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ABSTRACT 

Some of the environmental factors which affect the structural performance 

of composite materials are discussed.   Various possible mechanisms of 

environmental factors are examined, together with relevant experimental data. 

Finally, an analytical approach for predicting environmental effects, based on 

rate theory, is considered. 
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SECTION I 

INTRODUCTION 

The superior strength and stiffness of composite materials are often com- 

promised in their structural usage by the uncertainty of the material behavior 

under cyclic and impact loading and various environmental factors, e.g., 

exposure to water, water vapor or other corrosive environments, change in 

temperature, and long-term physical and chemical stability.   Since reliable 

theory and experimental data are practically nonexistent, superior properties of 

composite materials are severely penalized by the use of unusually large margins 

of safety in actual design,     Thus, the immediate future of composite materials 

as a class of engineering materials may depend more on improved reliability of 

present-day composites than on the production of new composites.   Universal 

acceptance of composites as high performance materials will depend very much 

on the confidence of the designer and user of the materials.   Until the degradation 

of composite materials by various environmental factors is better understood 

so that corrective measures can be taken, the true potential of such materials 
cannot be realized. 

The apparent causes of degradation may involve several factors: 

1. Loss of strength of the reinforcing fibers by a stress-corrosion 
mechanism. 

2. Degradation of the fiber-matrix interface resulting inloss of 
adhesion and interfacial bond strength. 

3. Permeability of the matrix material to corrosive agents, such as 
water vapor, which affects both 1 and 2 above. 

4. Normal viscoelastic dependence of matrix modulus and strength on 
time and temperature. 

5. Accelerated degradation from the combined action of temperature 

and moisture.   As a result of these environmental factors, the utility of 

composite materials is terminated when the stiffness is reduced sufficiently 

to cause structural instability, and/or failure or rupture of the material is 
induced. 
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SECTION II 

MATHEMATICAL FRAMEWORK 

Before each of the environmental factors is examined in detail, it may be 

useful to define a general framework through which the relevance of the 

environmental factors to the structural  performance of composite materials 

can be properly established.   One important characteristic of composite 

materials is their macroscopic anisotropy.   The properties measured in the 

longitudinal direction of a unidirectional composite are, in general, quite 

different from those in the transverse direction.   Any attempt at understanding 

the effect of environmental factors must take into account the inherent anisotropy 

of the composite.   One theory which has been found experimentally to yield 

reasonably accurate strength prediction is Hill's criterion for orthotropic 

materials (References 1 and 2).   For two-dimensional orthotropic bodies, this 

theory states that the strength depends on three principal strengths, viz., the 

longitudinal, transverse, and shear strengths.   Degradation of the principal 

strengths  by a given environmental factor will not be to the same degree, 

e g , stress corrosion of fibers will probably degrade the longitudinal strength 

more than the transverse and shear strengths on a percentage basis, and 

"plasticization" of the matrix will probably affect the transverse and shear 

strengths more than the longitudinal strength.   Thus, a crucial question from a 

designer's viewpoint is how to assess the environmental factors on the total 

Performance of the composite materials, which, in the most common configuration 

are in the form of laminated anisotropic bodies.   A large reduction of the 

longitudinal strength alone may or may not have significance effects on the total 

performance of the composite.   This points toward the need of a mathematical 

framework into which theoretical and experimental efforts can be properly 

integrated. A great deal of existing work on the environmental effects has been 

concerned with segmented problem areas, and it is difficult to assess their 

relevance to the total performance of composites. 

Although current mechanics theory of composites has not provided a 

reasonably realistic yet tractable mathematical model of the general process 

of degradation, the need for a consistent framework should be fully appreciated. 
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The elastic properties of composite materials can be conveniently divided into 

micro and macromechanics.   Micromechanics study takes into account the local 

heterogeneity, which reduces the study to the problem of multiple isotropic 

inclusions, whereas macromechanics study is concerned with quasi-homogeneous 

anisotropic layered media. The bridge between micro and macromechanics is the 

unidirectional layer. 

A similar approach of micro and macromechanics for the study of environ- 

mental factors should be adopted.   Basically, the behavior of a unidirectional 

composite is orthotropic and can thus be described by four principal elastic 

constants and three principal strengths.   The number of the elastic constants 

is exact in the mathematical sense but that of the principal strengths is only 

approximate and depends on the theory used. It should be fruitful to describe 

the environmental interaction in terms of the degradation of the orthotropic 

elastic constants and strengths. 
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SECTION III 

FIBER STRENGTH 

In principle, the strength of materials is limited by the magnitude of the 

forces that bind atoms together.   In practice, the "strength" of most solids is 

determined or limited by imperfections or flaws. In glasses and other 

amorphous solids, the important imperfections are surface cracks or other 

flaws that grow under the influence of stress and chemical attack. It is common 

experimental knowledge that, when subjected to appropriate environments, 

many hard amorphous or crystalline solids exhibit a type of failure in which 

the strength is markedly  influenced by the time during which the load is 

applied.   For example, it is a known fact that humid atmospheres reduce the 

breaking strength of silicate glasses,   and that the strength of many plastics 

is impaired when immersed in detergent solutions and solvents. 

Since breaking stresses are generally small in comparison with the 

theoretical limits, the failure phenomena must include reference to defects 

or flaws, and since failure is time dependent, it is natural to conclude that the 

defects are subject to change during the test.   For example, the strength of 

silicate glasses is notably sensitive to abrasion,   and it is generally accepted 

that surface flaws are controlling influences. Most workers have found it 

logical to assume that delayed failure under constant load is caused by the 

growth of these flaws, under the influence of a reactive environment, to a 

critical size at which the stress concentration at the most critical flaw is 

sufficient for spontaneous failure.   The occurrence of fracture depends, 

therefore, on the state of the material.   If there is a flaw of sufficient 

dimensions, which depends on the state of stress and  the bulk properties of 

the material, prompt fracture is certain;   and if there is no such flaw, the 

sample is sure to survive until a flaw qualifies through flaw growth, stress 

increase, or time dependent changes in bulk properties. 

In general, details of stress corrosion mechanisms for different materials 

and environments are not well understood. However, all systems have similar 



AFML-TR-67-423 

attributes or consequences: 

1. In inert environments or at low temperatures, where the reaction 

rate of corrosion processes should be negligibly slow, the breaking strengths of 

materials become independent of the duration of load and always reach a 

relatively high value. 

2. Equivalently high strengths are observed if the loading rate is rapid 

with respect to the reaction rate. 

3. Exposing these materials to reactive environments before, but not 

during a test generally has little effect on test results, suggesting that the 

corrosion rate is accelerated by the stress. 

4. Exposure of these materials to reactive environments during a test 

leads to delayed rupture at strengths substantially reduced with respect to 

comments 1 and 3 above. 

5. There is a continuous influence of temperature on the relationship 

between the time of loading and the failure stress. In general, a continuous loss 

of strength occurs with increasing temperatures. 

Thus, the usage of brittle high strength fibrous materials is limited by a 

time dependent distribution of flaw sizes. If only strength degradation of fibers 

occurs in a fibrous composite, the longitudinal strength of a unidirectional 

composite will be seriously affected, but there will be only a slight alternation 

of the transverse and shear strengths. 

It is not suprising to discover that the coating of fibers or their incorporation 

into a matrix provides a means of exploiting the properties of these high 

strength reinforcement materials, for the coating or "coupling agent" acts to 

protect the fibers from abrasion or other sources of surface flaws during 

fabrication as well as providing, along with the matrix, a barrier between the 

aggressive environment  and the reinforcement.   High strength reinforcements 

are also developed with specific efforts devoted to achieving a chemical com- 

position which is inert with respect to the anticipated service environment. 

Extensive data on the effect of water or water vapor on glass-reinforced 

composites are available and will not be covered here.   Typical results for a 
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glass-epoxy composite have been reported by Boiler (Reference 3) and are 

shown in Figure 1.    In these experiments the unidirectional composites 

were under a constant uniaxial stress at constant temperatures in a water 

environment as indicated in Figure 1.    We found that relative humidity and 

water immersion experiments lead to a continuous loss of strength with 

increasing time, the rate of strength loss being greatly accelerated by the 

immersion experiments. It is tempting to suggest that the total immersion 

curve represents the extremely long time asymptote for the humid aging 

environment characterizing the interaction between water-silica glass, time, 

and stress. However, such a simple correlation must be tempered with the 

knowledge that excessive absorption of water in the matrix induces a mechanical 

damage to the matrix which may or may not be realized in long term exposures 

to outer atmospheres containing reduced concentrations of water vapor. This 

point is discussed in more detail in a later section. 

Results of water-boil tests of boron-epoxy (Narmco 5505) composites were 

reported by General Dynamics/Fort WorthODivision (Reference 4).   After 

boiling in tap water for two hours, the longitudinal strength of the unidirectional 

composite  was degraded by a maximum of 6%. Presumably, degradation of 

longitudinal strength of boron-epoxy composites in humid atmospheres will be 

substantially less than glass-epoxy systems; however, further data are needed., 

Qualitative information regarding the importance of the stress-corrosion 

process can be obtained through measurements of the time dependent 

longitudinal strength and stiffness, but other factors also influence the  test 

data so that it is rather difficult to obtain quantitative information. Detailed 

investigations will require the examination of relationships of relative humidity 

or water concentration in the composite with the "time to rupture" at a 

particular value of the stress, and how the experimental variables change with 

a change in temperature.   It is an obvious experimental fact that the failure 

of these systems is strongly influenced by a time-dependent stress-corrosion 

phenomenon. 
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SECTION IV 

INTERFACE 

Degradation of composite properties due to environmental effects may be 

attributed to the loss of adhesion and bond strength at the fiber-matrix interface. 

It has been shown that the passage of water along the interface is at a rate 

much higher than permeation through the matrix in a glass-epoxy laminate. 

If passage of water destroys the interfacial bond, this would result in some 

form of degradation in the composite properties.   Studies of interfacial bonds 

are rather crude at the present time but we do have some qualitative information: 

a) the addition of coupling agents promoting adhesion between phases results 

in a slight increase in longitudinal stiffness and strength when tested in the 

dry state; and b) when tested under wet conditions the untreated fibrous com- 

posites posses low strength which increases strongly with coating agent 

concentration until the "dry" strength is approached. 

Failure of the interface bond is termed dewetting.   Although this 

phenomenon has been observed for some time in the study of reinforced 

elastomers and solid rocket motors, it cannot be predicted analytically with any 

reliability.   The "interfacial strength" may be easier to determine experimentally 

from the transverse and shear properties of a unidirectional composite than the 

longitudinal properties. Again, the intrusion of "environmental" factors will 

greatly affect the analysis because the variability of the interface properties 

will depend upon the time scale of observation. 
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SECTION V 

MATRIX EFFECTS 

A.     IRREVERSIBLE TEMPERATURE EFFECTS 

In many instances of military engineering interest, composite systems will 

be exposed to excessive temperatures for varying periods of time.   In general, 

organic matrix materials are unstable with respect to increased temperature and 

undergo a chemical breakdown which we shall denote as thermal degradation. 

If the degradation reactions persist for a sufficient length of time or if they are 

sufficiently rapid, then there will occur enough chemical degradation to cause 

the matrix material to vaporize.   Of course such drastic events compromise 

the mechanical integrity of the composite system and provide an upper bound 

on temperature in materials technology.   One semiquantitative procedure to 

follow and characterize the degradation    process is the measure of the amount 

of volatiles given off by the material as a function of time and temperature or 

simply to record the weight loss as a function of time and temperature. Such 

data (Reference 3) are shown in Figure 2 for a phenolic-glass system.   At all 

temperatures of 300° F and above, decomposition of the matrix is occurring at 

a "rate" which is uniformly accelerated with increasing temperature. If the 

weight loss curves are shifted relative to each other along the log t axis, the 

curves overlap so as to form a single smooth curve, Figure 3.   The shift 

distances along the log time scale are denoted by the symbolism log an. In 

Figure 3, the data was shifted (Reference 5) to the 300° F curve and one can 

readily see that the data obtained at different temperatures defines a composite 

curve representative of the decomposition process.   Hence, it appears that a 

time-temperature superposition applies to this type of data. 

It is expected that a temperature-time superposition will be valid in any 

rate process for which the temperature influences only the rate constant k. 

In such a case the process under consideration will be a function of the product 

kt, where t is the time for which the process has been going on.   Even when the 

temperature enters the mathematical function describing the behavior in a more 

complicated way than this, it is still usually true that the major temperature 

dependence is through the rate constant.   If k   is called the rate constant at the 
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at the reference temperature (i.e., the temperature for the data to which 

the other data are shifted; in our case, 300°F) and k the rate constant 

at any other temperature, then log (k/kQ) is the amount by which the data must 

be shifted along the log t axis, our log aD«   The values of log aD or log (k/kQ) 

are often plotted against reciprocal  temperature with the following interpretation. 

If the rate constant takes the form 

k   = Aexp(-AH/RT) (l) 

then the ratio of the change in rate constants for temperatures T and TQ is 

written 

log (k/ko)=.ogaD=- -^JL. (1 - I  > (2) 

where  AH is the activation energy and R is the gas constant.   Thus, a plot of 

log an against 1/T should give rise to a straight line of slope   AH/2.303R. 

In Figure 4 a plot of this nature has been constructed (Reference 5) from the 

data of Figure 3, from which an apparent activation energy of 7. 85 K cal/mole 

was computed.   This activation energy is considered to be of the proper order 

of magnitude for the process involved. 

Returning to Figure 3 we see that the experimental data can be approximated 

by either 

w(t) -w(<P) 

\* (o) - w(oo) 
I - exp(-kt) 

or (3) 

w(t)-wtCD)    ;|,exp(.kt2) 
w(o) - W(CO) 

where w (t) is percent weight loss at time t, w (» ) at infinite time, in this 

case 37%, and w (o) is condition at t - o, or zero.   Figure 3 clearly shows that 

exposure of this phenolic-glass composite to 300° F for times in excess of 

values between 5. 0 x 103 and 10   hours leads to a significant change in matrix 

properties through thermal decomposition.   If one now wishes to estimate the 

extent of degradation  at 500° F, one simply shifts the entire master curve of 

Figure 3 to the left by two decades and so on. 
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Now, if matrix decomposition occurs, this must ultimately lead to a loss in 

stiffness and strength which would parallel the loss of the matrix integrity. In 

fact, Boiler has obtained data in tension, compression, and flexure for the 

phenolic-glass composite samples which were soaked at the same temperatures 

presented in Figure 2 for different periods of time.   The data generally shows the 

same trends as those presented in Figure 2. If there is a deterministic relation- 

ship between matrix decomposition and mechanical response, then the data can 

be shifted by the same log a„ values evaluated in Figure 4 to obtain master 

curves of stiffness and strength loss.   The results are shown in Figure 5, where 

one can also see that the mechanical property loss is following the same rate 
2 

law, exp (-kt ), as the decomposition reaction.   Also illustrated in Figure 5 is the 

proportionality between the loss of modulus and the parallel loss in strength or 

a (t) c-  0.01 E{t) (4) 

Thus it appears that ultimately rather simple deterministic relations between 

thermal stability and matrix modulus to predict composite stiffness can be 

developed, and in turn, a cause-effect relationship between the time-temperature 

dependent stiffness and the "strength" of the composite.   Hopefully, then there 

would evolve a continuous theory going from the physical chemistry of composite 

materials to the mechanical response of a structural unit. 

We may further reinforce the ideas presented here by considering some data 

obtained by Stevens (Reference 6) in fatigue experiments conducted at different 

temperatures.   Figure 6 represents experimental results for a phenolic-glass 

composite.   These results are typical for this type of experiment.   An increase 

in temperature clearly accelerates the rate of fatigue damage imparted at a 

given stress level.   For example, a maximum stress of 20, 000 psi gives 

instantaneous rupture at 800° F, rupture after 250 cycles at 500° F, after 

1.78 x 10   cycles at 300° F, and 2. 0 x 105 cycles at 73° F.   The data presented 

in Figure 6 is strongly  suggestive of a simple time-temperature relationship. 

In Figure 7, the fatigue data have been superposed by employing the values of 

log an, determined experimentally by the construction of Figure 3.   As can be 

seen, the superposition is remarkably good considering the normal statistical 

scatter of lifetime data, and defines an almost complete master fatigue curve 

known as an S - N curve in conventional engineering practice.   Clearly, an 

10. 
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understanding of the implications of these types of procedures in material and 

engineering design will constitute a necessary step in the further progression of 

the science of composite materials. 

B.     REVERSIBLE TEMPERATURE EFFECTS 

In the last section we illustrated temperature-induced processes which lead 

to an irreversible change in composite properties through rate processes.   In 

this section we shall be concerned with rate processes which are reversible with 

changes in temperature.   This area of investigation is called viscoelasticity. If 

we restrict ourselves to levels of stress and strain which allow the material to 

respond in a linear manner, we are dealing with linear viscoelasticity. It is 

absolutely essential that we be aware of the differentiation between reversible 

and irreversible phenomena.   For example, if we measure the modulus of a 

typical cold setting unfilled epoxy at room temperature, it exhibits a modulus 

of roughly 300, 000 psi.   If, however, the temperature is increased to 200° F the 

modulus will be only 140, 000 psi.   On returning to room temperature we may 

regain the 300, 000 psi modulus.   In comparison with the earlier decomposition 

problem, an exposure of the material to 500 or 600° F would result in a 

permanent change in the structure of the material with the natural consequence 

that on returning to the standard temperature, the material will exhibit a modulus 

value which is different from the original modulus.   The same remarks are 

equally true regarding strength properties where there can be large changes in 

strength due to both reversible or irreversible processes. 

The normal viscoelastic response of typical organic matrix material exhibits 

properties paralleling the data shown in Figures 2 and 3.   For example, consider 

the simple experiment in which we apply a step increase in length of a slender 

rod of our material and measure the surface traction or stress required to 

maintain the specimen in the extended configuration.   The ratio of this stress to 

the computed constant strain is the relaxation modulus or time dependent 

Young's modulus for an isotropic material. If data are obtained as a function of 

time and temperature and the time dependent modulus is plotted as ordinate and 

log t as absissa, then we obtain a plot very similar in appearance to Figure 2. 

The temperature region of rapid strength loss is denoted as the glass transition 

temperature and is roughly 230° F for a cold-setting epoxy.   Just as with the 

11 
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decomposition data, a time-temperature superposition can be employed to obtain 

a master curve of modulus against reduced time (log t/a„) as in Figure 3. See 

for example the recent data of Kaelble (Reference 7) or Theocaris (Reference 8). 

For reversible viscoelastic data, the time-temperature shift distance is denoted 

by log aT, and is well approximated by Equation 2.   For epoxy resins below the 

transition temperature,  AH is in the range of 20 K cal / mole. Thus, viscoelastic 

response has a much stronger temperature dependence than the decomposition 

reactions. More importantly, the viscoelastic data is spread out over a much 

larger time scale than is shown in Figure 3.   While the steep descent of Figure 3 

occurs in two decades, the transition in modulus due to viscoelastic processes 

requires twenty decades in time or more.   Consequently, modulus data is 

represented  as an exponential series 

E(f) = 2En    e"t/Tn (5) 

instead of a simple exponential function. The quantity    T  is the "relaxation 

time" of the "nth" term of the series and is the inverse of a rate constant. 

Analytically, time-temperature reduction means t/r—>t/ r  a _. Thus, if 

the reduced master curve of log E (t) against log t/aT and the analytical  form 

of aT is known, then the modulus is known for any other temperature. 

The next problem is to relate the time-temperature dependent material 

properties to the constitutive equations describing time-independent response. 

For example, the linear elastic constitutive equation for an isotropic solid is 
given as 

where 

<r      =   [K-(2/3)G]   A8..+ 2GC. (6) 

8     = o. if i 9fcj 
= I,if F = j 

o\.    = stress tensor 
e..    = stress tensor 

'J 

K     = bulk modulus 
G      = shear modulus 
A     = volumetric strain 

12 
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Now we shall assume that the components of the stress and strain tensors are 

time dependent, and replace the material parameters K and G by time dependent 

material functions K (t) and G (t).   If  p (t) is a component of the stress or strain 

tensor, we define its Carson transform p   by the relation 

* ,00     - pt 
p =p |       e        /5(t)dt (7) 

•'o 

Similarly, the Carson transform m (p) of a time dependent material function 

m (t) is defined as 

.00 

"o 
m 

r 
(p) = p J       e"p    m (t)dt (8) 

The relationship involving time between the components of the stress tensor and 

the components of the strain tensor will now be in the form 

o-..   =    |K ( p ) - (2/3)G(p)|   A   8..  +2 6{p) e.. (9) 

This can be considered as the constitutive equation in classical linear isotropic 

viscoelastic theory, and is the time dependent generalization of Equation 6. To 

apply Equation 9 to the solution of boundary value problems, it is necessary to 

invert this equation. The right-hand side involves the products of Carson 

transforms, the inversion of which leads to a convolution integral. Thus, the 

inversion of Equation 9 gives 

er.. (t)= /   { [K(t-Ö)- | G(t-fi)]  ^4^   *.. 

de.. (0) l»0) 
+   2G(t-0)   —V-M 

do      J 

This equation is called the superposition equation of Boltzmann. The super- 

position principle is of the utmost importance for the description of viscoelastic 

behavior under small stresses and strains. It tells how many and what kind of 

measurements are necessary to characterize the viscoelastic behavior completely. 

It tells further how the results of different forms of excitation history can be 

13 
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related to each other, for instance, how we can predict the result of a dynamic 

stress-strain response from a creep experiment and conversely. The great 

power of the superposition principle lies in its generality, since it is not 

restricted to any special material: all its consequences remain valid independent 

of the micro-structure of the material under consideration. The existence of the 

elastic-viscoelastic correspondence principle is a direct and natural consequence 

of the superposition Equation 10. 

Engineering stress analysis of viscoelastic materials employs the "corres- 

pondence rule, " wherein transforms can be taken of the time dependent variables 

and forcing functions to obtain an associated elasticity problem in the transformed 

variables. The solution of this problem, when transformed back into real-time 

variables, gives the desired result, i.e., the same techniques employed in the 

exercise of transforming Equation 6 into Equation 10.   The use of the cor- 

respondence rule is, of course, dependent upon our ability to solve the associated 

elasticity boundary value problem; if the elasticity solution is intractable, the 

viscoelastic solution will be more so. The actual mathematical details of the 

treatment can also be quite difficult at times. Although the above technique 

provides a reasonable treatment for isothermal analysis, the problem of 

transient thermal viscoelastic stress analysis is still without a general solution. 

The difficulty here is the sensitivity of viscoelastic material response to 

temperature which results in a simultaneous change in material properties with 

the transient temperature distribution through the body. 

These general procedures are also applicable to anisotropic viscoelastic 

bodies. The details of the viscoelastic theory and stress analysis are reviewed 

in References 9, 10, and 11. In the appendix of this report we have outlined a 

procedure for closely approximating the viscoelastic response of fiber- 

reinforced materials by employing the results of linear elastic micromechanics 

and the viscoelatic analysis used in References 9 and 10. There is, unfortunately, 

a serious lack of reference material available at this time dealing with 

viscoelastic response and analysis of composite systems, with the associated 

critical comparison against  the appropriate experimental data.   Further 

complicating the problem is the fact that all composite systems exhibit a 

strong nonlinear response for which we lack the suitable analytical tools. 
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These nonlinearities are particularly perplexing when one attempts to develop 

a rigorous analysis of the ultimate properties of the system. 

Just using the linear viscoelastic process greatly complicated the evaluation 

of the expected structural integrity of a specific design.   In all instances, the 

rupture or failure of viscoelastic solids is strongly influenced by time-dependent 

phenomena (Reference 12).   If we assure that it is feasible to execute a stress 

analysis for a given loading, specified material, type of anisotropy, and 

geometrical configuration, it is still necessary to combine the stress distribution 

with some statement of a criterion for failure.   With very few exceptions, 

viscoelastic materials are experimentally analyzed in an uniaxial stress state. 

Although these efforts give invaluable information relating the rupture stress or 

strain to the reduced time scale t/a„, or reduced strain or loading rate, 

R a   ,    they do not provide the necessary information for the prediction of 

viscoelastic failure in a multiaxial stress-strain state. This becomes a serious 

problem, since the stress and strain distribution is multiaxial for most 

geometries of engineering interest. Experience with   isotropic solids exhibiting 

very small or no time dependence does indicate that the octahedral stress or 

von Mises criterion can correlate uniaxial and multiaxial states; but, no such 

relationship has been verified for viscoelastic materials. Instead of a simple 

unique correlation between uniaxial and multiaxial states for a time-temperature 

independent body, the association of multiaxial states   for viscoelastic materials 

must also include strain rate —  or time scale t/a„. As a consequence 
RaT 

there cannot be a single failure surface characterizing fracture; there is, 

rather, a multitude of closed surfaces, each surface characterizing the multi- 

axial state for a specific value of -I  ort/aT<   The strength problem is 
R aT 

particularly complicated for the anisotropic body, because workers have not, 

at this time, been able to experimentally verify the general multiaxial criterion 

of Hill (Reference 1) or others for a time-temperature independent antisotropic 

body. 

**R = time rate factor related to —or —, where R is approximately equal 
dt        dt 

to time. 
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In addition, time dependence in the fracture process complicates the 

analysis of the statistics of fracture in that we must now discuss fracture in terms 

of a time dependent probability distribution of flaw strength as indicated in our 

discussion of stress corrosion.   Furthermore, time dependence in material or 

fracture response leads to the phenomenon of fatigue or cumulative damage, 

wherein the lifetime of the material is a strong function of the stress-strain- 

temperature history of the sample or structure. In other words, how do we 

predict a fatigue failure from constant strain rate or constant load failure data? 

Finally, viscoelastic response necessarily requires energy dissipation in 

response to vibrational excitation.   This energy dissipation can lead to large 

cumulative heating which can result in accelerated fatigue damage or strength 

loss and in some cases to chemical decomposition of the matrix materials. This 

phenomenon can be directly related to an interaction between the imaginary part 

of the complex shear modulus, or loss tangent, and the natural frequency of the 

design configuration. Design attention should be given to this problem when 

composite materials are employed in structures subjected to dynamic loads. 

C.     PERMEATION 

Permeation of water or other agents through the matrix will have two effects 

on the properties of the matrix. The first effect is, for instance, that water will 

swell the hard glassy matrix material and accelerate rate processes. This 

means that the absorption of water vapor is equivalent to increasing the 

ambient temperature of the material, a process which is termed "plasticization" 

in the chemical industry technology.   Thus, if we repeat our stress relaxation 

experiment at constant temperature but at different concentrations of water in the 

matrix we shall obtain data (Reference 9) similar to that in Figure 2 (where 

temperatures on the curve are now concentrations of the plasticizing agent). 

This experiment may be performed, for example, at constant temperature and 

differing relative humidities.   Superposition of the data similar to the operation 

in Figure 3 can be performed with the time-plasticizer concentration parameter 

a   being given as 

-c3 (l-C//>2) 
l09°c  =    C     +  (t-C//>   ) (H) 

4 r2 
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(from Reference 9), where C is the concentration of swelling agent,     p0 is the 

density of the polymeric matrix at temperature T, and 0,   and C. are empirical 

constants to be determined by the experiment.    A simultaneous change in 

temperature and swelling agent concentration could then be approximated by 

the reduced time t/a,^.   Again,   inducing time dependence by a swelling agent 

leads to a viscoelastic response which can be handled within the framework of 

linear viscoelasticity, and composite response can, in principle, be predicted 

by employing the correspondence principle (Reference 10).   It is also obvious 

that the plasticizing effects cause a time or rate dependent decrease in ultimate 
properties. 

The above remarks suggest that swelling of an epoxy or phenolic matrix by 

water can be treated in a straightforward manner; however, this is not quite 

true because there are additional effects which are irreversible and separate 

from  the plasticizing action described above.   The plasticizing action leads to 

reversible property changes, but absorption by the swelling agent and the 

subsequent redrying of a specimen of matrix material quite often results in 

permanent irreversible property loss.   To understand how this irreversible 

loss occurs, let us examine the recent results of Alfrey, Gurnee, and Lloyd 

(Reference 13).   In their paper they point out that hard glassy crosslinked 

polymers (matrix materials) when placed in contact with a solvent or swelling 

agent give an "anomalous" diffusion effect not explicable in terms of the 

Fickian process.   Experimentally, one observes that as the absorbed agent 

penetrates into the material a sharp advancing boundary  separates the inner 

rigid core from the outer swollen softer shell.   Behind the front, which advances 

at constant velocity, the material seems to be in an equilibrium state with 

respect to swelling agent concentration.   Because the swollen material forms 

a shell around the unswollen materials and is directly connected to the unswollen 

core, the core will be placed under a state of triaxial stress. A stress analysis 

performed on a cylindrical specimen would show (Reference 13) that the core is 

under a large tensile stress, which increases sharply as the swelling front 

advances into the material. When the swelling stresses reach a critical value 

in the core, a fracture occurs.   In some cases this effect can be predicted 
analytically (Reference 13). 
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In addition to matrix rupture, this mechanism could also lead to the 

rupture of the matrix-fiber interface and, if very high swelling stresses are 

produced, fiber rupture may occur.   Thus, we have irreversible damage inflicted 

by the swelling process which is clearly different from the plasticizing effect 

described above. Moreover, the swelling rupture of the resin and fiber-resin 

interface exposes the fibers to a high solvent atmosphere, which, when coupled 

with the swelling-induced tension in the fibers, can lead to severe stress 

corrosion of the reinforcement. 

The above remarks would appear to explain the "water boil" tests and why 

these tests can  inflict such extensive damage upon samples which are stored in 

boiling water for only a few hours.   But our discussion also raises the question 

as to whether "water boil" is an accurate diagnostic accelerated aging test. 

It is a fair question to ask if the storage of a composite panel in a normal 

relative humidity atmosphere and at temperatures of conventional engineering 

interest would ever be subjected to the same apparent magnitude of internal 

stress as occur in the "water boil" test.   In any event, the loss of composite 

properties due to water or swelling agent permeation of the composite matrix 

is a highly coupled mechanism, and much work must be done before useful 

analytical treatment of the various processes can become available for engineering 

design, 

Since it appears that both large stress and strain (Reference 9) and/or 

permeation of water through a resin matrix produces voids, it is of interest 

to see whether we can predict the gross behavior of the unidirectional composite 

as a function  of void content.   It is assumed that voids are randomly distributed 

spherical cavities in the matrix.   Then the effect of voids on the composite 

properties can be predicted using the properties of a degraded matrix, i.e., 

a porous matrix.   There are a number of equations for calculating the effective 

stiffness and strength of a porous continuum, e.g., Mackenzie (Reference 14), 

Kerner (Reference 15), and Hashin (Reference 16). All theories predict various 

degrees of degradation as void content increases.   Coble and Kingman 

(Reference 17) showed that the Mackenzie equation (Reference 14) agreed well 

with the data of sintered alumina.   If we use this equation, i.e., 
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7-           5(3Km+  4Gm) , , _    G     =     m m_   p   + Ap2 (12) 

Gm 9Km + 8Gm 

where G  - shear modulus of the porous matrix;  G   , K     = shear and bulk 

moduli of the pure matrix; P - volume fraction of pores in the matrix; A = a 

constant and assumes the matrix materials to be elastic and isotropic, then 

Km = Em/3<'-2"m> 
(13) 

Gm =Em/2<1+"m>- 

By combining Equation 12 and 13, and rearranging, 

6/G_ = I ——55-P-AP2 (14) 
m 7-5!/m 

The constant A can be determined by setting 

G~ = 0    when P = 1.00 (15) 

Furthermore, pores in the matrix can be related to the voids in the composite 

as follows: 

p=v/v (16) 
v     m 

where v    = void content in the composite, vm = matrix content. By combining 

Equations 14, 15, and 16, 

l5(l-i/_)       vv 8-10 vm       v..    2 
G/Gm = l ~    -,    c <^T-) +    -,    R <-^> (l7) m 7-5 vm        vm 7-5j/m       vm 

A comparison of this equation with experimental data reported by General 

Dynamics (Reference 4), reveals material properties that correspond to boron- 

epoxy composites, i.e., 

j/m   = 0.35 m (18) 
vm    = 0.38 m 

where it is assumed that the fiber content is 55%, and glass, 7%.   It is also 

assumed for the purpose of comparison that the matrix material (Narmco 5505) 

is composed so that the ratio of the G/Gm is the same as the ratio of the 
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composite transverse strength to the matrix strength. With these assumptions, 

the theoretical prediction based on Equation 17 is shown as a solid line in 

Figure 9 along with the corresponding experimental data and their variations. 

Thus, the effect of voids on the transverse   strength of unidirectional composites 

is quite drastic.   The effect of voids on the longitudinal strength should be 

negligible, a fact which agrees with the measured data also reported in 

Reference 4.   The formation of voids due to the combined action of stress and 

permeation will lead to a strong nonlinear viscoelastic response (Reference 9), 

which will be largest in the shear and transverse properties and least in the 

longitudinal direction of a unidirectional composite. 
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SECTION VI 

CONCLUSION 

Preliminary evidence as indicated here established the feasibility of using 

the conventional rate process theory, as employed in other areas of material 

science, for the correlation and prediction of environmental processes on the 

engineering response of composite structures.   The mechanisms discussed 

should lay the groundwork for establishing a unified experimental program to 

define a more comprehensive and realistic evaluation of the performance of 

structural composites than the empirical approach. 
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APPENDIX 

FORMULAS FOR THE ELASTIC AND VISCOELASTIC 
PROPERTIES OF FIBER-REINFORCED COMPOSITES 

The elastic properties of these unidirectional composites are governed by 

a maximum of four independent macroscopic moduli, which can be computed 

from a generalized formula.   Since material properties U. can be separated 

from the geometric properties V. in a laminated composite according to the 

invariant theory (Reference 18) of composite materials, a direct link between 

the properties of constituent materials and those of laminated composites can 

be calculated through a set of simple formulas. 

For example, consider the stiffness matrix for orthotropic materials 

S,     CI2     CI3     ° ° ° 
c22   c23   0       0       0 

c. = 
IJ 

C„    0 0 0 

44 

C55     ° 

66 

(19) 

For transversely isotropic materials: C..  - « (C22 ~C23 C00), COQ     c 22 '33' 

C12 " C13 

For isotropic materials:    C,,       ^22 = Cr C33'   C12     C13 " C23 

C44 = C55 " C66  " 2(C11     C22) 
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In terms of a new notation proposed by Hill (Reference 19) and Hermans 

(Reference 20): 

For fibers in square or diamond array in the 2-3 plane, Figure 9: 

C. 
■' J 

je      a 

k-fm      k-m 

0 0 

0 0 

k + m     0 0 

r o 

0 

0 

0 

0 

0 

(20) 

(21) 

For fibers in hexagonal or "random" array in 2-3 plane: 

y  = m 

Hill showed that for any fiber array having two planes of identical symmetry 

in the 2-3 plane, i.e., C22 = C33, n and    I are dependent on k.   This can be 

seen in the triaxial loadings illustrated in Figure 10. Thus, 

a3   a az-, i)   If €    = 0 (plane  strain ), — = *- -p-I 

°"3 . IT !i[ b)   If €+c= 0( uniaxial extension),   -p— = —   n   = -jj- 

Through simple algebraic operations, the following relations can be obtained: 

Y^ + V    I     +   *     ™    tk-V.k.-Vm k    ) 
f   f        mm      k^-k_ f   f     m    m 

n = Vxnf + V    n     + 
f   f       mm 

f    m 

f     m 
k - k 
f     m 

V        =  —lr   =    V   V +   V     V       + 
12       2k f  f      mm 

(k - V,k -V    k    ) 
f   f     m    m 

k       k,     k 
f        m 

f m 
1       1 

k, " k 

Eii-n"^r V E    + V    E    -4 
f    f        mm 

fv- -V 
t m 

1 1 
k k 

L t m_ 

2<^ k       k 
m 

m 

(22) 

(23) 

(24) 

(25) 
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Thus, once ¥ is found for a unidirectional composite, Ü and n, or, equivalently, 

v.   and E    , can be found. 

The number of independent composite moduli are three for transversely 

isotropic composite, and four for orthotropic composites. 

For orthotropic materials, the following relations exist: 

(They apply to both constituent and composite moduli.) 

New Moduli CJ: Engineering Constants 

k(plane strain bulk 
— (C       +   C     ) 
2       22.           23 

E22 

modulus 2(.-,23-2,2),(2) 

I 
C.2=CI3 

*2I Ell           .          *I2 E22 

,-'23"2,2.   ".2        '",23-2,'2.   ".2 

CH 

E22 
n 

2(l + ,23) 

m (shear modulus at 
ir/4 from principal 
axes) 1   (C22-C23) 

E22 
2(.+ ,23) 

/(transverse shear 
modulus) 

C44 G23 

fi{ longitudinal shear C      =   C 
55        66 GI2 

modulus) 

»->■* c       < E.l "    k 
"      C22+C23 

2 
4(nk - I   )m I«,, «k + C23)-2C^2](C22- C23> 

E22 
(k + m) n - I Cll C22"CI2 

i C.2 

2k C22  + C23 
"l2 
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2ml 
CI2(C22-C23) 

2 
(k + m)n - % 

2 
CIIC22_C 12 

2 
(k -m)n — I CHC23" CI2 

2 
(k+m)n-jZ, 

2 
C||C22     °I2 

"21 

"23 

For transversely isotropic materials mathematical relationships are the same 

as above except that   y = m. All the relations above can be applied to both 

constituent and composite properties; bars are used to denote composite 

properties, and subscripts f and m denote fibers (or fillers) or matrix, 

respectively. 

For isotropic materials, same as above except 

k+m=n k-m = I       y - m  = p. 

The relationships in terms of isotropic constants E and v are: 

E 
k = 2(l+z/)(l-2i/) 

*-tl + yH.-2,0a2yk 

u-     H-r)E - 2(.    fife (26) 
n"   (H-j/XI-21/) " 2U    v,k 

If fibers are transversely isotropic, e.g., Thornel fibers, the following 

formulas shoud be used for the computation of the new symbols: 

L k-2(l-,23-2,21,12) 

i=2v|2k,      n = 2(l-^3)   -^-k (27) 

l-i/    -2i/    v 
_ 23       21   12   . ß 

23 
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Using the following material properties of the constituents: 

Material Epoxy Glass Boron Graphite (Thornel 40) 

En 0. 5xl06psi 10.6xl06psi       60xl06psi 40 x 106 psi 

E22 0. 5 x 106 psi 10.6 x 106 psi       60 x 106 psi 1. 5 x 106 psi 

v 0.35 0.22 0.2 0.2 

v 0.35 0.22 0.2 0.2 

G12 0.185 x 106psi        4. 34 x 106 psi      25 x 106 psi 4 x 106 psi 

The numerical values of the new symbols are: 

Material      Epoxy (psi) Glass (psi) Boron (psi) Thornel 40 (psi) 

k 0.617 xlO6            7.78 xlO6 41.67 x 106 3.47 x 106 

(k/t^)                                               (12.6)                      (67.5) (5.62) 

I 0.432 x 106            3.41 x 106 16.67 x 106 1.39 x 106 

{l/lm)                                              (7.9)                      (38.6) (3.21) 

n 0.802 x 106          12.1 x 106 66.67 x 106 44.44 x 106 

(n/Djjj)                                               (15.1)                      (83.1) (55.42) 

m = y 0.185 x 106           4. 34 x 106 25. 0 x 106 2. 08 x 106 

(m/mm)                                            (23.8)                    (135.1) (11.26) 

u, 0.185 x 106            4. 34 x 106 25. 0 x 106 5. 0 x 106 

{h/hm)                                             (23.8)                    (135.1) (27.02) 

Quantities in parentheses are normalized properties in terms of epoxy. 

The composite moduli for a macroscopically transversely isotropic ma- 

terial, i.e., k, m,  and u. (y = m), can be expressed in terms of the 

constituent properties as follows (after Hermans): 

mf       m       mfm       mf 
(k +m    )V   + (k   +m    TvT 

f      m     m        m       m     f 
(28) 

2Vxmr(k   +m    )+2V   m,m    +V   k    (mx + m    ) 
— _ f    T    m       m m    t    m       mm     t       m •       _ —       .__. 
m_mm   2Vm    (k    +m    )+2V  m   m   + V   k    (m+m)    "y 

fmm       m mfm       mmf       m 
.(/*-+/!   )fJL   V    +2/i./x    V, 

— _    'f   rm 'm m       'T 'm  f J3Q, 

^ "    {fi.+ a   )V   + Zu.   V, 
'f   'm    m       'm   f 
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The mathematical model used consists of concentric cylinders surrounded by 

an unbounded composite. 

These formulas can be rearranged to conform to a generalized formula 

as follows: 

p I + C17V 
P   - f (3D 

where 

pm "   l-n Vf 

m 7-1 
P 

T- + 1 
y+C 

(32) 

p    - a composite modulus, k, m, or p ; 

pf   = corresponding fiber modulus, kf, m^,  or fj.., respectively; 

p    = corresponding matrix modulus, k   , m   , or    fx.   , respectively; 

£     = a measure of reinforcement and depends on boundary conditions 

(the geometries of inclusions and loading conditions). 

The elastic moduli for particulate (spherical inclusions) composites can also be 

reduced to one generalized formula.   The original formula derived by Kerner 

and Hashin are: 

K   V K   V 
mm , f   f 

__       3K . + 4G 3K  +4G 
u   _        m Q! f m .„, K   - - -^ (33) 

m  f  
3K   +4G 3K,+ 4G 
mm f m 

V G V 
f   f m + 

(7-5V  )G    +(8-IOV   )GX          1511-V) 
—                        m    m                m    f                        m ,    , 
G = Gm  y-g ^  (34) 
 f   m     , m 
(7-5V   )G    +(8-IOV   )G£ 15(1— V   ) 

mm m     f m 
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The composite moduli for hollow-fiber-reinforced unidirectional composites, 

derived in Reference 16, can also be arranged to fit out generalized formula, 

except that instead of / being the ratio of Pf/Pm» the following corrections must 

be made: 

(I)   For k =   K y = 
I - a 2 Kf 

23 7 a2 Km 
I + l-2Vf 

(35) 

_                                           '~a2        Gf 
(2)    Fo r /i = G y =   g-   -g— 

i + a m 

where a is the ratio of the inside and outside radii of the hollow fiber. For 

dilute composites, the generalized formula can be expanded into a power series: 

(36) -£-= i + (i + £>i7Vf[l+T/Vf+(77Vf)  + •••] 

= I +(l+Oi?Vf+0(i7Vf)
2 (37) 

-£-£    l+U+£)i)Vf t38) 
m 

This can be called the generalized Einstein's equation. If the inclusions are rigid, 

i.e., 

Pf r-— = 00, then r\ - I ,and 
pm 

the matrix is incompressible, i.e., 

^n   =   2 

so that 

Vm   = T • and C = T *<>r G 

-£-  = I +|- V (39) 
m f 

This is the Einstein's original equation, intended for the viscosity of dilute 

suspension. 
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The limiting values of 77 are: 

(1) For rigid inclusions, 17 = I 

(2) For homogeneous material, 17 = 0 

(3) For voids, p/p    = 0, then  17  = - 1/ £ 
f   m 

The limiting values of £ are: 

P"    _       I 
(,U=°'^m"=T^Vf   

=      D   (± + ySL.) 
PmU. P     / m ■ ■* m 

V          V 
I   _ _L -i QL 

(40) 

This is the series-connected model which gives the lower bound of a composite 

modulus. 

(2)   C = °°.    V  = ° 

tVjh-i (41) 
rm 

-£-   =  p V   + p    V 
Pm       Hf   f      Km   m 

This is the parallel-connected model, which gives the upper bound. Thus, 

C   is regarded as a measure of reinforcement which covers the entire possible 

range of composite moduli as £ goes from zero to infinity.   Once the  £ factors 

are known, the composite elastic moduli for fiber and particulate composites 

are determined from the generalized formula. 

Further simplifications can be made for purposes of interpolation from 

existing micromechanics calculations by directly employing the engineering 

constants Ef, Em. Vf, Vm. Gf, and Gm for pf and pm in Equations 31 and 32. 

Thus i would yield directly an estimate of E22> G12> and V^.    Within the 

spirit of these approximations one may obtain reasonable estimates of the 

composite elastic coefficients as follows: 
E      =   E  V   +  E    V <42) 

II f   f        m   77 

VI2 f   f mm 
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with 

G.2/Gm'   El2/Em'and V23/Vm 

being obtained from Equations 31 and 32 by the direct substitution of the appropriate 

engineering constants for pf/p   .   Reliable estimates for the   £ factor can be 

obtained by comparison of Equations 31 and 32 with the numerical micromechanics 

solutions employing formal elasticity theory.   For example, Figures 11 and 12 

show the predictions of Equations 31 and 32 for various reinforcements/matrix 

stiffnesses and is compared with the results of Adams, Doner, and Thomas 

(Reference 21).   The approximate formula duplicates their results for all ratios 

of pf/p   .   In Figures 13 and 14 we have a comparison of the dependence of 

composite moduli, based upon Foye's calculations (Reference 22), as a function 

of volume fraction for square fibers in a diamond array.   For the predictions of 

shear G-,2, £Q - 1 and for stiffness E22,    £E = 2 for the calculations shown in 

Figures 11 - 14.   In Figures 15 we show the results of our generalized formula 

compared with the results of different micromechanics calculations. Note that 

our approximate formula provides a good correlation with Foye's computations 

for hexagonal array of circular fibers up to vf = 65%.   At higher volume 

fractions the results lie between the hexagonal and the square arrays.   Although 

there is some disparity between the results of formal analysis and our results, 

in practical cases one does not employ high volume fractions of fibers, vf > 70%, 

due to the impairment of the strength properties. 

Further confidence can be gained in this interpolation procedure by returning 

to Figures 13 and 14 and examining the dependence of the transverse stiffness 

moduli and the longitudinal-transverse shear moduli upon increasing aspect 

ratio for square filaments (Reference 23).   The factors     CE and     CG are 

functions of the width thickness ratios and were found to be of the form: 

t     = 2(a/b) 

and 

log £    = -/%   log (a/b) 
G 
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These £ factors were determined by fitting Foye's results and are represented 

in graphical form in Figure 16.   Results in Figures 13 and 14 indicate good 

agreement between our approximate formulas and elasticity calculations for 

different aspect ratios and volume fractions.   These results allow the extension 

of the limited elasticity calculations to the prediction of, for example, the 

dependence of the moduli, E22 and G±r on aspect ratio, reinforcement stiffness/ 

matrix stiffness and volume fraction loading as illustrated in Figures 17 and 18. 

On the premise that our model is a reasonable model for the determination of 

composite moduli, closed form relations between the constituent moduli and the 

composite moduli of laminated composites can now be derived.   As shown in 

Reference 18 on the invariant properties of composites, the elastic properties 

of unidirectional  AND laminated composites are governed by l^, U2> Ug, U4, 

and Ue, and the lamina orientations as a function of z, i.e., 6 - 9(z).   The 
5 

following relations are needed: 

U,   =<3Q,,+ 3Q
22

+2Q.2+4Q66,/8 

U2=(QM   -Qz2)/8 

U3 = (QM+Q22-2Q.2-4Q66,/8 

U4=tQM+Q22-6Ql2-4Q66,/8 

U5=(QM+Q22-2Q.2 + 4Q66,/8 

for an orthotropic material. The components of Q.. can be expressed in terms 

of engineering constants if and only if Qj. is orthotropic: 

QMsE\\/{l'-V\ZVZ\) 

Q22 = E22/(l-i/,2l/2)) 

QI2 = V.2 Q22 = VZI Q)l 

Q66 = GI2 

Thus, for example, the stiffness matrix for an angle ply composite having an 

angle ply angle (2a ) and any orientation angle  <f> of the principal areas of the 

laminate and the coordinate area of the applied stress can be evaluated as 
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A'j (  = Uf + U2 cos 2 a cos 2 <£ + U, cos 4 a cos 4 <f> 

A22 = U| ~ U2 C0S 2 a cos 2 <^> + U   cos  4 a cos 4 0 

A'|2 = U4~ U4 cos 4 a cos 4 <£ 

A66 = U5~ U3 cos 4 a cos 4 ^ 
AI6 = ~ "2  U2C0S 2 asin 2 <£ - U3cos 4 a sin4 (£ 
A26 = ~ "2 u2 cos 2 a sin2 <#>+ U3cos 4 a sin 4^> 

The inversion of A„ yields the engineering constants for the angle ply. 

By using this approximate procedure for predicting moduli, elasticity re- 

lations between the constituent and composite properties can be expressed in a 

generalized formula.   Designers can now make exact calculations, without 

using computers, relating the constituent properties directly to the elastic 

constants of a laminated composite.   Both constitutent materials may be 

transversely isotropic. Designers can now assess the contribution of Vf, p,/p   , 

and the reinforcing factor   £ to the composite moduli directly. 

These results may be extended to viscoelastic computations by taking ad- 

vantage of the very accurate approximation of direct substitution of p (t/aT) 

values as pointed out by Schapery. 
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Figure 4.    Determination of the Activation Energy from an Arrhenius Plot of 
the Shift Factors Determined (in Earlier Figure) 
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Figure 8.    Dependence of Transverse Strength Ration on Void Content of 
Boron Epoxy Composite 
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Figure 9.     Illustration of Coordinate Axes for a Transversely Isotropie 
Composite 

Figure 10. Illustration of Hydrostatic Pressure Applied to Fiber Reinforced 

Material 
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Figure 13.     Comparison of Equations 31 and 32 with Finite Element Analysis 
of Transverse Modulus of Composites Containing Rectangularly 
Shaped Fibers 
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Figure 14. Comparison of Equations 31 and 32 with Finite Element Analysis 
of Shear Modulus of Composites Containing Rectangularly Shaped 
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Figure 15.     Comparison of Equations 31 and 32 with Results of Finite Element 
Analysis for Various Packing Geometries of Circular Glass Fibers 
in an Epoxy Matrix 
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Figure 16.     Comparison of Equations 31 and 32 with Results of Finite Element 
Analysis for Various Packing Geometries of Circular Boron Fibers 
in an Epoxy Matrix 
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