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EXECUTIVE SUMMARY

The Fourier transform has long been a standard tool in signal analysis. It per-
forms the fundamental task of analyzing the frequencies which exist in a given function
of time. The Fourier transform does not, however, allow one to discern at what time
particular frequencies exist in a signal. To overcome this predicament, Gabor intro-
duced the short-time Fourier transform which permits a “time-frequency analysis” of
a given signal; that is, it provides a means of telling both what frequencies exist in a
signal as well as when they exist. This time-frequency analysis led to the development

of the Wigner-Ville distribution and its connection with the Heisenberg group.

More recently, the desire to analyze signals at different levels of resolution has led
to the notion of scale in signal analysis. While the analysis performed by the Gabor
transform is “fixed scale,” scaling plays a fundamental role in the emerging field of
wavelet theory. This emphasis on dilation naturally leads to the consideration of the

affine group and the Mellin transform.

In this report, we begin with a review of the Fourier transform and some of
its characteristics. We then introduce the Mellin transform, showing its relationship
to the Fourier transform and developing its analogous properties. In the following
section, the Paley-Wiener theorem is stated and proved, and the Hilbert transform is
introduced. In particular, conditions which restrict the support of a function’s Fourier

transform are explored.

With this background, the stage is set for the introduction of the K-transform
as the composition of the Fourier and Mellin transforms. We define this transforma-
tion, derive its explicit expression as an integral operator, and obtain an asymptotic
estimate for the transform kernel. Some properties of the K-transform are explored,
and the application of this transform to the work of Altes on mammalian hearing is

noted.




In the final section, we develop a unified setting for Fourier and wavelet analysis.
The connection of the Heisenberg group with the Gabor transform and Wigner-Ville
distribution is shown, as is the connection of the affine group with the wavelet trans-
form. We then combine these notions in a single setting, the affine-Heisenberg group.
In this setting, we close by introducing an affine version of the Wigner-Ville distribu-

tion in terms of the K-transform.

vi



1. FOURIER AND MELLIN TRANSFORMS

For a finite energy signal, a function f = f(z) in the space L*(R) of all square-

integrable functions on R, its Fourier transform F(f) = f is defined by

FNO = = [ f@)e =t do (11)
and its Fourier integral representation by

fla)= [ fe)er e (12)
Strictly speaking, for L2-functions these integrals must be interpreted as the limit
f&) = lim [* f()e™™ = do

taken in norm (analogously for the inverse Fourier transform). Plancherel’s theorem

[iiere = [ ek (13)

for Fourier transforms ensures that F is an isometry from L?(R) onto L%(R); on the

other hand, Parseval’s theorem

| t@e@de = [ fe)a@d (1.4)

-0

for Fourier transforms ensures that F is a unitary mapping from L*(R) onto L%(R).

The Fourier transform is a fundamental tool in signal analysis. By using a com-
plex exponential as the transform kernel, this analysis allows the decomposition of
a signal into its individual frequency components and establishes the relative inten-
sity of each component.[1] In mathematical discussions of the Fourier transform, time
and frequency are often distinguished by writing R for the time domain and R for
the frequency domain; also we shall usually use Roman letters z,¢, ... for the time
variable and Greek letters ¢, 7, ... for the frequency variable. Whether on the time or
frequency side, however, the Fourier transform exploits the additive property of real
numbers through use of the fundamental property *™(*+%) = ¢2722™ ip establishing

the convolution property

Fifrg—F([" fo-vlgw)dv) = (F1)(Fo) (1.5)



as well as the properties

F:f(.+5)— &™Ff (1.6)
F e — (FD(E +0) (17)

describing the interchange of translation and modulation. A simple change of variables

yields the property

1
Fefr) — ~(FNE) (18)
describing the effect of dilation. Two other useful results,
F:f — 2milFf (1.9)
and .
]:'xf___,:__(]?f)” (1.10)
2me

follow immediately from integration by parts. Lastly,
F:f*— Ff, (1.11)

where f*(z) = f(—z). In order to see the action of F on some specific examples, let

us consider two very important functions, the Gaussian kernel and the Poisson kernel.

Gaussian kernel

F.e™ e (1.12)(s)
We see this fact by completing the square in the exponent of the integrand:

/oo e—m;?e—Zm'a:{ dr = /oo e—qr(g;2+2ia:5_g2)e_7r£2 de = /o<> e——qr(x+z'§)2e—7r§2 dr
) —00 -0
_ 1€+o00 e_wyz e_ﬂ,gz dy — e_,’rez /00 e_ﬂ_yz dy _ e___ﬂ.£2
1€—00 —00

since e™™" dy = 1. The change in the limits of integration i¢ + co — o0 is
readily verified by applying Cauchy’s Theorem to the contour integral around the box
in C with vertices —R, R, R + 1€, — R + £, and then taking the limit as R — oco.

Poisson kernel

1
F: ;(1 :ﬂ) — e~ 27kl (1.12)(44)

Here we observe that f(z) = 1/7(1 + z?) is a rational function whose denominator is
two degrees greater than the numerator, so we may apply the Residue Theorem for

rational functions (from complex analysis){2] and exploit the fact that f is even:

/:: f(;zc)e"%“”E dr = /_o:o f(z) cos 27 |¢|z dx = Re[2miRes(z, f(z)ez’”'lEIZ)]

2



since ¢ is the only pole of f in C;. Now calculate the residue

— 3)e2milélz 2milg)z =2r¢|
: amileley _ i (2 8)ETREE e _¢
Res(i, f(2)e ) lzl—rE m(1 + 22) lzl—rvrzl m(z +1) 2m

Therefore,
” f(x)e—z"ixg dr = e~ 27K,
—00

Let us now introduce the Mellin transform. Set
& =max(,0) , & =max(-£0) (E€R) (1.13)
and define Mellin transforms
Migt) = [~ o6 de, Mgt = [ € de (114)
Observe these are simply a slight modification of the “classical” definition [3]
M) = [~ ale)e de, (1.15)

where we have set z = 27it + 1/2 to make M ¢ and M_¢ functions of t € R. Also
note the obvious relationship M [¢(—¢)] = M_¢. The corresponding inverse Mellin

transforms are given by

0 Tcifz ¢  (£>0),
M, d(t)EF 1/2dt={ 1.16
| Masvé; 0o <0 (1.16)
and
¢ (£<0),
M_g(t)e 7 gy = { 1.17
[ m-e 0 (€>0). (L17)
Now we point out the fundamental relationship between the Fourier and Mellin
transforms:
f 5/2¢ / 6/2 2mift df
L

. / HEOE e

(by mapping { —= log¢). Thus,
F e e(e) — [~ (@6 de = Myo() (118)

similarly,

Fl:etl2g(— —>/ 2 ge — M_G(1). (1.19)



From this relationship we readily establish the analogue of Plancherel’s theorem for

the Mellin transforms:

[T de= [Tis@rde+ [ 1o e
= [T 1o de + [ 1l g(—ef) e
= [Tl g Pt + [ (=) dt
by Plancherel’s theorem for the Fourier transform. Thus, from Eqs. (1.18) and (1.19),

[ le@rde= [~ IMsoP it [ IMoo@Fa (120)

In the same way we derive the analogue of Parseval’s theorem

/wqﬂ(ﬁ £)d¢ = / ML ()M 1h(t) dt+/ M_g(t)M_p(t)dt.  (1.21)

— 00

In relating the Fourier transform to the Mellin transform, it is the mapping { —
log ¢ taking the positive reals to R (and £ — log(—¢) taking the negative reals to )
which suggests that multiplication on the half-line in the Mellin setting corresponds
to addition on the whole line in the Fourier setting, since logz + logy = logxy.
This crucial property becomes evident as we work out the following results (we only

demonstrate results for M here; those for M_ are essentially identical):

Let
)0 = [ HE i) 2,

and observe

M+:¢*1/)—>M+(/Ooo¢( > / / d""§2mt 12 g
= [Tw) [7 se) ey ae %"—

_ (/0°° ¢(€)§2m—1/2 d{) </0°° w(w)wZM't-—l/Z dw).

Myt pxtp — Myg(t)Myy(1). (1.22)

This establishes that the convolution property for the Mellin transform comes from

Thus

dilating one of the convolved functions (compare to Eq. (1.5) for the Fourier transform,

which comes from translating one of the convolved functions).

4




Now observe that for r > 0,

M, 24(r) — /;Z r1/2¢(r§)§,2|_m_1/2 d¢ = /Ooo ¢(§)(§)2m_1/2 ;Cii%

_ 2t [ 2mit—1/2
rm [T g(eper e,
Consequently,
My 2(r) — rTP ML G(t) = e 2008 AL (1), (1.23)

Also,
M+ . £2m"r¢(£) = ezﬂi(log£)7¢(£) __)/0 €2m"r¢(€)£27rit—l/2 d{

= [ s(e)gmiern-inge,

SO

My E776(6) — Myg(t+7). (1.24)

Thus, the Mellin transform sends dilation to modulation, and (logarithmic) modu-
lation to translation (compare to Eqgs. (1.6) and (1.7), where the Fourier transform

sends translation to modulation and modulation to translation).

Finally, for A > 0,

M, f(h_l)ﬂ(b(fh) — /0°° 5(h—l)/2¢(€h)€2m’t+1/2 ié

¢
= /°° ¢(w)w2wit/hw1/2£‘i = _1_/°° ¢(w)w2m‘t/h—l/2 duw
0 hw h 0 )
and so 1 t
My gb=D/2gehy EM”S(?Z)' (125

Thus we see that the Mellin transform acts upon exponentiation as the Fourier trans-

form acts upon dilation (see Eq. (1.8)).

We conclude this section with a few more examples which will be useful in later

discussion:
M €6(6) — [ EpOE 1 dE = Moot + aferd), (126)

M, ekl /oo e Klg2mit=1/2 g¢ — D(2mit + 1/2), (1.27)
0




and from Bateman [3], for Rea > 0,
My e, V2a T (s)e” % D_,[8//2a] (s = 2mit +1/2),

where D_; is the parabolic cylinder function

1 2
D_,(z) = 272"/ 4‘1’(% 3 %),

and ¥ is the confluent hypergeometric series with integral representation

U(a,c;z) = F—(la—)—/ooo e'“t“_l(l + t)c_“"1 dt.

(1.28)

We have seen thus far a brief introduction to Fourier and Mellin transforms. In

particular, we notice that F acts on a function along all of (—oo,00), while M,
and M_ look only at (0,00) and (—o0,0), respectively. In the next section, we shall

characterize when exactly F takes a function on (—o0, 00) to (0,00) (or (—0c0,0)), in

order that we might consider the composition of these two transformations.



2. THE PALEY-WIENER THEOREM

Define the Hardy space H?(C;) of functions f as those functions which are ana-
lytic in the upper half-plane C; = {z € C: Imz > 0}, and whose L? norms along the

lines Imz = y (constant) are bounded, i.e.,

sup(/_o:o|f(x+iy)|2dx)l/2<oo (z,y € R).

y>0

Similarly, define its companion space H?(C.) as those functions which are analytic in
the lower half-plane C_ = {z € C: Imz < 0}, and

sup(/oo ]f(x+iy)|2dx>1/2<oo (z,y € R).

y<0 \J—oo

Functions f = f(z) which may be analytically extended to C4 or C_ are referred to
in signal analysis terminology as analytic signals. The Paley-Wiener theorem charac-

terizes precisely when a function belongs to H%(Cy) or H?(C-) (we prove the case for
H?*(C,) here)[4]:

(2.1) TuEOREM (PALEY-WIENER). F' € H?(C,) if and only if there exists ¢ € L*(R) with
é =0 on (—00,0) such that

F(z) = /O $(E)e?™e de. | (2.1)
Let us precede the proof of the theorem with the following lemma:

(2.2) LemMa. Given any 2o in Cy,

oo 2miws 2mizox l
o [ o= {e (= >0), (22)
2711 J=oo (w — 2p) 0 (z <0).

Proof. (a) Suppose z > 0. Let I'y = 44 U[—R, R], where the curve v, is given by
74+(0) = R(e?), 0 <0 < 7. Let g(w) = €*"*, Then g is analytic on C and

27izT
_1_/ 9(2) dz:—lf/ e &
2wt Jyy (2 — 20) 271 Jay (2 — 20)

1 © o2mi(Re)z; poif a0l < 1 fr|e2ri(Re®)z; peif
%/o (Re — zp) - 5-7;/0 (Re* — z)

do




1 m p—2nzRsind 1 r o—2nzRsiné
/e i /3———Rd9 (for R > 2|z))

— | —————df < —
~2rnJo |Re® —z| T 27w Jo R/2
— l /ﬂ. c-—27r:1:Rsin€ do = g /17/2 e—27ra:Rsin9 de.
T Jo T Jo
Observe now that sin@ > 26/ on [0,7/2], so
2 2rzR

4 /W/z e—27rstin9 do < _2_ /W/2 e—27r:z:R(20/7r) dd = 1__—6———— — 0
0 0

T T 2rx R

as R — oo. By the Cauchy integral formula, then

00 2miwe 0
_L/ € dw = _1_./ _9(w) dw
271 (w— 2p) 271 J—co (W — 20)
. 1 9(2)
Rl—rgo27rz(/ (z — 20) d +/ (z — 20) ) Revoo 274 ry (z — 20)

= ~1-,/F+ (_9“—612 (VR > |z|)

- 2mi z — 2p)

2mizoT

=g(z0) = e

(b) Suppose z < 0. Let I'_ = v~ U[-R,R] (R > 0), where the curve y_ is
given by 7_(0) = Re™®, 0 < 6 < 7. Again, let g(w) = e?™". Then g is analytic on
C. Notice first that zo € C; is always outside the curve I'_ and g is analytic, so by

/F_ ( ZQEZZ_O) dz = 0.

2mize
L ) e
2711 Jy- (2 — 20) 271 Jyv- (2 — z0)

1 x 2mi(Re~* )z ( _; p,—ib
__/ € ( 1Re )d0
271 Jo (Re=% — zp)

ezm(Re-“’)z(_iRe—io)

Cauchy’s theorem

So,

r o2mzRsinf
o< MR g

1 ™
<)
— 27 Jo

(Re™% — zp) = 21 Jo |Re ¥ — |
1 —'27r[.1:|Rsin0R
< — N—— > 2|z
o /3 d (for R > 2|z))

—0 as R— o

by part (a). Therefore,

0 2miwe 27izT 2mwizx
—1—/ ¢ dw = lim —~1—(/ e————dz—~/ ° dz)=0.
2 Jooo (W—20)  R—oo 2mi \JT_ (2 — 2) v (z — 20)

8




Hence,

1 /oo e27riw:l; J {621rizoz (.’II > O),
w =
0 (z ;

-2_7r; -0 (U)-—Zo)

proving the lemma. [ ]

Proof of theorem. Suppose there exists ¢ € L?(R) with ¢ = 0 on (—o0,0) such that

— o 2mi€z — o —2méy 2miéx

F(z)= [~ a(@e de = [~ ermesge)erien e,

where z = & + 1y € C;. To see that F' is analytic on Cj, we shall show that
lim F(z + z0) — F(z)

20—0 20

exists for all z € C4. So, choose any z € C, and observe that

i Pt 20) = F(z) _ o f5° ()P4 de — 52 g(¢)e™m de.

20—0 20 20—0 20

We can bring the limit inside the first integral by the dominated convergence theorem,

since

/0°° |6(€)e2me+20)) 4 < (/0“’ I6(E)[? d5>1/2(/000 |e21ri{(z+zo)|2d€) 1/2

= (/000 |¢(€)|2 d{) 1/2 (/000 |e_41r¢hu(z+zo)l d€>1/2

<oo  for |Imz| < Imz,

since ¢ € L*(R). Thus,

. F - F o 2miézg _ 1 )
2101—1,{}) (Z+ ZZZ (Z) =/D 2101_%(6 - >¢(€)62m£z df
_ /0 ~ omitd(€)e?™E de.

Hence, F' is analytic on C4. On the other hand, by Plancherel’s theorem,
[ IF@+ il de = [" e g do < [ 19w) do.
—o0 0 0
Thus, since ¢ € L*(R)

sup ]F(a:+iy)|2d:v§/()oo|¢(w)|2dw < oo.

y>0 J—o0

SO, F € H2(C+)




Now suppose F' € H%(C,). Define Fy by
Fy(z) = F(z+1b), b>0, z€C;.

First we wish to show that Fj satisfies

Fy(2) —L/oo Fo(@) 4, (2.3)

= 21 Joco (z—2)

To do this, we will select a function k, which approximates Fj, invoke Cauchy’s

integral formula for k,, and then show that this carries over to Fy. Fix b > 0, and

define k, by _
az

ko(z) =

/0 "Rz +2)dz (2.4)

a
for « > 0. Notice here that since Fj is continuous, lin(l) k.(z) = Fy(z). Let Ty and 74
a—

be as in the lemma above. By the Cauchy integral formula,

for all R. For any z € C;.,

_1_/ kalw) o

27 Jyy (u — 2)

ko(Re®)i Re'

(Re¥ — z) 9

1 T
<)
— 27 Jo

1 7 [ka(Re9)|R
< — LI ST b > .
< 27r/o g0 (o R22%)

Consequently,

L/ a(u) du

211 Jay (u — 2)

1 g .
< - 26 .
< W/O |ka( Re®)| dO

Now observe that

—aRsiné

|ka(Re™)| <

/0“ |Fy(Re® + z)| dx

«

e—aRsinB o 1/2 a Py ) 1/2 Ce—aRsinO

where C = sup||F3||, < oo. Thus
b>0

s

L . . /2
.1_/ Ika(Re’o)Ide < L/ e aRsinf db < 2C / e—aR(20/7r) 0
mJo 0 0

mol/? Toll?

C

:m(l—e_“R)—ﬁO as R — oo.

10



As a result,

= /_Z (‘I;aixz) dr.

To see that this result goes over to the Cauchy integral formula for F,, observe that

a=0J_o & — 2

. o ke
Fy(2) = lim ka(2) = hm/oo @) 4,

1 kol
= lim [/ ka(2) dr +/ () dw] (for all n)
a—0 27” lz|<n & — 2 lej>n & — 2
1 Fy(z) 1 ka(2)
T 2mi /|:L'|Sn r—2z ez + (111_1)% 2me /|x|>n r—z de

since ko is continuous on [—n,n]. To estimate the second term, note that

ka(z) 1 Y2 const.
< — d: <
Lo 2 e < o i) < 2Lyny,

—Zz z|>n I.I' — Z|2
But ||F3||, < oo for all 5> 0. Thus

Fy(z) = lim ( ! /I Fi(z) dr + lim L Fa(2) d:z:)

n—=00 \ 271 Jig|<n T — 2 a=0 212 J|z|>n & — 2

2m/ (z —2)

With this, the proof of the theorem is nearly complete. Observe that

b 27rz /oo u - Z / 27”(,” _ Z (/ Fb(f) 2miug df) du

_ /—o:o Fb ( e2miué du) dt = /0°° Fb(ﬁ)ezm‘gz dé

27rz (u— 2)

by Lemma (2.2). Consequently, setting z = x + ic € C4,
Fb(.’E + ZC) — / Fb(€)6—2ﬂ6062ri€$ df
0
Note now that for all b,¢ > 0,

ﬁb(é)e—%{c — /°° Fb(t)e_‘zﬂéce—‘zﬂti dt :/ Fb( ) —2ri(t— zcgdt

—00

11




- / " Fy(t + sc)em i gt = / T Frpo(t)e M dt = Fry(8).
Finally, set

2t
56 = {O R (€20),

(€ <0).

The previous result ensures that ¢ is independent of € > 0. So, for Rez > ¢,

/oo <15(5)62#1'52 dg — /°° Fe(f)e2r€c€27ri£z dé _ /°° Fs(g)ezm'ﬁ(z-—k) df
0 o A

= Fe(z - Zf) = F(Z)
To see that ¢ € L*(R), we note that

[ 180 de = tim [ e lo(e) dg

—lim [ e @(e)P dé = lim [ |Fy(€)]" d
b—0 Jo

b—0 Jo
:%irr& ~ |Fy(x)]? dx (by Plancherel)

< oo since F € H*Cy).

Hence, we have determined ¢ as desired, and the proof is complete.

By the same method of proof, the following analogous result holds:

(2.5) Tueorem. F' € H?(C_) if and only if there exists ¢ € L*(R) with ¢ =0 on (0, 00)

such that .
Fz)= [ o) de.

From Eqgs. (2.1) and (2.5) it follows immediately that
@) = HA(R)® H(R),
where Hi(R)={f: f = lirr(l)F(m +4y), 3F € H?(C4)}, and that
y—-?

[ @t = [T 1f@Pde+ [ 1@ de,

where

f(&) = ful@) + (@) = [ f@ede+ [ fepernt e,

12
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In the same vein, given any function f € L%(R) we are able to construct from it
a function F'in H*(C,) or H%(C_) by means of the Hilbert transform,

(Hf)(z) =PV f (2.9)
(o) CL’ -
This integral is a Cauchy principal value, by which we mean
PV - / — lim = / S 4
oo T — =0 T Jjg—y|>e T — ]
We proceed as follows: Define g, by
-1
y lyl > e,
(y) = 2.10
9:(y) {0 elsewhere, ( )

and note that .
e-—2my§

lim g.(¢) = lim dy
c-—+0g (f) e—0 |y|>( ]

L esin2ngy . [=26(Z)  (£>0)
=2 y dy_{zz(, (€ <0)

= —umsgn(§) (£ #0).

So,
)
( =PVe /oo.'E— d _lg%’ﬂ'/b—ybcm—de
=1l 1 L(f——) = lim —(f * x
= lim — P dy }_}M(f 9:)(z)
= lim ~(f(€)36))"(2) = ~(f(E)(~im)sam(6))(z),
and thus
(Hf)(z) = =i(f(&)sgn(9))" (). (2.11)
We see then by letting
LRl f=iHf (2.12)
2 2

that p,q € L*(R) and

a

F+(Z) == /—: ﬁ(é)ezﬂﬁz d{ — /_(: f(f) + féf)sgn(g) 62m’§z df

= [TH©emea e miey),
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while

F() = [ e = 7 LI e g

= [ Heeede e H¥(c.),

Up to this point, we have concentrated on the L? theory of the Fourier transform,
utilizing the fact that F maps L%(R) unitarily onto L*(R). Before moving on, we make
some remarks about L! theory: Let p and ¢ be conjugate exponents (% + % = 1) such

that 1 < p < 2. From the Hausdorff-Young inequality

1lls < 11F1s

one concludes that

F:IP®R) — LI(R).
For the case p = 1, the stronger result
F: L}R) — Co(R)
holds, where Cy(R) is the space of continuous bounded functions on R.
We now define the space H'(Cy) in the same fashion as we did H?*(Cy): Let

H'(C,) be the space of all functions F which are analytic in the upper half-planc C;,

and whose L' norms along the lines Imz = y (constant) are bounded, i.e.,

sup |F(z + iy)|dz < o0 (z,y €R).
y>0 J—o0

A function f € L!(R) is said to be an analytic L'-signal if f extends analytically to a
function F € H'(C,). We define the H'-norm of an analytic L'-signal to be

1Al =sup [ [F(a +iy)|da.
y>0 J—o0

where F is the unique analytic extension of f to H'(C, ). With these definitions we
have the following theorem, similar in content and proof to the more difficult half of

the Paley-Wiener theorem:

(2.13) TueoreM. If f is an analytic L'-signal, then

f = 0on(—00,0]. (2.13)

We also state the following results, due to Hardy, without proof:

14




(2.14) TueoreM. If f is an analytic L!-signal, then

00 . d .
[T1HOIF < il (2.10)()

and
o . deN1/2 .
([T170rF) " < callw (2.4)(i)

where Cy and C; are constants independent of f.

These results will be necessary in our discussion of the classical Mellin transform and

convolution in the next section.

So, via the Paley-Wiener theorem and the Hilbert transform, we seec what is
necessary to restrict the support of a function’s Fourier transform to the half-line. The
following section builds upon this notion as we move on to consider the composition

of the Fourier and Mellin transforms.
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3. THE K-TRANSFORM

(3.1) DerFiniTION. The K-transform is the composition
K=WMydM_)oF:LR)— L*(R)® L*(R) (3.1)

of the Fourier and Mellin transforms.

As K is the composition of unitary mappings, it too will be unitary and it will take
L*(R) onto L*(R) @ L?(R). There is an explicit expression for K as integral operator.
Set

K(z,t) = (2riz)~CmH/ID0 (274t 4 1/2). (3.2)

(3.3) TueEoREM. On L?(R) the K-transform is given by

Fi(t)= (MeDO) = [ @)K (et de, (3:3)(0)
and -
F_(t) = (M_f)(t) = /_ ~f@)K (~z,t)d; (3.3)(34)

furthermore, on L*(R) @ L*(R) the inverse K-transform is given by

f@) = [ ‘: Fi(t)K(z, 2 dt+ [ °; F_(t)K(—z,1) dt (3.3) did)

where in all cases K(x,t) is defined by (3.2).

Proof. In the right half-plane {z € C: Rez > 0} the I'-function is defined by [5]

I'(z) = s* /e " e EJE, (3.4)
0

u

where —7/2 < Arg(s) + 6 < 7/2, or Arg(s) + 6 = £7/2 and 0 < Rez < 1. We will

consider only the case where § = 0. Now by definition,

Fui) = (MO = [~ ([T sapemit ao) e ag

00
— 00

[ [ e

— 00
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The inner integral can be evaluated using the definition given above for the I'-function,

setting s = 2miz,u = ¢, and z = 27t + 1/2 (and 6 = 0, remember). For these choices

P(2rit +1/2) = @riz)™+1/2 [ T gristganith/: dé—f,
0
SO p
K(z,t) = (2miz)~CmH AT (2mit +1/2) = / T S _ﬁé
0
Thus
Fo(t) = / F(2)(2miz)"CmtID(2rit + 1/2) da
Similarly,
( ) (M :/ (/ f —27r1:v£d ) Em't—~1/2 dé
=/ (/ —27ria:§(_€)27rit—l/2 df) dr
/ (/ e27ria:£§27rit+l/2 _(?é) dr
£
Thus
=/ f(2)K(~2,1) dx.
To determine the inverse transforms, observe that
[((w,t) _ /Ooo e_2wim§€21rit+1/2 d{_é — /Ooo eZwim€€—27rit+1/2 d£_£ — 1((_‘,1:’ —t).
Thus
= [7 f@emtde = F o M3 0 Fi(o)
_/ (/ F+ €+2mt 1/2 dt) 2mizé dé
2mizé p—2mit41/2 S
_/ Pyt (/ izt é)dt.
Consequently,
file) :/°° Fr()K(~z,~tydt = [ Fy()K(z D d.
Similarly,

= [ et = F o M o P(2)

- /_ (; ( /_ Z F_(t)g=2mit12 dt) e2mint g

18




_[” F_(t) (/:o (ATisE (_g)=2rit=1/2 df) dt

_ o0 F_(t)</°° e—-21riz€€—27"“+1/2 i{) dt.
—00 [0} €
Consequently,
fo(z) = /°° F_()K(z, —t) dt = /°° F_()K(=z,1)dt .
This completes the proof. [ |

Using the asymptotic estimate

. . : 1
L(2rit + 1 ~ 27rthog(2mt+l/2)—2mt—1/2(1 )
(2mit +1/2) 2me + 12(2rit +1/2)

for the I'-function, we can derive a corresponding asymptotic estimate for the kernel
K = K(z,t):
K (z,t) = (2riz)~C+YD0(2n5t 4 1/2)

—(21rit+1/2)Log(27rix)e21ritLog(27rit+1/2)—27rit—1/2 (1 1 )
12(2mit + 1/2))

~\ 2me

But for z in C,
Log(z) = log|z| + i Arg(),

and so
e271'1ItLa_q(27r‘it+1/2) — e27r1't(log|21rit+1/2|+iArg(27rit+1/2))
— |27rit + 1/2|21rite-27rtA'rg(27rit+1/2)
while
—(2mit41/2)Log(2riz) __ _—(2mit+1/2)log|2nz| —(27it+1/2)i Arg(2niz)
€ =€ [
2mit+1/2
— ( 1 ) mit+1/ e7r2tsyn(at:)e—-ivrsgn(:z:)/4
27 |z|
Consequently,

1 2mit4+1/2 . .
) [2mit 4 1/2[2mt e imson(2)/4 (3.5)

K(z,t) ~ \/E(——-

2re|z|

e 1
nt(msgn(z)—2 Arg(2nit+1/2)) (1 )
X e 12(27it + 1/2)

Thus the asymptotic behavior of K depends critically on the sign of both z and ¢
because these will determine the boundedness of the exponential term. First, suppose
that > 0. Then

tl_i{ﬂ mt(msgn(z) — 2 Arg(2mit + 1/2)) = tlirglo nt(m — 2 Arg(2mit + 1/2))
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7 — 2arctan(47t) 87 /(1 + (4nt)?)

= li = li
Paress 1/nt Pt 1/xt?
8mit?
= lim —————— =1/2
A T e — /2

while

Jim nt(wsgn(z) — 2 Arg(2mit + 1/2)) = tliin nt(m — 2 Arg(2mit + 1/2))

= tlirglo —mt(r + 2 Arg(2mit + 1/2)) = —oo0,
since Arg(2mit 4+ 1/2) > 0 for all ¢t > 0. Now suppose that x < 0. In the same fashion

as above, we see
Jim rt(rsgn(z) — 2 Arg(2mit + 1/2)) = Jim mt(—m — 2 Arg(2mit + 1/2))
= lt1_1510 —nt(m + 2 Arg(2mit 4+ 1/2)) = —oo,
while
tléznoo wt(wsgn(z) — 2 Arg(2mit + 1/2)) = Jim mt(—m — 2 Arg(2mit + 1/2))
lim —7t(—7 + 2 Arg(2mit + 1/2)) = tlgg) wt(m — 2 Arg(2nit + 1/2)) = 1/2.

- t—+00

In particular, therefore, the term

ewt(r sgn(z)—2 Arg(2nit+1/2))

in the asymptotic estimate for K is a bounded function of # and ¢ and so K itself is

uniformly bounded in both z and ¢.

As the K-transform is less familiar than its individual components, some examples

will perhaps make its fundamental properties clearer.
(3.6) EXAMPLES.

(i) The K-transform sends dilation to modulation; that is,
My o F: a'*f(az) — a* (M f)(t) = a™Fy(2). (3.6)(2)
This result follows directly from Egs. (1.8) and (1.23), by which

M, o F :a'*f(az) — M+[#f<§>]

a
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— a21rz't(M+f~)(t) — a21r£tF+(t)_
The case for M_ o F is identical.

(ii) For the sinc-function,

sin 27z 1
-_._) _‘—_-———.
T 2mit +1/2

This result follows by direct calculation. Letting x be the characteristic function on

the interval [-1,1], we obtain

sin 2wz

MioF: — M [x(6)]

Tr

= [ mit=1/2 g0 ! 2mit-1/2 4
| x@grrag = [ eme1ae
{'21rit+1/2
T omit+1/2
Again, M_ o F follows identically.

1 1
o 2mit+1/2

(iii) For the Poisson kernel,

MyoF: l( ! ) — T(2mit + 1/2). (3.6)(i4)

w\1l+ z2

Here we reference Eqs (1.12)(4) and (1.27), by which

1/ 1 _ .
M, o F: ;(1+$2) s My [ = T(2mit + 1/2).

Once more, the same follows for M_ o F.

(iv) For the normalized Gaussian with mean b and variance a,

1 2792 —2mib¢ 2
MyoF: e~(@=b)*/2a% __, M+[e F(em®'1%%) (by Eq. (1.6))
av/2r av/ 2w
e—21ribf 2 . )
=M, \/é_f(e'”‘”/“m )] = M [e72me=m VI (by Bq. (1.8))
aV/2n

— M+ [e—%(2a7r)2£2—-2m'b§] )

Now we substitute directly into Eq. (1.28) with a = %(27ra)2,,8 = 2mib, and s =
2mit + 1/2 to obtain
s 1 —b°

-3 (2ma)22—2mibg) _ - (ib/2a)22—s/2 -(ib/za)qu -
Myle? = (2na)™T(s)e e (55 37

)
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s 1 —b?

= 2—3/2(2M)_3F(3)‘1’('2‘, 7 2—(12‘)-
Note that we may rewrite this result as
_p2
Fy(t) = 27D K (—ja, t)U(mit + 1/4, 553

To determine M_ o F, we utilize the identity M [¢(—E)] = M_¢, so substituting
& = —¢ above yields

F_(t) = M [em72am) (€ +2mibt’] - 2_5/2(271’(1)_3{‘(3)\1/(%, 5 —) = Fy(t).

In Eq. (3.6)(i) we observe the critical property that the K-transform sends scaling
to modulation. Let’s investigate the action of K upon translation (regarding now only

the case of M o F):
Mo F s flo+a) — My(e58f) = [T st fle)eme V2 de.

Representing f by the inverse Mellin transform of Fy (where Fy = (M o F)f), this

expression becomes

Mo ) o) — [ ([

—00

F+(S)€—2m's—1/2 dS) €2vrit——1/2 df
If Fubini’s theorem is applicable here, one obtains the result
(MyoF): fotz)— [ F+(s)( [ ettt d{) ds.
—00 0

Without further restrictions on F,, the inner integral is singular and so only converges
for 0 < Re(27i(t — s)) < 1 (see Eq. 3.4), which is not the case here since s,t € R.
But if, for instance, Fy = K f where f is an analytic L-signal, then f(O) = 0 and the
singularity of the inner integral may be compensated for. If we interpret this integral

formally as a gamma function, we then have a kernel 7; given by
T.(s) = (—2miz)~2T(21is)
such that
(My0F): flo+3) — [ Fi()Talt = s)ds = Tox Fy. (3.7)

We observe that the term ¢27(t-2)=1 is suggestive of the kernel of the classical Mellin

transform

m(t) = Mo(—2rit) = [ p(e)¢ " de (3.8)
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with inversion formula

8 = [ mpye . (39)

- 00

Notice that IMm¢ exists if

1@ <o,

which is precisely Eq. (2.14)(:) when ¢ = f and f is an L'-analytic signal. This
classical Mellin transform turns out to be a nice setting in which to look at convolution
with respect to the K-transform. If f and g are L'-analytic, then their convolution is

also L'-analytic. Defining & = 9t o F, we obtain the interesting result
&(f *g) = Mo F(f +g) = m(f§)
- m( / Z o f (w) €2 du /_ : MG (v)E2m dv)
- m( " / o f(w)mg(v) 20+ dudv)

=m /:: (‘/—o:o mf (w)Mmg(v — u) du)fz’ri” dv)

consequently,
R: fxg— Af * Ag. (3.10)

In other words, & sends convolution to convolution. By the same argument, one

deduces the similar result for :

K(f * 9)(t) = (Kf * Kg)(t - 5L). (3.11)

This framework with convolution and the &-transform is tied in directly with Altes’
pursuit of a signal representation which is independent of time shift and scale change.[6)
Let f and g be analytic signals such that f,g € L'(R) N L%(R). Recall that f*(x) =
f(=z). By the Paley-Wiener theorem, if a function A = h(z) is in H2Z(R), then
h* € H(R) since conjugation does not effect Fh supported only on (0, 00) or (—oc, 0).
Observe that

g — ([T FOerra) = [T feoena,

thus
g fr— (&f)". (3.12)
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From Eq. (3.10), then,
R:fxg" — A&f * (Rg)". (3.13)

Altes presents the “|F|?—|m|? transform” (denoted here by &) to be the magnitude-

squared (classical) Mellin transform of a signal’s energy density spectrum [6]; that is

of = (17 1P)[ = | [ 1ftere e def

This idea arises in the context of work to model mammalian hearing. The purpose of
such a transform is to “wipe out” time shift and scale change in a signal, utilizing the
properties that |F f] is invariant under translation of f and |M@| is invariant under
dilation of ¢. We have in fact captured this transform in a more general setting with

the #-transform, since
—\ 2 .
o (FfFg)| = |mo F(f *g")2 = [8(f + g*)|* = |&f * (29)"[*.
(Altes’ transform is the special case f = g.)

We note here that Altes, in the same paper, presents one other slightly more
complicated transform involving composition of the Fourier and Mellin transforms
(the “F — transform”), which preserves some phase information (unlike the |F|* —
|2m|? transform). It may be of interest to see if this second transformation may be
interpreted in the context of the X and & transforms. We leave this question as an
open problem at present. Now our interests turn to the wavelet transform and the
Wigner-Ville distribution, as we attempt in the next section to incorporate these two

concepts with the K-transform.
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4. WAVELETS AND WIGNER-VILLE

We have so far seen an introduction to the Fourier and Mellin tranforms, some
basic properties of each, and the presentation of the K-transform as a composition
of these first two. Now let’s investigate how this all might be tied in with wavelet
analysis and the Wigner-Ville distribution. First, recall that the Gabor transform

(or short-time Fourier transform) is defined by the mapping

f— 5,068 = [ f@)le e da, (4.1)

sending the signal f into a two-dimensional function living in the time-frequency
plane (t,£).[7] The basic idea of the Gabor transform is that if you want to know the
particular time at which particular frequencies exist in a signal, then look at a small
piece of the signal around the desired time ¢ and take its Fourier transform.[8] Many
properties of the Fourier transform carry over to the Gabor transform; however, the
analysis here depends critically on the choice of the window g (when Gabor introduced
this transform, the special case he considered was a Gaussian window).[7] Given a
window function g(t), define its bandwidth A¢ by
C (ener )

Al = A ,
¢ D

where the square of the denominator is the energy of g(t). Two sinusoids will be
discriminated in frequency only if they are more than A¢ apart.[7] Thus A¢ is referred
to as the frequency resolution of the short-time Fourier transform analysis with window

g. Similarly, define the “time spread” At of g(t) by

(22, g dt)"”
”9”2

At =

)

where once again the square of the denominator is the energy of ¢g(¢). Two pulses will
be discriminated in time only if they are more than At apart.[7] So, At is referred to
as the time resolution of this same analysis with window ¢g. Now, by the Heisenberg
uncertainty principle, the product AtA¢ of time resolution and frequency resolution is
bounded below, so one may attain either arbitrarily good time or frequency resolution,
but not both. Ouce the selection of ¢ has been made, the resolution over all time and
frequency is fized. Therefore, an alternative to the Gabor transform is necessary if we

desire varying levels of resolution in the analysis of a given signal. Recently, wavelet
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analysis has been presented as one such alternative. So, let us introduce at this point

the idea of a “wavelet”:

We shall speak of a function 3 in L*(R) as being normalized and wavelike if

O verw, ) [Wert=1 cem. @2

By “wavelike,” we are actually referring to the characteristic that ¢ has average zero;
that is
$(0) = [ wle)de =0,

But ¢ € L'(R) implies that 1) is continuous, so the existence of the integral in (4.2)(i)
is enough to ensure that w(O) = (. This prompts the following definition.

(4.3) DeFiNiTION. When ¥ is a normalized, wavelike function in L'(R), the mapping

f— Tyf(r,z) = 1/2/ flo ( )dv (4.3)(3)

is called the continuous wavelet transform, while

dzd
) ZT (4.3)(i7)

Tof — S0 = [ [ SaTufap (=

is called the inverse continuous wavelet transform.

The critical idea here is this: We devise a ¥ with wavelike properties (fulfilling
a role much like the complex exponential in the Gabor transform), but then we in-
tegrate translations and dilations of this function against the signal to be analyzed.

Resultingly, we obtain varying levels of resolution as r ranges over R.

Now, the Gabor transform and its properties are very well known. One very

important idea associated with it is the Wigner-Ville distribution. Define the

“voice transform” Vy, to be
Vialp.0) = [ 0+ plal)ee el g, (4.4)

By a simple change of variables, we observe

Viaia) = [ (0 -+ plalo)er 4/ dy
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[ S+ Do Dyerrn, (4.5)

which is also referred to as the cross amblgmty function of f and g¢. It is worth

noting here the relationship between V;, and S, f:

Vislpa) = [ 50+ gl o/

= /°° f(v)g(v ___p)627ri(v—P/2)q dv = e-m'pq /°° f(v)mezrivq dv
= "8, f(p, ~q)-

We obtain the Wigner-Ville distribution, Wy ,, by taking the two-dimensional

Fourier transform of V; ,[8]:

Wiala, &)= [ /.oo Vra(p @)™ 09 dgdp

= [7 sa+ Dygle - Byeree g, (4.6)

This distribution has been studied extenswely and has served as the prototype of
all time-frequency distributions.[9] Our goal is to carry over this idea to the wavelet

transform. We take the following approach:

Represent the Heisenberg group, H, associated with R as the group of matrices

of the following form

1 =z €& 2s
0 1 0
H= ¢ rz,, s ER Y . (4.7)
0 0 1 -z
0 0 0 1

For ease of notation, we express the group elements by

1 =z €& 2s
@es~ | o 0 (45)
z,€,8) ~ , .8
Y 00 1 -z
0 0 0 1
so matrix multiplication corresponds to the group operation
(2,6,9).(y,m,t) = (& +y, £+ 7,5+t + (2n — y§)) - (4.9)
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It is quickly verified that H is in fact a group, with element inverses given by

(maf’s)_l = (_xv_fa _3)- (410)

Now we introduce the Schrédinger representation 7 of H, which is a representation

extending to H the basic operations
7(z,0,0): f(v) — f(v+2) (z € R), (4.11)

and

7(0,€,0) : f(v) — €™ f(v)  (£ER). (1.12)
These are the operations of translation and modulation which underlie the Euclidean

Fourier transform. Now, since
(z,0,0).(0,£,0).(z,0,0)7".(0,£,0)™" = (0,0, z¢) ,

conditions (4.11) and (4.12) completely determine 7 on the subgroup Z = {(0,0, s)
s € R} of H; indeed, a simple calculation shows that

7(0,0,z¢) : f(v) — " f(v) ,
and so, in general,
m(z,&,8)f(v) = W(O,{,s + %x&)w(x,0,0)f(v)
= 71'(0,0, s+ %xf)w(O,f,O)f(v +z)= ez”ise2”i(“5+%x5)f(v + ). (4.13)
Notice that this representation is well-suited to express the Voice transform, since

Vf,g D, q / f(v +p ( Je 2mi(va+pe/2) g,

= [ 7(p,0,0f()g(0]dv. (4.14)

Likewise, the Gabor transform may be represented by
e o pPq N P
Sof(p, =) = € Viy(p0) = [ 7(p.q, BN 00T, (115)

In the very same fashion, we represent the affine group, A, associated with R as a

group of matrices of the following form

1 =z 0 0
0 0 0
A= " rz,r ER,r >0 . (4.16)
0 0 1/r —z/r
0 0 0 1
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Again, we simplify notation by expressing the group elements by

1 z 0 0
0 r O 0
,T) ~ . 4.17
(=) 0 0 1/r —z/r (417)
0 0 O 1

The more common (and indeed simpler) way to represent this group is with 2 x 2

e~y ]

but it is a simple task to show that these are equivalent, and the form in Eq. (4.17)

matrices, so that

1s more appropriate for our purposes here. Matrix multiplication corresponds to the

group operation

(2,7).(y,p) = (pz +y,7p). (4.18)
The element inverses in 4 are given by
(z,7)"! = (—z/r,1/r). (4.19)

Let us now incorporate the Heisenberg and affine groups into a single representation,
and expand the 7 representation so as to include the wavelet transform. Introduce
the affine-Heisenberg group, G, of which both the affine and Heisenberg groups
are subgroups by letting

1 = ¢ 2s
0 r ré

g = 0 0 1r —afr c, 6,8 TER, T>0) . (4.20)
0 0 0 1

Once more, it will be notationally convenient to write (z,£,s,r) for an element of
G instead of its matrix realization. With this notation, the group operation on G

becomes

(z,&,8,7).(y, 1,1, p) = (pw +y, E/p+n, s+t+3(pan —yé/p), rp).  (4.21)
We extend the 7 representation from the Heisenberg group to G by the operation
7(0,0,0,7) : f(v) — r'/2f(rv) (r>0). (4.22)

Consequently, when we combine Eq. (4.22) with Egs. (4.11) and (4.12), we determine
7 on all of G to be

W(x,f,s,r) . f(’l)) N r1/2621ri5627ri(rv£+%xf)f(rv + .'II) ] (423)
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To verify that 7 is in fact a well-defined representation on G, observe that

. . l
m(@, & 5,7) (7(y,,4,0)f(v)) = 7(,&, 5,7)p 22tV gy 4 y)

— ,rl/zpl/2627ri(s+t)e21ri(rv£+%xé)627ri(p(rv+z)n+%yn)f(p(rv + .’II) + y).

On the other hand,
7((2,&5,7).(y,1:,9)) £ (v)
=(pz+y, &/p+n, s+t+Lpen —yé/p), p)f(v)
= (rp)1/2e21ri(s+t+%(pwn—yﬁ//)))e2ri(rpv(€/p+n)+%(px+y)(£/p+n))f(rpv + pz +v)

— 7_1/2pl/2e27ri(s+t)e27ri(rv£+%xﬁ) 2mi(p(ruta)n+ 3 yn)f( (rv + .L") + y)

Hence, 7(2,&,5,7) (n(y,m,t,0)f(v)) = 7((z,£,5,7)-(y,1,1, 9)) /().
Now we finally have a representation which puts the Gabor and wavelet trans-
forms “under one roof,” so to speak. Observe that in the case s = B andr =1, G

reduces to the Heisenberg group and by Eq. (4.15) the Gabor transform is represented

as
Syf(p, =) = [ 7(p,0, 5L, 0)7(v)g(0) do.
On the other hand, letting £ = 0 and s = 0, we obtaln

/ © 1(2,0,0,7) f(0)B(0) dv = r1/? /_ °:o frv + 2)P(0) dv

=r1/2/ fv ( )dv_T¢f(rx)

which gives us a representation of the wavelet transform.

So, let us refer back to the Wigner-Ville distribution and try to find some analo-

gous setting in the wavelet domain. Recall that
Wia(2,6) = F(Via(p,0)) = ([ 7(9,,0,0)f ()01 o),

where F here denotes the two-dimensional Fourier transform on R?. In this case, V},
takes signal f and window g¢ to a function on the plane {(p, ¢q) : p,q € R}. The group
structure with regard to both variables p and ¢ is additive, hence F is the “natural”
transform to apply to Vy,.

Now consider
oo

Tyf ()= [ w(2,0,0,r)f()(v) dv.

—00
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Here Ty f takes signal f and wavelet ¢ to a function on the upper half-plane {(r,z) :
r,z € R,r > 0}. But we observe that r plays a scaling role here, and hence the group
structure with regard to this variable is multiplicative. As we have seen, the action of
the Mellin transform on the multiplicative group is analogous to that of the Fourier
transform on the additive group. This leads us to consider the effects of the Mellin

transform on the scale variable in Ty f (we will utilize both 9m and M here):

Let f and 9 be in H?(R). Then

o : T¢f——>/ (/ (2,0,0,r)f(v) (v)dv)r"z””_l dr

= / (/ 1/2f (rv+ :c)——(v_)dv po2mit=l gy

By Parseval’s theorem, and since f,3 € Hi(R),

/ooo (/_o:o r2f(ro + 2)ip(v) dv)r'"“‘l dr

- /0°°( /0 ° =172 2ris(E/) f( )¢(£) df) _szi

Now we change the order of integration and make the variable change u = £/r to

[ e ()i e &
_/00(/00 iz )1/2A ( )27rztdu)¢(§)d€
_ (/0 w(é)g—-%ﬂ't—lﬂ d{) (/0 e27ria:uf(u)u27riz—1/2 du)

= Ko(t)(T. =K f)(2)
(since K = M o F for functions in HZ(R)). Thus,

obtain

m: Ty f — (K)(T * Kf). (4.24)

This result is of particular interest for at least two reasons. First, notice that
taking the Mellin transform with respect to the scale variable in Ty f allows us to
“factor out” the wavelet transform, i.e., M(Ty f) is a product of a transform of 3 with
a transform of f. Second, Eq. (4.24) allows a representation of Ty, f which is entirely
analogous to the standard representation of the Wigner-Ville distribution. Indeed,

taking the Fourier transform of the voice transform V; , with respect to both variables
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we obtained the Wigner-Ville distribution, most commonly written, as in Eq. (4.6),

as

Wis(@,6) = [ fla+Hgla - B)eeap. (4.25)

Analogously, taking the Mellin transform with respect to the scale variable and the
Fourier transform with respect to the shift variable of the wavelet transform T,.f we

obtain
Fxm:Tyf —>/ (T, f)(t, 2)e 2" do

= [ (T KAORD(H)e ™ da

—0

= (/::(Tz * K f)(t)e 2miet dm)@(t)

Because this mapping is exactly the affine analogue of the Wigner-Ville distribution,
we shall call the function

Wia(t,€) = ([ (T e K™= da ) K1) (4.26)
the affine Wigner-Ville distribution of f and .

Previous attempts at affine versions of the Wigner-Ville distribution have been
made by Altes[10], Flandrin [11], and Parks and Shenoy [8], but none utilize the
K-transform. What we have done is begin an analysis of the K-transform in a setting
which unifies both the Gabor transform and the wavelet transform. Its application to
this unified setting, and its suitability to the work of Altes mentioned in the previous
section, indicate that the K-transform, as the composition of Fourier and Mellin
transforms, is perhaps a worthwhile topic for further investigation. In fact, it appears
this transformation may be an underlying element in the realm of wavelets and other
such methods of time-scale analysis; as these areas are further pursued so might also

the K-transform be more thoroughly considered.
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