¢, f)G(¢, /)PH(t, f)AH

where G(t, f) is the diagonal matrix with the eigenvalues at the diagonal elements, and
P(t, f) is the matrix whose columns are the corresponding eigenvectors. Note that all the

above matrices depend on the selected (¢, f) point. Substituting (30) in (8), the STFD

(31)

D, (t, f) = WADg(t, /)A"WH = WAP(¢, )G(t, f)PH(t, ) AEWH.  (32)

Since G(t, f) is diagonal, WAP(¢, f) is unitary. If the estimated mixing matrix A is

(33)

pnl(ta f) :
pn2(t7 f)

Prn(t, f)



and the global rejection level is given by

n

Dpery = 3 Ipg = X: Paa(t, I 32 [Pt I = Z: [Pog(t, /)| * = (37)

97q p=1p#q

In general, since the absolute values of p,,(t, f) are always equal to or smaller than 1,
the global rejection level I, ; takes a positive value. It is clear that I, s = 0 only when
Pgq(t, f) = 1 holds true for all g. That is, P is an identity matrix, which implies that there
is no off-diagonal non-zero elements in matrix D (¢, f).

Consider the specific case of n = 2. If we select a (¢, f) point where the contributions
of the two sources to the source TFD matrix are the same, i.e., Dy 5, (¢, f) = Ds,s,(t, f),
and since Dy, (t, f) = D}, (¢, f) by definition, then it is straightforward to show that

IPea(t, f)| = 1/+/2. In this case, L, is constant equal to 2. The (¢, f) points having such

property include all crossterms at which the autoterms have equal contributions.

C. Simulation Results

In this section we demonstrate the effectiveness of the spatially-averaged time-frequency
distributions in source separations. The whitening joint-diagonalization scheme [2] is
used for incorporating multiple time-frequency points into the propose—d spatial averag-
ing method. In all simulations, two sources with the chirp signals

si(t) = e W, sy (1) = e n (ki (38)
are used, where y is chosen as 0.0087. Different values of w and a are considered. These
values control the frequency offset and amplitude variation between the two signals and
can be chosen to yield closely or widely separated source signatures in the time-frequency
domain. 128 data samples are considered, from which a time-frequency matrix of 128 x
128 is formed. The DOAs of the two signals s,(t) and s(¢) are set equal to 30° and
60°, respectively, from the broadside direction. Furthermore, we assume an equi-spaced
5-element linear array with the interelement spacing 0.5\, where X is the wavelength.
Subsequently, when the spatial averaging method is used, two sub-arrays are formed, each
with 3 elements.

In the first set of simulations, we choose =0, i.e., neither signal is amplitude modulated.

The Wigner-Ville (WV) distribution of each signal is shown in Fig. 2, where 6 f (=w/27) is
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set equal to 0.05. Fig. 3 shows the time-frequency distribution of the mixed signals at the
center array sensor. No noise is present for this case. It is clear that the crossterms lie in
the middle of the two chirps, and their amplitude change periodically. Fig. 4(a) shows the
time-frequency distributions of the separated signals using the technique in [2], where joint
diagonalization is used without the utilization of the proposed spatial averaging method.
Three time-frequency (¢, f) points are used at ¢ = 32, 64, and 96. The frequency f is
chosen so that the TFD computed using the data at the center array sensor is the largest
at each t. Peak values of the WV distribution may either correspond to autoterms or
crossterms. In this case, out of three (¢, f) points, one crossterm point and two autoterm
peaks were selected. The obtained A# A matrix is

1.00 4+ 50.00 0.19 + 50.65
—0.21 + j0.63 1.00 + 50.00

and the computed global rejection level I, s is —0.43 dB. The result is clearly unsatis-

A#A =

factory, as the matrix AfA is far from the identity matrix and crossterms appear in the
separated signals.

Next, we force the selection of autoterm peaks by only considering the (¢, f) points along
the instantaneous frequencies of the two input signals at the same above time instants.
Although no crossterm point is selected, yet as discussed in Section III, because of the finite
data record, the crossterms leak into autoterm regions, causing the source TFD matrix to
deviate from a diagonal structure. We show in Fig. 4(b) the result of source separation
when only the autoterm points are considered. The obtained AfA matrix becomes

1.00 4+ 50.00  0.00 — 50.06
—0.01 - 70.01 1.00+ 50.00

and the respective global rejection level I,..; is —23.96 dB. It is clear that the source

A*A =

separation performance is greatly improved. This good performance implies that the con-
tributions of crossterms at the three selected autoterm points were insignificant, ir;lplying
that the corresponding source TFD matrices in this case were close to diagonal.

Fig. 5 shows the time-frequency distributions of the separated signals at the same con-
dition as Fig. 4(a), except with the utilization of the proposed spatial averaging method.
Spatial averaging entirely mitigates the effect of crossterms. It is clear that the time-

frequency distributions of the separated signals are the same as those of the original source
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signals, and AfA are exactly identity matrices. Similar results can be obtained when all
three (¢, f) points are autoterms.

Fig. 6 shows the global rejection level I, f versus the frequency difference d f between the
two chirps, where the input SNR is 20 dB. When the proposed spatial averaging method
is used, the global rejection level maintains low values. On the other hand, without
spatial averaging, the global rejection levels become very high. The main reason of the
large fluctuation of the I, ; without spatial averaging is that the influence as well as
the number of crossterm points incorporated in the joint-diagonalization scheme varies
with the frequency difference d f (when 6 f=0.1, no crossterm points were selected). Note
that the crossterms of the Wigner-Ville distribution remain high even when the frequency
difference is large. When selected, these terms put large values along the off-diagonal
terms of the source TFD matrix, and subsequently cause considerable error, as evident
from the figure. However, when only autoterm (¢, f) points are used, the global rejection
level decreases as f increases. In this case, the matrix off-diagonal elements are the
crossterm values at the autoterm points which become smaller for higher values of §f.

Next we show the effect of using time-frequency smoothing kernels for reduced inter-
ference terms. The Choi-Williams (CW) distribution [10] is considered with o=1. Fig. 7
shows the CW distribution of each signal separately, whereas the CW distribution of the
mixed signals at the center array sensor is depicted in Fig. 8. The signals are the same as
the ones used in the WV distribution simulations with § f=0.05. Fig.9(a) shows the CW

distributions of the separated signals. The obtained A# A matrix is
1.00 + 50.00  0.03 + 50.70

—-0.05+ j0.67 1.00 + 70.00
and the respective global rejection level I, s is —0.26 dB. At this small frequency offset,

A#A =

e =

effective smoothing of crossterms is difficult, and as a result, even with the use of time-
frequency kernel, one crossterm (t, f) point was still selected out of the three (¢, f) points.
When only the autoterm (¢, f) points are used, the AfA matrix becomes

. 1.00 + j0.00 —0.02 + 50.18

A*A =

© 10.01+40.14  1.00 + 50.00
and the global rejection level I, ¢ is reduced to —12.86 dB. The CW distributions of the

separated signals are shown in Fig. 9(b).
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Fig. 10 shows the CW distributions of the separated signals under the same condition as
Fig. 9(a), with the utilization of the spatial averaging method. Again, it is clear that the
time-frequency distributions of both cases are the same as the source signals, and AfA
are exactly an identity matrix. The same results can be obtained when only the autoterm
(t, f) points are used.

Fig. 11 shows the global rejection level versus the frequency difference 6 f between the
two chirps, where the input SNR is 20dB. It is evident from this figure that the kernel
method fails when the two signals have close time-frequency signatures. Using the pro-
posed spatial averaging method outperforms the case when no spatial averaging is applied.
Three important observations on the difference between the WV distribution and the CW
distribution in the context of source separation are in order. First, the CW kernel ef-
fectively reduces the crossterms, particularly when df is large. Accordingly, crossterms
are not as large as the autoterms, and as such, it is unlikely for the crossterms to be
selected and incorporated in the joint-diagonalization scheme. Second, when 4 f is large
enough, the global rejection level is significantly reduced for the CW distribution, even
when spatial averaging is not applied. Third, when the spatial averaging method is used,
the performance at small frequency offset from the CW distribution is worse than that
obtained from the WV distribution. The reason is, source separation is perturbed by the
presence of noise, and the performance nevertheless is sensitive to the input SNR. When
comparing the WV distribution and the CW distribution, the noise floor relative to peak
values is lower in WV distribution than CW for the underlying chirp signal example.

To show the effect of the input SNR on the source separation performance, Fig.12
and Fig.13 depict the global rejection level versus the input SNR, where the frequency
difference is 0.01. Increasing the SNR certainly improves the source separation perfor-
mance when spatial averaging is applied. On the other hand, without spatial averaging,
the source separation performance holds an almost constant high level. Such performance
demonstrates that crossterms are more of a fundamental problem than noise in TFD-based
source separation problems.

In the second set of simulations, w is set to zero in eqﬁation (38), rendering the two

source signals identical in terms of their instantaneous frequency characteristic. However,
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one of the two source signals is amplitude modulated, caused by a nonzero positive value
of a.

Fig.14 shows the global rejection level versus «, where the WV distribution is considered,
and the input SNR is 20dB. It is clear that, the two signals cannot be separated without
spatial averaging, but when applying spatial averaging, satisfactory performance of source
separation can be achieved. For a=0.002, the proposed technique yields a global rejection

level —26.72 dB.

V. Conclusions

Spatial averaging of spatial time-frequency distributions has been introduced and the
role of spatial averaging in mitigating the effects of crossterms when bilinear transforms
are used for signal recovery has been shown. The spatial averaging of the spatial time-
frequency distributions of the data across an antenna array removes the undesired effect
of crossterms between the impinging signals. These terms reside along the off-diagonal
entries of the source time-frequency distribution matrix, and consequently impede the
source separation performance, which is based on preassumed diagonal matrix structure.
Spatial averaging amounts to forming a spatial Hermitian Toeplitze matrix using the auto-
and cross-time-frequency distributions of the data over one half of the uniform linear array.
This matrix is then added to the spatial matrix corresponding to the other half of the array.
The desired effect of this averaging is reallocating the interaction between the source signals
in the time-frequency domain from the off-diagonal to the diagonal elements of the source
TFD matrix. In this respect, unlike the method proposed in [2], cross-terms, due to their
potential high values, are regarded as useful components that could be used for improved
performance. Spatial averaging can be applied to all members of Cohen’s class of TFDs,
irrespective of the employed smoothing kernel. When using a time-frequency kernel, the
problem amounts to averaging in all three dimensions of time, frequency, and space.

Joint-diagonalization (JD) is applied to include multiple spatially averaged time-frequency
distributions at different time-frequency points. With cross-terms moved to the diagonal
entries of the TFD matrix, the prime task of the source separation based on the JD scheme
is to avoid degenerate eigenvalues which are responsible for non-uniqueness solution of the

problem.
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Simulation examples were presented to illustrate the effectiveness of the new approach.
The two performance measures used were the global rejection level and the values of the
off-diagonal elements of the product of the mixing matrix and the Pseudo inverse of its
estimate. Two sources and five sensors were considered. The source signals were chirp
signals with the same sweeping frequency, but their corresponding constant frequencies
and amplitudes were offset by different values. Both Wigner-Ville and Choi-Williams
distributions were considered. It was shown that the spatial averaging method significantly
improves the performance measures over the non-spatially averaging method, specifically
when the two signals have close time-frequency signatures.

Without spatial-averaging, performance is very sensitive to whether only auto-term

or cross-term points or their mix are incorporated in the source separation procedure.

‘With spatial averaging, this is no longer a concern, since both terms appear along the

diagonal. It is also shown that the Choi-Williams distribution provides better results than
the Wigner-Ville distribution when no spatial averaging is applied, since it lowers the
likelihood of selecting crossterm points. With spatial averaging, the issue becomes merely
SNR, and in this respect, the Wigner-Ville distribution, due to its high peak values, yields
better performance than the Choi-Williams distribution. Therefore, the time-frequency

smoothing becomes unnecessary whenever spatial array averaging is possible.
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Fig. 12 Global rejection level versus input SNR (Wigner-Ville distribution)
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Abstract

Multiple source signals impinging on an antenna array can be separated by time-frequency synthesis
techniques. Averaging of the time-frequency distributions of the data across the array permits the spatial
signatures of sources to play a fundamental role in improving the synthesis performance. Array averaging
introduces a weighing function in the time-frequency (t-f) domain that decreases the noise levels, reduces
the interactions of the source signals, and mitigates the crossterms. This is achieved independent of the
temporal characteristics of the source signals and without causing any smearing of the signal terms. The
weighing function may take non-integer values, which are determined by the communication channel,
the source positions and their angular separations. Unlike the recently devised blind source separation
methods using spatial time-frequency distributions, the proposed method does not require whitening
or retrieval of the source directional matrix. The paper evaluates the proposed method in terms of
performance and computations relative to the existing source separation techniques based on quadratic

t-f distributions.
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I. Introduction

Time-frequency distributions have been shown to be very useful for nonstationary signal
analysis and synthesis [1], [2], [3], [4], [6]. While time-frequency distributions (TFDs) have
been sought out and successfully used in the areas of speech, biomedicine, automotive
industry, and machine monitoring, théir applications to sensor and spatial signal processing
have not been sufficiently investigated. By properly incorporating the spatial dimension
into time-frequency signal representations, the bilinear and higher order forms of TFD
can be a powerful tool for high resolution angle of arrival estimation and recovery of the
source waveforms impi‘nging on a multi-sensor receiver, specifically those of nonstationary
temporal characteristics.

Synthesizing the signal from bilinear distributions of the data at a single antenna re-
ceiver is often impeded by the presence of high levels of noise and crossterms. These
undesired terms not only obscure the true signal power localization in the time-frequency
(t-f) domain, but also reduce the synthesized signal quality. Signal synthesis using TFDs
can be improved using an antenna array receiver. The availability of the source signals at
different array elements allows the implementation of t-f synthesis techniques that utilize
the source spatial signatures for crossterm reduction and noise mitigation. In this paper,
we introduce a new approach for signal synthesis in antenna arrays which utilizes the
spatial separation of the sources as well as the sources’ time-frequency characteristics. In
effect, we perform source separation, or signal recovery, based on the difference in both
the time-frequency and spatial signatures of the signal arrivals. The signals impinging on
the multi-antenna receiver are assumed to be localizable in the time-frequency domain,
e.g., FM and polynomial phase signals.

Unlike the proposed technique, the existing array signal processing techniques for non-
stationary source separation using bilinear distributions require the construction of spatial

time frequency distribution (STFD) matrices from the data snap shots. The elements of
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this matrix represent the auto- and cross- time frequency distributions of the data across
the array. It was shown in [12], [13], [14] that the formula relating the TFD matrix of
the sensor data to that of the sources is identical to the relatiohship between the data
covariance matrix and the source correlation matrix. Blind source separation (BSS) can
therefore be performed using the source t-f signatures, instead of their correlation func-
tions. The former is more suitable for nonstationary signal environments. The BSS based
on TFDs method introduced in [12] first estimates the array, or the spatial signature,
matrix from the STFD using joint diagonalization. Then, it proceeds to use this matrix
estimate to undo the mixing at the array and recover the source signals.

The main difficulty of the above approach, however, is the need to construct the STFD
matrices from auto-term points. Selections of cross-terms violate the diagonal structure of
the source TFD matrix — a necessary condition for most blind source separation methods.
Even if successfully selected, the autoterm region is often contaminated by high level of
noise and intruded upon by the crossterms through the energy in their mainlobes and/or
sidelobes. The key feature of the proposed technique is the utilization of the sources’
spatial structures to enhance their time-frequency signatures in the t-f domain. Bilinear
signal synthesis methods [6], [7], [8] can then be applied to the enhanced source t-f features
to recover the signal waveform and its temporal characteristics. By averaging the time-
frequency distributions of the data across the array, we permit the source spatial signatures
(SS) to play a fundamental role in reducing noise and crossterm contamination of the true
signal t-f power concentration, leading to improved synthesis performance. It is shown
that the performance is determined by the inner product of the source array vectors and
improves for weakly correlated and orthogonal source spatial signatures. In the case of
Gaussian channel and omni-directional uniform linear arrays, spatial averaging produces
a sinc weighting function whose maximum value, normalized to one, is assigned to all
source autoterms, whereas its fractional values are assigned to the source crossterms, and

thereby mitigating their effects. It is shown that the extent of crossterm reduction is a
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function of the spatial frequency separation of the sources and does not rely on the source
specific locations or their time-frequency characteristics. However, sources positioned near
the broadside will generally exhibit lower interactions in the t-f domain than those at the
endfire.

Unlike source separation techniques based on STFD, the proposed approach does not
require whitening or retrieval of the source directional matrix, thereby, simplifies the signal
recovery process. Further, as a result of the averaging process in the proposed approach, a
weighting function in the time-frequency domain is constructed which decreases the noise
levels, reduces the interactions of the source signals, and mitigates the cross-terms. This
is achieved independent of the temporal characteristics of the source signals and without
causing any smearing of the signal auto-terms.

The paper is organized as follows. The signal model is presented in Section II, and
the proposed array averaging technique is also formulated. The effect of source angular
separation on cross-term reduction is cast in Section II using the implicit beamforming
properties of spatial averaging. Section II also addresses the equivalent t-f mask introduced
by the proposed technique. The complete synthesis procedure is devised in Section III,
where the signals are synthesized from the array averaged modified WVD. The modified
WYVD [9] is used to avoid the need for extracting the odd-indexed and even-indexed vectors
separately via eigen-analysis. Numerical simulations illustrating the performance of the

proposed method are given in Section IV.

II. Problem Formulation
A. Signal Model

Assume L source signals incident on an M-sensor array. The propagation delay between
antenna elements is assumed to be small relative to the inverse of the transmission band-

width, so that the received signals are identical to within a complex constant. The data
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received across the array is given by the narrowband model
x(t) =y(t) + n(t) = As(t) +n(t), t=1,...,N (1)

where x(t) = [x1(t), ..., xa(t)]” and s(t) = [s,(t), . ..,s.(t)]" are the M x 1 data snapshot
vector and the L x 1 source signal vector at time instant ¢, respectively. The superscript
T denotes the vector/matrix transpose. The M x 1 vector n(t) is the noise vector whose
elements are modeled as stationary, spatially and temporally whité complex Gaussian

processes with zero mean and variance of o2, i.e.,
E [n(t +7)n" (t)] = 0%5(r)I (2)

where the superscript 7 denotes transpose conjugation. Moreover, d(7) is the kronecker

delta and I denotes the identity matrix, and A denotes the M x L mixing matrix,

A =Jay,... a1, | (3)
The columns of matrix A are the source spatial signatures (SSs), and are given by

a; = [ag,. - -aaiM]T (4)

where a;; is the jth component of the ith SS, a;. Matrix A serves as the transfer function
between the source signals s(t) and the data x(t). Furthermore, we assume that matrix
A is of full column rank, which implies that the SSs associated with the L sources are
linearly independent. To simplify the discussion, we exchange any possible scalar factor
embedded in a; to the source signal and assume that ||a;||s = M. It is clear that this
exchange does not affect the data observed from the antenna array.

It is evident that when L > 1, equation (1) represents a multi-component scenario due
to the mixture of the signals at each sensor. Therefore, a quadratic TFD at the individual
sensors would contain not only the autoterms of all source signals, but also the interactions

of the source signals, causing undesirable crossterms.
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For the purpose of subsequent derivation, we first expand equation (1) using definitions

(3) and express the received noise-free data vector

= ;aisi(t). (5)

Specifically, the data received at sensor k (k =1,2,..., M) is given by

L
t) = z aiksi(t). (6)
i=1
B. The Array Averaged WVD

The discrete form of WVD of the signal y(¢) is given by [4]
Wy, (t, f) = Z y(t + Dy (t — e~ (7)
l=—00

where * denotes complex conjugation, and ¢ and f represent the time index and the
frequency index, respectively. Equation (7) is often referred to as the auto WVD of the

signal y(t). Similarly, the cross WVD of any two signals y;(¢) and yo(t) is defined as
Wh)’z(t f Z y1 t+ l)yQ( l)e_j47rﬂ‘ (8)

l=—

Substituting (6) into (7), we can express the WVD of the signal at the kth sensor y,(t) as

t~

L oo

Wy (6 F) =D agaj, si(t + 0)s3(t — De 7! = ZZalka]kWS s f),  (9)

i=1j=1 I=—00 i=1j=1

where Wy, y, (¢, f) will herein be referred to as the auto-sensor WVD of yi(t). Wy, (t, f)
corresponds to the auto-source or cross-source WVD, depending on whether ¢ = j, or
1 # j. It is important to note that there are two types of crossterms in the underlying
problem. The first type are the crossterms that are present in the auto-source WVD.
These terms are the results of the interactions between the components of the same source
signal, which is the case when the source signal itself is of multi-components. Without

loss of generality, we assume mono-component sources, and as such the auto-source WVD

has no cross-terms. The other type of crossterms are found in the cross-source WVD and
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}
;

generated from the interactions between two signal components belonging to two different
sources. A variant of the two is the crossterms in the cross-sensor WVD, which results from
the interactions of the signals from different array elements. It is generally the collection
of the above crossterms and the source auto-terms. We note that the cross-sensor WVD
does not play a role in the analysis presented in this paper.

Averaging the auto-sensor WVDs over the array yields

M
W(ta f) = %kzjl Yk}’k (¢, f) = ZZ( Zalkajk) stJ (¢, f)

= i=1 j=1
HAE
- —-alla;) W, (¢, ). (10)
=1 j=1 M 7 o
In equation (10), a a; is the inner product of the SSs a; and a;. For ¢ = j, afla; =
llai||2 = M. Define the spatial correlation coefficient
L u
B = 3725 (11)
Equation (10) can be then rewritten as
L L
t, f) =ZZ Wes; (, f). (12)

The above equation shows that W(t, f) is a linear combination of the auto-source and cross-
source WVDs of all signal arrivals. To obtain a general and compact form for W(t, f), we

define the source WVD matrix that enters W (¢, f) as its (4,5)th element,

Wss(tyf) = [WSiSj(t7 f)] ) Z7.7 = ]-7 . '7L (13)
and

1
r = MAHA:[@-J-], i,j=1,...,L (14)

Accordingly, the averaged WVD W(t, f) could be simplified to

W(t, f) = u? [W(t, f) T u, (15)
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where © denotes the Hadamard product, or the matrix element-by-element product, and
uis an L x 1 vector of unit values, i.e., u=[1,..., l]T. Equation (15) is valid for every
(¢, f) point and elucidates the averaging of the WVD across the array. It includes all
the signal autoterms and crossterms that naturally appear in a typical multi-component
WVD. However, in (15), these autoterms and crossterms are weighted by constant values,
which are the spatial correlation coefficients that have resulted from the inner product
between the sources’ SSs, exhibited in the elements of matrix I'. It is important to note
that by the virtue of the inner product, the source directional information carried by its
respective SS is lost in W(t, f).

The diagonal elements of the matrix W (¢, f) © ' constitute all the autoterms of the
L source signals, whereas the off-diagonal elements are their respective cross-terms. It is

straightforward to show that for the ith and the jth sources,
1851 < 1,i#j and B =1,i=j, (16)

indicating that the constant coefficients in (15) for the auto-source WVDs are always
greater than, or at least equal to, those for the cross-source WVDs. For a large array or
widely separated sources, |§;;| < 1, leading to significant suppression of the crossterms.
This property is utilized by the array averaging process and is shown to improve the signal
synthesis performance.

An interesting case arises when all SSs are orthogonal, i.e., Bij = 0 for any ¢ # j. In

this case, I' becomes an identity matrix and yields

L
tf=Z Wes, (8, f). CY))

It should be noted that W(t, f) in (17) is solely the summation of the source signal
autoterms. The above equation highlights the fact that all source signal crossterms are
entirely eliminated from W(¢, f) and only the autoterms are maintained, which is most

desirable from the synthesis perspective.
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C. Beamforming Effect

In order to establish quantified analysis on the suppression effect of crossterms based
on the proposed array averaging technique, we consider the special case of a Gaussian
channel and a uniform linear array(ULA). With no signal scattering, the SS displays the
structure |

. . T
2= 1,6, 0T )
The spatial frequency of the ith source wj; is given by

wi = ?-}‘f sin (6;), (19)

where d is the inter-element spacing, A is the wavelength, and 6; is the angle of arrival
(AOA). From (11) we obtain

1— e]MAw
M (1 — eibw)

_ sin(MAw/2)

18l = M -sin(Aw/2)

(20)

where Aw = w; — w; denotes the difference between the two spatial frequencies w; and
w;. Equation (20) is the well-known array factor for an M-element linear array [15].
The spatial pattern represented by (20) reaches its maximum value Within'the mainlobe
at Aw = 0. The pattern has secondary maxima in the side lobes. The largest of those
maxima occurs within the first sidelobe and is asymptotically (for large M) 13dB down
from the unit value. In this regard, if the difference in the spatial frequencies of adjacent
sources are greater than AQ) = _Jl%’ which is half of the mainlobe width, the suppression
of crossterms could always be guaranteed by at least 13dB for a large value of M. From

equation (20), we have

lim |3 =0, @#3J. (21)

M—-o0

Using this result, we could further rewrite equation (12) as

~

A}gnmw (t, f) = Z ssi (6 F), (22)
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which is the asymptotical form of the orthogonal scenario described in (17). The im-
portance of equation (22) lies in the fact that by utilizing the array averaging approach,
crossterm could be suppressed to any extent if there are sufficient number of array ele-
ments. In other words, the orthogonality in SSs could be always approached by increasing
the array manifold. As such, in the underlying problem, the array size is cast as an im-
portant parameter influencing the performance of crossterm suppression through array
averaging.

Since M and d appear as a product in (20), then as the number of the sensor M increases,
the sources could be more closely spaced without impeding crossterm suppression. It is
important to note that because of the nonlinearity between Aw and A#, the condition on
angular separation Af for the same level of cross-term suppression is more relaxed when
the sources are near the broadside and more rigid when they are placed at the endfire.

The condition for the orthogonal structure of all SSs in a ULA, and subsequently full
crossterm suppression, could be determined by simply setting equation (20) equal to 0.

Consequently, we obtain,
27
Aw:imﬁzimAQ, m=12,..., (23)

and equation (17) follows. Conversely, the worst performance corresponds to the case
in which the sources have the same AOA, i.e., Aw = 0, or they are closely spaced, i.e.,
|Aw| < -QMK In this case, |5;;| = 1, and the crossterms would not encounter any significant
changes as a result of array averaging. In general, if all the sources impinging on the array
are closely spaced, the source signal crossterms will not suffer any substantial reduction,
and the averaged WVD becomes almost no different from the WVD computed from the

output of a single antenna receiver.
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D. Equivalent Time-Frequency Mask

The incorporation of the source SSs into WVD results in multiplying the original WVD
with an appropriate mask function in the t-f domain. HoWever, unlike the conventional
mask functions that typically, but not necessarily, assigns 1 for desired t-f regions and 0
elsewhere, the mask produced by the éource spatial structure may assume any values, which
are dependent on both the communication channels and source spatial locations. These
mask values are high over autoterm regions and small over crossterm regions, regardless
of their specific locations in the t-f domain.

It is noteworthy that since the crossterm suppression is controlled by the inner product
of the source SSs and is not dependent on the source temporal characteristics and sig-
nal frequency contents, the evolved time-frequency mask in the underlying problem only
reduces the crossterms that are produced from the interaction of the signals of different
sources. That is, the array averaging process of the sensors’ WVDs does not reduce the
crossterms of the signal components belonging to the same source. These crossterms are,
in essence, highlighted by the same coefficient that multiplies the respective source au-
toterms, and theif retainment is important when synthesizing multi-component signals.
In other words, unlike reduced interference distributions (RIDs) [4], [10] in which appro-
priate kernels are applied for smoothing all crossterms, the proposed synthesis method
using array processing applies selective mitigation of crossterms, as it identifies and elim-
inates the “undesired” crossterms over any t-f regions, even if they are overlapped by the
source autoterms, which is the case shown in the simulation section. Another advantage
of the proposed method over the RIDs lies in the fact that, the array averaging technique
does not produce any smearing effect. That is, the averaging process, apart from scalar
multiplication, does not alter the shapes of the signal autoterms in the t-f domain.

The averaged WVD W(¢, f) is not a valid WVD, as there rarely exists a signal waveform

that has the same WVD as W(t, f). In the sense of signal synthesis or blind source
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separation, the criterion of minimum square error(MSE) is often applied to obtain the
signal yopt(t) with WVD that best approximates the modified WVD, i.e.,
2

Yo (8) = arg. i 3557 W ) = WG, ) (24)

If desired, one may combine kernel smoothing and spatial smoothing. This is achieved
by replacing the WVD in (13-17) with another member of Cohen’s class of TFDs. It
is evident from above equations, however, that the extent to which the crossterms are
mitigated via spatial averaging is kernel blind. It depends exclusively on the expression of
', which is determined by the spatial information of the source signals and is independent
of W, the specific t-f expression used. The integration of both spatial and time-frequency
averaging can result in significant crossterm suppression that cannot be achieved by each
type of averaging applied alone.

The above discussion is based on the noise-free assumption. Because the noise is spatially
and temporally white, the averaging process in the presence of noise could also provide
an enhancement of the signal-to-noise ratio (SNR) in W(t, f) by a fact;)r of M over the
WVD of the single sensor. This amounts to increasing the synthesis robustness with
respect to noise, which becomes important in the environment where the desired signals

are submerged within the noise. Therefore the benefits of the proposed method is two-fold,

reduction of the signal crossterms as well as the additive noise level.
III. Signal Synthesis

A. Signal Synthesis Using Linear TFDs

Unlike bilinear approaches, methods that use linear filtering to recover or estimate the
time-varying signal could avoid the troublesome crossterms. There are several methods
in linear synthesis approach. The most common and straightforward one is by short-time

Fourier Transform (STFT) [9]. If the masked STFT is still a valid transform, then the

signal could be recovered perfectly. If not, usually the MSE criterion is applied to obtain
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the most optimal solution. Another linear approach in signal synthesis is based on wavelet
transformation (WT) [11]. Related works coulci also be found out in [9], [11].

Although capable of solving many nonstationary problems, the linear approach is not
always an appropriate technique to restore the signals with fast-changing t-f signatures,
e.g., the linear polynomial phase signals. A natural and reliable approach for FM signals

is through the bilinear t-f transforms, typically, the WVD.

B. Analogy of the Array WVD Signal Synthesis

The proposed array averaging technique structurely resembles the “weighted model”
introduced in [7], and is given by
A L L
W(t, f) = ; ; i Wess; (8, f) (25)
where a;; is the weighting factor for the signal sources’ auto- or cross-terms Wy, (2, f).
W (¢, f) denotes the weighted t-f distribution and is similar in structure to the array av-
eraged WVD W(t, f) defined in (12). The key difference between equation (25) and (12)
is that, in the underlying problem, we do not intentionally select the weight factors f3;; in
(12). They evolve naturally from the inner products of the associated SSs embedded in
the matrix of I' and are generated without any “human intervention” through the process
of array averaging.
To synthesize the signal from the averaged WVD, we apply transformation to the mixing

matrix as
B = A - diag(d;,...,d.) . (26)

where d; = ||s;(¢)||, ¢ = 1,...,L. This is equivalent to normalizing the signal power
and exchanging the scalar factor in s;(¢) to the mixing matrix B. Next, we perform the

following singular value decomposition (SVD),

UH(B)V = diag(\y, ..., L) (27)
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where Ay > Ay > ... > A >0, and U and V are M x M and L x L unitary matrices,

respectively. Denote IV = %BH B, it is straightforward to show that

H (v . )‘% /\%
A% (F)V:dzag(ﬁ,...,ﬁ) (28)

Following the same procedures in [7],we could derive the result of the synthesized signal

from the averaged WVD as,

Sopt(t) = D Wk (t) (29)
k=1

with

€j¢/\kV1k

’)’k—"——m,

where vy; is the kth element of matrix V’s first column v, that is, the eigenvector of

(30)

I'" corresponding to the largest eigenvalue A?/M. From (29), and drawing an analogy to
the weighted model in [7], it is clear that the synthesized signal using the array averaging
technique is a linear combination of the source signals s, (¢). The combination coefficients
v are irrelevant to the signals’ t-f characteristics and depend only on the formation of
matrix I which is only a variation of T'.

Equation (29) shows theoretical results of signal s.ynthesis based on the averaged WVD.
Without any mask that distinguishes the different signal auto-terms, the synthesized signal
is generally a combination of the source signals s, (), which is no different from the signal
received at a single antenna sensor. In the special case where there is no cross-terms

present, (29) gives a solution of a single source signal with the maximum energy [7).

C. Single Signal Synthesis from Averaged WVD

In order to recover the sources respective signals without crossterms contamination,
which become mostly suppressed by the array averaging process, an appropriate mask is

often placed on the autoterms of each source in the t-f domain.
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Practically, the WVD-based synthesis techniques could be found in [6], [7], [8], [9].
In this paper, we apply the method of extended discrete-time Wigner distribution
(EDTWD), introduced in [9], to the output of array averaged WVD. The advantage of
using the EDTWD lies in the fact that it does not require a priori knowledge of the source
waveform, and thereby avoids the problem of matching the two “uncoupled” vectors (even-
indexed and odd-indexed vectors).

The overall synthesis procedure is summarized in the following steps.

1. Given the received data of the ith sensor x;(t), compute the EDTWD
k * k —j2nkf
Wei (& F) = D xi(t+2)x*(t — 2)e™??™ +=0,£05,+£1,.... (31)
- 2 2
kit+3€Z

2. Apply the averaging process, that is, summing the EDTWD across the array

E

Z xixi (& f)- (32)

3. Place an appropriate t-f mask on W(¢, f) such that only the desired signal autoterms
are retained.

4. Take the IFFT of the masked WVD W(t, f)

p(t,7) = / W(t, f)ei2 ! df. (33)

5. Construct the matrix Q = [q;;] with

I
qi,:p( 2372—3)- (34)

6. Apply eigendecomposition to the matrix [Q + Q¥] and obtain the maximum eigenvalue

Amaz and the associated eigenvector u. The desired signal is given by

Sopt = €9%1/2naz U (35)

7. Repeat step 3 through 6 until all source signals §;(t),82(¢), ..., 8. () are retrieved.
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D. Array Matriz Estimation

Upon synthesizing all the source signals, we could utilize these signal waveforms to

estimate the mixing, or array, matrix A through the MSE criterion,

x(t) — AS(t)

- > (x(t) - ;aiéi(t)> (x(t) - ; a;8; (ﬂ) : (36)

t=1

N
e=Y,
t=1

The solution is to find the matrix that minimizes the cost function ¢, that is,

~

A =arg mAin €. (37)
The necessary conditions for (37) is

Oe N

i)Y [é,’;(t) (x(t) —gaiéi(t)ﬂ

where
~ Ar
R=Y5(t)s" (1) (39)
t=1
represents the estimated signal source covariance matrix, and ¢ = [f,...,T.], with
N
f = 3 x(1)3 (1) (40)
t=1

is the correlation vector between the data vector received across the array and the ith
source signal §;(t). In equations (38-40), “A” signifies the fact that we deal with estimated

variables. The matrix form for all the L equations expressed in (38) is
—f+AR=0. (41)

The estimate of the array matrix is
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It is evident from the implementation of the proposed algorithm, that the spatial in-
formation needs to be compromised in the first phase to permit crossterms and noise
suppressions. The mixing matrix A could be estimated only after the complete retrieval
of the signal source waveforms. This is fundamentally different from other algorithms that
combine array signal processing with conventional bilinear distributions, e.g., the spatial
time-frequency distribution (STFD) in which the mixing matrix estimation precedes the

estimation of the source signals and is provided using relationship
Dxx(t, f) = ADss(2, f)A, (43)

where Dg(t, f) is the signal TFD matrix whose entries are the auto- and cross-TFD’s of the
sources and Dy, (¢, f) is the data STFD matrix. In the STFD-based source separation, the
estimate of A is provided using whitening, followed by joint diagonalization of Dy (t, f)
for (¢, f € autoterm regions). This estimate is then included to obtain the source signals
using Pseudo-inverse of A.

A hybrid technique based on both array averaging and STFD can be adopted The
array averaging of WVDs is first performed to offer a good estimate of t-f signatures of
source signals through cross-term suppression properties. Once the auto-source WVDs
are determined, we could then construct the STFD matrices and recover the synthesized

signal waveforms, as well as the mixing matrix based on equation (42).

E. Computational Cost

To compare the computational cost of the proposed method and STFD, we use the
number of complex multiplications as the evaluation criterion. For the array averaged

WVD, the computational cost is shown to be (Appendix A)
Nao = (1 + L +4log, 2N) - O(N?), (44)

where the operand O(-) denotes the order of “-”. Equation (44) shows that the computation

cost required for the proposed method is almost proportional to O(N?).
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The computational cost for a typical STFD process is given as (also see Appendix A)
Nsrrp = log, N - O(N?). (45)
Thus the array averaging technique requires more computations than the STFD.

F. Signal Synthesis with Overlapping T-F Signatures

The procedures we have discussed is appropriate to synthesize the signal waveform whose
t-f signatures are distinct. In this case, the masked t-f region always contains the autoterm
of the desired source signal with the influence from other sources often negligible. However,
if the source t-f signatures overlap, the mask is deemed to capture undesired autoterms.
This problem cannot be mitigated by spatial averaging of TFDs and a modification of the
proposed method is in order.

- Assume that upon implementing the synthesis process described in section III.D, we
obtain the estimate of the mixing matrix A. Since there are interfering signal autoterms
from other sources, A should be considered different from A. We use A to construct a

beamformer applied to the data received across the array (assume the noise-free scenario).

That is,
2(t) = — Afx(t) = — A" As(1) (46)
M M '
where z(t) = [21(t),...,2z.(t)] is a L x 1 vector. Clearly,
2(t) (15Ha)s(t)+i<1ﬁHa)s(t) (47)
k(t) = ( —ay ak ) sk ——agay ) si(t).
M i \M™F

It is expected that &; is a perturbed version of 4. With the approximations

1.
lﬁafak X P =1 (48)
and
1 .y
Mak IS TR l,l -‘,é k. (49)
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then, the WVD of z(t) is given by
L L
W (b f) = W, (8, f) + Z Z ﬂikﬂ;kwsisj (t, f). (50)
i=1 (j=1,ji)
for j # 4, BB < 1. This shows that in equation (50), except the kth auto-source
term, all other terms, either auto- or cross-source terms, are significantly reduced from
Wo,z (¢, f). In the case of ULA, the suppression of those terms are at least 13dB for large
value of M. The suppression of the autoterms other than source k is |3;x|2, which is.more
than 26dB down from the kth source. Therefore, the effect of the overlapping autoterms
from other sources becomes negligible. If we apply the steps (3-8) of the synthesis pro-
cedure of section III-D using the improved WVD in (50), the synthesized signal will be

enhanced.

IV. Simulation Results

In this section, we provide computer simulations to demonstrate the improvement gained
by the proposed technique in the reduction or elimination of crossterms. Specifically, we
examine the effect of array averaging on the retrieval and separation of the nonstationary
signals impinging on the multi-sensor array. In all the simulations presented below, we
consider several signals incident on an eight-sensor ULA (M = 8) with inter-element
spacing of half-wavelength. The additive noise is zero mean, Gaussian distributed, spatially
and temporally white. The length of the signal sequence is set to N = 128.

Moreover, we use the same performance index applied in [12] and [14] to evaluate the
performance of the proposed technique

2

, (51)

Iy = E‘ (A#A)m

where the superscript # denotes the pseudo-inverse. Equation (51) defines the interference-
to-signal ratio (ISR). Thus, I,, measures the ratio of the power of the interference of gth

source signal to the power of the pth source signal. For large enough N, we have I, ~ 0
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for p # q. We also apply the global rejection level to evaluate the overall performance of
the proposed method

Tpery = Z Ipq- (52)

9#p

In the first example, three chirp signals, s;(t), s2(¢) and s3(t), arrive at the array
with AOAs of —20°, 0° and 20°, with the respective start and end frequencies given
by (0.97,0.57), (0.667,0.267), and (0.57,0.17). In the t-f plane, the source signals have
parallel signatures, emulating a multipath environment. The crossterm of s;(t) and s;3(¢)
also forms a chirp-like crossterm structure whose frequency starts from 0.77 and ends with
0.37, and therefore lies closely to the t-f signature of sy(¢). Fig. 1 depicts the WVD of
the signals at the reference sensor (sensor #1) for the case of noise-free environment. It
is clear that the t-f signature of all signal autoterms and crossterms are parallel in the t-f
domain; The crossterms produced from the three source signals are even more dominant
than the source autoterms; In the single sensor receiver, it becomes difficult to distinguish
the source autoterms from the crossterms without any a priori knowledge of the sources.

From the above AOAs, we obtain

1 0.2236 0.1048
'%A”A| =102236 1 02236 |. (53)
0.1048 0.2236 1
The off-diagonal elements are small (< —13dB), compared to the matrix diagonal entries,
indicating that the sources spatial signatures are weakly correlated, and the array aver-
aging process could result in a substantial reduction in the crossterms. Fig. 2 shows the
corresponding array-averaged WVD. Due to the reduction in cross-terms by more than
13dB, the t-f signatures of the sources are distinctively exhibited in the plots. Explicitly,
the crossterm from s;(t) and s3(t) ceased to become an interfering factor in identifying
the adjacent signal source sy(t). In effect, averaging the WVDs across the array has sig-

nificantly reduced the crossterms, whereas the three signals’ autoterms have remained
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intact.

Next, we add 5dB noise to the data at each array sensor so that the input SNR is -5dB.
Fig. 3 and 4 depict both the reference-sensor WVD and the arréy-averaged WVD. 1t is
evident that the noise obscures both the signal autoterms and crossterms of the WVD at
a single sensor. It is difficult, therefore, to retrieve the desired signal if we only synthesize
from a single sensor.

Upon averaging, both noise and crossterms are sufficiently reduced to clearly manifest
the individual source t-f signature, and the signals could be individually recovered if we
place the appropriate masks in the t-f region. Fig. 5 and Fig. 6 shows the WVD of the
synthesized signal s,(t) using the array averaging and STFD techniques, respectively. Fig.
7 displays the real parts of the original signal s,(t), the STFD-recovered $(t), and $(¢)
synthesized by the proposed method. It is clear that the result from the array averaging
technique is closer to the original signal than the recovered signal from the STFD-based
method. We also plot the global rejection level I, s versus the input SNR in Fig. 8.
The input SNR takes values from -10dB to 20dB. Both the STFD-based and the array
averaging-based techniques are used to compute the empirical I,,; defined in equation
(52). Increasing the SNR certainly improves the performance for both methods, and
simulations show that the STFD-based method is outperformed by the array averaging
technique, which is consistent with the results given in Fig. 7.

In the second example, we use two chirp signals with overlapping autoterms. The
signals are from AOAs of —20° and 20° with start and end frequencies of (0.77,0.37) and
(0.37,0.77), respectively. There is no additive noise in this example. Fig. 9 shows the
WVD of data from the reference sensor #1. The two signal autoterms overlap, and their
cross source terms could also be clearly noticed. The array averaged WVD is plotted
in Fig. 10. Using the conclusions derived in section II, we expect that the cross-source
terms would be suppressed by about 19dB after the array averaging process. This is

supported by the plots in Fig. 10. To synthesize the signal, we place the mask along each
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t-f signature. Any reasonable selection of the mask inevitably includes components from
the other source. Therefore, each signal synthesized following the procedures described in
section III-D is, in essence, corrupted by the other signal. Fig. 11(b) depicts the WVD of
one synthesized but corrupted waveform, compared to the WVD from the original source,
which is shown in Fig. 11(a). By further implementing the beamformer and synthesis
procedures from section III-E, we could obtain less noisy waveform. The WVD of the
improved synthesized signal is shown in Fig. 11(c). The power leakage in Fig. 11(b)
almost disappears in Fig. 11(c). The corresponding global rejection levels are calculated
and equal to 0.02652 and 0.00159 for the respective cases, showing the important role of

the proposed beamformer approach.

V. Conclusion

A two-step synthesis technique using bilinear distributions was proposed for multi-sensor
receivers. The first step is to average the Wigner-Ville distributions of the sensor data
across the array. This averaging process allows the distinction in the spatial structures
of the sources to play a key role in improving their time-frequency representations. This
improvement is manifested in the reduction of the noise floor and mitigation of cross-terms
in the t-f domain. The second step is to apply well-known bilinear synthesis methods to
the averaged WVD. It was shown that the proposed synthesis approach is fundamentally
different form the one recently devised using spatial time-frequency distributions. In the
latter, the source spatial signatures need to be first estimated before the sources could
be separated. The main attraction of the proposed approach is that it naturally extends
bilinear signal synthesis to array processing. In doing so, it capitalizes on the spatial
dimension to reduce the cross-terms without smearing the auto-terms, which can not be

achieved using the t-f smoothing operation via reduced interference distributions.
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Appendix A: Computation for STFD-Based and Array Averaging-Based

Techniques

We first derive the computational requirement for a single EDTWD counting the com-
plex multiplications. It is clear from equation (42) that for a sequence y(t) (t=0,1,..., N~
1), the EDTWD would generate a (2N —1) x (2N —1) two-dimension time-frequency dis-
tribution Wy,. The computation cost is determined by constructing a (2N-1)x (2N -1)

matrix whose element are given by

k k. _.
W(t, k) = x;(t + 5)x,-*(t - 5)(3—12”“, t=0,051,...,N—-1,k=0,£1,...,£(N - 1).

(A.1)
The number of complex multiplication involved in (A.1) is
m = 14+2+... +(N-1)4 N+ (N-1)+...+1= N2, (A.2)

The EDTWD could be obtained simply by calculating the fast Fourier transform (FFT)
with respect to the k parameter in W,(t, k). Assume Nppr is the computation cost for a
sequence of length (2V — 1), we have Nppr &~ 2N x log, 2N. Therefore the computation

cost required in a single EDTWD is
Ny = (2N — 1) X NF'FT =~ 4N2 10g2 2N. (A3)

Other costs are Nppr for IFFT, L - O(N?) (according to [16]) for eigendecomposition to
recover source waveforms, L(L +1)/2N + LMN + O(L?) for recovery of mixing matrix.
The total cost is computed by summing the above results. Since the number of samples

N is often much greater than other parameters, we neglect all items but O(N?), yielding
Noa =11 +n2 + Nppr + L- O(N?) & (1 + L + 4log, 2N) - O(N?). (A4)

The computation requirements of STFD could be calculated in two parts. The first

part is related to extractions of the t-f signature. This is achieved by computing the
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WVD of the data from a single reference sensor and selecting the t-f points that are
associated with the different signal sources. Similar to EDTWD, the required cost for
this process is log, N - O(N?). The second part involves the constructing of the STFD
matrices and recovery of the signal waveforms. It is straightforward to show the respective
computation cost is: Estimation of the auto correlation matrix: NM 2/2; Computation of
the whitening matrix: O(M?®); Whitening of the data: NLM; Estimation of the STFDs:
arL(L — 2)/2; Joint Diagonalization: O(KL?); Separation: LM N. The variables L, M,
and N are the number of sources, sensors and samples, respectively, whereas K is the
number of the chosen t-f points. ar is the cost of one classical TFD. In a typical scenario,

L, M,K,ar < N, Therefore the computation cost for STFD is

Nsrrp ~ log, N - O(N?). (A.5)
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Fig. 6. WVD of synthesized $,(t) using STFD.
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Fig. 9. WVD of the two overlapping signals from a reference sensor.
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Fig. 10. Array averaged WVD.
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Time-frequency maximum likelihood methods
for direction finding
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Abstract

This paper proposes a novel time-frequency maximum likelihood (t-f ML) method for direction-of-
arrival (DOA) estimation for non-stationary signals impinging on a multi-sensor array receiver, and com-
pares this method with conventional maximum likelihood DOA estimation techniques. Time-frequency
distributions localize the signal power in the time-frequency domain, and as such enhance the effective
SNR, leading to improved DOA estimation. The localization of signals with different time-frequency
signatures permits the division of the time-frequency domain into smaller regions, each containing fewer
signals than those incident on the array. The reduction of the number of signals within different time-
frequency regions not only reduces the required number of sensors, but also decreases the computational
load in multi-dimensional optimizations. Compared to the recently proposed time-frequency MUSIC (t-f
MUSIC), the proposed t-f ML method can be applied in coherent environments, without the need to

perform any type of preprocessing that is subject to both array geometry and array aperture.

Keywords

Time-frequency distribution, direction finding, maximum likelihood, spatial time-frequency distribu-

tion, array processing.
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I. Introduction

The localization of spatial sources by passive sensor array is one of the important prob-
lems in radar, sonar, radio-astronomy, and seismology. So far, numerous methods have
been proposed for direction finding, most of which are based on the estimates of the data
covariance matrix. Among these methods, the maximum likelihood (ML) technique was
one of the first to be devised and investigated [1]. It has a superior performance com-
pared to other methods, particularly when the input signal-to-noise ratio (SNR) is low,
the number of data samples is small, or the sources are highly correlated [2]. Therefore,
despite its complexity, the ML technique remains of practical interest.

The evaluation of quadratic time-frequency distributions of the data snapshots across
the array yields what is known as spatial time-frequency distributions (STFDs) [3], [4].
STFD techniques are most appropriate to handle sources of nonstationary waveforms.
STFDs spread the noise power while localizing the energy of the impinging signals in the
time-frequency domain. This property leads to increasing the robustness of eigenstructure
signal and noise subspace estimates with respect to the channel and receiver noise, and
hence improves spatial resolution performance. .

In this paper, we propose the time-frequency maximum likelihood (t-f ML) method for
direction finding and provide the analysis that explains its performance. It is shown that
the superior performance of the t-f ML method relative to other methods is attributed
to the following three fundamental reasons: 1) Time-frequency distributions localize the
signal power in the time-frequency domain, and as such enhance the effective SNR and
improve the direction-of-arrival (DOA) estimation. 2) The localization of signals with
different time-frequency signatures permits the division of the time-frequency domain into
smaller regions, each containing fewer signals than those incident on the array. The reduc-
tion of the number of signals within different time-frequency regions relaxes the condition
on the size of the array aperture as well as simplifies the multidimensional optimization
estimation procedure. 3) Compared with the previously proposed time-frequency MUSIC
(t-f MUSIC), the t-f ML method can be applied when the signal arrivals are highly corre-
lated, whereas the t-f MUSIC algorithm cannot do so without some sort of preprocessing,

such as spatial smoothing.
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This paper is organized as follows. In Section 2, the signal model is established, and a
brief review of the spatial time-frequency distributions is given. In Section 3, we discuss
the SNR enhancement based on time-frequency distributions and its effect on the signal
and noise subspace estimates using STFD matrices. The subspace estimates obtained
from the STFD matrices are more robust to SNR and angular separation compared to
those obtained from data covariance matrices. Section 4 presents the t-f ML and shows

its performance in time-varying environments.

1I. Background
A. Signal model

In narrowband array processing, when n signals arrive at an m-element array, the linear

data model

x(t) = y(¢) + n(t) = A(©)d(t) + n(t) (1)

is commonly assumed, where the m xn spatial matrix A(®) = [a(6,), - - -, a(6,)] represents
the mixing matrix or the steering matrix, and a(f;) are the steering vectors corresponding
to angle of arrival 6;. Due to the mixture of the signals at each sensor, the elements of
the m x 1 data vector x(¢) are multicomponent signals, whereas each source signal d;(t)
of the n x 1 signal vector d(t) is often a monocomponent signal. n(t) is an additive
noise vector whose elements are modeled as stationary, spatially and temporally white,

zero-mean complex random processes, independent of the source signals. That is,
En(t +7)nf(t)] = 06(7)I and E[n(t 4 7)nT ()] = 0 for any 7 (2)

where §(7) is the Kronecker delta function, I denotes the identity matrix, o is the noise
power at each sensor, superscript ¥ and T respectively denote conjugate transpose and
transpose, and E(-) is the statistical expectation operator.

In equation (1), it is assumed that the number of sensors is greater than the number
of sources, i.e., m > n, and the number of snapshots is greater than the number of array
sensors, i.e., N > m. We also assﬁme that matrix A is full column rank, which implies that

the steering vectors corresponding to n different angles of arrival are linearly independent.
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Under the above assumptions, the correlation matrix is given by
R,x = E[x(t)x"(t)] = A(©)Raa AT (©) + o1, (3)

where Rgq = E[d(t)d"(t)] is the signal correlation matrix. For notational convenience,
we drop the argument © and simply use A instead of A(®). If @ is an estimate of ©,
then we also use A instead of A(©).

Let Ay > A > -+ > Ay > Ap1 = A2 = - -+ = Ay = 0 denote the eigenvalues of Ryy.
The unit-norm eigenvectors associated with Ay, ..., A, constitute the columns of matrix
S = [s1, ..., Sn], and those corresponding to Apy, ..., Am make up matrix G = (81, - ) Bm—n]-
Since the columns of A and S span the same subspace, then A¥G = 0.

In practice, Ryx is unknown, and therefore should be estimated from the available data

samples (snapshots) x(i), i = 1,2, ..., N. The estimated correlation matrix is given by

- 1 N H
Rux = N - x(2)x7 (7). (4)

i=1

Let {8),...,8n,81,...,8m-n} denote the unit-norm eigenvectors of Rxx, arranged in the
descending order of the associated eigenvalues, and let S and G denote the matrices
made of the set of vectors {§;} and {g;}, respectively. The statistical properties of the
eigenvectors of the sample covariance matrix R, for signals modeled as independent
processes with additive white noise is given in [6].

In this paper, we focus on frequency-modulated (FM) signals, modeled as
d(t) = [di(t), ..., dn(t)]T = [D1e?®1 D .., D, O] (5)

where D; and 1;(t) are the fixed amplitude and time-varying phase of the ith source signal.
1 dii(t)
2r  dt
FM signals are often encountered in applications such as radar and sonar. The con-

For each sampling time ¢, d;(t) has an instantaneous frequency (IF) f;(t) =

sideration of FM signals in this paper in motivated by the fact that these signals are
uniquely characterized by their IFs and, therefore, they have clear time-frequency signa-
tures that are utilized by the STFD approach. Also, FM signals have constant amplitudes
and, subsequently, yield time-independent covariance matrices. This property makes them

amenable to conventional array processing based on second-order statistics.
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B. Spatial time-frequency distributions

The STFDs based on Cohen’s class of time-frequency distribution were introduced in
[3] and its applications to direction finding has been discussed in [4] However, the per-
formance of direction finding based on STFD has not been made clear yet. In this paper,
we focus on one key member of Cohen’s class, namely the pseudo Wigner-Ville distribu-
tion (PWVD) and its respective spatial distribution. Only the time-frequency points in
the autoterm regions of PWVD are considered for STFD matrix construction. In these
regions, it is assumed that the crossterms are negligible. This assumption serves to sim-
plify the analysis and does not present any condition on performance. It is noted that
the crossterms in STFD matrices play similar role to the cross-correlation between source
signals [5], and therefore they do not always impede the direction finding process.

The discrete form of pseudo Wigner-Ville distribution of a signal z(t), using a rectan-

gular window of length L, is given by

L-1

= A
D, (t, f) = Z z(t + 1)z (t — T)e""i"ff, (6)
L

r=-L1-1

where * denotes complex conjugation. The spatial pseudo Wigner-Ville distribution (SP-

WVD) matrix is obtained by replacing z(¢) by the data snapshot vector x(t),

D,x(t, f) = E x(t + 7)xH (t — 1)e T, (7)
Substitute (1) into (7), we obtain
Dux(t, f) = Dyy(¢, ) + Dyn(t, f) + Day (¢, f) 4+ Dan(t, f) (8)

Under the assumption of uncorrelated signal and noise components and the zero-mean
noise property, the expectation of the crossterm TFD matrices between the signal and

noise vectors is zero, i.e., E [Dyn(t, f)] = E [Dny(t, f)] = 0, and it follows
E [Dxx(ta f)] = Dyy(ta f)+E [Dnn(ta f)]

= ADdd(ta f)AH +FE [Dnn(ta f)] -
It is noted that the relationship (9) holds true for every (¢, f) point. Therefore, multiple

(9)

time-frequency points can be used to reduce the effect of noise and ensure the full column
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rank property of the STFD matrix. In this paper, the STFD matrices over multiple

time-frequency points are averaged, as is discussed in next section.

ITI. Subspace analysis for STFD matrices

The purpose of this section is to show that the signal and noise subspaces based on time-
frequency distributions for nonstationary signals are more robust than those obtained from

conventional array processing.

A. SNR enhancement

The 7th diagonal element of TFD matrix Dgq(t, f) is given by

L—l

Dy, (t f Z Dgej[“" t+7)=yi(t=7)]-jdn f1_ (10)

L-1

T=— 5=

Assume that the third-order derivative of the phase is negligible over the window length

L, then along the true time-frequency points of ith signal, f; = % dl/:;t(t), and ¢¥;(t+7) —
Yi(t — 7) — 47 fit ~ 0. Accordingly,
)
Dy (t, fi) = Z D? = LD?. (11)
Similarly, the noise STFD matrix Dy, (¢, f) is
L-1
Dun(t, )= 3 n(t+r)nf(t — r)e4r, (12)

r=—Ls1

Under the spatial white and temporal white assumptions, the statistical expectation of

D,n(t, f) is given by

L-1
2

E[Dum(t,f)]= Y Elnt+n)nf(t-r)]e /=0l _ (13)

L1

__ L-1
T="7%

Therefore, when we select the time-frequency points along the time-frequency signature
or the IF of the ith FM signal, the SNR in model (9) is LD?/o, which has an improved
factor L over the one associated with model (3).

The pseudo Wigner-Ville distribution of each FM source has a constant value over the

observation period, providing that we leave out the rising and falling power distributions
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at both ends of the data record. For convenience of analysis, we select those N — L +1
time-frequency points of constant distribution value for each source signal. Therefore, the
averaged STFD over the time-frequency signatures of n, signals, i.e., a total of n,(N —L+1)
time-frequency points, is given by

R 1 noe N—L+1
D= - Dxx tis Jq,i ) 14
7~L[,(1\r—L+1)qz=:1 ; (i o) (14)

where f,; is the instantaneous frequency of the gth signal at the ith time sample. The

expectation of the averaged STFD matrix is
R 1 ne N—L+1
D =E|D|= E [Dyx(ts, fq
Bl= s n Y & PPl fod
1 o L (15)
= =3 [LDa(8,)a" (6,) + o1] = —A’R3(A%)" + 0L,

Mo 41

where R34 and A°, respectively, represent the signal correlation matrix and the mixing
matrix constructed by only considering n, signals out of the total number of signal arrivals

n.

B. Signal and noise subspaces based on STFDs

The statistical properties of the eigenstructures using the STFD matrix are provided in

this subsection.

Lemma 1: Let A > A3 > --- > X7 > A7 ., = A} ., =--- =A% = o denote the

eigenvalues of RS, , which is defined from a data record of a mixture of the n, selected
FM signals. Denote the unit-norm eigenvectors associated with A{,..., A9 by the columns
of 8° = [s},...,s? ] , and those corresponding to X% ,,,..., A%, by the columns of G° =

(89,1 8—n,]. We also denote M S > s MF > )\;foﬂ = M/

0

pp == N =t
as the eigenvalues of D defined in (15). The unit-norm eigenvectors associated with
A, ..., Xt are represented by the columns of S/ = [s!/ ..., st/], and those corresponding
to )\ﬁ{: +1, - A are represented by the columns of Gt/ = [gi‘f - gf,{_no]. Accordingly,

a) The signal and noise subspaces of St/ and G/ are the same as S° and G°, respectively.

b) The eigenvalues have the following relationship:

L L L
-—(/\f~a)+0:n—)\;-’+(1——>a i < My

n n
)\Ef — 0 0

(16)

otf =¢ No <1< M.
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Both parts of the above equations are direct results of (15). From Lemma 1 it is clear

that the largest n, eigenvalues are amplified using STFD analysis.

Lemma 2: If the third-order derivative of the phase of the FM rsignals is negligible over
the time-period [t — L 4+ 1,¢ + L — 1], then D — D is a zero-mean, random matrix whose

elements are asymptotically jointly Gaussian. The proof is given in Appendix A.

Lemma 3: If the third-order derivative of the phase of the FM signals is negligible over
the time-period [t — L + 1,¢ + L — 1], then the orthogonal projections of {gff} onto the
column space of S/ are asymptotically (for N > L) jointly Gaussian distributed with

zero means and covariance matrices given by

tf (atf\ 7 atf tf tfH~tfH_ 1 tfs. .
E(S (s¥) gi>(S (s¥) gj) = w70 (17)
T
B (s (s)"g¥) (s (s)" &) =0 forai, (18)
where L [ne tf
o =2 [ A )]
Mo iz (0= X)

19
2o (Ap —0) + 2o (19)

:a[z L

o (SO)H )
k=1 (0 — A%)? S
The proof is given in [10]. For comparison, we quote the results from reference [6], which

were provided using the data covariance matrix,

E (SSHgi) (SSng)H _ % LZZ:I (a—/\—k)\k)QSka:l 8ij (20)
E (sS"g) (SS¥g;) =0 foralli, j. (21)

where S, si, 8k, A are analogous to S°, s}, g7, A7, respectively, except they are defined for
all n signals instead of only n, signals.

Comparing (17) and (19) with (20), two important observations are in order. First,
if the signals are both localizable and separable in the time-frequency domain, then the
reduction of the number of signals from n to n, reduces the estimation error, specifically
when the signals are closely spaced. The second observation relates to SNR enhancements.

The above equations show that error reductions using STFDs are more pronounced for the
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cases of low SNR and/or closely spaced signals. It is clear from (17) and (19) that, when
A > o for all k = 1,2, ..., n,, the results are almost independent of L (suppose N > L so
that N — L+ 1~ N), and therefore there would be no obvious improvement in using the
STFD over conventional array processing. On the other hand, when some eigenvalues are
close to o (A\Y ~ o, for some k = 1,2, ...,n,), which is the case of weak or closely spaced
signals, the result of (17) is reduced by a factor of up to G = ;{f; This factor represents
the gain achieved using STFD processing.

IV. The time-frequency maximum likelihood methods

In this section we analyze the performance of the maximum likelihood methods based
on time-frequency distributions (t-f ML). For conventional ML methods, the joint density
function of the sampled data vectors x(1),x(2), ...,x(N), is given by [2]

f(x(l),...,x(N))
1, . NH [ .
medet[ﬂ] p (== [x() - Ad@)” [x(0) - Ad(D)])

where det[-] denotes the determinant. It follows from (22) that the log-likelihood function

(22)

of the observations x(1),x(2), ...,x(N), is given by

L =-mNlno — =~ Z [x(i) — Ad()]7 [x(i) — Ad(3)] . (23)
i=1
To carry out this minimization, we fix A and minimize (23) with respect to d. This yields
the well-known solution
d(i) = [A7A]™ ATx(i). (24)
We can obtain the concentrated likelihood function as [2], [8]

Fy1(©) = tr {[1- A(A"A)'A%| Ry}, (25)

where tr(A) denotes the trace of A. The ML estimate of © is obtained as the minimizer
of (25). Let w; and &;, respectively, denote the spatial frequency and its ML estimate
associated with 6;, then the estimation error (&; — w;) are asymptotically (for large N)

jointly Gaussian distributed with zero means and the covariance matrix [9]

E [(‘Ijz - wi)2] = % [Re(H © Rgd)]~1 (26)
" XRe [HO (RaaA"UAR)"| [Re(H O RY,)] -
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where © denotes Hadamard product. Moreover,

U= ———— ;.S
;CZ=:1(<7”)%)2 o

H=C"[I- A(A"A)TAR]C, (27)
dA
C=—. J

Next we consider the t-f ML method. As we discussed in the previous section, we select
n, < nsignals in the time-frequency domain. The concentrated likelihood function defined
from the STFD matrix is similar to (25) and is obtained by replacing Ryx by D (Appendix
B),

F, (@) = tr [I Ao ((A)HA0)” (AO)H] D. (28)

tf

Therefore, the estimation error (&;’ — w;) associated with the t-f ML method are asymp-

totically (for N > L) jointly Gaussian distributed with zero means and the covariance

matrix 5 [(wff B wi)z]

- 2(N+L+1) [Re(H° © Df,)] ™ _

xRe [H° © (Ddd(A")HU‘fA"Ddd)T] [Re(H° @ D},)] (29)
- 2(1\7—-0137—1—) [Re (H° © (R30)")] ™

xRe |H° © (R34 (A”)”U”A"Rgd)T] [Re (H° 0 R3],

where Ut/ is defined in (19), and

o (30)
co_ dA

H° = (Co)H [I — A° ((AO)HAO)_l (AO)H] Ce, }

dw
In the case of n, = n, then H° = H, and C° = C.
The signal localization in the time-frequency domain enables us to select fewer signal
arrivals. This fact is not only important in improving the estimation performance, partic-
ularly when the signals are closely spaced, but also reduces the dimension of optimization

problem solved by the maximum likelihood algorithm, and subsequently reducés the com-

putational requirement.
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To demonstrate the advantages of t-f ML over the conventional ML and the time-
frequency MUSIC (t-f MUSIC), consider a uniform linear array of 8 sensors separated by
half a wavelength. Two FM signals arrive from (;,6,) = (—10° 10°) with the instanta-
neous frequencies fi(t) = 0.2 + 0.1¢/N + 0.2 x sin(27t/N) and fo(t) = 0.2 + 0.1¢/N +
0.2sin(27t/N + 7/2),t = 1,..., N. The SNR of both signals is —20 dB, and the number
of snapshots used in the simulation is N = 1024. We used L=129 for t-f ML. Figure 1
shows the PWVD of the mixed noise-free signals at the reference sensor. Figure 2 shows
(61, 6) that yield the minimum values of the likelihood function of the t-f ML and the ML
methods for 20 independent trials. It is evident that the t-f ML provides much improved
DOA estimation over the conventional ML.

In the next example, we compare the t-f ML and the t-f MUSIC for coherent sources. The
two coherent FM signals have common instantaneous frequencies f 5(t) = 0.2 4+ 0.1¢/N +
0.2sin(27t/N),t = 1,..., N, with 7 phase difference. The signals arrive at (6,6;) =
(—2°,2°). The SNR of both signals is 5 dB and the number of snapshots is 1024. Again,
we used L=129 for both t-f ML and t-f MUSIC. Figure 3 shows the PWVD of the mixed
noise-free signals, and Figure 4 shows the contour plots of the likelihood function of the
t-f ML and the estimated spectra of t-f MUSIC for three independent trials. It is clear
that the t-f ML can separate the two signals whereas the t-f MUSIC cannot.

V. Conclusions

The time-frequency maximum likelihood (t-f ML) method has been proposed for direc-
tion finding, which is based on the spatial time-frequency distribution (STFD) matrices.
By taking frequency-modulated (FM) signals as example, we show that the STFD matrices
provide more robust eigen-decomposition than covanrice matrices. The analysis and simu-
lation results showed that the t-f ML improves over the conventional maximum likelihood

technique for low SNR, and outperforms the t-f MUSIC in coherent signal enviroilments.
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Appendix A

Proof of Lemma 2

From (1), (14), and (15),

-1 . H(y _ —jAmfgiT
= e(N-Lt1) q§1 El T:_ZL_E_IY(tz”*"T)n (ti — T)e 7

L
noe N—L+1 5+

no(N — L+1 Z Z Z n(t; + )y (t; — 7)e "I faiT (A1)

l

L-—
ne N—-L+1 T

e Y T st e o
= _L-1

2

We first consider the first term in (A.1). Denoting ¢; = t; — 7, and noting the fact that,

when the third-order derivative of the phase is negligible over [t — L+ 1,¢+ L — 1] for any
signal and any ¢, dg(t; 4+ 27)e 74"fai™ ~ d,(t!) at the time-frequency point (t;, f,;), then

L-1

2

no N—L+1 )
o> > yti+r)n (4 — r)e T
g=1 L1

i=1  ,__ L=}
ne N—L+1 %
= Z Z Z y(t: +27)n ( )6_14”‘1‘7 (A.2)
¢=1 =1 .= L 1
no N—L+1 —L+1
~Z > Ldy( Z Ly(t.
g=1 ¢/=1 th=1

Therefore, the elements of the first term in equation (A.1) are clearly asymptotically
jointly Gaussian from the multivariate Central Limit Theorem [7]. Similar result can
be obtained for the second term of (A.1). The elements of the third term in (A.1) are
also jointly Gaussian from the fact that the covariance between the (p,r)th element of

n(t+7)n¥ (¢t — 7) at time ¢; and ¢; is given by
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FE Z np(ti+'ﬁ)n:(t,~~7-1)

Tl__Lgl
—E ny(t; + 1)t — 1) | | 794 faim
7'1:—%
L-1
2 .
x| S0 ni(te + m)ne(te — )
‘T2_—-%
L;l
-E Z ny(te + T2)n, (B — 72) o4 S T2
L-1
T2=—T

= Z Z Elny(t; + m)ni(t; — 1)

T . (A.3)
XE[ (tk + 7’2)7’Lr(tk — TZ)]e”]‘l’T(fq.iTl—fq,sz)
L1
+ E Z Elnp(t; + m)ngy(te + 7))
Tl__T 7'2_——2—_
XE[TL: (tz - Tl)nr(tk — 7'<2)]e_j47r(fq,i'rl_fq,k7'2)
+ Z Z E[np(tz + Tl)nr(tk - 7-2)]
L-1 L-1
TI=—5= 2=— =5~

><E[n* (tk + )it — ) e aim=faxm)

- Z Z a*6, ,e'j‘*”(fq,m—fq,m)

Since the linear combination of joint-Gaussian processes is jointly Gaussian, then D —~ D
is a random matrix whose elements are asymptotically jointly Gaussian. Also D — D — 0

as N — oo.
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Appendix B
Derivation of (28)

The number of data samples available for the construction of the STFD matrix is N —
L + 1, where the selected n, signals are included. Denote 1, as the kth column of D,
and uy the kth column of D. From Lemma 2, we know that @ is asymptotically jointly

Gaussian, and its density function is

) . » (B.1)
o |30 w0 () o w0
where Ay stands for the asymptotic covariance matrix of uy
Ap & lim (N = L+1)E [(f — we) (te — u)]. (B.2)

From the results of Lemma 2, it is clear that Ay is a diagonal matrix with equal diagonal

elements. Denoting Ay = I, the log-likelihood function is given by

L1 1oes— Lt — w7 (- ). (B.3)

Ly=— NI 71 283

Maximizing L,y is equivalent to minimizing
hie & [0 — we]® [oy — ). (B.4)

For different k, we may construct the following cost function
k
= 2 [0 - w7 [y — (B.5)

Similar to (24), and by taking into account that we used n, signals instead of n signals,
the estimation of D is obtained as A° ((A")HA")—1 (A°)HDAC x ((‘/&")HA")—1 (Ao)H

and the minimization of equation (B.5) leads to (28).
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I. Introduction

The evaluation of quadratic time-frequency distributions of the data snapshots across
the array yields spatial time-frequency distributions (STFDs), which can be used to solve
a large class of blind source separation and high-resolution direction-of-arrival (DOA)
estimation problems [1], [2]. STFD techniques are appropriate to handle sources of non-
stationary waveforms that are highly localized in the time-frequency domain.

The concept of STFD can been extended to arbitrary joint-variable domain [3], [4]. In
this letter, the ambiguity functions are considered. Similar to STFDs, spatial ambiguity
functions (SAFs) are descriminatory tools. The sources whose ambiguity domain signa-
tures are used in constructing the SAF matrix are the only ones considered for signal

separation and subspace estimation.

II. Analysis Model

The following linear data model
x(t) = Ad(t) + n(t) (1)

is commonly used in narrowband array processing, where A is the mixing matrix of di-
mension m X n, x(t) = [21(¢), ..., zm(t)]T is the sensor array output vector, and d(t) =
[da(2), ..., dn(t)]T is the source signal vector. The superscript 7 denotes the transpose op-
erator. n(t) is an additive noise vector. In direction finding problems, we require A to
have a known structure.

The SAF matrix of a signal vector x(t) is defined as
Dy (6, 7) = / x(u +7/2)xH (u — 7/2)ei du 2)

where 0 and 7 are the frequency-lag and the time-lag, respectively, and # denotes conjugate

transpose. In noise-free environment, x(¢) = Ad(t), then we have
Dxx(e, 7') = ADdd(B, T)AH. (3)

Equation (3) is similar to the formula that has been commonly used in blind source

separation and DOA estimation problems, relating the data covariance correlation matrix
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to the signal correlation matrix [5], [6]. Here, these matrices are replaced by the data
spatial ambiguity function and signal ambiguity function matrices, respectively. The two
subspaces spanned by the principle eigenvectors of Dyx(f, 7) and the columns of A are
identical. This implies that array signal processing problems can be approached and solved

based on the SAF.

III. Properties of Spatial Ambiguity Functions

The SAF's have the following two important offerings that distinguish them from other
array spatial functions.

1) The crossterms in between source signals reside on the off-diagonal entries of matrix
Daq(#, 7), violating its diagonal structure, which is necessary to perform blind source
separation. In the ambiguity domain, the signal autoterms are positioned near and at the
origin, making it easier to leave out crossterms from matrix construction.

2) The autoterms of all narrowband signals, regardless of their frequencies and phases,
fall on the time-lag axis (§ = 0), while those of the wideband signals fall on a different (6, 7)
region or spread over the entire ambiguity domain. Therefore, the SAF is a natural choice

for recovering and spatially localizing narrowband sources in broadband signal platforms.

IV. Ambiguity-Domain MUSIC

Similar to time-frequency MUSIC [2], the signal and noise subspaces E = [E; E,] of
the SAF matrix Dy (6, 7) can be obtained by the block joint-diagonalization of Dy (6, 7)
obtained at different (6, 7) points. Once the noise subspace E,, is estimated, the ambiguity-
domain MUSIC (AD-MUSIC) technique estimates the DOAs by finding the n, largest
peaks of the localization function f(¢) = ’Ef a(¢)|_2.

Consider the scenario of a four-element equi-spaced linear array, where one chirp signal
and two sinusoidal signals are received. The data record has 128 samples. All three
signals have the same SNR of 20 dB. The DOAs of the chirp signal and the two sinusoidal
signals are 15, 10, and 0 degrees, respectively. While the ambiguity function of the chirp
signal sweeps the ambiguity domain with contribution at the origin, the exact autoterm
ambiguity function of the narrowband arrivals s; (t) and s,(t) is zero for non-zero frequency-

lags and may have non-zero values only along the vertical axis § = 0.
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In this simulation example, we selected 24 points on the time-lag axis, excluding the
origin, and as such emphasizing the narrowband components. Fig. 1 shows the ambigu-
ity function where the two vertical lines represent the crossterms between the sinusoidal
components. Fig. 2 shows the two estimated spatial spectra, one corresponds to the con-
ventional method and the other corresponds to the AD-MUSIC. There are two dominant
eigenvalues for the case of the AD-MUSIC, since we have not deliberately considered the
chirp signal through our careful selection of the ambiguity-domain points. It is clear that
the AD-MUSIC resolves the two sinusoidal signals, while the conventional MUSIC could

not separate the three signals.

V. Ambiguity-Domain Source Separation

Analogous to blind source separation based on STFD [1], blind source separation based
on SAF consists mainly of two steps. The first step is to whiten the array signal vector by
an m X n matrix W such that (WA)(WA)# = UU¥ =1, i.e., WA is a unitary matrix.
The whitening matrix W can be obtained, for example, from the covariance matrix [1].
The second step is to perform joint diagonalization to obtain the unitary matrix U [1],
which is then used to provide A = W#U, where # denotes pseudo-inverse, and the source
signal vector is recovered as s(t) = UPWx(t). All of the above matrices are replaced by
their estimates when dealing with one realization.

Assume that we have two sources and three equi-spaced sensors. One source is a sinusoid,
whereas the other is a pulsed sinusoidal signal that extends over 8 samples. The SNR of
both signals, defined in the total power, is 10 dB. In this example, the mixing matrix did
not have a presumed structure and its columns were not complex exponential vectors.

The ambiguity function of the mixed signal at the first sensor is shown in Fig. 3. In
this specific case, we select four points along the frequency-lag axis and the time-lag axis
closest to the origin. Then, by using the spatial ambiguity functions, we are able to recover
the original signals from only their observed mixture. Fig. 4 shows the waveforms of the

original and the separated signals after multiplication by the proper complex scalar.
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VI. Conclusions

The spatial ambiguity function and its application to direction finding and blind source
separation have been discussed. Based on the spatial ambiguity functions, we have intro-
duced the ambiguity-domain MUSIC and the ambiguity-domain blind source separation

techniques.
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