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ABSTRACT

\

three dimensions. Undamped and damped free vibrations and

Formulas are deduced for vibrating systems of ohe, two,and

harmonic forced vibrations are ireated. Methods are proposed

for calculating the damping constants from test observations. ) /

I. INTRODUCTION
In developing formulas for vibration and possible flutter of structures

’,

such as rudders, it may be necessary to include damping forces. Since
these forces are not easy tocalculate, methods of determining them from test
observations may be needed.s* The basic theory for two- and .three—
dimensional cases will be considered and f.easib}e methods of obser\;ation

will be sought. First, however, formulas for the one-dimensional system

will be written to assist in treating the main problem. For convenience of

reference, a summary of the results is given in Table 1; see pages 30 and 31. :

II. ONE-DIMENSIONAL VIBRATIONS
Assume as the equation of motion
mxX + cx + kx = P(t) [1]
in which m, ¢, and k are positive constants, X = dx/dt, and P(t) denotes an

applied force varying with the time t.’

1 References are listed on page 33.

* In Reference 1 (see pages 78 and 83), certain damping terms were omitted
from the flutter equations because methods for determining these terms from
experiments were unknown to the authors at that time. These flutter equa-~
tions including the damping terms originally omitted are of the same form as
the equations given here for the three-dimensional case.
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1. DAMPED FREE VIBRATIONS

If P = 0, the gencral so‘lutimﬁ of Equation [1] can be written (as is
easily verified) as follow-s in terms of independgntly >a:rbitrary amplitudes a
and b:

If c2 < 4 mk (less than critical damping): x = e_/l't {a cos wt + b sin wt)
where -S and wZ =k _ 1 mzcZ
' F 2m . m 4
r 2 ~ : - e "/‘Lt -
If ¢” = 4 mk (criticnl damping): x = (a + bt)e I, u= T
- - ot
If c2 > 4 mk {greater than critical damping): x = ae p1t + be H2

where Fq and g denote the following two values:

(c? cz--4mk )

L
H1,2 2m
2. HARMONIC FORCED VIBRATIONS

With P= p cos wot in terms of arbitrary constants p and R

x:acoswot+bsmwt

2| a2
(k—mw )+Cw0 a—(k_ mwo)p
2 2 _
L(k me, )+cwo]b-c<.oop
. 2
2 k - mw
2 2 2 2 .2 2 a _ o
(k—mmo)+cw ](a + b") =p", b ca

Thus a = 0 and the vibration is in time quadrature relative to P
when W '\l k/m, which is the value of w for undamped free vibration. The
' ‘! 2 2 ' '
maximum amplitude or maximum of ya + b~ for given p, however, occurs

when

1}
o

2
2 2 2
(d/dwo) [(k - me_ ) + ¢ wo]




or when

2
o]
Zm2

2k
(&) = - =
o m

' 2
This differs from k/m by twice as much as does w in a damped free

oscillation.

These formulas exhibit several features for which analogs mayreason-

ably be expected in more complicated cases, namely:

(1) Two independent medes of damped free vibration occur. Their ‘
amplitudes can be chosen to make x and X agrée with any assumed initial
values.

(2) These free vibrations are oscillatory pro(ride’d the damping constant
c is not too large; in fhis caée, c produces only a second-order change in the
oscillatory frequency.

(3) In a harmonic forced vibration, c introduces a componeﬁt of x in
time quadrature relative to the applied force P (proportional to sin coot )

instead of to cos wot) .

(4) x is entirely in quadrature relative to P when the forcing frequency
factor W, equals the value of w for undamped free vibration.

(5) The maximum amplitude of x for forcing at given p, whén damping'
is present, occurs at an Wy differing from the undamped free w by more tban
does the oscillatbry w in damped free vibration.

3.. EXPERIMENTAL DETERMINATION OF c

If ,,,;z:o, .its value can easily be determined from a curve showing

either x or X as a function of t during damped free motion. Then ¢ = 2mp .




, If wis also determined from the curve; the ratio k/m can be calculated as
k/m = w2+ /~L2. To determine k and m sebarately, one of them must be

I : known from some other source.

1 L ~ Or, during a damped forced vibration the ratio b/a may be observed as
the ratio of the components of x respectively inlagging quadrature to P and

! in phase with p, or the equal ratio for X. (Note that here x = —wOZX). Then

ezt k-meo 5B

w (o] a !
o o _ ;
; In this case, the values of both k and m must be known.

III, TWO-DIMENSIONAL VIBRATIONS

Assume that the kinetic energy T and potential energy V of a two-
4,5*

P dimensional system can be written as

1.2 1 .2 .. 1. 2.1, 2
Tz M T My ¢ my Xy, Vag kyxr kY rkyoxy

., m__ are inertial

in which x and y are generalized coordinates and m 12

1

elastic constants, of which only m

2
and kl2 may be

, I

and k., k., k

1" 72" 712 12

negative. Substitution of first g = x and then q = y in Lagrange's equation

: or :
4 ’
B d 3T a8V =Qq
; dt a4 a9
5‘ ‘1 : gives as equations of motion
o : . . -
HEY (] = "
EE mXp+ KX+ moy + kv = P(Y)

r ; : m, ¥+ k12x+mzy + kzy =Q(t)

i .in which F(t) and a(t) represent the total generalized forces acting on the

* Also see Appendix A of Reference 1.
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system (not including internal elastic forces). Part of F and —(5 may be due
to linear damping forces. Expressing the latter in terms of damping

constants Cie Cyy ch' oy the equations of motion may be written:

.
mlx + klx + mlzy + klzy + clx+ Cl

X + szl :Q(t)

y = P(t) |
2 : [2].

m, . X+ k.. X+m '};+k2y+c

12 12 2 21

in which P and Q represent possible exiernal forces acting on the system
(aside from damping forces). |

Certain restrictions on the possible values of the constants are worth
noting. Let x and y be so chosen that T and V are never negative. | Damping
effects can never increase the sum T + V. Multiply the first of Equations [2]
by x and the second l;y v and add the two equations. The sum of the

resulting m and k terms is easily seen to equal {d/dt) (T + V); hence, if

P=@Q=0

d S R oo

& (T + V)= c % c,¥ _(Cl‘z" 021) Xy
To keep (d/dt) (T + V) from ever being positive, it is necessary that c, > 0,
c, > 0, since either X or y may vanish. Similarly, to keep T > 0 and VE 0,

Imlklandk

it is necessary that ml 2 1 2

all be = 0.
Further restrictions may be inferred from the following theorem. Lete,
B.y. e, g be real numbers. Then
' 2 2 2 2
Le” + Bg” * yeg=0or o+ [Bg° >-yeg [
for all values of e and g if and only if

(20, B20, yZS 4«

To prove this, note first thate{ and 8 cannot be negative because of
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g + e ey e e e

cases in whichonly e = 0 org = 0. Rzlation [3] then clearly holds if e and
g are such thatyeg > 0.
Suppose, however, that yeg < 0. Then Equation [3] in its second
form is equivalent to the following: - .
2 LY
2 .2 2
(ce”+ Bg’) = (reg) [3a]
provided that positive square roots are taken in passing back from Equation
[3a]} to Equation [3] . But
2 2
tte?i Ba?) = (4e-Bg%) +4Bleq)
' 2 . 2
Hence, if(>0 and/3>0 and if ¢ and g are chosen so that (e =Bg",
2 ; . . .
then (c(ez+ Bgz) = 43 (eg)2 . Thus Equation [Sa] can hold generally only if
MBZy 2 If either «¢ or B vanishes, Equation[3]requires thaty=0. Conversely,
" " A2, 2 2 2 2.2
if the condition that 4:7/72y" is met butcle” # Ba”, then (Le” + B9
>4oL3 (eg)2 >y2(eg)2 and Equation [3a] holds, also Equation [3] . |
sti oL = = = :- X . =V
Substitute here ml/2, B mz/Z, y=m,. e % and g = y; next, .
ol = = - = = M i =, =
kl/Z, B_);Z/Z, y_klz, e =xand g ?/, and finally ¢ S, B Cys
y =Cpp* Cpyr € T Xand g=y. Compare the resulting expressions with
expressions previously written for T, V, and (d/dt) (T + V). It will then be
clear that, to prevent T and V from ever becoming negative or (d/dt) (T + V)
positive, it is necessary and sufficient that
m..%2< m.m k2<kk' (c +c)2<4cc [4]
12 — 172 7712 = 12! 12 21 = ~"7172
These restriections will be assumed to hold.
It follows then also that

2m k), < mk, + mk;, C,C, < €O, [5a,b]
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2 2 : 2, 2
- Py > B
For (m k, + myk )" = (m ky = mk )"+ dmymyk ky 24m m)k k)= dmyy Ky

by relations [4] . {Note that a square cannot be negative.) Similarly, in

. 2 2
12521 54012021 + (c:12 - 021) = {c.,+ ¢..)"; hence, by

any case 4c 12 21

Equation[4], 4c ,C,, <4c,0,.

Two other relations that can be inforred in a similar way from relations
[4] are:

(clz+ ch)leSC m,+ c,m., {

12 271 Jk

C12* %21’%12s G150t 4

1. UNDAMPED FREE VIBRATIONS
Undamped free oscillations merits consideration as background for

study of the damped case. Let cl= c2 = clz: 021 =0, Pz=Q =0. Then

Eguations [2] become

mlx + kle«— mlzy + klzy =0 leX + klzx MY+ kzy =0 [6]

Two special cases may first be noted. According to Equations [6] ’ xi
can vibrate while y = 0 only if kl - mlwz and k12 - mlzwz are both zero. -

The first condition fixes w at “\sv! 1/ml; the second requires that either
my, = k12 = 0 or mlklz = mlzkl' Similarly, y can v1bfate with x = .0, and
- . . - - - .
w -\' kz/m2 only if eitherm , = k;, = 0ormk ,=m k.
If x and y vibrate together in proportion to cos wt, the following
equations must be satisfied:
(k, -m wz)x+(k - m wz)y= (1]
1 1 12 12
k,,-m mz)x-a-(k-mwz) y=0
12 12 2 2
Elimination of x and y gives for the determination of w the following equation;

2.2

(kl - mlwz) (k2 - mzwz) - (k12 - my e ) =0 [7a]

7

ok, + o,k [sc,d]

A
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: 2, 4 _ s Lo "
(mymy =mp, e = (myky+ mpk) = 2m k)" + (kky =k ") =0 [71] .
If k122= k1k2, one root of Ecmations [7b] is: wz = 0. Al‘ternativelyl,'

l'ﬂlz

if mlmZ = ‘“122' only onc mode of vibration is possible.

) 2. . : 2 ' 2
Assume now that k12 < klkz and m12 < mlm_z. To locate w .

consider L, the left-hand member of Equation - [7d or Equation [7b] , asa -
2 2 2. 2
function of w°, Atw = 0, L > 0; but when w  has increased to w fni'n' :

representing the lesser of the'tﬁvo values kl/m1 and kz/mz, then it is clear .

from Equation [7a] that L< 0. Hence L= 0 at some positive value of wz '

. ) _ . |
less than w min® Also at theé greater of the values kl/m and kz/m L<0,

1 M2

9 .
but as w—e o it'is clear from Equations [7b] that L > 0. Hence a second

: 9. .
root of Equation {7a,b] occurs at a value of w“vgreater than both kl/ml and

kz/mz. v |
Thus two different mcdes of vibration of the system are pos'sible with 1

both x and y vibrating. - In each mode

2 2
y . K1z o™ Ky mme
X

2 2
ky - M2 kig = mp@

2. DAMPED FREE VIBRATIONS

Let P= Q = 0 so that Equations [2] read

m X+ klx tmy+ klzy} CyX + Cl'ZY =0 | [83]
m, X + klzx +myy +kyy+ c X+ c¥ =0 [Bb]
In special cases especially if ml'2 = k12 = 0 and c12 = 0 so that

Equation [8a] reduces to Equation [1] with P = 0, x can vary while y = 0; or,

8
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' fufther here.

similarly, if c21 = 0, y alone may vary. Such cases will not be discﬁsséd

For the general case, solutions may be sought in which6

At At

x zae”, y=be

where a, b, and X\ are non-zero constanis, real or complex. Substituting in - -

At

Equations [8a,b] and canceling out e *";

N2 2 : o . | Co
(m1>\ +k1+cl)\)a +(mlz)\ +k12+c12)\)b_0 SEL .
2 2 ' . o f
The result of eliminating a and b from fhese equations may be written:‘.
4 3 2 o -
e4>\ +e3?\ +ez)\ +el)\+€°—-0 _ [1()]
where
e« =k.k, -k 2 e, =ck +c k -(c..+c. )k
o} 17’2 12 7 1 172 21 12 217712
e, =m k, +m.,k. - 2m_ .k

2 TM%g TN T 2R 161% T %1% - )
€5 = clm2 + czml - (c12 + C21)m12' . 64 - mlm‘2 - m122 |
The coefficients eo s e gy are‘all = 0, according to quatioris [4]

and [Sa,b-,c,d]_ + Hence no root \ of Equation [10] can be apésitive real o
number. Proba_bly if the dampi-ng is strong enough, negative real roots ’may
occur, possibly even four in number, but this difficult question is of lit-‘tle._' "

practical interest here.
For the general case, write \= - pu + iw where i= Qj -land p and w
are real numbers. The following two equations result from substituting in

Equation [1 0] . then equating the real and imaginary parts separately‘t'o Zero,




Y

! and dividing the imaginary equation by iw on the assumption that w ot 0t

4 2, 2 2 3 4
€0 = (62-—3 Capt 6 €M Yo+ S ) A DT 0 [113]

2 2 . 2 3
c—'l- 63co - (262“46403 )/*L+3€3/“‘ "‘464/; =0 [llb]
These equations determine g and coz . The conjugate quantity - u -iw -

is then also a root of Equation [1 O] . Since there are only four roots in ali,

there can be only two pairs of values, p 1 and W, and p 2 and Wy . These

pairs define two modes of damped oscillation. Since damping cannot
increase the total eneigy, it must turn out that both My and Mo are poéi‘tive,

To obtain real expressions either the real parts of all quantities (i.e.,
solutions) may be chosen or the imaginary parts divided by 1, the two pairs
of real solutions thus obtained are in relative time quadrature. The value of
the ratio b/a for each mode may be obtained from Equations [9a,b] . Since
usually b/a will turn out complex, there will generélly be a difference of
phase between x and y as functions of the time.

Thus four real expressions are obtained representing four independent

damped oscillations. For these oscillations, x and y can be written thus;

N -qt . s : -yt . s B
x=e (A1 coswt + Al smwlt), y=r e H1 [Al cos (wlt + El)+ Al sm'(wlt +el)]

or

~ot '
y=e H2 (A2 Ccos w, t+A! sinwzt), VRS

1 2

-#Zt [ 1 . n
2 € A, cos (wzt + ez)+A2 51n(mzt+ez)] |

Here A, , A!

i 1’ AZ' A! are independent arbitrary constants which can be

2

adjusted to fit any assumed initial values of x, X, vy, y. It should be noted

] that

i
(=

. ST
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. 2 2 . 2 2
X =z - (w1 - l)xandy: - (wl —;Ll)y
in any one mcde whereas in the other

o= phxandye - @ -uly
Only small damping effects appear to be important in practice. Hence
no general discussion of Equations [lla,b] will be undertaken here.
| If the c's afe sufficiently small, 4 will also be small, and the co-
efficients €1 and ‘ 63 are likewise small. Consequently all terms in
Equation [lla] containing p are small at least to the second order, and the last

three terms in Equation [llkﬂ are small to the third order. For an approximate

solution, these terms may all be dropped. Then Equation [__lla] becomes:

€4w4 - ezwz + eo =0. This agrees with Equations [7a,b] for the case of

no damping so that to the degree of approximation under discussion, the

oscillation frequencies are the same as if there were no damping. From

Equation [llb] the approximate value of i is

€, ~€.W
-1 1 3 12
K3 2 (g

62—2 €4<.o

More accurate solutions can be obtained from Equations [1 la,b] by a .
process of successive approximation.
3. HARMONIC FORCED VIBRATIONS

If the applied forces are harmonic funcilons of the time t; they cause
harmonic vibrations of x and y. At the s_tart there may aléo exist superposed

damped free oscillations whose amplitudes can be adjusted so as to produce

1




on the whole any initial values of x, y, X, y. Thesedamped free oscillations
will be assumed to have died out.
Since in the one-dimensional case, the presence of damping intro-

duces a phase difference, assume:

z t+ p'sinw t, A , t +q'sino t
P pcoswo_ +p 1an_ Q qcoswo +q ©

[13]

2

XK

a, cosw t+a' sinw t, ' y =8,Cosw t+a
1 o) 1 o] o}

sinw t
2 o}

In Equations [7] ihe cos%t and sin wot terms must balance separately.

" After canceling the time factors, the result is the following four equations:

(kb—mwz)ai scwal sk . -m m‘)a +C, 0 a =P
1 1o 1 1071 12 12 0 2 7712 0 2

2, ,
RSO + (kl - me )al - C,0.a, k,, - m,  w )az =p

2, . , . 2, .
(k12 - om0l )d.l + c21w0alt »(kz m,e )a + C, w a a

2, ' 2 '
+ (k.. -m wo)a —cwoaz+(}<2-mw Ja!=q

2193 T Y12 T My ) 2%

5 are eight real numbers. In general, any

, a

1

Here p, p', a., q', a. a', a,

; four of them c’an-be assigned arbitrarily; tﬁe equatioﬁs then fix fhe values
of t‘he other four. Furthermore, s.incev cos oSot Aand éin wofc differ only m ’
phase, the zero for t can be.so adjusted that -any chc;sen ong of the eight
q‘ﬁantities a1 e e e . q vanisheé, without a-lte;ihg t}}e pﬁysiéal form of the
vibration. Thﬁs all cases can be’cover_ed while kéepiﬁg on.e _-coefficient
zero. - |

. 121

az, a'2 caused by given applied forces represénted by p, p', a, q'. The

In particular, Equations [14] may be solved for the amplitudes a

determin~nt 4 of the ccefficients of a_, a!, az, a2

1’3 is easily lound to iae
3 -

12
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2 e
Hq )Jxand ¥ = - (ml
9.

the value

. : ' 2.
i : 2. 2 : 2.7 4 c2
“‘[‘kl mywy My = mpey) = gy = mype ) ] - v, (e)0) = €1,

- If there is no damping, comparison with Equation [7a] shows that 4 = 0

when wg equals the value of w for either of the frequencies of undamped free

vibration of the system.

if cl, cz, Clz’ c;21 are merely all small,. a will vanish at two

slightly mcdified fréquencies that differ also slightly from the frequencies

of damped free oscillation. As w, approaches either of these frequencies at -

which a= 0 while p, p', 4, q' remain fixed, the amplitude of the forced vi-
bration becomes large (the phenomenon called resonance). -

4. EXPERIMENTAL DETERMINATION OF - C,: ClZ" 5

One method is to make "bumping” observations by starting a motion

and recording it as it decays. By proper adjustment of the initial values of

"X, X, ¥, ¥, the system can be made to vibrate in either of its two modes of

damped free vibration with the other mode absent. Observations may be

made of either x'and y or ¥ and Vas functions of the time since Xz= (0 2 _

1
2 —,'.le) y in one mode and ¥ = - (‘*’Z —yi)-xﬁy’=
- (mz'z ;/'LZ )y ih the other. .From fhese observations, values c_a;i b_e‘ cal-
culated for each mode of the frequency w, the damping. constahf Mo ana the
amplitude. ratio r and phase € of y relative to X, giving the'eigﬁt known

guantities

“p92F1P2T1T2 1 %2




Insertion-of Wy andp.l and then of w, and Ky for w and u in Equations

2

[l la,b] then provides four eqﬁations which can be solved numerically for

c,, C 1'm2’m12‘ kl,,kz,and

17 % ©

2 , and c21 provided the six constants m

k are known. It might be more accurate, however, to use equations

12
12
containing the constants El and 62 which differ»from zero only because of
damping. If bumping observations are to be used, fvurther study of the
methods of calculation should be made. The damping may be weak énough

to justify the use of simplifying approximations.

It may be worth noting that observation of all eight quantities wg to

| <, should make possible the calculation of nine of the ten quantities m,.

m k k c and ¢ For a restriction exists on

21°

2t Mygr Ky Ko Kypu ©yv Cpucype

the possible variation of these quantities. Let E‘quations [8a,b] be
multiplied by an arbitrary constant s. The new equations may then be
regarded either as equations in a différent form for the origin‘al system or as
equations for a different system having constants s times as great but the
same damping modes'as _the original éyétém. In order to know which éystem

c e e o s o « » €, refer to,

of this similitude class the observed constants wy ,

it is necessary to know at '1'e'as;c one of the ten quantities Mye oo v oo 021.

Then the rrema'ihirllgv nine céri all ‘be calculated from tﬁe eight observed -
constants @y . P . '.52.' - o
(If‘Eunatibns' [8a,’b] are r’nhltiplied by different numbers, they are still

valid for the original system but cannot bé regarded as equations in the same .

21

form as Equations [851,b] for a-differen‘t system bzcause the new mlzqt m

14
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% . )
B |
f( ‘ and klZ:,t k21 .) Even if the initial values of x, %, y, ¥ cannot be properly
;o i
i ?

values, Fq and w, and Mg and w,, can be inferred from the same curve of x

1 2

y

i

5 adjusted, since one moede will usually die out before the other, both sets of {
%

: or vy as a function of time. If hoth modes persist, it is still possible to

observe each mode in turn by means of a filter.7—10 Or a vibrator may be

used and adjusted in frequency so as to be in resonance with one mode;

this mode only.

|
E then, after the vibrator is removed, a damped free oscillation will occur in
|
}

If 0, ¢, and ¢, can be calculated from My andp 9°

€12 7 %17 1 2
Otherwise the observed values of p 1 and Koy furnish only two relations »

among the four quantities c_, Cpi €

1 12 %21°

An alternative method is to study forced harmonic vibrations produced

by applied forces P and Q whose relative amplitudes and phases can be
controlled. (Applied forces are pure P when they do no work during varia- ‘
tion of y alone, or pure Q when no work is done during variation of x alone.)
Two alternative procedures will be described which require no measurements

of Por Q. The constants ml, mz, my,. kl’ kz, ,k12' however, must be

known. Either x and y or X and ¥ may be observed since in forced

2

.o . 2 2 . ‘
oscillations X = —o X, Y = —o y and 9y will be seen to cancel out in all

final formulas.

& First Procedure: Isolation of Cyr Gy Cigr ©

' observations as follows:

in turn. Make

21

I (1) Cause x to vibrate withy = 0. Assume p'= 0, so that a1 denotes




o the amplitude of the component of x that is in phase with P and al' the
| ( : amplitude of the quadrature component of x. To do this, apply P= scos wot
‘ and adjust the amplitnde and phase of Q so that az = a’z = 0. ThenEquations
[14] reduce to
(k —mwz)a +cwa'l =p -c.w a. + (k —mmz)a'—O :
1 1o 1 l o1~ 101 1 lo 1- :
k,,-m wz)a c,.wa' zq ;c wa+(k ,~-m ’wz)a'—q'
12 1270 ' 1 " 721761 T 217017 12 1270 7917

The magnitude of W should bz r'nade quite different from ‘\\Ikl/m1 . Only the

ratio a'l/a neads to be observed.

1

P ‘ Probably the adjustment of Q can be effected most conveniently by

varying its amplitude \!_(q)2 + (q')2 until a, (or the component of y in phase

with P) is zero, then varying the phase of Q (thus varying q') until the
quadrature amplitude a'2 of y equals zero, and repeating these adjustments
in turn until both a2 and a'2 remain negligibly small,

Then

2
; “17 5 a ey = myeg)

(2) Similarly, to keep x = 0, apply Q = gcos wot, hence q' = 0, and

with w,, not near \! kz/m2 , adjust p and p' so that a,=aj=0, and read

H ' |
| :;12/612 . Then

L]
%y

2. -
ey = mye5)

; C
; 2 Q)Oaz
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(3) Cause x and y to vibrate in phase with P; that is, writing

P = pcos w t with p' = 0, adjust q and q' so that a'1 = a'2 = 0, Read al/az.

Then from the cecond one of Fquations [14]

In this case the simplest way to effect the required adjustment of Q

might be to vary its amplitude so as to reduce the larger of ai and ::1'2 until

a'l = az, then adjust the phase of Q so as to minimize a'z, and repeat these

adjustments until a'

1 and a'2 have been made sufficiently small.

(4) Cause x and y to vibrate in phase with Q. assuming q' = 0. Adjust
p and p' so that ai = a'z = 0 nearly enough. Read az/al. Then from the
fourth of Equations ['14]

This procedure should yield the most accurate values of the four c's,
but the experimental adjustments required may be considered too tedious.

Second Procedure: Single-phase forcing. Apply P and Q in any known

ratio but in the same phase. Write P= p cos wot, Q = qcos wot, so that

p'= q@'= 0. Read al, a2 as amplitudes of inphase and a'l, a'2

of quadrature components of x and y. Repeat with a different ratio Q/P,

as amplitudes

distinguishing the amplitudes thus obtained by a bar.
Substitute each set of a's in turn into the second and fourth of

Equations [14] . in which p'= q' = 0. The resulting equations can be

17




i written:
wac +wa.c, = (k —mwz)a'+(k -m wz)a'
o171 o 2712 1 1o 1 12 1270 2
- — 2 — 2 —
©o?1%1 " 9o%2%12 T Ry Tmpe Y aj e (k- mye ) ay
wac .+ wa,c = (k. . -m wz)a'+(k—mw2)a' ’
1721 272 12 1270 1 2 20 2
i wa.c +wac,= (k.. -m wz)g'+(k -mwz)g'
5 o121 o2 2 12 1270 1 2 20 2
These two pairs of couetions are easily solved for cl, 012' and ;:2, 021.
} 1V, THREE-DIMENSIONAL VIBRATIONS
et x, vy, z denote the three displacement variables for example v; Y
oL motion of a rudder {see Reference 1). Then linear equations of motion
can be written as follows:
mlk' + klx + mlz'y' + klZY + mls'z' + k13z + cl>'< + clzfr + 0132 = P(t) [1561]
| mlzic' + klzx + mzii + kzy + m23'z' + k23z + c21}'< + czfl + czsé = Q) [15b]
m135<' +k X+ mza'y' +kyay + m3'z' +kaz 4 cp X 4 Cq ¥ +03é =R(t) [15¢]
' Here P, Q; and R are generalized external forces so defined that the rate -at
L which they do work on the system is> always Px+ Qy + RZ. The m's are of
the nature of inertial constants and the k's of elastic constants.

Then there may be, as in Equations [lSa,b,c] . hine linear damping

constants Cl' cz, 03, 012’ 013, 021, 023, c31, c32. The six cross

constants 012' etc., will be limited in relative size, as in the two-

dimensional case, since the damping necessarily tends to decrease the total




i e s

e e e e e e ™ ey A8, B v

energy T + V; they are likely to be relatively small and may be negligibie,
but this cannot ke assumed to be true in general because the magnitudes of
all nine constants will vary with the choice of the variables to be called x,
Y, Z.

The situation will be analogous in general to that for two dimensions.
IfP=Q =R =0 and all ¢c's are zero, there will be solutions of Equ_iations
[1 S5a,b, c:} representing three modes of undamped free vibration. If any c's
do not vanish, these modes become three medes of damped free oséilla;cion;
or, if the ¢'s are sufficiently large, one or more modes may be replaced by.
two modes of exponential decrease without oscillation, such as were
represented by formulas in the one-dimensional case.

In the oscillatory case, on the other hand, there will be thrée damping
constants p 1’ ,u.z, ,us. In any one mcde of damped oscillation, the three
variables x, y, and z may be assumed to be proportional to e—/'th cos

(colt + ¢), in another mcde to e—'u'Zt cos {w,.t +€), and in the third to e"'u‘3t

2

cos (m3t + €), the phase angle € being different in general for x, y and z
and different in th~s three modes.

The frequency factors w,., w,, w, will not be quite the same as in the

1" 727 73

undamped vibrations, but the difference will be only of the second order if
the damping is relatively small.

A more detailed discussion of these various cases follows:

19
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1. UNDAMPED FREE VIBRATIONS
If  P= Q=R =0and all the ¢'s are zero, a solution of Equations

[J.Sa,b,c] is

X = alcoscot, yza,coswt, and z za_ coswt, a., a

2 3 1

numbers; from Equations [l 5a, b,c] :

9 and a3 being real

wz) a, + (k

2
(k -mco)a1+(k12—m12 2

2
1 1 mlaw)a =0

13 3

(x + (k =0

-m wz) a
23 23 3

2
L0 ) a

2
- my e )al+ (kz - m,

12 2

2 -
(k + (k 3—m3w)a3~-0

2
-m o))az"' (k

2
- Ay
13 M13” 0 4 23~ M3

Equating the determinant of al, a, . a3 in these equations to zero gives the

2
equation:

2 2 2
(k.l - me )(L2 - Lo )(k3 -m e }

2 2 2
*2(kyy mmy e )k g = my gk, g - myg”)

2 2
, 2 2 2 2
= Uy - mpe)ey g - myp07) - (k) - mpwT) (kg - mya0%)

2 2,2 '

- (k3—m3w )(klz-mlzw ) =0 - A [16]
This is a cubic equation in wz whose three roots furnish the frequencies for
three modes of undamped free vibfation. Any two of the original equatiqns

can be solved for the ratios of al , az, and a3 to each other in any one of

the three modes (see, for example, Appendix C of Reference 1).

2. DAMPED FREE VIBRATIONS

Assume P = Q = R = 0 and write




where al . a2 , a3 and A may all be complex numbers. Substitution in

Equations [15a,b, c] then gives: -

| 2
(kl+ m, )\2 +cl)\ ) aj + (k12 + m12>\ + clz)\)az

2
=0
tkygrmpz At oah)ay =

(k,, + m % oy N)ay + (k2+m2)\2+o:2)\)az

- 2
+(k23+ m23)\ +023)\)a

i}
o

3

k..+m _A%.c. N)a

137 ™13 31 + (k

2 A
+ m Y +032 )az

1 23 23

2 ‘>\ -

The determinant of al, az, a3 in these three equations set equal to zero

gives :
2 2
(kl+ ml)\2+cl>\)(k2+ mz)\ +02)\)(k3+ m3)\ -+03)\)

2 2

) -
tlhygrmpp AT e, Milkyg+ my o A +Cog Mk g+ my AT 4oy )

2 2 2
+(k12+ mlz)\ +021)\)(k23+ m23)\ *Cq, )\)(k13+ mls)\ +013)\)
“prmAZ e M, em A2 ve, Nkt mo A2 el )

1 1 1 23 23 23 23 23 32
~(k, +m )\2 +c Ak, . +m )\2+c MEk..+ m >\2+c )
2 2 2 13 13 13 13 13 31

2 2 2
- ) A
(k3 +m3)\ +c3)\)(k12 + mlz)\ +ch>\.)(‘(12 +m +c

12 M) =0

[17]
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ree in A . It may have real roots
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if the ¢'s are largé enough, perhaps as many as six real roots. On the

other hand, analogy with the two-dimensional case suggests that if the ¢'s

"are not tco large, there will Le six complex roots in three pairs: —/,Ll fiwl '
- tiw - T iw, .
Fo =19 "H3 3
R [P ) _J' -5 . " K T_,.
Two equations for the determination of wl ' wz, wy and Pyrfhgrft o

analogous to Equations [lla,b] in two dimensions, can be obiained by sub-

stituting\ = ~u + imand separating real and imaginary parts. In the three-

dimensional case, however, these eguations are voluminous and the chance
of their ever being put to praciical use scems to he very small, hence they
will not be written cut here in full.

For practical use whenr the ¢'s and hence also the M 's are small,
abbreviated approximate equations can be obtained by omitting all terms of
second or higher order, that is, all terms containing a power of u higher
than the first or both x and one of the ¢'s or the product of two ¢'s. This
rule of approximation justifies replacing )\2 in Equation [17] by —wz ~2iwn
andvalso A by iw. Turtherimcre, all products of ¢ terms may be omitted. The

first of the six precducts in Eguation [17] , for example, is to be replaced by

PR $ —— e

. ) | |
(kl - mlcoz - Ziwml oo+ iwcl)(k2 - mye - lemz Mot 1wcz)

2 . )
(k3 - mae - Zlcom3 M+ i(.o(,3)

and then expanded as

* 22
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2 2 2

(kl - mo )(k2 - myw )(k3 - maw )

tilw (~2m, p +c )k, - moed)(k, - m,w2)
* Al LA B 3° ™3

m wz)

+iw {(~-2m 3

, 2
2 ,U,+Cz)(kl - me )(k3

m wz)

2
. e ~ - {
+iw { Zm3 I J.—<,3)(k1 m )J(2 2

———Ne

It is easily seen that the real pari of Equation [17] as thus reduced is
the same as Equation [1 6] for undamped vibration. Hence the frequencies

of oscillation in the three damped modes are approximated here by the

frequencies of undamped vibration and may be calculated from Equation [16].

To shorten the notation, write now

_ _ 2 = v 2 - _ 2
G.,= k m, e, G, k m) a0, G23 k23 m23w

Then it will be found that the imaginary part of Equation [17] divided by iw

can be written in its approximated form thus.

2 2
"2 [my(G,85 - Gy ¢ my(G1Gy - G %) m(G )G, - Gy, P

v2m) (G 3Gpg = G3Gyp) + 2my 5 (GG 5 - G,G )

2 2
my3(G G5 = G Gy | o 1 GG~ Gy37) « ) (GG, - G JT)
2
+04G1G) - Gpp7) # (o)) + 099G 3Gy - GgGpp) +(ey3+ gy
(G128p3 =~ GG 3) * (oy5 % ©3))(G1,G 5~ G G,5) = 0 [g]
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After inscrting in the G's the nroper value of «° for any one of the
damped medes, this equation is casily solved for an approximate value of

¥
L

the damping censtant /. for that mode.

3. HARMOWNIC I'OLCED VIBRATIONS

Assume

5 _ - _ v o

P=pcosw t+ sinw t d=gcosw t+ sino t

pcosw t+ p ot Q=q St ¥ d o
R=zrcosw t+rrsinw t
o} 0
where p, p', g, @', ¢, r' are any six real anplitudes and o is any positive
H

rcal number. For the resulting st .dy vibration write

X za,Cosw t +a’ sinw t za,cosw t +al sinw i

1 o} “1 o’ Y 277" %0 z” (o)
Z=a,coswt+al sinwt
3 e} 3 o}

a. .. .. aé being six real numbers.
In any particuvlar motion, by a proper choice of the origin for t, any
chosen one of the six variables P, Q, R, x, v, z can be made tc vibrate in
proportion to cos mot, or to sin wot. Thus any one of the twelve amplitudes
p,p'.. .. a3, aé can be assumed tc be zero without altering the motion
that is represented.

Substitution in Equations [ISa,b,c] and separation of sinz and cosine

terms gives six equations. To shorten the notation, write:
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Thon the six eguations read:

Fiag e 0o # T8, #0008y + Figdg + 013975 ° P [19a]
—oyway v Fla) = pea, wFppny = Cgu53s t Figds® pr [1on)
Fia?) * 193 *T2% " 000 " Fa323 * %2393 = @ [19¢]
S219%%1 T T12717 %2%% ani"czswoas"Fzsag =t rod
Flaa) * Og1901 T Faay b Caa%t Fata T Gt T [19¢]
—oyq00ay * Figal = Ogp003p F Fag?h T 30 FFafy T T [r91]

In general any six of the twzlve amplitudes al . « . o ' can be
assicned arbitravily and the equations then fix the values of the other six.
4. DXPTRTONTAL DRIEMMINATICN OF

cie C20 O30 C120 C132 ©210 232 %310 32

The methods described for a two-dimensional system can be extended
to three dimensions. Determination of the nins damping coﬁstants from
«oneral bumping observations, however, will not be discussed here because
it apnoars to involve very complicated obsorvations and calculations.

A feasible alternative might be to lock each of the three coordinates in
turn so as te hold it at zero. The given tl’lree—dime;nsional system could thus
be studied as a combination of three two-dimensional systems and the
mathods alvendy descriked for such sysitems would be available.

Of three-dimensional motions, only forced harmonic motions will be

consics

od hers and only the simplest use of these, In such motions, x, vy,

A = are equal respactively to -o Zx - zy, and ~w 2z s0 that either x
- o ©' o o ' e Y,

)

L%

~

Z5
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e e o e a1 -

a, = 0, Read a,, a,, a

= = == _ _;l“ =| =' ='

819317 ¥2%32 % 3393 o (Fyq2) * Fygap * F3a3)
Assu ir R t si 1 ‘L‘:li'“.-s 4 I ’ ’ ’ ’ i
MAssuming that the six constant Fl I‘z F3 FlZ Fl3 F23 have been

calculated from the constants of the system and the chosen value of N the

first three of Equations [20] can be solved for C1¢ C1pr Cy3- the middle -
three f the lagt thr , , .
three for CZ' 021, 023, and the last three for c3 031 032

The compuiation can be shortened by observing differently. Using

&

chosen p and ¢, adjustr {p', q', r' keing all zero) so that ag = 0. Read a.

a,,, a'l, a'z

2 . ali. Repeat with a different pair of values of p and q, making

3 -y 'l '2 a’3. Then the first two of Equations [20] are
easgily solved for c::1 and ClZ’ the fourth and fifth for c2 and 021 , and the

seventh and eighth for 931 and c32 .

Repeat using two pairs of values of p and r and adjusting q each time

so that a2= a2= 0. Read al, a3, al, az, a3 and al, a3, al, 5 3

=

lie same three pairs out of Equations [20] yield c1 and 013

and c3 and c31.

All of the ¢'s have thus been obtained, with duplicate values .of cl,
021 and 031 . Other combinations of p, q, r may be used in a similar way.

It will be noted that neither procedure requires actual measurements

of P, Q, orR.
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(1) A simple increase of s

nency mode of i

SQIME SYSILm .,

ANGE OF 8CTALE

£oMmase on da spuving subicct to lincar

mped vibration

vhere  po=¢/(Pm) and wZ = (k/m) -0

ied any ratio A without charge of

Now let all lincov dimensions be changed in

given x,

"o . “ 3 2 .
material. Then* mozx X, koo X', Wha anpens to ¢?

2 weticd: hence

watcr resistance will tend to vary in proportion io the surfsc

2 . - 2 .. oy
c oc A”. For simnlicity, supposc 1 may be drovped in comparison wiil

k/m. Then, approximately,

* In a change of scale including change of both cross section and length of .

a2
spring, koc T A . Foramassona spring, whenalldimengions changs, maz A,

1 .
kec X, wes ;g If only the lengthof the soring does not change, m oo ) .

k cc ?\2, w OC
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P,

W

wee 1/ fvr;— ;oprec I LM W
J—

Or, if ¢ dces nut change when A 5% 1, then approximately when g is small

wee 1/ /'Tj_,\—: pee 1/ A3; e w6

In both cases and w both increass if X < 1 and decreage if \ > 1, thus
varying "in the same direction.”
2. CONTRARY MODES3 FOR A GIVEN SYSTEM
Since higher frequency tends to mean higher velocities at a given
amplitude, it might reasonably be guessed that the damping will be greater

in medes of

higher frequency. This is not neceasarily the case, however,
hecause the components of displacement ere in different ratios in different

inodes and some componcits may be damped more heavily than others

As a simple example, suppose

o . . . - .s 5 -
mlx + klxw'- .\lzy cly 0 mzy + kzy + klzx + czy 0

where kz/mz:> k‘.l/m1 but cz/m2<<_ci/m1.

If klz = 0 and c1 =c,* 0, then in one mode, x vibrates with y = 0; in the

other, y vibrates at much higher frequency with x = 0. If k12 = 0 but cl

and c, are merely small, then the two frequencies are liitle altered by c1

and c., and the damping will be much less for the second or y vibration

21

-
—
i}
jon}
=h

for the first or x vibration.

Thus higher frequency is accompanied here by lower damping. This
conclusion will nct be altered if klZ is merely keot small but not zero, so
that v vibrates a liztle in the first mede an d x vibrates a little in the second

mede.
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