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Abstract

During the past year, we worked on two engineering application
problems: data smoothing/denoising by wavelets and reverse engineer-
ing for aircraft design, as well as other optimization problems (such
as robust regressions, Huber M-estimators, merit functions for con-
strained minimization problems, stability analysis of feasible systems,
and constrained best approximations in Euclidean spaces). While the
engineering applications are obviously beneficial to the advancement
of science and technology for Air Force, the basic research is also fun-
damental for potential applications relevant to Air Force. In this final
report, we will give an overview of what we have accomplished during
the last one year when our research was supported by Air Force Office
of Scientific Research.

The report has five parts: (i) automatic threshold selection for
wavelet denoising; (ii) reverse engineering for aircraft design; (iii) ro-
bust regression and Huber M-estimator; (iv) global error bounds for
quadratic inequalities; (v) merit functions for complementarity prob-
lems. :
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1 Awutomatic Threshold Selection for Wavelet De-
noising

Recently, one major trend in wavelet research is an optimal representation
of a signal by a library (or dictionary) of basis functions, led by Mallat,
Coifman, and Donoho [1, 2, 3, 4, 8]. The mathematical objective is to find a
representation of a signal by a linear combination of as few functions in the
library as possible within certain error tolerance. The motivation for such
an optimal representation of a signal is to achieve data compression, since
one only has to store the coefficients an approximate representation of the
actual signal.

However, such an optimal representation is useful not only for data com-
pression, but also for denoising of signals and feature extraction of speech
signals, as pointed out by Buckheit and Donoho [1]. Our preliminary re-
search [5] as well as Buckheit and Donoho’s indicates that wavelet packet
representation may provide better feature extraction than other classical
classification method, such as linear discriminant analysis. Here we first
give a brief review on denoising and feature extraction by wavelets. Then
we report our progress made on Donoho and Johnstone’s wavelet denoising
method for recovering antenna radiation pattern from noisy measurements.

1.1 Review on Denoising and Feature Extraction

The wavelet packet transform is generated by a pair of quadratic mirror
filters which decompose the signal into a series of subbands (“frequency
slots”) by repeated convolution and decimation. The wavelet packet coeffi-
cients generated by such a transform represent the energy levels of the signal
at different time locations and various frequency bands. With appropriate
choice of subbands and and filters, it is possible to “capture” the signal with
very few significantly large coefficients.

Let {g(n)}L_; (high-frequency filter) and {A(n)}E_, (g(n) = (—1)"h(1—
n)) (low-frequency filter) be a pair of finite impulse response (FIR) quadra-
ture filters (QF) that correspond the coefficients in the equations that define

scaling and mother wavelet functions:
o(t) = Y h(n)p(2t — m),
¥(t) =D g(n)p(2t - n),




where ¢ is the scaling function and 1 is the mother wavelet.
Given a sequence {z(j) ;V=1 of N samples of a signal, one can separate
the frequency domain of the signal into two subbands of the same width by

using the following transformation:

yl(k) = Zn h(n)z(2k - ?’L),
vo(k) = 3, 9(n)2(2k — n),

where yo and y; contain the information of the signal in the high and low
frequency subbands, respectively. The coefficients yo(k)’s and y;(k)’s are
called wavelet packet coefficients at the first level. Repeating the same
operation on a subband, we can get better frequency separation of the signal
at the cost of lower resolution in time domain for the signal representation.
This phenomena is dictated by the uncertainty principle in signal processing.
For speech recognition problems, the design of subbands for the wavelet
packet transform of signals is a very important issue, since a signal tends to
have energy concentrated on certain frequency bands. If these subbands are
used in the wavelet packet transform, then one might be able to use a few
coefficients in these subbands to represent the signal. As a result, one can
achieve data compression of the signal (a compressed representation of the
signal by a few coefficients). This compressed representation can be used
for either denoising or feature extraction. If one uses these coefficients to
reconstruct a signal by the inverse wavelet packet transform (the transform
(1) is invertible), then it will be a smoothed version of the original signal.
This is the idea behind wavelet shrinkage for denoising. However, if one
uses these coefficients as the input of a classification program, such as a
neural network or a multisurface method of pattern separation [20], then
these coefficients are called features of the signal in speech recognition [1,
5]. Therefore, the compressed representation of the signal provides a new
approach for feature extraction in speech recognition.

For a special wavelet packet transform, we get a set of wavelet packet

coefficients from the input signal {z(k) iV:iT":

(1)

{wiyj: = 1""’57 j= 17"'72”}’

where w; ; represents the energy concentration at the i-th frequency subband
and near the time location %—F%T. The parameter T is the time duration of
the signal: T = %—, where S is the sampling rate of the signal.

For speech recognition problems, instead of finding a best basis for all

signals [1], we used the averages of wavelet packet coefficients w; ;’s as fea-



tures [5]. For isolated stops, the six consonants /b,p,d,t,g,k/ can be auto-
matically classified with over 93% accuracy based on extracting 83 features
out of a 75 ms signal interval beginning with the release of the burst. For
stops extracted from continuous speech samples, we achieve an accuracy of
71% using 99 features out of an 83 ms signal interval. These relatively poor
results are still comparable with a method using formant trajectories. How-
ever, they are not yet as good as results based on smoothed time/frequency
features [5]. One possible reason is that each class of consonants has certain
ridge signatures on the time/frequency plane and the features based on ridge
signatures reflect more of the characteristics of speech signals.

As for signals received by antenna radiation pattern measurement equip-
ment, we realized that the radar pattern nulls were mistaken as noisy spikes
and were suppressed by wavelet shrinkage method for denoising. This con-
firms Coifman and Donoho’s conclusion that pseudo-Gibbs phenomena hap-
pens in the neighborhood of discontinuities [3]. They attribute this to the
lack of translation invariance of the wavelet basis. Their strategy to reduce
the Gibbs phenomena is to average out the translation dependence by shift-
ing the signal, denoising the shifted signal, and unshifting the smoothed
signal. The method is called translation-invariant denoising [3]. Whether
such a method can be used to preserve the radar pattern nulls remains to
be seen.

1.2 Progress on Wavelet Denoising

Given N(= 2F) samples of a signal, from the statistical theory about the
optimal minimax rate of convergence established by Donoho and Johnstone,
we know that it is desirable to choose level-dependent thresholds based on
the standard deviation of the noise signal. For example, Donoho and John-
stone proposed to use the following thresholds for thresholding of wavelet
coefficients:

o; = ¢;0, (2)

where ¢; are some constants. The level-dependent thresholding can be con-
sidered as a black box that takes a set of wavelet coefficients {w;;:1<j <
2'-11 < i < k} and output another set of wavelet coefficients:

{@;;:1<j<271<i<k},

where w;; = 0 if |w;;| < 0; and ¥; ; = w; ; (1 - ]-11—]"1]—[) otherwise. Then
one can construct a unique signal Z;,---,Z, corresponding to the modified

4



wavelet coefficients w; ;. By the results established by Donoho and John-
stone, we can consider Z as an optimal recovery of the uncontaminated signal
in the minimax sense.

However, in a practical situation, the standard deviation of the noise
signal is generally unknown. This causes a serious problem for engineers
who would apply the wavelet denoising method in applications. In order to
derive a practical method for automatic selection of the threshold, we need
to consider the threshold selection from a different perspective. Suppose
that we know the standard deviation o of the noise signal €. Then the
thresholds for various levels defined in (2) yield an optimal recovery Z from
z. Intuitively, we can assume that, with a high probability, Z is very close to
the uncontaminated signal. That is, z — Z should be very close to the noise
signal €. As a result, the standard deviation & of z — Z is approximately
o. Therefore, one statistical criterion for a good estimate o of the standard
deviation of the noise is that & = 0.

To implement such an idea, we use a control parameter §(> 0) as the
error tolerance of the threshold estimate. Then we try to find the largest o
such that |2=2| < 6. -

If one wants the optimal choice of o, then one has to solve the nondif-
ferentiable global minimization problem:

min =: g(o).

o

U—&l

Note that lim,_, g(0) = lim,¢ g(0) = 1. Therefore, the above minimiza-
tion has a global solution.

We implemented the automatic threshold selection for wavelet shrinkage
~ denoising. The application of this method to signals received by antenna
radiation pattern measurement equipment at Airforce Rome Lab shows that
the method can recover the noise-free signal quite accurately near the main-
lobe and dominant sidelobes (cf. Figures 8 and 9). Such a denoising tech-
nique not only provides a smoothed signal, but also gives an empirical esti-
mate of the standard deviation of the noisy signal.

A potential application of such a denoising technique is to filter out the
noise in antenna radiation pattern measurement so that the true antenna
gain pattern versus orientation angle can be discerned. Antennas that oper-
ate at 40 GHz and above are being developed that need to be tested against
their design characteristics. This means that power amplifiers capable of
operating at these frequencies are also required for far-field antenna pattern



measurement. These state-of-the-art amplifiers are either costly or nonex-
istent. Thus, getting the most signal-to-noise ratio is essential for reducing
measurement costs.

1.3 Conclusions

As we pointed out before, the radar pattern nulls can be easily mistaken
as noise by a nonparametric data smoothing/denoising method. For ex-
ample, Donoho and Johnstone’s wavelet shrinkage denoising method might
destroy the null structure near the sidelobes (compare the smoothed sig-
nal and noiseless signal between —40-—30 in Figure 9). One approach for
maintaining the null structure is to set lower thresholds near the nulls for
wavelet coefficients corresponding to high frequency subbands to preserve
the null structure. We will continue to explore various denoising approaches
for processing of signals received by antenna radiation pattern measurement
equipment and our objective is to make a technology transition of the state-
of-art wavelet denoising techniques to Airforce.
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2 Reverse Engineering for Aircraft Design |

Reverse engineering is a relatively new term that emerged in the late 1980’s.
In general, reverse engineering is a process that begins with a physical form
and ends with a computer representation of the form. With the recent
developments of advanced laser digitizers and other computer-aided tools,
reverse engineering has evolved from a research initiative to an industrial
reality.

Reverse engineering has multiple applications, including the following;:

¢ manufacturing a mechanical part from a new physical model or pro-
totype, -

¢ replicating an existing mechanical part that does not have a computer-
recognizable design,

¢ analyzing or modifying a mechanical part that does not have a computer-
recognizable design,

e verifying a mechanical part that has a computer-recognizable design
[3]-

Reverse engineering consists of four steps: data acquisition, data sepa-
ration, curve or surface fitting, computer-aided manufacturing. Data acqui-
sition is the collection of data points from the surface of a object. Normally,
this is done by using a coordinate measuring machine (CMM) or a laser
scanner. Because most objects are complicated (i.e., they are the compos-
ite of multiple geometric shapes), it is difficult to represent the object with
one matematical surface. Therefore, it is natural to separate the collected
data into several components with simple geometric shapes. Then, one
can fit a curve or surface equation to the data of each component. Together
these equations provide a mathematical surface representation of the object.
This representation or mathematical surface model can be programmed into
computer-aided manufacturing (CAM) tools, which are used to manufacture
a facimile of the original object. '



From a mathematical point of view, the difficulty of the reverse engi-
neering process is the construction of surface equations from a set of data
points. There are software packages that were developed recently for the
reverse engineering process, rather than for engineering design. Examples
of these packages are “SURFACER” by Imageware, Inc., and “STRIM”
by Matra Datavision. However, each application imposes different crite-
ria for goodness-of-fit. For example, the objective of reverse engineering a
car model is complete different from that of reverse engineering an aircraft
model. The former has more emphasis on aesthetics and the latter has more
emphasis on geometric shape and accurary.

The main purpose of reverse engineering an aircraft surface is to use
the original model as a starting point to design experimental aircraft. His-
torically, aircraft design has been divided into three phases: (1) conceptual
design; (2) preliminary design; and (3) detailed design. A new methodology
is to use a multi-disciplinary optimization (MDQ) approach that combines
surface geometry design, surface or volume grid generation, and aerody-
namic optimization based on CFD analysis. With the MDO approach, the
designer takes an existing surface design, generates the appropriate grids,
and performs a CFD analysis of the design. The designer uses the analysis
to identify aerodynamic features that are not optimal. The designer then
modifies the design parameters associated with the aerodynamic features.
This generates a new surface design. The designer repeats this process until
he achieves the model with the desired aerodynamic features.

The MDO approach does have some serious difficulties. First, if the
surface model has too many design parameters, the computational cost to
optimize with respect to design parameters may be prohibitive. Second, de-
sign parameters within feasible ranges produce smooth surfaces (i.e., surfaces
without ripples). When spline control points are used as design parameters,
it is difficult to determine the relationship between the control points and
the surface ripples.

To avoid these difficulties, a practical approach is to use a small set of
engineering parameters to generate an aircraft model. This is the basic idea
behind the Rapid Aircraft Parameter Input Design (RAPID) model, devel-
oped by Bloor, Wilson, and Smith [10]. With respect to the RAPID model,
the reverse engineering problem is to determine the engineering design pa-
rameters from a set of aircraft surface data points. Then, one can optimize
the aerodynamic features of the model by modifying the appropriate param-
eters.

In this section, based on Bloor and Wilson’s PDE surface model, we use



a nonlinear least squares method to extract a set of engineering parameters
from surface grids of an aircraft.

For more details, see the joint paper written by J. Huband, R. Smith,
and the principle investigator [4].

2.1 Review on Reverse Engineering

For surface reconstruction in reverse engineering problems, one has to derive
a parametric surface representation of a set of data points {(z;, i, 2;)}1=, in
space R3:

z = z(u,v), y = y(u,v), 2= z(u,v), for 0<u,v<1. (3)

The standard procedure for constructing a surface from § = {(z;, Yis z) 1
is a three-step process:

¢ selection of 4 sets By, By, B3, B4 of ordered boundary points from S;

o fitting of a spline curve C; of each boundary set B; such that Cy,Cy, Cs,
C4 form a closed loop;

o construction of a surface based on 4 boundary curves Cy,C,,C3,Cy
and the data set 5.

There are many papers on construction of a surface from the data set S if
z = f(zi,y:) and (z4,y:) are in a rectangular region or S is a set of grid
points on a surface [1, 2, 3, 6, 7, 8]. However, for digitized surface of a
mechanical part such as a wing of an aircraft, there is no structure pattern
for . At NASA Langley Research Center, the surface construction is done
by using a state-of-art reverse engineering software called SURFACER [9]
developed by Imageware Inc. The selection of boundary points has to be
done manually through a point clicking interface. Even though the interface
is very easy to use, the process is quite tedious and time-consuming. The
fitting process used by SURFACER is a variation of thin spline fitting, which
is very sensitive to the results of boundary curve fitting. For example, the
knots for the final surface are completely predetermined by the knots of
the boundary curves. As a consequence, a successful surface construction
relies on the expertise of a designer/modeller who goes though many trials
of boundary and surface fitting to get a visually satisfactory result. The
major difficulty in such a surface construction process is how to determine



the corresponding parameter (u;, v;) of (z;, ¥;, 2;) for a given parametric form
of surfaces (3). There is no mathematical research done so far on this topic.

For aircraft designs, a spline surface does not make much sense to en-
gineers. Therefore, surface models based on engineering (or geometric) pa-
rameters (such as the wing section chord length, the wing section maximum
thickness, the location of maximum camber, cf. Figures 3-7 by Robert Smith
at NASA /Langley Research Center) are very important for modification of
a given design. Smith, Bloor, Wilson, and Thomas [10] developed a RAPID
prototyping model for airplane design at NASA Langley Research Center.
However, in order to make the software applicable in practice, one has to
convert the surface grids of a given airplane to a RAPID model. Then one
can modify the RAPID model to derive a design with optimal aerodynamic
characteristics. This often involves a multidisciplinary design optimization
process.

2.2 Progress on Surface Reconstruction in Reverse Engi-
neering

Our major contribution is to reverse the following PDE model for rapid
prototyping of an aircraft:

2
("’2 +(_“_)2ﬁ2_) F(&n)=0, for0<n€<1, (4

on? 2r) 02
F(0,n)= F(1,7), for0<9<1, (5)
F(£,0) = Bo(§), F(§,1)=B(£), for0<EL1, (6)

oF oF
. ‘5‘77‘(670) = NO({), 8_17(6, 1) = Nl(g)a for0<£€<1, (7)

where (5) forces the solution to be a periodic function of £ with period T = 1,
(6) is the Dirichlet boundary condition, and (7) is the Neumann boundary
condition.

It is well-known that the fourth-order elliptic PDE (4) with the given
boundary conditions has a unique solution. This provides a way of generat-
ing a surface patch with the given Dirichlet and Neumann boundary condi-
tions, which is the mathematical foundation of Bloor and Wilson’s idea for
rapid prototyping of an aircraft and other rapid prototyping applications.

For example, in the design of the inboard wing section, one usually speci-
fies the two airfoils at the two ends of the inboard wing section (which are the
intersection of the inboard/outboard wing sections and the intersection of

10



the inboard wing/fuselage), as well as how smooth the inboard wing section
blends with the fuselage and the outboard wing section. Note that the two
airfoils are given as boundary functions By(£) and B;(£), while the smooth-
ness of blending is represented by boundary functions No(§) and Np(§).
Therefore, construction of the wing section is mathematically equivalent to
construction of a smooth surface that satisfies the boundary conditions (6)
and (7). For the inboard wing section, the boundary functions are given as
follows:

T = 5(6) + X T = %mj(f) + Xu
Bo(§)=(y=Ro+H1 ), Bl(€)=(y=\/7'(§)2—z ), (8)

z=9&)+ Z z2=Y()Ta+ Zu

g = Sz () (B = Ssin(e)7(€)
No©)=[$=-5 |, M@©=|3%=3(5r©+:5) | ©

g2 =0 % = _8ysin(n6) %

where X, Ro, H1, Z;, By, Cy X oy, 7(€), T4, Z,y are engineering (or geometric)
parameters for the inboard wing; Z(£) and g(£) are functions determined
by the engineering parameters (such as wing section cord length, maximum
camber location, etc), and Sj,.5; determine how smooth the inboard wing
section blends into the outboard wing section and the fuselage, respectively.

One application of the RAPID prototyping model is to modify the en-
gineering parameters of an existing design to obtain an optimized design.
For this purpose, one has to recover the engineering parameters from a sur-
face grid of an existing design (a REVERSE ENGINEERING PROCESS)
and then to go through a multidisciplinary design optimization process to
get a better design. In this case, the reverse engineering process can also
" be thought of as a systems identification or least squares problem involving
(airplane) geometry.

In order to make the reverse engineering possible, we first derived the
canonical basis for the Hermite interpolation problems involved in the pro-
cess:

foa(m) = (n— 1)1 +21), foa(n) = n*(3 - 27),
foa(n) = n(n—1)>% foa(m) =n*(n—1),
Faa(m) = (1= )™ + 221 — ) sinb(ann) + L sinh(an(1 - ),

Faa(m) = 1 0= 4 £21 ) inh(ann) + E2psinh(an(1 — ),
n n
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o) = =321 = s (o) + T i an1 - ),

smh(an)

fn,4(n) ==

where n =1,2,---and

(1 = m)sinh(ann) + —nsinh(an(1 - n)),

d, := sinh?(an) — (an)?,
Pn := an(an — 1) — sinh(an)e®”
¢rn = ane®” — (an — 1) sinh(an).

Then we used the following reverse engineering model for surfaces generated
by (4)-(7):

F(&,m):= (aél)fo,l(n) + a(()2)f0,2(77) + Gga)fo,a(n) + a((,4)fo,4(77))

+3 ( () faa (m) + a2 Fr2(n) + 0 foa(m) + o fra(m)) cos(2ne)

n=1

+ (68 fa 1 (m) + 6D faz(n) + 38 foa(m) + 6 o a()) sin(2n7r£))

+ (Bo(e) ~afl Z (af) cos(2nne) + b1 sm(2mr5))) fmt1,1(m)
n=1

+ (Bl( S (a(z) cos(2nm€) + b sm(2n7r§))) fmt1,2(n)
n--l

+ (No(f) - a Z (a(3) cos(2nmé) + b(3) sm(2n7r§))) fmt1,3(0)
n=1

+ (Nl(s) —af) = Y (a cos(2nt) + b0 sm(zmrs))) Fmt1.4(n).

n=1
For example, the corresponding reverse engineering process for the inboard
wing section can be summarized in the following algorithm.

Algorithm 1 For a given wing surface grid {F;; : 1< i< k,1<j <1}
with 1 = 1, k corresponding to the inboard/outborad wing intersection and the
wing/fuselage intersection, respectively, recover the engineering parameters
for the inboard wing section as follows.

Step 1. Use {F1; : 1 < j < I} to recover By(€) as given in (8) (i.e.,
recover the engineering parameters for the inboard/outboard wing in-
tersection).
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Step 2. Use {Fy ;:1< j <1} to recover By(£) as given in (8) (i.e., recover
the engineering parameters for the wing/fuselage intersection).

Step 3. Estimate the parameters &, -, & and 1y, -, corresponding to
the surface grid (i.e., determine the original grid distribution used fo
generate the surface grid). :

Step 4. Recover the Neumann boundary conditions (i.e., S1,52) by using
the z-components {z; ;} of the surface grid; i.e., find 51, S by solving
the following overdetermined system of linear equations with unknowns

(1) (2) (3) a$1,4)) b'g’bl): b£1,2); b‘gls); b$l4)7 Sl’ 32-'

Qn "y, Qn "y, Qn ",

IS+ o785+ Y (50D + gihel® + gihal® + gliyal®)

n=0
+ 3 (Bib0) + BG4 RO + B = v,

n=1

for1<:<k,1<j<I,

: G 63 6d hd 6d ohd phd o pdd pdd phd
where v1”, V37, 9.1, Gn2r Inss Gnar Pus Pnas Bpss Byplss 7ij are
constants given by the following formulas:

vl = %i(&)fm+1,3(77j)v

vy’ = sin(r€)7 (&) fus1,4(m5),
Gith = (fnr(03) = Fmt1,r (1) cos(2mmEs),
h:;{,. = (fn,r(nj) - fm+1,r("7j)) Sin(27@'n€i)7

T = 3 = (3(6) + X Fiaa () — (86D + X ) S ().

With the above algorithm, we can recover the engineering parameters
of the inboard wing section with error less than 0.1% for a surface grid
generated by the PDE model (cf. Figure 1 for original surface grids of the
fuselage and wingand and Figure 2 for the surface grids generated by the
recovered engineering parameters).

2.3 Conclusions

The current reverse engineering model can be used for the following wing
configuration:
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high wing low aspect ratio short fuselage,

double-delta transport with low wing,

HSCT type configuration,
¢ Delta wing configuration.

Another direction is to measure an existing wing tunnel model using
a laser digitizer and apply the reverse engineering model to the digitized
surface points to recover the engineering parameters according to the RAPID
model. The mathematical problems involved are the following;:

¢ automatic identification of boundary points,

¢ parametrization of data points based on boundary curves.

The first problem is to build a mathematical model that can “realize the
human perception of boundary points of a surface grid”. This is more or
less a mathematical modeling problem in artificial intelligence. We shall use
concepts and ideas in the projective geometry to find a reasonable solution.
The second problem is related to accuracy and stability of a free form surface
fitting of a data cloud. We will study the potential of the inverse of Coons
mapping for finding a reliable parametrization of data points. This is a very
difficult issue. Note that, in Algorithm 1, we had to rely on the special
structure of the underlying model to find &;,7; in Step 3, which is the main
source of errors in our reverse engineering process. Major progress in this
direction will be beneficial not only to Air Force, but also to the whole
aerospace industry.
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3 Robust Regression and Huber M-Estimator

Relationships between a linear f; estimation problem and the Huber M-
estimator problem can be easily established by their dual formulations. The
least norm solution of a linear programming problem studied by Mangasar-
ian and Meyer provides a key link between the dual problems. Based on
the dual formulations, we establish a local linearity property of the Huber
M-estimators with respect to the tuning parameter 7 and derive that the so-
lution set of the Huber M-estimator problem is Lipschitz continuous with re-
spect to perturbations of the tuning parameter 7. As a consequence, the set
of the linear £; estimators is the limit of the set of the Huber M-estimators
as 7 — 0%. Thus, the Huber M-estimator problem has many solutions for
small tuning parameter « if the linear ¢; estimation problem has multiple
solutions. A recursive version of Madsen and Nielsen’s algorithm based on
computation of the Huber M-estimator is proposed for finding a linear £,
estimator. This part is a summary of a joint paper written by J. Swetits
and the principle investigator [16].
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3.1 Review on /; Régression and Huber M-estimator

Consider the following linear £; estimation problem of finding a vector z* in
RR™ that solves the following minimization problem:

min [[dz —ds, (10)

where A is m X n (m > n) representing the underlying linear model, z in R"
is the parameter vector, d € R™ is the data vector, and ||z||; := Y%, 2] is
the ¢1-norm of z. In general, one might assume that A has rank n so that
different parameter vectors correspond to different regression functions, even
though this assumption is not required in our study of (10).

The linear ¢y estimation problem is much more difficult to solve than the
linear maximum likelihood estimation problem, where the £;-norm, ||z, :=
e, z?)%, is used instead of the £;-norm. See [1, 2, 3, 7, 18, 25, 27, 29, 30]
for various algorithms for solving the linear ¢; estimation problem. One
reason for solving (10) instead of the corresponding least squares problem is
that linear ¢, estimators are more robust than linear least squares estimators
[9, 10] in the presence of outliers. Note that (10) is referred as a nonsmooth
optimization problem because the objective function (i.e., the expression one
tries to minimize) is not a differentiable function of parameters zy,---,z,.
Many robust regression models allow one to get a robust estimator without
involving nonsmooth optimization problems [10]. The most well-known one
is the Huber M-estimator problem that combines the robustness of the linear
£, regression model with the smoothness of the linear maximum likelihood
regression model by using the Huber’s cost function, depending on a given
tuning constant v > 0, defined by

o(f) = 3t%, if [t <
7|t| — 372, otherwise.

The Huber M-estimator problem is to find a vector z* in R”™ such that z*
solves the following minimization problem:

min 3 pl(ds )], (i
1=1

where (Az — d); denotes the i*® component of the vector. In general, there
is a scaling parameter 7 involved in the Huber M-estimator problem. For
convenience, we assume that 7 = 1. Note that Huber’s cost function is

16



a convex differentiable piecewise quadratic polynomial and the objective
function in (11) is differentiable. The purpose of Huber’s cost function is to
measure (Az —d); by (Az —d)? (as in maximum likelihood estimation) when
(Az — d); is “relatively small” while it measures (Az —d); by |(Az —d);| (as
in linear ¢; estimation) when d; is an outlier (i.e., |(Az — d),] is “relatively
large”).

Recently, there have been many papers devoted to design of numerical al-
gorithms for solving the Huber M-estimator problem [5, 6, 16, 17, 23, 28], as
well as to relationships between linear £; estimators and Huber M-estimators
(4, 18, 19]. Madsen and Nielsen [18], and Madsen, Nielsen, and Pinar [19]
show that algorithms for computing Huber M-estimators can also be used to
find linear ¢; estimators, by establishing an explicit correspondence between
linear ¢, estimators and Huber M-estimators. The purpose of this section is
to show that more revealing relationships between linear ¢, estimators and
Huber M-estimators can be easily derived through dual formulations of (10)
and (11). More specifically, we obtain that the dual solution of the Huber
M-estimator problem is the least norm solution of the dual linear program-
ming problem of (10) when the funing parameter v > 0 is small enough.
The proof is based on a characterization of the least norm solution of a lin-
ear program proved by Mangasarian and Meyer [21, 20]. As consequences,
we not only recover the known results about linear /; estimators and Hu-
ber M-estimators, but also derive new ones. This allows us to explicitly
verify whether a given parameter v is small enough to produce a linear ¢;
estimator. We will propose a recursive version of Madsen and Nielsen’s al-
gorithm for finding a linear ¢; estimator by solving the corresponding Huber
M-estimator problem.

It is well-known that either (10) or (11) may have infinitely many so-

" lutions. Sufficient conditions for uniqueness of the linear ¢; estimator and

the Huber M-estimator are given in [4, 17, 18, 19]. However, it is not clear
whether there is a connection between the uniqueness of the linear ¢; es-
timator and the Huber M-estimator. We show that the uniqueness of the
Huber M-estimator for every small tuning factor v implies the uniqueness of
the linear £; estimator. However, a counterexample shows that the converse
does not hold. That is, there exist A and d such that (10) has a unique solu-
tion, but the corresponding Huber M-estimator problem (11) has infinitely
many solutions for every 0 < v < §, where § is a positive constant.

The section is organized as follows. Dual problems of (10) and (11) are
given in Subsection 3.2 and characterizations of solutions of (10) and (11) are
also given in terms of their dual solutions, respectively. In Subsection 3.3, we
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first give the Lipschitz stability of X? with respect to the perturbations of 7.
Then, based on the dual characterizations given in the previous subsection,
we establish a local linearity property of the solution set X7 of (11) as a set-
valued mapping of the parameter ¥ when v > 0 is small enough. Moreover,
we obtain that the uniqueness of the Huber M-estimator for small positive
tuning parameter v implies the uniqueness of the linear ¢; estimator. The
converse is also true under the nondegeneracy assumption on the least norm
solution of a dual problem of (10). But the converse is not true in general.
We give an example of the linear £; estimation problem which has a unique
solution, but the corresponding Huber M-estimator problem (11) does have
infinitely many solutions for 0 < 4 < 6 with some positive constant §. In
Subsection 3.4, a recursive algorithm for finding a linear ¢; estimator is
proposed. The algorithm allows one to explicitly construct a solution of
(10) by solving finitely many Huber M-estimator problems. Conclusions are
included in Subsection 3.5.

To conclude the subsection we give some notations used in this section.
If A is a matrix and z is a (column) vector, A; denotes the i*® row of A and
z; denotes the it" component of #. (Note A;z = (Az);.) For a vector z (or
a matrix A), z7 (or AT) is its transpose. For two vectors z and y, z < y
means z; < y; for every index i. For convenience, when z is a vector and « is

a number, ¢ < « denotes z; < « for every index :. We use zz,y to denote the

vector whose ith component is max{—7,min{7, z;}}. The £o-norm, || - ||co,
of a vector z € R™ is ||2||cc = maxj<i<m |2i|- The set of all solutions of (10)
is denoted by X°, while the set of all solutions of (11) is denoted by X for
any given tuning parameter y. The null space of a matrix A is defined as

{z e R": Az = 0}.

3.2 Dual Formulations

In this subsection we give the dual formulations of (10) and (11) as a linear
programming problem and a quadratic programming problem, respectively.
These dual formulations provide characterizations of linear £; estimators
and Huber M-estimators in terms of their dual solutions. Then, from Man-
gasarian and Meyer’s characterization of the least norm solution of a linear
program [21, 20], we know that the unique dual solution of (11) is actually
the least norm dual solution of (10) when 7 > 0 is small enough.
Consider the following dual formulation of (10):

ml_lin dTy subject to ATy=0, -1<y<1. (12)
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The following lemma is essentially known, but the form of the statement
given here is more convenient for our purposes. For another form of the
lemma, see [24, 19]. '

Lemma 2 Let Z € R" and § € R™. Then  and § are solutions of (10)
and (12), respectively, if and only if the following conditions hold: '

ATg=0, -1<5<1,

(A2 -d); 20, ifgi=1,
(AZ - d); 0, if §i = -1,
(AZ - d);=0, if ~1<gi<1.

(13)

Note that the standard KKT-conditions for (12) involve a multiplier z
for the constraints —1 < y < 1 and an equation d — AZ — Z = 0. Here
we use Z := —(AZ — d) to eliminate Z in the above lemma. The following
characterization of linear ¢; estimators based on a solution to (12) follows
immediately from Lemma 2.

Corollary 3 Let y* be a solution of (12). Then Z is a solution of (10) if
and only if T satisfies the following conditions:
(A:E - d)t 20, zfyz* =1,
(AZ - d); <0, ifyf = -1, (14)
(A2 -d); =0, if — 1<y <1
The classical approximation theoretic characterization of solutions to
(10) states that Z € IR™ solves (10) if and only if there exists § € R™ such
that —1 < § < 1, ATy = 0, and 77 (AzZ — d) = ||AZ — d||; (cf. [29, Chapter
6]). It is easy to see that these conditions are equivalent to (13) or (14).

Now consider the least norm solution of (12), which is the unique solution
of the following quadratic program:

miin dTy + élly”% subject to ATy =0,-1< y < 1, (15)

when € > 0 is sufficiently small, as shown in the following lemma by Man-
gasarian and Meyer [21, 20].

Lemma 4 Let y¢ be the unique solution of the strictly conver quadratic
program (15). Then there ezists § > 0 such that y¢ is the least norm solution
of (12) for 0 < e < 4.
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Here we say that y* is the least norm solution of (12) if y* is the solution
of the following strictly convex quadratic programming problem:

R
min Sllllz,
where Y™ is the set of all solutions to (12). That is, y* is the least norm
solution of (12) if y* is the solution of (12) that has the smallest £3-norm.
The least norm solution of (12) is actually the unique common solution of
(12) and (15).

Lemma 5 If the solution y* of (15) is also a solution of (12), then y* is
the least norm solution of (12).

Since p'(t) = (1), the gradient of the objective function in (11) is
AT(Az — d).. Since (11) is a convex differentiable optimization problem,
z* is a solution of (11) if and only if z* is a zero of the gradient of the
objective function; i.e., z* is a solution of the following system of piecewise

linear equations: o
AT(Az —d)°, = 0. (16)

For easy reference, we give the following lemma for the equivalence of (16)
and (11).

Lemma 6 A vector 27 is a solution of (16) if and only if 7 is a solution

of (11).

It is known that (16) can be considered as a dual problem of (15) [17, 23].
Therefore, (11) and (15) are dual problems. Here is the relation between
solutions of (15) and (11) [17].

Lemma 7 A vector y* is the solution of (15) if and only if y* = %(Ax‘ -
d)., where z¢ is a solution of (11).

Therefore, in order to get the solution of (15), one only needs to find a
Huber M-estimator by solving (11) (or (16)). Many algorithms (including
Newton methods, matrix splitting methods, conjugate gradient methods)
were developed for solving the quadratic program (15) by exploring its dual
structure (16) [17, 23, 14].

For a better understanding of the duality between (11) and (15), we
recast Lemma 7 as follows.
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Lemma 8 Let Z € R™ and § € R™. Then Z and § are solutions of (11)
and (15), respectively, if and only if the following conditions hold:
ATj=0, -1<g<1,

(AZ ~d); 27, if i = 1,

(",15 - d)l <-7 Zf ¥ =-1,

(AZ —d)i =%, if —1<f< L

(17)

Note that the standard KKT-conditions for (15) involve a multiplier z
for the constraints —1 < y < 1 and an equation d — ¢§j — AT — z = 0.
Here we use z := —(AZ — d — €j) to eliminate Z in the above lemma. The
following characterization of the Huber M-estimators based on a solution to
(12) follows immediately from Lemma 8.

Corollary 9 Let y* be a solution of (15). Then Z is a solution of (11) if
and only if T satisfies the following conditions: .

(47— d)i 2y, ifof =1,
(AZ — d); < -7, if yf = -1, (18)
(AZ —d)i=vy!, if —1<yr <1l

Lemma 5 provides a way to verify whether or not the solution of (15)
is the least norm solution of (12). By Lemma 4, there exists a positive
constant § such that the solution of (15) is the least norm solution y* of (12)
for 0 < ¥ < 6. But we do not know how small § should be. The following
lemma tells us that if the solution of (15) is the least norm solution y* for
some v = 6 > 0, then y* is also the solution of (15) for any 0 < vy < 6.

Lemma 10 If the solution y® of (15) is the least norm solution y* of (12)
Jor some v = § > 0, then the solution y" of (15) is the least norm solution
of (12) for any0 < vy < § (ie,, y  =y* for 0 < v <§).

The above lemma should be compared with Lemma 3 and Theorem 4
of [19] wherein results are formulated in terms of a “sign vector” associated
with solutions to (16). The sign vector s is related to y” as follows: s} =y
if || = 1 and s} = 0if |y]| < 1. Madsen, Nielsen, and Pinar [19] proved
that s7 = s® for 0 < 7 < § if § > 0 is small enough.
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3.3 Linear 4 Estim.ator and Huber M-Estimator

By Hoffman’s error bound for approximate solutions of a system of linear
equalities and inequalities, we obtain the Lipschitz stability of X" with
respect to v. By using the dual characterizations given in Lemmas 3 and 9, as
well as Lemma 4, we show that the solution set X7 of (11) is a linear mapping
of the parameter ¥ when 4 > 0 is small enough. Moreover, we obtain that
the uniqueness of the Huber M-estimator for small positive tuning parameter
v implies the uniqueness of the linear £; estimator. The converse is also true
under the nondegeneracy assumption on the least norm solution of (12).
But the converse is not true in general. We give an example of the linear
£, problem which has a unique solution, but the corresponding Huber M-
estimator problem (11) does have infinitely many solutions for 0 < v < §
with some positive constant 6. Qur example is based on a new explicit
characterization of the least norm solution of (12).

First, we show the Lipschitz stability of Huber M-estimators with respect
to the perturbations of 7. Let X ¢ be the solution set of (11) and X° be the
solution set of (10). -

Theorem 11 Let § > 0 be such that the solution of (15) for v = § is the
least norm solution y* of (12). Then there ezists a positive constant A such
that

H(X7,X)<A-e for 0<7,7<56, (19)

where H(X,Y) is the Hausdorff distance between X andY defined as

H(X,Y) = max { maxmin o - ylls, maxmip |y - ol
Note that the above theorem shows that, for small ¢, a Huber M-estimator
is almost the same as a linear. {; estimator in the sense that the difference
is a constant multiple of «. .
Various relations between X¢ and X° were given by Madsen, Nielsen,
and Pinar [19]. However, these relations involve a sign pattern of certain
vectors. Here we give a pure algebraic relation between X7 and X©.

Theorem 12 Suppose that the solution of (15) for some vy = 6 is the least
norm solution y* of (12). Then
T—0

XTy ——ZxB B-T
Dﬂ-—aX +5—a

where uX +vY = {pr+vy:z € X,y Y}.

X« for0<a<r< <, (20)
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The above theorem shows that X7 is a convex set-valued mapping of
~ for 0 < 4 < 4. One important technical aspect of the above theorem is
that we “know” how small § should be. However, X is actually a linear
set-valued mapping of 4 for 4 > 0 small enough. The drawback of the next
theorem is that there is no criterion to identify how small the 4’s should be.

Theorem 13 If the columns of A are linearly independent (i.e., the rank
of A is n), then there ezists a positive constant € such that

B—-T

T—a
X = —_—
f—a

=5

Let =0, =6,and 0 < 7 < § in Theorem 12. By (20), we have X™ D
X%+ (1-%) X% If X7 = {z"} has only one element, then X° = {z°}
and X = {z°} are both singletons. Moreover, 2™ = ¥z° + (1 — %) z°. That
is, 27 is a linear function of 7 for 0 < 7 < §. Thus, we have the following
consequence of Theorem 12.

X8+ X* for0<a<t<f<e (21)

Theorem 14 Suppose that the solution of (15) for some v = & is the least
norm solution of (12). If the Huber M-estimator problem (11) has a unique
solution =7 for v > 0 small enough, then the linear £, estimation problem
(10) has a unique solution z°. Moreover, z¥ = 1z° + (1 — 3) 2° is a linear
function of v for 0 < v < 6.

It is interesting to see that z° = 6—_{—,7:1:’7 - -6—:%:1:5 for 0 < 4 < 8. That
is, we can find the unique linear ¢; estimator by two Huber M-estimators of
different small tuning parameters.

The converse of the above theorem about the uniqueness is also true if
- the least norm solution of (12) is nondegenerate. A solution y* of (12) is

said to be nondegenerate if there exists a solution Z of (10) such that

(AZ—-d);i >0, ifyF =1,

(AZ-d); <0, if 7 = -1, (22)

(A2 - d);=0,if —1<yr<1.
Theorem 15 Suppose that the least norm solution of (12) is nondegenerate
and the linear £, estimation problem (10) has a unique solution. Then there
exists § > 0 such that the Huber M-estimator problem (11) has a unique

solution z¢ for 0 < € < §. Moreover, ®(z) is actually a strictly convez
quadratic function in a neighborhood of 7 for 0 < v < 6§ and ®(z) is
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twice differentiable at z¢ (i.e., the Hessian ®"(z¢) exists), where ®(z) is the
objective function in (11); i.e.,

a(z) = 3 pl(Az - ).

=1

Remark. Let 37 be the solution of (15) and W(y) be the diagonal ma-
trix whose i*® diagonal entry is 1 if —1 <yl < 1 and 0 otherwise. Since
W(7)Az = 0 has a unique solution z* = 0 whenever ATW(v)A is nonsin-
gular, the above proof implies that (11) has a unique solution if ATW(y)A
is nonsingular. This sufficient condition for uniqueness of the Huber M-
estimator was observed by many authors [4, 17, 18, 19].

However, the above theorem is not true without the nondegeneracy as-
sumption. To construct a counterexample, we need the following explicit
characterization of the least norm solution of (12).

Theorem 16 Let ¢ € R™ be such that o7 A = 0, max)<i<m |@i| = 1, and
there ezxists a positive constant é such that, for 0 < v < §,

pi(Az — d)i 2 v if || = 1, } 2
(Az —d)i = @7 if |pi| < 1
Then ¢ is the least norm solution of (12) and X(¢) = X7 for 0 < v < 4.

X () := {:z: €R":

One can construct an example showing that the least norm solution ¢
of (12) is degenerate, even though (12) has nondegenerate solutions. In the
case that o = 0, the Huber M-estimator problem (11) also has a unique
solution z7 with 2] = 0 and z; = 7 for small 7, despite the degeneracy
of the least norm solition ¢. Therefore, the nondegeneracy assumption in
Theorem 15 is not necessary for the uniqueness of the Huber M-estimator.

3.4 Computation of A Linear /; Estimator

In [18], Madsen and Nielsen proposed to compute a sign pattern vector s for
the linear £; estimation problem (10) by solving (11) for very small tuning
parameter y. Then, by solving a system of linear inequalities and equalities,
a linear {; estimator can be obtained. In this subsection we propose a
recursive version of Madsen and Nielsen’s algorithm for finding a linear
£, estimator. By the dual relationships given in Subsection 3.2, we know
exactly how small 4 should be in computation. Moreover, unlike Madsen
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and Nielsen’s approach, a linear ¢; estimator is explicitly constructed by
using Huber M-estimators.

~ First let us explain Madsen and Nielsen’s method for computing a linear -
¢, estimator by solving Huber M-estimator problems. Suppose that we
have a solution z" of (16) (or (11)) for some very small 4. By Lemma 7,
Y = %(A:z:’y —d)7, is a solution of (15). Then, by Lemma 4, y” is the least
norm solution of (12). By Corollary 3, one can get a linear £; estimator
by solving the feasibility problem (14), a system of linear inequalities and
equalities with y* = 7.

In general, a system of linear inequalities and equalities is not trivial to
solve. However, under the assumption of nonsingularity of a certain matrix,
(14) is reduced to a system of linear equations. More specifically, let W(e)
be the m x m diagonal matrix whose i*® diagonal entry is 1 if |yf| < 1 and 0
if |yf| = 1. By Lemma 4, there exists a positive number § such that y¢ = 3°,
the least norm solution of (12), for 0 < € < §. As a result, W(e¢) = W(0)
is a constant matrix for 0 < € < §. If ATW(¢)A is nonsingular, then the
unique solution of (14) can be found by solving a system of linear equations
as shown in the following theorem. "

Lemma 17 Let 6§ > 0 be such that the solution y° of (15) (with v = 6) is
the least norm solution of (12), and let W(6) be the m x m diagonal matriz
whose it* diagonal entry is 1 if |yf| < 1 and 0 if |yf| = 1. If ATW(8)A is
nonsingular, then the Huber M-estimator problem (11) has a unique solution
z¢ for 0 < e < 6 and

z¢ = 2° 4 (e — 6)2°, (23)
where 2° is the unique solution of the following linear system:
W(6)Az = W(6)y°. (24)

Moreover, the linear £, estimation problem (10) has a unique solution z° =
2% — §2°, which is also the unique solution of the following linear system:

W(6)Az = W(8)d. (25)
In general, from (14), we know that all solutions of (10) are in the set
X(@):={zeR":(Az —d); = 0if |y]| < 1}.

Therefore, we consider the following minimization problem:

,in ; pl(Az - d)i], (26)
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which is equivalent to a system of piecewise linear equations similar to (16):
AT(Az - d)l, =0, (27)

where z = z7+TZ, T is a transformation matrix with appropriate order, and -
z € R™ with 2 < n. Now we consider that (27) is the Huber M-estimator
problem (cf. (16)) corresponding to a “simpler” linear ¢; estimation problem
and try to find a solution of the new linear ¢; estimation problem. One
important relation between these two ¢; estimation problems is that if Z* is
a solution of the new £, estimation problem, then z* = 74 TZ* is a solution
of the original #; estimation problem. Therefore, the problem is reduced to
finding a solution of a “simpler” problem. After repeating this process a few
times, we see that the condition in Lemma 17 will be satisfied for the final
Huber M-estimator problem and then we can get a solution of the final linear
¢y estimation problem by solving a system of linear equations. By doing so,
we can explicitly construct a linear ¢; estimator of (10) by using the Huber
M-estimators and transformation matrices obtained in the process.

The above recursive method of computing a linear ¢; estimator is for-
mulated in the following algorithm.

Algorithm 18 Let k = 0, T° = I (the n x n identity matriz), d° = d,
z° = 0, and A° = A. Compute a solution of (10) as follows:

Step 1. find € > 0 and a solution u* of

(AF)T (aFu — d’“)‘_e =0 (28)

such that v* := L(A*uF — %)< is a solution of

min (d¥)Tv  subject to  (A¥)Tv=0,-1<v<1; (29)

Step 2. let W* be the diagonal matriz whose i*® diagonal entry is 1 if
|v¥| < 1 and 0 otherwise;

Step 3. if k > 0 and W* = WF-1 et 21 := 2k 4 T*uF and go to Step 9;
Step 4. find a solution 2* of the linear system
WkAkz = WkdF, (30)

Step 5. let k1 := ok 4 Tkz*;
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Step 6. if (AF)TW* AF is nonsingular, tﬁen go to Step 9;
Step 7. let the columns of B* be a basis of the null space of W* AF; |

Step 8. set Akt1 := AFBk Tkt = TkBk gkl .= gk — AF2F k=K +1,
and go to Step 1; :

Step 9. output z**1 as a solution of (10).

This algorithm finds a linear ¢, estimator in finitely many iterations as
shown in the following theorem.

Theorem 19 For any A and d, Algorithm 18 finds a solution of the linear
£, regression problem (10) in finitely many iterations.

3.5 Conclusions

We show that many new relationships between the linear ¢; estimators and
the Huber M-estimators can be derived once one understands that the dual
solution of the Huber M-estimator problem (11) with a small tuning pa-
rameter 7 is the least norm solution of the dual problem of the linear ¢;
estimation problem (10). The dual connection between (11) and (10) allows
us to establish a set-valued version of the linearity property of the Huber
M-estimator with respect to the tuning parameter 7, as well as the Lipschitz
stability of the Huber M-estimators with respect to perturbations of . It
also allows us to identify how small the tuning parameter should be in the
computation of the Huber M-estimators for finding a linear ¢; estimator.
By exploiting the dual connection, we have an almost complete understand-
ing of how the uniqueness of the Huber M-estimator with a small tuning
parameter is related to the uniqueness of the linear £, estimator.

Our study also provides a new interpretation of the role of the Huber
M-estimator in Madsen and Nielsen’s method for computing a linear £, es-
timator. In the case that the least norm solution of (12) is nondegenerate,
all common zero indices of the error vectors (Az° — b) (with z° in the so-
lution set of (10)) can be identified by the Huber M-estimator with a small
tuning parameter v and a linear ¢; estimator can be explicitly constructed
by solving another Huber M-estimator problem. However, when the least
norm solution of (12) is degenerate, we have to repeatedly solve Huber M-
estimator problems in order to find the common zero indices. Therefore, we
propose a recursive version of Madsen and Nielsen’s method for computing a
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linear ¢, estimator by repeatedly solving Huber M-estimator problems. The
new algorithm explicitly constructs a linear ¢; estimator based on Huber M-
estimators, without Madsen and Nielsen’s assumption that guarantees the
uniqueness of both the Huber M-estimator and the linear ¢; estimator.

References

[1] 1. Barrodale and F. Roberts, An improved algorithm for discrete L
linear approximation, SIAM J. Numer. Anal. 10 (1972), 839-848.

[2] R. H. Bartels, A. R. Conn, and J. W. Sinclair, Minimization techniques
for piecewise differentiable functions: the L;-solution to an overdeter-
mined linear system, STAM J. Numer. Anal. 15 (1978), 224-240.

[3] P. Bloomfield and W. L. Steiger, Least Absolute Deviations: Theory,
Applications, and Algorithms, Birkhduser, Boston, 1983.

[4] D.I Clark, The mathematical structure of Huber’s M-estimator, SIAM
J. Sci. Statist. Comput. 6 (1985), 209-219.

[5] D. I. Clark and M. R. Osborne, Finite algorithms for Huber’s M-
estimator, SIAM J. Stat. Comput. 7 (1986), 72-85.

[6] H. Ekblom, A new algorithm for the Huber estimator in linear models,
BIT 28 (1988), 123-132.

[7] R. Gonin and A. H. Money, Nonlinear L,-Norm Estimation, Marcel
Dekker, Inc., New York, 1989.

[8] A. J. Hoffman, On approximate solutions of systems of linear inequali-
ties, J. Res. Natl. Bur. Standards 49 (1952), 263-265.

[9] P. J. Huber, Robust regression: asymptotics, conjectures and Monte
Carlo, Ann. Statist. 1 (1973), 799-821.

[10] P. J. Huber, Robust Statistics, John Wiley, New York, 1981.

[11] W. Li, Linearly convergent descent methods for unconstrained mini-
mization of convex quadratic splines, J. Optim. Theory Appl., 1995, to
appear.

[12] W.Li, A conjugate gradient method for the unconstrained minimization
of strictly convex quadratic splines, Math. Prog., 1995, to appear.

28



[13] W. Li, Numerical algorithms for the Huber M-estimator problem, in
“Approximation Theory VIII”, edited by C. K.Chui and L. Schumaker,
World Scientific Publishing Co., Inc., 1995, to appear.

[14] W. Li, The sharp Lipschitz constants for feasible and optimal solutions -
of a perturbed linear program, Linear Alg. Appl. 187 (1993), 15-40.

[15] W. Li, P. Pardalos, and C. G. Han, Gauss-Seidel method for least
distance problems, J. Optim. Theory Appl., 75 (1992), 487-500.

[16] Li, W., and J. Swetits, Linear ¢; estimator and Huber M-estimator,
submitted for publication in STAM Journal on Optimization.

[17] K. Madsen and H. B. Nielsen, Finite algorithms for robust linear re-
gression, BIT 30 (1990), 682-699.

[18] K. Madsen and H. B. Nielsen, A finite smoothing algorithm for linear
¢, estimation, SIAM J. Optim. 3 (1993), 223-235.

[19] K. Madsen, H. B. Nielsen, aiid M. Pinar, New characterizations of £,
solutions to overdetermined systems of linear equations, Operations
Research Letters 16 (1994), 159-166.

[20] O. L. Mangasarian, Normal solutions of linear programs, Math. Prog.
Study 22 (1984), 206-216.

[21] O. L. Mangasarian and R. R. Meyer, Nonlinear perturbations of linear
programs, SIAM J. Control Optim. 17 (1979), 745-752.

[22] O. L. Mangasarian and T.-H. Shiau, Lipschitz continuity of solutions
of linear inequalities, programs and complementarity problems, SIAM
J. Control Optim. 25 (1987), 583-595.

[23] C. Michelot and M. L. Bougeard, Duality results and proximal solutions
of the Huber M-estimator problem, Appl. Math. Optim. 30 (1994), 203~
221.

[24] K. G. Murty, Linear and Combinatorial Programming, Wiley, New
York, 1976.

[25] M. R. Osborne, Finite Algorithms in Optimization and Data Analysis,
John Wiley & Sons, New York, 1985.

29



[26] R. T. Rockafellar, Convex Analysis, Princeton University Press, Prince-
ton, N.J., 1970.

[27] S. A. Ruzinsky and E. T. Olsen, L; and L., minimization via a variant
of Karmarkar’s algorithm, IEEE Transactions on Acoustic Speech and
Signal Processing 37 (1989), 245-253.

[28] D. F. Shanno and D. M. Rocke, Numerical methods for robust regres-
sion: linear models, SIAM J. Sci. Stat. Comp. 7 (1986), 86-97.

[29] G. A. Watson, Approximation Theory and Numerical Methods, Wiley,
New York, 1980.

[30] Y. Zhang, Primal-dual interior point approach for computing £;-
solutions and £.,-solutions of overdetermined linear systems, J. Optim.
Theory Appl. 77 (1993), 323-341.

4 Global Error Bounds for Quadratic Inequali-
ties

In this section we report our study on convex differentiable inequalities and
show that metric regularity and Abadie’s constraint qualification are equiv-
alent for such inequalities. For convex quadratic inequalities, we show that
metric regularity, the existence of a global error bound, and Abadie’s con-
straint qualification are mutually equivalent. As a consequence, we derive
two new characterizations of weak sharp minima of a convex quadratic pro-
gramming problem. This is a summary of a paper written by the principle
investigator [16]. ’

4.1 Review on Global Error Bounds

Consider a nonempty convex subset § of R™ defined by the following convex
inequalities:
g9(z) <0, (31)

where g(z) is a mapping from IR™ to R™ and each component g;(z) of g(z)
is a convex function on IR™. Most likely one has to resort to some iterative
method for finding an approximate solution of (31). One important crite-
rion for accuracy of an approximate solution z is the amount of constraint
violation: ||(g(z))+||. Here 24 is a vector whose ith component is max{0, z;}
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and | - || denotes the 2-norm on R™ (i.e., ||z||> = Y, |z:|?). There are
both practical and theoretical reasons for studying the following estimate of
the distance from any point z in R" to the feasible set S

dist(z,§) < v - [1(9(=))+l, (32)

where 7 is a positive constant and dist(z,.5) := minyegs ||z — y||. When g(z)
is linear, (32) is Hoffman’s error estimate for approximate solutions of a
system of linear inequalities [8]. Error estimate was crucial for establish-
ing linear convergence of various descent methods for solving linearly con-
strained optimization problems [19, 20, 21, 22, 23, 24, 26, 17, 11, 13, 14, 15].
From a practical point of view, (32) guarantees that the distance from an
approximate solution z to S is bounded by a multiple of ||(g(z))+||, an ex-
plicit measurement of infeasibility. Roughly speaking, one might expect that
dist(z, §) decreases proportionally as ||(g(z))+||. However, the proportional
‘constant 7 might be large and result in an undesirable situation: ||(g(z))+]|
is quite small but z might be far away from the feasible set S. This is similar
to the ill-conditioning of a system of linear equations. Therefore, in order to
know the accuracy of an approximate solution in terms of its distance to the -
feasible set, it is important to know what is the exact value of y in estimation
(32). Mangasarian defined the conditioning number of the inequality system
(31) as the smallest  for which estimation (32) holds for all z [25]. There
are quite a few papers devoted to the study of the conditioning number of
a system of linear equalities and inequalities [6, 27, 4, 12, 5, 9, 10].
Generally, (32) does not hold if g(z) is not linear. Robinson proved
that (32) holds if S is bounded and has a nonempty interior [28]. For
an unbounded feasible set S, Mangasarian [25] established (32) under the
assumption that g;(z) are differentiable convex functions and (31) satisfies
Slater’s condition (i.e., there exists a point z* such that g(z*) < 0) as well
as an asymptotic constraint qualification. Auslender and Crouzeix extended
both Robinson and Mangasarian’s results by introducing a more general
asymptotic constraint qualification that can be applied to nondifferentiable
convex functions g;(x). They derived (32) under Slater’s condition and
their asymptotic constraint qualification [2]. However, asymptotic constraint
qualifications are difficult to verify. It was not clear from Auslender and
Crouzeix’s result whether or not (32) holds if g;(z) are convex quadratic
functions. It was proved recently by Luo and Luo [18] that (32) holds if
gi(z) are convex linear/quadratic functions and there exists a feasible point
z* of (31) such that g;(z*) < 0 whenever g;(z) is not linear. That is, for
convex linear/quadratic functions, (32) holds when Slater’s condition holds
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for nonlinear constraints. Shortly after, Pang and Wang showed that (32)
might not hold for convex quadratic inequalities if Slater’s condition fails
[32]. They introduced an interesting concept called the degree of singularity
of an inequality system and proved that, if g;(z) are convex linear/ quadra,tlc‘
functions and the degree of singularity of (31) is d, then

dist(z,5) < p- (924l + l(g(@)4I*™*)  forzeR™.  (33)

They also showed by examples that the above estimate is sharp in the sense
that there is a convex quadratic inequality system for each d = 0,1, .- such
that [32]
dist(z, S)
268 19(@)+] + [(g(=))-]

Note that the degree of singularity of (31) is always bounded by (m + 1).
Therefore, (33) always holds with d = m + 1 [32]. This provides a gen-
eral error bound for approximate solutions of a convex quadratic mequa;hty
system, even though it might not be as sharp as one expects.

From Luo-Luo and Pang-Wang’s works we can appreciate the impor-
tance of Slater’s condition in error estimate (32) for approximate solutions
of a convex quadratic inequality system. However, one can easily construct
a convex quadratic inequality system that satisfies (32) but does not sat-
isfy Slater’s condition: g¢;(z1,22) = z1 + z2, g2(Z1,22) = —(21 + z2), and
93(z1,22) = (71 + z2)%. (It is a trivial case since the nonlinear constraint
is superfluous. For nontrivial examples, see Subsection 4.4.) This simple
example raises a natural question: what is the characterization of a convex
quadratic inequality system that satisfies (32)? It was this question that led
us to the discovery of some intrinsic connections among several seemingly un-
related concepts: Abadie’s constraint qualification, metric regularity, global
error bounds, and weak sharp minimum property.

The section is organized as follows. In Subsection 4.2, we give a de-
tailed discussion of Abadie’s constraint qualification, since it plays a key
role in this section. The main result in Subsection 4.3 is the equivalence
of Abadie’constraint qualification and metric regularity for a differentiable
convex inequality system. In Subsection 4.4, we apply this characterization
of metric regularity to derive a characterization of a convex quadratic in-
equality system that satisfies (32): error estimate (32) holds if and only if
Abadie’s constraint qualification is satisfied at every feasible point. Since we
can reformulate a constrained minimization problem as an inequality sys-
tem, weak sharp minimum property may be considered as a weaker form of

7 >0
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error estimate (32). From this point of view, we establish two new charac-
terizations of weak sharp minimum property of a convex quadratic program.
Finally, conclusion is included in Subsection 4.5.

4.2 Abadie’s Constraint Qualiﬁcation'

In this subsection, we review constraint qualifications for (31), especially,
Abadie’s constraint qualification. First, Abadie’s constraint qualification is
a representation of the tangent cone by the gradients of active constraints,
which can also be described by a representation of the normal cone by the
gradients of active constraints. For convex differentiable optimization prob-
lems, Abadie’s constraint qualification is the weakest condition that ensures
the characterization of an optimal solution by Karush-Kuhn-Tucker condi-
tions.

For a point z in a convex set §, the normal cone of S at z is defined by

N(z):={zeR":2T(y—z) <0 forye S}.

The tangent cone T'(z) of S at z is the polar of the normal cone N (z). That
is, y € T(z) if and only if g7z < 0 for every z € N(z). The tangent cone
T(z) can also be defined as the closed convex cone generated by the elements
in§ -z

Definition 20 We say that the system (31) satisfies Abadie’s constraint
qualification (Abadie’s CQ)z € § if T(z) = {y € R": gi(z)Ty <0 forie
I}, where I := {i : g;(z) = 0} is the set of indices of active constraints at
z. If Abadie’s CQ holds at every point in S, then we say that (31) satisfies
Abadie’s CQ.

By duality, we can also use the normal cone to describe Abadie’s con-
straint qualification.

Lemma 21 For the inequality system (31), Abadie’s constraint qualification
is satisfied at a point x € S if and only if the normal cone of S at z is

{Z Aigi(z):2; >0 forie I} ,

3

where I := {i : gi(z) = 0} is the indez set of active constraints at z.
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The following relation about various constraint qualifications is well-
known, which implies that Abadie’s constraint qualification is the weakest
one among them.

Lemma 22 Consider the following constraint qualifications at a point z€
S:

(LICQ): {gi(z):1% € I} is linearly independent,

(SCQ): there ezists z* such that g;(z*) < 0 fori=1,---,m,

(MFCQ): there ezists a vector u such that g/(z)Tu > 0 fori € I,

(ACQ): the tangent cone of S at z is {y eR":gl(z)Ty<0 forie I} ,

where I := {i: g;(z) = 0} is the indez set of active constraints at z. Then
(LICQ) = (SCQ) & (MFCQ) = (ACQ).

Now we show that Abadie’s constraint qualification is the weakest con-
dition that ensures the characterization of an optimal solution of a convex
differentiable optimization problem.

Consider the inequality system (31) and the following convex program:

min f(z) subject to gi(z) <0 fori=1,-.-,m. (34)

where f(z) is a differentiable convex function on R". We say that z* is a
Karush-Kuhn-Tucker point (KKT point) of (34) if there exist nonnegative

scalars A; such that
Fi(z*) + ) Aigi(z*) = 0,
» iel
where I := {i: gi(z) = 0} is the index set of active constraints at z*.
Lemma 23 The following two statements are equivalent.

(23.1) The system (31) satisfies Abadie’s constraint qualification.

(23.2) For any strictly convez quadratic function f(z) on R™, z* is the
optimal solution of (34) if and only if z* is a KKT point of (34).

Remark. In a sense, the above lemma shows that Abadie’s constraint
qualification is the weakest CQ to guarantee that KKT conditions hold for
optimal solutions.

Finally we show that a commonly used Slater-type constraint qualifica-
tion implies Abadie’s constraint qualification.
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Lemma 24 [31, Theorem 28.2] Suppose that there ezists a point z* such
that g;(z*) < 0 for i = 1,---,m and g;(z*) < 0 if gi(z) is not a linear
function of z. Then z* is the optimal solution of (34) if and only if z* is a
KKT point of (34).

Lemma 25 Suppose that there ezists a point * such that g,(:v";) < 0 for

i=1,---,m and gi(z*) < 0 if gi(z) is not a linear polynomial of z. Then
(31) satzsﬁes Abadie’s constraint qualification.

4.3 Metric Regularity and Abadie’s Constraint Qualification

It is well-known that metric regularity is related to Slater condition and
MFCQ [28, 29, 30]. In this subsection we prove that Abadie’s CQ is equiv-
alent to metric regularity for a convex differentiable inequality system.

Definition 26 We say that the system (31) is metrically regular at a point
Z € S if there ezist positive constants ¥ and § such that

m
dist(z,5) < v- Z(g,; z))y when|z—Z| <6
i=1
We say that the system (31) is metrzcally reqular if it is metrically regular
at every point in §.

Note that we are interested in metric regularity of (31) at every point in
S. In general, one needs Slater condition to ensure such a metric regularity,
as shown in the following lemma first proved by Robinson [28].

Lemma 27 If there ezists * € R™ such that g;(z*) < 0 fori=1,---,m,
then (31) is metrically regular.

Metric regularity is closely related to error bounds. In fact, metric reg-
ularity of (31) is equivalent to error bounds for infeasible solutions of (31)
on bounded subset of R™.

Lemma 28 The system (31) is metrically regular if and only if, for any
number r > 0, there ezists a positive constant y(r) such that

dist(z, 5) < 7(r)- Y (gi(a))+ when || < 7.
=1
Now we state the main theorem in this subsection.

Theorem 29 The system (31) is metrically reqular if and only if (31) sat-
isfies Abadie’s constraint qualification.
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4.4 Error Bounds

We want to apply the main theorem in the previous subsection (Theorem
29) to a special case: (31) with convex linear/quadratic functions g;(z). In
this case, the metric regularity is equivalent to the existénce of a global
error bound for infeasible solutions of (31). As a consequence, we obtain
that Abadie’s constraint qualification is a necessary and sufficient condition
for a global error bound given in (32). Our result complements the study
done by Luo and Luo [18], Pang and Wang [32] on error bounds for convex
quadratic inequalities.
Consider the following system of convex quadratic inequalities:

gi(z) <0 fori=1,---,m, (35)

where g;(z) are either linear or convex quadratic functions on R".

The essence of our proof is to reduce the problem to the case that Slater
condition holds. Then we can use the following result by Luo and Luo [18]
to get (32).

Lemma 30 If the system (35) satisfies the Slater condition, then there ez-
ists a positive constant vy such that

> Aigi(z)

icl(z)

where I(z) := {i: gi(z) = 0}.

>y Y A forzeR™ A >0, (36)
iel(x)

It is obvious that (32) implies metric regularity. Therefore, the main
effort in proving the equivalence of (32) and metric regularity is to show
that metric regularity implies (32) for convex quadratic inequalities.

Theorem 31 The convez quadratic inequality system (35) satisfies Abadie’s
constraint qualification if and only if there ezists a positive constant v such
that

dist(z,S) <7y i(g;(z))+ for z € R", (37)

=1

where §:={z € R" : gi(z) <0 fori=1,---,m}.

Note that Luo and Luo [18] proved a special case of Theorem 31: (36)
holds if there exists a vector z* such that g(z*) < 0 and g;(z*) < 0 whenever
gi(z) is not a linear function.
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Theorem 31 not only gives a characterization of the existence of global
error bound (32) for convex quadratic inequalities, but also reveals why there
exist weak sharp minima for convex quadratic programming problems [7], -
as shown in the following theorem.

Theorem 32 Assume that f(z) is a convezr quadratic function bounded be-
low on {z € R™ : Az < b}. Let fmin := mingz<p f(z) and § := {z € R" :
Az < b, f(z) = fmin}- Then the following statements are equivalent.

(32.1) Abadie’s constraint qualification is satisfied at every feasible point of
the following inequality system:

f(z) = fmin < 0and Az —-b<0. (38)
(32.2) The conver quadratic programming problem ming.<p f(z) has weak
sharp minima. That is, there exists a posilive constant ¥ such that

f(2) > fmin +7 - dist(z, S) when Az < b. (39)

(32.3) There ezists a positive constant A such that
dist(z, §) < A((f(2) = fmin)+ + (A2 = B)4[|) for z € R™. (40)

Note that various characterizations of weak sharp minima of a convex
quadratic programming problem were given by Ferris and Mangasarian [7].
Theorem 31 leads us to two new characterizations (32.1) and (32.3) in The-
orem 32. Weak sharp minimum inequality (39) estimates how far away
a feasible solution is from the solution set. The inequality (40) actually
provides an estimate of the distance from any approximate solution of the
quadratic programming problem to its solution set, which is more desirable
when infeasible approximate solutions are involved. Even though (40) fails
to be true if (38) does not satisfy Abadie’s constraint qualification, one could
still have the following inequality [15]:

dist(z,S5) < v (f(z) — fmin + 1/ f(2) = fmin) for Az —b<0.
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4.5 Conclusion

We have shown that the concepts of metric regularity, error bounds, and
weak sharp minimum are closely related. The essence of these concepts
is to estimate the distance from an approximate solution to the solution -
set of the underlying problem, locally or globally. For metric regularity of
parametric systems, MFCQ was proven to be a necessary and sufficient con-
dition [29, 30]. However, for the non-parametric version of metric regularity
defined here. Abadie’s constraint qualification is a necessary and sufficient
condition. As applications, we show that Abadie’s constraint qualification is
a characterization for the existence of a global error bound (32) for convex
quadratic inequalities, which leads to a global error bound (40) for approxi-
mate solutions of a convex quadratic programming problem with weak sharp
minima.
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5 Merit Functions for Complementarity Problems

We introduce a new merit function P,(z) for a symmetric linear complemen-
tarity problem (symmetric LCP). The merit function P,(z) is derived from
Hestenes-Powell-Rockafellar’s quadratic augmented Lagrangian function for -
a quadratic programming problem with simple bound constraints. The sta-
tionary points of P,(z) are the solutions of the original LCP. We study
various properties of P,(z), including existence of global minimizers, error
bounds, boundedness of level sets, and convexity of P,(z). A relation be-
tween P,(z) and Mangasarian and Solodov’s implicit Lagrangian M,(z) [27]
is established. As a consequence, we recover Peng’s result [30] about strict
convexity of M,(z) for large a and strongly monotone LCP. A Newton-type
method is proposed to compute a solution of the original LCP by finding a
stationary point of Py(z). If P,(z)is bounded below and the matrix in LCP
is symmetric and nondegenerate, then the algorithm finds a solution of LCP
in finitely many iterations. We also discuss possible extension to symmetric
nonlinear complementarity problem. This is a summary of a paper written
by the principle investigator [17].-

5.1 Review on Merit Functions

Consider the following quadratic program with simple bound constraints:

Ig%lﬂ —;-xTQz +qTz, (41)
where @ is an n X n symmetric matrix, ¢ € R" (a vector of n components),
and [/, u are vectors of n components with [ < u. Some components of [ or
4 may be —oo or +00. The corresponding augmented Lagrangian function
L(z,y,a) introduced independently by Hestenes [10, 11] and Powell [32] for
equality constraints and by Rockafellar [33, 34] for inequality constraints
can be written in the following unified way [15]:

2

Ko, = 3Tz + 472 + | (e - 0)—3),

(2a-2)+3),| - 5ot

where y is the Lagrangian multiplier corresponding to two-sided inequal-
ity constraints and a is a penalty parameter. Note that the Lagrangian
multiplier y in (42) should satisfy the following equation:

y=—(Qz+q). (43)

(12)
+3
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By substituting (43) into (42), we get a piecewise quadratic penalty function
of (41) [15}:

L(z,~(a+Qa),0) = (}s7Qz + ¢7z) - §1(Qz + I

((1-2)+ Q= +9)) (@-w)-ea@+9),

, +

2 2
1 L
+2a + 2o .

For quadratic programs with nonnegative constraints (I; = 0,u; = +0), we
have the following penalty function:

_ 1 T T [47 2 1 2
Pu(@) = (357@2 +d2) - $1@a+ 0l + 5| (a(@2 +0) - 2) |
where z, is the vector whose i*® component is max{0,2}. An equivalent
form of P,(z) was first introduced by Li and Swetits [18, 15].

In this section, we show that the augmented Lagrangian P,(z) can be
used as a merit function for the symmetric linear complementarity problem:

z2>0, (Qz + qS .2 0, 27(Qz + ¢) = 0. (44)

Let the penalty parameter o be such that 0 < a||Q|| < 1. Then z* is
a stationary point of P,(z) if and only if z* is a solution of LCP (44).
Moreover, we give characterizations for the existence of a global minimizer
of P,(z), boundedness of level sets of P,(z), and the convexity of P,(z).
We also derive local/global error bounds in terms of P,(z).

One very interesting property of P,(z) is its connection with Mangasar-
ian and Solodov’s implicit Lagrangian: M,(z) = Pi(z) — P,(z) for LCP.
Based on convexity analysis of P,(z), we obtain that M,(z) is strictly con-
vex if « is large and @ is positive definite, recovering a result by Peng [30].

Since P,(z) is a differentiable piecewise quadratic function and its gra-
dient VP,(z) = (I - aQ)(z — (z — a(Qz + ¢))+) has a simple struc-
ture, it is very easy to design an iterative method that finds a stationary
point of P,(z) (or a solution of (44)) in finitely many iterations. Such
an algorithm is very interesting, since almost all algorithms for quadratic
programs and linear complementarity problems can be classified as either
iterative or finite methods [29, 20, 1]. The most interesting property of
P,(z) is that, for any z*, the Newton method starting at z* produces an
iterate z*¥*! that is the approximate solution of (44) by using the index set
J(z*) = {i : (zF ~a(Qz* +q)); > 0} as the working active set for constraints
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(Qz + q) > 0. That is, z¥! is the solution of the following system of linear
equations:

(Qz + q); = 0 for i € J(z*), z; = 0 for i ¢ J(z*),

whenever the above system has a unique solution. Therefore, the New-
ton method for finding a zero of VP,(z) actually corresponds to a pivotal
method that allows swapping of many indices of working active sets in each
step. However, it requires a strategy that makes “intelligent” index swap-
ping to identify the active index set of a solution of (44). We show that
reduction of function value of P,(z) can be used for this purpose. Consider
the partition of R™ as a union of following polyhedral sets:

R" = | Wy,
J

where

Wy={zeR" : (z-a(Qz+¢q));>0{forieJ, (45)
(z—a(Qz+4q))i<0fori¢g J}.

Note that W; contains a solution z* of (44) if and only if
z; >0, (Qz*+¢)i=0, forie J,
(Qz*+)i 20, 5 =0, forigJ.

Therefore, our objective of using P,(z) for solving (44) is to find an iterate z*
such that Wj .+ contains a stationary point or a local minimizer of P,(z).
This can be achieved by using any descent method for a local minimizer of
P,(z). In general, we would like to use the Newton direction as the search
direction. However, due to nonconvexity of P,(z) (when Q is not positive
semidefinite), the Newton method with a line search might get stuck at
a nonstationary point. In such a case, we switch to a gradient direction
and continue the search for a region W; that contains a solution of (44).
If the linear systems for the Newton directions are nonsingular, then our
method is a natural combination of a descent method and a pivotal method.
Geometrically, our method makes the iterates move toward a local minimizer
of P,(z); and algebraically, the iterates facilitate index swapping to make
the current working active sets more and more accurate. Once the current
iterate lands in a region W containing a stationary point of P,(z) (which
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is guaranteed by the descending nature of our method), the Newton method
finds a stationary point of P,(z) (or a solution of (44)) in one step. See
Subsection 5.4 for further explanation.

Recently, there are many papers on merit functions of nonlinear comple-
mentarity problems and variational inequality problems [3, 4, 5, 9, 12, 13,
22,25, 27, 30, 31, 35, 36]. See a survey by Fukushima [8] for more references.

The section is organized as follows. Subsection 5.2 is devoted to the
discussion of properties of the merit function P,(z). In Subsection 5.3, we
derive new error bounds for approximate solutions of (44) in terms of P,(z).
In Subsection 5.4, we propose a Newton-type method for finding a solution of
(44) and establish its finite termination under some mild conditions. Possible
extension to symmetric nonlinear ¢complementarity problems is discussed in
Subsection 5.5. Final comments and conclusions are given in Subsection 5.6.

We conclude this subsection by introducing the notations and terminol-
ogy used in this section. Let I be the n X n identity matrix. For an n X n
matrix @, Q is said to be copositive if 27 Qz > 0 for all vectors z > 0, and Q
is said to be strictly copositive if z7Qz > 0 for all vectors z > 0,z # 0. For
other matrix classes mentioned in This section, we refer the reader to [1]. For

1
z € R", |lo]| = (£ 27)? and [|Q]l = sup{||Qz]| : = € R™, ||z|| = 1}. Let
zT (or QT) denote the transpose of z (or Q). For an index set J, z; denotes
the vector obtained from deleting the components of z whose indices are not
in J. D7 denotes the diagonal matrix whose #*! diagonal entry is 1 if i € J
and 0 otherwise. We use J° = {i : i ¢ J} to denote the complement of J.
For index sets Ji, Js, @, 7, is the matrix obtained from deleting the rows of
() whose indices are not in J; and the columns of @ whose indices are not
in Jy. For a vector z € R™ and a subset K of R", the distance from z to
K is defined as follows:

dist(z, K) = inf{||z — y|| : y € K}.

If K is closed and convex, the orthogonal projection of z to K is the unique
vector z* in K such that ||z — z*|| = dist(z, K). In the case that K is
a union of finitely many polyhedral sets, such as the set of local/global
minimizers of P,(z), there might be several z*’s in K such that ||z — z*|| =
dist(z, K). In such a case, let us assume that I (z) is a vector in K such
that ||z — Ik (z)|| = dist(z, K). The sign of a real number ¢ is denoted by
sign(t).
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5.2 Properties of Merit Function P,(z)

Recently, there are much attention given to merit functions for the fo]lowing
nonlinear complementarity problem [3, 4, 5, 9, 12, 13, 22, 25, 27, 30, 31, 35,
36): ' - .
z>0, F(z) >0, 2T F(z) = 0, (46)

where F(z) : R™ — IR" is differentiable.

One standard approach of constructing a merit function for (46) is to
find a function M(z) > 0 such that z* is a solution of (46) if and only if
M(z*) = 0. As a result, (46) can be reformulated as as an unconstrained
(global) minimization of M(z). (For merit functions with constraints or
reformulations of (46) as a constrained minimization problem, see a survey
by Fukushima [8].) Such approaches lead to Mangasarian and Solodov’s
implicit Lagrangian [27]:

Ma(2) = 57F(2) + 5= (= ~ aF (@)
~lle|[* |(F(z) - az)4|* - | F(@)I),

and Bermeister and Fischer’s NCP-function (4, 5]:

n

¥ = 53 (VoI + R@P -2 @) -

=1

However, it is difficult to design an algorithm for computing a zero (or a
global minimizer) of a nonnegative function M(z). Most numerical meth-
ods can only find a stationary point or a local minimizer of M (z), which
might not be a solution of (46). Therefore, it is important to know when
the stationary points of a merit function M(z) are actually solutions of
(46). Another issue about a merit function is whether or not its level sets
are bounded. In general, it is not easy to ensure the convergence of iterates
generated by a descent method for minimizing a nonconvex function. How-
ever, if a merit function M(z) has bounded level sets, then a minimizing
sequence for M(z) is bounded and has at least one cluster point.

Unlike M,(z) and ¥(z), the merit function P,(z) exploits linearity of
F(z) = Qz + ¢q and symmetry of Q. As a result, it preserves the structure
of original LCP (44) and has many properties that M,(z) and ¥(z) do
not have. In this subsection, we give complete characterizations for various
properties of P,(z), including equivalence of stationary points of P,(z) and
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solutions of (44), existelnc-e of global minimizers, boundedness of level sets,
and convexity of P,(z). We also discuss the convexity of M,(z) by using
the relation My(z) = P1(z) — Pa(2).

5.3 Stationary Points and Convexity

In general, stationary points of M,(z)/¥(z) are not necessarily solutions of
(46) and there is no known relation between the convexity of M,(z)/¥(z)
and the monotoricity of F(z), even if F(z) = Qz + ¢. Recently, Peng [30]
proved the strict convexity of M,(z) for large @ and strongly monotone
LCP. In this subsection, we obtain the equivalence of stationary points of
P,(z) and the solutions of (44), as well as the equivalence of the convexity of
P,(z) and the monotonicity of (44). For a positive definite @, we show that
P,(z) is strictly convex for small @ and strictly concave for large a. We also
establish a relation between M,(z) and Py(z): My(z) = P1(z)— Py(z). As
a consequence, we recover Peng’s result [30] on strict convgxity of My(z).

Note that definition of P,(z) does not require the symmetry of P,(z).
Therefore, some properties of P,(z) in this subsection are given for an ar-
bitrary n X n matrix Q.

Theorem 33 For any n X n matriz Q,

VP.(z) = ~(I - Q") (z - (o - a(Qa+ q))+) +3Q7 - Qe (47)

If Q is symmetric, then
. VPy(z) = Exl-(I - aQ) (:t: - (:c —o(Qz + q))+) . (48)

Theorem 34 Suppose that Q is symmetric and 0 < a||Q|l < 1. Then z* is
a stationary point of P,(z) if and only if z* is a solution of (44).

Remark. Stronger conditions are required for the equivalence of stationary
points of M,(z)/¥(z) and the solutions of (46). Yamashita and Fukushima
[36] proved that z is a stationary point of M,(z) (a > 1) if and only if
z solves (46), under the assumption that VF(z) is positive definite for ev-
ery z € R". Independently, Jiang [12] proved the same result under the
assumption that VF(z) is a P-matrix for every z € R™. Yamashita and
Fukushima [36] also showed that there exists a (nonlinear) strictly monotone
function F(z) such that some stationary point of M,(z) is not a solution of
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(46). For the merit function ¥(z), Geiger and Kanzow [9] proved that z is a
stationary point of ¥ if and only if z solves (46), under the assumption that
VF(z) is positive semidefinite for every z € R™. Independently, Facchinei
and Soares [3] proved the same result under the assumption that F(z) is
Po-function. ’ - '

In the case that F(z) = Qz + ¢ and @Q is symmetric, these results lead to
the equivalence of stationary points of ¥(z) (or M,(z)) and the solutions of
(46) under the assumption that @ is positive semidefinite (or Q is positive
definite). However, for positive semidefinite ¢}, the augmented Lagrangian
P,(z) is actually convex.

For convexity analysis of P,(z), we need the following lemma about
convexity of a differentiable piecewise quadratic function.

Lemma 35 [19, Lemma 2.1] Let g(z) be a differentiable piecewise quadratic
function and Vg(z) = Bz + b+ CT(Cz + c)4. If B and (B + BCTC) are
positive semidefinite (or positive definite), then g(z) is a conver (or strictly
convez) function.

Theorem 36 Suppose that Q is symmeiric and 0 < a||@Q|| < 1. Then
P,(z) is convez (or strictly convez) if and only if Q is positive semidefinite
(or positive definite). ‘

For nonsymmetric ¢}, we can still characterize the strict convexity of
Py(z).

Theorem 37 Suppose that ) is an n X n matriz. Then the following state-
ments are equivalent,

" 1°. Q is positive definite.

2°. There is € > 0 such that P,(z) is strictly convez for 0 < o < .

3°. There is A > 0 such that P,(z) is strictly concave for a > ).

Remark. The above proof also shows that P,(z) is convex for small a
if and only if @ is positive semidefinite and Qz = 0 whenever z7Qz = 0.
Moreover, P,(z) can not be concave for large a if @ is not positive definite.

With Theorem 37, we can derive the strict convexity of M,(z) for affine

and strongly monotone F(z) by using the following representation of M,(z)
by Pu(z).
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Theorem 38 Suppose that F(z) = Qz + ¢ and a > 0. Then, M,(z) =
Pi1(z) — Py(z) and My(z) = —M1(2).

With Theorem 37 and Theorem 38, we recover the following corollary
about the strict convexity/concavity of M,(z) for affine and strongly mono-

tone F'(z), which was first proved by Peng [30, Theorem 3.1].

Corollary 39 Suppose that F(z) = Qz +q and Q is positive definite. Then
M,(z) is a strictly convez function if

(@' +@7)7 | 2| (@+e) 7|} w9

Moreover, M,(z) is a strictly concave function if

a > max{ Q1L 17).2|

N 1 1 , 1
o< { IR~ 2 (@ + (@1 2@+ @07 } -

Remark. Note that the lower bound of a for the strict convexity of M,(z)
given by Peng [30, Theorem 3.1] is

1+27QTQx
MaX e
lzl=1  2zTQz

In the case that @ is symmetric, then

THT
ax 205 < L0+ ) < max{lal Q1

ll=ll=1

Thus, Peng’s lower bound for a is sharper than (49).

So far, we are not aware of any result on convexity of ¥(z). Luo and
Tseng [25] introduced another class of differentiable merit functions related
to ¥(z) that are convex if F(z) is monotone.

5.4 Global Minimizers and Bounded Level Sets

Unlike M,(z) and ¥(z), which are based on the equivalence of the global
minimizers of the merit function and the solutions of (46), P,(z) might not
have a global minimizer. This is undesirable. However, we show that P,(z)
is bounded below and has bounded level sets if Q is strictly copositive. We
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also give characterizations for the existence of a global minimizer of P,(z)
and for boundedness of level sets of P,(z).

The existence of global minimizers of P,(z) and boundedness of level
sets of P,(z) are closely related to the behavior of the following quadratic
programming problem: . )

Izpzjg -2—:1:TQ:1: + ¢z, - (51)
Lemma 40 [15] Suppose that Q is symmetric and 0 < 2||Q|| < 1. Then
the quadratic programming problem (51) has a global solution if and only
if Po(x) has a global minimizer. Moreover, z* is a local (or isolated local)
solution of (41) if and only if z* is a local (or isolated local) minimizer of
Pa(@)-

The above lemma shows that the the reformulation of (51) as uncon-
strained minimization of P,(z) does not change any intrinsic characteristics
of (51). The above lemma reduces the existence of a global minimizer of
P,(z) to the problem of the existence of a global solution of (51). Eaves [2]
proved that the existence of a global solution of a quadratic programming -
problem is equivalent to the lower boundedness of the objective function on
any ray in the feasible set.

Lemma 41 [2, Corollary 8] The quadratic programming problem (51) has -
a global solution if and only if Q is copositive and ¢* = > 0, whenever z > 0
and zTQz = 0.

Putting all these results together, we have the following characterizations
for the existence of a global minimizer of P,(z).

Theorem 42 Suppose that Q is symmetric and 0 < 20||Q|| < 1. Then the
following statements are equivalent:

1°. P,(z) has a global minimizer.

2°. P,(z) is bounded below.

3°. The quadratic program (51) has a global solution.

4°. Q is copositive and ¢¥z > 0, whenever z > 0 and zTQz = 0.

In order to give a characterization for boundedness of level sets of P,(z),
we need the following two lemmas about the connection between P,(z) and
the objective function of (51).
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Lemma 43 [15] Suppose that a > 0. Then P,(z) < %;'vTQa:+qT:c ifz > 0.

Lemma 44 Let f(z) = 227Qz + ¢"z, E = (I - oQ), and z° = aE7 4.
Then, for any indez set J and x € Wy,

Py(z) > Po(2°) + g5 (DJC(:): - 2%, D7QD’(z - xo)) +f (D"(E:p - aq)) ,

where Wy is defined as in (45), g1(y, 2) is a strictly convez quadratic func-
tion of (y,2), J¢ = {i : i ¢ J}, and D’ denotes the diagonal matriz whose
i*h diagonal entry is 1 if i € J and 0 otherwise.

In the following theorem, we give two characterizations for boundedness
of level sets of P,(z): one in terms of boundedness of level sets for (51) and
another in terms of @ and gq.

Theorem 45 Suppose that Q is symmetric and 0 < 2a||Q|| < 1. Then the
following statements are equivalent:

1°. Py(z) has bounded level sets.”"

2°. The level set for (51), {z € R™ : 2 > 0,127Qz + ¢Tz < v}, is bounded
for every v < 0.

3°. Q is copositive and ¢z > 0, whenever z > 0, z#0, and zTQz = 0.

Corollary 46 Suppose that Q is symmetric and strictly copositive. Then
the level sets of P,(z) are bounded if 0 < 2¢||Q|| < 1.

Remark. Yamashita and Fukushima [36] proved that M,(z) (@ > 1) has
bounded level sets if F(z) is strongly monotone and Lipschitz continuous.
For merit function ¥(z), Geiger and Kanzow [9] proved that the level sets of
¥ are bounded if F(z) is strongly monotone. Independently, Facchinei and

Soares [3] proved that the level sets of ¥ are bounded if F(z) is a uniformly
P-function.

5.5 Local and Global Error Bounds

Let S* be the solutions of (44), L* be the set of local minimizers of P,(z),
and G* be the set of global minimizers of P,(z). Then, for 0 < a|Q|| < 1, we
have G* C L* C §*. In general, G* # L*, L* # §*, and G* # S*. However,
if @ is positive semidefinite, then P,(z) is convex for 0 < ||Q|| < 1 (cf.
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Theorem 36) and G* = L* = S§*. There are many results about error
estimates for dist(z, 5*), the distance from z to §*. See [23, 24, 28, 26, 14,
22, 21] and references therein. For 0 < ¢||Q]| < 1, (I — aQ) is a positive
definite matrix and, by Theorem 33, we have ||V P,(z)|| = ||z — (z — o(Qz +
q)+|- Thus, known error bounds in terms of ||z — (z — ¢(Qz + ¢)+|| can be
rewritten in terms of ||VP,(z)||. In this subsection, we derive local/global
error estimates of dist(z, L*) and dist(z, G*) in terms of P,(z).

5.6 Local Error Bounds

Since P,(z) can not distinguish stationary points of P,(z) from nonsta-
tionary points of P,(z), we can not use expressions of P,(z) to estimate
dist(z, S*). However, we can use P,(z) to estimate the distance from z to
the set of local/global minimizers of P,(z).

First we need the following lemma about the structure of L* and G*.

Lemma 47 Suppose that Q) is symmetric, a > 0, and WNS* is a polyhedral
set. ThenWNS* = WNL* if WNL* # 0 and WNS* = WNG* if WNG* # ).

The next lemma gives error bounds on each polyhedral set W.

Lemma 48 Suppose that Q) is symmetric and 0 < 2¢||Q|| < 1. Then there
exists a positive constant vy such that

%\/Po,(:c) — Pa(Tlw,nz+(2)) < dist(z, WiNL*) < 71/Pa(z) — Pa(lw,nze(2))

for z € Wy with Wyn L* # 0.

In order to replace dist(z, W;N L*) by dist(z, L*), we need the following
lemma for lower bound of dist(z, L*) or dist(z,G*).

Lemma 49 There ezists a ﬁositive constant ¢ such that

Iz — 2*[| > €/|Pa(2) = Pa(z*)| for = € R*,2* € §*. (52)

Theorem 50 Suppose that Q is symmetric and 0 < 2¢||Q|| < 1. Let L* be
the (nonempty) set of local minimizers of P,(z). Then there ezist positive
constants é,m such that, for z € R™ with dist(z, L*) < §,

%\/Pau) ~ Po(Il+(2)) < dist(z, L*) < 0y/Pa(z) — Pa(llr+(2)).  (53)
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Theorem 51 Suppose .th.at Q is symmeitric and 0 < 20||Q|| < 1. Let G* be
the (nonempty) set of global minimizers of P,(z). Then ihere ezist positive
constants 8, n such that, for x € R™ with dist(z,G*) < 6,

%,/Pa(x) ~ Poin < dist(z,G*) < 1\/Pa(@) - Py (54)

where Py min = inf{Py(z):z € R"}..

5.7 Global Error Bounds

In general, (53) and (54) do not hold if z is an arbitrary vector in R"™. In
this subsection, we give characterizations for the existence of global error
bounds for dist(z,G*). Note that we can not use \/P,(z) — P,(Il1+(z)) as
a global measure of dist(z, L*), since it is likely to have some z € R™\ L*
such that Py(z) = P,y(LL«(2)).

Theorem 52 Suppose that Q) is symmetric and 0 < 2¢||Q|| < 1. Then the
following statements are equivalent.

1°. P,(z) is bounded below for every q € R™.
2°. Py(z) has bounded level sets for every ¢ € R™.
3°. Q is strictly copositive.

4°. For any q, Pymin = inf{Py(z) : 2 € R"} > —o0 and there exists a
positive constant v = v(Q, q) such that

-i-\/pa(z) ~ Pamin < dist(2,G") < 71/Pu(2) — Pamin for = € R™.

Note that G* C L* C 5*. In general, G* # L*, L* # S*, and G* # §*.
However, if @ is positive semidefinite, then P,(z)is convex for 0 < ¢||Q}| < 1
(cf. Theorem 36) and G* = L* = §*. In this case, we have the follow-
ing global error bound for symmetric and monotone linear complementarity
problems (cf. Corollary 2.8 in [14]).

Theorem 53 Suppose that Q is symmetric and positive semidefinite, 0 <
a||@l| < 1, and the solution set S* of (44) is not empty. Then there ezists
a positive constant v such that

dist(z, 5*) < 'y((Pa(m) — Poymin) + \/ Pa(2) = Pymin) for z € R™.
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5.8 A Newton-Type Meﬁ;hod

By exploiting the structure of VP,(z), we can get an iterative algorithm for
finding a solution of (44) in finitely many iterations.

Algorithm 54 Suppose that Q is symmetric and the principle submatrices
of Q are nonsingular (i.e., Q is nondegenerate). Then generate a sequence
of iterates as follows:

Step 0. choose positive constants § > 0, 0 < <7< 1,0< 2a|Q| < 1;
setb=—aq and E = (I — aQ); let k = 0 and 2° € R™;

Step 1. compute r* = z*¥ — (Ez* 4 b);

Step 2. if ¥ = 0, then output the solution z* and stop,

Step 3. let Ji = {i : (Ez* +b); > 0} and J; = {i : (Ez* + b); < 0};
Step 4. let u§k = ijljk (QJJ:;T.I;}__ %r"}k) and uf}—k = ——r";—k;

Step 5. if ¥ + uf = (E(z* + u*) 4 b)y, then output the solution z* and
stop;

Step 6. if |('rk)Tu"l > §||r*||?, 2F = uF; else, 2F = —r*;
Step 7. let B < mx < v and find the stepsize ty # 0 such that
— sign(t)(2F)T VP, (2% + t225) = m |(zk)TVPa(xk)| (55)
and, for t between 0 and i,

— sign(t) (%) TV Py(z* + 125) > ms |(FTVPu(ah)|; (56)

Step 8. set zF*t! = 2k 4 1, 2k,

Step 9. update k by k + 1 and go back to Step 1.

Remark. The algorithm is very much like a Newton method for solving the
piecewise linear equation: z — (z — a(Qz + ¢))+ = 0. Note that the Newton
direction u* for P,(z) at z* is the solution of the following linear system:

(I~ aQ)(I - D*(I - aQ))u = ~VP,(c*) = (I~ aQ)*,
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or equivalently,
(I - D*(I - aQ))u = —rF. (57)
That is, the Newton direction for P,(z) is the Newton direction for the

equation: z — (z — a(Qz + ¢))+ = 0.
We can rewrite (57) as follows:

ui=—r¥ forigJi, ofQu);=-rF forieJy. (58)

Using matrix and vector partition, we can write the second set of equations
in (58) as
k
aQJ};Jkqu + aQkakuJ-k = _TJ)" (59)
Thus, by (58) and (59), we get that u"}—k = —r"}—k and

-1 e 1 og
uz, = Q7.7 (Qkakr.Tk - ETJI:) .

Therefore, it is possible to use matrix updating techniques for computing
the inverse of @, 5,. If @ is a sparse matrix, then (58) is also a sparse
linear system. If @, 4, is nonsingular and W, contains a stationary point
of Py(z), then (z* 4+ u*) is the stationary point of the quadratic function
P,(z) on Wy,.

The line search can be done in at most O(n?) operations. Note that

h(t) = a(2F) TV P, (zF + t2*) = ag + a1t — Z ci(eit — di)+,
i=1
where ag = (2¥)TEz¥, a; = (2F)TE2*, d; = —(Ez* +b);, and ¢; = (Ez*);.
Without loss of genera.hty, we assume that ¢; # 0. (If ¢; = 0, delete ¢;(cit +
d;)+ from the summation.) Let y; = —L After a sorting of {y1,---,yn} and
relabeling (with O(nlogn) operatlons), we may assume

<y <Y

If h(0) < 0, we can evaluate h(y;) for y; > 0 and find y, > 0 such that
h(yr) > nxh(0) and h(y;) < meh(0) for 0 < g; < y,. If gr_qy > 0, let
¥r-1 = Yr—1; else, §r_3 = 0. Then there exists a unique tx € [§r—1, ¥y
that can be used as our stepsize. Note that tj is the unique solution of the
following linear equation:

ag + a1t — Z ci(eit — d;) — Z ci(eit — d,’) = nth(0).

€i>0,¥i 2Fr—1 ¢i<0,yi<yr—1
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Similarly, if £(0) > 0, then we can find a stepsize t; < 0 such that (55) and
(56) hold.

- We can use any descent method for minimization of P,(z) to identify
an active index set of a solution of (44). The above algorithm tries to take
advantage of the Newton directions in minimization process.

Now we state the finite termination of Algorithm 54.

Theorem 55 Suppose that Q) is symmetric, the principle submatrices of
@ are nonsingular, and (51) is bounded below. Then, for any given initial
guess z° and 0 < B < v < 1, Algorithm 54 always finds a solution of (44)
in finitely many iterations.

Remark. The assumption that principle submatrices of @ is nonsingular
is not essential. It is possible not to use this assumption in the design of an
iterative algorithm that terminates in finite iterations (cf. [18]).

5.9 Extension

Consider the nonlinear compleme?itarity problem (46). Assume that F(z) |
is a conservative field or VF(z) is symmetric; i.e.,

0F; _ OF,

6_:135—5:’1_);, f0r1_<_z,]§n

Then there exists a potential function f(z) of F(z) such that

af:F,' for1<i<n.
odz;

We use the following notation to denote such a potential function:

f@= [P dv= [ B ay,
i=1

where the integration is the line integral in differential form and C is any
smooth curve starting at 0 and ending at z. Using the potential function
f(z) of F(x), we can define the following merit function for (46):

Po(a) = [ F) dy = SIFGIP + o | (eF@) =) [
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Note that
VP, (z)= é([ - aVF(x)) (z - (z - aF(m))+) .

Therefore, if 0 < o||VF(z)|| < 1 for z € R", then the stationary points of
P,(z) are the solutions of the symmetric nonlinear complementarity problem
(46). ,

However, if VF(z) is not bounded, then we can not use a fixed a for
all . One possible remedy is to adjust the values dynamically. That is, we
choose ay such that 0 < ax||VF(z*)|| < 1 and generate *+! by minimizing
P,,(z) with starting point z*.

5.10 Conclusions

We have studied many properties of the augmented Lagrangian P,(z) for
symmetric linear complementarity problems. Unlike merit functions M,(z)
and ¥(z), stationary points of P,(z) are always solutions of (44) if 0 <
a||@Q]| < 1. Also the merit function- P,(z) is convex if the original LCP (44)
is monotone. However, P,(z) is not always bounded below. We have derived
characterizations for the existence of global minimizers and the boundedness
of level sets of P,(z). In particular, if @ is strictly copositive, then P,(z)
has bounded level sets.

One interesting result is the connection between P,(z) and Mangasar-
ian and Solodov’s implicit Lagrangian M. (z): My(z) = Pi(z) — Pu(z).
Based on the convexity analysis of P,(z), we have recovered a result by
Peng [30] about strict convexity of M,(z) for large o and strongly mono-
tone LCP. Since My(x) = —M1(z), My(z) is a strictly concave function for
small o, if F(z) = Qz +¢ andaQ is positive definite. This sheds new light
on the fact that Mangasarian and Solodov [27] reformulate (46) as uncon-
strained (global) minimization of M,(z) for @ > 1 and Tseng, Yamashita,
and Fukushima [35] reformulate (46) as unconstrained (global) maximiza-
tion of My(z) for0 < a < 1.

A convenient choice of a is by using the supremum norm of Q:

a= ! (60)

3 max Z 'Qijl
Jj=1

1<i<n
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Then 0 < 2&||Q|| < 1. Let

2

Poa(#) = (357Qa +4"2) - SI@a+ 9l + = | (a(@z +9)-3),
Then it is very easy to verify that Pygg,(z) = Pg4(z) for 8 > 0. That is,
the augmented Lagrangian Py ,(z) is invariant with respect to the scaling
of (44). Since the scaling of (44) does not change the characteristics of
(44), it is natural to require that merit functions for (46) keep the intrinsic
characteristics of (46) and be invariant with respect to scaling of the original
complementarity problem, as pointed out by J. Moré during his talk at the
International Conference on Complementarity Problems.

Even though P,(z) has many desirable properties, it requires the sym-
metry of VF(z) and linearity of F(z). For nonlinear F(z) with symmetric
Jacobian VF(z), P,(z) can be defined by using a potential function of
F(z) and the stationary points of P,(z) are solutions of (46) if ||[VF(z)|| is
bounded and o« is small enough. Further study is necessary to understand
the behavior of P,(z) for symmetric nonlinear complementarity problems.

Since M,(z) is also a differentiable piecewise quadratic function, it is
possible to use a Newton-type method for finding a stationary point of M,(z)
in finitely many steps. However, the equations for Newton directions of
M,(z) are not as easy to solve as those for Newton directions of P,(z).
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