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Director's message

"Geometrical methods in fluid dynamics" were the subject of
the 1993 GFD session, a mathematical summer in which the
inhabitants of Walsh Cottage explored applications of Hamiltonian
fluid mechanics and related ideas about symmetry and conservation
laws to practical problems in geophysical fluid dynamics. Experts
Phil Morrison and Ted Shepherd set the pace with an intensive
introductory course, leaving themselves exhausted and the rest of us
greatly stimulated. Subsequent lecturers "fanned out" to cover the
spectrum of currently interesting topics, from slow manifolds to fast
dynamos.

The 1993 session attracted an extraordinary number of
visitors, forcing the director to abandon his early promise of "no
afternoon lectures after the first few weeks." But despite the heavy
schedule, lots of work got done, especially by our fellows, several of
whom apparently discovered the secret of going entirely without
sleep. This year we stretched our meager resources to accept 10
fellows from a group of 45 outstanding applicants. However, I must
sincerely apologize to the many excellent young scientists who had to
be turned down.

This year, in an effort to decrease the 1993 volume's size while
increasing its archival value, I mildly discouraged participants from
submitting abstracts of work that would soon be published in a
regular journal. Therefore, readers should be sure to scan the "1993
Lecture Schedule" to get a complete picture of what went on at the
cottage.

Once again, it is a great pleasure to thank the Woods Hole
Oceanographic Institution for its warm hospitality, and Jake Peirson
and the staff of the WHOI Education office for their indispensable
help. Very special thanks go to our administrative assistant, Barbara
Ewing-DeRemer; to our crisis-management specialist, Bob Frazell,
and to Steve Meacham and Glenn Flierl, who kept things running
smoothly in the computer trailer. We gratefully acknowledge the
continuing support of the National Science Foundation and the Office
of Naval Research.

Rick Salmon
1993  Director
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Hamiltonian Description of the Ideal Fluid

P. J. MORRISON
Department of Physics and Institute for Fusion Studies
The University of Texas at Austin
Austin, Texas 78712
morrison@hagar.ph.utexas.edu

Introduction

Why look at fluid mechanics from a Hamiltonian perspective? The simple answer is because
it is there and it is beautiful. For ideal fluids the Hamiltonian form is not artificial or
contrived, but something that is basic to the model. However, if you are a meteorologist
or an oceanographer, perhaps what you consider to be beautiful is the ability to predict
the weather next week or to understand transport caused by ocean currents. If this is the
case, a more practical answer may be needed. Below, in the remainder of this Introduction,
I will give some arguments to this effect. However, I have observed that the Hamiltonian
philosophy is like avocado: you either like it or you don’t. In any event, over the past 13 years
I have also observed a strong development in this field, and this is very likely to continue.

One practical reason for the Hamiltonian point of view is that it provides a unifying
framework. In particular, when solving “real” problems one makes approximations about
what the dominant physics is, considers different geometries, defines small parameters, ex-
pands, etc. In the course of doing this there are various kinds of calculations that are done
again and again, for example, calculations regarding:

1. waves and instabilities by means of linear eigenanalyses;
parameter dependencies of eigenvalues as obtained by such eigenanalyses;
stability that are based on arguments involving energy or other invariants;

various kinds of perturbation theory;

AN e S

approximations that lead to low degree-of-freedom dynamics.

After a while one discovers that certain things happen over and over again in the above
calculations, for example:




1. the nature of the spectrum is not arbitrary, but possesses limitations;
2. upon collision of eigenvalues only certain types of bifurcations can occur;

3. the existence of Rayleigh type stability criteria (these occur for a wide variety of fluid
and plasma problems);

4. simplifications based on common patterns;
5. common methods for reducing the order of systems.

By understanding the Hamiltonian perspective, one knows in advance (within bounds) what
answers to expect and what kinds of procedures can be performed.

In cases where dissipation is not important and approximations are going to be made, it
is, in my opinion, desirable to have the approximate model retain the Hamiltonian structure
of the primitive model. One may not want to introduce spurious unphysical dissipation.
Understanding the Hamiltonian structure allows one to make Hamiltonian approximations.
In physical situations where dissipation is important, I believe it is useful to see in which
way the dynamics differ from what one expects for the ideal (dissipationless) model. The
Hamiltonian model thus serves as a sort of benchmark. Also, when approximating models
with dissipation we can isolate which part is dissipative and make sure that the Hamiltonian

part retains its Hamiltonian structure and so on.

It is well-know that Hamiltonian systems are not structurally stable in a strict mathemat-
ical sense (that I won’t define here). However, this obviously does not mean that Hamiltonian
systems are not important; the physics point of view can differ from the mathematics. A
simple linear oscillator with very small damping can behave, over long periods of time, like
an undamped oscillator, even though the topology of its dynamics is quite different.

Figure 1:

To say that a Hamiltonian system is structurally unstable is not enough. A favorite
example of mine that illustrates this point concerns the first U.S. satellite, Explorer I, which
was launched in 1958 (see Figure 1). This spacecraft was designed so that its attitude would
be stabilized by spin about its symmetry axis. However, the intended spin-stabilized state
did not persist and the satellite soon began to tumble. The reason for this is attributed
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to energy dissipation in the small antennae shown in the figure. Thus unlike the simple
oscillator, where the addition of dissipation has a small effect, here the addition of dissipation
had a catastrophic effect. Indeed, this was a most expensive experiment on negative energy
modes, a universal phenomenon in fluids that I will discuss.

Figure 2:

After Explorer I, in 1962 Alouette I was launched (see Figure 2)*, which has an obvious
design difference. This satellite behaved like the damped linear oscillator in the sense that
dissipation merely caused it to spin down. I would like to emphasize that the difference
between the behavior of Explorer I and Alouette I lies in a mathematical property of the
Hamiltonian dynamics of these spacecraft; it could have been predicted.

So, the purpose of my lectures is to describe the Hamiltonian point of view in fluid
mechanics, and to do so in an accessible language. It is to give you some fairly general tools
and tricks. I am not going to solve a single “real” problem; however, you will see specific
examples of problems throughout the summer. Lecture I is somewhat different in flavor from
the others. Imagine that you have succeeded in obtaining a finite Hamiltonian system out
of some fluid model, the Kida vortex being a good example. What should you expect of
the dynamics? Lecture I, being a sketch of low degree-of-freedom Hamiltonian dynamics,
answers this to some degree. The remaining four lectures are concerned with the structure of
infinite degree-of-freedom Hamiltonian systems, although I will often use finite systems for
means of exposition. To see how the Lectures are organized, consult the Table of Contents.

References are given both as footnotes and at the end of various sections. Those at the
ends of sections are typically of a more general and comprehensive nature. The referencing
should not be taken as complete, but as a guide to the literature.

Acknowledgments

First and foremost I would like to thank Rick Salmon for being an excellent Director of
the summer program and for facilitating this cathartic outburst. I would like to thank
the Fellows for being a jolly good audience and for their aid in the preparation of this

*Both Figures 1 and 2 are after P. W. Likins, AGARD Lecture Series, 3b-1 (1971).
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document. In particular, Oliver Buhler and Caroline Nore helped with the Introduction and
Lecture IV, Diego del-Castillo-Negrete helped with Lecture I, Geoffrey Dairiki and Keith
Ngan helped with Lecture II, Sean McNamara and Dean Petrich helped with Lecture III,
and Kyle Swanson and Rodney Worthing helped with Lecture V. Thanks also are given to
Brad Shadwick for help with the figures, aid with TEX, and for general discussion pertaining
to the text. I would like to give a blanket thanks to all the other participants for their
role in creating the splendid “GFD environment.” The Rambo-style proofreading efforts of
L. C. Morrison are dearly appreciated. The hospitality of the Woods Hole Oceanographic
Institution is greatly acknowledged, along with the support of the US Department of Energy
under contract No. DE-FG05-80ET-53088.
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I. Rudiments of Few Degree-of-Freedom
Hamiltonian Systems Illustrated by Passive
Advection in Two-Dimensional Fluids

In this introductory lecture we will review some basic aspects of Hamiltonian systems with
a finite number of degrees of freedom. We illustrate, in particular, properties of one, two,
and three degree-of-freedom systems by considering the passive advection of a tracer in two-
dimensional incompressible fluid flow. The tracer is something that moves with, but does
not influence, the fluid flow; examples include neutrally buoyant particles and colored dye.
The reason for mixing Hamiltonian system phenomenology with fluid advection is that the
latter provides a nice framework for visualization, since as we shall see the phase space of
the Hamiltonian system is in fact the physical space occupied by the fluid.

A point of view advocated in this lecture series is that an understanding of finite Hamil-
tonian systems is useful for the eventual understanding of infinite degree-of-freedom systems,
such as the equations of various ideal fluid models. Such infinite systems are the main sub-
ject of these lectures. It is important to understand that the infinite systems are distinct
from the passive advection problem that is treated in this lecture; the former is governed by
partial differential equations while the later is governed by ordinary differential equations.

A. A Model for Two-Dimensional Fluid Motion

In various situations fluids are adequately described by models were motion only occurs in
two spatial dimensions. An important example is that of rotating fluids where the dominant
physics is governed by geostrophic balance, where the pressure force is balanced by the
Coriolis force. For these types of flows the well-known Taylor-Proudman* theorem states
that the motion is predominantly two-dimensional. A sort of general model that describes a
variety of two-dimensional fluid motion is given by the following:

%+[¢,q}=S+D, (L.1)

where ¢(z,y,t) is a vorticity-like variable, ¥(z,y,%) is a stream function, both of which
are functions of the spatial variable (z,y) € D, where D is some spatial domain, and ¢
is time. The quantities S and D denote sources and sinks, respectively. Examples of S
include the input of vorticity by means of pumping or stirring, while examples of D include
viscous dissipation and Ekman drag. Above, the Poisson bracket notation, which is also the

Jacobian, is used: P .
.= 0f09 010

and we have assumed incompressible flow, which implies that the two components of the

velocity field are given by
[ O Oy
(u’ 'U) - (_ ay ’ ax) . (13)

*J. Pedlosky, Geophysical Fluid Dynamics, 2nd ed. (Springer-Verlag, New York, 1987).

(1.2)
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In order to close the system a “self-consistency” condition that relates ¢ and ¢ is required.
We signify this by ¢ = L. Examples include:

¢ The two-dimensional Euler equation where ¢ = V3.
e The rotating fluid on the -plane where ¢ = V29 + By .

In the former case ¢ is the vorticity, while in the latter case ¢ is the potential vorticity.

For convenience we will suppose that the domain D is an annular region as depicted in
Figure 1 below. Many experiments have been performed in this geometry* where the fluid
swirls about in the 6 and r directions and is predominantly two-dimensional. The geometry
of the annulus suggests the use of polar coordinates, which are given here by the formulas:
¢ =rsinf and y = rcosf. In terms of r and 6 the bracket of (I.2) becomes

_1(0fog 08f0g
[f,9] =~ (;9557“5'55) : (14)

The spatial variables (z,y) play the role below of canonical coordinates, with z being the
configuration space variable and y being the canonical momentum. The transformation from
(z,y) to (r,0) is a noncanonical transformation and so the form of the Poisson bracket is
altered as manifest by the factor of 1/r. (In Lecture III we will discuss this in detail.) To
preserve the canonical form we replace r by a new coordinate J := r?/2 and the bracket

becomes af 959
_9ro9 9J99
9= 2657 ~ 358" (L5)

These coordinates are convenient, since they can be action-angle variables, as we will see.

Figure 1:

A solution to (I.1) provides a stream function, ¥(8, J,t). In this lecture we will assume
that various forms of ¢ are known, without going into detail as to whether or not these forms
are solutions with particular choices of £, S, or D. Here we will just suppose that the tracers

*See e.g. H. P. Greenspan, Theory of Rotating Fluids (Cambridge Univ. Press, Cambridge, 1968) and
J. Sommeria, S. D. Meyers and H. L. Swinney, Nonlinear Topics in Ocean Physics, edited by A. Osborne,
(North-Holland, Amsterdam, 1991).
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in the fluid, specks of dust if you like, follow particular assumed forms for the velocity field
of the flow. The stream function gives a means for visualizing this. Setting ¥=constant for
some particular time defines an instantaneous stream line whose tangent is the velocity field.
(See Figure 2 below.)

instantaneous

/\ % = constant
velocity v

Figure 2:

B. Passive Advection

Imagine that a tiny piece of the fluid is labeled, somehow, in a way that it can be followed.
As mentioned above, a small neutrally buoyant sphere or a small speck of dust might serve
this purpose. Since such a tracer, the sphere or the speck, moves with the fluid its dynamics
is governed by
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These are special cases of Hamilton’s equations, which are usually written as
OH 0H
D; = iaH=_—_7 i = () =3 = 1Ly dV, .
pi = [pi, H] 9 ¢ = [q:, H] ™ 1=1,2,...N (18)
where [, |, the Poisson bracket, is defined by
*~(0f 99 of 59)
9l = —_——— =] 1.9
sl ; (5% Op;  Op; 0g: (L9)

Here (g;, p;) constitutes a canonically conjugate pair with ¢; being the canonical coordinate
and p; being the canonical momentum. Together they are coordinates for the 2N dimensional
phase space. The function H(q,p,t) is the Hamiltonian. Observe that y ( or J), which
physically is a coordinate, here plays the role of momentum, and —+ is the Hamiltonian.
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We emphasize, once again, that the coordinates (z,y) are coordinates for something
labelling a fluid element, and the motion of the fluid element is determined by a prescribed
velocity field. This is to be distinguished from the Lagrangian variable description of the
ideal fluid, which we treat in Lecture III, where the goal is to describe the velocity field as
determined by the solution of a partial differential equation.

Before closing this subsection we give a bit of terminology. A single degree of freedom
corresponds to each (g,p) pair. However, some account should be given as to whether or
not H depends explicitly upon time. It is well-known that nonautonomous ordinary differ-
ential equations can be converted into autonomous ones by adding a dimension. Therefore,
researchers sometimes count a half of a degree of freedom for this. Thus (L.7) is a 15 degree-
of-freedom system if ¥ depends explicitly upon time, otherwise it is a one degree-of-freedom
system. This accounting is not so precise, since one might want to distinguish between
different types of time dependencies. We will return to this point later.

C. Integrable Systems: One Degree of Freedom

All one degree-of-freedom systems are integrable. However, integrable systems of higher
dimension are rare in spite of the fact that old-fashioned mechanics texts make them the
center piece (if not the only piece). A theorem often credited to Siegel* shows how integrable
systems are of measure zero. What exactly it means to be integrable is an active area of
research with a certain amount of subjectivity. For us integrable systems will be those for
which the motion is determined by the evaluation of N integrals. When this is the case, the
motion is “simple.”

More formally, a system with a time independent Hamiltonian, H(g,p), with N degrees
of freedom is said to be integrable if there exist N independent, smooth constants of motion
I,', i.e.,

dl; ..
i [I;,H]=0, ,7=1,2,..N, (1.10)

that are in involution, i.e.,
L, ;] =0, ,7=1,2,..N. (I.11)

The reason that the constants are required to be smooth and independent is that the
equations I; = ¢;, where the ¢;’s are constants, must define V different surfaces of dimension
9N —1in the 2N dimensional phase space. The reason for the constants to be in involution
is that one wants to use the I’s (or combinations of them) as momenta and momenta must
pairwise commute. In coordinates of this type the motion is quite simple.

Sometimes additional requirements are added in definitions of integrability. For example,
one can add the requirements that the surfaces I; = constant for i = 1,2,...N be compact
and connected. If this is the case the motion takes place on an N-torus and there exist
action-angle variables J;, §; in terms of which Hamilton’s equations have the form

dJ; OH do; H ..
}%“—a@- =0, Ef=%—]—i-=ﬂi(J), i,7 =1,2,..N. (1.12)
*See e.g. J. Moser, Stable and Random Motions in Dynamical Systems, (Princeton University Press,
Princeton, 1973).
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The first of Eqgs. (I.12) implies H = H(J) alone. When H does not depend upon a coordinate,
the coordinate is said to be ignorable and its conjugate momentum is a constant of motion.
In action-angle variables all coordinates are ignorable and the second of Egs. (1.12) is easy
to integrate, yielding

0; = 67 + Qi (J)t i,j=1,2,..N, (1.13)

where 6? is the integration constant, 6 is defined modulo 27, and Q;(J) := dH/dJ; are the
frequencies of motion around the N-torus.

A good deal of the machinery of Hamiltonian mechanics was developed to try and reduce
equations to the action-angle form above. If one could find a coordinate transformation, in
particular a canonical transformation (c.f. Lecture III), that takes the system of interest into
the form of (I.12), then one could simply integrate and then map back to get the solution in
closed form. The theory of canonical transformations, Hamilton-Jacobi theory, etc. sprang
up because of this idea. However, now it is known that this procedure is not possible in
general because generically Hamiltonian systems are not integrable. Typically systems are
chaotic, i.e., trajectories wander in a seemingly random way in phase space rather that lying
on an N-dimensional torus. A distinct feature of trajectories is that they display sensitive
dependence on initial conditions. We will say a little about this below.

To conclude this section we return to our fluid mechanics example, in which context we
show how all one degree-of-freedom systems are integrable. In the case where % is time
independent, we clearly have a single degree of freedom with one constant of motion, viz. :

0. 0.
¢—5;w+-5;y—0, (L.14)

which follows upon substitution of the equations of motion for the tracer, (1.6). To integrate
the system one solves
¥(z,y) = Yo (L15)

for £ = f(to,y), which is in principle (if not in practice) possible, and then inserts the result
as follows:

. 0
i= oy = DWoy). (116)
”” z={(%0,9)
Equation(I.16) is separable, which implies
! t
v __dy dt'. (1.17)

w D(%o,y) - to

Thus we have reduced the system to the evaluation of a single integral, a so-called quadrature.
There are some sticky points, though, since z = f(3o,y) may not be single-valued or even
invertible explicitly, and usually one cannot do the integral explicitly. Moreover, afterwards
one must invert (I.17) to obtain the trajectory. These are only technical problems, ones that
are easily surmounted with modern computers.
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Generally equations of the form of (I.1) possess equilibrium solutions when % and ¢
depend upon only a single coordinate. The case of special interest here is when the domain
is the annulus discussed above, polar coordinates are used, and ¢ depends only upon r (or
equivalently the canonical variable J). Physically this corresponds to a purely azimuthally
symmetric, sheared fluid flow, where vy = vg(r). In this case stream lines are “energy
surfaces,” which are merely concentric circles as depicted in Figure 3 below. The counterpart
of (1.13), the equations of motion for the speck of dust in the fluid, are

6 =0,+Q(r)t, r=rg (1.18)

where vy = Qr. Note the speck goes round and round at a rate dependent upon its radius,
but does not go in or out.

Figure 3:

D. Chaotic Dynamics: Two Degrees of Freedom

As noted, one degree-of-freedom systems are always integrable, but two degree-of-freedom
systems typically are not. Nonintegrable systems exhibit chaos which is briefly described.

Systems with two degrees of freedom have a four dimensional phase space, which is
difficult to visualize, so we do something else. A convenient artifice is the surface of section
or as it is sometimes called the Poincaré section. Suppose the surface H(qi,q2,p1,P2) =
constant =: E is compact (i.e. contained within a three sphere). Since the motion is
restricted to this surface p; can be eliminated in lieu of E, which we keep fixed. We could
then plot the trajectory in the space with the coordinates (¢1,92,P1), but simpler pictures
are obtained if we instead plot a point in the (g;,p:) plane whenever g, returns to its initial
value, say g, = 0.

We also require that it pierce this plane with the momentum p; having the same sign
upon each piercing. This separates out the branches of the surface H = E. That ¢ will
return is almost assured, since the Poincaré recurrence theorem tells us that almost any orbit
will return to within any e-ball (points interior to a sphere of radius €). It is unlikely it will
traverse the ball without piercing g,=0. (If there are no fixed points within the ball the
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vector field can be locally rectified and unless there is no component normal to the (g1, p1)
plane, which is unlikely, it will pierce.)

For integrable systems an orbit either eventually returns to itself, in which case we have
a periodic orbit or it maps out a curve, which is an example of an invariant set. The latter
case is typical as illustrated in Figure 4. In nonintegrable or chaotic systems this is not true
as is illustrated Figures 5(a) and 5(b), where it is seen that orbits make “erratic” patterns.

Figure 5:

Now what about the fluid mechanics illustration? Can chaos exist? How can we have
a two degree-of-freedom system when we only have the two spatial coordinates, say (6,J)?
The answer is that explicit time dependence in %, the extra half of degree of freedom, is
enough for chaos. There is, in fact, a trick for puffing up a 13 degree-of-freedom system and
making it look like a two degree-of-freedom system, and vice verse.
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Let s correspond to a fake time variable, set t = ¢, where ¢ is going to be a new canonical
coordinate, and define a new Hamiltonian by

H(8,4,6,1) = $(0, 4, 4) +1. (L19)

The equations of motion for this Hamiltonian are

w_on _os  dr__oH_ v
ds _ oJ 9J’ ds~ 900 08’

d¢ _oH dl _ 80H _ &
= =37 =1 L= (1.21)

(1.20)

ds o6~ 04"

The first of Eqs. (1.21) tells us that ¢ = s + sp = ¢t; we set sop = 0. Thus we obtain what we
already knew, namely, that ¢ = ¢ and that Egs. (1.20) give the correct equations of motion.
What is the role of the second of Eqs. (1.21)? This equation merely tells us that I has to
change so as to make H=constant.

The above trick becomes particularly useful when v is a periodic function of time:

¥(8,J,t) = ¥(8,J,t + T) In this case it makes sense to identify ¢ + T with ¢, because

the force or vector field is the same at these points. With this identification done, it is clear
that a surface of section is obtained by plotting (6, J) at intervals of T

We will leave it as an exercise to show how to construct 1% degree-of-freedom Hamiltonian
systems from two degree-of-freedom Hamiltonian systems.

Now suppose the stream function is composed of an azimuthal shear flow plus a propa-
gating wave:

$(J,0,t) = o(J) + ¥1(J) cos (my (8 — wrt)) , (1.22)

where m; € IN and 1, is assumed small in comparison to . Here to(J) represents the
azimuthal background shear flow and the second term represents the wave, with ;, m; and
w; being the radial eigenfunction, mode number and frequency of the wave, respectively.
This system might look like a 11 degree-of-freedom system, but it is in fact integrable.
The easiest way to see this is to boost into the frame of reference rotating with the wave. In

this frame the stream function becomes
(j 6 ) = ’(/)0( ) -+ 1/)1( )COS (m10~) —wlj, (123)

where the canonical transformation is J = J, 0=0- wst. This transformation is derivable
" from the mixed variable generating function F(0,J) = J(6 — w;t). Note the term —wyJ
accounts for the azimuthal rigid rotation generated from the frame shift.

In the absence of the wave it is clear that the trajectories in phase space are just circles
as shown in Figure 3 (or straight lines as plotted in Figure 4). However, from the form of
(1.22) it is clear that something interesting is going to happen at stagnation points, that is,

where 5 9
—i = —i =0. (1.24)
00 oJ
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Stagnation points occur at places where the phase velocity of the wave matches the back-
ground azimuthal velocity. Here a critical layer opens up into an island chain. In the
terminology of Hamiltonian dynamics this is called a resonance and looks as depicted in
Figure 6 below.

J

| LA A

0 o 27
Figure 6:

From the picture it is clear that orbits lie on surfaces and from the form of the stream
function given by Eq. (I1.23) it is clear that the motion can be solved by quadrature. The
use of the coordinate § = 6 — w,t reduces this system to a single degree of freedom.

As noted above, the fact that we could reduce the 11 degree-of-freedom system to a
single degree of freedom is the exception rather than the rule, generically it is not possible
to get rid of time dependence by changing coordinates. This is the case, for example, for an
azimuthal shear flow with the presence of two waves with different phase velocities, which
has the stream function

z[)(J,G,t) = ’l/)o(J) + 1/"1(J) COs (m1(0 b wlt)) -+ ‘l,bg(J) cos (mg(ﬂ - W2t)) . (125)

It is clear that in this case a frame no longer exists in which the flow is stationary. In general
there will be chaotic motion of a tracer particle. In a frame moving at a phase velocity w,
a tracer particle wants to execute its integrable motion, as described above, however it is
perturbed by a time dependent wave propagating by at a speed |w; —w;|. In a frame moving
at w; the situation is reversed. A plot of both of the integrable motions, in their respective
frames, is shown below in Figure 7. This is a plot of (1.23) for the first wave superimposed on
a plot of the same function for the second wave, but with ;, m; and w, replaced by t,, m,
and w,. The form of ¥; and 1, is chosen in this figure to be proportional to sech?; the angle 6
is @ —w;t for the first wave and 0 —w,t for the second. If the distance between the island chains
is well separated, then this figure closely approximates the surface of section. The figure, in
fact, suggests a basic mechanism of Hamiltonian chaos, the competition between resonances.
If the resonances are close enough together a trajectory, in a sense, flips back and forth
between the two integrable motions. When this happens a given trajectory may no longer
map out a continuous curve. Generally separatrices become fuzzy, but some continuous
curves still exists as shown in Figure 5.

As stated above, Figure 7 is not a surface of section, because the resonances were plotted
independently, but if they are far apart and the amplitude of the resonances are both small
it looks about right. To see the real surface of section one could integrate the differential
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Figure T:

equations numerically *. Instead of doing this you can consider the following toy, actually a
serious toy, called the standard map (which is sometimes called the Chirikov-Taylor map):

én-i—l = én + jn-i—l
Jng1 = Jn — k sin(d), (1.26)

where J and § are computed mod-27. This is an example of an area preserving map; it was, in
fact, used to obtain Figures 4, 5(a), and 5(b). Area preserving maps are nice because the sur-
face of section can be obtained without having to iterate differential equations. Importantly,
the standard map describes generic behavior of Hamiltonian systems near resonances—it is
the prototype of area preserving maps.

I recommend that you examine the standard map starting from k = 0, gradually in-
creasing k. The case where k = 0 was shown in Figure 4, which clearly indicates integrable
behavior. For k # 0 some of the invariant sets (continuous curves) are broken. As k — 0 the
measure of invariant sets approaches unity. This is in essence the celebrated KAM theorem.
For larger k more and more curves are broken, but some still exist (see Figure 5(a) where
k = .80 and Figure5(b) where k = 1.2). At a critical value of k. & .97, curves that span
0 < 6 < 27 no longer exist. The critical value k. was calculated by Greene* to many decimal

places.

The question of when the last continuous curve breaks is an important one of Hamiltonian
dynamics theory. In particular, it is of importance in the passive advection fluid mechanics

*To do this one can use standard Runge-Kutta packages. However, now more sophisticated symplectic
integration algorithms exist. See e.g. C. Kueny, “Nonlinear Instability and Chaos in Plasma Wave-Wave
Interactions,” Ph.D. Thesis, University of Texas at Austin (1993) and many references cited therein.

*J. M. Greene, J. Math. Phys. 20, 1183 (1979).
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problem since these curves are barriers to transport. One is interested in when these curves
break as the sizes and positions of the resonances change. The method developed by Greene
gives a precise answer to this question, but requires some effort. A simple but rough criterion
that yields an estimate for when the continuous curves between two resonances cease to
persist is given by the Chirikov overlap criterion. According to this criterion the last curve
separating two resonances will be destroyed when the sum of the half-widths of the two
resonances (calculated independently) equals the distance between the resonances; that is,

W + W = |J}f = J3| (1.27)
2 2

where W) and W; denote the widths of the resonances while J; and J3 denote their positions.

This criterion is straightforward to apply and usually gives reasonable results. However, it

must be borne in mind that it is only a rough estimate and as such has limitations. As noted

above, more sophisticated criteria exist.

The study of two degree-of-freedom Hamiltonian systems is a richly developed yet still
open area of research. Unfortunately, in only a single lecture it is only possible to scratch
the surface and hopefully whet your appetite. Conspicuously absent from this lecture is any
discussion of the notions of universality and renormalization. There is much to be learned
from the references given below.

E. “Diffusion”: Three Degrees of Freedom

In closing we mention something about three degree-of-freedom systems. For these systems
the invariant sets that are remnants of the integrable N-tori do not divide the phase space.
For three degree-of-freedom systems the phase space is six dimensional and the corresponding
three dimensional invariant tori do not isolate regions. Because of this trajectories are not
confined and can wander around the tori. This phenomenon is generally called Arnold
diffusion. A cartoon of this is shown in Figure 8 below.

Figure 8:
There is a great deal of literature dealing with the chaotic advection of a passive tracer in

two-dimensional fluid systems. These studies typically involve model stream functions that
are time periodic, and hence are nonintegrable. For these systems the diffusion phenomenon

31




mentioned above cannot occur. However, it is possible that the solution of (I.1) is not
periodic, but quasiperiodic, a special case of which is represented by the following:

¢(0, J, t) = f(0, J, LUQt, w3t) ) (128)
where f is a function that satisfies
£(8, J,wat,wst) = (0, J,wst + 2m,wst) = f(0, J,wat,wst + 27). (1.29)

If w; /w, is irrational, then % is not periodic.

One can puff up a system with a Hamiltonian of the form of (1.28) into a three degree-
of-freedom system by a technique similar to that described above. Let  =: 6,, J =: J1, and
define

H(el, J17 027 ']2, 03) J3) = f(01’ Jla 02’ 03) + w2J2 + LU3J3 ’ (130)

and introduce the false time s as before. Note the last two terms of (I.30) are just the
Hamiltonian for two linear oscillators in action-angle form, but here they are coupled to each
other and to oscillator “1” through f. Hamilton’s equations are

d01 Bf d02 d03

_d_‘;.:w;, 71;—:@;2, -(—1;-=w3; (1.31)
dh __Of  dh_ _0f  d)s__Of (1.32)
ds B 601 ’ ds - 802 ’ ds 803 ' )

It is clear how the last two equations of (I.31) can be collapsed back down. The last two
equations of (1.32) guarantee that J; and J5 will vary so as to make H conserved.

The kind of quasiperiodic system treated in this section is undoubtedly relevant for the
study of transport in two dimensional fluids. Solutions of (I.1) are more likely quasiperiodic
than periodic. A stream function that describes an azimuthally symmetric shear flow plus
three waves with different speeds is quasiperiodic. Transport in systems like this and its
generalization to more frequencies is not well understood.
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II. Functional Calculus, Two Action Principles of
Mechanics, and the Action Principle and
Canonical Hamiltonian Description of the Ideal
Fluid

A. Functional Calculus

A functional is a map that takes functions into real numbers. Describing them correctly
requires defining a function space, which is the domain of the functional, and the rule that
assigns the real number. Like ordinary functions, functionals have notions of continuity,
differentiability, the chain rule, etc. In this section we will not be concerned with rigor, but
with learning how to perform various formal manipulations.

As an example of a functional consider the kinetic energy of a constant density, one-
dimensional, bounded fluid: .

Tlu] =3 xol pou? dz. (IL1)

Here T is a functional of u which is indicated by the “[ ]” notation, a notation that we use
in general to denote functionals. The function u(z) is the fluid velocity, which is defined on
z € (z9,1), and po is a constant fluid density. Given a function u(z) we could put it in
(IL.1), do the integral, and get a number.

We would like to know in general how the value of a functional K[u] changes as u(z)
changes a little, say u(z) — u(z) + € §u(z), where u + € §u must still be in our domain. The
first order change in K induced by du is called the first variation, 6K, which is given by

6K[u,5u] — Lim K[u +€5u] — K[U] — iK[u+ e5u]
€0 € de =0
1 6K oK
= /:,;0 5’(1 E{L_(—:-L'—)_ da: =: <E,6U> . (112)

We will assume that the limit exists and that there are no problems with the equalities
above; later, however, we will give an exercise where something “interesting” happens.

The notation 8K [u; 6u] is used because there is a difference in the behavior of the two
arguments: generally 6K is a linear functional in §u, but not so in u. The quantity 6K /éu(z)
of (IL.2) is the functional derivative of the functional K. This notation for the functional
derivative is chosen since it emphasizes the fact that § K/éu is a gradient in function space.
The reason why the arguments of u are sometimes displayed will become clear below.

For the example of (II.1) the first variation is given by

8T [u; bu] = " pou du dz , (1I1.3)

Zo
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and hence the functional derivative is given by

6T
So = ot (I1.4)
To see that the functional derivative is a gradient, let us take a side track and consider
the first variation of a function of n variables, f(z;,z,...,2,) = f(z):
5f(z;62) =3 agi"’) §z; = Vf-6z. (IL5)
i=1 i

It is interesting to compare the definition of (IL.5) with the last definition of (I1.2). The «.”
in (IL.5) is analogous to the pairing (, ), while éz is analogous to éu. In fact, the index ¢ is
analogous to z, the argument of u. Finally, the gradient V f is analogous to § K/éu.
Consider now a more general functional, one of the form
Z1

Flu] = /;o F(z,u, gy Ugg, . ..) dz, (IL6)

where F is an ordinary, sufficiently differentiable, function of its arguments. Note u, :=
du/dz, etc. The first variation of (I1.6) yields

o1 |OF oOF OF
6F[u, 6U] = \/wo [a—u5u + aux 8Ux + au:x 5“:;:;; + .- ] dII? 3 (117)
which upon integration by parts becomes
= [0F d OF d* OF OF 21 .

Usually the variations éu are chosen so that the last term, the boundary term, vanishes; e.g.
du(zo) = bu(zy) = 0, buy(zo) = buy(z;) = 0, etc. Sometimes the integrated term vanishes
without a condition on éu because of the form of . When this happens the boundary
conditions are called natural. Assuming, for one reason or the other, the boundary term
vanishes, (II.8) becomes

6F[u;, bu] = <i—f,5u> , (I1.9)

where

6F OF dOF  d* OF
Su  Ou dziu, dz?Oug,
The main objective of the calculus of variations is the extremization of functionals. A
common terminology is to call a function @, which is a point in the domain, an extremal
point if §F[4]/6u = 0. It could be a maximum, a minimum, or an inflection point. If the
extremal point ¢ is a minimum or maximum, then such a point is called an extremum.
The standard example of a functional that depends on the derivative of a function is the
arc length functional,

e (IL10)

L[u]=/: | 42 de. (IL11)




We leave it to you to show that the shortest distance between two points is a straight line.
Another example is the functional defined by evaluating the function u at the point z'.
This can be written as

u(z') = / §(z — ') u(z) dz , (IL12)

where §(z — ') is the Dirac delta function and where we have departed from the “r
notation. Applying the definition of (I1.2) yields

= §(z — ). (I1.13)

This is the infinite dimensional analogue of 9z;/0z; = 6;;.

The generalizations of the above ideas to functionals of more than one function and to
more than a single spatial variable are straightforward. An example is given by the kinetic
energy of a three-dimensional compressible fluid,

T[p,v] = %/Dpv2 &z, (I1.14)
where the velocity has three Cartesian components v = (vy,v2,v3) that depend upon z =
(z1,Z2,%3) € D and v? = v - v = v} 4 v] + v3. The functional derivatives are

6T §T  v?
E=p =g (IL15)

We will use these later.
For a more general functional F[¢], where 1(z) = (¥1,%2,...,%,) and z = (21,22, . . . yZn),
the analogue of (IL.2) is

§F . |6F
§F[; 6] = /D Wi s = < : ¢,5¢>. | (IL.16)

Here and henceforth we sum repeated indices.
As an exercise consider the pathological functional.

1
Pyl = [ Pbr,s) do, (11.17)
where o
12 #0
p={ itz : (IL18)
0 , P =0.

Calculate 6 P[0, 0; 6%1, 83,). Part of this problem is to figure out what the problem is.

Next, we consider the important functional chain rule, which is a simple idea that un-
derlies a great deal of literature relating to the Hamiltonian structure of fluids and plasmas.
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Suppose we have a functional F[u] and we know u is related to another function w by
means of a linear operator

u=0w. (IL.19)
As an example, u and w could be real valued functions of a single variable, =, and
n dk
0= gak(m)m , (11.20)

where, as usual, u, w, and a; have as many derivatives as needed. We can define a functional
on w by inserting (I1.19) into Flu]:

Flw] := F[u] = F[O w)]. (I1.21)

6F 6F
<g'—u—,6w> - <E,6u> , (1L.22)

where the equality makes sense if §u and §w are connected by (I1.19), i.e.

bu = O bw, (I1.23)

Equating variations yields

where we assume an arbitrary éw induces a du.

Inserting (I1.23) into (I1.22) yields

§F OF
(2 60 - (2 o)

6F
— -
= <0 5 ,6w> , (I1.24)
where Ot is the formal adjoint of O. Since éw is arbitrary
6F 6F
— =0t I1.2
bw © bu (11.25)

This follows from the DuBois-Reymond lemma, which is proven by assuming (11.25) does
not hold at some point z, selecting éw to be localized about the point z, and establishing a
contradiction. A physicist would just set éw equal to the Dirac delta function to obtain the
result.

Notice that nowhere did we assume that O was invertible—it needn’t be for the chain
rule to work in one direction. Functionals transform in the other direction. Given a relation
Y[x] we can calculate an expression for 6F/éx, where F is a functional of x through 1.
However, given an arbitrary functional of x, we cannot obtain a functional of .

The above was clearly a special case in that the two functions u and w were linearly
related. More generally, consider the functional F[i¢] and suppose % is related to x =
(X1,X15-++,Xu) In an arbitrary, not necessarily linear, way:

'l/),' = ¢i[X] y = 1,2, ceay Vo (1126)
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This “[ ]” notation could be confusing, but we have already stated that ¢ and x are functions.
A variation of ¥ induced by x requires linearization of (II.26), which we write as

T 6N i=1,2,...,v, (11.27)
or simply, since /6 is a linear operator on 8x,
8 = gj’ 8x; i=1,2,...,v; J=12,...,p. (11.28)
2

Inserting (I1.28) into (II.22) implies

§F X
<5x’6x> N <( ) 55’ > (129
whence it is seen that

§F w,-)*aF . .
or (%) oL i=1,2...05 j=1,2,...,p. 11.30
5% (%— 59 ! # (1L30)

Here we have dropped the overbar on F, as is commonly done. In (I1.30) it is important to
remember that §(function)/é(function) is a linear operator acting to its right, as opposed to
8(functional)/é(function), which is a gradient.

As an example consider functionals that depend upon the two components of the velocity
field for an incompressible fluid in two dimensions, u(z,y) and v(z,y). These are linearly
related to the stream function ¢ by u = —0%/8y and v = Y /dz. For this case (IL.27)

becomes

bu = (W)&,b——ay b
év 0
5v=w6¢=—3—56¢, (I1.31)

and

§F 0 6F 0 6F

Now consider the second variation, 62°F, and second functional derivative, §2F/§p&ip.
Since the first variation, 6F[1; 6], is a functional of ¢, a second variation can be made in

this argument:

§2F [y 53, 6] = iéF[¢+n5¢, 9]

=0

BF o n _ §°F |
- /D i g D e = <5¢, o ¢> (11.33)
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Observe that §%F is a bilinear functional in 6 and &ﬁ. If we set §Y = 61 we obtain a
quadratic functional. Equation (I1.33) defines 62 F/§6v, which is a linear operator that acts
on 61 but depends nonlinearly on 1. It possesses a symmetry analogous to the interchange
of the order of second partial differentiation. To see this observe
a o? N
82F[y; 6, 6¢] = -a—F[i/) + 0y + ebyf] . (IL.34)

7785 e=0,7=0

Since the order of differentiation in (II.33) is immaterial it follows that

s2F \'  &F _
(ow) =sim:  imre s

This relation is necessary for establishing the Jacobi identity of noncanonical Poisson brack-
ets.

As an example consider the second variation of the arc length functional of (II.11). Per-
forming the operations of (I1.34) yields

1

82 L[u; 6u; 6d] = / " bu,
To

Thus
6L d 1 d

e E AT & (11.37)

For an important class of function spaces, one can convert functionals into functiors of a
countably infinite number of arguments. This is a method for proving theorems concerning
functionals and can also be useful for establishing formal identities. One way to do this would
be to convert the integration of a functional into a sum by finite differencing. Another way

to do this, for example for functionals of the form of (IL.6), is to suppose (zo,2;) = (—7,7)
and expand in a Fourier series,

u(@)= Y upe*, (I1.38)
k=—o00
Upon inserting (I1.38) into (II.6) one obtains an expression for the integrand which is, in

principle, a known function of z. Integration then yields a function of the Fourier amplitudes,
ug. Thus we obtain

Flu] = F(uo,uy,%-1,...). (11.39)

In closing this discussion of functional calculus we consider a functional, one expressed as
a function of an infinite number of arguments, that demonstrates an “interesting” property.
The functional is given by

F(zy,29,...)= ) (%ak Tp — Lby xi) , (IL.40)
k=1
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where the domain of F' is composed of sequences {zx}, and the coefficients are given by

1 1
ar = F, bk = Z:-z- . (1141)
Assuming that (I1.40) converges uniformly, the first variation yields
6F = (axzi — be ) Sz, (11.42)

=1
which has three extremal points
@ =0, =@ =+(ar/bs)?, (I1.43)
(0

for all k. It is the first of these that will concern us. The second variation evaluated at z)
is
= Z ak(&vk)2 . (1144)
k=1
where we assume (I1.42) converges uniformly for z; and ézx. Since a; > 0 for all k, (I1.44)
is positive definite; i.e. '

82F >0 for 6z, #0, forall k. (I1.45)
However, consider AF defined by
AF = F(e® + Az) - F(z®) = Y~ [La, (Azi)? — 3b (Azp)] , (11.46)
k=1
which we evaluate at )
: -, k=m
Az =™ (11.47)
0 , k#m, '
and obtain
AF <0, (11.48)

provided m > 1. Since m can be made as large as desired, we have shown that inside any
neighborhood of 2, no matter how small, AF < 0. Therefore, this extremal point is not a
minimum — even though §*F is positive definite.

A sufficient condition for proving that an extremal point is an extremum is afforded by a
property known as strong positivity. If 1,[) is an extremal point and the quadratic functional
62 F[t; 61] satisfies

82 F[; 6] = cll69|I*

where ¢ = const. > 0 and “|| ||” is a norm defined on the domain of F, then 6F [; 619]

is strongly positive. This is sufficient for 1 to be an minimum. We will leave it to you to
explain why the functional F(z;,2,...) is not strongly positive. This example points to a
mathematical technicality that is encountered when proving stability by Liapunov’s method

(cf. Lecture V).
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B. Two Action Principles of Mechanics

Physicists have had a long lasting love affair with the idea of generating physical laws by
setting the derivative of some functional to zero. This is called an action principle. The
most famous action principle is Hamilton’s principle, which produces Lagrange’s equations
of mechanics upon variation. One reason action principles are appreciated is because they
give a readily covariant theory and means have been developed for building in symmetries.
However, it should be pointed out that the use of continuous symmetry groups in this context
is only a limited part of a deep and beautiful theory that was initiated by Sophus Lie and
others. Perhaps the most convincing deep reason for action principles is the cleanliness
and utility of Feynman’s path integral formulation. The utility of action principles should
not be understated. Indeed, they provide a good starting place for making approximations.
However, a quote from Truesdell can’t be resisted:

A fully conservative situation can be described by an action principle, which has
the advantage of making the theory accessible also to physicists. *

In any event, Hamilton’s principle is an important prototype upon which modern theories
are in part built. Shortly, we will show how this story goes for the ideal fluid, but first we
review some mechanics. '

One approach to producing the equations of motion for a mechanics problem is to first
identify the configuration space, @, with coordinates ¢ = (g1,92,-..,9n). Then based on
physical intuition, write down the kinetic and potential energies, T' and V/, respectively. The
equations of motion then follow upon setting the functional derivative of the following action
functional to zero: :

Slq] = /t :1 L(g,4,t) dt, (11.49)

where L := T —V is the Lagrangian function. The functions ¢(t) over which we are extremiz-
ing must satisfy the fixed end conditions ¢(to) = go and g(¢1) = ¢:. Thus 8q(to) = é¢(t1) = 0.
The functional derivative relations

65(ql _
T 0 (11.50)
imply Lagrange’s equations, 5
0L doL
= =z I1.51
85~ 4193 (Ie1)

*C. Truesdell, Siz Lectures on Modern Natural Philosophy (Springer-Verlag, New York, 1966.)
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This is Hamilton’s principle.
Since for particles in rectangular coordinates usually

T =1 md? V=V, (1152
Egs. (11.51) yield
ov . .
m;G; = s i=1,2,...,N. (IL53)

This is just Newton’s second law with a conservative force. You will notice that Hamilton’s
principle does not yield Hamilton’s equations—one way to get them is via the Legendre
transformation.

The Legendre transformation is a trick for transferring functional dependence. Generally
it is used in physics when one has a sort of “fundamental” function that describes a theory,
whether it be thermodynamics or, as is the case here, dynamics. It has a nice geometric
interpretation, but we will skip this. Here we will use it to transform the N second order
differential equations of (I1.53) into the 2NV first order equations of Hamilton.

Define a quantity p; := 0L/8¢;, which is the canonical momentum, and consider

H(q,p,4,t) Epzqz L(g,4,t). (IL.54)

Now we ask the question: how does H change if we independently change ¢, ¢, p, and t a
little? Evidently

. [0H OH O0H 0H
6H = ——6q; + ——6¢; + =——bp;| + —
H Z e g + 33, 6¢; + 6p£6pz] + % 6t
[ oL oL
= ; _—a_q,-&]" +(pi — a O )6di+ qﬁn] %t (IL.55)

The first thing to notice is that if g = ép = 6t = 0, i.e. we only vary ¢, then §H =0, since
p; = OL/8¢;. This means H is independent of ¢, so we drop the overbar and write H(g, p, t).
Equating the remaining coefficients of the variations yields

- | |
OH _ 9L OH _ . OH _ oL (1L56)

dg;i Bq. op; % ot ot

Lagrange’s equations, (IL.51), together with the definition of p; and the middle of (I1.56)
give Hamilton’s equations:

. _ _OH . _OH
b= dg;’ %= p;

(IL57)

In order to explicitly calculate H(p,q,t) in the standard case of mechanics, one uses
p; = OL/8¢; to solve for ¢ = ¢(p) and then inserts this into (I1.54). This requires L to be
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convex in ¢. Since there exist important physical cases where L is not convex, Dirac and
others developed a theory to handle this. An interesting new application of Dirac’s constraint
theory for filtering out fast motion in GFD models has recently been developed*.

Now consider another action principle which is sometimes called the phase space action.
This one, which directly yields Hamilton’s equations, is given by

S[qap] = ‘/t: [Z Pigi — H(q’ b, t) dt, (11'58)

where S is a functional of ¢ and p, independently. The end conditions are ¢(t,) = ¢go and
q(t1) = q1, i.e. ¢ is fixed as before. However, the boundary condition on p is natural in that
nothing is required of it at the ends. One has a sort of “clothesline” boundary condition as
depicted in Figure 1 below, where the curve is free to slide along the lines of constant ¢ in
the p-direction.

q;

Figure 1:

Variation of S with respect to ¢ and p yields, respectively,

0H . OH

pi= R g = o (IL.59)

Thus the phase space action yields directly Hamilton’s equations as the extremal condition.

*R. Salmon, J. Fluid Mech. 196, 345 (1988).
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C. Action Principle and Canonical Hamiltonian Description of
the Ideal Fluid in Lagrangian or Material Variables

Now we are in a position to talk about fluid mechanics, but we’re going to do so in terms
of variables that might be new to you. Often, fluid mechanics is taught entirely in terms of
Eulerian variables. In what follows, Lagrangian variables, or as they are sometimes called,
material variables, will be central.

The idea we are going to pursue is a simple one. If a fluid is described as a collection
of fluid particles or elements, then both the Hamiltonian and the Lagrangian formalism that
we have described above can be adapted to describe the ideal fluid. The adaptation requires
an extension to an infinite number of degrees of freedom in order to describe a continuum
of fluid elements. This means that a fluid element is shrunk to zero size and that there is
one for each point of the fluid. This is an idealization since in reality, fluid elements don’t
exist: if they were of macroscopic size, they wouldn’t maintain their integrity forever, and if
they were of microscopic size, we would be outside the realm of fluid mechanics. However,
there exists a precise Eulerian state corresponding to a Lagrangian state. It should be kept
in mind that the above limitations apply to the fluid description in general, whether it be in
Lagrangian or Eulerian variables.

Suppose the position of a fluid element, referred to a fixed rectangular coordinate systems,

is given by
q = q(a,t), (I1.60)

where ¢ = (g1, 92,93)- This is the material or Lagrangian variable. Here a = (a1,az,a3) is
any label that identifies a fluid particle, which is often taken to be the position of the fluid
particle at time ¢t = 0*. The quantities ¢;(a,?) are coordinates for the configuration space
Q, which is in fact a function space because in addition to the three indices “i” there is the
continuum label a. We assume that a varies over a fixed domain, D, which is completely
filled with fluid, and that the functions ¢ map D onto itself. We will assume that as many
derivatives of ¢ with respect to a as needed exist, but we won’t say more about Q; in fact,
not that much is known about the solution space for the 3-D fluid equations in Lagrangian
variables. At this stage we will assume that the configuration space has been specified and
proceed to discuss the potential energy of the fluid.

*Note, however, that the freedom to relabel particles is associated in an important way with the Casimir
invariants that are discussed below. See e.g. M. Calkin, Can. J. Phys. 41, 2241 (1963); P. Ripa, AIP Conf.
Proc. 76 (1981); R. Salmon, AIP Conf. Proc. 88, 127 (1982). :
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The fluid approximation assumes local thermodynamic equilibrium in spite of the fact
that the fluid can flow at nonzero velocity. Potential energy is stored in terms of pressure and
temperature. More precisely we adapt the energy representation of thermodynamics where
the extensive energy is treated as a function of the extensive variables, viz. the entropy
and the volume. For a fluid it is convenient to consider the energy per unit mass, which we
denote by U to be a function of the entropy per unit mass, s, and the mass density, p. The
inverse of the later quantity is a measure of the volume. The intensive quantities, pressure
and temperature, are obtained as follows:

U LU
T= E(S,p) ’ p=p ap (S,p) . (H61)

The second of (II.61) is a bit peculiar—it arises because the volume, the usual thermody-
namics variable, is proportional to p~!. Note also that special choices for U produce specific
fluid flows: barotropic flow, adiabatic flow, etc.

The quantities p and s are in fact Eulerian variables which we must, in order to move
ahead, describe in terms of Lagrangian variables. With this goal in mind, let us sidetrack
for a moment and discuss the Lagrangian-Eulerian map. The difference between the two
types of variables can be elucidated by describing two ways of watching fish. In the Eulerian
picture one stays at a point and watches whatever fish happen by; in the Lagrangian picture
one picks out a particular fish and keeps track of where it goes. Note that this analogy gets
better if the fish are very small, neutrally buoyant, and dead!

Call r the spatial variable, i.e. the Eulerian point of observation. The Eulerian density
is then related to the Lagrangian variable ¢ as follows:

p(rt) = [ & = 4(a,1)) pola) a. (11.62)

Here 6(r — q) is a three-dimensional Dirac delta-function and po(a) is an initial configuration
of mass density ascribed to the particle labeled by a. It is akin to knowing the mass of the
particle labeled by “:” in conventional particle mechanics.

Equation (II.62) embodies mass conservation. This can be seen by using a property of
the é6-function: 8(f(x)) = 8(z — zo)/ | f'(zo) | where zq is the only place where f(zo) = 0.
In three dimensions this yields

_ po(a)
p(’l‘,t) - J(a,t) a=q-1(,.’t) 9 (1163)

where the Jacobian J = det(0¢;/a;). That this is local mass conservation follows from
pdiq = poda, (11.64)

where d®a is an initial volume element that maps into d®q at time ¢, and d®q = J d®a. (When
integrating over D we will replace d®q by d°r.)

In addition to the mass ascribed to a fluid particle, one could ascribe other quantities,
e.g. color, smell or what have you. In the ideal fluid, the entropy per unit mass s is such
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a quantity. We suppose that initially s = so(a) and that it remains so. A form similar to
(11.62) corresponding to this statement is given by

o(r,t) = /D oo(a)8(r — q(a, 1)) Pa, (IL65)

where o(r,t) = p(r,t) s(r,t) is the entropy per unit volume and oo = po(a)so(a). Thus the

counterpart of (I1.63) is
S(T’ t) = so(a)|a=q“1(r,t) ¢ (11’66)

This is merely the statement that the quantity s stays put on a fluid particle.

Completing the Lagrange-Euler map requires the specification of the Eulerian velocity
field, something that is not needed now, but which we record here for later reference. By now
you will have noticed that the Euler-Lagrange map naturally takes the Lagrangian variables
into Eulerian densities. Thus we consider the momentum density M := pv. A form for M

similar to (I1.62) and (I1.65) is given by the following:
M(rt) = [ d(a,)8(r - a(a,1)) po(a) a. (1L67)
Performing the integration produces the counterpart of (I1.63) and (11.64), viz.

'U(T', t) = q.(a” t)la:q-l(r,t) 9 (II.68)

which is the usual relation between the Lagrangian variable and the Eulerian velocity field.

Now we can return to our quest for the potential energy. Since the energy per unit volume
is given by pU, the total potential energy function is evidently

Vid = [ poU(s0p0/T) &a. (11.69)

Observe that (I1.69) is a functional of ¢ that depends only upon J and hence only upon
0q/0a.

The next step required for constructing Hamilton’s principle is to obtain an expression
for the kinetic energy functional. This is clearly given by

Tlg) =1 /D o ¢ dPa. (I1.70)

Observe that (I1.70) is a functional of ¢ that depends only upon 4.
From (11.69) and (I1.70) the Lagrangian functional is obtained,

Lig,d] = /D [ 60 ¢ — paU(s0, p0/.T)| da (IL71)

= /D L(q,q,0q/0a,t) d3a,

46




where £L(q,q,0q/0a,t) is the Lagrangian density. Thus the action functional is given by

Sld= [ Tigdldt= [ [ [3p0d~pol] a. (1L72)

Observe that this action functional is like that for finite degree-of-freedom systems, as treated
above, except that the sum over particles is replaced by integration over D, i.e.

/D Pa o E . (IL73)

The mass of each “particle” of the continuum corresponds to pg d°a.
The end conditions for Hamilton’s principle for the fluid are the same as before,

6q(a,ty) = bq(a,ty) = 0. (I1.74)

However, in addition, boundary conditions are needed because there is now going to be
integration by parts with respect to a. It is assumed that these are such that all surface
terms vanish. Later we will see what this implies.

In order to apply Hamilton’s principle, we must functionally differentiate (I1.72), thus, it
is necessary to know something about differentiating determinants. Recall
Oq A
a aj ‘ .7 7 ( )
where Ay; is the cofactor of dgx/da; =: qx;. (Remember repeated indices are to be summed.)
A convenient expression for Ay; is given by

dq; 0
Ak,- = -;— ekﬂe,’mnE‘qiagl ) (1176)

where ¢€;; is the skew symmetric tensor (density), which vanishes if any two of 3, j, k are
equal, is equal to 1 if 7, j, k are unequal and a cyclic permutation of 1,2, 3, and is otherwise

equal to —1. In functionally differentiating (IL.72) we will require the following relation:
oTJ
— = A, IL77
F) G ; J ( )

which follows from (I1.75).
For Lagrangian density functionals of the form £(q, §,dq/0a,t), the functional derivative
6S/6q(a,t) = 0 implies

d (0L 0 (0L oc
Z\a a\lmg— ) — 5= IL.7
dt (aéi) " 9a; (3%‘) og = (IL78)
provided the surface integral vanishes:
" A dPa= [" AP
/to - p g Ain; d?a = /to /;D péq-n diy. (I1.79)

The equality above follows upon changing from integration over a to integration over g. Note
A;jd*a = d*q. Evidently the surface term vanishes if any of the following are true on dD:
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(l) 5q,~ =0

(i) p=(p3/T*) (8U/0p) =0

(ii) é¢- =0,
where p is the pressure and 7 is a unit normal vector to dD. While all of these possibilities
result in the vanishing of the surface term, (i) is clearly more than is necessary, in light of
(iii), which merely states that fluid particles are not forced through the boundary. In the case
where D is a box and periodic boundary conditions are imposed, the vanishing of the surface
term is automatic. In the case where D is “all space” the physical boundary condition is

(i), which asserts that the pressure vanishes at infinity.
From (IL.78) the equation of motion is obtained,

. 0 20U
podi — Aija_aj <%3_p) =0. (11.80)

Here we have used 8A;;/0a; = 0, which you can work out using (II.76). Alternatively, upon
using (I1.75) the equation of motion can be written in the form

. 0g; 0 2oU
poqu_g% - I3 (%_3.;) =0. (11.81)
We leave it to you to show that (I1.80) can be transformed into Eulerian form:

p (%—? +v- Vv) = —Vp, (11.82)

where v = v(r,t). A useful identity in this regard is

0 1 3}

6—q; = jAkia_ai . (II'83)

With (IL83) it is clear that (I1.80) is of the form of Newton’s second law. The Legendre
transform follows easily. The canonical momentum density is

6L
t )t == = .1') .
T (a ) 6(],((1) Pog (II 84)
and
H[r,q] —/d3 [ g = [da |+ poU 11.85
7,q] = [ da[r-q —/a%*‘ﬂo : (11.85)
Hamilton’s equations are then
. oH . OH .
M= %= (11.56)




These equations can also be written in terms of the Poisson bracket

§F 6G 6G 6F] 4

viz.,

= {Wi’H} ) q.i = {qiaH} . (11'88)
Here é¢;(a)/6q;(a") = 6;j6(a — a’) has been used, a relation that is analogous to d¢;/0¢; = 6;;
for finite systems [recall (IL.13)].

In conclusion we point out that variational principles similar to that given above exist
for essentially all ideal fluid models, including incompressible flow, magnetohydrodynamics,
etc. One can even obtain directly two-dimensional scalar vortex dynamics by considering
constrained variations.
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III. Noncanonical Hamiltonian Dynamics
—Examples

A. Noncanonical Hamiltonian Dynamics

Let us start out by playing a sort of game. Suppose we have a system of ordinary differential
equations: _ ‘
#=V(2), t=1,2...M. (I1L1)

How would you know if this system is a Hamiltonian system? If you came upon the equations
during research you might have some idea based upon the physics, but assume that this is

not the case here. What would you do?
One thing you might try is to check Liouville’s theorem. Hamilton’s equations have the

property
8 , O] _~[OH _ OH ] _
> [54i+6pf] “E[aq,-ap.-‘ap,.aq,- =0, (11L2)

from which one can show that phase space volume is conserved; i.e. if

t i

N
V(t) = /S o, 1L dpida (IIL3)

=1
where S(t) is a surface that bounds an arbitrary volume, then
dy
—~ =0
dt
The surface may distort, and in general it will do so in a major way, but the volume inside

remains constant. The analogous statement for the system of (II.1) is incompressibility of
the vector field; i.e.

(I1L.4)

Z,; v =0, (I1L5)
whence it follows that

V(t) = /S ﬁdz,- (I1L6)

® i=1

is constant in time.
Suppose (II1.5) is not true, as is the case for the following example:

3
a=-3 o,
. 21
= . 1.7
29 222 n 1 ( {




For this system o3 . .
s § 22 _ a5z
. + o2 (z n 1)2 #0. (IIL.8)
You would be mistaken if, based on (IIL.8), you concluded that (II1.7) is not Hamiltonian. In
fact this system is a disguised simple harmonic oscillator. It has been disguised by making
a noncanonical coordinate change, something that we will discuss below.

So, is there a method for determining whether a system is Hamiltonian in general? Prob-
ably the answer is no, since one must first find a Hamiltonian and this requires a technique
for finding constants of motion. There is no completely general way for doing this.* Never-
theless we can say some things; however, to do so we must investigate Hamiltonian systems
in arbitrary coordinates.

You might wonder, why would equations ever arise in noncanonical variables? Surely
the physics would make things come out right. To the contrary, variables that are the most
physically compelling need not be canonical variables. The Fulerian variables that describe
ideal continuous media are in general noncanonical. This includes Liouville’s equation for
the dynamics of the phase space density of a collection of particles, the BBGKY hierarchy,
the Vlasov equation, ideal fluid dynamics and various approximations thereof, magnetized
fluids, ...; it includes essentially every fundamental equation for classical media.

So with the above motivation, let us turn to discussing noncanonical Hamiltonian dy-
namics for finite degree of freedom systems, a formalism that extends back to Sophus Lie.
The first step is to write Hamilton’s equations in covariant form. Thus define

z,-={q,- for:=1,2,...N,

piy fori=N4+1,...2N. (I1L9)

The z* are coordinates on phase space which we denote by Z. In terms of the z’s Hamilton’s
equations take the compact form

d 0H i
= JCJa - = [2*, H], (I11.10)
where the Poisson bracket is given by
i 09
[f7 ]_ a ' c a _7'7 (III']‘]‘)
with I
(J9) = ( O N) : (II1.12)
c —Iy On

Above, the repeated indices are to be summed over 1,2,...2N. In (II1.12), Oy is an N x N
matrix of zeros and Iy is the N x N unit matrix. The subscript ¢ of J. indicates that the
system is written in terms of canonical coordinates. It is important to realize that we have
only rewritten Hamilton’s equations in new notation, albeit in a form that is suggestive.

*Techniques for finding constants of motion do exist, but necessarily possess limitations. See e.g. A.
Ramani, B. Gramniaticos, and T. Bountis, Phys. Rep. 180, 161 (1989), and references therein.
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Now consider a general, time independent change of coordinates
7 =7(2). (I11.13)
The Hamiltonian H transforms as a scalar:
H(z) = H(z). (111.14)

Taking time derivatives of (II1.13) yields

. 9z, 07 0H [0F 0™ oH
Ay B = |22 jii o4 .
Z= az‘z 0zt d 021 0z Je azj] gzm (IL.15)
Defining 1
0z _..0z™
Im ,__ I
JM o= E Jc 527 (111.16)

we see Hamilton’s equations are covariant and that J'™, which is called the cosymplectic
form, transforms as a contravariant tensor of second rank. In the new variables, Hamilton’s

equations become

5= J'm(z)%i =[#, H], - (IIL17)
where the Poisson bracket is now given by
Of im O
(f,q] = af, yim (IIL18)

Notice in (II1.17) we have displayed the explicit Z dependence in J Im  This was done to em-
phasize an important distinction—that between covariance and form invariance. Equation
(IT1.16) is a statement of covariance, while a statement of form invariance is given by

07 _..9z™
Im __ 7% gij .
I = 55 le B

This is in fact the definition of a canonical transformation. Form invariance here means that
the form of the J%, and hence Hamilton’s equations remains the same. Evidently, the first
N of 7 are coordinates, while the second N are momenta, so it is a simple matter to revert
to the usual form of Hamilton’s equations in the new canonical variables Z'.

(111.19)

Let us now return to Liouville’s theorem. Taking the divergence of (IIL.17) yields

97! 8J'm 0H m OPH
97 07 0zm 9z'9zm

(111.20)

The second term vanishes because J'™ is antisymmetric and §2H /07'07™ is symmetric. This
is all there is for the usual Liouville’s theorem, since in the canonical case J'™ is constant so
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the first term vanishes. However, for Hamilton’s equations written in noncanonical coordi-
nates the following is typically (but not necessarily) true:

oit_ormon
9zt~ ozt oz
This was the situation for our little example of (IIL7).

It might have occurred to you that changing the coordinates may hide but cannot destroy
volume preservation. This is clear if we simply change coordinates in (IIIL3):

(111.21)

V(t) = /S o7 Hd (IIL.22)

=1

- If we include the Jacobian J := det(0z'/0%%) in the integrand, then Liouville’s theorem is
still satisfied. There is a nice formula relating J and J, which is obtained by taking the
determinant of (III.16) and using the determinant product rule:

1
Vdet J

Observe that there are many J’s with the same J.

Before leaving this discussion of Liouville’s theorem we mention that even though Jisa
function of z, it is still possible for 93! /0% = 0. This can happen because H is such that the
two vectors of (I11.21) are perpendicular or it may happen that 8J'™/8z' = 0, even though J
is a function of zZ. The latter case occurs for fluid models and underlies attempts to describe
turbulence by using statistical mechanics concepts.*

J = (I11.23)

Now it is clear that the essence of what it means to be Hamiltonian does not lie in the
canonical form. Where does it lie? It lies in some coordinate invariant properties of J. To
illustrate this we will play another sort of game. Suppose you have a system of the form of
(IIL.1) and you want to know if it is Hamiltonian. Moreover, suppose you are clever enough
to realize that Liouville is not the answer, because you know that Hamiltonian systems
in noncanonical coordinates look like (II1.17) with Poisson brackets like (II1.18). Finally,
suppose somehow you have found a constant of motion, call it H, and you think this is the
energy and therefore a good bet for the Hamiltonian. Then you can write

- . OH .
Vi(z) = J”a—g 1=1,2,...M. (111.24)
Everything in (II1.24) is known except J*, which is required to be antisymmetric because
of (II1.16). The antisymmetry automatically makes dH/dt = 0, and leaves M equations for
(M? — M)/2 unknown quantities in J*. Suppose that with some fiddling around you have
found a candidate J. [Try this for the simple example of (IIL.8).] Does a transformation
exist such that you can transform the candidate J back to J,.?

*See e.g. D. Montgomery and R. Kraichnan, Rep. Prog. Phys. 43, 35 (1979).
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The answer to this question is given by an old theorem that is credited to Darboux. If
the J¥ you have found makes a good Poisson bracket; that is, when (IIL.18) is assembled it

satisfies
[f,9l=~lg,f1 VYV /fg (I11.25)
[f, g, R]] + [9, (R, S + (B, [fo0]l =0 YV fig (111.26)

and moreover if detJ # 0, then Darboux says there exists a transformation (at least locally)
where J — J,. Note, a requirement for detJ # 0 is that M = 2N, since odd dimensional
antisymmetric matrices have zero determinant. We will not prove Darboux’s theorem, but
will mention that Eq. (II1.26) is the important ingredient. This is an integrability condition
known as the Jacobi identity; it is the central identity of a Lie algebra—a nonassociative
algebra—which has a product with properties (II.25) and (II1.26), and elements that are
functions defined on the phase space. We will say more about this later.

The bracket properties, (II1.25) and (II1.26), can be translated into properties required
of the cosymplectic form. The first is evidently

JH = g, - (111.27)
The second, with a little work, can be shown to be equivalent to

571 + J 57 +J 51 =0 (I11.28)
In going from (II1.26) to (II1.28) it is observed that all the terms involving second derivatives
that arise upon calculating [f, [g, k)] + [g, [k, f]] + [k, [f, g]] cancel; only the terms where the
derivative of the outer bracket acts upon the J of the inner bracket survive. This fact makes
life much easier when verifying the Jacobi identity.

Now suppose everything worked out right except the J you found had detJ = 0, with
some rank 2N < M. What then? A generalization of the Darboux theorem, which was
proven* at least by the 1930’s, says that J can be transformed into the following form:

Oy In 0
J)=|-Ivoy 0o |. (II1.29)
0 0 Op_on

Sijk — Ji

Interesting things happen in places where the rank of J changes. Later we will say something
about this, too.

From (I11.29) it is clear that in the right coordinates the system is an N degree-of-freedom
system with some extraneous coordinates, M — 2N in fact. The geometrical picture is as
depicted below in Figure 1.

Through any point of the M dimensional phase space Z there exists a regular Hamiltonian
phase space P of dimension 2N. These surfaces are called symplectic leaves. A consequence
of the degeneracy is that there exists a special class of invariants that are built into the phase
space. They are called Casimir invariants, a name which derives from the Lie algebra for

*See e.g. L. P. Eisenhart, Continuous Groups of Transformations (Dover, New York, 1961) and R.
Littlejohn, AIP Conf. Proc. 88, 47 (1982).
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Figure 1:

angular momentum. Since the rank of J is 2V there exists possibly M —2N independent null
eigenvectors. A consequence of the Jacobi identity is that this is the case and, moreover, the
null space can in fact be spanned by the gradients of the Casimir invariants, which satisfy

8c@
ij
J 0z

where a = 1,2,3,..., M — 2N. That the Casimir invariants are constants of motion follows
from

=0, (I11.30)

. 8Cc®@ .. oH
(o) = 2 " gis T
c'% = P J 327 = 0. (111.31)
Note that they are constants of motion for any Hamiltonian; they are as noted above built
into the phase space and are in this sense kinematical constants of motion. The dynamics
is determined by the Hamiltonian H. Note that the surfaces P of dimension 2N in the
figure are the intersections of the M — 2N surfaces defined by C(® = constant. Dynamics

generated by any H that begins on a particular P surface remains there.

The picture we have described above is the finite dimensional analogue of the Hamiltonian
form possessed by Eulerian continuous media theories. We will describe the Poisson brackets
for some of them soon, but now we mention that for these theories the J* has a special form
that is linear in the z*, i. e. .

J9 =iz, (I11.32)
where the ¢/ are constants—in fact, structure constants for a Lie algebra. In light of (II1.27)
and (IIL1.28) they must satisfy - B

g =—c (II1.33)

a’nd .. . . . .
ek 4 Femi 4 gt = 0. (I11.34)

Brackets of the form of (II1.32) are called Lie-Poisson.
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It is interesting to reexamine the condition for Liouville’s theorem (II1.21) for J’s of the
above form,
oJm™ o6H . OH
T o= = 0
02" 0zm 0zm
In general, structure constants do not possesses antisymmetry or symmetry upon interchange
of an up with a down index. However sometimes they do, as in the case of so(3) [see (IIL.B)].
In general semisimple Lie algebras can, by a coordinate change, be brought into a form
where the structure constants are completely antisymmetric.* In these coordinates there is
Liouville’s theorem without the need for inserting a Jacobian as in (II1.23). This, as noted
above, is typically the case for fluid theories in Eulerian variables.

(111.35)

In infinite dimensions the analogue of (1I1.18) is given by

6F 1 0G , _. [8F 486G
{F,G}=/DW3’3——¢7dy_.<6¢,3w>, (I11.36)

where ¥*(u,t), and g = (p1,..., in) is a “spatial” or Eulerian observation variable, and ¢,
i =1,...,n are n components of the field. Now J is an operator, and we require

(F,G} = -{G,F} VFG (L3

where F and G are now functionals. Analogous to (IIL27) the antisymmetry condition of
(I11.37) requires J to be skew-symmetric, i.e.

(£,39)=(3f,9)=—(9,3F) . (II1.39)

The Jacobi identity (II1.38) for infinite dimensional systems has a condition analogous to
(I11.28); one need only consider functional derivatives of J when calculating {F,{G, H}} +
{G,{H,F}} + {H,{F,G}}!. For Eulerian media, as noted above, the cosymplectic operator
typically has the Lie-Poisson form N N :

I =clyt, (I11.40)
where C}’ are structure operators. We will clarify the meaning of these structure operators
by examples; a bit more will be said in Lecture IV.

*N. Jacobson, Lie Algebras (Wiley Interscience, New York, 1962).
tSee e.g. P. J. Morrison (1982), Ref. IIT A.
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B. Examples

Below the noncanonical Poisson brackets for several systems are presented. The first, the free
rigid body, is a finite dimensional system, the others are infinite dimensional. We present the
brackets here and refer the reader to the references* for a discussion of the Jacobi identity.

1. Free Rigid Body

The equations that govern the motion of the free rigid body are Euler’s equations, the
following three-dimensional system:

. 1 1
by = £yt (1—3-—7;) ,

IL I

which correspond to the statement of torque-free motion in a frame frozen into the body
with axes aligned with the principal axes. (See Lecture IV for more details.) The energy is
purely rotational kinetic energy; since the axes are principal axes it takes the form

3
H=33 . | (111.42)

The function H is easily seen to be a constant of motion upon differentiating with respect to
time and making use of (II1.41). The Poisson bracket for this system is of Lie-Poisson type

= 09 99
[fs g] - —ezykgka_eigz; . (HI43)

*See e.g. Morrison (1982), lLe.




The structure constants are ¢;x, which are those of SO(3), that is, the group of rotations.
The Jacobi identity is assured since the €;;x, being structure constants, satisfy (IIL.34)—
something that is not difficult to verify directly. It is evident upon substituting (II1.42) into
(I1L.43), that

;= [t;, H], (111.44)
is equivalent to (II1.41). This system possesses the Casimir invariant
3
c=1i>4, (111.45)
1=1
which satisfies
[C,fl=0, Vf. (I11.46)

Thus the global picture of the phase space Z, which here corresponds to Figure 1, is one
where the symplectic leaves are nested two-dimensional spheres in the three-dimensional
space with coordinates ({1, %2, 43).

2. Korteweg-deVries Equation

We write the famous Korteweg-deVries (KdV) equation*, which describes long wavelength
water waves and ion-acoustic waves in plasmas, in the following form:

Ou Ou Pu
—a‘t‘ + u%— + 5? =0. (HI.47)

Here z € D, which can be (and typically is) chosen to be (—c0,0) or (=, ). In the former
case the appropriate boundary condition is u(oo) = 0, while in the later case periodic
boundary conditions are appropriate. The KdV equation possesses a countable infinity of
constants of motion, but the one that is of interest now is the following:

H= | [éus -1 (-g-g) 2} do. (ITL.48)

The noncanonical Poisson bracket, due to Gardner!, is given by

6F 0 6G

{F, G} = - b E%E z, (11149)
from which it is seen that the cosymplectic operator is
0
J= 32 (II1.50)

*See e.g. G. Whitham, Linear and Nonlinear Waves (Wiley-Interscience, New York, 1974).
tC. S. Gardner, J. Math. Phys. 12, 1548 (1971).




The skew-symmetry of (II1.49) follows upon integration by parts; the Jacobi identity can be
shown to be automatic since the cosymplectic operator is independent of u. Inserting the
functional derivative of (111.48),

6H [, ,, O%u
o (au + 7 (IIL51)
into (I11.49), yields
ou 9 [, 0u)_ Ou 0%
T ( +w) =% s (IL.52)

This bracket possesses one Casimir invariant,
Clu] = /D udz. (I1L53)

It is easily verified that {C, F'} = 0 for all functionals F'. The phase space Z in this case is
infinite dimensional—it being a function space composed of all admissible functions u. The
symplectic leaves are of one fewer dimension, but they are also infinite dimensional.

Note that the bracket above is not linear in u and is therefore not of Lie-Poisson form,
in spite of the fact that we have claimed that the standard Hamiltonian form for theories of
media is of this type. You may know that the KdV equation is special—it being integrable
by the inverse scattering method—so it is not too surprising that it has a Hamiltonian
structure that is inconsistent with the credo. Although the basic equations that describe
media in terms of Eulerian variables has the Lie-Poisson form, when approximations are
made this form can change.

3. 1-D Pressureless Fluid

Now we consider an equation even simpler than the KdV equation, that of a one-dimensional
pressureless fluid,

Ou Ou
= Huz-=0. (I11.54)

This equation has, in jest, been referred to as both the dispersionless KdV equation and the
inviscid Burger’s equation. That it models a fluid suggests that the Hamiltonian ought to
be just the kinetic energy functional,

H[y] = /D Lytdz, (IIL55)

there being no internal energy. The following bracket, with the above Hamiltonian, produces
(111.54):
0F 0 6G 6G 0 6F

{F,G}=—3 ./D u [5u Oz u bu Oz 5u] de; (TI1.56)

that is

Ou Ou a(u:')) _ _uau (IIL57)

ou _ -1 Ou
g = i} 3<“ax+ 9z 9z
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The cosymplectic operator is evidently given by

8 a\_ (., 8  Ou

The following Casimir invariant is easily obtained by solving {C, F'} = 0 for all functionals
F; i.e., by searching for null eigenvectors of (II1.58) and undoing the functional derivative:

3=~

[V

= 12 d IL.
C /D |2 de (IIL59)
It is evident that the following Hamiltonian:

Hlu] =1 /D w3dz, (IIL.60)

together with the bracket (II1.49) will also produce (II.54). Thus it is possible for a system
to have two Hamiltonian structures: two functionally independent Hamiltonians with two
distinct Poisson brackets. This rarity occurs for the above system, the KdV equation and
other systems. It is a symptom of integrability™.

4. 1-D Compressible Fluid

Now we consider a somewhat more complicated model, that of a one-dimensional compress-
ible fluid with a pressure the depends only upon the density. The equations of motion for
this system are the following:

Ou Ou 10p

5t~ "0z pos

Op _ _9(pu)
——=——. I11.61
9= o (HL61)
The Hamiltonian has a kinetic energy part plus an internal energy part,

Hip,u] = /D [ 10w + pU(p)] dz, (IIL.62)

and the Poisson bracket is given by

§F 0 6G 6G 0 é6F
FGy=-[ [75555@ - —578—%3;] dz | (IIL63)
The cosymplectic operator s
g 0 2 .
(39) = (?% z ) , (IIL.64)

*See F. Magri, J. Math. Phys. 19, 1156 (1978).
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is seen to be skew-symmetric upon integration by parts and systematic neglect of the surface
terms. The Jacobi identity, follows since the cosymplectic operator is independent of the
dynamical variables.

Observe that this bracket, like the two above, is not Lie-Poisson. However, upon trans-
forming from the dependent variables (u,p) to (M, p), where M = pu, it obtains the Lie-
Poisson form. We won’t do this transformation here but consider this below when we treat
the ideal fluid in three spatial dimensions.

Setting {F,C} = 0 for all F yields two equations

0 6C 0 6C
i _——= IL.
oz ép 0, Oz bu ’ (1I165)
from which we obtain the following Casimir invariants:
Cilu] = /D udz, Calp] = /D pdz. (111.66)
Using
6H
E = pu,
§H ’
7 2u® + R(p), (11L.67)

where h(p) := pU, + U is the enthalpy (note that §H/6p = constant is Bernoulli’s law), in
(I11.63) produces

Ou 0

g = (wHY=—5- (0" +U+0U,)

9 0 |

_a’t’ = {p, H} = —5-(pu). (I11.68)

These equations are seen to be equivalent to (II1.61) upon making use of h, = p,/p (recall
2
p=p'U,)

5. 2-D Euler Scalar Vortex Dynamics

The vortex dynamics we consider here, unlike the examples above, has two spatial variables,
r:= (z,y) € D, in addition to time; that is, it is a 2 + 1 theory. The noncanonical Poisson
bracket possessed by this system* is the prototype of 2 + 1 theories, it being shared by the
1-D Vlasov-Poisson equation®, quasigeostrophy or the Hasegawa-Mima equation, and others.

*P. J. Morrison, “Hamiltonian field description of two-dimensional vortex fluids an guiding center plas-
mas,” Princeton University Plasma Physics Laboratory Report, PPPL-1783 (1981) (Available as American
Institute of Physics Document No. PAPS-PFBPE-04-771, AIP Auxiliary Publication Service, 335 East 45th
Street, New York, NY 10017) and P. J. Olver, J. Math. Anal. Appl. 89, 233 (1982).

tP. J. Morrison, Phys. Lett. 80A, 383 (1980).
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The single dynamical variable for the 2-D Euler equation is the scalar vorticity, defined
by v
w(r,t): =2V xv, (I11.69)
where v is the Eulerian velocity field and 2 is the ignored coordinate. The velocity field is
assumed to be incompressible, V - v = 0, and hence the streamfunction, ¢, is introduced:

0y O
Y P At & 1I.
( 3y’3:c) ’ (TIL70)
which is related to the vorticity through
w=V%4. (IIL.71)

The equation of motion for this system is

=0 Vo ==[pul, (IIL72)

e _ 9% 019 11173
[f’g—ﬁxay_ayam' (IIL73)

There is some subtlety with the boundary conditions. The physical boundary condition
for the ideal fluid is that no flow penetrates the boundary; i.e. the normal component of
v vanishes. This amounts to 1 = constant on dD. Since w is the dynamical variable one
might expect the boundary condition to be, w = constant on D. Then it is natural to set
variations of w to zero on the boundary to eliminate surface terms obtained upon integration
by parts. Although this boundary condition is correct for the Vlasov-Poisson equation, it
is unphysical for the ideal fluid where the vorticity at a point on the boundary need not be
constant. When boundary terms do not vanish with physical boundary conditions, generally
the mathematics is signalling something physical. In this case it is signalling the fact that
surfaces of constant vorticity possess dynamics, an idea that is the basis of the “contour
dynamics” approximation technique. To describe this is beyond the scope of these notes.
However, all these complications can be avoided by choosing the domain D to be a finite
box and impose periodic boundary conditions. Alternatively, D can be chosen to be R?
with vanishing vorticity at infinity; however, as is well-known in electrostatics, this requires
a potential that diverges logarithmically.

The energy in this model is purely kinetic, thus the Hamiltonian is given by

Hlw] = %/Dv2 d’r = %/D |V|? dr

- / / w(r) K(r|r') w(r') d*r = 1 /D wy & (I11.74)

where K is defined by
D) = — / W) K (r|r)w(r') dr. (IIL75)
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Observe that in the case where D = IR? the last equality requires the elimination of the
logarithmic singularity. The noncanonical Poisson bracket for this system is given by

6F 6G
{F,G} = /D w [5, 5] & (11L.76)
which is of the Lie-Poisson form. The cosymplectic operator in this case is
J=—|w,-]. (IIL.77)

Skew-symmetry follows from

), flohldr=— [ glf,hdr, (11L.78)

which is obtained upon integration by parts and neglect of the boundary terms. The Jacobi
identity for J is inherited from that for [, ], as is generally the case for Lie-Poisson brackets.
The Casimir invariant for the bracket of (II1.76) is given by

Clw] = / C(w) dr, (IIL79)

where C is an arbitrary function. Since C is arbitrary C in fact constitutes an infinity of
constants of motion. These arise form the incompressibility of phase space*. We mention
that even though there are an infinity of constants this is insufficient for the 2-D Euler
equations to be integrable. In order to obtain the equations of motion we require

SH
Evidently,
% (o HY = —fw, H) = o, 4] (I1L.81)
ot = 9 - w, Sw = W, ’ .

which is equivalent to (II1.72).

6. 3-D Ideal Fluid

For this last example we consider the ideal fluid in three-dimensions, our first example of
a 3 4 1 theory where the spatial variables are the Cartesian coordinates r := (z,y,2) =:
(z1,2,23) € D. The dynamical variables used are the same as those discussed in Lecture
II: the three components of the Eulerian velocity field, v, the density p and the entropy per
unit mass s. We use s rather than the pressure p, but it is a simple matter to alter this. The
equations of motion are

ov 1

o =0 Vv — ;Vp, (I11.82)
Op _

2= V- (pv), (111.83)
Os

—at = —p-Vs. (III.84)

*For a physical explanation see P. J. Morrison, Zeitshrift fiir Naturforschung 42a, 1115 (1987).
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Recall that the thermodynamics is embodied in an internal energy function U(p,s), from
which in addition to the pressure p = p2U,, the temperature is given by T' = Us.
The Hamiltonian functional is given by

Hlv,p,s] = /D (%pv2 + pU(p, s)) d°r, (I11.85)

and the noncanonical Poisson bracket* is

6F 686G 6F 6G Vxv 6F 6G
rar--f (v a-57w) (5 55

Vs [8F6G 6F6G 3
—_— | ———-—]| d°r.
p bs v bs v

This bracket is familiar in that the first term is the generalization to three-dimensions of
that for the 1 + 1 compressible fluid given above. Similarly, recognizing that via the chain
rule §F/6v = V x §F /6w, the second term is seen to be a generalization of that for the 2+1
scalar vortex dynamics given above!. The third term is not familiar, but had we included
entropy in our 1 + 1 fluid theory its one-dimensional counterpart would have been present.

Using

(I11.86)

SH SH | , SH

E—)- = pvu, '3.; =3V + (pU),,, 8s = pUs , (11187)
Eqs.(I11.84) are seen to be equivalent to

ov Op 0s

E—{U,H}, 5—{1’,1{}, (—9?-{3,11}. (111.88)

In order to obtain the equations of motion from the above and in order to prove the Jacobi
identity, integrations by parts must be performed and surface terms involving functionals
must be neglected. The boundary condition appropriate for the ideal fluid, as noted above,
is - v = 0 on 0D, but this is a boundary condition on v not on the functionals directly.
The function space of functionals must be such that these terms vanish for all functionals.
In the case where D is a finite domain there is a complication with the vanishing of these
terms, as in the case for the 2-D Euler equations. This problem is not an issue when periodic
boundary conditions are used or when D = IR3, for in these cases the space of functionals can
be defined appropriately. However, when D is a finite domain there is difficulty. One might
try to eliminate the surface terms by requiring all functionals to satisfy 7 - 6F/év = 0, but
this space of functionals is not closed, i.e. the bracket of two functionals with this property
does not necessarily produce a functional with this property. A method that circumvents this
complication is to build the boundary condition into the Hamiltonian by a suitable potential
energy functional.

It is evident that the Poisson bracket of (III.86) is not of Lie-Poisson from. However,
if a transformation form the variables v, p, and s to the conserved variables M := pv, p,

*P. J. Morrison and J. M. Greene, Phys. Rev. Lett. 45, 790 (1980); bid. 48, 569 (1982).
tSee, for three-dimensional vortex dynamics, E. A. Kuznetsov and A. Mikhailov, Phys. Lett. 77A, 37
(1980).
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and o := ps, which were introduced in Lecture I (and alluded to above), is made, then the
bracket becomes?

{F,G}=—/D[M-(6F 0 §G  §G 9 6F)+p(6F g9 _ &G V&F)

5Mj Bz,- 6M - 6MJ axj 6M, W 5p _E—M—‘ —5;
§F _6G 6G _S6F\] 4

This transformation requires the use of the chain rule for functional derivatives, which gives
formulas like the following:

oF 6F M 6F oébF
—| == —_— . 111.90
60 1,., Sp’Ma p 6M+p5a' ( )
It is straight forward to show that (II1.89) together with the Hamiltonian
M2
= 1= 3
1Mol = [ (12 + Uouol) . (1rL.91)
produces the fluid equations of motion in conservation form as follows:
oM Op do
W_{M’H}’ E—{paﬂ}7 'b'i""{a’H}° (11192)

Now consider the condition for the Casimir invariants, {F,C} = 0 for all F. From (II1.86)
it is seen that this implies

050 o 1g, 80
év p bv
6C  (Vxw) 6C VséC
One solution of these equations is
= d3 *
Cilp,sl = [ pf(s) &r, (111.94)

where f is an arbitrary function. If we eliminate the entropy variable, s, from the theory,
then another solution is the helicity

Calo] = /D vV xvdr. (IIL.95)

It will be left to you to investigate the general solution.

}Morrison and Greene, l.c.; I. E. Dzyaloshinskii and G. E. Volovick, Ann. Phys. 125, 67 (1980).
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7. General Comments

Above we presented a variety of noncanonical Poisson brackets, of one, two and three spatial
dimensions and of one or more field variables, culminating in that of the three-dimensional
fluid with the field variables (v, p, s) or (M, p, o). In closing this lecture we make some brief
comments about the classification of the various brackets.

Consider the cases where there is only a single field variable. We presented two such 141
theories, that for the KdV equation and that for the pressureless fluid. It is natural to ask
whether or not these brackets are in some sense equivalent. Is it possible by a coordinate
change to map one into the other? A simple scaling analysis suggests that a quadratic
transformation might do this. An invertible transformation of this kind is given by

@ = Lu® sgn (u), (I111.96)
with the inverse
u = sgn (&)V6a. (IIL.97)
Inserting SF sP
35=2guw¢@55 (111.98)

into the KdV bracket yields

[ 8FHEG ., [ .[6F 886G G I SF
{F’G}——/JJEEZEdm__5/IJU[E$5&—6116:::5& de.  (L19Y)

Now it is evident from (II1.99) and from above, where we changed fluid variables form
(v, p,s) to (M, p,o), that sometimes brackets can be mapped into the Lie-Poisson form by
an invertible transformation. The study of when this can be done is an interesting area
that we will not address here. However, since typically for fluid theories this can be done,
this suggests a classification of such theories by their Lie-Poisson bracket, which in turn are
classified by the Lie group corresponding to the structure operators. Thus theories can be
classified by a Lie group* and the corresponding Casimir invariants are determined. In the
case of 1+1 theories discussed above, the group is that of coordinate changes and the algebra
is in essence the infinitesimal generator &/dz. In the case of the 2+ 1 theory of Euler’s fluid
equations the group is the group of canonical transformations of the plane, or equivalently
area preserving transformations. When one increases the number of spatial dimensions the
possibilities increase. When more than one field variable is considered the groups become
more complicated. They are groups by extension, such as the direct product or semidirect
product. Treatment of this area is beyond the scope of these lectures, although we will briefly
comment on this in the context of Clebsch variables in Lecture IV.

*This idea is an old one. It in essence was developed in the work of Sudarshan (1963), Ref. IV B. See
also Sudarshan and Mukunda (1974), Ref. IIT A. Further development in the geometrical setting was given
by V.1. Arnold, Ann. Inst. Four. 16, 319 (1966) and Usp. Mat. Nauk. 24, 225 (1969), although unlike here

the (cumbersome) Lagrange bracket is emphasized.
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IV. Tutorial on Lie Groups and Algebras,
Reduction—Realization, and Clebsch Variables

A. Tutorial on Lie Groups and Lie Algebras

This section, which was in fact a lecture, was given after all the others. However in retrospect
it appears for continuity better placed here. It can be skipped by the cognoscenti.

A Lie group & is both a group and a differentiable manifold. The elements of the group,
which are uncountaby infinite in number, correspond to points of the manifold. To be
concrete we will consider a realization where elements of & correspond to functions that
define transformations (coordinate changes) on some manifold Z.

Suppose the manifold Z has coordinates 2%, i = 1,2,..., M, and a family of transforma-
tions is given by

2" = fi(z,a) i=1,2,....M, (IV.1)

where z = (2},22,...,2M) € Z and a = (a',d?,...,a") € & denotes a parameterization of
the family. For each value of a the functions f constitute a one-one, onto transformation of
Z to itself. For convenience we denote this by T,. Thus T,:Z — Z and 2’ = T,z. The set of
T,’s form a group under composition of functions.

It is important to distinguish between the M-dimensional manifold Z and the N-dimen-
sional group manifold ®. The latter is called either the parameter space, group space, or the
group manifold. We are introducing Z now so that you have something concrete to visualize,
but this is really unnecessary—it could be done completely in the abstract.

Another distinction to be made is between the passive and active viewpoints of the
transformation T,. In the passive viewpoint (adopted above) the point of Z remains fixed
and T, represents a change in the coordinates used to identify the point. In the active
viewpoint there is dynamics of a sort; a point of Z is mapped into a new point. Below you
are, for the most part, free to think in terms of either viewpoint.

The group product, as noted above, is composition. Closure requires the existence of a

group element T, such that
Tez = TyTuz (IV.2)

for all T and T,. Hence, there must be a function ¢(b,a) = ¢. It is this function that really
defines the group. If one assumes that ¢ possesses three derivatives in each of its arguments,
it is a wonderful thing that this guarantees the existence of all derivatives. We will see how
this goes, but not work it out in detail. In terms of the function of (IV.1) closure can be

stated as follows:
f(z,¢) = f(f(z,a),b) = f(z,é(b,a)). (IV.3)

A simple example of a Lie group is that of SO(2), rotations of the plane. These are linear

transformations given by
2" cosf sinf | | 2*
[z'z] - [—sine cosﬂ] [22] ’ v
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or equivalently
Z/ = ng . (IV5)

This a one parameter group with § € [0,2n]. Closure requires that a rotation through an
‘angle 6 followed by a rotation through an angle ¥ must be equivalent to a rotation through

some angle x:

cosp siny cosf sinf| cos(y + ) sin(vp +0) |
—sin cos z,b] [— sin § cos 0] - [—- sin(¢ + 0) cos( +6)| T. (IV.6)

Evidently, the analogue of ¢ = ¢(b,a) is x = ¢(¢,0) = ¥ + 0, mod 2.

You may know that in addition to closure, groups have three other properties: associa-
tivity, the existence of an identity, and the existence of an inverse. These properties are
natural if you think about elements of the group corresponding to coordinate changes.

Assoctativity requires

T, Ty = [

T.(T)T;) = (T.T)Te . (IV.7)
Since T, Ty = f(f(2,b),a), the right hand side is
(T.T)T. = f(f(f(2,¢),b),a) = f(f(2,¢), $(a,b)) = f(2, 6(¢(a,b),c)). (Iv.8)
Since T,T. = Ty(v,c), the left hand side is
To(ToTe) = To(ab(ore)) - (1v.9)

Upon comparing (IV.8) and (IV.9) we see that associativity implies
8(a, 4(5,0)) = B(8(a,8), ). (IV.10)

This relation is clearly not satisfied for all ¢; it in fact places a strict restriction on the
functions that define a group, as we shall see.
The identity element of the group is denoted by Tp. It must satisfy

T T, =T,To =T, (Iv.11)
or
f(f(z,a),O) =f(f(270),a) =f(z,a)- (IV12)
Therefore,
#(0,a) = ¢(a,0) =a. (IvV.13)

For every element a of a group ® there must exist an inverse, which we denote by a1,

such that
T\Tor = Tyr Ty = To . (IV.14)

Evidently,
$(a,a7!) = g(a™",a) =0 (IV.15)

In order for these equations to have a unique solution for a™!, given a,

det (8¢(“ b)) £0; det (‘%(“ b)) £0. (IV.16)
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It is easy to verify the above properties for the example of S0(2); it is recommend that
you do this.

A Lie algebra, g, arises in studying the group manifold in a neighborhood of the identity.
Such a study yields ordinary differential equations for ¢.
Suppose éa is small and consider

T; :=T,Ts, (IV.17)
or
i = ¢(a,ba). (IvV.18)
Since ¢ was assumed to be continuous @ must be near a, so we write
i =a+da = ¢(a,ba) (IvV.19)
or in terms of the transformations
Ta+da2 = T,,T,gaz . (IV.20)
This is depicted in Figure 1.
z +dz a dz
da
a+da
z
Figure 1:

Taylor expanding (IV.18) about a = b = 0 yields

a® + da* = ¢*(a,0) + 9¢*(a,b) 6aP + ..., (Iv.21)
v |,

where the greek indicies a, B etc., which we will use to denote coordinates of the group
manifold, run over 1,2,..., N. From (IV.21),

da® = L(a)éa” (IV.22)
where 66 (a. b)
L3(a) := 222220 (IV.23)
g ob° b=0
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Consider now a function defined on the group manifold F:® — IR. How does F(a) differ
from F(a)?

dF(a) := F(a) — F(a) = F(a + da) — F(a)

~ dea = %Lﬁ(a)é‘a
=: 6a® XpF(a). (IV.24)
The quantities X5 defined by
ary O
Xﬁ = Lﬂ(d)é‘;&-, (IV25)

are called the infinitesimal generators of the Lie group. They are in fact elements of the
Lie algebra, g, associated with &. The quantities Xj are to be thought of as vectors with
components {L%} and basis vectors {9/da®}. Evidently, if we choose F(a) = a, (IV.24)
implies
da" = §aP Xga" = L}6d° . (IV.26)

We will use this later.

Now let us return to our quest of determining what the group properties say about ¢.
Taylor expanding ¢ about a = b = 0 through third order yields

a¢u(0’0) a” + a¢u(0,0) [ l a2¢u(0’0) naA

¢"(a,0)=¢"(0,0) + —5 = a5 5 Barda> °
8%¢7(0,0) .., 18%¢%(0,0) .., , 1 3%¢(0,0) . , ,
Oa*0b* @b+ 2 9b=ob b6+ 3! Ha*0a*Oa* aaa
1 85¢°(0,0) o xw 1 8¢°(0,0) w1 8¢(0,0) o,
t 3 9a 009 © Ot 5 saaranw ¢ 0 Y 31 sraviaes 0 0
+0W), (IV.27)

where derivatives with respect to a are taken in the first slot of ¢” and those with respect
to b in the second. Since

$(a,0) = 8(0,0) = @ (1v.28)
for all a, it is clear that #(0,0) = 0, and upon differentiating (IV.28)
a¢u(0, 0) — v - SV
e AQ R
@5-6%92 = [2(0) = . (IV.29)

Differentiating (IV.28) twice and then thrice in the nonzero argument implies

8247(0,0)  92¢"(0,0)  8°¢*(0,0) _ 8°¢*(0,0) _

darda* 9o T Hardardar T OO HbH =0. (IV30)
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However, (IV.28) does not contain information about mixed derivatives; viz.

0°¢*(0,0) 0°¢*(0,0) 0°¢*(0,0)

90db ' 000006 e bl (Iv:31)
Thus far we have reduced (IV.27) to
v — AV v a2¢v(0’0) K1
’ ¢ (a,b)—a +b +Wa b
1 63¢V(0’0) K_Arp 1 33¢V(0’0) KiA1Lp
+§m—aab +§mabb +0(4), (Iv.32)

To go farther the associativity condition (IV.10) is imposed. If you expand through
second order, in anticipation of a result, you will be disappointed. Associativity places no
constraint to this order. If you attempt to expand through third order you will also be
dissapointed because you will generate a tedious mess. Nevertheless, perseverance and a tad
of cleverness results in a condition on ¢. If we define

v . 07¢°(0,0)  9%¢°(0,0)

1= - v
€ darob* 0arob= ' (IV:33)
which obviously satisfies
Cir = —Cre> (IV.34)
the condition obtained is
CirCsy + ChaCas + cixch, = 0. (IV.35)

The numbers ¢, were called structure constants by Sophus Lie. They are the heart of the
matter.

You might wonder what happens to next order. It turns out that (IV.34) and (IV.35)
are enough to determine ¢—the structure of the group (that is connected to the identity).

Now we will obtain a differential equation for the group and then discuss briefly some
important theorems proved by Lie. Recall Eq.(IV.26)

da” = §a° Xpa” = L}6d” (IV.36)

which we derived by expanding Tyy4, = T,T5,. Since ¢(a,a™!) must have a solution, this
implies L§(a) has an inverse for all a. We call this L7 i.e.

LgL;m =& (IV.37)
and (IV.26) can be inverted
6aP = L7 da®. (Iv.38)
Now suppose
Tc+dc - TaTb+db = TaTbTSb ’ (IV39)

1




Z+dz’'

Figure 2:

which is depicted below in Figure 2.
Equation (IV.39) implies

c+ dc = ¢(a,b+ db) = é(a, ¢(b, b)) .
If dc = db = 6b = 0, then ¢ = ¢(a, b); thus (IV.40) becomes by associativity,
c+dc= ¢(¢(a’ b)7 5b) = ¢(C, 6b) .

Therefore,
¢ + de* = ¢*(c, 6b) = ¢%(c,0) + L§(c) 68° + ...,
and
de* = L%(c) 68° = L§(c) L7 (b) db",
where the second equality follows from (IV.38). Evidently,

Oc* ar Ny
5 L3(c)L;'(b),

but since ¢ = ¢(a, b)

8—%—-@ = Lj(¢(a, b)) L3 (0).

(IV .40)

(IV.41)

(IV 42)

(IV 43)
(IV.44)

(IV 45)

Equation (IV.45) is a system of partial differential equations of Mayer-Lie type. Here
¢(a, b) is the unknown and a is a fixed parameter. A similar equation holds where the roles
of a and b are reversed. In order for a system of equations of this type to possess a solution,

they must satisfy an integrability condition, viz

0’¢*(a,b) _ 9°¢%(a,b)
ool Obobr

which implies 5 5
o [L5(8(a, D)L ()] = 5 [L5(8(e )L (B)] -

72

(IV .46)

(IV.47)




Performing the differentiation in (IV.41)

dLj(c) 94" (a, b)

OL;*(b)
o

Oc” Obm L) + Lg(e)—%—

OLj(c) 94" (a,b) o JOLY(b
= 3[;,(,0) ¢a(b: )Lulﬁ(b)-{-Lﬁ(c)_#’y(—)-, (IV.48)

and then using (IV.44) yields

oLg(c)
ocv

LY L5 (HL(t) - Lz(c)L;”(b)L;w(w]

c)[aL 1(5) LT b)] (1V.45)

ob”

Now the left hand side can be made a function of ¢ alone and the right hand side can be
made a function of b alone, by multiplying by “L(b)L(b)L~(c)” with the appropriate indices.
We obtain

1770 | 2E gy - 25

10

_ Lg(b)Lg(b)[aLg;(b) - aLg;(b) , (IV.50)

Since the points b and ¢ were arbitrary, the two sides of (IV.50) must equal the same constant,
which is determined by setting ¢ = 0. Using

15(0) = L;™(0) = 6 (1v.51)
d 0L3(0) 9%4>(0,0)
B8 _ ’
o - 0cow (IV.52)
yields for the two sides
dLj(c) v 3L"‘(c) ) N
OL;'(b) OLTV(B) _ 5 o iaspg-1p
W o cop L, (D)L (D). (IV.54)

Equation (IV.54) is an important equation known as the Maurer-Cartan equation. Since
its left hand side is a “curl”, the divergence of its right hand side must vanish. This is true
provided the structure constants satisfy (IV.35). Therefore (IV.54) can be solved for L=1(b).
With this value of L=! (IV.44) is solved for ¢.
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Above we have described the connection between Lie groups and the Lie algebra of -
generators. It needs to be emphasized that Lie proved a remarkable theorem: given the Lie

algebra of generators

[Xa, Xp] = i Xy (IV.55)

where the structure constants ¢l satisfy (IV.34) and (IV.35), or equivalently
[Xo, Xg] = —[Xg, Xal » (IV.56)
[Xas (X, Xl + X, [ Xy Xo] 4 (X Xy X]] = 0, (IV.57)

then there exists some Lie group for which the “c’s” are the structure constants. Moreover,
in the vicinity of the identity this group is unique. The proof of this theorem in the general
case is difficult. It requires a deep understanding of the structure of Lie algebras; namely,
that any Lie algebra can be decomposed into the sum of two kinds of algebras—a semi-simple
algebra and a solvable algebra. It is not possible to pursue this within the confines of a single
lecture like this.
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B. Reduction—Realization

Reduction is a procedure for obtaining from a given Hamiltonian system one of smaller
dimension. The idea dates to Poincaré and Cartan. It is an example of generating dynamics
via a canonical realization of a Lie group, which is a subgroup associated with a Lie algebra
composed of the ordinary Poisson bracket and a selected collection of functions defined on
phase space*. There are two parts to reduction: kinematics and dynamics. The kinematic

*See again Sudarshan (1963) and Sudarshan and Mukunda (1974), Le.
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part is concerned with the use of special variables that have a certain closure property,
while the dynamic part refers to a symmetry of the Hamiltonian, viz. that the Hamiltonian
be expressible in terms of the special variables. The symmetry gives rise to one or more
constants of motion (Casimirs) that can, in principle, be used to reduce the order of the
system. However, the term reduction is, in a sense, a misnomer since in practice the procedure
does not reduce the order of a system, but splits the system in such a way that it can be
integrated in stages.

In this section we discuss reduction in general terms for finite systems, and then consider
a reduction that we term standard reduction, where the new variables are linear in the
momenta. This is followed by two examples, the free rigid body and the ideal fluid, both of
which are standard reductions. In the next section we discuss Clebsch variables, a reduction
that is bilinear in canonical coordinates and momenta.

1. Reduction of Finite Dimensional Systems

In the first part of reduction, that which pertains to kinematics, the system is transformed
into a useful set of (generally) noncanonical coordinates. To see how this goes, we begin
with the canonical Poisson bracket

_Of ;99 C o
[fa g] - azi ']c 62‘7 Z,J - 1,2, ,2N, (IV.58)
where recall
. Oy In
i) —
(']c ) - [_IN ON] 3 (IV59)
and
z=(g,p), (IV.60)
and suppose we have a set of functions w®(z), with @ = 1,-.-, M, where in general, these

functions are noninvertible functions of z and M < 2N. Also suppose f and g obtain their
z-dependence through the functions w, i.e.

1) = (). (v.61)
Differentiation of (IV.61) yields,

of _ of ow

8z'  Ow~ 07’ (1V.62)

which upon insertion into (IV.58) gives

_ Of 0g [Ow* ijawﬁ
[f’g] - awa awﬁ (azi Jc 82‘7 ? (IV63)
where we have dropped the “overbar.” The quantity
ow* .. OwP
JoB = g IV.
0z Je 0z (1V-64)
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is in general a function of z. However, it is possible that J*# can be written as a function of
w only. When this closure condition occurs we have a reduction. Said another way, we have
a Lie algebra realization composed of the functions w and the Poisson bracket.

In order for functions of w together with the bracket

[f,9] = %%J“ﬁ(w) : (IV.65)

to be a Lie algebra, in is necessary for [, | to satisfy the Jacobi identity for all such functions.
This is equivalent to

dJ” dJ*P aJr
oy . Jab 07 86 =0. .
SPYV(w) :=J BuF +J 5t +J i 0 (IV.66)
(Recall Lecture II.) Substituting (IV.64) into (IV.66) gives
ow™ .0w® 8§ [Owf 0w
afy — i Kl IV.
S (w) 0z J 02 Ouwb (8z" J az’) + (Iv67)
ow* .. 8 [OwP , 0w
— 3 kl
T8 J 0z (62" J 0z ) + (IV.68)
= [w?, [w?, w"]] + [, [w?, w?]] + w7, [w*, w"]] = 0, (1v.69)

where the last equality follows from the original Jacobi identity applied to the functions w®.
Thus any reduction produces a bracket that satisfies the Jacobi identity.

Now consider briefly the second part of reduction, that which concerns the symmetry
property of the Hamiltonian. In order to have a complete, reduced description of the dynam-
ics, i.e. one entirely in terms of the w’s, the original Hamiltonian H(z) must be expressible
solely in terms of these varibles, i.e. there must exist a function H(w) such that

H(z) = H(w). (IvV.70)
Equation (IV.70) is in fact a statement of symmetry. This is a condition that must be verified

case by case, but it is not difficult if one knows the generators of the symmetry.

2. Standard Reduction

For standard reduction the functions w have the following special form:
w* = A% (q)p; . (IvV.71)

Writing out (IV.64)
Ow® duwP  OwP dw*

oyt d¢  Opt ¢’

JoP = (IV.72)
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and inserting (IV.72) into (IV.71) yields

aAﬁj i 0A” J
afl — at i —
I = AN = AP
BABT QA%
= | AY—+ — IV.
(A a7 AP a ) (IV.73)

Closure occurs if constant numbers c,‘;'ﬁ can be found such that

(A 34‘ -4 g

The form of (IV.74) may ring a bell. Recall the discussion in Section A where we talked
about integrability and obtained the Maurer-Cartan equation. From Eq.(IV.53) it is clear
that if the A’s are chosen to be the components of the infinitesimal generators of some Lie
algebra, then Eq.(IV.74) holds, with the constant numbers c2# being the structure constants.

You may have noticed that above the structure constants have two covariant indices and
one contravariant index, which is the opposite of that of Section A. Technically, above we
have considered the dual of the algebra—the algebra of linear functionals. Evidently there is
more to this story than we are telling you. For now, we emphasize that the important thing
is that (IV.53) have a solution.

) pi = P AYp; = Pu. (IV.74)

Since reduction involves a symmetry and symmetries are related to constants of motion,
it should come as no surprise that a general expression for constants of motion, which are,
of course the Casimir invariants, comes along with the reduction framework. A clean way of
seeing this is afforded by triple bracket dynamics*.

This construction begins by considering a semisimple Lie algebra with structure constants
cf; and metric tensor' g;; which is given by

gij = —ch iy (IV.75)

This quantity can be used to raise and lower indices. (Note the minus sign is introduced
here to make g;; positive for e.g. the rotation group.)

The fact that the structure constants have three indices hints at the existence of a geo-
metric bracket operation on three functions, and it would be appealing if all three functions
appeared on equal footing. This can be achieved by using the fully antisymmetric form of
the structure constants,

ik = gmgingk (IV.76)

from which the following triple bracket is constructed:

0A 0B oC
Ow' wi fwk
*Bialynicki-Birula and Morrison, (1991), Ref. IV C. Triple bracket dynamics is a generalization of a

formalism due to Y. Nambu, Phys. Rev. D 7, 2405 (1973).
This is also called either the trace form or Killing form. See e.g. Jacobson, l.c.

[A,B,C] = =" —— (IV.77)
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A simple relationship exists between [f, g, k] and the Lie-Poisson bracket [f, g]. This is
made manifest by inserting the Casimir of the Lie algebra, as given by

C = %g,-jwi w, (IV.78)

into one of the slots of the triple bracket, i.e.

(f,9,h] = [f.9], (IV.79)

Due to this relationship time evolution can be represented as follows:

d

d_];'_" [faH>C]’ (IV’SO)
where f is an arbitrary dynamical variable. In this formulation the dynamics is determined
by two generating functions, the Hamiltonian H and the Casimir C and because of the
complete antisymmetry the Casimir is necessarily conserved.

3. Reduction of the Free Rigid Body

The free rigid body, which is a sort of prototype for reduction, is a good example because it
is finite dimensional and the computations are relatively easy. A free rigid body is a rigid
body that is subject to no external forces, and thus a frame of reference can be assumed in
which the center of mass is fixed. It takes three numbers to specify the state of the body:
if a mark is placed on (or in) the body as a reference point, then two angles specify the
orientation of the line from the center-of-mass to the mark, while another angle is needed to
specify the orientation relative to the line; i.e. the location of another mark (not along the
line) is determined by a rotation about the line. Thus the dimension of the configuration
space Q, for the free rigid body, is three. A traditional set of coordinates is provided by the
Euler angles x = (x1, X2, X3), which are defined by Figure 3 below.

Evidently, the rotation matrix, R(x), that takes the primed into the unprimed axes is
the product of three rotations through the three Euler angles.

By imagining infinitesimal rotations, 6y, or by consulting a mechanics book, you can
obtain the following important formulae relating the angular velocites, relative to a set of
cartesian coordinates fixed in the body, to the time rate of change of the Euler angles:

w1 = X1€0s X3 + X2 8in X1 sin X3
wy = —X1 sin x3 + X2 sin X1 cos X3
w3 = X3 + X2 COS X2 . (IvV.81)

The body axes are convenient since in these axes the moment of inertia tensor is constant in
time and one can choose them so that the moment of inertial tensor is diagonal, the so-called
principal axes. In these coordinates the Lagrangian is deceptively simple,

L(x, %) = } (hw? + Tw? + Iw?) | (IV.82)
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Figure 3:

it being merely the kinetic energy since there are no external forces. Note however, upon
insertion of (IV.81) the Lagrangian becomes a complicated function of x and x. I will leave
it as an exercise for you to calculate the equations of motion.

Since the Lagrangian is convex in x we can effect the Legendre transformation. The
canonical momenta are given by

6L 8L aw_,' _ ?_Lf’i

el il v A (IV.83)
i.e.
pi= AT (04, (IV.84)
where
COS X3 —sin X3 0
(A7) = (sin X1sinxs sinx;cosxs 0 ) ) (IV .85)
’ 0 0 1

and the angular momentum ¢; := Lw; (not summed). Comparing (IV.81) with (IV.84)

reveals that
w; = Dijx;, (IV.86)

where DT = A~! with “T” indicating transpose. If 2 is defined to be the antisymmetric
matrix composed of the three components of w, then an important way to write (IV.85) is
as follows: ‘

Q=R'R. (IV.87)

This form is analogous to that of the map from Lagrange to Euler variables. I will leave it
for you to work this out.
The inverse of (IV.84) is given by

t; = Aji(x) pi s (1V.88)

+9




where
1 sin xy; cos x3 sinys — sin xzcos X1

(A) = = —siny;sinys C€osX3 — COSX3COS X1 (IV.89)

sin x1 .

0 0 sin x1
This is the standard reduction formula of the form of (IV.71).
Upon effecting the Legendre transform, the Hamiltonian is obtained:
. £ 1

H(p, X) =p;xi— L = %Z}cLUk = %Zk: I—l; = %Zk: 7; AkiAkj DPiPj (IVQO)

which obviously possesses the necessary symmetry of (IV.70).
It remains to show whether or not the variables ¢; allow a reduction. To see if this is the
case consider [{;, £;], which upon insertion of (IV.88) becomes

6Air
Oxk

A
e — ; IV.91
AJ an Azk) ’ ( V.9 )

as expected from the results of the previous subsection. Since the left hand side of (IV.91)
is difficult to evaluate, we make use of

[6:, 4] = AL, (

0A; A7}
TAT = A —1, V.92
an rs an ( )
which follows upon differentiating
A,'TA:SI = b5, (IV93)
to obtain
047}
[e,‘,fj] = gs-éx—k (Aj,—A,‘k - AirAjk) . (IV94)

The matrix in the first parentheses is not too difficult to calculate. The evaluation of the
second parenthesis amounts to the determination of three matrices; since [¢;, £;] is antisym-
metric only [y, 4], [¢1,£3], and [£,, 3] must be obtained. Multiplying out the matrices of the
two parentheses (three times) yields the following compact and expected result:

[Z,-,éj] = —€i5k fk . (IV95)

4. Reduction for the Ideal Fluid: Lagrangian — Eulerian Variables

Now consider reduction for the ideal fluid, which amounts to the transformation from La-
grangian to Eulerian variables. In the Lagrangian variable description of Lecture II we had

the Hamiltonian )

Hlr,q = /D [-2% + pOU(so,po/j)] &a (IV.96)

which together with the canonical Poisson bracket,

_ [ [6F sG G §F] ,




produces the ideal fluid equations of motion. For the moment, let us forget about the
Hamiltonian structure and just consider the change from (g, ), the Lagrangian canonically
conjugate pair, to (p,o, M), the Eulerian non-canonical variables. Recall from Lecture II
that

p(r,t) = /D po(a) 6(r — q(a,t)) da
o(r,t) = /D oo(a) §(r — q(a,t)) d%a

M(r,t) = /D 7 8(r — qla, 1)) Pa. (1V.98)

Clearly, from the above three relations, we can calculate (p, o, M) for a given displacement
field ¢ and a given momentum field 7. The chain rule thus goes the way we need it to
calculate variations of

Flq,7] = Flp,0,M]. (IV.99)

In (IV.99) we are supposing that F' obtains its ¢ and 7 dependence through some functional F
of (p, 0, M). The functionals F and F are defined on different functions, which are themselves
defined on different (space-like) domains, @ and z, respectively.

Consider the variation of F,

§F = /[— 8q +— 64 Ba

6F 3
/ [—5,; —60 +5r 5M] &r. (IV.100)
Note that the two domains of integration coincide, although the variables of integration
have different names. We will now try to find the functional derivatives with respect to the
Lagrangian fields in terms of the Eulerian fields. This will allow us to express the bracket in

Eulerian fields. The variations of the Eulerian fields induced by a variation of the Lagrangian
fields are

6p=— [ po(a) Vé(r - ) - 8q da,
bo = — /D oo(a) Vé(r — q) - 6q d°a,

§M = /D [67 6(r — q) — 7V6(r — q) - 6q] . (IV.101)

Above (and below) the V-operator operates on the r-dependence. Inserting (IV.101) into
(IV.100), interchanging the order of integration, and equating the coefficients of §q and &=
implies

P 6F )
———-/ [p0_+ao 5 + - i Vé(r —q) &r




§F SF 3
/ [pg V— +o09gV— o + 7r,V6M] 8(r —q) d°r (Iv.102)
SF 5F 3 §F 3 §F
= - = — = — Iv.1
5 5(r q)d d TSt (IV.103)

where the second formula is obtained after integration by parts, assuming the boundary
terms vanish. Inserting (IV.102) and (IV.103), for both F and G, into (IV.98), yields

- §F §6G 6F 6G 6G 9 SF
r ’G}=/D (r=4q) {”°VT 50 T V55 5 T 5L " oa; 60,
5G 6F §G 6F SF 896G\
PR VAL LI S = V.
POV S, EAT "7 55 5M T 5M; "5, 5M,-} @a (TV-104)

After interchanging the order of integration, the integral over d°a can be carried out,

§F 8 6G 6G 8 6F §F _6G 6G _6F
{F’G}‘"/D[M‘(aM,-axjaM,-_5M,-a:c,-5M,-)+”(W'VE"3’M"V?SZ)

§F _8G 66 _S6F\] 4

Equation(IV.105) is the noncanonical bracket that was given in Lecture IIL It is a bracket
expression in terms of Eulerian functionals, that is ones that depend on Eulerian fields,
integrated over the Eulerian spatial domain.

Above we have considered the transformation of variables only. This can be viewed as
kinematics. To complete the Hamiltonian description in terms of Eulerian variables we must
obtain the Hamiltonian in terms of p, o, and M. The reduction we have performed can only
yield dynamics if we can find a Hamiltonian, H that satisfies

Hig, 7] = H[p, 0, M], (IV.106)

upon substitution of Eqs. (IV.98). In general this is not possible, but for the ideal fluid the
one that does the trick is of course

Alp,oM] = /D [—M+ oU(p —)] &Pr. (IV.107)

Note that while the reduction of the bracket only depends upon the definitions of p,o,
and M, the corresponding reduction of the Hamiltonian involves a symmetry, namely the
independence of the Hamiltonian under fluid particle relabelling.
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C. Clebsch Variables

In this section we consider Clebsch variables. These are canonical variables that reduce to
noncanonical variables where, as mentioned above, the noncanonical variables are bilinear in
the momenta and configuration space coordinates. We will use the term Clebsch to describe
all such bilinear transformations for which there is a reduction, however, particular forms
are of special interest. Below we consider finite systems, infinite systems, the semidirect
product, and several examples of each, notably the Clebsch representation for the ideal fluid,
whence the name Clebsch orignates*.

1. Clebsch Variables for Finite Systems

It is well known that the three components of the angular momentum, ¢ X p, form a canonical
realization; if one restricts phase space functions to be functions of only these three variables,
then the canonical Poisson bracket of two such functions produces another such function.
This is just the closure condition discussed in the previous section. The resulting noncanoical -
Poisson bracket in this case, like that for the free rigid body, is that corresponding to SO(3).

We will present the Clebsch reduction from an historical, if not logical, point of view.
Suppose we have a noncanonical Lie-Poisson bracket of the following form:

[f,g) = —whei 2L OF (IV.108)

C -
k Owt Qwd

*A. Clebsch, J. Reine Angew. Math. 54, 293 (1857); ibid. 56, 1 (1859).
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where ¢} are the structure constants for an arbitrary Lie algebra. We know from the previous
section that a canonical Poisson bracket, with a transformation of the form of (IV.71), reduces
to this form. Now we turn things around and ask the question, can we inflate (IV.108) and
obtain other canonical descriptions. Here we have used the word inflation, since we are not
talking about the canonical description on the symplectic leaves of Lecture III, which would
be a further “reduction.” This inflation is in essence what Clebsch did for the ideal fluid:
he found a set of variables that uniquely determines the usual physical fluid variables, but
the inverse of his transformation does not exist. For this reason we say there are “gauge”
conditions analogous to those for the vector potential in electromagnetism.

The following transformation, which is motivated by the angular momentum reduction
described above, is a finite dimensional generalization of Clebsch’s transformation:

w' =g p;, (IV.109)

where all indices are summed on 1,2,...,N. The quantities w' could be thought of as
components of a generalized angular momentum. Given a canonical description in terms of

the ¢; and p;,
(fgy =009 910 (IV.110)
’ d¢' Op;  Opi 0¢'’ '

the bracket in terms of w is obtained by a reduction. This is seen upon substituting

of Of

ap,' ach;c
Of _ Of
55 = B P (IV.111)
into (IV.110)
0f 09 Of 8y . (am  nay O 00
aq 0p: op;og 1 (et - ’“c")awiawi
= —wkcij—g——a—Lq— (IV.112)

k ow' Owi’

where the last equality follows upon making use of the Jacobi identity for the structure
constants, (IV.35).

Given any noncanonical system in terms of the w’s one can obtain a canonical system of
equations in terms of the Clebsch ¢ and p; when these are solved for ¢(¢) and p(t) then the
w constructed according to (IV.109) is a solution of the noncanonical system.

2. Clebsch Variables for Infinite Systems

Here we will be a bit formal and define things in somewhat general terms. First we will
denote by (, ) a pairing between a vector space and its dual. We will, for now, leave the
particular form of this unspecified, but we have in the back of our mind an integration like
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that in (II1.36). The first slot of (, ) can be thought of as an infinite dimensional analogue
of the finite dimensional “up” indices, while the second slot is the analogue of the “down”
indices. We will refer to elements of the first slot as belonging to g and those of the second
slot, the dual, as belonging to g* . In general the pairing is not symmetric.

In terms of the pairing, noncanonical Lie-Poisson brackets have the following compact
form:

{F,G} = —{x,[Fx, Gx)) , (IV.113)
where [, ] is a Lie algebra product, which takes g* x g* — ¢*, and we have introduced the
shorthand SF 5C

FX = '67;, GX = -6,—)2, (IV114)

which are, of course, in g*. We refer to {, } as the “outer” bracket and [, ] as the “inner”
bracket.
Now we define the binary operator [, || as follows:

(6 19l = (Do gt £) (IV.115)

where evidently x € g, g,f € ¢*, and [, ]' : g x ¢ = g The operator [, ]’ is necessary
for obtaining the equations of motion from a Lie-Poisson bracket. The bilinear Clebsch
transformation analogous to (IV.109) is given by

x =[Q,1]. (IV.116)
In order to effect the reduction, consider a variation of (IV.116),
6x = [6Q, ) + (@, s10]1, (IV.117)
which is used to relate functional derivatives as follows:
8F = (6x, Fy)
= ([6Q, T + [Q, 6T1)", F )
— (6Q, Fo) + (F, &TI) . (IV.118)
Manipulation of the second equality of (IV.118) yields
8F = (8Q, [Fy, TI]) + (@, [ F, 6T1)
= (8Q, [F, 1T]) — (@, [611, F])
= (6Q, [F,, 1)) — ([Q, EJ*, 6T1) , (IV.119)

where the antisymmetry of [, ] and the definition of [, ] have been used. Upon comparing
the last equality of (IV.119) with the last equality of (IV.118) we obtain

FQ = [FX,H] ’ FH = —[Q,FX]T' (IV120)
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The canonical bracket in terms of @ and II can be written as
{F,G} = (Gn, Fg) — (Fu1,Gq) - (Iv.121)
Inserting (IV.120), produces
{F,0} = —(1Q, ", [F, 1) + {[Q, Fy]", [Gy, TT])
=(Q, [[G11), F] + [ITL, B, Gy ])

= (@, [1Gw £ 1)) = = (1@, 111", [Py, G])
=- (X’ [FX’ Gx]) ’ (IV'122)

where use has been made of the Jacobi identity of [, .

3. Fluid Examples

Now consider two examples from fluid mechanics: the first is the two-dimensional Euler
equation, while the second is related to the three-dimensional ideal fluid.

As observed above the structure constants for the free rigid body noncanonical bracket
are €;x, which is completely antisymmetric. The structure operator for the 2-D Euler non-
canonical bracket, which was given in Lecture III, shares this property. This is clear from
the “fgh” identity of (II.78), from which we also observe that

[f,9]" = ~[f.q]. (IV.123)

Here no distinction is made between the vector space and its dual. For this case

[f,9]= g—i% - %gﬁ-, (IV.124)
and
(,)= /D &r . (IV.125)
The Clebsch variables Q(r,t) and II(r,t) are related to the scalar vorticity via
w(r,t) = [I1,Q], (IV.126)

and the reduction from these canonical variables to the 2-D Euler bracket parallels exactly
the calculation of the previous subsection*. There are two ways to obtain the equations of
motion for Q(r,t) and II(r,t). One way is to insert (IV.126) into the Hamiltonian Hw] of
(I11.74) and then calculate

0Q 6H o1l 6H

o - =" (IV.127)

*The careful reader will notice a sign discrepency. There is a story that goes with this sign, but unfortu-
nately we are not able to tell it here.
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The other way is to insert (IV.126) directly into the equation of motion for w, viz.
3_“’ = ], (IV.128)
[cf. (II1.72)] and then manipulate as follows:
Ow [0l 0Q
5{— [—a'?aQ] + lH)E
- [¢7 [Hv Q]] = [Ha [Q, 1/’] +[@, ["/’, H]] ) (IV129)

where the Jacobi identity was used to obtain the last equality. From (IV.129) we obtain

oIl 8Q _
[W + [, 11], Q] + [H, 5 T [+, Q]] =0, (IV.130)
which is satisfied if
| an T
I+ ZH
9Q _
5 = Q- | (IV.131)

where the terms involving T point to the gauge ambiguity present in (IV.126), something
that will not be discussed further here. If Q(r,t) and II(r,t) are solutions of (IV.131), then
the w = [II, Q] constructed from these solutions are solutions of (IV.128).

Turn now to the following bracket, which is a portion of the noncanonical bracket for the

ideal fluid, [cf. (IIL.89)]:

§F 0 6G 686G 8 6F\ ,
{F,G} = -—/I)Mi(tij dz; 6M; - 6M; Ox; 5Mi) 4

=i (M, [FM,GM]) . (IV.132)

It is obvious that this bracket will satisfy the Jacobi identity if (III.89) does. The inner
bracket in this case is given by

ofi
[f,9) = f, a 95 (IV.133)

where, evidently, f and ¢ now have three components. Integration by parts and neglect of
surface terms yields

dg; 3(X 'gi)
Py, 29 OXG9i) \
[X’ g]] Xi 8331 32:,- I (I 134)
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whence the Clebsch variables are seen to be related to M by

oll; | 9(Q;1L;)
R (IV.135)

M; = Q;

In reality the decomposition above is not quite that due to Clebsch, whose transformation
did not have the second term of (IV.135). However, it is closely related to that introduced
for MHD*. In fact the reduction occurs without this last term; it also occurs with the last
term with opposite sign. Also, it is not important that @ and II have three components.
Some of this will be discussed below in the last subsection of this lecture.

4. Semidirect Product Reductions

The semidirect product is an example of an extension, a group theoretic notion for making
bigger groups out of a given group. We cannot discuss this is any kind of detail here so the
interested reader is referred to the references*. However, this notion makes its way up to Lie
algebras and thus to Lie-Poisson brackets, a case of which we will discuss (briefly) here.

Suppose the functional F in (IV.118), in addition to its x dependence, depends upon
Q, ie., F[x,Q] = F[Q,T]. (We have included the overbar now, as in Lecture II, to avoid
confusion.) Effecting the chain rule with this additional dependence yields

Fy = [F,, 11| + Fy , (IV.136)
which upon substitution into (IV.121) produces instead of (IV.122), the following:
{F,G) = (%P, Gy) - ([Q, G Fo) + (1@, B, Ga)

== <X7 [Fx, C_’Yx]> + <Qa [Gxa FQ] - [an GQD ’ (IV‘137)

where the second equality follows from manipulations simliar to those performed above.

Many systems possess brackets of this (and similar) form(s). The rigid body in a grav-
itational field is an example of finite dimension. An example of infinite dimension, which
was first given in the context of reduced MHD?, but also occurs in fluid mechanics, is the
semidirect product extension of the noncanonical bracket for the 2-D Euler fluid. For this
example one simply interprets (IV.137) using (IV.124) and (IV.125).

5. Other Clebsch Reductions: That for the Ideal Fluid

In this final subsection we present some other forms of Clebsch reductions. The first is
another way to reduce to the reduced MHD bracket of above. This emphasizes the fact that
reductions are not unique. Following this we show another way to reduce to the portion

*P. J. Morrison and J. M. Greene, Phys. Rev. Lett. 48, 569 (1982) and Morrison (1982), Ref. IV C.

*See e.g. Sudarshan and Mukunda (1974), Ref. IV C, J. E. Marsden and P. J. Morrison, Contemp.
Math. 28, 133 (1984).

tMorrison and Hazeltine (1984), Ref. IV C.

88




of the ideal fluid bracket, also treated above. Finally we reduce to the complete ideal fluid
noncanonical bracket. This final transformation is the one actually due to Clebsch.

Suppose we have a system with canonical variables (Q:(r,t), IL;(r,t)), where i = 1,2 and
r = (z,y). The canonical Poisson bracket is then

{F,G} = /D (Fo-Gn— Gq - Fu) d*r. (IV.138)
The following transformation is a reduction:
X = [@1, 1] + [@2, 1]
P =[Q1,Q2], (IV.139)

where [, ] is given by (IV.124). We leave it as an exercise to show via the chain rule that
with (IV.139), (IV.138) reduces to a bracket of the form of (IV.137).
Now consider the portion of the fluid bracket discussed above in (IV.132), but now instead
of (IV.135) we let
M = Q;VII;. (IV.140)

where ¢ = 1,2,...N and N is arbitrary. We also leave it as an exercise to show via the
chain rule that with (IV.140), a canonical bracket in terms of (Qi(r,t),IL;(r,t)), where now
r = (z,y, 2), reduces to a bracket of the form of (IV.132).

Finally, suppose in addition to (IV-14-3) that

p=0Q, c=0Q,. (IV.141)

We leave it as a last exercise to show via the chain rule that with (IV.140) and (IV.141),
a canonical bracket in terms of (Q;(r,t),IL;(r,t)), reduces to the ideal 3-D fluid bracket of
(IT1.89). One can chose N large enough to describe the velocity field of interest.
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V. Stability and Hamiltonian Systems

This Lecture concerns notions of stability in Hamiltonian systems. In Section A canonical
systems are considered. Here, basic definitions are reviewed, energy arguments for stability
are discussed, and the notion of a negative energy mode (NEM) is introduced. An example
that illustrates properties of NEM’s is given, in which context simple Hamiltonian bifurcation
theory is reviewed. Finally in this section, these ideas are applied to the ideal fluid in
the Lagrangian variable description. Section B is concerned with stability in noncanonical
Hamiltonian systems. The energy-Casimir method is described and two examples are given:
a charged rigid body in an external magnetic field and the 2-D Euler equation. The examples
exhibit a pathology related to the rank changing behavior of the cosymplectic form, that is
discussed. In Section C the notion of dynamical accessibility, which can be used to make
statements about stability, in spite of the rank changing behavior, is introduced. Finally, it
is shown how Eulerian variations, constrained by the condition of dynamical accessibility,
lead to the same expression for the potential energy, §2W, as Lagrangian variations.

A. Stability and Canonical Hamiltonian Systems

Consider a dynamical system of the form
#=Vi(z), i=12,....,M, (V.1)

where, as in Lecture III, we will not get into what is required of V(2) for existence and
uniqueness of solutions, but just assume everything is alright. An equilibrium point, z., is a
type of solution of (V.1) that satisfies V(z,) = 0. Stability concerns the behavior of solutions
near such equilibrium points. Roughly speaking, 2, is stable if solutions starting “close” to
ze at t = 0 remain close to z, for all later times. This idea is formalized by the following:

The equilibrium point z, is said to be stable if, for any neighborhood N of z, there
exists a subneighborhood S C N of z. such that if z(t = 0) € S then z(t) € N for
all time t > 0.

At first one might wonder why such a fancy definition is needed. Why introduce the
subneighborhood? Why don’t we just say, if it starts in a set and stays in the set, then it
is stable? The answer to this is illustrated in Figure 1, which is the phase portrait for the
simple harmonic oscillator. In this figure the circles are surfaces of constant energy. Here
we have chosen as a neighborhood N the rectangular region in which we have marked an
initial condition by the symbol “x”. Since trajectories move round and round on the circles
of constant H, it is clear that in a short time the trajectory starting at x will leave N, in
spite of the fact that the equilibrium point at the origin is stable. However, if we choose
initial conditions inside the subneighborhood S, which is defined as the region bounded by
an H = constant surface contained in N, then the trajectory will remain in N for all time.
Thus, H = constant surfaces serve as a handy means of defining subneighborhoods.

9



H = Const.

Figure 1:

Observe that the neighborhood N can be chosen to be any neighborhood N of z.. We
can make them smaller and smaller, and in this way, probe the stability property of the point
z.. In the example above we can always find tiny circular energy surfaces inside any N, no
matter how small.

When z(t) is determined from the linearized dynamics,

1
§z' = %‘—:J—(ze) 827, (V.2)
where now z(t) := z. + 6z, and this dynamics is stable according to the above definition, we
say that (V.2) or z. is linearly stable.

One might think, since N can be made as small as we like, that these types of stability
are equivalent, but this is not the case, as we shall see below. To distinguish, we sometimes
call stability under the full nonlinear dynamics, V(z), nonlinear stability. Equilibria that
are unstable under nonlinear dynamics, yet stable under linear dynamics are said to be
nonlinearly unstable. This is different from finite amplitude instability, where the equilibrium
point is nonlinearly stable until it is pushed hard enough. In a sense (almost) all physical
systems are finite amplitude unstable; for example, any laboratory experiment is unstable
to a perturbation caused by a large enough earthquake.

One last definition is that of spectral stability. A linear system such as (V.2) has this
type of stability if upon substituting §2 = 82 €™, and solving the resulting linear algebra
problem for w := wg+1i7, there exist no solutions with v < 0. Clearly, linear stability implies
spectral stability, but beware, the converse is not true.

A nice thing about Hamiltonian systems is that they have a built in method for proving
nonlinear stability. In the case where the Hamiltonian has a separable form, H = p?/2+V(q),
an old theorem due to Lagrange states that an equilibrium point with p, = 0 and ¢. being a
local minimum of V is stable. It is tempting to think that the converse should be true, but
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a counterexample from the book of A. Wintner* shows this not to be the case. Consider

Vig) = {e—l/q coos(l/(I) qu:éOO. (vV.3)

The equilibrium position g, = 0 is stable, but due to the wild oscillation that occurs as
g — 0, the origin is not a local minimum. However, with some relatively mild restrictions
on V, Lagrange’s theorem is both necessary and sufficient for Hamiltonians of this restricted
form. Sufficiency follows since surfaces of constant H serve to define subneighborhoods, as
in the example of the simple harmonic oscillator above. Necessity is more difficult to see,
but rests upon the idea that there exists a direction where the trajectory can fall down to a
state of lower potential energy.

For “well-behaved” V/(g), stability can be determined by analyzing the potential energy
matrix, 0?°V(¢.)/0¢;:0q;. If all the eigenvalues are greater than zero, the equilibrium point
H defines good subneighborhoods (topological 2N-spheres) and the equilibrium is stable—in
fact nonlinearly stable. If there exists a negative eigenvalue the system is unstable.

One might be fooled into thinking that nonlinear stability implies linear stability; how-
ever, with a little thought you can see that this is not true. The one degree-of-freedom

system with potential
4

q
V=% (v.4)

has an equilibrium point ¢ = 0, and it is clear that this is nonlinearly stable since H defines
good subneighborhoods. However, the linear dynamics satisfy

§p=0, &G=26p (V.5)

and thus
ép = constant , 8q = bqo + 6pt. (V.6)

Obviously, trajectories leave any neighborhood of the equilibrium point provided ép # 0.
This example also reveals why spectral stability does not imply linear stability. Adding
another degree of freedom, (¢, p') and defining the potential V(q,¢') = ¢*/4+¢"?/2, produces
a linearly unstable, yet spectrally stable, system.

In the 1950’s, project Matterhorn was begun at Princeton for the purpose of investigating
controlled fusion reactions as a source of energy. The idea was (and still is) to confine hot
plasmas by means of magnetic fields. Since the dominant force balance is governed by
MHD, a great deal of stability analyses using this model were undertaken in a variety of
confinement configurations invoking different magnetic field geometries. What is in essence
the infinite degree-of-freedom version of Lagrange’s theorem was worked out for MHD*. This
goes by the name of the energy principle or “6W?” (which is in fact the second variation
of the potential energy). Extremization techniques applied to this quantity have been used

*A. Wintner, The Analytical Foundations of Celestial Mechanics (Princeton University, Princeton, New
Jersey, 1947).

*1. Bernstein, E. A. Frieman, M. D. Kruskal, and R. M. Kulsrud, Proc. Roy. Soc. A 244, 17-40 (1958);
Von K. Hain, R. Liist, and A. Schhiter, Zeitschrift fiir Naturforschung A 12, 833-841 (1957); G. Laval, C.
Mercier, and R. Pellat, Nuc. Fusion 5, 156-158 (1965).
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to determine stability and instability, and such procedures were automated in PEST, the
Princeton Equilibrium and Stability code, and elsewhere. Early MHD calculations were
successful in explaining and eliminating the fastest plasma instabilities.

Often, (as we shall see) Hamiltonian systems are not of the separable form H(g,p) =
p*/2+ V(g), but are instead general functions of ¢ and p. When this is the case another old
theorem, which is sometimes called Dirichlet’s theorem, gives a sufficient condition for stabil-
ity. It should be no surprise to you now that if in the vicinity of an equilibrium point surfaces
of H = constant define a family of good neighborhoods, then the equilibrium is nonlinearly
stable. For well-behaved Hamiltonians one need only analyze the matrix 82H(z.)/0z'02’,
where z := (g,p). If this quantity is definite, i.e., there are no zero eigenvalues and they
all have the same sign, then we have stability. Observe that H could in fact be an energy
maximum. This can occur for rigid body dynamics and is typically the case for a localized
vortex in fluid mechanics.

There is an important example due to Cherry* that illustrates two things: that Dirichlet’s
theorem is not necessary and sufficient and that linear stability does not imply nonlinear
stability. Cherry’s Hamiltonian is

H=1lu(@+¢) - ta@+ad) +ieapp—a@-M)], (VD)

where w;, > 0 and « are constants. If a is set to zero Cherry’s system reduces to a
linear system of two stable simple harmonic oscillators. However, because of the minus sign,
0*H/0z;0z; is not definite. Observe that this minus sign cannot be removed by a time
independent canonical transformation and in the generic case cannot be removed by any
canonical transformation. Oscillator “1” of this system is a negative energy mode (NEM).
Negative energy modes are important because when dissipation is added, they tend to
become linearly unstable: If energy is removed from an NEM its amplitude increasest. Also,
with the inclusion of nonlinearity NEM’s can be driven unstable. The example of Cherry
demonstrates this; assuming o # 0 and w; = 2wy, (V.7) possesses a solution? of the form

G = ot sin(wt + 7), n = et cos(wit + )
v2 V2 |
©=—T sin(2w;t + 27), = cos(2wyt + 2v). (V.8)

This is a two parameter, (a,<), subfamily of the general four parameter solution set of
Cherry’s system. These solutions are of interest since they can diverge in finite time. In
fact, in any neighborhood of the equilibrium point ¢ = ¢2 = py = p; = 0 there exist
initial conditions for solutions that diverge in finite time. Such behavior is referred to as

*T. M. Cherry, Trans. Cambridge Philos. Soc. 23, 199 (1925)

tThis is a fairly old idea that is sometimes called the Kelvin-Tait theorem. See W. Thompson and P. G.
Tait, Treatise on Natural Philosophy (Cambridge University Press, Cambridge, 1921), part 1, p. 388.

See E. T. Whittaker, Analytical Dynamics (Cambridge University Press, London, 1937), Sec. 136, p. 101,
but be careful because there are typographical errors.
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explosive growth and is characteristic of systems that possess both NEM’s and resonance.
Another example is the well-known “three-wave” problem®. The three-wave problem and
Cherry’s “two-wave” problem are examples of systems with order three resonances that are
driven unstable by cubic terms in the Hamiltonian. These are in fact normal forms that are
obtained upon averaging a general class of Hamiltonians. Thus explosive behavior is to be
expected when there is resonance. When the resonance is detuned these systems generally
are finite amplitude unstable and systems with three or more degrees of freedom may in fact
be unstable, although with very small growth.

One might think that systems with NEM’s are artifacts or unphysical, purely mathemat-
ical, oddities; this, however, is not the case. They occur in fluid and plasma systems* for a
reason that will become clear below. Generally, they occur in mechanical systems with gyro-
scopic forces, like the Coriolis force, and they occur in the dynamics of particles in magnetic
fields. An example that exhibits both of these is described by a Lagrangian of the form

L =im(i* + %) + G(yz — &y) + 3k(z* + 47), (V.9)

where (G is a constant that is either proportional to the constant angular speed of a rotating
coordinate system or to a constant magnetic field. Note that for ¥ > 0 the potential en-
ergy term corresponds to a hill and thus without the gyroscopic term the system would be
unstable. Upon Legendre transforming and scaling, the following Hamiltonian is obtained:

H = 3(p} + p}) + wo(@2p1 — a1p2) + 3 (w3 — i) (e} + 63) , (V.10)

where the two time scales of the problem are determined by the frequencies

wg = g—, Wk 1= \/E (V.11)
m m

Assuming ¢ 2, p1,2 ~ €%, it is easy to solve for eigenvalues,

w = Fwp(ve — 1 £ E), (V.12)

where € := w} /w?. This system possesses the three types of Hamiltonian spectra:

1. w=twp stable
2. w= =iy unstable
3. w=3wgr+ wy unstable

$See e.g. C. Kueny, “Nonlinear Instability and Chaos in Plasma Wave-Wave Interactions,” Ph.D. Thesis,
University of Texas at Austin (1993) and many references cited therein; See also D. Pfirsch, Phys. Rev.
D 48, 1428 (1993).

*In the context of MHD see J. M. Greene and B. Coppi, Phys. Fluids 8, 1745 (1965); of fluids see R. A.
Cairns, J. Fluid Mech. 92 1 (1979), R. S. MacKay and P. G. Saffman, Proc. Roy. Soc. A 406, 115 (1986),
P. Ripa, Geophys. Astrophys. Fluid Dyn. 70, 85 (1993); and of Vlasov theory see P. J. Morrison and D.
Pfirsch, Phys. Rev. A 40, 3998 (1989), Phys. Fluids B 2, 1105 (1990) and ibid. 4, 3038 (1992).



In Hamiltonian systems eigenvalues occur in doublets or quartets. Case (1) is the only stable
case. It occurs in the example when € = w%/w? > 1, which means the rotation or magnetic
field is large enough to make the system stable in spite of the destabilizing potential energy.
In this case we have two stable doublets, a fast one and a slow one. The slow one is an NEM.
For ¢ > 1 there exists a canonical transformation (q,p) — (Q, P) that takes H into

H(Q,P) = —kw (P2 + Q) + hus(P} + @3, (v.13)

which is the linear part of Cherry’s Hamiltonian. The canonical transformation is effected
by the following mixed variable generating function:

Fz(fh, q2, Pfa Ps) = C(les + Q2Pf) + PfPs + %02%‘12, (V‘14)
where ¢ := [4(w? — w})]/4.

Case (2) occurs if G is set to zero. There exist two unstable doublets, corresponding to
the two directions for falling off the hill.

Case (3) occurs when ¢ < 1. This case of the quartet obviously requires two degrees of
freedom, and is obviously unstable.

A nice feature of the above example is that it displays the two kinds of bifurcations that
are generic to Hamiltonian systems. The first is when a doublet makes a transition between
cases (1) and (2). There is a steady state bifurcation where the frequencies go through the
origin of the w-plane as shown in Figure 2. Here the stable pair is indicated by x while the

7  w-plane
e
Figure 2:

unstable pair by the ®. This bifurcation generally occurs in systems where the Hamiltonian
is separable, i.e. H = p?/24V(q), i.e. those for which Lagrange’s theorem applies. It occurs
in one degree-of-freedom systems where the potential goes from concave up to concave down.
The arrows of the figure correspond to this case. For the system of (V.10) it occurs when
G =0 and w? — —w}.

The other bifurcation, which is something called a Krein crash, is illustrated in Figure 3.
The arrows indicate the path followed by the eigenvalues of system (V.10) as € is decreased
from some value greater than unity. At ¢ = 1 the fast and slow modes coalesce at a value
lwi| # 0. Two possibilities exist: either the modes go through each other and remain on the
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real axis or they can migrate off the real axis as shown in the figure. Krein’s theorem™ states
that a necessary condition for this latter case is that the signature of the colliding modes
must be different, i.e. one of them must be an NEM. The proof of Krein’s theorem is not
difficult; it relies on the fact that definite Hamiltonians cannot have instabilities.

Krein’s theorem provides a means for detecting the occurrence of NEM’s. If you have
performed an eigenanalysis in some nondissipative system, one that you believe is Hamil-
tonian, and you observe the bifurcation described above, there must exist an NEM. This
bifurcation is very common in fluid and plasma models. Why?

To answer this question we return to the Hamiltonian formulation of the ideal fluid in
terms of the Lagrangian variables ¢ and = that we discussed in Lecture II. Since we have
defined an equilibrium point of a dynamical system to be a solution obtained by setting
time derivatives to zero, it is evident that the sets of Lagrangian and Eulerian equilibria
are not equivalent. Although static Eulerian equilibria, i.e. ones for which v = 0 for all
r, certainly correspond to Lagrangian equilibria with # = 0 and ¢ = constant, stationary
Eulerian equilibria, i.e. ones for which v = v(r), do not correspond to Lagrangian equilibria,
but to a particular kind of time dependent orbit, which we denote by

¢ = ¢.(a,t), e = me(a,t). (V.15)

The functions above are particular in that they have the properties

po(a)
= pe(T V.16
j(a7t) a,=qe°1 (rt) ( ) ( )
So(a)la=qe—1 ) = Se(r) (V17)
me(a,t .
me(®1) = (@Dl = 06(), (V.15)
Po a=qe—1(r,t)

*Moser (1958) and (1968), Ref. V A.
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where we emphasize that, upon doing the substitutions indicated on the right hand sides of
the above equations, the resulting functions p., s, and v, are independent of time.

Although (g.,me) does not constitute a Lagrangian equilibrium state, it is a reference
state about which we could linearize. We could set

q(a,t) = ¢e(a,t) + £(a, 1), T = 7e(a,t) + p(a,?) (V.19)

and expand (I1.88); however, the resulting equation would have explicit time dependence
due to that in (ge,me). Even when the time dependence is periodic, analysis of such linear

equations is not trivial (recall Mathieu’s equation).
We can get out of this bind by an old trick. To see this we turn to the action principle

of (I1.72), insert (V.19), and expand
Slg] = S{ge] + 6Slge; €] + 8 Slges ] + - - (V.20)

The first term of (V.20) is merely a number, while the second term vanishes since the reference
trajectory g, is assumed to be a solution and is thus an extremal point. The third term,
upon variation with respect to ¢, generates the linear dynamics relative to the reference state

ge. It is given by

1 . 2 3
#slasél = [ dt [ a (% poé? — [%g—] (607 + &34 6] - [2”—}2Upp] (e,-.e)z) -
de ge (V-21)

It is important to observe that in (V.21) the term involving U, and U,, possesses the explicit

“time dependence arising from g.(a,t). The old trick is to view the perturbation of a trajectory
in a frame of reference moving with the reference trajectory. This can be done since ¢. =
ge(a,t) is invertible. Thus we define

n(r,t) i= €(a, )| smgzry - (V.22)

The quantity 5(r,t) is a sort of Eulerian field for the Lagrangian displacement variable. A
time derivative of (V.22) yields

fart) = ang;, t) + Bn(g:t) el (V.23)

or in light of (V.18)
£(a,t) = 37]((97;, D 4 ou(r) - Vn(r2). (V.24)
Note that we have used “-” for time derivatives at constant a and 9/dt for time derivatives

at constant r. Since in (V.24) v,(r), the equilibrium velocity, is time independent, no explicit
time dependence is introduced by this transformation.

It is interesting and revealing to compare (V.24) with the transformation for time deriva-
tives when going into a rotating frame of reference

0 0

> el

oo =3 + Q% . (V.25)

rot
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Just as the second term of (V.25) gives rise to noninertial (or fictional) forces, notably the
Coriolis force that gives rise to the gyroscopic term in the Hamiltonian of (V.10), the second
term of (V.24) will give rise to a noninertial type force in the fluid Hamiltonian. Transforming
(V.21), using (V.22) and (V.24) yields

82S[n) = %/: dt/D &r (pe |+ ve - Val* = - D, - ) (V.26)

where 0, is an operator, although one without explicit time dependence because it is now a
function of the equilibrium quantities p, and s.. The second term, the potential energy, can
be written as

52W:=%/Dd3rr)-‘ﬂe~r)

=1 /D &r ((v )2 pe gﬁ: +(V-n)n -vp,)) : (V.27)

where pe(pe, 3¢ ) is the equilibrium pressure expressed as a function of the equilibrium density
and entropy.

We can now obtain the (time independent) Hamiltonian by Legendre transformation.
The canonical momentum is given by

L .
P=% = pe( +ve - V), (V.28)

whence the Hamiltonian is seen to be

2
§*H[p,n] = %/Dd"r (%- —2p-(ve-Vn)+n-9B,- n) , (V.29)

€

which has the “noninertial” term —p; v.; On;/0r; that is reminiscent of the gyroscopic term
of (V.10).

Now, it should come as no surprise that ideal fluids typically have negative energy modes,
and generally §2H is not positive definite as required for Dirichlet’s theorem. In spite of
the indefiniteness of §2H the system can be spectrally stable; Lagrange’s theorem, which is a
necessary and sufficient condition for stability, is not possible since the Hamiltonian is not
of the separable form.
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B. Stability and Noncanonical Hamiltonian Systems

In noncanonical Hamiltonian systems it is still the case that equilibria occur at extremal
points of the Hamiltonian,

L 8H .
z* =J¢J—a—27= [Zt,H] =0, (V.30)
but the situation is more complicated. To see that something is amiss, consider the variation

of the energy for a barotropic fluid, where

Hp,o] = [ [1o* + pU()] &r (V.31)
namely,
s,
v P
§H v?
-2t U(p) + pU(p). (V.32)

Setting the right hand side of (V.32) to zero results in the trivial equilibrium state with
v = 0 and p = constant (which is generally zero). If this were the only equilibrium state,
fluid mechanics would not be a very interesting discipline. Where are the other equilibria?

Why are they not extremal points of the Hamiltonian?
To answer these questions, compare (V.30) with its counterpart for the canonical case:

i _ i OH _

2= J; 57 = 0. (V.33)
Since detJ, = 1, it is evident that z = 0 implies 9H/dz? = 0. Thus all equilibria are extremal
points. However, in the noncanonical case this is not so when detJ = 0. In the vicinity of
points where the rank of J does not change, the null space of J is spanned by oC* |07,
a=1,2,...v, where v is the corank of J. In this case the general solution to (V.33) is given
by
ace

;P

?f_
9zt

_om

o =0. (V.34)
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Here ), are Lagrange multipliers, which are determined by choosing the values of the con-
stants C*.- Thus (V.34) gives those equilibria that lie on the symplectic leaf with the chosen
values.

Not surprisingly, the linear dynamics obtained by setting z = 2. + 6z and expanding to
first order, exhibits behavior arising from detJ = 0, namely, the existence of zero frequency
modes. The equation for the linear dynamics is easily seen to be

63 = Al(z.)62", (V.35)
where 52F(z.)
Ai(z0) 1= T(2) et = TE P (V-36)

[Note, this linear dynamics has a Hamiltonian structure with the Poisson bracket defined
by J. (which is constant) and the Hamiltonian given by 6°F := 1/2 F, 3k §2'627.] Assuming
6z ~ e*! yields an eigenvalue problem with a characteristic equation given by

det(iwl — A) =0, (V.37)
where zero frequency modes satisfy
detA=0. (V.38)
In the canonical case, A is given by
o=JYH, (V.39)
and » .
det(A:: k) = det(Jc")det(H,jk) = det(H,jk) . (V40)

Thus all the zero eigenvalues of A, arise from det(H jx) = 0. These zero eigenvalues corre-
spond to (local) troughs in the energy surface. '

In the noncanonical case zero eigenvalues can arise from two places, namely, det(J¥) = 0
and det(F;;) = 0. An accounting of these zero eigenvalues is given by

Rank(A%) < min{Rank(J%), Rank(F;z)}. (V.41)

Thus for every Casimir there exists a null eigenvector, §z5. To avoid complication suppose
det(F k) # 0, i.e. that there are no local troughs in F, then all the null eigenvectors come
from degeneracy in the bracket and they are given by

9C(z.)
0 —1\kj e
8zp = (F~ 1N —+ 57 (V.42)
where (F~1)¥ F;; = §F. Evidently, with 8z, given by (V.42),
ALé2) = JIFu F' == 190 _ 5u%C (V.43)
8 32‘1

In spite of the existence of null eigenvalues, a version of Dirichlet’s theorem goes through
in the noncanonical case. Since F' is a constant of motion it can be used tov define the
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subneighborhoods in the definition of stability given above, provided 8°F = 1/2F; i£62762F =
constant defines compact (as depicted in Figure 4) surfaces in the vicinity of z.. This will
be the case if F;x(2.) is definite.

It is of interest to note that this prescription for stability places no restrictions on 6z,
even though dynamically éz is confined to surfaces of constant C* (as depicted Figure 4). We
will see in the next section that sometimes it is useful to take advantage of this information.

Although the picture described above for equilibrium and stability of noncanonical Hamil-
tonian systems may seem nice and tidy, there is a complication that occurs at places where
the rank of J changes. Generally, this happens at isolated points but it can happen on curves
or surfaces. When the rank changes it is no longer true that setting Z* = 0 and solving for
2, is equivalent to solving (V.34) for all choices of A,. When the rank decreases on an open
set, there is no problem in obtaining new Casimirs whose gradients span the null space of
J. However, when the rank changes at (for example) a point, a new null eigenvector of J
appears, an eigenvector that cannot be written as a gradient in the normal way.

The above pathology is perhaps best illustrated by an example. Consider the free rigid
body of Lecture III, but modified so that the Hamiltonian has the form

H= ;(5 +B£) (V.44)

Here, we have added the linear term with B; constant and nonzero for ¢ = 1,2,3. This
Hamiltonian is a sort of mixture between that of a spin system and a free rigid body. This
form serves our purpose and we won’t dwell on the physics, although it isn’t hard to imagine
a physical system where Hamiltonians of this form might arise. The equations of motion are
now

: 3H £; '

£; = 6,Jk£k ae C,kak (}f + Bj) (V45)
and it is clear that equilibria must satisfy

6(I;7 s + By) — £o(1; 7Y+ By) =0

0(I7 U5 + Bs) — 3(I7' 4, + By) = 0 (V.46)
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52(13_1&3 + B3) — €3(I2"1€2 + Bg) = 0 .

From (V.47) it is clear that a nonrotating configuration with £; = £, = #3 = 0 is an
equilibrium point, but there are other, uniformly rotating equilibria as well.

- Now, consider the equilibria that arise upon extremizing F = H + AC, where C is given
by (111.45). (Note the Casimirs remain the same as in Lecture III since we have not altered
the bracket—only the Hamiltonian.) From 0F/0¢; = 0 for i = 1,2, 3, respectively, we obtain

L(I7Y 4+ X)) = -B,
L(I;'+)) =-B,
(I + )) = —B;s. (V47
It is evident from (V.47) that there exists no choice of A for which the equilibrium point
b=l =43=0 (V.48)

extremizes F. Observe, also, that the inequivalence of (V.47) and (V.44) occurs for an
equilibrium, namely (V.48), that corresponds to a point where J* = —¢;;f) changes from
rank 2 to rank 0.

Another example* where §F = 0 does not yield all equilibria, is that of the 2-D Euler’s
equations for fluid motion (cf. Lecture IIT). Here the equation of motion yields the equilibrium
relation

%=@M=m (V.49)

which is satisfied if w and ¢ are functionally dependent. Suppose S = S(z,y) defines a locus
of points, then the equilibrium relation is satisfied if we = we(S) and e = 1(S). Note that
w. need not be the graph of 1. and vice versa. Thus we can write, e.g.

v2,¢e = G("»be)’ (V50)

where G(v.) is an arbitrary function of ..
Let us contrast this with the equation obtained upon varying the functional F = H + C,
which for the 2-D Euler equations, is given by

1 2
F[w]——--z-/;d)wdr+/DC(w)d2r. (V.51)
The functional derivative § F//éw = 0 implies
e = C'(we) . | (V.52)

*This example is credited to V. Arnold, Izv. Vyssh. Uchebn. Zaved. Mat. 5 (54), 3 (1966) and (1966),
l.c. Lecture III, which is the origin of the popular terminology “Arnold’s method” or “Arnold’s theorem” for
the application of these ideas to other situations. This terminology is erroneous since the method was used
in earlier papers: R. Fjortoft, Geofy. Pub. 17, 1 (1950), W. Newcomb, in Appendix of I. Bernstein, Phys.
Rev. 109, 10 (1958), M. D. Kruskal and C. Oberman, Phys. Fluids 1, 275 (1958), C. S. Gardner quoted in
K. Fowler, J. Math. Phys. 4, 559 (1963) and Phys. Fluids 6, 839 (1963), and K. Fowler, ibid.
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Assuming C'(w) is monotonic we can solve for w as follows:
we = Vb, = C"1(e) . (V.53)

Thus here, in contrast to (V.50), the vorticity must be a monotonic function of the stream
function—if it is not, then it does not satisfy (V.52) and hence is not extremal. (Suppose
Yo # ¥ and w(tho) = w(¥h1) = w,. Then (V.52) implies ¢ = C'(w.) = ¥, which is a
contradiction.)

In stability analyses it is important for the equilibrium to be extremal. When this is the
case, as for the monotonic equilibria above, one can calculate the second variation

82 F[we; 6w] = 1 /D (V9] +C"(bw)?) dPr

-1/ (lvw + (80)? (‘9“;;‘“)) o, (v.54)

where the second equality follows upon differentiation of (V.52) with respect to t,. Formally,
if we have an equilibrium for which dw,(t.)/d%e > 0, then 8°F is positive definite and in
analogy with finite degree-of-freedom systems we could claim stability, in a “norm” defined
by 62F. This would also be the case if Owe(%e)/0%. < 0 and the second term of (V.54) could
be shown to always dominate the first when éw is in some space. This case, which is typical
of localized vortices, corresponds to an energy maximum. In either case the situation would
be pretty good, but in infinite dimensions things can still be slippery. Recall in Lecture II
we gave an example of a functional with positive second variation at a point that was not
a minimum. The condition of strong positivity is needed to show convexity. A rigorous
stability analysis requires the definition of a Banach space in which the solution must be
shown to exist. Convexity is one technical piece that is needed in a complete proof of stability.

If the first variation exists and does not vanish on the equilibrium of interest, then it is
impossible for Fw,] to be convex and thus impossible to obtain a norm as discussed above.
It can turn out that the functional is not differentiable at the equilibrium of interest but
still can be proven to be stable by obtaining appropriate bounds*. Another technique is to
restrict the class of variations so that they lie within symplectic leaves. In the next section
we will see how this removes problems related to the rank changing behavior of J.
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C. Dynamical Accessibility

Dynamically accessible perturbations are ones for which all the Casimir invariants are un-
changed. As depicted in Figure 5, these perturbations lie in the surfaces defined by C* =
constant for all @. In the prescription described above for obtaining equilibria of noncanoni-
cal systems from a variational principle, the energy was extremized subject to a selection of
Casimir invariants. The values of these invariants are determined by the Lagrange multipliers
(and vice versa). In contrast, dynamically accessible perturbations are “direct” variations
that automatically satisfy the constraints without choosing their particular values. The
particular constraint surface is selected after the fact by the equilibrium point, rather than
by Lagrange multipliers. Since the cosymplectic form, J*, projects (co)vectors onto the
symplectic leaves, it is natural to consider a first order variation of the form

624, = (G, 2] = I (2)g;, (V.55)

where G := z'g;. Here the arbitrariness in the variation is embodied in the arbitrariness in
the generating function g;, but because of the presence of J* the variation § ()24, is arbitrary
only within the symplectic leaf. Observe that J* is evaluated at any point 2, in practice this
will be a candidate equilibrium point that is determined after setting the first variation to
Z€ro.

Whether or not one wants to restrict to dynamically accessible variations, as described
above, is a question of physics that likely must be determined on a case by case basis. In
some systems the constraint is quite robust, while in others it is not. However, we will
make the comment that if there exist mechanisms for creating perturbations that are not
dynamically accessible, then it would seem appropriate to reexamine the model equation to
see if such a mechanism should be incorporated into the dynamics.

Before considering equilibria and stability with this kind of variation, let us show explicitly
that 61z, preserves the constraints to first order:

ocC ocC

6 =-——-—5(1)1=—'—— st (1)= . .
C(z) 510 7 = 5 J'g;" =0 (V.56)
An expression that preserves the constraint to second order is given by
i ij q OJ"
$0, = 50 1 1 22 o0 (1)
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Figure 5:

Here we have added the superscripts (1) and (2) to distinguish the first order from the second
order generating functions. Inserting (V.57) into §2C and using the fact that J99C/dz' = 0
(in at least an open set) verifies the assertion.

In the case where J* = c/z*, the ﬁrst and second order variations have the form

Mz, == c"zkggl)
6@z = c”zkgj(z) + %cfiélzkg(l)gﬁl) . (V.58)
A convenient form to all orders is given by
5 = evich 2F (V.59)

where Az := % — z is a finite variation. The infinite dimensional analogue of (V.59) can be
used to construct finite leaf variations, which are important for proving convexity in infinite
dimensional systems. Expanding ¢ = ¢ + ¢® 4 ... and the exponential of (V.59), yields
Eq. (V.58) to second order.

Return now to the example of the rigid body with the modified Hamiltonian. Using

we obtain oF -
6F = = 86" = 51 808 = (I74; + B)ejrbig = 0, (V.61)

for the extremal equilibrium condition. Equation (V.61).y1eIds a result that is identical to
(V.47), the equilibrium condition obtained upon setting £; = 0 in the equation of motion.

In the case of the 2-D Euler fluid
bwye = {G,w} = —[g,w], (V.62)
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where G := [pwg d*r with g arbitrary, and

8Fy, = 6F[w; 6waa] = — /D b by dr

- /D Ylg,w] d*r = — /D g, w] &r =0, (V.63)

which implies [1,w] = 0—the condition obtained upon setting dw/8t = 0 in (V.49).

Proceeding now to the second variation, it is clear that stability can depend upon the
class of variations allowed. Decomposing a general perturbation as

62 = 6240 + 62nda (V.64)

and inserting into 62F yields
' 8*F = 8*Fy, + 6°Fpys (V.65)
where
0%H (z) i 9*C*(z.)
020z * 820z

Note, it is always the case that §2F, 4, depends only on the first order g’s. It is evident that
82F can be indefinite because of the presence of §2F,4,, even if 62Fy,, which involves only
(1)

perturbations of the form J%(z,)g;"’, is of definite sign. An example is given by the free rigid
body with the equilibrium

§Fy, =1 ( ) J¥(2e)g™M I% (2,)gM . (V.66)

e BIl e __ pe __
1~ AI1+1’ 52—83_0, (V-67)
where we set B; = B and B, = B3 = 0. In this case
B 171 1 1/71 1
2 2 , 2 (L 1 2, (1 1 2
§F = 205 (86)"+ 2 (Ig I1) (86:)" + 2 (Is I1) (86)" (V-68)

If I, < I < I, the last two terms are positive; however, the first term can have either sign.
Dynamically accessible perturbations satisfy

863" = eijilsgr = €ijrligr ; (V.69)

hence §¢4* = 0. Therefore, §2Fy, is definite, even though 62F need not be. Observe that the
nondynamically accessible perturbation corresponds to the null eigenvector described above.

In this example, and above, we substituted the first order dynamically accessible variation
into the second order quantity §2F'. To some of you it may not be clear that §2Fy, is identical
to 62Hy,, which is obtained by expanding H to second order and then inserting (V.55) and
(V.57). It is, however, straightforward to show that these are in fact identical. Expanding
some Casimir C* to second order about the equilibrium yields

o 2 o
%%5(2);5‘ + 1 0°C sy i5tn) i : (V.70)
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but, when restricted to the constraint surface, (V.70) reduces to

aCc* oce
ADCg, = ETJi'gz(l) tor

Jig”
oc=0Js PO
i 0z %ngg?)gj(l) t %az"azﬂ' JEgM Tk gl (V.71)
|
The first and second terms in (V.71) clearly vanish because

50C

027
However, by exploiting the local nature of the constraint surface, it is also possible to show
that the last two terms cancel, so that, to second order, A®C$, vanishes identically. Indeed,
one can realize (V.72) as a Taylor series about the equilibrium point z. and observe that,
since this equation holds for all z (at least in a neighborhood of 2.), each power of §z in the
expansion

JiZ= =0. (V.72)

. 8Cc  .8C aJi C .. C*
— T qiiZ l e : 1] , .. .
0=J0g5 =T 5546 (azg a2 e azgazz) * (V.73)

must vanish identically. The first term in (V.73) is clearly zero, while the vanishing of the

second term, the one linear in 62/, yields the desired relation
0JH 60"." _ _Jii 820"‘.
0z, 02 ® 021021’

(V.74)

between the first and second partial derivatives of C*. It follows immediately that the second
variation A?Cy, = 0.
Similarly, expanding H to second order yields

\ OPH

OH . OH . . .
A@F = 22 5050 4 27 5(2) 48 T () ,ig(1) i )
570 % + 570 +2az‘6235 26WM27 (V.75)
which, when restricted to lie within the constraint surface, takes the form
O*H : OH 8JE
AP Hy, = §P Hy, = %WJi gV TE g + %WWJ519§1)9§1) : (V.76)

It is evident that the first term of (V.76) is the same as the first term of the free energy
6@ Fy,, but in order to compare the second terms in these relations, one must again use
(V.74) and the equilibrium condition (V.34) involving the Lagrange multipliers. Indeed, by
summing (V.74) over A, and then exploiting (V.34), one concludes that

N 8Ji pC* _ 8JI 0H

¢ 6zé6zg T e 0zL 928 — 02 9z (vV.77)

It thus follows that, as was asserted, the constrained variation SOH, = §DF,,.




Now we show how dynamically accessible variations are related to Lagrangian variations,
in the context of the ideal fluid. In particular we will relate the Lagrangian and Eulerian
potential energy functional.

To obtain dynamically accessible variations for the fluid, the following functional:

G:= /D (M -1+ hp+ ko) &r, (V.78)

can be inserted into the bracket of (II1.89). Here the arbitrariness of variation within the
symplectic leaf is described by the free functions of r: 5, h, and k. We will only need the
expressions for the first and second variations of the density and entropy per unit mass

)
é(l)pda = {g,P} =V- (pﬁgw') =V. (P’?)

6Woy ={G,0} =V (a%) =V-(on) (V.79)

840 = 3{6,{G,0}} =3V -1V - (pn)]

6P 04, = 1H{0,0,0)} = 1V -1V - (om)] - (V.80)

(Note we are not expanding G since we already know only the first order part contributes.)
Observe that the variations of (V.79) are compatible with those of (IV.101), which are
induced by variation of the Lagrangian coordinates.

The potential energy functional for the ideal fluid is

Wip,ol = [ #0(p,0) dr, (V.81)

where recall U is the internal energy per unit mass and ¢ = ps. In terms of the function

~

U(p, o) the equation of state for the pressure is given by

i oU ool
Blp,0) = o’ (a_p + %%) : (V.82)

Here we have used the tilde to indicate that the dependence is upon p and o instead of p
and s. Upon Taylor expansion, the second order potential energy functional is seen to be

8*W = %/D ( (5(1);))2 (pf]pp + 2[7,,) + (6(1)0)2 (pﬁ,,) +2 (5(1)0 5(1)/)) (pﬁ,,(7 + (7,)

+2.(60p) (07, + 0) +2 (590) (,Ja,)) e, (V.83)

where subscripts denote partial differentiation. Inserting (V.79) and (V.80) into (V.83) cre-
ates a relatively complicated formula, one with terms that are similar but with no immediate

[0 9




simplification. What we have is in reality a sort of integration by parts puzzle. We will not
give all the details here of a calculation that gets us to the desired end, but only a few
“landmarks.” The first move is to integrate the second order variations by parts. Next, the
terms are grouped as follows:

-2

Wy =1 /D ((V -n)? (psﬁpp +2p%U, + 0*pU,, + 200%0,, + 20‘p(70)
+ (V) (n- Vo) (0pUso + p*Tpo + U,)
+(V -0) (n- ) (6*Up + 200, + 79U + 0T, ) ) &r, (V.84)

which upon making use of (V.82) can be put into the form
#Wan =13 [ ((7-0) (obp + o) + (V-0) (0 V) r. (V.85)

The definition p(p, s) := p(p, o) and the chain rule imply pf, + 0P, = pp,, which when used
in (V.85) yields, finally,

8 Wao =} /D ((V-n)* (ppo) + (V- 1) (- VB)) &r. (V.86)

This expression, when evaluated on p = p. and o = o, is precisely that of (V.27), which
was obtained in the strictly Lagrangian variable context. We have thus, in a sense, gone full

circle!
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Applications of Hamiltonian theory to GFD
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1 Generalized Hamiltonian dynamics

1.1 Introduction

Virtually every model used in Geophysical Fluid Dynamics (GFD) is, in its conservative
form, Hamiltonian. This is not too surprising since the fundamental equations from which
every model is derived are themselves Hamiltonian: namely the three-dimensional Euler
equations for compressible, stratified flow (Morrison & Greene 1980; Morrison 1982).

The Hamiltonian formulation of dynamics is relevant to the description of many dif-
ferent phenomena. In the field of theoretical physics, it provides a general foundation for
quantum mechanics, quantum field theory, statistical mechanics, relativity, optics and celes-
tial mechanics. Hamiltonian structure constitutes a unifying framework, wherein symmetry
properties are readily apparent which may be connected to conservation laws by Noether’s
theorem. One therefore expects some of the same advantages to hold in GFD.

In these lectures we will consider particularly the application of Hamiltonian structure
to problems involving disturbances to basic states. As we shall see, such diverse topics as
available potential energy, wave action, and most of the well-known hydrodynamical stability
theorems (static stability, symmetric stability, centrifugal stability, and the Rayleigh-Kuo
and Charney-Stern theorems) may all be understood — and in some cases significantly
generalized — within the Hamiltonian framework.

It is sometimes objected that Hamiltonian structure is irrelevant to GFD because real
fluids are viscous. Against this, we note simply that many phenomena in GFD are essentially
conservative (inviscid, adiabatic) since they occur at high Reynolds numbers, Re >> 1. For
example, in the free atmosphere Re ~ 10'°. Thus many GFD phenomena (instabilities,
wave propagation, and wave, mean-flow interaction) are traditionally studied within the
framework of a conservative model. Even if non-conservative effects arise, these may often
be understood as localized effects on otherwise conserved quantities: examples include fronts,
shocks, and gravity-wave drag (cf. Benjamin & Bowman 1987).

Moreover, many of the most interesting phenomena in GFD arise from the nonlinear
(usually advective) terms in the relevant equations. Examples include wave, mean-flow in-
teraction, energy budgets and conversions, and spectral transfers in turbulent flow. These
nonlinear terms are conservative, and are therefore part of the Hamiltonian structure of the
problem. It follows that the nonlinear interactions are constrained by preservation of invari-
ant quantities (e.g. energy, enstrophy) which are connected to the underlying Hamiltonian
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structure of the model: one cannot deduce the correct spectral transfers in a problem unless
one imposes the correct invariants on the nonlinear dynamics.

Hamiltonian structure also provides a natural framework within which to derive approxi-
mate models. It is well known that in making approximations one should attempt to maintain
fundamental conserved quantities. A good example of this is provided by the hydrostatic
primitive equations on the sphere (Lorenz 1967), where energy and angular momentum con-
servation are lost under the hydrostatic approximation, and certain manipulations must be
made to the equations in order to restore them. Rather than such trial-and-error methods,
it is preferable to ensure maintenance of invariance properties by making the approximations
within a Hamiltonian framework (Salmon 1983, 1985, 1988a).

The approach followed in these lectures is to use the Hamiltonian structure of GFD in
a very practical way. In particular, there is no need to use the Poisson bracket itself, or
even to know it, if one knows the invariants. One needs merely to know that the bracket is
there! All the manipulations required here can be expressed in terms of standard variational
calculus: one has merely to vary all dependent variables, integrate by parts, and check the
boundary conditions. Finally, everything derived from Hamiltonian theory may always be
verified afterwards by direct use of the equations of motion.

1.2 Dynamics

We consider the generalized Hamiltonian dynamical system

Ou oH

ey hidd

ot éu’ ()
where u(z,t) are the dynamical fields,  is the Hamiltonian, and J is a skew-symmetric op-

erator (called the cosymplectic form) having the required algebraic properties (see Morrison’s
lectures). The equivalent formulation in terms of Poisson brackets is

dF
— 2
where Flu] is an admissible functional. The Poisson bracket is defined by
_0F 66
7,91 = (G I 50) ®)

(the angle brackets denoting an appropriate inner product), and the bracket satisfies prop-
erties analogous to those of J. Typically
6F 6G OF ~ 6G
SF 180 _ [ 55287 5,0, ;
<6'u, 6u> 6:1:%: 6u¢J’6uj )
i.e. the inner product is the spatial integral of the dot product of the two vectors. Further
discussion of the forms (1) and (2) as applied to fluid dynamics may be found in Morrison
(1982), Benjamin (1984), Salmon (1988b), and Shepherd (1990, 1992a).
Let us verify the equivalence of the above two formulations, (1) and (2). Assuming first
that (1) holds, we note from (3) that

0F _OH 6F 0 dF
) )

P = (a5 = o ar) @

(5)
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(the last step invoking the chain rule for functionals), and hence (2) is verified. Now assuming
that (2) holds, let us take

Flu)] = u;(x,) = / 8(x — x,) ui(x) de (6)

for some i and some x,, where 6(x — x,) is the Dirac delta-function; thus

oF

§5F = / e~ aobu@)de, - =b(o~ )by, (7)

where §;; is the Kronecker delta. Then using (2), (6) and (7), we have

ou; dF O0F _6H oH oH
@) =5 = (505 ) = (e —265, (I5) ) = (U5),@) ®)

Thus (1) is verified, component by component.

1.3 Steady states and conditional extrema
Let u = U be a steady solution of the dynamics (1). If J is invertible, then

Jﬂi- _ U =0 9)
ou u=U 6t
leads to 5H
By 0. (10)

Hence steady solutions are extrema of H.

But suppose now that the dynamics of the system is non-canonical, in the sense that J
is non-invertible (cf. Morrison’s lectures). Then (9) does not imply (10). However, Casimirs
C may be defined such that

éc .

J:S—ﬁ =0 (equivalently, [C,F] = 0V F), (11)
and the set of all vectors 6C/éu spans the kernel of J. At u = U, therefore, §H/6u is
locally parallel to 6C/éu for some C (a different C for each choice of U); equivalently, there
generically exists a Casimir C such that

6_’H
ou

&
u=-U buly,

One must be careful here with classes of admissible variations; this point will come up again
when we consider nonlinear stability. Note that Casimirs are always invariants of the motion,
since

(12)

=leH) = (50 I % (13)

dC 5C oH 6C &H
6u> - > =0.
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From (12), we have that
6
s (H+0)|, 7 =0. (14)

This statement has two interpretations: (i) U is an extremum of the invariant % +C; and (ii)
U is a conditional extremum of H, subject to the constraint C = const. (as with Lagrange
multipliers). An example of an elliptic fixed point, representing a maximum or minimum,
is sketched below; the curves are lines of constant H, and the constraint surface is the
“symplectic leaf” C = const.

C = const.

1.4 Example: barotropic vorticity equation

This model is discussed in Morrison’s lectures, but it is useful to consider it in the present
context. The discussion will also illustrate some of the complications that are introduced by
boundaries. The governing equation is the (2-D) vorticity equation

%tg + 8(h,w) =0, (15)

where 1) is the stream function, the velocity is given by v = 2x Vi), w = V2 is the vorticity,
and 0(a,b) = asb, — ayb, is the two-dimensional Jacobian operator. With this choice of w,
the system is identical to the 2-D Euler equations. We consider a closed, multiply-connected
domain D with N connected boundaries D; (4 = 1,..., N) on which v-ii = 0 (or 0¢/0s = 0,
where s is arclength along 8D;), where # is the unit outward normal vector.

This system is Hamiltonian with

_ [ Lioup
H = / /D IV dady. (16)
The first variation of H is given by
= -6V dxd
o = [[ Vo-6Vidady
- / /D [V - @5Vy) — 9 5V*)] dudy
- ;zbéﬁDinﬁ-nds—//D?dewdy, (17)
where the last step follows from the fact that 9 is constant on the boundaries. This means

that one cannot write 8H = ((6H/6w),éw) alone. Stated otherwise, w is not enough to
determine the dynamics; we need boundary terms as well, as follows.
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Defining v; = §,p, V¢ - fids to be the circulation on each connected piece dD; of 0D,
recall that dv;/dt = 0. (This is the usual boundary condition on.the tangential velocity;
it follows from consideration of the momentum equations underlying (15).) The boundary
circulations can therefore be considered dynamical variables, and one may rewrite 6H in
terms of §+; in addition to éw: from (17),

§H = ;«My,- - / /D Yéwdzdy (18)
which implies 5 5
M M
[P i i % (19

Note that in the first equation of (19), one cannot think in terms of partial derivatives:
in particular, 8|v|?/0w makes no sense. Instead, it is clear that variational derivatives are
required.

Relative to w alone, the ~+;’s extend the phase space in the following way: there are
now N + 1 dynamical variables u = (w,71,...,7~)7, and the cosymplectic form J is an
(N 4+ 1) x (N + 1) matrix operator:

-0(w,’) 0 ... 0
0 0 0

J = . SR R (20)
0 R |

Substituting (19) and (20) into (1) yields, as expected, the equations of motion

ow dm dyv\T Ou oH T
(—67,%,...,7) :E:JE:(—'B(W,"?/)),O,.,O) . (21)
Having seen that arbitrary disturbances can be incorporated into the Hamiltonian de-
scription, let us now, for simplicity, restrict our attention to circulation-preserving distur-
bances: namely those with §v; = 0 for all 4. (If this condition holds at one time, it will
hold at all subsequent times.) For this special case, w is the sole dynamical variable and
J = —8(w,-). Let us find the Casimirs. Solving (11) in this case, we obtain

6C

dw

in other words, lines of constant w and constant 6C/éw coincide. Locally, at least, this means
that 6C /6w = f(w) for some function f. Such a function may not be defined over the entire
domain D, however. A sub-class of these Casimirs which is useful for applications (see the
later sections on stability) consists of those for which the functional relation is global: these
may be written as

Ow,z-) =0; (22)

Clw] = / /D C(w) dedy (23)

for some function C. Since Casimirs are always invariants of the motion, this demonstrates
that

% / /D C(w)dzxdy =0 (24)
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for any function C(w). The set of conservation laws described by (24) reflects the fact
that w is a Lagrangian or material invariant of the dynamics (15), given that the flow is
non-divergent. Since the dynamical evolution takes place on the symplectic leaf C =const.,
where the constraint refers to all Casimirs simultaneously, we see that the Casimirs provide a
severe restriction on dynamically possible behaviour. This is intuitively obvious for piecewise-
constant vorticity profiles. The calculation also demonstrates that there is nothing esoteric
about Casimirs: they have real physical meaning.

We should be able to show that steady solutions of (15) are conditional extrema of H,
subject to the constraint that the variations preserve C. First consider the extremal condition
(12), which takes the form ¢ = C'(w) in this case for C given by (23). If, therefore, (12)
holds, it follows that

Wy = "‘3(1/),w) = —6(0’(w),w) =0, (25)
and the flow is steady. One may also build in the constraint imposed by conservation of
C directly on the variations. To do this, set w = 8(p,w) for some arbitrary ¢ which
is constant on the boundaries. Such variations 6w are clearly just non-divergent (area-
preserving) rearrangements of the vorticity field w, for which

6C = / /D %&udxdy: / /D C'(w)d(p,w) dzdy = / /D 8(0,C(w)) dzdy=0.  (26)

For steady states with &(1,w) = 0, the variation of H is then
oH
o= ] Bty - - [ o1 ie = [ o3ty =0

(using the fact that both 7 and ¢ are constant on the boundary); hence steady solutions
of (15) are seen to be unconditional extrema of H for vorticity-preserving variations, as
expected on general grounds.

The variations 6w = 8(g,w) considered above may be written in the form éw = Jo,
which suggests the general form éu = Jy for a vector ¢. Evidently such variations are
guaranteed to be Casimir-preserving, since

6C 6C 6C
The reader is referred to Morrison’s notes for a more detailed description of such variations,
which he refers to as being “dynamically accessible”.

1.5 Symmetries and conservation laws
As in textbook classical mechanics (e.g. Goldstein 1980), for any functional F we can define
a one-parameter family of infinitesimal variations éu induced by F by
OF
= eJ— 29
where ¢ is the infinitesimal parameter. The change in another functional G induced by this
variation is

AzG = Glu + bru] — Glu] = <%g? 6;u> + O((67u)?) = €G, F] + O(e?), (30)
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where the second step follows from the definition of the functional derivative, and the third
step from the definition of the bracket together with (29). This proves

Noether’s Theorem: The Hamiltonian is invariant under infinitesimal variations generated
by a functional F, in the sense that AzH = 0, if and only if F is a constant of the motion.

Therefore, given a symmetry of the Hamiltonian (a variation du under which the Hamilto-
nian is invariant), one can attempt to solve (29) to find the corresponding invariant (modulo
a Casimir). Equally, given a known invariant F, one can use (29) to determine the corre-
sponding symmetry.

Exercise: Cyclic coordinates in a finite-dimensional canonical system. If H is invariant
under translations in ¢; (i.e. 3H/8¢; = 0 for some i), use (29) to show that the corresponding
p; is a constant of the motion.

As is well known, the KdV equation possesses more than one (non-trivially related)
Hamiltonian representation. Consider two representations with cosymplectic forms J; and
Jo. Suppose that éu, is a symmetry of the system; using J; with (29) then defines an
invariant I;. But knowing I;, (29) may now be used with J; to find a new symmetry, fu,.
Then substituting du; back into (29) with J; produces a new invariant I, and so on. This
procedure will continue indefinitely as long as we keep generating new invariants; in the case
of the KdV equation this turns out to be true, and leads to exact integrability. See Olver
(1986) for a more thorough, and highly readable, discussion of this topic.

Returning to the relation (29), we see that Casimirs correspond to invisible symmetries
since sc

dcu = GJE =0: (31)

Casimirs induce no change whatsoever in the dynamical variables.

Let us now consider some examples of symmetries and conservation laws. First suppose
that the Hamiltonian A is invariant under translation in time. We can set §xu = —e(0u/dt)
as the variation in u induced by a shift in time, € = 6t. (The minus sign is indeed correct:
think about it!) To find the corresponding invariant F we must therefore solve —(0u/dt) =
J(6F /6u), which implies F = —H (to within a Casimir). This shows that # is the invariant
corresponding to time-translation invariance. (This statement is not trivial. In particular,
recall the relation dH/dt = OH/Ot in classical mechanics; the former corresponds to a
conservation law, the latter to a symmetry-invariance.)

As another example, suppose that the Hamiltonian H is invariant under translation in
space: Tj, say, for some j. We can set 6ru = —e(0u/0z;), and to find the corresponding
invariant we must solve —(0u/0z;) = J(6F/6u). In the case of the barotropic vorticity
equation, for example, with j = 1 this becomes

Ow 3( oF oF .
w - eg) = wmT
= F = /A)ywdxdy ://Dy(g:—c - g—z) dxdy ://Dudxdy (32)

(to within a Casimir). Therefore the invariant corresponding to z-translation invariance of
the dynamics is seen to be the zonal momentum, as expected.
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For j = 2, similar considerations lead to

ow .7-' 6]-'

= F = —f/xwd:cdy // a—Z-————ddy //vdacdy (33)

(also to within a Casimir). Therefore the invariant corresponding to y-translation invariance
of the dynamics is seen to be the meridional momentum.

By Noether’s theorem, the same construction is guaranteed to work for any continuous
symmetry. Let us show it for a rotation. We take the variation to be ér = 0, 660 = ¢, where
r and @ are polar coordinates defined by z = rcosf and y = rsinf. The corresponding
variations in x and y are given by

6x = —rsinf 60 = —ye, by =rcosf 60 = ze. (34)
It follows that the variation in the dynamical variable w is
Ow Ow Oow Ow
bw = ~ 9 ox — 3 oy = (y&c - a:a—y) (35)

Then to determine the 1nvanant corresponding to this symmetry we must solve (29), which
takes the form

ow bw 6F 6F 2 r?
= F = —// Ewdxdy // z- (r x v)dzdy (36)

(to within a Casimir). The last computation is obtained after integrating by parts. As
expected, we obtain the angular momentum.

1.6 Steadily-translating solutions

Suppose there exists a solution to the system (1) translating steadily in = at a speed c, i.e.
u(z,y,2,t) = U(x — ct,y, 2). Then clearly '

oUu oU

= - =, 37

ot oz (87)
The fact that the solution is translating in x implies that there is a symmetry in z; if M is
the invariant corresponding to this symmetry, then by (29)

_6_U = J& ] (38)
Oz bu u=-U
On the other hand, we have
a_q =J 6_H . (39)
ot ou u=U
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It follows from (37), (38), and (39) that

oH oM 5(’H CM)
J— =cJ—— = J—F"
bu u=U ou |y 'uHU
_ 6(’H—cM+C) iy )
Su u=U

for some Casimir C. Thus U is seen to be a conditional (or constrained) extremum of the
invariant H — cM. We note that (40) provides a variational principle for travelling-wave
solutions (cf. Benjamin 1984).

2 Hamiltonian structure of quasi-geostrophic flow

In order to illustrate the general theory of the previous section, we describe in some detail
the Hamiltonian structure of what is probably the most widely-used model in theoretical
geophysical fluid dynamics: quasi-geostrophic flow. Two specific such models are considered:
the two-layer model in a periodic zonal §-plane channel, and continuously stratified flow over

topography.

2.1 The two-layer model
The governing equations may be written (e.g. Pedlosky 1987) as

0q;

E—+v, Vg =0 [i=1,2], (41)
where the velocity in each layer is given by v; = 2 x V1);, and the potential vorticity by
=Vi+ (-1))F—¢)+f+0y [i=1,2] (42)

The parameter F; is a measure of the stratification; if the layer depths are denoted D;, then
we have the geometric constraint D, F) = D, F;. All fields are assumed to be periodic in z.
The boundary conditions at the channel walls y = 0,1 are the usual ones of no normal flow,

i :
—— = == M 4
52 0 aty=0,1 [¢=1,2]; (43)
and conservation of circulation,
o , d -0 %, d_, :
= =—7 =0 =1,2]. 44
al %, i ML il o Tan i=12. 9

The dynamical variables are q;, g2, 72, 71, 73, and 3. We can write the Hamiltonian as

=], S{ DIV + DoIVal? + DiFy 3 — v5)?) dad, (45)
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in which case
§H = / /D {DyVipy - Y8ty + Dy Vi - V6tha + DiFy (41— 92)6(3h1 - )} dady
=/ /D {D1V - 1 V6r) — Ditr59%)y + DoV - (V) — Doha6 Vb
+Dy Fy h8(1 — 42) — DaFathad (41 — o) } dadly. (46)
To obtain the last line, the relation Dy F; = DoF has been used. This gives
§H = Duh| _ 67+ Duthi|,_ 690 + Dotfa|_ 67 + Dot _ 673
— [ [ {D11 819241 = Fa(wr = )] + Do 61 + Falts — )]} dody, (47)

from which we may infer

oH oH
= i d _— =
6‘]1, w an 6’}’? 1
The functional derivatives in this system are evidently analogous to those of the barotropic
system, as described in Section 1.4. Taking the dynamical variable u to be

Dih| _,, =12 (48)

u= (a1, 77) (49)

the cosymplectic form J is clearly

(-&0@,) 0  0000)
0 —5;0(q2,) 0 0 0 0
0 0 0000
0 0 0000
\ 0 0 000 0)
The Casimirs are of the form
Clai, 02,7874, = [ [ {Crlan) + Calg) } dmdy + Y civ (51)

i=1,2

where the C,’s are arbitrary functions of one argument, and the C’ij ’s are arbitrary scalars.

It is easy to see that s 5
— = C'(q;
O

whence the condition (11) is verified. To find the steady states, we must solve the following
extremal equations: for g;,

sH 8¢ e
:sa-i- == 5a = Dyt = Ci(@:), (53)

=, (52)
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which implies ¥; = 9;(g;); and for 7,
oH _ _oC
5 6

which implies that ; is constant along the boundaries.
To find the zonal momentum invariant M, we must solve the equations

by 1, M, Ogp 1, M
ax - ‘l)1 a(ql’ 5QI )7 ax - D2 a(q27 6q2) (55)

=  Dwl|_=-C, (54

simultaneously. Note that there is no continuous symmetry for /. The solution (to within
a Casimir) of (55) is evidently

oM
bq;

=Dy = M= / /D {Dwar + Dayas} dady, (56)
again analogous to the barotropic case. Using the definition of g;,

m = [ oo+ T8 4 DTl T8y 1 (D, 4 D + )} ddy

Jy? 92 ' By?
0202 M | p, B
- [y/( 5, t Doy )alch=0 //D {Ds 5 TPy } dzdy + const.
= Dl'Y] + DQ’)’Q + //D(D1U1 + D2u2) dxdy+const, (57)

The first two terms of the above expression are Casimirs, while the spatial integral represents
the zonal momentum.

2.2 Continuously stratified flow over topography

In the above sub-section we have shown how to handle the circulation terms on the side walls,
so to simplify the following manipulations we now restrict our attention to the case where
the circulation is held fixed when performing the variations. We again consider a periodic
zonal channel, bounded top and bottom by rigid lids, with 0 < z < 1. The dynamics is given
by (e.g. Pedlosky 1987)

Dq _ 0Oq

EEE+6(¢’q):O 0<z<1], (58)
D D
St fSH) =0 (=0, —()=0 =1, (59)
where the potential vorticity ¢ is defined by
0= thes + ¥+ = (Be), + f + By, (60)

The density ps(z) and stratification function S(z) = N?/f? (where N(z) is the buoyancy
frequency) are both prescribed, h(z,y) is the topography at the lower surface, and %, is
proportional to the temperature.
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The dynamical boundary conditions (59) on the lids z = 0,1 are necessary, and represent
true degrees of freedom. This can be seen by varying H:

H= / / /D %{|v¢|'~’+:1§¢§}dxdydz ©(61)
implies
§H = / / /D ps{V¢-V6¢+%¢,5¢,}dzdydz
= [[{owsvto + g o) v (o0} daiuis
_ [ / / %gb&bz dxdy]z;o— / / [ posq dadydz (62)

(noting that the variations in the side-wall circulations have been taken to vanish). In
particular, we cannot write §H = ((6H/6q), 8g) unless we treat the terms in (62) involving
the spatial integrals over the lids.

One option is to make the lids isentropic: 1, = constant. Then in a completely analogous
fashion to the way in which one may eliminate the circulation terms, one may restrict
attention to variations with 61, = 0 on 2z = 0, 1, in which case the integrals over the lids in
(62) disappear. Note that this is dynamically self-consistent: from the governing equations,
it follows that isentropic lids remain isentropic under the dynamics. Pursuing this option
leaves us with a dynamical structure very similar to that of the barotropic system, but this
is very restrictive indeed. For example, it eliminates the meridional temperature gradient at
the lower surface which is so crucial in driving the atmospheric circulation.

A better option is to incorporate the terms in question into 6. This can be done by in-
troducing additional dynamical variables, just as one may introduce the side-wall circulations
as dynamical variables (see previous sub-section). It is natural to define

_bs _Ps
=g+ SN, M=l (63)
in which case (59) take the form
D D\
Se=0 B =0 (64)
Then (62) can be written
§H = / / Yohdady| - / Y8dodady| - / / /D 41 8q dadydz; (65)

the entire variation of H is now captured, with the functional derivatives

oH oH oH
M o, Doyl oy 66
Taking the dynamical variable to be u = (g, Ao, A1)T, the cosymplectic form is evidently
J= 0 -8(N,) O . (67)
0 0 (A1, )
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The Casimirs are clearly of the form

Cla,dos M) = [[ [ piCla) dudydz + [[ Co(do) dady

Lt / / Ci(Ay) dady

for arbitrary functions C, Cy, and C;, with

6 6C 6oc
6q —'pSC (q)’ 6A0 - CO(’\O)’ E _CI(AI))
which when combined with (67) may be seen to satisfy (11).

The steady-state solutions satisfy

o _ s
b &q’
which implies ps¥ = p,C’(q) and thus ¥ = (q); and
oH 8¢ .
E_ —'"5:\: [2—0)1]’

which implies (—1)* = C!(\;) and thus ¢ = ¥(\;) on z = 1.
To find the zonal momentum invariant M, we must solve the equations

8 _ 1,0 My O _ .0 My O\ _ M
25005 ey F o)
simultaneously; the solution (to within a Casimir) is
M= / / /D psyq dedydz + / / Yo dzdy ,=0“/ yhdody|

Exercise: Show that (to within a Casimir) M = [[[j psu dxdydz.

3 Pseudoenergy and available potential energy

3.1 Disturbances to basic states

z=1

(68)

(69)

(70)

(71)

(72)

(73)

Very often one is interested in flows that are close to some given basic state. Examples
include the energetics of waves, stability and instability of basic flows, wave propagation in
inhomogeneous media, and wave, mean-flow interaction. We would therefore like a Hamilto-
nian description of the disturbance problem. Ideally it should be exact, i.e. nonlinear. Two
questions immediately arise: What is the correct Hamiltonian? What is the energy? The
answer to these questions involves a new quantity, often referred to as the pseudoenergy. One
of the simplest contexts in which the relevant issues arise is the familiar and classical one of
available potential energy (APE), so we shall discuss it at some length. Further details may

be found in Shepherd (1993a).



3.2 APE of internal gravity waves

Consider the energy of internal gravity waves in an incompressible, Boussinesq fluid, governed

by the equations

'vt+(v-V)v+ffzxv:——V—p—Lg2, (74)
Poo  Poo

pt+v-Vp=0, V.-v=0, (75)

where poo is a constant reference density. The notation is standard. The resting basic state
on which the waves exist is assumed to have a horizontally uniform density p = po(2), with
stable stratification: g(dpo/dz) < 0. The kinetic and the potential energy per unit volume
are given by )

Ex = spwlvl’,  Ep=pgz. (76)

Since it integrates to a constant, we might as well remove pogz from the potential energy.

This leaves
Ep = (p — po)gz. (77)

Now, for small-amplitude waves, Ex = O(a?) but Ep = O(a), where @ < 1 is the wave
amplitude. This is odd, for a number of reasons. First, Ex < Ep, which is counter-intuitive
(one expects the two forms of energy to be of the same order); second, Ep is not sign-definite;
and third, the disturbance energy cannot be calculated to leading order from linear theory.
To see this, consider a solution involving a perturbation expansion in some small parameter
€:

p—po:ep1+e2p2+..., v=ev;+Evat.... (78)
The subscript 1 variables would be determined from linear theory, the subscript 2 variables
from second-order nonlinear theory, and so on. Expanding the energies in terms of € yields

1 .
Ex = §P00|’v1l2€2 +0(e%), Ep = pigze + pagze” + O(E°). (79)

If we are considering sinusoidal waves then p7 = 0 but pz # 0 in general, where the overbar
denotes an average over phase. Therefore to determine Ep at leading order, pz must be
determined; but this requires a solution of the nonlinear problem.

All these difficulties arise from the fact that the expression for Ep is formally O(a).
Fortunately, however, there is a remedy. Traditionally (e.g. Holliday & Mclntyre 1981)
it is presented as a trick. For incompressible fluids, (75) implies that [ffp F'(p) dzdydz is
conserved for any function F(-). For a statically stable basic state po(z), the inverse function
z = Z(po(z)) is well defined. We may then take

Fo) =~ [ 920 dp, (80)

and note that
/ / /D {Ex + Ep + F(p) — Flpo) } dadydz (81)
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is conserved. That is, we combine energy conservation with mass conservation, to obtain a
new conserved quantity with density per unit volume given by

A = Ex+Ep+F(p)— F(po)

1 P —~ e
= gPwlol + (o oz - [ 92(5)dp

1 p—P0 o
= §poolvl2+(;o—-;oo)gz—/0 9Z(po + p) dp

1, [P i i
= Soolol = [ 91Z(m +5) - Z(po)) b (82
The small-amplitude approximation to A (appropriate for waves, say) is
-~ 1 2 1 ., 2 1 2 1 g 2
A 2poolvl” — 592" (po) (p = po)* = puolvl” — 5 o (z)(p po)”. (83)

The second term in (83) is the familiar expression for the APE of internal gravity waves (see
e.g. Gill 1982, §6.7 or Lighthill 1978, §4.1). The conserved quantity A has the properties
we would expect from a disturbance energy: A = O(a®); A > 0 if the background is stably
stratified (this is also true at finite amplitude); and A is calculable to leading order from the
linearized solution. In textbooks, the small-amplitude form is derived by direct manipulation
of the linearized equations — thereby obscuring the fact that mass conservation has been
used.

Other cases where a similar situation arises include the energy of acoustic waves (Lighthill
1978, §1.3) and the APE of a hydrostatic compressible ideal gas (Lorenz 1955).

3.3 Pseudoenergy

When one considers the wide variety of situations in which the concept of APE arises,
certain questions naturally arise. In particular: Why do other conservation laws (like mass
conservation) need to be brought in? Which conservation laws are needed? Is there a
systematic way to construct the APE? Does the concept extend to arbitrary fluid systems?
And does it extend to non-resting basic states?

It turns out that these questions can all be answered by considering things within the
Hamiltonian framework. Since fluid systems are generally non-canonical, perturbing a steady
state U with a variation éu will give rise to a change in the Hamiltonian

oH
ou u=U
#0
This is the reason why there is an @(6u) = O(a) term in the expression for potential energy.
For canonical systems, the underbraced term would vanish and the change in the Hamiltonian

would automatically be quadratic in the disturbance amplitude. This is not the case here,
but we know that generically there exists some Casimir C such that

|k
Sul,y  Ou

AH|U; 6u) = H[U + §u] - HU] = (

,6u) + O((6u)?). (84)

: ' (85)
u=U

| 2%




So if we choose
A[U; 6u] = H[U + éu] — H[U] + C[U + éu] — C[U], (86)
with C determined by (85), then we will have a quantity which by construction satisfies

5A §H , &C
AN = (55 * 6u)’ = 0. (87)

AlU;0]=0  and
u=U

Hence A[U; 6u] = O((6u)?), and we have what we want.

This quantity A is the pseudoenergy (e.g. McIntyre & Shepherd 1987). It is an exact
nonlinear invariant of the equations of motion. Its construction involves a combination of
energy and a suitable Casimir. For disturbances to resting basic states, these Casimirs
invariably involve mass conservation. The available potential energy is evidently the non-
kinetic part of the pseudoenergy. To construct the available potential energy, therefore, we
need only know the Hamiltonian #; the dynamic variables, i.e. the fields u; and suitable
Casimirs C such that (85) is satisfied. One may well know these things without knowing J,
in which case the Hamiltonian structure underlies the method without appearing explicitly.

Prescient adumbrations of the above realization can be found in the classical GFD lit-
erature. In a brilliant and now largely forgotten paper, Fjgrtoft (1950) noted that (stably)
stratified, resting basic states were energy extrema for adiabatic disturbances; this varia-
tional principle corresponds to the Hamiltonian statement that resting steady states are
conditional extrema of the Hamiltonian, with the relevant Casimirs being those arising from
the material conservation of entropy. Building on Fjgrtoft’s work, Van Mieghem (1956) used
this variational principle to construct a small-amplitude expression for APE, thereby recov-
ering the formula of Lorenz (1955). This can now be seen as the non-kinetic part of the

small-amplitude (or quadratic) pseudoenergy.
Having examined this problem from the Hamiltonian standpoint, the questions raised at

the beginning of this sub-section may be answered immediately.

Question: Why is energy not good enough? Why do other conservation laws (like mass
conservation) need to be brought in?

Answer: Because the Eulerian descriptions of fluid motion are generally non-canonical,
which means that steady states are not necessarily energy extrema.

Question: Which conservation laws are needed? '

Answer: Those associated with the non-canonical nature of the dynamics: the Casimir
invariants.

Question: Is there a systematic way to construct the APE?

Answer: The APE is the non-kinetic part of the pseudoenergy relatlve to a resting basic
state.

Question: Does the concept extend to arbitrary fluid systems?

Answer: Yes, provided the system is Hamiltonian.

Question: And does it extend to non-resting basic states?

Answer: In principle, yes — provided the pseudoenergy is sign-definite. See Section 4.3 for
further discussion.
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3.4 Example: stratified Boussinesq flow

The algorithm described above for constructing the APE will now be demonstrated in the
context of 3-D, incompressible, stratified, Boussinesq flow, governed by (74,75). The dynam- -
ical variables are evidently p and v. The Hamiltonian is given by

1
H= / / /D {§p00|'0|2 + pgz} dzdydz, (88)
with functional derivatives M . 6_7-{ B )
50 = Poo?, 73 gz.

The determination of an appropriate J gets us into the issue of constrained dynamics (see
Abarbanel et al. 1986; also Salmon 1988a), but for our purposes only the invariants H and C
are required. An unconstrained Hamiltonian representation of this system, in the form (1),
can be obtained by working in isentropic — or, in this case, isopycnal — coordinates (Holm
& Long 1989), but for applications it is desirable to have an expression for APE in physical
coordinates. ‘

What are the Casimirs for this system? It can be verified that the potential vorticity
q = w - Vp, where w = V X v, satisfies

¢+v-Vg=0. (90)
Putting (90) together with (75) implies that

clo,el= [[[ Clo,q) dadydz (91)

is a class of conserved quantities for arbitrary functions C. These are in fact the Casimirs, as
can be verified by examining the system in isopycnal coordinates. However, such verification
is not actually necessary: usually one can guess the Casimirs based on knowledge of the
materially conserved quantities; if one cannot satisfy the condition (85), then one must
consider a broader class of conserved functionals.

Taking the first variation of C gives

5 = / / /D {C,8p+ Cyq} dadydz

- //_/D{Cpép +C[(V xév) - Vp+w- V(5,0]} dzdydz. (92)
After integration by parts, one obtains
6C 5C
% - CP -V. (qu)’ % =V x (CqVP) (93)

We may now follow the recipe set forth earlier. Given a steady state U = (0, po(2)), C is
determined from the condition
oH _6&C

-— = —— = — feed = O
5 |yt 5 & poov V x (C4Vp) at p=po,v

u=U
< 0=V x(C;Vp), (94)




which will be satisfied if we take C = C(p), in conjunction with the condition

6H
bp

&

= —— = gz=-C,+V-(Cw) at p=po,v=0
7 g b (Cow) p=po

u=U
< gz=-C, at p=po. (95)

Now po(z), being monotonic by hypothesis, has a well-defined inverse, Z: i.e. z = Z (po(2))-
It can be easily seen that

p ~ ~
Clo) =~ [ 92(5) dp (96)
satisfies the required condition (95):
Co|,_, = ~9%(p0) = —gz. 97)

(It is in fact a general result that when the basic state is at rest, only that part of the Casimir
depending on the density (or more generally, the entropy) needs to be considered; possible
dependence on the potential vorticity is not required (see Shepherd 1993a). This is why
Fjgrtoft’s (1950) variational principle could describe all resting steady states.)

With this choice of C, the pseudoenergy takes the form

A = H['U;p] - H[O,po] +C[’U,p] - C[O,p()] )
= (][ {zeelol + (o - wigz - [ 92(9)dp} drdydz

= /‘//D{%Pool’vl2 + (p — p0)gZ(po) — /Op—po 9Z(po + p) dﬁ} dxdydz

1 o p—po _ 3
T ///L>{§p0°|v| :/0 9lZ(po + p) — Z(ﬂo)]ﬁ} dxdydz. (98)
APE
This recovers the expression (82) obtained earlier by direct methods. Note that provided

g(dpo/dz) < 0, then g(dZ/dpo) < 0; thus the APE, and in consequence A itself, will neces-

sarily be positive definite for p — po # 0.
The finite-amplitude expression for APE provided above has a simple geometrical inter-
pretation: the APE is g times the area under the curve Z(p) (see below).
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3.5 Nonlinear static stability

The existence of a positive definite conserved quantity suggests stability. Of course, the
condition g(dpo/dz) < 0 is precisely the condition for static stability. Note that 6.4 = 0 by
construction while the second variation of A is

1
A= / / /D 5 {Puol6wl? - %(&)ﬂdxdydz > 0. (99)

Thus by analogy with finite-dimensional systems, statically stable equilibria are elliptic fixed
points. This is what is usually referred to as formal stability (e.g. Holm et al. 1985; see also
Morrison’s lectures). However, for infinite-dimensional (or continuous) dynamical systems,
such as fluids, mere positivity of the second variation does not, in itself, establish anything
about stability. Instead, one must attempt to obtain explicit bounds on the growth of dis-
turbance norms. One might think it wise to begin with the linearized equations; however,
if stability is established in the linear dynamics this proves nothing for the actual dynam-
ics, since the system is Hamiltonian. (Stability can never be asymptotic for Hamiltonian
systems.) Thus one is forced to consider the full nonlinear dynamics right from the start.

Definition: (Normed Stability) If we measure the deviation from a particular steady field
U by the norm ||u'||, where u = U + v/, then U is stable in that norm if for any € > 0 there
exists a 6(e) > 0 such that :

W) <6 = |lW®ll<e, V20 (100)
This is also called Liapunov stability.

In the present context we may define our norm by
2 _ 1 2 2 .
1w, — o)l = [[ [ 5{poolol + Ao - po)?} ddye, (101)

¢ = min{—9Z'(po)} >0

c; = max{—gZ'(po)} < 0. (102)

with ¢; <A< ¢y, where {

The existence of such constants ¢;, ¢ will be referred to as the converity condition. Under
these circumstances it can be shown that the available potential energy,

p—po
APE = — [ glZ(po + ) — Z(po)) dp, (103)
is bounded from both above and below:
| 1 1
zalp— po)® < APE < (P — po)®. (104)

If Z(po) is smooth then this result follows immediately from Taylor’s remainder theorem.
However, it is true for Z(po) that are only piecewise differentiable. This bound on the APE,
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coupled with the fact that the pseudoenergy A is conserved, leads to the following chain of
inequalities for basic flows satisfying the convexity condition (102):

lw o=@ = [[[ 5{molol + 26— )} (0 dodyez

< 240 = 240 £ 21w, - WO (105)

By taking 6 = {/c1/cz¢, (105) proves nonlinear normed stability in the norm defined by ( 101).

It is well known that the small-amplitude definition of APE is closely connected to lin-
earized static stability. The above results show that the definition of finite-amplitude APE
is closely connected to finite-amplitude static stability.

A comment should be made concerning the definition of the function Z(-) used to calculate
the pseudoenergy, which appears in the integrand of expression (103) for the APE. What if
p lies outside the range of po? How do we evaluate Z(p) in that case? First note that if a
disturbance is “dynamically accessible” (see Morrison’s lectures) then p always lies within the
range of po. However if one is interested in a larger class of disturbances, then the definition
of Z(p) can be extended outside the range of po while still keeping A as a conserved quantity.
This is because any function C(p) can be used to obtain a Casimir. In fact, it is only the
condition that A = @(a?) in the small-amplitude limit that determined the particular choice
of C involving Z, and this constraint only determines C for values of its argument lying
within the range of po. So to allow the possibility of arbitrary disturbances, the expression
(103) can still be used provided we extend the function Z(p) outside the range of po in some

arbitrary way, subject only to
a<—9Z'(p) S (106)

in order not to weaken our bounds. Clearly, this extension can always be made.

3.6 Nonlinear saturation of instabilities

The APE provides a rigorous upper bound on the saturation of static instabilities. In a
way, this is a more robust definition of static stability than the concept of normed stability
presented in the previous sub-section.

To see this, consider the case of a fluid that is initially at rest but statically unstable.
We may consider this initial state to be a (finite-amplitude) disturbance to some statically
stable, resting basic state. Using conservation of the pseudoenergy relative to this basic
state, and noting that v(t = 0) = 0 by hypothesis, yields

1 9 '
— < = = .
/ / /D 5 poo|v|?(t) dzdydz < A(t) = A(0) / f A APE(0) dzdydz (107)
Thus the kinetic energy at any time ¢ is bounded from above by the initial APE: this is, after

all, why it was called “available” by Lorenz. For example, consider the situation sketched
below.
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The initial density profile p(z) is shown by the solid line, and consists of a statically unstable
inversion layer —Az < 2z < Az located within a stably stratified region with dp/dz = —r.
Suppose for definiteness that p(z = 0) = 0. (Recall that p is the departure from the reference

state poo, and therefore may be negative.) One may choose as the basic state po(z) = —rz,
which is stable and which satisfies (102) with ¢; = ¢; = g/r. The initial disturbance is then
, % 2z, f -Az<z2< Az
p=p=po=4 5% (108)
0, otherwise .

The integrated APE (averaged in x and y) is then easily computed, yielding the saturation
bound

J[[ 5pmiol?0) dzdyds < & (Apyaz. (109

It is interesting to note here that the disturbance p’ is not, in general, dynamically accessible;
or, rather, the initial condition p(t = 0) is not dynamically accessible from the basic state
po(2). It would only be so in the special case Ap/Az = r. The bound represented by (109)
therefore highlights the fact that pseudoenergy conservation holds for arbitrary disturbances,
not just dynamically accessible ones. It also demonstrates that, in many practical cases of
interest, the freedom to consider disturbances that are not dynamically accessible is quite
useful. The original, physical definition of APE proposed by Margules (1903) and formalized
by Lorenz (1955) was keyed around the idea of dynamically accessible perturbations: the
APE was defined to be the amount of energy released in an adiabatic rearrangement of the
mass into a statically stable state. The variational approach of Fjgrtoft (1950) and Van
Mieghem (1956) likewise builds dynamical accessibility directly into the theory. In contrast,
the use of integral invariants, in particular the pseudoenergy, goes beyond this in a powerful




way: the basic state may be any statically stable state, not just the dynamically accessible
one. This insight was first noted by Holliday & McIntyre (1981) and Andrews (1981), and
is vividly demonstrated by the above example.

One may logically define the APE in (107) to be the minimum APE over all possible
choices of the stable basic state. This extremization problem is highly non-trivial, and would
make a good topic for further study from a mathematical perspective. In the above example,
for instance, the expression (109) is merely one bound, not necessarily the minimum one.

Exercise: Calculate the amount of APE in the initial condition of the above example,
taking the basic state po(z) to be the unique, dynamically accessible state obtained through
an adiabatic rearrangement of the mass.

There is a well-known analogy between static stability and so-called symmetric stability:
namely the stability of a baroclinic flow to disturbances that do not vary in the downstream
direction (also known as “slantwise convection”). This analogy has recently been exploited
by Cho, Shepherd & Vladimirov (1993), who prove a nonlinear stability theorem and use it
to determine a finite-amplitude APE for such motion.

4 Pseudoenergy and Arnol’d’s stability theorems

4.1 Arnol’d’s stability theorems

In the previous section the steady basic state was at rest, so the kinetic energy contribution
to the pseudoenergy was solely the disturbance kinetic energy. But what happens when
the kinetic energy of the steady state is nonzero? To explore this question, we study the
barotropic vorticity equation on the G-plane (cf. §1.4) '

P,+0(®,P) =0, (110)
where ® is the stream function, P is the potential vorticity
P =Y+ + By +h(z,y), (111)

and h is the topographic height. Three possible geometries are considered: (i) periodic in
z and y; (i) unbounded, with decay conditions at infinity; and (iii) multiple boundaries (as
with a zonal channel). The last case is the most complicated, since the boundary terms enter
the equations directly, so we choose to analyze it.

Suppose there exists a steady solution, ® = ¥, P = Q with ¥ = ¥(Q) a monotonic
function. We seek Casimirs such that 64 = 0. We have

_ [ Loar
H= / /D 51V oI dudy, (112)

C= / /D C(P) dady + ;aim, (113)
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where p; = §yp, V@ - ids is the circulation on each connected piece, 0D;, of the boundary
0D. To determine the pseudoenergy, we must solve the equations

oH 6C oH 6C
on - _ % : = == . (114)
6Plp_q 6P|p_q bt |p_q il p_q
The left half of (114) gives (see §1.4)
v =C(Q), (115)
which integrates to
Q
c@Q = [ wmdn, (116)
while the right half of (114) gives
Y|, =-a (117)
If we consider the disturbance problem
P=Q+q, e=V+9y, wm=Titm, (118)

then noting that ¢ = Vi) we construct the finite-amplitude pseudoenergy as follows:
A = HQ+qTi+%]-HQT]+CQ+qTi+%]-ClQ,Ti
_ 1 9 Q+tg '
= //D{V\Il -V + §|V¢| +/Q 140)) dq} dzdy + zi:a,fy,

= /fD{V (TVY) — UV + “;‘|V¢|2 + /oq ¥(Q +49) dcj} dxdy — zi:\lllaDi'y,-(HQ)

In the last line, the first term can be directly integrated and found to cancel the boundary
circulation terms. Furthermore, noting that

~ UV =T =— [ ¥(Q), (120)

the pseudoenergy can be written simply as

A= [[{51v9P+ [[#@+ - ¥(Q))da} dady (121)

(McIntyre & Shepherd 1987). The pseudoenergy is an exact, nonlinear invariant, as may
be checked by direct substitution into the equations of motion. It is valid for arbitrary
disturbances (not necessarily dynamically accessible ones). If there exist values of @ + ¢
outside the range of @, one can extend the definition of ¥(Q) arbitrarily to cover those
values, as discussed in §3.5. A is evidently sign-definite when

ay > 0. (122)

dQ
Essentially, this is Arnol’d’s (1966) first stability theorem.
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Suppose that
dv

c1 :mql)n{w} > 0, cz:mgx{%} < 00. (123)

In this case we can establish normed stability of the basic state. The “convexity” condition
provides

Lot < [ [9(Q+8) - W(@)di < jad, (124)

which is valid for continuous (possibly non-smooth) ¥(Q). In particular, let us choose the
norm defined by

P = [ {190 + 22} duay, (125)

with (4] _<_ A < ¢ Then

la@IP < 240 = 2.40) < ZIlgOF (126)

So given € > 0, choose § = y/c1/cz€ to prove nonlinear normed stability. As with static

stability, this holds for arbitrarily large disturbances.

It is important to emphasize that the demonstration of normed stability provided above
depends on the choice of norm. For normed stability, it is always essential to specify the
norm; this is because in infinite-dimensional spaces, all norms are not equivalent. This point

is highlighted by the following example.
Consider (110) in the special case P = V2®, and introduce a basic state U(y) = Ay. The

disturbance (g,%) is given by
1 ‘
P=Qtq=-Atg @=U+p=—2X7+, (127)

and the exact equation for the disturbanée vorticity ¢ = V21 is
¢ = —0(¥,q) — 0(%,Q) — 6(¥,9) = —Aygz — 8(¥,9)- (128)

Multiplying (128) by ¢ and integrating over the domain yields

% / /D %qzdxdy = - / /D Ayqq. dzdy — / /D qo(¢, q) dzdy

= .-//D %(%)\yqz) dxdy—-//D 3(’%‘;“12) dxdy
— 0. | | (129)

This proves that 2-D linear shear flow is stable in the enstrophy norm. However, consider an
initial condition consisting of a plane wave q(t = 0) = R{e’**+ov)}. Then the disturbance
energy is given by (e.g. Shepherd 1985)

12(t) dxd 142(0) dzd
() = / /D —;-IV¢|2(t) dzdy — 32 ;CZ ff)lz‘” y _ b ”qu fiz °Y (130)

136




It can be shown that ! evolves with time according to | = Iy + A\kt, while & is constant. So
for lp < 0 and Ak > 0, the energy will attain its maximum amplification

E 2 2 -

(t)zk *l at t:-—l—g.

£(0) k? kX
Clearly, the amplification described by (131) becomes arbitrarily large in the limit |lo| — oo.
This example demonstrates the point that stability in one norm (here the enstrophy) does
not imply stability in another (here the energy).

Returning to the general form of (110), consider the special case of zonal (z-invariant)

flow, with A = 0. Then the condition

d\II_V\Il__\IIy_-U>

R V@ @ @ .

is sufficient for stability of the flow. This is the nonlinear generalization of the result of
Fjertoft (1950).

There is an interesting possibility in this barotropic case which did not arise in the previ-

ously discussed case of static stability. Recall from §3.5 that in that case the pseudoenergy
was given by

(131)

0 (132)

A= ///D{-;—pooh)lz + APE(p — po)} dzdydz. (133)

Since p and v are independent variables, A can never be negative definite. This is like the
case of “natural systems” discussed in traditional classical mechanics. In the present case,
however, there is only one dynamical variable, and in principle A could be negative definite.
This gives what is called Arnol’d’s (1966) second stability theorem.
How does this happen? Suppose
dv

. d _ dv
a—@-<0 and cl—mm{——}>0, Q—max{—w}<oo. (134)

Then . !
[ 1@+ 9 - v@) di < -3, (135)

so this quantity has the potential for being more negative than %!V¢|2 is positive, when
integrated over the domain. In fact, for bounded domains this is possible. A detailed
discussion is provided in McIntyre & Shepherd (1987, §6).

4.2 Andrews’ theorem

The appearance of Arnol’d-type stability arguments created considerable interest in the
meteorological community, for it appeared that they could be used to examine the stability
of non-parallel flow profiles ¥ = ¥(Q). However, Arnol’d’s theorems turn out to be not as
powerful as they might seem in this regard. A theorem proved by Andrews (1984) shows
this quite succinctly, as follows.

Suppose we are given a basic flow profile ¥ = ¥(Q), and suppose that the given problem
is zonally symmetric: i.e. h = h(y), and the boundaries (if any) are independent of z. A
zonal channel would be the most common such geometry.
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Claim: If Zg > 0, then Q; = 0 and ¥, =0.
Proof: The chain rule of differentiation implies

¥, = V(Q)Qs- (136)

Multiplying this expression by Q. and integrating over the domain yields

[ v.@edody = [[ ¥(Q) Q) dady
= [[ w.vdnty = [ ¥(@)(Q:) dudy
— / /D V. (¥, VV,)dzdy = / /D (IVEL+V(Q) (@)} dady.  (137)

The integral on the left-hand side vanishes if the boundaries are zonally symmetric, which
implies that ¥, = 0 = @, everywhere.

Therefore, any flow in a zonally symmetric domain that is stable by Arnol’d’s first theorem
must itself be zonally symmetric! The argument can also be shown to apply to Arnol’d’s
second theorem (Carnevale & Shepherd 1990). These results help explain the conspicuous
lack of non-zonal Arnol’d-stable flows in the literature.

There is a simple heuristic explanation of Andrews’ theorem. If a problem is zonally
symmetric, but the basic state is non-zonal, then a possible disturbance is the simple one
generated by a zonal translation of the basic state. This zonal translation cannot change the
pseudoenergy. Therefore, such basic states cannot be true extrema of the pseudoenergy —
equivalently, A is not sign-definite — which implies that they cannot be Arnol’d stable.

However, it should be noted that Andrews’ theorem may not apply to certain zonally
symmetric problems in unbounded domains because of the boundary conditions at infin-
ity (Carnevale & Shepherd 1990). Otherwise one could deduce, for example, that circular
vortices were not Arnol’d stable — something which is demonstrably untrue.

4.3 Available energy

Can we regard the quantity .
[w@+a-vQ)ld (138)

as a generalization of APE? In a sense, yes. For any stable flow (¥, Q) with d¥/dQ > 0, we
have

/L -;-ww(t) dady < A(t) = A(0) = A[Q; ¢(0)): (139)

For a given initial condition, P(0), one can vary the right-hand side of (139) over various
stable Q to seek the tightest possible bound on the disturbance energy.

In the case of static stability, the variations were over py and didn’t affect 2|v|®. Here
W = ® — ¥, so when one changes the basic flow, one also changes the definition of the

disturbance. This is not a satisfactory situation.
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Suppose, however, that the problem is zonally symmetric and that one is interested in
the eddy energy. We may write

® = P + ¢’ where () = z-average and &' = 0. (140)

Then, if we choose a zonally symmetric flow (as required by Andrews’ theorem), i.e.

v =0, Q =0, (141)
this implies ,

' =, P =q. (142)

Hence (¢',7)’) are independent of the choice of the basic state. Then, for the eddy energy we
have the upper bound

g=[ %lV@'Iz(t)dxdyz A %lvw’lz(t)dxdy < [ %lebl"’(t)dxdy
< A[Q;9(0)]. (143)

Now one can vary the right-hand side of (143) to seek the tightest possible bound on the
eddy energy. ‘
We now illustrate the general method by applying it to the case of baroclinic flow.

4.4 Nonlinear saturation of baroclinic instability

The two-layer model was presented in §2.1. The notation has been changed somewhat for
convenience; q there corresponds to P here, while 1 there corresponds to ® here. Further
details of the following analysis may be found in Shepherd (1993b).

Suppose F; = F, = F in the domain 0 < y < 1, periodic in z. The potential vorticity in
each layer is given by ,

P,=V?® + (-1)F(®1 - %)+ f+ 0y [i=1,2] (144)
Consider the basic-state stream function ¥; = ¥;(Q;) corresponding to the purely zonal flow
Ui(y) = —d¥:/dy [i=1,2], - (149)
with potential vorticity
Qi(y) = V2 + (-1)'F(T, - Ua) + f+ By [i=1,2]. (146)
Let 7; be the disturbance stream function, so that
®; = Wi(y) +dilz,y,t) [i=1,2]. (147)

This allows the pseudoenergy to be written

A= [ {—;-[lvwllu V4ol + Flar ~ %]

+ [ 19Q+ D - 1@ d7 + [ 1¥a(Qa+ D) - ¥2(Q) dq} dedy, (148)

(329




where g; is the disturbance potential vorticity

=V + (1) F@h — ) [i=1,2]. (149)
It is clear from (148) that if
d¥, d¥,
>0 d —=2>0, 150
Q: and o0, (150)

then A > 0. This is Arnol’d’s first stability theorem applied to quasi-geostrophic flow (Holm
et al. 1985). Since we are considering the zonally symmetric case, these conditions are

satisfied if
U;
dQi/dy

put this way, the theorem represents the nonlinear version of the Fjgrtoft-Pedlosky theorem.
Suppose our initial condition consists of an infinitesimal disturbance to the Phillips zonal

flow o .
- ——1' = 01 —(1 + E) + uy, ——-(I—)z' = Uz = Up, (152)

By 9y
where g is an arbitrary constant. The flow (152) is known to be unstable if € > 0, provided
the domain is sufficiently wide in an appropriate sense (e.g. Pedlosky 1987, §7.11).
Now choose a one-parameter family of stable basic flows

oY, 0¥,

<0 [i=1,2} (151)

oy =U1= “(1 —6) + uo, oy = Uz = uy, (153)
with associated potential vorticity
Qi=B2-8y—-N+f+Br  Q=p6(y—A)+[+pA (154)

where ) is a constant of integration. We have three free parameters: A, up, and 6. For all A,
o, and & such that d¥;/dQ; > 0 we then have the rigorous upper bound on the eddy energy

8,

// (IV& [ + |V + F(®, - ®))°} dady

//.D 5 ’V¢1|2 + |V¢2|2 + F(zﬁl - ¢2)2} dxdy

< A(t)
= A(0)
2 + 6 2
_ Pleto) (6F2 ) { 1+F/ (y— )\)Qdy]
A1 + UOF Uo7 2 2
S T+ B [ Ny
+ terms involving the 1n1t1al non-zonal disturbance. (155)

The contribution to the initial pseudoenergy associated with the initial non-zonal disturbance
can, of course, be included in the above bound. However, in the situation we are considering
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here of an infinitesimal initial disturbance to the Phillips initial condition, this contribution
is negligible compared with the pseudoenergy arising from the zonal-mean part of the initial
disturbance to the stable basic flow, which is the part written out explicitly in the last line
of (155).

Now, choosing A = 2 so that

1 1
/0 (y—N’dy = 3, (156)
which is the best choice, and setting
B(l-8)+uF=0 = y= —é(—lp“—‘s), (157)
foaves Bi(e +6) (L=8)F| _ fc+8), F
€ - €
A(0) = _‘F—"[HEJ“ 5] = e 12+ 5 (158)

Setting 0A(0)/06 = 0 yields a minimum at

- .
6=Z-8-[—1+\/1+(966/F)]:e for e<1 (159)

One could, of course, use the optimal value of §, but the simple choice § = € certainly gives
a valid saturation bound too, which is
12¢

£ < A(0) = fF (1+ —f,—) (160)

Now the eddy energy is also bounded by the total energy of the system, namely

2
6
E' < Eotal = 2Z—F(1 +2)1+e? (161)

However it is clear that £ 4,) > A(0) for € < 1, so the bound (160) is providing a non-trivial
constraint on the dynamics.

This gives a bound on the scaling of the saturation amplitude of the instability. But is
it any good? Weakly-nonlinear theory (Pedlosky 1970; Warn & Gauthier 1989) gives

26

Epnax ~ O (162)
for € < 1, which is the same scaling as (160); the numerical factors in (162) are 1/72 for the
non-resonant case, and 1/8 for the resonant case. This is to be compared with a coefficient
of 1/6 for the stability-based bound. So the bound is, in fact, not too bad as an estimate of

the saturation amplitude.
An important generalization of these saturation bounds is to forced-dissipative systems.

DP

D = —r(P - P,) (163)

(potential vorticity relaxation), where P, = P(t = 0), then these bounds on the eddy energy
remain valid (see Shepherd 1988b).

If
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5 Pseudomomentum

5.1 General construction

We have seen how one can construct the pseudoenergy, a second-order invariant, for distur-
bances to a steady basic state under time-invariant dynamics. Similarly, if the dynamics
under consideration is invariant to translations in the z direction, we may construct a second-
order invariant for disturbances to z-invariant basic states.

Recall how we constructed the pseudoenergy from the Hamiltonian, H, and the Casimirs,
C: since the basic state U in that case is a steady solution of the dynamics,

g =0. (164)
ou u=U
It follows that for some Casimir C,
o __&f (165)
ou u=U ou u=U
The pseudoenergy is then
A[U; 6u] = H[U + éu] — H[U] + C[U + éu] — C[U], (166)

where C is defined by (165).
In the very same way, we may construct the pseudomomentum from the momentum

invariant, M. By definition of M (see §1.5), J(6M/éu) = —u.. Now, since the Hamiltonian
is presumed to be invariant under translations in the z direction, it follows from Noether’s
theorem that M is an integral of the motion. If the basic state U is also invariant with

respect to x translations, then

Jm =-U,=0. ' (167)
ou u=U
It follows that there exists a C such that
oM 6C a 68)‘

bu |y_U T bu u=U'

Finally we define the pseudomomentum by
AlU; 6u] = M[U + bu] — M[U] + C[U + éu] - C[U], (169)

where C is defined by (168) so that (6.4/6u)|,_gy = 0. In fact, it is clear from Noether’s
theorem that we may generate a similar functional for any continuous symmetry of the
dynamics.

The pseudomomentum, like the pseudoenergy, is guaranteed to have the following nice
properties: (i) it is calculable to leading order from linear theory; (ii) it may be sign-definite
under certain conditions. If we find some zonal basic states for which the pseudomomentum
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is sign definite, then it is clear that we are in a position to generate more nonlinear stability
theorems.

If the basic flow is both zonally symmetric and steady (as zonally symmetric flows often
are), we may combine the pseudoenergy and the pseudomomentum to generate still more
quadratic invariants, according to

A= (H+aM +C)u] - (H+aM +0)[U]. (170)

Here we may choose a arbitrarily and, again, C is chosen so that (6.A4/6u)l,_t7 = 0

5.2 Example: Barotropic vorticity equation

In this section we will develop an expression for the pseudomomentum of the barotropic
model in a S-plane zonal channel. The flows we will consider are governed by the vorticity
equation

P,+08(®,P)=0 (171)
where ® is the stream function, and P is the absolute vorticity
P=V?%®+ f+ py. (172)

For definiteness, we consider flows that are periodic in the z (zonal) direction, and bounded
by rigid walls in the y direction.

We take as the state variable the absolute vorticity, P, and the boundary circulations,
pi = $op, V@ - v ds. Recall that in this formulation, the Hamiltonian is given by

_ [ Lioar
H= / /D 5| Vo dody. (173)

The cosymplectic operator, J, acting on the basis (P, p1, p2), is given by

~8(P,) 0 0
J= 0 00| (174)
0 00

The Casimirs associated with J are functionals of the form
2
= P ilki
c //DC( )dxdy+§au (175)

for arbitrary functions C(-) and scalars a;. The momentum invariant M is found by solving

oP T oM oM bM\T 0P oM
- = = = — =0(P,—).
(3-’13 ’O’O) J( P’ buy’ 5#2) oz 6( ’ 6P) (176)
The solution (to within a Casimir) of (176) is given by
oM
SF=y = M= /ijdedy. (177)
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This expression differs from the usual definition of momentum, which is ff, udxdy. The
reader may verify (cf. §1.5) that the difference between these two expressions can be written
solely as a function of the boundary circulations p; and ps — in other words, the difference
is a Casimir.

If the basic state is given by ® = ¥, P = @, then to find the pseudomomentum we must

solve

M| _ &
2

6P |p_q P=Q

Note that this requires Q to be independent of z, i.e. @ = Q(y). Thus zonally symmetric
states are seen to be constrained extrema of M, just as steady states are constrained extrema

of H. Solving (178) for C yields

= y = —-C'(Q). (178)

c@=-["v@a (179)

where Y (-) is the inverse of Q(y): that is, y = Y(Q(y)).
Note that since the disturbance need not be dynamically accessible, we may (as before)

extend the definition of Y(-), if required, to cover values of its argument outside the range
of the basic state Q.
The pseudomomentum, A, is given by

A= f /D y(P — Q) dxdy + C[P] — C[Q)]. (180)
Setting P = Q + q, and substituting (179) for C, yields
Q+tq
A= //D{yq —/Q Y(§) dq} dzdy. (181)

Finally, since y = Y (Q), we may write
A= / /D Adzdy = / /D {- /0 "V(Q +8) - Y(Q)] g} ddy (182)

(Killworth & Mclntyre 1985). Note the similarity between the pseudomomentum (182)
and the expression in (98) for the APE. As a consequence, (182) has the same geometrical
interpretation as the APE (see the sketch in §3.4).

If dQ/dy (and thus dY /dQ) is sign-definite, then so is A. In particular if dY/dQ # 0

and v
0<61S‘a‘6 < e < 00, ) (183)

then 1 ]
501q2 <Al < —2~62q2- (184)

This is the convexity condition for this problem. We then have normed stability under the
enstrophy norm. In particular, if we define our norm according to

lali* = [, 34 dady, sy

[




then we have ) 1 .
lg@®I* < C—A(t) = —A(0) < 2[lg(0)])%, (186)
1 9] a1

which proves normed stability.

As with the previous stability criteria, this stability criterion applies to arbitrarily large
disturbances. It is the finite-amplitude version of the Rayleigh-Kuo theorem (Shepherd
1988b). The same procedure applied to the quasi-geostrophic equations yields a finite-
amplitude Charney-Stern theorem (Shepherd 1988a, 1989).

In §3.6 and §4.4, pseudoenergy-based finite-amplitude stability theorems were used to ob-
tain rigorous upper bounds on the nonlinear saturation of instabilities. The same procedure
is of course possible with the pseudomomentum. For a general discussion and applications
to parallel flows on the barotropic 3-plane, see Shepherd (1988b). Further applications are
provided in Shepherd (1988a, 1989, 1991).

5.3 Wave, mean-flow interaction

In this section we shed some light on why A is called the pseudomomentum. Still considering
the barotropic vorticity equation, if we take the z-average of the zonal momentum equation
we get

ou _ 9(u?) 0(uwv)

o Oz Oy
The first and last two terms on the right-hand side vanish due to the presumed periodicity
in z, together with the fact that v = —1, so ¥ = 0. This leaves

+fo— gl;-. (187)

YY)
g_? _ _9v) (gy” ). (188)

where the primes indicate departures from the z-average flow. Using the fact that the flow
is non-divergent, we can rewrite the previous equation as

Skl o

The second term on the right-hand side vanishes under the zonal‘average, while the first
term represents the meridional flux of potential vorticity, ¢', hence

0 _
— =177 190
5 = U4 (190)
On the other hand, from the linearized potential vorticity equation
¢ +Uqd,+vQy=0 (191)
we get )
v'=—— (g +Uq). (192)
Qy
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Substituting this expression for ¢’ into (190) then leads to
on__0 147

ot o\2Q,’"
This is the well-known relation of Taylor (1915), describing how disturbance growth or decay

induces mean-flow changes. But note that the small-amplitude limit of the pseudomomentum
density (182) is

(193)

1¢°
A ——=—. 194
T 199
Combining this with the previous equation then yields the small-amplitude relation
ou O0A
pubbad ke 1
T (195)

which justifies the interpretation of A as a pseudomomentum. (The prefix “pseudo” has
led to some confusion. However, to discuss the “momentum” of waves has historically been
a source of profound confusion! For background on this issue, as well as a defense of the
current nomenclature, the reader is referred to the spirited article of McIntyre (1981).)
In the continuously stratified quasi-geostrophic case, (190) generalizes to (see e.g. Ped-
losky 1987, §6.14) )
£(3) = 5z @D, (196)

where L is the linear elliptic operator

02 10p,90
L=c+—F757" 197
3y2+p36z56z (, )
The pseudomomentum conservation relation may be written in local form, including non-

conservative effects, as

8A
S +V-F=D, (198)

where D represents the non-conservative effects and —F is the so-called Eliassen-Palm flux
(Andrews & McIntyre 1976), satisfying

V-F=-17¢. (199)

(The minus sign in the definition of the E-P flux is for historical reasons: the introduction of
the E-P flux predated its understanding in terms of pseudomomentum.) From these relations
we get the following equation for the mean-flow tendency:
0u d? — 02 = 8 04
“(a) =270 =27 (V) =5 (G - P)
Relation (200) generalizes (195) in two distinct ways: first, by including non-conservative
effects; and second, by extending the relation to quasi-geostrophic flow. Integrating (200) in

(200)
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time over some finite time interval then gives the following expression for the net change in
the zonal flow, Aw:

AT = L“{aa—;(AZ— / Dat)}. (201)

That is, to have a change in &, we need either transience in the wave activity, AA # 0,
or wave-activity dissipation, D # 0; this is the “non-acceleration theorem” (Andrews &
Mclntyre 1976). The insight provided by this theoretical framework has recently led to
profound advances in our understanding of some classical questions in large-scale atmospheric
dynamics, including the maintenance of the westerlies (see the discussion in Shepherd 1992b).

The beauty of the Hamiltonian framework is that it provides insight into which aspects of
a particular derivation may be generalizable to other systems. For example, the wave, mean-
flow interaction theory exemplified by the relation (200) is clearly generalizable through the
unifying concept of pseudomomentum (e.g. Scinocca & Shepherd 1992; Kushner & Shepherd
1993).

5.4 Wave action

There is a classical literature in fluid mechanics that is relevant to wave propagation in
inhomogeneous, moving media. For WKB conditions — namely, a nearly monochromatic
wave packet propagating in a slowly varying background state — there is a conservation
law for the so-called “wave action” (Whitham 1965; Bretherton & Garrett 1968). The wave
action is given by E'/&, where E' is the wave energy (as measured in the local frame of
reference, moving with the mean flow) and & is the intrinsic frequency of the waves (i.e. the
frequency in the local frame of reference). In the case of the barotropic vorticity equation
with a zonal basic state, for example,

' _ oo . kQy ,
E = 2|V¢[ and = T (202)

where k and [ are the z and y wavenumbers, respeétively, Qy is the basic-state potential-
vorticity gradient, and the overbar now represents an average over the phase of the waves.
Thus the wave action for Rossby waves is given by
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5% 0, %0, (203)

Referring to (194), we conclude that the wave action is the pseudomomentum divided by
the zonal wavenumber, 24

= =% (204)
Of course, wave action is a local concept which may be defined even when there is no global
symmetry in the problem (provided the WKB conditions are satisfied). However, when the
basic state has a zonal symmetry, the pseudomomentum may be defined and is related to the
wave action in the above fashion; the factor of k is then irrelevant since it is constant. Under
such conditions, the pseudomomentum may be regarded as a generalization of wave action
insofar as it is not restricted to WKB (slowly varying) conditions, neither is it restricted to




small amplitude. This connection has already been made by Andrews & Mclntyre (1978)
within the context of Generalized Lagrangian Mean theory; the present treatment illustrates
how it holds for the Eulerian formulation of fluid dynamics.

5.5 Instabilities | \

Analysis of normal-mode instabilities is often facilitated by the use of quadratic invariants
such as pseudomomentum and pseudoenergy. This is because for a normal mode,

A = At (205)

where Ao = A(t = 0) and o is the real part of the growth rate. However, A is conserved in
time, which implies that 0.4 = 0. Therefore, we conclude that growing or decaying normal
modes (with o # 0) must have A = 0. [In fact, many of the well-known derivations of linear
stability criteria involve the implicit use of this relation .4 = 0: an example is Pedlosky
(1987, Eq.(7.4.22))].

The constraint A = 0 on normal-mode instabilities means that such instabilities consist
of regions of positive and negative A. This is a generalization of the notion of positive and
negative energy modes discussed in Morrison’s lectures. It is clear from the Hamiltonian
perspective that one may speak of positive and negative pseudoenergy, or positive and nega-
tive pseudomomentum, or even some combination of the two, depending on which invariant
quantity is most appropriate for the problem at hand.

This concept is most useful when the wave-activity invariant being considered is sign-
definite in certain parts of the flow, and can be associated (in an appropriate limiting sense)
with certain wave modes. Typically in the short-wave limit these modes decouple and are
neutral.

As an example, consider baroclinic instability in the continuously stratified quasi-geostro-
phic model, with 2y < 2 < 2. In this case the small-amplitude expansion of the pseudomo-

mentum gives (Shepherd 1989)

A=A+ A2+ A3 (206)

where »
207
// 2dQ/dydar:dydz, (207)
4= [l5m /dy anyjay | --//3 dAo/d dody] . (208)
Here Q and g are the basic-state and disturbance potential vorticity fields, while A =
Ly | . and \; = Swz( ., where ¥ and 1 are the basic-state and disturbance stream

function fields. All known (inviscid) quasi-geostrophic baroclinic instabilities may be under-
stood within this framework. In the case of the Eady model, we have
aQ dA;

=0, d
dy g=0, an i

< 0. (209)
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Therefore, in this model instability is possible with A; = 0, A, < 0, and A; > 0. In the case
of the Charney model there is no upper lid so the contribution to .A; vanishes, while

dQ dAg
dy >0 an d_y

Thus in this case A; < 0, A; = 0, and A3 > 0. For internal baroclinic instability (like in the

Phillips model), A2 = 0 and A3 = 0 so we must have A; = 0, but characteristically

@>0 for 2> 2 and @<0 for z<z (211)
dy dy
for some z, so A; consists of a negative-A mode above a positive-A mode.

A very important feature of these wave-activity invariants is that their finite-amplitude
forms are meaningful even for discontinuous basic-state profiles. Indeed, the understanding
of instabilities in terms of interacting modes is clearest when the modes are spatially localized

on material interfaces. For example, consider the barotropic system with a basic state

_ Q2, y>0
Qy) = { Q. y<0 (212)

where @1 < Q2. We can study the stability of this profile by looking at the regions where
A # 0. In this case the pseudomomentum is given by

q
a=-['Y@Q+2-v@) (213)
Note that A = 0 except in the hatched regions (see figure below).

< 0. (210)

Qo
P= Q4 y=7

y=o

x 7= Y[—c? a

It turns out (see Shepherd 1988b, Appendix A) that
_ _ Lo, - 2
A= [[ Adedy=—2(@:- Q) fds, (214)

where 7 is the meridional displacement of the material contour where the vorticity jump
occurs. Evidently in this case A < 0, and the basic state (212) is stable. The above formula
can be generalized for N contours (denoted by C;) as follows:

A= //D Adxdy = ——%é}i ndr. (215)

So we see that the pseudomomentum resides in each contour, and has a sign opposite to that
of the vorticity jump. This is in contrast to the pseudoenergy, which is not so localized.

)
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A Nonlinear Wave in Rotating Shallow Water

Oliver Biihler
Department of Applied Mathematics and Theoretical Physics, Cambridge, U.K.

Introduction

In this project the one-dimensional shallow-water equations on an f-plane have been studied. One
equation describing all possible dynamics has been derived. The potential vorticity structure appears
explicitly in that equation. A nonlinear steadily translating periodic wave has been found and its
limiting amplitude behaviour studied. There exists no solitary wave in this system. The Lagrangian
description of fluid motion has been used, taking particle displacements as dependent variables.

The Lagrangian Description of Fluid Motion

The Lagrangian description of fluid motion is a formalism which is not very often put to work. Both
the Eulerian equations and the Lagrangian equations appear on equal footing in the introductory
chapter of Lamb’s Hydrodynamics, but the latter are almost completely neglected in the following
chapters. Only once do they appear explicitly in the book, in paragraph 251 when Gerstner’s (1802)
rotational deep-water surface wave is described. That wave is a fully nonlinear solution to the
free-surface problem on a homogeneous and infinitely deep fluid. It is easily written down using La-
grangian coordinates but it is very difficult to solve for it in Eulerian coordinates. As Stokes describes
it in the appendix to his paper on Oscillatory Waves (Collected Papers, vol. I, page 219ff), the wave
is derived assuming that material surfaces coincide with surfaces of constant pressure throughout
the fluid body. (It has not been stated in Lamb’s book, nor in Stokes’s or Rankine’s papers—who
found the same wave independently fifty years after Gerstner—, that the same assumption allows
the wave to exist in a stratified fluid as well. This is because the baroclinic term in the vorticity
equation Vp x Vp = 0 by the assumption. ) This assumption is true at the free-surface, and at great
depth, where the motion ceases, but not necessarily in-between. Indeed, the classical irrotational
water wave does not have this property.

Why is this almost the only example of a practically successful Lagrangian solution ? Probably
because asking for a solution to the Lagrangian equations is often asking for too much information,
namely the complete displacement history of each fluid particle. It appears reasonable to assume
that only very special flows will produce displacement fields which are describable with a couple of
known functions (in Gerstner’s case particle paths are perfect circles). From a more problem-oriented
perspective, incompressible and irrotational two-dimensional motions are much more easily described
in the Eulerian formalism where the mathematical task is reduced to solving Laplace’s equation.
Posing the same problem in the Lagrangian description leads to no simplification of the original
equations at all.

In the extreme case of one-dimensional motion, however, the Lagrangian description can be used to

some advantage, because particles cannot interchange their positions and this simplifies the problem
in terms of particle locations.
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Shallow-Water Equations in Lagrangian Form

The familiar shallow-water equations on an f-plane in Eulerian form are three partial differential
equations for the fields of the horizontal velocity (u,v) and the layer depth h in terms of the three
independent variables z, y and :

Du Oh

A F )
Dv oh

Dt + fu= —955 (2)
Dh

Sp+hV-u=0. (3)

The equations in Lagrangian form look quite different, and they are the result of changing both
dependent and independent variables. The dependent variables are taken to be the particle displace-
ments vector (X,Y), and the independent variables are particle labels (a,b) and time ¢. The particle
labels will be chosen arbitrarily up to the constraint that the Jacobian of the displacement fields
with respect to the labels must equal the inverse layer depth:

AX,Y) _

ey =t (4)

J =

This requirement satisfies the continuity equation identically for any choice of X (a,b,t) and Y(a, b, 1),
thus reducing the number of equations from three to two. The material time derivative becomes an
ordinary partial time derivative, denoted by a simple dot, and the spatial derivatives transform as:

oh _ d(hy) _ 8(a,b) B(h,Y)

9z~ O(z,y) O(X,Y) d(a,b)
18(1/7,Y) _ 198(J,Y)

J 0(a,b) T3 9(a,b)

The resulting equations read

P{x- ¥} = 5T ©)
JB{Y-i-fX} _ ga;é’;)’

where J is given by (4).

Restriction to one-dimensional motion

If the velocity and the layer depth at each instant are independent of one space coordinate (y, say),
then the motion is one-dimensional. To get anywhere in the new variables, we have to align one of
the particle label coordinates with the Y-axis. If this holds true initially, then it will be true at later
times as well. Let’s assign the labels such that the lines of constant a are parallel to the Y-axis.
For any Y-independent initial depth field we can then find a b to fulfill (4). This translates into the
restrictions

X =X(a,t), J=J(a,t)andY =Y(a,t) (7
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which can be used to simplify (6) as far as possible.
The right hand side of the second equation of (6) is zero, therefore one can integrate once with
respect to time and get

Y + X = K(a,b), (®)
the left hand side of which is independent of b, therefore
K = K(a). (9)

Since Y is independent of b, the most general form for Y,
Y = P(a,t) + Q(a, b (10)
is obtained. Plugging this form into the requirement for 7, (7), one gets

To(a,t) =0= XYy = X,Qw and hence

Qa,b) = A(a)b+ B(a). (11)
The first equation of (6) now takes the preliminary form
(X.A(@)*{X + f2X — fK(a)} = g(XaA(a))aA(a). (12)

The a-derivatives only appear in conjunction with the function A(a), hence for any choice of A(a), a
can be rescaled such that Ada = da. The long and the short is, that one can conveniently set
A(a) = 1/H, where H is the undisturbed layer depth, without loss of generality. This gives a the
dimension of length.

The end result is this equation:

o Xaa
X+ f°X = fK(a) +gH 355 for X = X(a, 1), - (13

which describes all possible Y-independent motions on an f-plane. After this equation has been
solved for the X-displacement field, the Y-field can be found by time-integrating (8) and finding the
functions P(a,t) and Q(a,b). The depth field is given by (4) as

1/h = X,/H. (14)

Significance of K(a)

The shallow-water potential vorticity is defined as

PV = (vy — uy + f)/h, (15)
which in our case becomes (using (8) and the transform rule (5))
1 dK
PV=—-—=K' :
1% T da K'(a)/H (16)

From the assumption of one-dimensional motion, the potential vorticity is independent of Y and
independent of time, which must be the case because PV is a materially conserved quantity, i.e.,
constant following particles.

The potential-vorticity structure thus takes a prominent and explicit place in the equation of
motion and mediates the dynamics.
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Steadily Translating Patterns

The shallow-water f-plane has both nonlinear and dispersive properties. The nonlinear effects try
to steepen wave fronts by moving crests faster than troughs, the dispersive effects can counter this,
and there might be a finite-amplitude balance where a wave-like shape translates without further
distortion. To find out whether that’s possible here,

X, X —ét) (X, X — &)
da,t)  0(a)

is assumed, with ¢ being an unknown constant wave speed. Using (13) and (17)' the requirement on
K(a) is found to be that it is a linear function of a, making the potential vorticity uniform.

0 (17)

The Simple Wave
Taking the PV uniform and equal to f/H throughout the plane and using the ansatz?

X=a+¢s) withs=a—-2¢t (18)

(13) becomes

26" + 26 = gH(l—f—é,)—?,. (19)

To non-dimensionalize this equation the Rossby-deformation length

Lr =+/gH/f? (20)

is defined and

£(s) = Lr®(7) with 7 = s/Lgr ‘ (21)
is substituted. This yields
1
nj 2 —
03 {c it (I>’)3} +®=0, (22)

where ¢ = ¢2/gH. A solution to this equation gives both X (through (18)) and the fields of u and A
in a parametric representation; to find out what the wave looks like in physical space one has to
plot it on a computer. After the scaling, the only parameter left is the wave speed c. The rotation
rate f only sets the length scale through (20), such that for weaker rotation a longer wavelength is
necessary to produce the same wave speed.

The equation resembles a nonlinear oscillator. For small amplitudes the bracket is almost constant
and the wave-form is sinusoidal, for larger amplitudes it is varying through a period and the wave-
form becomes distorted with peaky crests and wide troughs. Finally, there exists a critical amplitude
where the bracket becomes zero at one point of the cycle. No physical meaningful solution exists
with larger amplitude.

The study of the equation is greatly simplified by the existence of an exactly conserved quantity

¢l2

, _ 2 1 o?

1To really do that, you must take the Jacobian of (13) with X — ét and use X = K/f + A(a,?) to find that
necessarily A = A(K/f — ét). You plug that back into (17) and it only works if K’ is constant.
2Which can be checked to satisfy (17).
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The critical amplitude corresponds to a trajectory with
H, = (2 —1)3/2. (24)

Indeed, (22) can be written fully in Hamiltonian form, but with a singular bracket which goes to
infinity at the saddle point of H(®’, ®) coinciding with the critical amplitude of the wave. Thus the
saddle point is not a stationary point of the evolution, although the gradient of H vanishes there. This
makes the contour plot of H over the phase space somewhat deceptive. In particular, the existence
of a saddle point often signals the possibility of a soliton solution, but here the trajectory passes
right through the saddle point in finite time and thus there exists no soliton for the shallow-water
model on an f-plane.

h(X) == Wave Shape. C*2 =8 H=0.030250.5

H == Constant of Motion C*2=8 H_crit= 0.5

Critica! Amplitude

dPhi/dtau

Phi ’ ' "~ XA
Figure 1: Trajectories of the nonlinear oscil- Figure 2: Wave Shape for different ampli-
lator. Critical amplitude has a saddle point. tudes. Critical amplitude H = 0.5 has a

" sharp corner.

Relation between Velocity and Depth
From (18) and the identity (14) it follows that there exists a fixed relation between u and k, namely

uE\/chh_;LH. (25)

This is the nonlinear extension of the familiar relation between the velocity and depth amplitudes
for the linear wave. Presumably, this relation could be used to deduce the wave in an Eulerian frame
as well.

Stokes Drift

The waves have periodic X-displacement fields, indicating at first sight a surprising absence of Stokes
drift. But Stokes drift is defined as the difference between the Lagrangian mean velocity and the
Eulerian mean velocity and thus everything works out, because the velocity over one wave period at
a fixed point in space is not zero, but negative if ¢ is positive. Therefore ¢ actually gives the wave
phase speed in a frame moving with the Stokes drift velocity:

cpr, = Uusp + C. (26)
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This is an example of how understanding a solution to the Lagrangian equations in ordinary space-
time pictures requires some work and might lead to unexpected results.
To find out how big the Stokes drift is (or rather how small, since we want to neglect it!) the

velocity is averaged over one wavelength:

Stokes Drift at 95 % of Critical Amplitude.
0.1 T Y T T

0.09r
0.081
0.07}
0.06F
0.04+
0.03t
0.02r

001r

01 2 3 4 5 6 7 8
Wave Speed C*2

Figure 3: Stokes drift at 95 % of the critical
amplitude.

Nonlinear Breaking Amplitudes

Again, ugp is the average velocity of a fixed
particle as seen from a frame in which the
average velocity at a fixed point is zero. It
is below ten percent of the phase speed for
the case considered in the wave shape picture
(Fig.: 2). The drift speed increases more than
linearly with ¢ and comparing this with the
general result from linear wave theory

1 u’gzaa: ugnax
USD/C ~ 5 —cé—“ + 0(—?4——)

indicates that u,.;/c increases with increas-
ing c.

The sufficient breaking criterion umax/c = 1 comes from the following argument: for f =0, surface
waves are longitudinal, i.e., the particle displacement vector is parallel to the phase propagation
direction of the wave. For f # 0, surface waves have an additional particle displacement component

transverse to the propagation direction.

Maximum Amplitudes of Velocity and Depth over Wave Speed

P I
1.4F hmax/hmean i
1.2}
1
0.8}
0.6l -
0.4} L
0.2} ,”/””‘
0~ 2 3 . é | | |
Dimensionless Wave Speed C*2

Figure 4: Breaking amplitudes of velocity
and depth over wave speed squared.

But in both cases the wave can only exist if
the phase speed exceeds the maximum par-
ticle velocity in direction of the phase prop-
agation. Otherwise particles would surf on
wave crests and never come back. Therefore
the wave must break unless umax/c < 1. But
the wave might already break nonlinearly at
lower amplitudes. From (24) we can deduce
the maximum particle velocity for each value
of ¢ as well as the maximum depth h. The
lower half shows that the breaking velocity
amplitude is much smaller than ¢, therefore
breaking occurs much earlier than estimated
from the sufficient criterion umax/c = 1. The
upper half shows that the maximum layer
depth is smaller than twice the mean layer
depth for phase speeds smaller than V3.



Summary

Associated with every linear inertio-gravity wave in shallow water there is a nonlinear family of
finite-amplitude waves with the same phase speed but varying amplitude. For each phase speed
there exists a maximal amplitude for the waves. For bigger waves the nonlinear effects cannot be
balanced any more by the dispersion, and the waves will break. This breaking criterion (see Fig.: 4)
is much more restrictive than the sufficient criterion of maximal particle speed equals phase speed.
Waves with equal phase speed but increasing amplitude have decreasing wavelengths.

Uniform potential vorticity is necessary for any steadily translating solution and then the derived
wave family is the unique solution to that problem.
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Abstract

The stability of the horizontal displacement of an intermediate layer of fluid bounded by two
other fluids of different viscosities is analysed. We consider the flow of immiscible fluids in a
porous medium; the results are also valid for the analog Hele-Shaw cell displacement. Linear
stability analysis for both one-dimensional rectilinear and radial flows are presented. It is
found that in a rectilinear displacement, the presence of a nearby stable interface cannot
lead to the stabilisation of the other interface. The intermediate layer will then eventually
breakup into drops. However, in the case of radial flow, the continuous thinning of the
intermediate layer as it moves outward, results in the stabilisation of the system.

1. Introduction

When a fluid is horizontally displaced by another in a porous medium, the interface between
them may be either stable or unstable, depending on the relative viscosities of the fluids and
on their miscibility. The basic mechanism of this instability was first described by Hill (1952)
and later by Saffman and Taylor (1958). Consider the rectilinear displacement of a fluid of
viscosity p2 by a another fluid of viscosity y3 in a homogeneous porous medium (figure 1).

(a) (b)

Figure 1. Rectilinear displacement of a fluid by another fluid of different viscosity.

The motion of the fluids through the porous medium is governed by Darcy’s law, which for

steady flow may be written as

u= —%Vp = ~MVp (1)

where u denotes velocity, x is the permeability of the medium and p is pressure. M is
the mobility of the fluid. Suppose the interface between the two fluids is deformed slightly
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such that there is a virtual displacement §z from its convected location (figure 1b). Then,
from (1), the pressure force on the displaced fluid is 8p = p1 — p2 = (1/M2 — 1/M;)Ubz
where U is the steady state velocity. If the net pressure difference is positive, then any small
perturbation to the interface will grow, leading to an instability. Hence, the interface will
be unstable when a less viscous fluid displaces a more viscous fluid. Long ‘fingers’ of the
displacing fluid will penetrate into the more viscous fluid ahead.

We have assumed above that the interface between the two fluids is sharp, i.e. that the fluids
are immiscible. A detailed stability analysis should therefore take into account the effect of
surface tension (Chouke et al.,). For disturbances in the form of normal modes proportional
to exp(ot + iky), the general growth rate of the instability is given by

oMMy MM
Mi+M, M+ M,

Here T denotes the surface tension coefficient and k is the wavenumber of the instability.
The dispersion relation (2) shows that the effect of surface tension (second term) is to damp
short waves, whereas the basic mechanism (first term) favours them. The competition of
these two opposing effects leads to the occurence of a preffered mode (figure 2).

Uk Tk (2)

o

\ k

Figure 2. Dispersion relation for the rectilinear displacement of two immiscible fluids.

Many recent investigations (Homsy, 1987) on the Saffman-Taylor instability have been
directed mainly at exploring different possibilities of surpressing the instability. This problem
has been motivated by its relevance in oil recovery processes which attempt to produce oil
by displacement with air or water; this is often accompanied by the addition of polymer to
reduce the instability at the boundary between the oil and the displacing fluid (Mungan,
1971, Gorell and Homsy, 1983 and Paterson, 1984).

In the present study, we extend the work described above. We investigate the stability of
the displacement of an intermediate layer of fluid bounded by two other fluids of different
viscosities. The dynamics of the two interfaces and their interaction is studied; the possibility
of stabilising an interface with the presence of another nearby interface is analysed. In section
2, we model the flow in a rectilinear geometry. In section 3, radial source flow is considered.
Finally, in section 4, we draw some conclusions and give suggestions for future work.
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2. Rectilinear displacement

Consider the displacement in a porous medium of an intermediate layer of fluid, bounded
by two other fluids, as sketched in figure 3. The three fluids are assumed to have different

viscosities and to be immiscible.

Figure 3. Displacement of an intermediate layer of fluid. '
The equations describing the motion of the fluids are Darcy’s law (c.f. (1)), which may be
written in terms of a velocity potential ¢ = Mp as
u= -4 (3)
~and the continuity condition for incompressible fluids

Vau=0 (4)

The velocity potential therefore satisfies Laplace’s equation V2¢ = 0. The boundary
conditions for the problem specify the continuity of velocity and the pressure drop due
surface tension at each interface. These equations admit the steady state solution

¢7 = —Uz +¢; j=1,2,3 (5)

where the subscripts 1, 2 and 3 refer to the inner, intermediate and outer fluids respectively.
The constants ¢; may be detemined by specifying the magnitude of the pressure at some

point in the flow.

As the interface moves, it experiences perturbations due to inhomogeneities. Consider a
wavelike perturbation a = Aexp(iky + ot) at the interface between fluids 1 and 2, and a
similar perturbation b = Bexp(iky + ot) at the interface between fluids 2 and 3, where o is
the growth rate of the instability and k its wavenumber. The required solution of (3) and

(4) has the form ¢; = ¢7 + ¢}, with
¢)1. — aeiky+k1:+at
¢:1)‘ — ﬂeiky——kx-i-at + 7eiky+kz+ot (6a,b, C)

¢§ — 5eiky~k(z—-D)+at
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where a, 8, v and § are constants to be determined. We consider here a moving frame of
reference in which the instant positions of the interfaces coincide with the planes z = 0 and
z = D (to first order). The continuity of velocity across the interface between fluids 1 and
2 (at x=a) is given by

uf +ufze+up = u§ +ufa+uz=ar (7)

The pressure condition at this interface is

k8

1 1
M, isszz‘}'(% +“é2"_Tayy (8)

+( +M1 M, Ez M,

Similar velocity and pressure conditions may be written for the interface between fluids 2

and 3. The resulting system of equations may be solved for the growth rate of the instability,
o, and for the ratio of the amplitudes of the perturbations at the two interfaces, A/B. The

o () 4o (52) v 0

where ag, a1 and ay are given by

solution is

a=(1+ %%@) sinh(kD) + (% 4 -ﬁ—) cosh(kD)
a1 = ((%f _ %) + (%j— + —%) glgﬁ(w)z) sinh(kD)
+( (A—A;—‘;: - -}%) + 25 g?(kpf) cosh(kD)
a=(-(1- %—j—) + gjg;’(w) ) ((1 - %2) ?gj(kn) ) sinh(kD)
and
% -2 / ( (1 - %j-)smh(w) + U”k-(%—j-sinh(kp) + cosh(kD)) o
+ gjgj(w) sznh(kD)>

We have assumed here that the surface tension coefficient is the same at both interf;xces.

Figure 4 shows a plot of the dispersion relation for a case in which both interfaces are
unstable. The configuration of the intermediate layer, obtained from the ratio of amplitudes
A/B, has been sketched beside each curve. It may be seen that there are two different
modes. One in which the interfaces grow in phase , and another in which the interfaces
grow in antiphase. Both modes are unstable for long wavelengths. Short wavelengths are
stabilised by surface tension, as expected.
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% 2 ‘ ‘ ’ w kD
Figure 4. Dispersion relation when the two interfaces are unstable.

In figure 5, the dispersion relation for a case in which only one of the interfaces is unstable is
represented. One of the modes is now stable for all wavelengths. The other mode is unstable
for long wavelengths, but stabilised by surface tension for short wavelengths.

" 2 ‘ ‘ : © kD
Figure 5. Dispersion relation when only one interface is unstable.
The limit of a thin intermediate layer

Let us consider the limit in which the thickness of the intermediate layer is small compared
with the length scale of the motion, i.e. kD < 1. From equations (9) and (10), we have

oD\ Mi—-M,, . o MM ,
= kD — kD
(U )1 M + M3 UD2M1+]\/13( )
: M\ (M . M)\% | (M 2 1la,b
oy (o) (1) o) ) e, 0D
U/, My My (kD) = My _ My\? UDZ( )
M5 M - -2
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M1 M,T
(1 YR &R Uzz"‘”) )

Equation (11a) describes the stability of a mode similar to the Saffman-Taylor mode (com-
pare with (2)). It is an overall mode since it is determined by the properties of only fluids 1
and 3. The other solution, given by (11b), represents a slower growing, internal mode. The
results in figure 5 suggest that the Saffman-Taylor mode is unable to stabilise the internal
mode. This result represents physically an important initial step for the eventual breakup of
the intermediate layer into drops. A sketch of the expected evolution of this layer is shown
in figure 6. This behaviour should be verified experimentally in future work.

(«) (b) (<) (4)

Figure 6. Breakup of the intermediate layer into drops.

3. Radial displacement

Consider the radial displacement of an annulus of fluid in a porous medium, as shown in

figure 7.




Figure 7. Radial displacement of an annulus of fluid.

The flow is described by Laplace’s equation (c.f. (3) and (4)), which in polar coordinates

reads

1 1
brr + ‘7"‘(151' + ‘ﬁ¢99 =0 (13)
For a point source with volume flow rate per unit depth Q, the velocity potential of the
steady flow satisfying (13) is

Q .
¢7 = —z—ﬂ_-lnr + ¢ 7=1,2,3 (14)

This solution satisfies the continuity of velocity at each interface. The constants c; may be
determined by prescribing both the pressure drop due to surface tension at each interface
and the magnitude of the pressure at some point in the flow.

Suppose that at some time the positions of the interfaces are r = R; and r = Ry (figure
7) and that both interfaces are perturbed from the steady state circular configuration. The
interface at r = Rj undergoes a wavelike perturbation a = A(t)exp(inf) and the interface
at r = Ry a perturbation b = B(t)exp(inf), where both amplitudes are functions of time 2.

The required solution of (13) is of the form ¢; = ¢7 + qS} with

¢} = oft)()"e™

1 r

84 = BO(g) "™ + 1) ()™ (15a,,)

|

1 T

4 = 6(0)(£) e

The functions of time in the equations above may be determined by the boundary conditions
at each interface. The continuity of velocity at the interface between fluids 1 and 2 (r =

Ry + a) requires that

1
o) +v3,a+ v =v3 +vya+ vs =v° +ay (16)
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The pressure condition at this interface is expressed by

B Byas Ay Byt T+ Tl = ™) (a7

Similar continuity conditions may be written for the interface at r = Rz + b. The resulting
system of equations may be solved for the growth rate of the instabilities of the two interfaces,
A; and B;. The general solution is complicated and we shall therefore focus upon a more

simple, limit situation.

If the viscosity of the displacing fluid (fluid 1) is very large, then My — 0 and therefore
A, A; — 0. Physically, this means that the inner interface is rigid to any perturbation, and
hence it remains circular as it moves outward with time. If we assume further that Mz > M3
and also that the annulus of fluid 2 is thin compared to the wavelength of the instability
(né < 1), we find

-1 n!n+1 !TM
Bt n?:"_;_ (-'g— - > ) Q Mﬂfns

(18)

— 552 Ji
B 1+ 3535 Algn& 2r Ry 1 + 3035

where § = (R; — Ry)/ Ry is a non-dimensional thickness of the annulus. The first term in the
expression above represents the opposing effects of the viscosity difference between fluids 2
and 3 (destabilising effect) and of the surface tension (stabilising effect). The numerator of
this term is similar to that found by Paterson (1981) in his work on the stability of a single
interface in radial source flow. The second term in (18) represents a new effect, that of the
thickness of the annulus becoming smaller with time. This thinning of the intermediate layer
tends to stabilise any perturbation to the interface between fluids 2 and 3. We may see that
there is some interaction between the effects described above, since the denominator of the

first term contains nd.

We are interested in finding the radius at which the interface first becomes unstable, for
prescribed input conditions, that is the solution of the equation

By
=2 =0 19
2 (19)
It is possible to show that the mode that first becomes unstable depends on the radius of
the interface, R;. We must thus combine (19) with the condition

(), o

in order to determine the critical minimum radius and the corresponding wavelength for a
perturbation to be maintained. Let us define the non-dimensional variable

Ms 27 R}

=V (21)
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where V = 2w R6 is the volume per unit depth of the annulus fluid and R, = (12T7M3)/Q
is the radius at which a circular interface first becomes unstable when only two fluids are
present (see Paterson, 1981); v is thus a volume fraction.

-~ stable

-~ unstable

Figure 8. Stability diagram for the radial displacement.

The solution of equations (19) and (20) in (v)-(R2/Rc) space is shown in figure 8. It may be
seen that for a fixed volume of annulus fluid, the interface is stable at small radii; this is a
result of the effect of surface tension. At larger radii, the interface becomes unstable due to
the unfavourable viscosity difference. However, surprisingly, at still larger radii the interface
is again stable. This stabilisation at large radii is a result of the thinning of the annulus

during the outward flow in radial geometry, as seen above.

In the asymptotic limit of a relatively large volume of the annulus fluid, i.e. when v — 0,
the minimum wavenumber at which instability occurs is given by '

n= (o) (22)

4. Conclusions

The linear stability analysis of the one-dimensional displacement of an intermediate layer of
fluid, bounded by two other fluids of different viscosities shows that there are two different
modes. One of the modes is determined only by the properties of the bounding fluids; it
is an overall mode, analogous to the Saffman-Taylor mode. The other mode depends on
on the properties of the three fluids; this internal mode has a smaller growth rate than the
Saffman-Taylor mode. The presence of one stable interface results in the stabilisation of one
of the modes. In a rectilinear displacement, this stable mode is unable to stabilise the other
mode. The intermediate layer is therefore unstable and will eventually breakup into drops.
However, in a radial displacement the system can be totally stable owing to the continuous

thinning of the intermediate layer during the outward flow.

At this stage it would be interesting to compare our theoretical predictions with experimental
observations. Qualitative verification of the behaviour described above and, eventually,
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measurement of the wavelength of the instability at its inception are significant points.
A deeper mathematical analysis of the radial flow problem should also be carried out. In
particular, the growth rate of the instability should be compared with the rate of change
of the position of the intermediate layer. If the latter is non-negligible, integration of the
growth rate of the instability over time should allow a more realistic modelling of the incipient

instability.
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A Study of a Shell Model of Fully Developed

Turbulence

Diego del-Castillo-Negrete

1 Introduction

The study of turbulence is one of the most challenging problems of science. At sufficiently
high Reynolds numbers fluids exhibit fully developed turbulence. This state is characterized
by extremely irregular variations of the velocity field both in space and in time due to
~ strong nonlinear interactions between many degrees of freedom and scales. A landmark
in the understanding of fully developed turbulence is the Kolmogorov scaling theory [1].
According to this theory, in a turbulent flow there is a local transfer of energy from large
scales, where the system is driven, to small scales, where viscous dissipation dominates due
to large velocity gradients. In an intermediate range of scales, called the inertial range, the
fluid behaves like an inviscid unforced system and it exhibits scaling behavior. Assuming
that the rate of energy transfer is constant and homogeneous in space one obtains, using
dimensional arguments, the Kolmogorov scaling law for the energy spectrum E(k) ~ k%3,
This theory gives a good overall description of the energy spectrum of turbulent flows but fails
to account for fluctuations in the energy transfer and dissipation seen experimentally [2,3] and
numerically [4]. The deviations from Kolmogorov theory are more evident in the higher order
moments statistics. It turns out that the energy transfer is not homogeneous but intermittent
and that the majority of energy dissipation concentrates on a fractal-like structure rather
than being spatially uniform. At present, there is not a satisfactory theory to explain the
intermittency and high order statistics of fully developed turbulence based on the Navier-
Stokes equation.

Early attempts to correct Kolmogorov’s original idea were made by Landau [5] and by
Kolmogorov [6]. Later on Mandelbrot (7] introduced a fractal model for the energy dissipa-
tion. Following this model, Frisch, Sulem and Nelkin 8] introduced the B-model in which
the flux of energy is transferred to only a fixed fraction 8 of the eddies. To correct some of
the discrepancies between the f-model and experimental results [2], Benzi, Paladin, Parisi
and Vulpiani [12] presented the multifractal random f-model.

The main criticism of these models is that they are based on general scaling arguments
that use Navier-Stokes equation only marginally. One would like to explain the intermittency
directly from the dynamics of the Navier-Stokes equation. Unfortunately, this approach is not
feasible since the number of relevant degrees of freedom increases rapidly with the Reynolds
number. A scaling argument shows that the number of degrees of freedom required in
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a numerical simulation is proportional to Re®* where Re is the Reynolds number. An
alternative is to consider few degrees of freedom models of Navier-Stokes equation. In recent
years a class of models of this type, called shell models, has been successfully used in the
study of fully developed turbulence. The objective of this report is to study the shell model
proposed by Yamada and Ohkitani [9].

2 Shell Models

The basic idea of the shell models is to divide the Fourier space into N shells. Each shell,
k,, contains all the wave numbers k in the range a® <| k |< a™*!, where a is a constant
(usually @ = 2). The velocity field is specified by N complex numbers u,, which represent the
Fourier transform of the velocity field on the scale 1/k,. The Navier Stokes equation is then
approximated by N complex, ordinary, nonlinearly coupled, first-order differential equations
governing the time evolution of the Fourier amplitudes. Here we consider a shell model for
three dimensional fully developed turbulence originally proposed by Yamada and Ohkitani
[9]. The model takes into account only first and second neighbor mtera,ctxons between the
Fourier modes and is given by

d
(dt + sz) Up = Z(aﬂun+1un+2 + b un—l“n-}-l + cnun—lun—2) + f5 n,ng (1)

for n =1,2,...,N, where v is the viscosity and f is the forcing acting at the scale 1/kn,.
The coupling constants are chosen to be a, = kn,b, = —kn—1/2,¢, = —kn_2/2,b = by =
¢ = ¢ = an-1 = ay = 0 in order to have energy and phase space volume conservation in
the inviscid, unforced case (v = f = 0).

In the recent years this model has been studied extensively, see for example, [9-11]. In
[9,10] it was shown that the model has positive Lyapunov exponents and that its dynamics
is chaotic and confined to a strange attractor in the 2/N-dimensional phase space. It was
also observed that on the average the chaotic solution exhibits Kolmogorov scaling in an
inertial subrange of shells. Numerical simulations by Jensen, Paladin and Vulpiani [11]
show that the model gives a correction to Kolmogorov scaling due to intermittency which is
very close to the experimental value. More generally, they computed the velocity structure
functions, §u? =| u(t+7)—u(t) |, and showed that on the average there is scaling behavior
(6u?) ~ 782 with £y a nonlinear function of Q. These results represent a correction to the
linear dependence between {g and @ predicted by Kolmogorov theory and were shown to be
consistent with the multifractal random S-model. Also, in [11] a connection was established
between the energy bursts and the instantaneous Lyapunov exponents. Shell models have
also been proposed for the study of one dimensional turbulence (Burger’s equation) {13],
two dimensional turbulence [14,15] and for the study of turbulent advection of passive scalar
fields [16].
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3 Fixed Points Analysis and Linear Stability of the
Shell Model

In this section we study the fixed points (du,/dt = 0) of the shell model and their linear
stability. Our objective is to understand the relationship between Kolmogorov scaling and
the fixed points of the system. From a physical point of view, the relevant quantity is the
amplitude of the velocity (i.e. the energy), therefore it is convenient to use polar coordinates

Up = Tp(cos 0, + isinb,), f = n(cos§ +isiné) and write the Eqgs. (1) as

dr,

7k AnTrs17n+2 5I0(0n + Onypr + Ont2) + bnTn—1Tn41 sin(On-1 + 0, + Ont1) +

CaTn1Tn—2 SI0(On_3 + On1 + 7 cOS(€ — 02)0nng + 0n) — vkir, (2)

do,, nTn+1Tn bnln-17n
- = InT" :11' 2 08(0p + Ong1 + Onya) + __7‘_7._11_+_1 008(0n—1 + O + bnta) +

Eﬂﬂ?ﬁ‘i c0s(0n—2 + On—1 + 6,) + ;'7__ sin(§ — 0n)n,ng 3)

Let us assume for the moment that the boundary shells are fixed (i.e. du,/dt = 0 for
n =1,2,N —1 and N) and that the inner shells (n = 3,...,N —2) evolve according to
Eqs.(2) and (3) with » = 0 and f = 0. In a sense, this corresponds to considering an “inertial
range” in the shell model since we are neglecting the effects of viscosity, forcing and of the
smallest and largest scale shells. For this case, since the wave numbers scale as k, ~ a"
there are an infinite number of fixed points (r%,6:) defined by the conditions 0;; = 0; and
r% .3 = ra/a. In the phase space this set of fixed points forms a six-dimensional manifold F
which we can parameterize by three angles and three radii (for example, using ag,; and
o, we have 8% = apmoas for all n and similarly for r%). The set of fixed points having the
Kolmogorov scaling r, = k-'/3 is a three-dimensional submanifold, K, of F defined by the
extra condition r} = k; 13 for i = 1,2 and 3. It is interesting to observe that the only
fixed points which exhibit scaling r; = kg belong to K; that is, the only scaling solution
corresponds to the Kolmogorov scaling.

Having found the fixed points of the system, the next step is the study of their linear
stability. The linearized equations for a perturbation (6ry,60,) are given by

d (6 \ _ [ Isin(yp) ZIcos(y) L. 0 ér (4)
dt\ 60 | — \ Rcos(vp) —Rsin(y) 0 L 50
where ¥ = a; + a3 + @3, Rum = 6nm/75, T is the identity matrix and

. o 1 1
‘C9nm = knrn+lrn+2 [6n+2,m + §6n+1,m - 6n—l,m - '2'6n—2,m]

Fuarr
‘C""n,m = knr-:,+16n+2,m + [k"T:L-I-Z — -—127:-—1] 6’n+l,m —
kﬂ" :L kﬂ— ;— kn—- ;_.
[ 1T +1;' 2T 2] St — __%r__lgn_z,m (5)
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Note that (6r,,66,) with ér,.3 = 6r,/a, 60,43 = 86, for n = 1,2,...,N are six null
eigenvectors which correspond to perturbations tangent to the F manifold. Also, for ¥ =
7/2 the equations for ér and 60 decouple and the stability problem reduces to finding the
eigenvalues of the band diagonal matrices RLy and L,.

4 The 2-1/2 shell model

The general N shells model is hard to analyze and for that reason it is better to deal with a
simplified version of it. Here we consider a truncation of the model in which only two shells,
say the n and the n + 1, are assumed to vary both in phase and amplitude and the rest of
the shells are held fixed at the Kolmogorov scaling value with phases equal to zero except
for the phases of the n — 1 and n + 2 shells which are assumed to evolve according to the
shell dynamics. We refer to this model as a 2-1/2 model since it consists of 2 shells coupled
to “1/2” (i.e. only through the phases) of the n — 1, n + 2 boundary shells. The resulting
model (taking a = 2) is the following six degrees of freedom dynamical system

dBy _ yen-3)s sin(0y + 05 + pa) — sin(6; + 6, + p1) R, — sin(6a+p1) | _ oom R,

dt 2 2

dR, 20n-1/3 : : 2n+1
—ET = - 2 {[sm(01 + 02 + [.Lg) + sm(01 + 02 + [41)] Rl + s1n(02 + [12)} — 1/2 (n+ )R2
d91 - 008(91 + 02 + #1) R2 1 ’

a0 (an-3)s _ Lz 1

7 2 { [c08(91 + 03 + p2) 5 R R cos(0; + 1)

dé 9(2n-1)/3 ) R

LR {[cos(01 + 0+ )+ cos(0 + 0 + )] T+ con(la + ;12)}

d R 1

% = 2(n-8)/3, [R1R2 cos(f; + 02 + pq) — —21 cos(0y + p) — 5 cos pl]

% — 9(am+1)/3, [cos fa — —11;'—2 cos(0, + pa) — iRy cos(6, + 0, + ,uz)] (6)

where Ry = k/3r, R, = klflrﬂ+1,01 =0,,0; = 0,41,p1 = 0,—1 and pz = Op4y. In these
rescaled radial coordinates Kolmogorov scaling corresponds to R; = 1. Note that we have
introduced the parameter €, which is not in the original shell equations, to control the rate
of change of iy and p;. For € = 0, p; and p; remain constant and the system reduces to the
2 shell model whereas for € = 1 we recover the 2-1/2 shell model.

The use of polar coordinates is not convenient for the numerical integration of the model
because of the 1/R; singularities in the phases equations. To avoid this problem we have
done all the numerical integrations using cartesian coordinates ;41 = R4 €08 Onyi, Yig1 =
R,.isinf,4;, 1 = 0,1 for which the equations become

Ty —y2%m 0 o B T -M

d Y1 0 —y2in B — )1 —7Y2

dt|z | | —aa —B —v22n¥Y 0 T3 + Ys (7)
Y2 ) a; 0 —y22(n+1) Y2 Y4

|73



d : z; 1 .

—571 = 20n=9)/3¢ cos py (wlwz — Y1Y2 — —21 - 5) — 20n=9)3¢gin py (ylwz + 21y, — %)

dTZE _ gl cos gy (mwz ; nyz | £2g_ _ 1) + 203 gin 4 (ylwz -;- T1Y2 .1;_2)
where

oy = 20n=3)/3 (sin Yo — %sin ﬂl) By = 2(n=3)/3 (cos piz — % cos yl)

ag = 220D (sin py +sinps) B = 22(n=2)/3 (cos py + cos piz)

m =200 gin py  y, = 2073 cos py
s = 2(211—1)/3 sin fy V4= 2(2n—1)/3 COS i

It is interesting to observe that we can interpret this six-dimensional system as a four-
dimensional linear system in the z;, y; variables depending parametrically on g, and p;. For

v = 0 the four-dimensional system is Hamiltonian.
For each value of the viscosity the 2-1/2 shell model has four fixed points P;, (1 =1... 4).

Defining ®; = (82,65, 13, 45) and writing P; = (R}, R, ®;) we have

_ Gawi — 2%+ y gy
T 92(2n41) 2 4 W W2

. Qs +2%vg,
R; = 222 )2 + oy, (8)

Ry

where

. 1.
n = 209 [0+ 05 + 3) = 55in(0} + 65 + )| ©
9(2n-1)/3 _ '
= 2 fin05 4 05 + ) + im0 + 0 + )] (10)
2(2-"—3)/3 . * * (2n—-1)/3 43 * *
9= sin(0] + 47) 92 =2 sin(0; + 43) (11)

" Defining v* = 2-(4n+7)/3 we have for the phases the following cases
o V<V
®, =(0,0,—7/2,—7/2) ®;=(0,0,7/2,7/2)
& = (0, —7,7/2,—7/2) ®4=(0,0,—7/2,7/2)
o v <y <23y

®; = (0,0,—7/2,—7/2) ¥ =(—7,0,7/2,7/2)
3 = (0’ —7!',7('/2,—7!'/2) @4 = (ana _7"/2a 7r/2)
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o 213 < vy < 3u*:

&, = (0,7, -7/2,~7/2) ¥, =(-m7,0,7/2,7/2)
By = (0,—m,7/2,—7/2) ®4=(0,0,—7/2,7/2)

e <

&, = (0,7,—7/2,~7/2) ¥ =(-7,0,7/2,7/2)
&3 = (—m,7,7/2,—7/2) ¥, =(0,0,-7/2,7/2)

In the Limit v — 0, P, — (1,1,8;), P — (1,1,®;), P3 — (00,00,®3) and Py —
(00,00, ®,); that is, two of the fixed points merge in the (Ry, Rz) plane at the Kolmogorov
scaling value and the other two diverge to infinity. For small viscosity » =~ 0 the radial
distance between P; and P, increases linearly with v and in the limit of large viscosity
R}, R; — 0 for all the fixed points.

In the polar coordinates (R, Ry, 01,02, p1, p2) the linear stability problem decouples into
the the stability problem of the R; variables and the stability problem of the phases. WFriting
ér = (6Ry,8R;) and 80 = (66,,60,6u1,6p2) the equations have the form

doR

= M, 6R
déo
—Et_ = M,y66

where the n X n matrices M, and M, are obtained by linearizing Eqgs. (6) at the fixed
points. If » = 0 the eigenvalues of P; and P, are pure imaginary and the ones for P; and
P, are equal to zero. For v # 0 the real part of the eigenvalues of M, is always negative
and therefore the four fixed are stable with respect to radial perturbations. The eigenvalues
of P; and P, are always real and those for P; and P, are complex if 0 < v < 27133,

The stability properties of the system with respect to perturbations in the phases is
more complicated and interesting. As a general rule, there is always at least one eigenvalue
with positive real part and therefore the fixed points are unstable to perturbations in the
phases. The dependence of the eigenvalues of My on the viscosity for the fixed points Py,
P,, Ps and Py, is shown if Figures la, 1b,1c and 1d respectively. R; denotes the real part
and I; the imaginary part of the i-th eigenvalue. The values of € and n were ¢ = 1 and
n = 4. Observe that as the viscosity varies the stability of the fixed points changes due to
bifurcations. When a pure real eigenvalue changes sign we have a steady-state bifurcation and
when a complex conjugate pair crosses the imaginary axis we have a Hopf bifurcation [17].
Another kind of bifurcation, called eigenvalue collision, occurs when two pure real eigenvalues
approach and merge into a complex conjugate pair. Collision of eigenvalues gives rise to the
“forks” observed in Figure 1. P; (Fig.1a) always has one positive real and one negative real
eigenvalue. For small viscosity the other two eigenvalues are complex conjugate. As viscosity
increases, the complex eigenvalues transform into two negative real eigenvalues by means of
an eigenvalue collision. P, (Fig.1b) always has one positive real eigenvalue. As viscosity
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increases, we observe a Hopf bifurcation and three eigenvalue collisions that eventually give
rise to three negative real eigenvalues. For small viscosity, P and Py (Fig.1c and Fig.1d) have
very large positive real eigenvalues. For Ps (Fig.1lc), as viscosity increases, two eigenvalue
collisions yield at the end to two real positive and two real negative eigenvalues. Finally, Py
(Fig. 1d) exhibits a complicated sequence of bifurcations that eventually results into four
negative real eigenvalues at high viscosity.

Associated with each real eigenvector and each complex conjugate pair of eigenvectors
is an invariant manifold. If the real part of the associated eigenvalue is negative (positive)
the manifold is called stable (unstable) since the dynamics on it approaches (diverges from)
the fixed point as t — +oo [17]. A homoclinic connection occurs when an unstable manifold
of a fixed point joins one of the stable manifolds at the same point. If the two manifolds
belong to different fixed points the connection is called heteroclinic. In Figure 5 we show
an example of an homoclinic connection in a three-dimensional dynamical system with one
positive real and two complex conjugate (with negative real part) eigenvalues. The stable
and unstable manifolds are denoted by W? and W*.

The homo(hetero)clinic connections are important because in their vicinity the dynamics
of the system exhibit intermittent and pulse-like behavior (see for example [18]). A theorem
by Silnikov [17] gives the conditions for having chaotic orbits in a three-dimensional dynam-
ical system with a homoclinic orbit with one real and two complex conjugate eigenvalues
(see Fig.5). In [19] some generalizations of Silnikov’s theory were presented for the study
of heteroclinic connections in a six-dimensional model of turbulent convection. It would be
interesting to try to apply these ideas to the 2-1/2 shell model.

In Figures 2 and 3 we present numerical integrations of the 2-1/2 shell model in cartesian
representation (Eq. (7)) with (n = 4,» = 1073,¢ = 1073) and (n = 4,» = 3x107%,e¢ = 107?)
respectively. In both cases, a homoclinic connection at P, seems to be responsible for the
observed behavior. In Fig. 2 the approach and departure from P; show oscillatory behavior
indicating that the stable and unstable manifolds have complex eigenvalues (i.e. near P, the
manifolds are spiral). On the other hand, the behavior observed in Fig. 3 seems to indicate
that the unstable manifold has a real eigenvalue and the stable a complex one. At present we
have not been able to observe homo(hetero)clinic connections for € = 1, however, we believe
that changing » and n may eventually lead to them. In Figure 4 we show the numerical
integration of the 2-1/2 model with (n = 10,» = 5.55 x 107%,¢ = 1). As is typical for the
cases with € = 1, the fluctuations are stronger than for smaller €, the “laminar” regions show
larger oscillations and the “bursts” are less well defined.

5 Conclusions

For the general N shell model (with » = f = 0 and the boundary shells fixed) we have
found that there is an infinite number of fixed points which form a six-dimensional manifold
F in the phase space. The fixed points corresponding to Kolmogorov scaling form a three-
dimensional submanifold, X, of F. There are no fixed points with scaling behavior different
from Kolmogorov scaling. We interpreted geometrically the fluctuations of Kolmogorov
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scaling in the model by saying that the trajectories escape intermittently from K (since
this surface has unstable directions) but return to it due to the existence of stable attracting
directions. An open question is why in the numerical simulations [11] the dynamics fluctuates
only around K and not around the whole F manifold. In order to gain some understanding
of the general shell model we studied a 2-1/2 shell model which consists of two shells coupled
to the boundary shells through the phases. We have shown how this six-dimensional system
can be interpreted as a parametrically excited four-linear system. For v = 0 this four-
dimensional system is Hamiltonian. The 2-1/2 shell model has four fixed points. As v
approaches zero two of them approach Kolmogorov scaling and the other two diverge to
infinity. We have computed, as a function of viscosity, all the eigenvalues of the linearized
system. We have found that the fixed points are stable with respect to perturbations in
R; but unstable along the phases directions. We have observed steady state bifurcations,
Hopf bifurcations and eigenvalue collisions as the value of the viscosity changes. Numerical
integrations of the 2-1/2 model with small € show intermittent and pulse like behavior due
to the presence of homoclinic connections. For € = 1 the fluctuations in the system are large
and the intermittency is not as clear as it is for € < 1.
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Figure Captions

o Figure 1. Eigenvalues of M, as function of viscosity. Figures a,b,c and d correspond
to the fixed points Py, P,, Ps and Py respectively. The values of € and n were e = 1
and n = 4. R; denotes the real part and I; the imaginary part of the i-th eigenvalue.

e Figure 2. Numerical integration of the 2-1/2 shell model (Eq. 7) withn = 4,v = 1073
and ¢ = 10~3. Figure a shows the projection of the phase space trajectory onto the
(R1, R;) plane. Figure b and ¢ show the time series of R; and R,.

e Figure 3. Same as Figure 2 but with n = 4,» =3 x 1072 and € = 1072

o Figure 4. R, time series obtained from the numerical integration of the 2-1 /2 shell
model (Eq. (7)) with n = 10,» = 5.55 x 107® and ¢ = 1.

e Figure 5. Homoclinic trajectory in a three dimensional dynamical system with one
positive real and two complex conjugate (with negative real part) eigenvalues.
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Gravity Wave Generation by Quasi-Geostrophic Point Vortices

Geoffrey T. Dairiki *

1 Introduction

Point vortex models have proven to be quite useful in improving our understanding of the
behavior of the shallow water equations, particularly in the areas of two-dimensional and
quasi-geostrophic turbulence.

The conventional point vortex models provide a class of ezact solutions to either the two-
dimensional Euler equations, or the quasi-geostrophic equations. These equations, however,
are rather drastic approximations to the shallow water equations since they completely
neglect any dynamics involving surface gravity waves. It is important to understand, then,
how allowing for vortex-gravity wave interactions might change the the resulting vortex
dynamics. Insight in this area could shed light not only on how the standard vortex models
break down, but also on the limits of validity of the quasi-geostrophic and other similar
“balance” models.

This report is concerned with the generation of weak gravity waves by rotating vortex
pairs. Problems considered here include radiation by vortex pairs in an unbounded domain,
both with and without background rotation. Also radiation by a vortices on a half-plane
(i.e. near a coastline) will be considered. In each case, the far-field wave solution will be
found, along with the radiated power. In all cases, it will be shown that wave radiation is
weak; in some cases it is altogether negligible.

2 Standard Point Vortex Models

The development of two common vortex models will be reviewed in this section. First,
the shallow water equations will be presented. Next, two approximations to the shallow
water model are discussed. Finally, the point vortex models which correspond to these
approximations will be introduced.

2.1 The Shallow Water Equations

The shallow water equations describe the dynamics of an inviscid, homogeneous and in-
compressible fluid, in which the horizontal scales of motion are much greater than the fluid
depth. They consist of an equation expressing conservation of momentum,

O+ (u-V)u+ fi x u=—c*Vp, (1)
and an equation of mass conservation,
O+ (u-V)n+(1+n)V-wu : (2)

*The Applied Physics Laboratory, University of Washington; 1013 NE 40th Street; Seattle, WA 98105.
(dairiki@u.washington.edu)
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Where u = (u(z, y,1), v(z,y,t)) is the horizontal component of the fluid velocity; n(z,y,t)
is the relative surface displacement (the fluid thickness is given by h = H {1+1n}); f is the
Coriolis parameter; c is the linear short gravity wave speed: ¢ = gH; g is the acceleration
of gravity, and H the undisturbed fluid depth.

The shallow water equations comprise three coupled first-order ODE’s. Upon lineariza-
tion and fourier transformation one finds, for any given wavevector, k, three linear eigen-
modes. Two of these modes are termed gravity modes and are distinguished from the third
vortical mode by their relatively high frequency.

Often, particularly in geophysical problems, one in interested primarily in the slow
geostrophic (in the case f # 0) or vortical (in the case f = 0) dynamics. Lower order
approximations to equations 1 and 2, which “filter out” the gravity modes are of interest.
Two standard models which accomplish this are the rigid lid and the quasi-geostrophic
models.

These models also lead naturally to point vortex formulations. It is these two models,
and extensions of them, which will be considered for the remainder of the paper

2.2 The Rigid Lid Approximation

One obvious way to eliminate the gravity waves is to put a rigid lid over the ocean. In
the shallow water equations this is roughly equivalent to taking the limit as g — oo; or
more accurately the limit Fr = ([u]/c) — 0. Applying this limit to equations 1 and 2 with
f = 0 (no rotation), one finds that 7 — constant, and thus V - u — 0. This allows u to be
represented by a scalar stream-function ¢: u =2 X V4. Taking the curl of equation 1 to
obtain a vorticity equation gives:

dCH+I,)=0; Vi=( (3a,b)

Here, ¢ is the vertical component of vorticity: ( = 2 -V X u = 0zv — Byu, and (-,
represents the two-dimensional Jacobian: 9 (f, g) = 0z f 8,9 — 0, f 0-g. These equations are
:dentical to the two-dimensional Euler equations for an incompressible, inviscid fluid.

Note that equation 3a is a prognostic equation which tells how vorticity is moved around.
Equation 3b is a diagnostic equation which tells how to find the velocity field from the
vorticity field. Also, the coupled set (3a, 3b) is first-order in time — the gravity modes are
gone.

2.3 The Quasi-Geostrophic Approximation

The quasi-geostrophic model is the simplest in a series of balance models for nearly geo-
strophic flow. The derivation of the quasi-geostrophic equations is quite standard [Ped87,
sec. 3.12]. One invokes a linearized version of potential vorticity conservation, and main-
tains that advection of potential vorticity by only the geostrophic component of velocity
will yield a good enough answer. The quasi-geostrophic equations for a single layer f-plane
ocean can be written

Big+0(,q)=0; Vi-Ap=g, (4a,b)

where ¢ is the quasi-geostrophic potential vorticity, ¢ = ¢ — fn; and A = ¢/ f is the Rossby
radius of deformation.
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2.4 Point Vortex Models

Both the 2-D Euler equations (egs. 3a, 3b) and the quasi-geostrophic equations (egs. 4a, 4b)
have quite similar forms. Both models contain one prognostic equation which describes the
advection of (potential-)vorticity by a scalar streamfunction, and one diagnostic equation
which gives the streamfunction in terms of the vorticity distribution. It is this form which
lends itself well to the development of a point-vortex model. This is done by approximating
the (potential-)vorticity field by a sum of delta functions.

The point vortex models for the 2-D Euler and the quasi-geostrophic equations take
very similar forms. The dynamics is summarized by a set of equations giving the velocities
of the point vortices in terms of their positions:

—d-:l:,' = eri X Vg(z,' - a:j). (5)

dt J#i
Where x;(t) are the locations of the point vortices, and 2 T; are their circulations. G is the
Green’s function for either equation 3b or equation 4b. In an unbounded domain, for the
Euler equations, G(z) = log |z|; for the QG equations, G(z) = ~Ko(|®|/A) (where Ko is a
modified Bessel function.)
Solutions of equation 5 solve equations 3a and 3b or equations 4a and 4b exactly, with
the vorticity distribution (¢ or q) = 3, 2nT;i62(z — ;).

3 Allowing for Weak Gravity Waves

It would be nice to generalize the rigid-lid (2-D Euler) model to allow for a weak gravity
wave field — in other words, we would like a model valid for small but finite Froude number.
One such model will be presented, somewhat informally, in this section. In later sections,
this model will be more fully justified; and it will be applied to the problem of gravity wave
generation by a rotating vortex pair. '

Taking a time derivative of equation 1 and a gradient of equation 2, and then elimi-
nating V;n between the two yields, after application of the vector identity V(V - u) =
V2u - % x V¢,

O —cViu = -2 x V{ [+c*VV - (nu) — d(u - V)u]. (6)

Neglecting the last two terms on the right hand side — we will justify this approximation
later — and introducing a vorticity equation obtained by taking the curl of equation 1 yields
the pair of equations

0+ V- (u) =0 *u — *V?u = —c%z x V(. (7a,b)

These two equations present a picture somewhat similar to that given by the 2-D Euler
model (equations 3a and 3b). The left equation describes advection of a conserved vorticity
by a velocity field. The second relationship gives the velocity field in terms of the vorticity.
In the case of the 2-D Euler equations, this second relation was completely diagnostic (no
time derivatives). Now, in these new equations, the velocity is the solution of a linear wave
equation which is forced by the vorticity field.

The vorticity field may be discretized, as in the previous section, to produce a point
vortex model, roughly:

d 5 r
Gri= 2 X VYlp . Ol — AVl = —c? E 27702 (z — ;).
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(The " indicates that the streamfunction, 3 must by regularized — essentially, the singular
part, which looks like T;log |z — @;|, must be subtracted from % before the gradient may
be taken at x;.) In this model, a rather satisfying picture emerges in which the vortices
“communicate” with each other exclusively through the gravity wave field.

It is also encouraging that equations 7a and 7b, in the limit ¢? = 00, yield the 2-D Euler
equations (egs. 3a, 3b). (Since Z x V commutes with V2 u=2%x Ve with V2 =(isa
solution of VZu =% x V(.)

3.1 (Non)Existence of ‘Steady’ Vortex Pair Solutions

The two-vortex solutions of the 2-D Euler point vortex equations (eq. 5) are well known:
two point vortices in an unbounded domain will exhibit steady, uniform rotation about their
mutual center of vorticity [Bat67, sec. 7.3]. In the special case where the two vortices have
circulations of identical magnitude, but opposite sign, the two vortices advect each other in
steady linear translation (since their center of vorticity is at infinity).

It is interesting to investigate the existence of analogous steady solutions to equa-
tions 7a and 7b. It will be found that, in general, a vortex pair must always radiate
gravity waves (albeit at a slow rate). This could set important constraints on the limits
of validity of the 2-D Euler (and also the quasi-geostrophic) approximations to the shallow
water equations.

3.1.1 Linearly Propagating Plus/Minus Pair

The special case of a linearly propagating plus/minus vortex pair is considered. Postulat-
ing the existence of a steadily translating vortex pair, and looking for solutions of equa-
tions 7a and 7b of the form

C(mvy’ t) = é((l) - Utvy) = é(i,@), u(x1y’t) = ’&(.’E - Ut’y) = '&(57,37),
gives the following equation for &
(1 - (U/e)?)d%a+ 824 = 2 x V(.

As long as the Froude number, Fr = U/ ¢? < 1, this equation is elliptic. It follows that there
is indeed a solution of equations 7a and 7b which corresponds to a plus/minus vortex pair
propagating along without loss of energy to gravity waves.

This problem is equivalent to that of steady, inviscid, sub-sonic flow around an obstacle
— it is well know that no wake is generated as long as the upstream velocity is less than
the phase speed of the slowest possible radiated wave. (This is known as D’Alembert’s
paradox [Bat67, sec. 5.11].)
3.1.2 Radiation by a Rotating Vortex Pair

When, however, one looks for steadily rotating solutions of the form
u(r,8,t) = u(r,0 — Qt) = u(F, 9),
the following equation arises

{72 — ()%} H2u+ O2a + 7' b, =2 x Vi (8)
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This equation is elliptic in the region # < R = ¢/, but it is hyperbolic for # > R. While
this equation may still be solved, the resulting solution involves both outward and inward
propagating waves at # ~» co. This solution does not satisfy radiation conditions, and it
must be dismissed as non-physical.

Apparently, there are no (physically meaningful) steadily rotating solutions of equa-
tions 7a and 7b. Any rotating vortex pair must always radiate (and lose energy to) gravity
waves. This is quite an important realization. It suggest that almost all non-trivial vortical
or “balanced” solutions to the shallow water equations will constantly couple energy into
the gravity wave field. One is left with a strong intuitive basis for doubting the existence
of the sought-after “slow manifold”.

R\
e

4 Gravity Waves Radiated by a Vortex Pair

Now that we are convinced that a rotating vortex pair must radiate gravity waves, we
proceed, in this section to calculate the radiated wave field and radiated wave energy flux
from a rotating vortex pair. We will solve equation 6 and equation 7a asymptotically to
lowest order for small Froude number. Since these equations are singular at Fr = 0 (the 9?u
term in equation 6 goes away) we will need to resort to matched asymptotics.

From the discussion in section 3.1 we expect an inner solution corresponding roughly
to the elliptic region of equation 8, where r < ¢/Q2. In this region the solution should look
much like the familiar 2-D Euler (or rigid-lid) vortex solution.

The outer solution corresponds to the hyperbolic region of equation 8, and it is here that
we expect to see propagating gravity waves. The wavelength of the radiated gravity waves
should be on the order of ¢/Q = R. This is much greater than the inter-vortex spacing, so
it is anticipated that the spatial coordinates will have to be rescaled in order to properly
resolve the dynamics of this outer region.

4.1 Setup and Scaling

We consider two point vortices with circulations 27T, 2ryI', and initial separation d (we
assume |y| < 1 without loss of generality); ¢ is the linear gravity wave speed: ¢ = gH. The
origin is taken to be at the center of vorticity of the vortex pair.

4.1.1 Inner Scaling

The appropriate length scale for the inner expansion is the inter-vortex spacing, d. Since
it is expected that the length scale will have to be changed for the outer solution, the
parameter o has been introduced. For now, it should be assumed that & = 1, but it will be
carried along as a convenient bookkeeping device, which will identify terms to be rescaled
later on. The length scale is given by L = d/a.

The velocity scale is given by U = aI'/d — this is roughly the vortex advection velocity
which would be expected from the standard 2-D Euler solution. Again, that darned « shows
up — this is because velocities should fall off as »~! for large r; when L is increased to look

~ at large spatial scales, the velocity scale, U should be decreased accordingly. Vorticities, as

is common, will be scaled by U/L.
Now the Froude number for this problem may be defined: € = U/c = I'/(cd).
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The time scale, T = d2/T, is the inverse of the angular rotational frequency which would
be calculated for the equivalent incompressible 2-D Euler vortices.

Finally, applying these scalings to the shallow water momentum equation (eq. 1), reveals
that that 5 = O(g?).

The physical control parameters are taken to be ¢, d, and £. Non-dimensional variables
will be denoted with an overbar. (Barred operators like d;, and V represent derivatives taken
with respect to the appropriate non-dimensional independent variables.) The scalings are

summarized:

w=ccan, z=(d/a)®, t=d(Ec) 'l (= (eca®/d)(, n=¢e%q.

These scalings, when applied to equation 7a and equation 6 produce
dC+ oV - (al) =0, 9)

and

(€2/a?) B2 — V?a = -5 x V{ + 2 {VV - (7a) — 8,(@ - V)u}. (10)
4.2 Solution
4.2.1 Inner Solution

In the inner region (@ = 1) equations 9 and 10 become
5C+V-@l)=0; Via=zxV{+0(?).

The right hand equation is solved by @ = 2 X V1, where 1 satisfies V29 = (. The lowest
order solution for the vortex motion, then, is given by plain old 2-D Euler vortex dynamics.
The positions of the vortices are given by

1 _
" (coswi, sin wt), (11)

T . o
(wl,yl)—1+ (coswt,sinwt), (Z2,72) = 1

Y
where w = 1+ v is the (non-dimensional) rotational frequency of the pair. (Dimensionally,
Q= (I/d)(1+7))

The velocity field associated with this inner solution may be written in terms of a
(multiple-valued) velocity potential: & = V¢, where:

y~n +7tan'lg— -

-

(12)

(]_5 = tan~!

4.2.2 Owuter Solution

It has already been mentioned, that in order be able to see gravity waves, lengths must
be rescaled. This is because the wavelengths of the expected gravity waves (~ ¢/() are
much greater than than the inter-vortex spacing. Inspection of equation 10 also reveals
that if lengths are rescaled by a factor of £~1, the singular 9w term will come into play.
This rescaling is accomplished in equations equations 9 and 10 by setting the value of the
place-keeper, a, to €. The outer scalings (denoted by the subscript «) are then

Uy =£‘1ﬁ, T, =€ET, .=

|

e = 1.

~0
)




Realizing that vorticity is non-zero only at the vortices themselves, we can safely set the
vorticity, . to zero for the outer solution. Then u,. must satisfy

02 u, — Viu, = O(?)
Writing u. in terms of a velocity potential: u, = V¢, obtains to lowest order
at2.¢* - Vfd’* =0.

Since the inner solution, to the order that it has been resolved, is rotating at constant
angular velocity, uniformly rotating outer solutions are sought. After decomposition into
azimuthal modes, the solution is to be had in the terms of Hankel functions:

¢, = Re{Aotan'“ly* + Z A HY) (m(1 4 9)r. )e""("-wf')}. (13)

m=1

4.2.3 Matching

The inner solution for the velocity potential, equation 12, may be Taylor expanded in terms
of the &; for (|Z;|/7) < 1. Then substituting for Z; using equation 11 yields

é~ (1 +'y)tan"1:'f Z 7m?:y(+ i) T 7=m gin m(6 — wi), r>1. (14)

m=2

The intriguing absence of azimuthal mode 1 from this expansion, is easily shown to be a
consequence of linear momentum conservation for point vortices (which says: &; + &2 =
constant). Lack of m = 1 radiation also follows from Lighthill’s theory of sound generation,
in which he proved, quite generally, that there can be no dipole acoustic radiation unless
there is an external input of momentum [Lig78, sec. 1.10].

The outer solution, ¢, may be evaluated for r, < 1 using the limiting form for a Hankel
function of a small argument: Hg)(z) ~ —(i/m)T(m)(z/2)~™. [AS70, eq. 9.1.9]

~ 1%, % (m‘l)!( 2 )m —m_im(0—wts)
D Re{Aotan "’3*+mz=:1Am P T ) r; e , r.<1. (15)

Equating coefﬁcienfs between equation 14 and equation 15 (keeping in mind that r, =
€T) gives
m -1m m
A0=1+")’; A1=0; Amz‘ﬂ'j—-—_trfz'—)z (222—6) y m22 (16)

This, along with equation 13 gives, to lowest order, the far-field solution for gravity waves
radiated by a point vortex pair.

4.2.4 Energy Flux

Finally, we may calculate the rate of energy transfer to gravity waves from our rotating
vortex pair.

The shallow water equations (egs. 1, 2) may be combined to form an energy equation
O,E+ V -F =0, where E, and F are the energy density and flux, respectively [Ped87,
sec. 3.5]:

=11+ +iP1+n% F=u(l+n){iluf+P (1+n)}  (17ab)
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The rate of energy loss by the vortex pair to radiated gravity waves, is found by in-
tegrating the energy flux carried by the gravity wave of the outer solution at large r:
E = limy00(§ F - fi ds), where (-) denotes a time average. 7 may be calculated from u
with the aid of the Bernoulli-type relation: 1|u|?+ c?n—Qrug = constant, valid for steadily
rotating flows, in regions of zero vorticity.

Since the quantity of interest is really the rate of energy loss relative to the energy
contained in the basic vortex solution, E is normalized using the inner scalings: E =
(U%d?/T)E = (e3c*d)E. With this scaling, the inverse of E gives the ratio of the “spin-
down” time to the orbital period for the vortex-pair. What emerges, after some algebra,
is

. 27 27
E = lim 2r,.,/ (uuny) -01df = lim 2wrf/ ((ua)r (us)g) dO.
0 r'e—00 0

re«—00

The solution for ¢,, (eq. 13) is approximated for large r, using the asymptotic form
HS)(Z) ~ 2] zelz=mT/2=7/4) yalid for |z| 3> 1 [AS70, eq. 9.2.3]. The radiated power is
then given by

. O 472(1 m 1™ 2 me\ 2™
b=y +Zz)!((zn—i)(! () (18)

m=2"

For values of € = 0.1, v = 1, equation 18 gives a non-dimensional radiated power E=
1.6 X 10~2. Thus the time-scale for energy loss by a rotating vortex pair will be on the
order of ten rotational periods. While this value seems quite significant, it should be kept

in mind that E = O(e™*), so that the radiated power decreases rapidly when the Froude
number is decreased.

5 Wave Radiation by a
Pseudo-Quasi-Geostrophic Vortex Pair

In this section, the analysis of the previous section will be repeated for the case f#0. The
problem of interest involves the generation of inertio-gravity waves by a vortex pair. The
vortices are taken to be nearly geostrophic (Ro < 1).

The imposition of background rotation imposes a lower cut-off frequency on the possible
radiated waves: — (linear) free gravity waves do not exist at frequencies below f. By
definition, the rotation rate for a “nearly geostrophic” vortex pair is < f. It is expected,
then, that the relatively slow vortex motions will be very inefficient at exciting gravity
waves. A simple back-of-the-envelope scaling argument indicates that free waves are only
possible at azimuthal mode number of order Ro™! or greater; and the results of the previous
section show that radiated wave amplitude falls off rapidly as the mode number increases
(o< Fr™!). There is every reason to suspect that wave generation by geostrophic vortex pairs
will be completely insignificant.

Nevertheless, we proceed.
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5.1 Weak Gravity Wave Model

In order to develop a model, similar to equations 7a and 7b, which will be applicable to the
case f # 0, first shallow water potential vorticity conservation is invoked:

: _S—/n
0w+ (u-V)w =0; w=T . (19a,b)
(This equation follows exactly from the shallow water equations. The funny form for the
potential vorticity, =, differs from the more familiar form II = (f+¢)/(1+n) by a constant.
Specifically, w = II — f.)
A time derivative of equation 2 combined with a gradient of equation 1 yields the wave
equation for 7:

P+ fin—cAVin=—fq [-8V-(nu)+ V- (u-V)u]. (20)

This equation is exact with ¢ being the quasi-geostrophic version of potential vorticity,
a=(-fn

If the last two terms on the right side of equation 20 are neglected, then we see the
inertio-gravity wave field forced by the potential-vorticity field. (This equation should be
compared with equation 7b.) Further, if ¢ is substituted for @ in equation 19a, and u is
found from the linear shallow water polarization relation:

Au+ fru = —c(9,Vy — fz x V),

(all of these assumptions will be justified later), then once again the picture emerges of
vorticity being advected by a wave field which is in turn forced by the vorticity field.

5.2 Setup and Scaling

As in section 4.1, the strengths of the two point vortices are 27T, and 2ryT". The inter-vortex
separation is again taken to be d. This time, however, the vortices are on an f-plane.

The scalings used in the previous problem (section 4.1.1) will be adopted here with the
following exceptions and additions. The Rossby number for the problem is defined § =
U/(fL) = T'/(d*f). Also, in anticipation of finding free waves only at high frequencies,
a scale for the azimuthal mode number, p, is introduced as a bookkeeping device in the
scaling of time.

Since, with non-zero f, the momentum balance is primarily geostrophic, the scaling
for 7 must also be changed. Examination and scaling of the shallow water momentum
equation (eq. 1) indicates that = O(¢2/6). Finally the potential vorticity is scaled by ec/d.

In order that the quasi-geostrophic potential-vorticity, ¢ be a decent approximation to
the full shallow water potential-vorticity, o, it must be that [] = (€2/8) < 1. Therefore,
it is assumed that ¢ = O(8) (with § < 1). (Note that ¢/§ = d/), where A = ¢/f is the
Rossby deformation radius. The situation considered here is one where the vortex spacing
is of the same order as the Rossby radius.)

With the non-dimensionalizations:
w=ccai, z=(d/a)z, t=d(ecu) t, n=(2/8)%, q=(ec/d)q,
the shallow water momentum equation (eq. 1) becomes ‘

Spdii + 60® (a-V)u+2 x u = -Vi. (21)
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Equation 20 in non-dimensional form is

(16)2(e/8)? 827 + (¢/8)* 71 — * VPij= —q - et {V - (fja) + 6V - (w- V)u. (22)

5.3 Vortex Motion

For the inner scaling, (4 = @ = 1), the dominant terms of equations 19a, 21, and 22 give,
respectively

8i+@-V)g=0; a=zxViy Vi-(/8)*7=4. (23a,b,c)

These turn out to be exactly the standard quasi-geostrophic equations! Maybe it is not too
surprising that the (slow) vortex motions are given by plain old quasi-geostrophic dynamics.

In any case, the solution is straightforward. The (non-dimensional) orbital frequency of
the vortex pair is given by w = (1 + 7)A, where A is defined A = (e/0)Ki(e/d). (Kyisa
modified Bessel function.) The vortex positions are given by equation 11.

Equations 23a, 23b, and 23c are valid for all values of & (< 1), as long as m = 0(1).
Therefore, the quasi-geostrophic solution is uniformly valid (0 < r < oo) for low mode
number.

5.4 High Mode Gravity Wave Radiation

Once again, uniformly rotating solutions involving free (inertio-)gravity waves are sought.
The (dimensional) frequency of the mth mode is mQ) = méwf. Free waves are expected
only for mQ > f, or m > O(§~!). Equation 22 corroborates this intuition, since m ~ §71is
just the scaling required to allow the d27j term to come into play. In this case the dominant
terms of equation 22 are :
(/8)*(8* i +7) - Vi = -q. (24)

The right hand side is known, since the motion of the vortices was found in the previous
section. All that is left to do in order to find the radiated wave field is to solve this forced
linear wave equation.

Written in cylindrical coordinates, and fourier transformed in both 8, and ¢ (assuming
solutions like ™%} this equation becomes:

72 02+ 70,7 + {F(e/6) (m8w? — 1) - m¥} = 0.

Propagating wave solutions to this equation only exist for m > m, = (dw)™!, as guessed

above.
Also, for r2 & €72, the left term in the curly braces may be Peglected in favor of m2.
So the near-field solution for 7, denoted by 7', is given simply by V25t = g. The solution is

nt=log|d — &1 +vlog |z — &,  |Bl < (25)

The far-field solution, 7%, is found by solving equation 24 with the right hand side set
to zero (since for 7 > 1, § is identically zero). The solution is found in terms of (the now
familiar) Hankel functions.

lower, 0 _ .
T]t = [ evanescent ] + Re{ Z AmHg) (kmf)e'm(e—wt_)} , F> 1’ (26)

modes m=mc
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where

km = %\/m262w2 - 1.

Matching equation 26 in the limit # — 0 to equation 25 in the limit # — oo, much like
as was done in section 4.2.3, gives the amplitudes of the radiated modes

I i o Gt i Y _\ B (me\™

5.5 Radiated Energy Flux
The outgoing energy flux, lims_,.,(§ F - fids), with F given by equation 17b, is evaluated
with help from the linear shallow water polarization relation
2 a+a=-60,Vi+zx Vi,
which may be derived from the dominant terms of a time derivative of equation 21 combined

with Z x (-) of the same equation.
E is non-dimensionalized, as in section 4.2.4, by the appropriate scales for the basic

vortex solution. In this case, E = (cz[n]/T)E = ¢%3(d§)~1E. To lowest order, the non-
dimensional power radiated by the vortex pair is given by

. 2
E= lim 27 | (u@)-ade.
=00 0

After some authentic Seattle grunge, it is found that

- m 4 (=1)m~\2 m-1 2m
P e e e O

The radiated power, E = O(¢?™<) — a small number. This finding supports Rupert
Ford’s linear stability analysis of shallow water vortex patches. He finds that axisymmetric
vortex patches are always unstable to gravity wave generation. The growth rate of the most
unstable mode is O(Fr?™¢). [For93] )

For a Rossby number, § = 0.1, and v =1, E attains a maximum value of 2 x 10721 at
£~ 3 x 10~2. Assuming that the orbital period of the vortex pair is on the order of a day,
this gives a radiation time-scale of 100 million times the age of the universe! The effects of
gravity wave radiation in this case are miserably negligible.

6 Quasi-Geostrophic Vortices Near a Wall e )

TTTTTT777r77 77777777/

It was found in the previous section that, for quasi-geostrophic vortices on a constant depth,
unbounded f-plane, there is practically no coupling from the quasi-geostrophic motions into
the gravity wave field. In this section we will consider a quasi-geostrophic vortex pair near
a wall. It will be shown that in this case, weak but conceivably significant radiation can
oCCur.

The reason that the coupling was so weak in the previous case, was that there were no
free wave modes with frequencies near that of the slow quasi-geostrophic motion. When
the vortices are near a coastline, however, the possibility of exciting boundary trapped
Kelvin waves exists [Ped87, sec. 3.9]. These remarkable waves exist at all frequencies, so
the potential exists that the slow geostrophic motions might be able to excite gravity waves
of non-negligible amplitude.
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6.1 Setup & Scaling

Again a vortex pair is considered. This time though the vortices are confined to the semi-
infinite half-plane, y > 0. For simplicity, it will be assumed that the two vortices have equal
strengths, both equal to 27T. Their initial positions are taken to be @1}i=0 = (d/2, yo),
and ®3t=0 = (—d/2,%). A no flow condition: v|,—o = 0 is imposed at the boundary.

6.2 Vortex Motion

The appropriate inner scalings (o = 1) are the same as those in the previous problem (see
section 5.3), namely

u=ccu, z=de, t=dEc)'t, n=(2/8)n q=(ec/d)q.

As before, the vortex motion, to lowest order, is given by regular quasi-geostrophic theory.

The presence of the coastline, however, complicates the solution somewhat. The proper
boundary condition may be seen upon consideration of the z-component of the shallow
water momentum equation, (eq.1) which when non-dimensionalized becomes

8 Opu + S udyu + §vdyu — v = —07.

At the boundary, v is zero. So
0zn|y=0 = —8(8ru + udzu)|y—o0 = O(9). (27)

To lowest order, then, the vortex motions are given by the solution of the quasi-geostrophic
equations, with the boundary condition 97|, = 0.

The point vortex solution which satisfies this boundary condition may be found using
the method of images. The two-vortex problem turns into a four-vortex problem (with a
certain amount of symmetry). While the problem is still integrable, the solution is quite a
mess, and not very illuminating. It is straightforward to show, though, that the vortices
will still always follow closed, periodic orbits.

For the sake of the calculations in the rest of this section, it will suffice to assume that
the orbits are still roughly circular, with an orbital period which approximates that for an
equivalent vortex pair in an unbounded domain.

6.3 Kelvin Wave Generation

Equation 27 verifies that 8,7|,=o is small enough that the inner solution (to lowest order)
may be obtained by setting 7 to a constant on the boundary. At the same time, however,
it shows that 8,n|y=o is not identically zero — there will be a jump in 7 across the region
of the inner solution. This jump may be calculated as follows:

400 +oo +00
1= [ denly=ode’ = =6 [ {Bualymo + $0u(uly=0)?) de’ 52, [ @ml=ods,
—00 —00 —00
(28)
where u has been approximated by the geostrophic velocity, u, = —8,7. Note that for the

vortex pair solution under consideration, |7o] will be periodic in time with a period half
that of the orbital vortex motion.
For the inner, quasi-geostrophic solution, 7 is given by

n= "{KO(EJ—I lm — (Bll) b Ko(&‘(s—l Ia: - (L'zll) + K0(€5_1 Ia: - :l?2|) - Ko(&‘(s—l I(l! - VIB;I)}
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Here, the locations of the “image” vortices has been noted by the superscript *: @} =
(#1,—11). The last integral in equation 28 may be evaluated with help from a hefty table
of integrals [GR80, eqs. 6.596.3, 8.469.3]. This gives, simply enough

1_770] = —27r58t(e"(€/5)y1 + e—(e/&)yg)'

The value of R = e~(6/9)¥1 4 ¢~(e/8)v: will attain a minimum when the two vortices are
“abreast”: y; = yo = 0; and a maximum when one of the vortices is at its closest approach
to the wall. In this latter case, y1 = yo — (d/2), y2 = yo + (d/2). The peak-to-peak range
of R is then given approximately by 4e= (/9w sinh?(¢6-1d/4). Expecting that the time
variations of R are roughly sinusoidal, with a frequency equal to twice the vortex orbital

frequency gives:
Im0] = —8ndw e~ (/8% sinh?(e6~! d/4) sin 2wt. (29)

6.4 The Outer Solutions

Since Kelvin waves travel at the short wave speed, ¢, the waves generated by the slow
motions of the vortex pair will have a long wavelength, L = O(¢~!). Officially, the outer
solutions should be found by rescaling z: z, = ez. (1, u, v, {, and ¢ all need to be adjusted
too.) But, it has already been guessed that the outer solutions will consist of Kelvin waves.
Since the reader has long since grown tired of scaling arguments, the details will skipped.

Kelvin waves have the remarkable properties that they are non-dispersive; and that
they propagate only in one direction, always keeping the shoreline to their right (in the
northern hemisphere). The general form for the outer, Kelvin wave solution in dimensional
units is 7 = e"¥/*S(z — ct) [Ped87, sec. 3.9]. Non-dimensionalizing by the inner scales, this
becomes:

n=e" /NG (ex — 1),

where S is an arbitrary function of its single argument. Note the appearance of the ez
(which should really be a z,), reflecting the long wavelength of the Kelvin waves relative to
the inner scales.

6.5 Matching

There are three asymptotic regions in which we have solutions: an inner region (|Z| < ¢71),
surrounded by two outer regions; one to the left (Z < —1), and one to the right (Z >> 1).

Since the Kelvin waves of the outer solutions only propagate to the right, there can be
no wave in the left outer region. Any waves there would have to have come from z = —o0
— these are disallowed by radiation conditions. The left outer solution is just 7 = 0.

All that is needed to complete the outer solution on the right side is an boundary
condition at z, — 0%. The jump in 7 across the inner region (equation 29) provides this
boundary condition. The right outer solution is then

ij = 8mdw e~ (/%)% sinh?(e6~1 d/4) e~/ sin 2w(ez - 7).

6.6 Radiated Energy Flux

The energy flux carried by the radiated Kelvin waves, lim;_,co fo~ F-X dy may be calculated,
much as before. The radiated power is normalized, exactly as in the previous problem,
by ¢3¢3(d6)~! (see section 5.5). Finally,

E = 16n28%0? e~ 2(/9% ginh4(c6~1 d/4).
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With yo = d = A, § = 0.1, the non-dimensional radiated power is E=35x1073. Yet
another contemptibly small though conceivably significant value. Note that the amplitude
of the radiated wave is O(Ro).

7 Remarks

The strength of gravity wave radiation in all of the cases considered above has been shown
to be weak. In the case of quasi-geostrophic vortices far from a boundary, coupling is
miniscule. The last problem considered, that of forcing of Kelvin waves by vortices near
a wall is quite intriguing. It demonstrates relatively significant coupling between vortical
eddies and Kelvin waves on a nearby coastline. This sort of process could play an important
role in ocean dynamics near coastlines (and presumably other topographic features).

It would be nice to extend the analyses presented here beyond lowest order. Specifically,
one would like to carry out the calculations to high enough order to see direct effects on
the vortex motion. This was my goal at the beginning of the summer, but my attempts at
it so far have been thwarted by the singularities inherent in any point vortex model.
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A periodic orbit expansion of the Lorenz system

Sean McNamara
Scripps Institution of Oceanography, La Jolla CA 92093-0230, USA

The Lorenz system is three coupled first order ordinary differential equations. It was
originally developed as a crude model of convection, and is well known to be chaotic.
A method has recently been developed for calculating useful and descriptive properties
of chaotic systems, called the “periodic orbit expansion”. I use this method to calculate
the heat flux and kinetic energy of convection, as well as several other quantities.

I. Introduction

In 1963, Lorenz presented a system of equations as a model describing convection which
exhibits chaotic behavior for certain parameter values!. For this reason, it has proved to be a
very interesting system mathematically?3, and much work does not consider its humble origin as
a simple model of convection. In this paper, I remember its origin and caculate its estimate the
heat flux and the kinetic energy of the fluid motion, how frequently the flow direction reverses,
as well as the Lyapunov exponent.

In chaotic systems, it is hard to calculate quantities of interest. Recently Cvitanovié?®:6:7
and others, have developed a method which can be used. This is the periodic orbit expansion.
The basic idea is that hidden in the phase space of a chaotic system are an infinite set of unstable
periodic orbits. If the system begins on a point exactly on one of these orbits, it travels around and
around the orbit forever. If it is just slightly off the orbit, it follows the orbit (approximately)
for a while, then diverges from it to shadow another. These orbits stand in relation to the
nonperiodic trajectories as the rational numbers to the irrational. There is an infinite number of
them, and any point is arbitrarily close to one, yet the orbits contain an infinitely small fraction
of all points. The periodic orbit expansion computes quantities by constructing a sum over these
orbits, weighting each orbit by its stability, and truncating the sum carefully.

In this report, I study the Lorenz system using this method. In Sec. II, I sketch the origin
of the Lorenz system and the quantities I will calculate. Sec. III, describes the periodic orbit
expansion. Sec. IV describes how the periodic orbits of the Lorenz system were found. Sec. V
presents results.

II The Lorenz system < H/a T =T
. . |

a. Derivation 3\\\‘1\\\\\\\\\\\\\ NN L)
Figure 1 shows a fluid with viscos- ] 5 I

ity v, thermal conductivity k, between two | % gll : v, K

horizontal plates spaced a distance H apart. a H l

The upper plate is held at temperature Tp z Y | P=

and the lower at T, + AT. The density ! | po(1 - aT)

of the fluid depends on temperature: p = I J |-

po[l — a(T — Ty)], where « is the coeffi- ////'//////////////i//// \

cient of thermal expansion. Gravitational :

acceleration, g is downward. Establish a T =T+ AT

coordinate system with z pointing upwards,

and z horizontally. Figure 1. Definition sketch for convection between two

parallel plates.
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The Boussinesq equations for two—dimensional motion are:
Vi + J(%, V) = vV*§ + gobs,

AT
b: + J(¥,0) = kV?0 + H ¥z,

where 1 is the streamfunction and 8 is the departure of the temperature from the linear profile:
T =Ty + AT(H — z)/H + . Assume the solution is two-dimensional rolls of the form

v = (ga) [V () in ()]
6= (%) [Y(f)\/i cos (22 ) sin () — Z(D)sin (2—22-)] ,

where a is the aspect ratio of the rolls. The dimensionless constants b and r will be defined after
the next equation. Time has been nondimensionalized: f = (4x2/bH?)xt. Put this solution into
Eq. (1). There will be a term containing each of X, Y, and Z. Ignore all terms which do not
have the same spatial dependence as these terms. (This involves neglecting the nonlinear terms
in the momentum equation, and a nonlinear term proportional to sin(37z/H) in the temperature
equation.) Equating terms with the same spatial dependence gives the Lorenz equations:

(1)

(2)

X =-0X +0Y,
Y=-XZ+rX-Y, (3)
Z=XY -bZ.

Here, o = v/ is the Prandtl number, a property of the fluid. The geometry of the rolls enters
through the parameter b = 4/(1 + a?). The parameter r = R,/R,. measures the strength of the
forcing. (Re = goATH3 /v is the Rayleigh number, and R, = n*(1 + a?)®/a® is the critical
Rayleigh number; when R, > R. (r > 1) the solution ¥ = @ = 0 is unstable and convection
occurs.) The “classical” values which Lorenz first used are r = 28, b = 8/3 and o = 10. In this
report, I will vary r but not & and b.
b. solutions

Whenr < 1,thepoint X =Y =Z =
0 is stable. The system moves from any
initial point to the origin and stays there.
This corresponds to no fluid motion, with
heat transported purely by conduction. At
r = 1, this fixed point becomes unsta- N 30F
ble, and bifurcates into two stable, fixed
points at X =Y = &£/b(r —1), Z = 20
r—1. Forl < r < 24.74, the system
moves from any point towards one of these
two points. These fixed points correspond
to steady convective rolls. There are two

60

50f

40
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because the fluid can move clockwise or % 20 710 0 10 20
counterclockwise. Finally, for r > 24.74, v

these points become unstable, and the sys- Figure 2. Typical chaotic trajectory at r = 28. The
tem is chaotic. initial position is near (Y, Z) = (30,50).
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c. quantities predicted by the Lorenz system

 In this paper, I will calculate three physical quantities predicted by the Lorenz system. The
first of these is the heat flux ¢:

H/a
q= /o (wT — kT;)dz, (4)

where w is the vertical velocity, and the integral is taken at some fixed value of z. Using the
solution in Eq. (2), we have
{9)
= Z :

AT =N, (5)
where ATy = vkR./gaH? is the temperature difference required to give r = 1. The angular
brackets denote averages over a long time (they will be more rigorously defined in Sec. III).
Deriving Eq. (5) also requires taking the long time average of the third Lorenz equation to get
0=(XY)-b(Z).

The kinetic energy of the fluid is:

H/a H
KE = /0 dz /0 dz pVi - Vo, (6)

which becomes (KE) 3972
4l 2
M(eJHY ~ a2 ()
where M is the mass of the fluid in the roll, and «/H has dimensions of velocity.

The third quantity is the “floppiness”, F. The floppiness is the number of times X and Y
change sign per unit time. Thus, if F = 0.65, it is expected that X and Y change sign 65 times
in 100 time units. A change in the sign of X corresponds to a reversal of the flow direction.
In Fig. 2, the change in sign of X and Y corresponds to changing the fixed point the system is
currently circling.

I also estimate the Lyapunov exponent u. This quantity measures how fast two neighboring
points in phase space seperate. When the two points are close together, the distance between
them grows like e#t.

IIL The Periodic Orbit Expansion

In this section, I sketch the periodic orbit expansion. This is not a complete derivation, but
it is thorough enough to give a glimpse of the mathematical details. These details are found
in the Refs. 4-7. None of this is my original work, but I have not been able to find a simple
presentation in the literature.

a. objective

The goal is to compute “long time averages”, denoted by angle brackets, and defined by

(4) = lim % /V da (), 8)
where .
d'(a) = /0 dt' ¢[£* (a)). (9)
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Here, boldface denotes positions in phase space. The movement of the system through phase
space is given by f¥(a). If a system is at a, it will have moved to f!(a) after time ¢ has passed.
V is a fixed volume in phase space in which the system remains, and f,, da = V. The quantity

we are averaging (the heat flux ¢ for example) is ¢, and ®'(a) is the integral of ¢ along a
trajectory beginning at a and continuing for a time ¢. The average of ¢ along one trajectory is
&'(a)/t. It is necessary to average over phase-space as well as time because ®'(a) can depend
on a (if a is on a periodic orbit for example).

b. derivation

We will approach Eq. (8) indirectly. I will dabble with some apparently unrelated equations,
when suddenly an expression for (¢) will appear. Let me begin by writing 1 in a very complicated
way:

1 t — An =
V/Vda/deé[x—f(a)]—Ao—la (10)

The 6 function has a singularity when a system at a moves to x after time ¢. Thus, for each
value of a € V, the delta function has a singularity at exactly one x € V. Thus, the integral
over x is 1. The integral over a is V, giving 1 for the whole expression. I include Ao here,

because Eg. (10) is the leading (largest) eigenvalue of the operator
Li(x,a) = §[x — f*(a)]. (11)
Lt is called the Perron—Frobenius operator. It is instructive to compare £(x,a) with a finite
dimensional operator L;;:
v; = Liju;. (12)

L;; operates on vectors, taking one vector into another. The analog of Eq. (12) for £L¢ is

pa(x) = /V da L1(x,2)px(a). (13)

The arguments x and a play the role of the subscripts ¢ and j. Eq. (12) involves summation
over j; Eq. (13) requires integration over a. L* operates on phase space density functions such as
p1 and p,. In Eq. (13), an initial distribution of points according to p; will move to a distribution
according to p, after time ¢. This is the action of £L*. This gives L the special property:

LhLt = ot (14)

This property implies that A, is the leading eigenvalue of L for large t. To see this, divide ¢
into N parts; t = N7, where N is large and 7 order unity:

Aozlz/dx/ daﬁt—l——zfdx/ da LLT - LT (15)
v 174 - Vv |4 vV 4

where we used Eq. (14) to write £* = [£7]". Then expand p = 1/V in the eigenfunctions of
LT 1/V = copo + c1p1 + - - -. Here, the p; are the eigenfunctions and the c; are constants. Let
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); be the eigenvalue corresponding to eigenfunction p;. We can show that these eigenvalues are
real and can be ordered: f Ao > A; > Az > ---. We then have:

Ao=1= /\(I,V/ copo(x)dx + /\f’/ apr(X)dx + - =AY /V copo(x)dx. (16)
1% 1%

Applying the operators multiplies each term by the appropriate eigenvalue, raised to the N th
power. Finally, the term involving the leading eigenvalue Ao dominates since AN > ANifNis
big enough. If we consider N and ¢ increasing, with 7 fixed, we can show [}, copo(x)dx =1
sO

Ao=2Y=1. : (17)

This, combined with the property of £* in Eq. (14) shows that A is the leading eigenvalue of
L.
Now, let us write

1 t 14 A% = ex
7 [ da ] ix explp® @)t (x,) = A3(6) = explQ(B)) (18)

Here, /3 is a parameter we have introduced, and ®* is the integral of ¢ along the trajectory,
defined in Eq. (9). Note that the new operator £L{ = exp[#®*(a)]L* has the same property
[Eq. (14)] as £t. Thus, A}(B) is the leading eigenvalue of L. When 8 = 0, Eq. (18) reduces
to Eq. (10), implying Q(0) = 0. Now, comes the surprise. Differentiate Eq. (18) by 3, and set
B = 0. After doing the x integral, we have

(%%) - % /V da &'(a) = (4)! (19)

¢. where the orbits come in

In summary, to find {¢), we must first find Q(4) but finding this requires finding the leading
eigenvalue of L. To find this eigenvalue, calculate the trace:

trll = /Vda Ll(a,a) = /vda §la — fi(a)]w(a). (20)

Here, we have used w(a) = exp[3®*(a)] for clarity. As with finite matrices, the trace will be
the sum of the eigenvalues. In the limit of ¢ — oo, the leading eigenvalue will dominate, and
will simply be equal to the trace.

The §é function in Eq. (20) has a singularity only when a point returns to its original location
in phase space. Thus, only points on periodic orbits contribute to trL:. Therefore, the trace can
be rewritten as

trll = E/D day dx 1 8[zy — fi(zy)] §lxL — fi(xL)]w(x). (21)

t This is shown using Fredholm theory: we consider L* as an infinite dimensional matrix, as
we did in Eq. (12). The definition of £* enables us to deduce enough its matrix representation
to prove the eigenvalues are real and can be ordered, as we have assumed.
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Here, p indexes the prime orbits. Given any orbit, it is possible to find another one with
exactly twice the period by traveling around the first orbit twice. The second orbit, however,
is not prime; a prime orbit cannot be considered as multiple trips around a shorter orbit. The
integrals are taken over D,, a thin tube encircling the orbits. Since only points on periodic orbits
contribute, we can establish a new coordinate system, where z| runs along the orbit, and x
are the directions perpendicular to the orbit. The delta function involving z); has a singularity
only when ¢ is an integer multiple of an orbital period. This enables us to write

[ s stepidny = [ s6-rm) (L) dm=Toe-rT) 22

DP
The integral over x_is

/D 6[x. — f4(x1)]dx . = [det(T - ID)] T, (23)

where I is the identity matrix and J, is the linearization of the dynamics around the periodic
point. Suppose a system begins a small distance Ax; from the periodic orbit. After one
period, its position will be J,Ax . The quantity det(I — J,) is related to the eigenvalues of
J,. In the Lorenz system, J, must have at least one unstable (absolute value greater than 1)
eigenvalue (denoted A,) since the orbit is unstable. The other eigenvalue (denoted ),) is stable,
and represents the movement of systems towards the strange attractor. With this notation, we

can write -
Tpé(t — rTp)w}
trll =" P PP (24)
D ey v vy
At this point, we continue our mathematical odyssey, encountering Fourier series, Wick rotations,
complex integration and summation of infinite series. At last, we reach the dynamical ¢ function,
which defines @(4) implicitly:t

1 exp|f®, — T,
<[ﬂ,Q(ﬂ)1=I,,I(1" AR ) <o (29)

The product is over the prime orbits, indexed by p. The period of the orbit is T, and @, is the
integral of ¢ once around the orbit; ®, = ®7»(a) where a is any point on the orbit.
Expanding the infinite product, and using &, = exp[8®, — Q(8)T,]/Ap we have

(l=l-f - bt b+ Ob bbb~ = Z (—1)*¢ (- (26)

{prpP2...Px}

Where do we truncate this sum? First, we assign an order to each orbit. The order of an orbit
is related to its length; more details will be given below. Then, define the order of each term
in Eq. (26) to be the sum of the orbits involved. For example, if orbit p = 1 is first order, and
p = 2 third order, the term &;&, is fourth order. Finally, we keep terms up to a certain order.
This works because terms of the same order tend to cancel one another. For example, consider
the four orbits of Fig. 4. Let ¢, be the contribution from the orbit of panel a, and so on. Then
the third order term is —&, — €4 + £,&p. But orbit ¢ resembles orbit a superimposed on orbit b,
so £,&p nearly cancels —¢.. At higher orders, the cancellation becomes more complete.

t The ¢ function is reached via the Fredholm determinant which involves the contracting
eigenvalue )\, as well as A,. It can be written as a product of ¢ functions. The Fredholm

determinant and the ¢ function have the same leading zero.
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d. results
The accuracy of the periodic orbit expansion can be checked by recalling (0) = 0 and

Eq. (25): 1 1
a-1(-3)=° )

This puts a constraint on the stabilities of the orbits. The orbits are not independent entities, but
are related in a strict way. By checking Eq. (27), it is possible to detect missing or duplicated
orbits. .

Differentiating Eq. (25) with respect to § and setting § = 0 gives

oQ > Q{Plpz-npk}/A{Pleo-:;k}
4 = <_) - , 28
(@) 0B ] g=0 2 Tipipa.pn}/ Mprpa...on) 2%)

where the sums are over {p1p2...pk}, as in Eq. (26). Here,
Q{Ptmmpk} = q)Pl + (I)Pz +t (I)Pk’
T{P1P2---Pk} =Tp, +Tp, + -+ + Tpy, (29)
A{PIPZ'--PI:} = (_1)kAP1 AP: Tt APk'

IV. How to find orbits

Next, we turn to the problem of finding the periodic orbits of the Lorenz system. I construct
a one dimensional map, and find the periodic orbits of the map. From these orbits, it is possible
to accurately estimate the orbits in the full system, which can be refined further.

a. the one—dimensional map

As shown in figure 2, the system is 50

continually looping around one of the two
fixed points. For each loop, there is a max- i
imum Z. It turns out that the maximum in
Z can be predicted from the Z-maximum
in the previous loop. If we solve the equa-. 40r
tions numerically and plot successive pairs
of Z maxima, we get figure 3.  Us-
ing figure 3, it is possible to predict the
sequence of Z—maxima which will follow
any first Z-maximum. For example, if we
start with the point where Z = Zpext (the
fixed point of the map), we stay there for-

Z_next

a5t

‘30t

ever; the Z,,x of each loop remains un- 235'"' = = m 25
changed. This is the first periodic orbit of z
the map, and is a “first order” orbit. There

is a second order orbit where Z,.x alter-

50

Figure 3. Map for predicting successive Z maxima at
r = 28. Two orbits are shown: the first order orbit,

nates between two values. In an n*" order where the map intersects the diagonal line, and a third

orbit, Z,.x runs through n values before order orbit. These orbits are shown in figure 4.
repeating. The first order orbit and one
third order orbit are shown in figure 3.

1 We interpolate between the “observed” pairs of Z-maxima with a cubic spline.
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b. refining the guess from the map

Once we know a Zmax associated with a certain ¢2hit, we can estimate the X and Y which
occur at this point. Then, using this as an initial conaition, we integrate forward in time until
n 7 maxima later. We will be near the initial point, but not exactly, since the initial guess was
not exact. But this initial guess can be refined using a Newton—Raphson technique. In figure 4,
I present several low order orbits at r = 28. Figure 4a corresponds to the orbit described in the
previous paragraph, where Z = Znext- o

Inspection of Fig. 4 reveals a complication that was not visible in the map. Figure 4a,
which is first order in the map, is really second order in the differential equation, since it
makes two loops before returning to its starting point. There is a whole class of orbits with
this property. This happens because the Lorenz system is unchanged by the transformation
(X,Y,Z) = (—X,-Y, Z). This symmetry is invisible to the map, which involves only Z. So,
there are two possible ways of determining the order of an orbit: from the map or from the
differential equation (defining the order of the orbit as the number of loops around one of the
fixed points). If we use the map, the orbit in figure 4a is first order. If we use the differential
equation, it is second order, but we must count asymmetric orbits (Fig. 4d) twice to account for
its mirror image. In the map, we include it only once. Counting orders according to the map is
more efficient because it exploits a symmetry of the dynamics (see Ref. 7 for more details).

45 45
40+ y 401
35 . ast
30f 30F
N 25F N 25+
20t 20¢
15}¢ 1 15¢
100 ( a) . 10t (b)
5 5
45 45
40F 40
35r . 3sf
30f . 30r
N 25¢ - N 25¢
20». . 20f
150 : 15f
10t (C) 1 10f (d)
ST 710 10 20 ST 710 0 10 20

| Figure 4. The four lowest order orbits at ) . - . (b)
order orbit. (c) the third order symmetric orbit. (d) the third order antisymetric orbit, also shown in Fig. 3.

Y

<ot

r = 28. (a) the first order orbit, shown also in Fig. 3. (b) the second
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Figure 5. The map for
“checkerboarded” to make the map single-val

Z

c. Complications at higher r

z

r = 49. In (a), the map is double-valued for 52 < Z < 62. In (b), the map has been
ued. The same orbit is shown in both panels and in figure 6.

As r increases, a new class of orbits appear. In figure Sa, we show the Z-maximum

map for r = 49, and one fifth order orbit. This

orbit is different from the orbits of Figs. 3

and 4. First, it travels far up into the cusp, reaching a high value of Z. This sends it to

a new branch of the map (Z > 78 in figure 5a) not seen at r

next Z—maxima, it visits a new part of the
map at small Z before returning to the main
map. The map has become double-valued
for small Z, and it is very cumbersome to
locate the periodic orbits of a double—valued
map. One solution is to “checkerboard” the
map, as shown in Fig. 5b. Bits of the map
are shifted to restore the single-valuedness of
the map. I have traced the same orbit in both
panels to show how this works. The orbits
that visit these shifted segments of the map
turn out to be very unstable, and difficult to
locate. Figure 6 shows the orbit of Fig. 5 in
the Y Z plane. Note the broad sweep across
the top — this is the passage through large Z
to the new parts of the map — nothing like
this is seen in the orbits of Fig. 4.

N
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= 28 (Fig. 3). Then, at the

90

8ot : ‘ |
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g0l
sof
40t
30}
20f

10r

-%O -40 -30 -20 -1Y0 0 1‘0 2IO

30

Figure 6. The periodic orbit of Fig. 5 shown in the
Y Z plane. Compare with the orbits of fig. 4.
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V. Results
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Figure 7. The number of orbits found at each order,

80,

r r

vs. T 0 measures the error in the periodic orbit expansion.

Fig. 7 shows the number .of orbits of each order as a function of . The number of orbits
at each order is constant for r < 40, when more orbits appear. These new orbits are associated
with the map becoming double-valued, and are related to the orbit shown in Fig. 6. These orbits
are difficult to locate because the are very unstable. For r > 40, there were orbits estimated from
the map could not be located in the flow. The lumpiness of Fig. 7 probably could be removed
by an improving the method used to find orbits.

In figure 8, I show estimates of {(0,0) = 0 for several values of r and orders of approxima-
tion. This measures the accuracy of the periodic orbit expansion. Figure 8 shows good behavior
for r < 43, and then problems appear for higher order estimates. These errors are caused by
certain periodic orbits which become stable at special values of r. When this happens, the
periodic orbit expansion breaks down because it assumes all orbits are unstable. In figure 9, I
show the orbit that is causing problems at r = 48. It is a seventh order orbit. Note that one of
the points is very near the flat part of the map in Fig. 9b. As r changes continuously, the map
changes smoothly, and the points of this orbit move smoothly. For some special r, one point is
at the local minimum of the map, and the orbit has A, = 0, and the periodic orbit expansion
doesn’t work.

Flgure 8. The"quantity in Eq. (27). The difference from

100

(a) st (b) I
70f ]
90r |
60r 85F 4
80}
50F ]
75}
40f 70k
3o0f 65t
60}
20f
551 1
10 . . . , , . B sol B ‘
<40 30 20 .10 10 20 30 40 3 80 80 100

0
Y

Figure 9. The trouble-making orbit atr = 48 in (a) the Y Z plane (b) on the map. Note that it touches the map
where it is nearly flat.
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Figure 10. The heat flux. For r < 24, the values
are calculated from the stable fixed points. For r > 24:
solid line: eighth order periodic orbit expansion, dashed
line: first order periodic orbit expansion; open circles:
averaging for ¢ = 2500 time units; points: averaging

for

t = 25 time units.
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Figure 11. Same as figure 10, except for Kinetic energy
of the fluid.

In figures 10 and 11 show the heat flux and and kinetic energy of the flow. For r < 24,
the solid line is the head flux and kinetic energy associated with the stable fixed points. For
r > 25, there are four different estimates (two from the periodic orbit expansion and two from
solving the differntial equations, and averaging), all in good agreement. These quantities are
easy to estimate because they don’t vary much from orbit to orbit. Note that the the transition
to chaos is not associated with an increase in kinetic energy or efficiency of heat transport. The
transition to chaos should not be thought of as the system finding new ways to transport heat

more efficiently; it is less efficient.
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Figure 12 shows four estimates of the “floppiness”. Here, the calculations converge much
more slowly. The low order periodic orbit expansion estimate is too high because the first orbit
(Fig. 4a) is very “floppy” - it flops from one stable point to the other time it circles one of
the fixed points. The higher order orbits will often circle the same fixed point several times
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before flopping (Fig. 4d or Fig. 6). The contribution from these orbits reduce the floppiness.
The floppiness converges slowly, because orbits vary widely in floppiness.

Estimates of the Lyapunov exponent are shown figure 13. This quantity is very difficult to
compute by averaging over the flow because it converges slowly. There is a roughly constant
offset between the results of the periodic orbit expansion and those of an averaging method. The
deep gashes in the periodic orbit estimate are due to almost stable orbits, such as that shown in
figure 9. Orbits with unusual properties can confuse the periodic orbit expansion. One the other
hand, when there is a stable orbit, the Lyapunov exponent vanishes, so there are special values
of r for which Lyapunov exponent plunges to 0. This dramatic behavior is suggested by the
periodic orbit expansion, but not the averaging method.

VI. Conclusions

The periodic orbit expansion works, but it requires a lot of effort to find the orbits. To
calculate the heat flux or kinetic energy, it is easier just to average while integrating the equations
forward in time. But once the orbits are located, it is easy to calculate averages of many different
quantities. The periodic orbit expansion also avoids the problem of selecting intial conditions
for averaging. The periodic orbit expansion also provides a measure of its accuracy in Eq. (27).
This result places a constraint on the stabilities of all the orbits, showing they are all related.
Thus, given a set of periodic orbits, it is possible to tell whether they describe a real dynamical
system. Finally, examining the periodic orbits is a pleasing way to study the different behaviors
a system can have.
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Elliptical Vortices in Shear: Hamiltonian Formulation,
Vortex Merger, and Chaos

Keith Ngan
Department of Physics, University of Toronto

Abstract

The equations of motion for a pair of interacting, elliptical vortices in a background shear
flow are derived using a Hamiltonian moment formulation. For no background flow, a 6th
order system — identical to that obtained by Melander et al. (1986) — results. These
equations are analysed using a variety of methods and implications for vortex merger are
examined. A modification of the standard Melnikov method is developed; it is shown that
the separatrix for inter-centroid motion exhibits exponentially small splittings. Numerical
simulations are performed and chaotic motion is detected.

1 Introduction

The emergence of quasi-elliptical, quasi-uniform vortices in numerical simulations of freely

evolving two-dimensional (2D) turbulence has been studied extensively (e.g. McWilliams/
1984). Vortices of like-sign merge to form persistent coherent structures; it is believed that

this phenomenon is essential to the phenomenology of 2D turbulence (e.g. Melander et al.

1988). Vortex merger is a very complicated phenomenon and it is not well-understood.

In this report, a highly idealized model of vortex merger is derived and then analysed.
Specifically, the evolution of a pair of elliptical vortices in a background shear flow is con-
sidered. This model is an idealized one primarily because it assumes that at all times, the
vortices are well-separated and elliptical. It is very instructive to compare this model to
some simpler ones: the Kida vortex and a pair of point vortices in shear. These models are
closely connected to the present one: they underlie the main aspects of this project and they
provide a natural overview of this report.

In the Kida problem (Kida 1981), an elliptical patch of constant vorticity evolves in a
background shear flow

1 1
U= Z(.u(:::2 +y?) + Ze(:::2 —y%) (1)

according to the 2D Euler equations. Kida showed that the ellipse remains elliptical for all
time with its centroid fixed and its orientation and aspect ratio varying periodically with
time, i.e.

A = —elsin26 (2)

. A w 114X

¢ = @y T2 Taro s
where X is the aspect ratio and ¢ is the orientation. This system can be derived from
the equations of motion for the quadratic vorticity moments (Flierl et al. 1993, hereafter
FMM); the latter are obtained from the Poisson bracket for 2D Euler flow using the method
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FMM); the latter are obtained from the Poisson bracket for 2D Euler flow using the method
of reduction (Morrison 1993, hereafter M93). The model which will be derived in section 2
may be thought of as a pair of Kida vortices which are allowed to interact, but in a restricted
way. It is obtained by generalizing the analysis of FMM to two uniform elliptical vortices.

The relevance of such a model to vortex merger may be appreciated by considering the
simplest model of vortex merger: two point vortices with circulation I'; and position @; in
a (Kida) background flow ¥ (e.g. Meacham 1993). The equations of motion for pure shear

l.e. w = —e) are:
( )

. 1 1 e
X = _(2—7?X2+Y2+f)y (3)

Y

11
(27X2+Y2)X’

where X = z; — 3 and Y = y; — y2. There are hyperbolic points at

XOY:!:II‘% 4
-0y =+(25) “

which are connected by a separatrix (heteroclinic orbit). (For w # —e, there are analogous
results.) Regions of unbounded motion are divided from regions of closed motion by the

Figure 1: Phase portrait for a point vortex pair in shear.

separatrix and thus merger is impossible. But for the system of two Kida vortices, there
are internal degrees of freedom (d.o.f.) and the vortices can merge. The separatrix should
also split apart, allowing merger for initial conditions in the unbounded regime. This is
examined in section 3 using a Melnikov integral. The Melnikov method for time-periodic, 1
d.o.f. systems is extended to systems with fast and slow time-scales and it is demonstrated
that the separatrix splitting is exponentially small. This splitting implies chaotic behaviour
and this is studied numerically in section 1. Section 5 presents a summary and outlines
possibilities for future work.
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2 Hamiltonian Formulation

The equations of motion for two interacting Kida vortices are obtained following FMM.
Briefly, FMM: (1) expressed the Poisson bracket for the 2D Euler equations in terms of
the quadratic moments — a reduction: (2) determined the cosymplectic matrix J from the
bracket; (3) computed the Hamiltonian in terms of the moments; and (4) obtained the
equations of motion from H and J. While this procedure is not especially complicated, it
is fairly involved; therefore, in the interests of brevity, the derivation will only be outlined:
many details will be omitted. (The remaining sections of this report will be abbreviated in
a similar fashion. A detailed account of this work will be published elsewhere).

Firstly, some basic notation is established. Qur system consists of two elliptical vortices
with aspect ratios A;, circulation I';, and vorticity ¢; (: = 1,2) in a background Kida flow,
U. The vorticity centroids are located at (z;.,y;.) with respect to some reference frame; ¥
is also defined with respect to this frame. The vortices have orientations ¢; with respect to
the stationary reference frame; (z},y;) are coordinates in the body frame.

L0 e

)L,M}. Yy X,

M\‘?zﬂ

7

Figure 2: Configuration for the interacting Kida vortices

Because the global centroid will not be fixed when the background flow is present, both
first order and quadratic vorticity moments must be considered. The quadratic moments are

defined by:
4 = we [ [ (=) dedy (5)
4 = ;teq.{//Di(x—:c;,.)(y—y,-.)dwdy
a3 = g / /D (y = yiu)* dady

yvhere pi = 4/A; and D; is the domain of vortex ¢. The first order moments are defined by:

al, = ﬂaq,’//D.rvdwdy (6)

al, = ;t;q,‘//D y dzdy .
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It is also convenient to define functions m! which are the integrands of the aj: mj = (z—:.)?

etc.

The first step in the derivation proper is the computation of the Poisson bracket. The
Poisson bracket for 2D Euler flow is:

(RO} =T [, ol Saldsdy. ¢

where [-, ] is the 2D Jacobian and the constant background vorticity has been ignored. From
the definition of the aj-, it follows that

§F oF 5a§-
- = Bubutipuier } 8
8q! XJ: oa’ dq; (8)

oF |
= a7 T His
;‘9“:' !

where we have restricted F,G to functions of the a;'-. It then follows that:

JOF 3G .
(F.G)Y = [ wtdigg gz by mildedy. 9)

It is important to note that this reduction is ezact because we have restricted F and G to
functions of the aj- only.

After relabelling indices so that a; = a’ (likewise mt) and so that ¢}, = ¢! (likewise p,)
the cosymplectic matrix J for the Poisson bracket (9) is defined by

Fey =%, T T G dady. (10)

a

The relabelling is needed in order for the elements of J7* to define a unique matrix; the precise
relabelling is arbitrary. (For convenience, let j,k = —2...3 be associated with vortex 1 and
let all other integers from -4 to 6 be associated with vortex 2; 0 is excluded in both cases.)

Thus one obtains that
Z/Dﬂfkq;'k [, m]. (11)

So in order to determine J all the products [m;, mi] must be worked out. This is a straight-
forward calculation and we omit the details. The essential point is that the m; constitute an
algebra, i.e. [m;, m;] = my. (For instance. [my, ma] = [(& — z14)%, (¥ — ¥1x)?] = 4m2.) This is
necessary for J(a;) to satisfy Jacobi’s identity and the reduction to work (M93, lecture 3).

J is a 10 x 10 matrix with the following form:

A0
=(0 %) (12
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where

0 4p1q4 0 0
—4mq 0 0 0
A o 0 0 0 4paqh (13)
0 0 —4paqs 0
and c
0
5=(95). (14
with
0 2/11(11 4[1«1(12
C = —2[1«1&1 0 2[1.1(13 3 (15)
—4pra; —2paz 0

and similarly for D. A is the J for two isolated point vortices and B is the J for two isolated
Kida vortices (c.f. FMM). The full J is thus a direct product of the J's associated with the
first and second order moments; likewise, it is a direct product of two single-vortex J's.

Next, the Hamiltonian is computed in terms of the a;. By definition,
1
H=> /D | VU + (Vb + Vibh) | dedy . (16)

Dropping the constant terms and integrating by parts,
' 1 1
= — ! = 'al - ‘g
H=-% {/D‘\Ilq,d:cdy + 5 ) ididody + 2/Di¢lq,dzdy}, (17)

where j # i. In order to calculate H, 9, the streamfunction induced by each vortex is
needed. Within a vortex, Lamb’s (1932) solution for the streamfunction inside a uniform
elliptical vortex is used.

1 1

bi=¢q [5(1'1755( A - M] :

Az +y?) — o + 71 18

) Tgeon T, (18)
In using this solution, it is assumed that the ellipse remains elliptical for all times: this is
approximation 1. Qutside a vortex, the Green’s function for a point vortex in an unbounded
domain must be used:

1
G(m,a:’):i;lnla:—:c'l, (19)
where @ ’ is a point inside the vortex and the streamfunction is ¥} = — fp ¢! G(x , ) dzdy.

The first two terms of H are easily computed — they are analogous to the Hamiltonian
for an isolated Kida vortex; however, the final term is not quadratic in z,y because of the
Green’s function, and it cannot be exactly represented using first and second order moments.
It can be approzimately written using the moments by Taylor expanding the Green’s function

to second order in €,, where
~ ¢ = z,/R < 1, (20)

215




z, is the semi-major axis, and R is the intercentroid separation. Thus it is assumed that the
ellipses are small and well-separated: this is approximation 2. Finally,

He - g [(” +e)an + (= eJas + 4l o+ €) () + Ao - e)(%;f)z] (21)
- [(“’ Fe)ar+ (o = eJas +dgy(w + )GV +4dh(w - (G ]
- %ln [(01 +as + 2)-1-:-r—1-] - %-ln [(a4 +ag + 2)%
- [4q§q; In R? + 1—:323 %cos 26(q} (as — as) + g5(az — a;1)) — sin 20(gsa2 + qias)]] .

From J and H a 10th order system can be obtained for the a;. However, this system can
be simplified further. The global centroid motion decouples from the relative centroid motion
(and the internal d.o.f.) since there is a decoupling in J and in H. There are two Casimirs
Cy = aja3—a%and C; = a.;avs—ag; they correspond to circulation preservation of each vortex.
And for this report, it is assumed that the vortices are symmetric. These simplifications lead
to a 4th order system; recasting it in terms of (R,6,}, ¢), where T3, — T1. = Rcos 8 and
Y2« — Y1» = Rsind, one obtains:

: 1 . rA 1-»3 .
R = -2-eRs1n2¢9—§7—r-2-§§ ;) sin2(0 — @) (22)

T rA 1-X\

. w e
6 = 3 + 5005(20)+WR2 + POy TR cos2(0 — &)

. F . .

A= —/\{ﬂ,—é;smz(o—é) + esm2¢}

. g _11+,\2{r }

¢ = (1+/\)2 21— 2 | 7R? COSZ(O (15) CCOSZ¢ +w/2

We note in passing that the 10th order system can be extended as well as simplified: the
equations of motion for N vortices have been worked out.

The 6th order system in (R, 4, \;, ¢;) is — with no background shear — identical to one
derived by Melander et al. (1986). This being the case, why is the Hamiltonian formulation
useful? Most significantly, it explains why Melander et al. obtained a Hamiltonian system.
They showed that their model is Hamiltonian and that it possesses conservation laws anal-
ogous to those of the 2D Euler equations; however, these results seem to be very fortuitous:
the Hamiltonian formulation demonstrates otherwise. The Hamiltonian approach is simpler
than the procedure employed by Melander et al. (who manipulated the moments directly)
and some results (e.g. the decoupling between the first and second order moments) are more
readily grasped with it.

Although this model is not exact, it is consistent. Deviations from ellipticity are 0(63)
and will only be significant when ¢, is large and the second approximation breaks down. The
model cannot provide an exact description of vortex merger, but it should provide insight into
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aspects such as the break-up of the separatrix for a point vortex pair in shear. Furthermore,
this model is a very interesting dynamical system and it is worth studying in its own right.
The background shear introduces many new effects which are not found in the integrable
system of Melander et al.

3 A Modified Melnikov Method

For an integrable system, the stable and unstable manifolds associated with the hyperbolic
fixed points coincide, forming heteroclinic (homoclinic) orbits. However, under a perturba-
tion, these invariant manifolds no longer coincide and motion (transport) across the separa-
trix is possible (e.g. Wiggins 1992). The well-known Melnikov method (e.g. Drazin 1992,
Wiggins 1988) measures the separation between the stable and unstable manifolds. Zeroes of
the Melnikov function are indicative of chaotic motion. In this section, a Melnikov calculation
is described for which the integrable basic state corresponds to a point vortex pair in shear
and the perturbation corresponds to the internal d.o.f.’s of the interacting Kida vortices.
Although other basic states may be chosen, this one is a good choice — notwithstanding the
existence of a separatrix! — because it ensures that the results will be physically meaningful
for small perturbations (i.e. the model should still be valid).

Before outlining the Melnikov calculation, it is necessary to non-dimensionalize the 4th
order system. Defining a perturbation parameter ¢ = A/(wD?), where D is the semi-major
axis), letting » = RD, and rescaling time as ¢t — ¢/q’, one obtains:

A'Z

. le

ro= §q—rsm20—-§—§ 3 sin 2(6 — ¢) (23)
. w ‘e € 1-)\?

6 = 'é—-‘i- (20)+-_2-+F 3 cos 2(0 — @)

A= {e— sm2 0 -¢)+ —sm2¢}

. 114X

¢ = (1+)\)2 31= )‘2{ cos2(8 — ¢)-——cos2¢}+—-—-—.

This system may be interpreted in the following manner: (1) at O(1) the background shear
flow acts on (r,0) and the internal degrees of freedom; there is also self-rotation (Kirchoff
rotation) of the vortices; (2) at O(e) the vortices interact, but only as if they were point
vortices; and (3) at O(e?) the vortices are now interacting Kida vortices: the internal d.o.f.’s

now affect the inter-centroid motion.

While these equations are correct, they cannot be used for a standard Melnikov analysis.
Melnikov’s method is usually formulated in terms of O(e) perturbations to an integrable basic
state; for a 1 d.o.f. system,

T = fl(z’y)'*'egl(m,yat) (24)
) = fg(m,y)+€g2(m,y,t).
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But in (23), the basic state terms are at O(1) and O(e), and there isn’t a simple O(e)
perturbation (it also expands the phase space). If, however, one scales the background flow
so that e/q’ = €, where 7 is O(1), then all the basic state terms will indeed be at O(e).
This scaling is natural because it means that the background shear and the point vortex
interactions are equally important — precisely the case near the separatrix.

With this scaling, the first three equations in (23) are O(e) and there is fast, O(1)
rotation of the vortices in the ¢ equation. The dynamics are thus a combination of slow,
O(e1) time-scale, motion around the unperturbed separatrix and fast, O(1) perturbations.

This coupling between the internal d.o.f. and the inter-centroid motion takes place at O(€?);
it can be examined using a multiple time-scale analysis by introducing a slow time-scale
T = ¢t and expanding the variables in terms of fast and slow components:

F(LT) = roolT) + e{ria(T) + s (6 T)} + € {rao(T) + r2g (6, T)} + O(€)  (25)
0(t,T) = 60o(T)+ € {01a(T) + 015(t, T)} + € {824(T) + b24(t, T)} + O(€")

Mt,T) = do+e{ia(T) + Mg (8,T)} + O(€?)

B(LT) = os(t) + oa(T) + € {d1s(T) + $15(t, 1)} + O(¢?)..

By solving the perturbation equations, one can determine the leading order (i.e. O(€?))
perturbation to the slow, basic state motion; at this order, A1, ¢, and ¢; act as time-periodic
forcing functions. A Melnikov analysis may now be performed.

It can be shown that an analogue of the time-periodic, 1 d.o.f. Melnikov function exists

for this system, viz.

00 )2
M(t,) = € /_oo _{ . + %7(0 - 1)} yo{ 11-% [cos 30, cos 2¢,t + sin 30, sin2¢ot]} dt

2r? 4_r§ Ao
+ 2/00 : +1‘( +1) ! 1—Ag[' 30, cos 2¢,t 30, sin 2¢,t] b dt
o 22 p 7\ Z, Y sin 30, cos 2¢,t — cos 30, sin 2¢, )

The separatrix co-ordinates (r,,6,) are evaluated at time T=c¢(t—1t,), o = Ao/(1 + o),
z, = r,cos b, and y, = 7, sinb,, t, parametrizes distance along the unperturbed separatrix,

and a = w/e.

In the limit ¢ — 0, one can also show that M(t,) and the splitting between the manifolds
are erponentially small, i.e. M(t,) is smaller than any power of e. This is an asymptotic
result: it suggests that the splitting will be exponentially small for small €, but it is not
a rigorous proof. Holmes et al. (1988) showed that the separatrix splitting in the rapidly

forced, 1 d.o.f. dynamical system
i = g(u,€) + 6h(u,e,tfe), 0<6<1,p>0 (26)

should be exponentially small. Although our Melnikov calculation has been done indepen-
dently of the theory of Holmes et al., it does seem to be consistent with this general theory.
Nevertheless, this result needs to be verified because higher order terms in the perturbation

have been neglected.
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This result has a number of implications. It suggests that the system is chaotic for non-
zero e. And while this is to be expected since this is a 2 d.o.f. system with only 1 integral of
motion (the background shear has destroyed the rotational symmetry of the Hamiltonian),
it is nice to have some analytical confirmation. There has been some interest in whether or
not there are chaotic solutions to the Euler equations: insofar as the model remains valid,
this demonstrates that a system of N point vortices (N > 4; Aref and Pomphrey 1982) is not
the only such system. Furthermore, the exponentially small splitting suggests that vortex
merger will be rather difficult. Because of the exponential scaling, relatively large values of
¢ are required to produce a large enough splitting for well-separated vortices (i.e. outside

the separatrix) to merge. Ordinarily, the splitting would simply scale as €.

4 Numerical Simulations

Although the Melnikov result is rather interesting, it only addresses a specific question:
how far do the model’s stable and unstable manifolds split apart? In order to study its
dynamics, numerical simulations are needed. While these equations are easily integrated,
they are difficult to visualize: this is a 4 dimensional chaotic system with 4 free parameters
(€,¢,w,e). For instance, one could simply plot r,8, A and ¢ as functions of time for specified
initial conditions; while this provides much information about localized regions of phase
space, it is a poor way to study the global dynamics.

In this study, Poincare sections are constructed at constant ¢ (¢, = 0). The Poincare
section projects the 4 dimensional phase space onto a two-dimensional surface and it provides
a global picture of the dynamics. It is generated by integrating a set of initial conditions
forward in time and plotting (for each initial condition) a point (X,Y’) whenever ¢ goes
through ¢, in a particular sense (clockwise for ¢’ > 0). The choice of initial conditions is
extremely important: if one just picks random initial conditions, the Poincare section will
not exhibit distinct structures but will be smeared out instead.

The initial conditions should be chosen such that they, and their images under a Poincare
mapping, are all dynamically accessible to one another (c.f. M93, lecture 2). This is done
by choosing points which satisfy H = H, and C = C,, where C is the Casimir. It is
well-known that Hamiltonian dynamics takes place on the intersection of constant H and
constant C surfaces (c.f. M93, lecture 2); therefore, H and C should be fixed: changing
them amounts to changing the dynamical system. For each initial condition (r,8), H is fixed
at H,, ¢ = ¢,, and A must be determined. It is trivial to fix the Casimir since it corresponds
to the circulation.

Figure 3 is a Poincare section for A = 0.031416, I' = 1, ¢ = 0. As expected, this case is
integrable: one observes a sequence of concentric, closed curves. There are no points around
the origin because for r sufficiently small (r < 0.6), the vortices merge before ¢ goes through
#o. Thus the last invariant curve to disappear (i.e. the one nearest the origin) defines
a merger threshold. Although this figure isn’t particularly exciting, it confirms that the
model is integrable without a background flow and it provides a benchmark against which
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other Poincare sections may be compared. In what follows, the background shear is fixed
(w = —e = —0.318309; the hyperbolic points are at (0, £1)), and ¢ is increased.

PS for e~wed, A=0.031416, etc.
\ Y

1

0.6 K
ot /o
,
/
0.2 ( /
Vit
-0.2 & \
0.4 b
N

-1 4

-1.2

Figure 3: Poincare Section for w = e = 0.

A Poincare section for € = 0.01 is shown in figure 4. H, is chosen to be the value of
the Hamiltonian on the unperturbed separatrix (r, = 1.00, 8, = 1.57): this is a reasonable
choice for motion near the separatrix. This figure is quite similar to figure 1 (point vortex
pair in shear) and to figure 3 — integrable cases both. In this figure, there are no large
stochastic regions. This is consistent with an exponentially small separatrix splitting — the
stochastic regions should be thin — but the stable and unstable manifolds must be computed
numerically in order to verify the Melnikov result. A well-defined invariant torus separating
initial conditions which merge from those which do not can be seen. It has been observed
that the position of this critical torus moves outwards as € is increased. For this value of
€, the critical torus is well-separated from the unperturbed separatrix and the separatrix

splitting is not relevant to vortex merger.

PS for eps = 0.01, €=0.318309=-w
T T

Figure 4 ¢ = 0.01, w = —e = 0.318309.

Nevertheless, one still expects chaotic behaviour around the unperturbed separatrix.
However, for € = 0.01 it is very hard to discern. The inter-centroid separation r has been
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plotted against ¢ for initial conditions around the unperturbed separatrix (¢ = 0,1.57) and
chaos has not been detected. The absence of any noticeable chaotic behaviour underscores
the thinness of the stochastic region. However, an inner stochastic region may be found for
this value of e. In figures 5a to 5b, r : ¢ is plotted for ¢ = 0.01 and initial conditions

r:t for eps = 0.01, etciro = 0.48¢ theta = 0
g T T T T T

r:t for eps ~ 0.01, etc: ro » 0.49

TR

0.57

A
=i

0.53

Myl

0.!45 !

0.49 -'

0.8 b

0.0 Hijt ”ii ll;n R ,‘[1 lI

. A . \ “ A R |
o 10 20 30 0 50 60 70 80 90 0.46 : : L
0 50 Ino 150 2u0 240

t t
Figure 5: (a) r:t for r, = 0.484,6, = 0.0; (b) r : ¢ for r, = 0.49, 6, = 0.0.

successively farther from the origin. As one moves away from the origin there is a transition
from regular motion (r, = 0.47), to chaotic motion (figure 5a), and finally to quasi-periodic
motion (figure 5b). This stochastic band is associated with a higher order resonance —
observe the island chain in figure 6. This stochastic band is much larger than the one near
the separatrix: it isn’t exponentially small. It is uncommon for an inner stochastic band
to be larger than the one around the separatrix: for small perturbations, chaos is usually
localized around the separatrix.

PS for eps = 0.01, ro = 0.49-0.48, theta - 0
0.% T T T T T T

e 1{4\‘.{‘.&?,"*:-’-- -

0.4} e "
0.2 r ".'
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-0.5 0.4 0.3 0 a.1 0 0.1 0.2 0.3 0.4 0.5

Figure 6: Blow-up of Poincare section near inner stochastic band.

In order to determine whether or not there is actually chaotic motion around the sep-
aratrix. a larger value of € is considered. In figure 7, a Poincare section for ¢ = 0.03 is
shown. This plot looks quite different from the previous ones: it has a distinct stochastic
band and there are folds near the hyperbolic points which are reminiscent of a perturbed
(stable) manifold. This unusual structure may be a consequence of exponentially small
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Figure 7: Poincare section for € = 0.03.

splitting: points are constrained from wandering away from the unperturbed separatrix
and this may help demarcate the perturbed separatrix. This manifold structure can also
be observed for € = 0.01 if one looks closely enough; it’s not very prominent because the
splitting changes rapidly with e due to the exponential dependence. It is evident that a
separatrix no longer remains for this value of € and that there will be transport across what

remains of it.

Although the separatrix splitting is not, as hoped, directly connected with vortex
merger, it is clear that some interesting things are happening around the separatrix. Specifi-
cally, there is chaotic scattering of the vortices. Instead of approaching and separating as for
two point vortices in shear; the Kida vortices come together and wander about in a chaotic
fashion before separating. There has been some work on chaotic scattering, but it has mostly
been in the context of molecular physics (e.g. Gutzwiller 1990). For small vortices, chaotic
scattering may be more important than vortex merger: the number of initial conditions for
which the vortices will scatter is much greater than the number for which they merge.

5 Summary and Future Work

In this report the equations of motion have for a pair of elliptical vortices in background
shear (Kida vortices) have been derived using a Hamiltonian formulation and analysed. The
derivation follows that of Flierl et al. (1993) and requires the vortices to remain elliptical and
well-separated for all time; for no background flow, the 6th order system of Melander et al.
(1986) has been recovered. A 4th order system is obtained by assuming symmetric vortices.
This system is studied analytically by means of a Melnikov integral for a 1 d.o.f. system with
fast and slow time-scales: it is shown that the separatrix splitting is exponentially small.
The 4th order system is studied numerically by constructing Poincare sections and plotting
r against . The results are qualitatively consistent with an exponentially small splitting. It
is proposed that an empirical merger threshold can be determined from the position of the
last invariant torus and that chaotic scattering may be more important than vortex merger.
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There is much more work that remains to be done. With regards to numerical work,
the Melnikov result should be explicitly verified. A wider range of parameter values should
be considered; simplified models other than symmetric vortices should be utilized (e.g. a
point vortex and a Kida vortex). The amount of transport across the separatrix should be
quantified. As for analytical work, it should be possible to predict the position of the folds
from the perturbation equations. The location of the inner stochastic region (i.e. higher
order resonances) should be predicted and a physical interpretation should be given. It
would also be useful if an analytical criterion for merger could be devised (i.e. the position
of the last invariant torus). Finally, the precise relation of the Melnikov calculation to the
general result of Holmes et al. should be determined.
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A Hamiltonian weak-wave model for Shallow Water flow

Caroline L. Nore
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The Shallow-Water (SW) model is relevant for the studies of geophysical flows in
which the stratification is not crucial. The atmospheric or oceanographic phenomena
that it can describe must be characterized by large horizontal scales compared to the
vertical scales, and must be conservative to a first approximation. One can write a SW
hamiltonian which is cubic in the field variables for a free surface. In order to derive
nonlinear stability conditions, this paper presents a simplified SW model characterized
by a quadratic hamiltonian with a good bracket; a flow composed of two components:
vortical and divergent motions, weakly coupled ;and the two limits of full SW: quasi-
geostrophic and gravity-wave limits.

Sufficient stability conditions are obtained for steady basic states admitting an
x-invariance or an axisymmetric invariance in the model. Their application to jets,
shear flows and vortices is discussed. For hydrodynamically “non stable” profiles,
rigorous upper bounds on spontaneous emission of waves (gravity waves and others)

are computed.

1 Derivation of the hamiltonian weak-wave model

1.1 Farge and Sadourny’s model

Farge and Sadourny ([1]) have studied the turbulent cascades of a flow characterized
by two invariants of the motion: an energy and an enstrophy, both quadratic. They
have shown that part of the injected energy goes into divergent motion which cascades
towards the small scales before being dissipated, while the rest of the energy goes into
vortical motion and remains at large scales. They have written down an approximated
system of equations for their model in which the approximation is not well defined,
dropping some terms appearing at the same order as ones they have kept. Besides,
unlike the SW equations, this system does not appear to be hamiltonian.

1.2 Derivation of the hamiltonian weak-wave model

1.2.1 Full SW model
The full SW equations read in terms of the velocity and the depth of the single-layer

(v, h) ([2]):

%+(v-V)v+f2xv = —gVh (1)
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oh

5t—+V-(h'u) = 0 (2)
This system is equivalently represented by the hamiltonian form
8u 6H1
5 Ji Su (3)

where the vector field u = (v, h)T, the hamiltonian functional is H; (v, h) = 1 [[(hlv|>+
gh?)dz dy, and the co-symplectic form J; is:

0 qg -0z
J=| -¢ 0 -0y
-0z -0y O

with ¢ = (f + 2+ V x v)/h the potential vorticity. J; satisfies the Jacobi identity and
admits the following Casimirs: C = [f h C(g)dz dy. One can transform the system (3)
into a new representation (g, A,h’) where § = 2-V x v — fh'//H is an approximate
potential vorticity, A = V-v is the divergence and b’ = h— H is the depth perturbation
around a constant depth H. The velocity is defined by v = 2 x V¢ + Vx where 9,
the stream-function, corresponds to the vortical motion and x, the velocity potential,
corresponds to the divergent motion. The co-symplectic form reads then:

g5l V- (#ZFV0) 0

h=| -V (7Z%V0) -1 -7
0 V2 0

with
1 2 2
H, = 3 /h|v| + gh

1
= 5 [[ VP + [VXP) + gH? + 26HN +gh”
By subtracting some Casimirs given by C = [[(H + }')C (ﬁ?) , H, becomes:
1
Hy =5 [ [ B(V4E + V) + gh®

1.2.2 Approximations

The procedure contains three steps:
- approximation of small Rossby number €
- assumption of timescale separation for the vortical motion and divergent motion
- amplitude of the vortical motion dominating the amplitude of the divergent motion
We non-dimensionalize the bracket with the Rossby number, ¢ = U/fL and the
Rossby deformation radius, a = +/gH/f. The *'s denote non-dimensional variables
cw =V = efwx , A = efA* , h' = eHhx , § = efgx and V = 1V*. We
then substitute the * variables in J, and in rows and columns by the corresponding
functional derivatives.
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The non-dimensionalized hamiltonian reads:
1
Hx = H,/geH* = 5 //(1 + ehx)([V* P |2+ [V*x * P) + b
The non-dimensionalized Casimirs read:

_[f g*
C*_/ (1+€h*)0(1+eh*)

Up to order ¢, the equations are given by:

o ; —elgr, ] €V-(@*V() 0 —
%t = gH?e —eV-(§*V()) —e[G*, ] -V? | gH*¢ —x*
& 0 \% 0 h x —1*

ot
In J,, there are four terms of order e. We will argue to keep only one with the
following assumptions.

1.2.3 Separation of amplitudes and timescales

We drop the “and *. We want to describe a weak but fast divergent flow weakly
interacting with a dominant but slow vortical motion ([3]). We keep in each equation
the dominant term and rescale the time for the equation in g. Our final system reads

then, up to order 1:

dg 3

0A  _  oay
= ~V-9)
oh

a - 8

The corresponding hamiltonian is given by:
1
=3 [[ 1R+ 1vxP + 8

The co-symplectic form is:

_[Qa ] 0 0
J = 0 0 -V?
0 vz 0

We check that the bracket of our system verifies the Jacobi identity (see appendix).

1.3 Tests of the weak-wave model

In the gravity-wave limit, the equations become:

g = 0=>Viy=h

oY
= = VY
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This equation only in 9 corresponds to the non-dimensionalized gravity-wave equa-
tion.
In the quasi-geostrophic limit, the equations become:

A = 0and h=9

¢ = V-9
0
5 = ~Wbd

which corresponds to the material conservation of potential vorticity.

2 Hamiltonian structure

We underline the hamiltonian structure of our model ([4]).

2.1 Good bracket

We check that the co-symplectic form corresponds to a good bracket, i.e. it satisfies
the Jacobi identity. It ensures that the dynamics takes place on the leaves where the
Casimirs associated to the bracket are constant.

2.2 Conservation of H

We check that our approximate hamiltonian is effectively conserved.

-dH

= /V¢'V¢t+VX'VXt+hht

= [ =ba = XA+ (=¥ =0

where integration by parts is used.

2.3 Casimirs

The Casimirs of our weak-wave model are C; = [C(q), Co = [hand C3 = [A .
Cs = [(az+ PBy)h and Cs = [(yz + 6y)A might appear to be Casimirs but they are not
Casimirs of the full SW system. In fact, they don’t satisfy the boundary conditions
and so are not admissible functionals. Thus we keep only C;, C, and C3 which prove to
be good Casimirs.

2.4 Zonal momentum invariant

The momentum for an x-invariant flow is seen to be:

_ 9x
M—/yQ+h6z
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Therefore, it appears:

M _
6q Y 8z
M — —2 {8h — oA
Tl [=T -V*&) |=| %
M ox _oh
oh dx oz

which proves that M is the momentum invariant for a zonal steady flow (Noether’s
theorem).

2.5 Axisymmetric momentum invariant

The momentum for an axisymmetric invariant flow is seen to be:

_ 1, ox
M—/ 2rq+h60

Therefore
M _ _8g
6q a9
M| ~\U-2(8k =] _8a
J §A =J v (ao 00
M 9x . oh
6h a6 50

which proves that M is the momentum invariant for an axisymmetric steady flow.

3 Nonlinear stability conditions

In general, the dynamical equations for geophysical flows are nonlinear partial differen-
tial equations and so, to perform a stability analysis is a difficult task. Sometimes it can
be computed for some kinds of perturbations, whereas a “physical” steady solution is
stable under all kinds of disturbances: no small perturbation can develop and destroy
the initial structure. Therefore, it is interesting to obtain an analytical criterion by
which to check the stability with respect to any kind of small but finite perturbation.
This criterion is obtained by considering the energy or the momentum of a steady state
which admits all the relevant symmetries of the problem. If one can show that all
perturbations change either the energy or the momentum, or a combination of both,
then the flow is stable. That leads to a convexity theorem and therefore to sufficient
conditions for nonlinear stability ([5, 6]).

3.1 X-invariant steady flow

We consider an x-invariant steady basic flow. In cartesian coordinates, it reads:

_ oy Ox
Uy = u(y):—a_Z'Fa_:
_ g% X
by = 0—890 Oy
h = h(y)




3.1.1 Pseudo-energy

The pseudo-energy is a linear combination of the conserved quantities of the flow. It
corresponds to the amount of energy in the fluid when it is perturbed minus the amount
in the unperturbed medium.

A = A(perturbed flow) — A(unperturbed flow)
(H +Cy + XC; + vC3)(perturbed £.) — (H + C; + AC; + vC3)(unperturbed f.)

where A and v are real numbers.
For the computation, it is equivalent to consider the following .A:

A = H+C+ACy+vCs
= [[ 3099 + 19X + 5 + C(q) + M+ v

By definition of the basic state, the first variation of .4 must be zero:

SA = 0
- / 8V - Vb + 6V - Vx + héh + C'(q)8q + A6k + v6A

- /5q(_¢+0') +6AW - x) + 8h(h + A — 9)

That implies:

Caw) = 7w =Cc@= [T dn
X = v
h—9 = A

where the bar quantities denote the basic state.
We can choose A = 0 = v which gives for the second variation of A:

A= [(V4) +EVn* + (60 + C" @ G0)*
This quantity is positive definite if and only if:
C'(@) 20
So a profile is nonlinearly stable if
dy

"(q) > = >
C'@ >0 a >0 4)

A is then:
A= [[ 50068 +19x¢ +#) + [ Ga+m - Fa)an,

where 9, X, h and ¢ are disturbance quantities.
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3.1.2 Normed stability
For a stable profile satisfying the conditions (4), if there exist A; and A; such that

v )<oo
=7

) >0 and A, = maz, (4——
=7 dq

1 7 — 1
e < [ @@+n) ~B@)in < hag® forallt

We choose the energy-enstrophy norm such that:

AL = min, (%

then

1 2
lall» = \[/ §(|V1r/1|2 +|Vx|* + h?) + )\22“ with A; <A < X,

Then \ ) B\
la®)|2 < =A(t) = —A(0) < Fllg(0)I
Al /\1 A1

So for a given 3 > 0, we choose § = /30 such that if [|g(0)|lx < & = [lg(B)ll» <
B. That proves Liapunov stability in the energy-enstrophy norm and Arnol'd’s first

theorem.
We are unable to prove Arnol’d’s second theorem for this system.

3.1.3 Pseudo-energy-momentum

The pseudo-energy-momentum is a linear combination of % and M with some Casimirs.
It is a conserved quantity for a steady x-invariant basic flow.

./4 = H—QM"‘Cl
1 : 0
= [[ UV +19x + 1) —alya + h5) + C@)

for all a.

5
/ 5V - Vi + 6Vx - Vi + héh — o(ybg + 6hg—); + h%;x) +C'(q)6q

' _ o _6_)& -8-]3
/5q(—¢—ay+0(q)) X6A + 8h(h — 9 — a %) + azbx

6A

That gives for the basic state:

C'@ = v+oy

=

I
2| x|
o

30

'I\J




For a monotonic profile Q(y) = g(y), there exists a function Y such that y =
Y(Q(y))- So

@ = [ @) +aYn)dn

The second variation of A is:

FA = [6V9 + @V + (@ +C" @60 -2a5h3;—;‘
‘ Ox _ 06x 96y
_ 2 9X\2 " 2 _ 99X 2 2y 90X\
= [V + (650 + O @(60) + (6h— @) + (1 - at)(FD)
This expression is positive-definite if and only if
C"(d)>0and 1-a*2>0
This is equivalent to:
% 4o
L >0 and —1<a<1 5
Q) ~ - ®)

That means that, if there exists an « such that the conditions (5) are satisfied,
then the flow is nonlinearly stable, i.e. stable under finite rather than infinitesimal
perturbations; and no precise information on the basic state is required.

3.2 Axisymmetric steady flow

We consider an axisymmetric steady flow. In cylindrical coordinates, it reads:

_ o= _19% 0x

ur = 0=="% %

_ 0 19

uy = u(r)=-(,;1;/‘)—+;-52£
h = h(r)

3.2.1 Pseudo-energy

H = //%(uf+u§+h2)rdrd9

1
A = HCi= [[S0V98 +19x + 1)+ O(@)
The same procedure as in the x-invariant case gives for the basic state:

C'@g(r) = ()
=0
0

h —

< x|
|

and for the nonlinear stability condition:
C"(@) 20

The normed stability is proved as in the x-invariant case.
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3.2.2 Pseudo-energy-momentum
As in the x-invariant case:
.A = H-aM +C1
1 2 2 2 1, ax
= [[ UV +19xP + 1) - o570 + b)) + €@

for all a.
The 6-invariance gives for the basic state:

2

C'@ = ¥(r)- a—
¥ = 0
F-% =0

oA - /(5v¢)2+(5vx)2+(6h)2 + C"@)(60) — 2a55X

= / (6V¢)2+(65§) +C"(3)(89)" + (6h — aa‘SX 9ox

2 Bl AV s R Y
2+ (o — )(GH)
This expression is positive-definite if and only if

C"(g) > 0 and Ti? —a?>0 (6)

For an unbounded domain, the last conditions (6) must be valid for every r. That
implies that o must be zero. So an axisymmetric steady flow is nonlinearly stable iff

C'@ >0 &2 >0

sisiele,

It means that the pseudo-energy-momentum doesn’t contain more information as re-
gards stability than does the pseudo-energy for an unbounded domain. In the case of
a bounded domain with a limit 7 < L, the condition (6) would become 0 < oo < 1/L.

4 Applications

We use the preceding nonlinear stability conditions for testing different flows such as
jets, shear-flows and vortices. In the case where the flow is not stable, we compute a
rigorous upper bound on the disturbance saturation.

4.1 Stability of jets, shear-flows and vortices

4.1.1 Bickley Jet
We study the stability conditions for the basic state:

u(y) = uosech®(vy) = —g—f




where « is the inverse of the half-width of the jet. This jet is stable by the condition
(7) iff
¥ t+a
"yq—zw(—uw)qyzo (7)
Yy

forast. -1<a<l.

y = U — Uy = uosech®(yy)(1 + 27* — 6v*tanh®(vy))
The last term is positive iff 0 <y < %, for which g, > 0 everywhere. So the condition
(7) is satisfied for 1 > @ > Umez = uo > 0. If not, g, changes sign and so (~u + @)
must change sign for the same y = y,. The only possibility is to take a = ugsech?(7yy,)
but then (—u + a)g, is always negative. So, for v > %, the Bickley jet is not provably
stable under the condition (7).

4.1.2 Shear-flow
We study the shear-flow defined by:
u = ug(a + tanh(yy))
which gives:
¢y = uo(a + (1 +27*)tanh(vy) — 2v*tanh’(vy))

There are two cases:

-for0<y<i:

if @ > 1, then g, > 0 everywhere. So the shear-flow is stable if 1 > @ > Umqez =
Up (a + 1)

if @ < 1, g, changes sign for some y = y, and so (—u -+ o) must change sign for the
same y,. The shear-flow is then not provably stable.

- for v > 3

ifa > 5\"’/—5(”—”:)1/—2, then g, > 0 everywhere. So the shear-flow is stable if 1 > o >
Umaz = Uo(a + 1). )

ifa < #‘iﬁ:ﬂ, then g, changes sign and the shear-flow is not provably stable.

4.1.3 Vortex patch

We study an axisymmetric vortex patch such that:

V3 —p=gqy for r<a
Vi —19p=0 for r>a

in cylindrical coordinates. The solutions are expressed in terms of Bessel functions
([7]). The conditions are the continuity of 4 and 2% for r = a. The solutions read:

_ 900X (a)

V=0t 1K () + h(@)Ko(a)
b= - go11(a)

Iy(a)K;(a) + I;(a)Ko(a)

For such a vortex patch, %’5 is always negative which shows that it is not stable under
conditions (7).

Iy(r) for r<a

Koy(r) for r>a
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4.2 Rigorous bounds on the nonlinear saturation of x-invariant un-
stable flows

The nonlinear stability conditions previously written are used for constraining the
evolution of an unstable flow in terms of its vicinity to a stable flow ([8]). The cases
of unstable Bickley jets and unstable shear flows are discussed. We bound the amount
of eddy energy £ which can go into the waves (gravity or vortical waves) when the
instability takes place by the amount of pseudo-energy-momentum PEM between the
unstable flow and a stable flow (of the same family in practice). For all ¢, we have

ELE

with the total disturbance energy E given by
1
B = [[ 0900 +19x" + 7).

We compare E to PEM:
PEM = [[ 20T+ 19X 41 + O3+ ) - C@) - C'@a - ahy
[[ 30941+ G2+ ca+a) - ¢@ - '@

Loyl
+3(h—aZ)? +5(1 - a)(

I

0x 2
8:1:)

It follows that for all ¢,
E(1 —o?) < PEM

Since PEM is invariant, the rhs provides a rigorous bound on the nonlinear saturation
of unstable flows.

4.2.1 Bickley Jet

We consider an unstable jet given by:

Uy
= ——tanh(y
7 (vy)
ug = upsech®(Fy)

The same formula holds for the stable jet, with oy and u, instead of 4 and ;. In order
that PEM be finite, we must impose the velocity momentum conservation:

’Ujo Ug
ugd; =/udy=>—7=—
/ey 3 ~
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Besides, in order to minimize PEM, we choose: == =1. This gives:

E < ( %)2/(1 (%«%)2)*

[ / DO S ——

+(cosh?(vy) — 1)(tanh(3y)(1 + 27°sech®(7y))
—tanh(vy)(1 + 27 sech®(vy)))/(1 + 29* — 6y*tank®(vy))]

We want to study the gravity-wave like instability s.t. 4 < 1 and 4 = 1 + € are
fixed. For fixed 4 and 1, we compute B for 0 < v < l—_l"_—e and find its minimum value.
Figure 1 shows the stream function for the stable and the unstable jets, figure 2 the
velocity and figure 3 the potential vorticity. Figure 4 shows the minimum bound vs €
in logarithmic scales.

4.2.2 Shear-flow

We consider an unstable shear-flow given by:

Vo= —tip(dy + M + const.)

up = (@ +tanh(Yy))

The same formula holds for the stable shear-flow, with the tildes removed. PEM will
be ﬁnite if const. = 2, const. = ’"2 and 4y = ue. To be stable, uy must be smaller

than ——— . So the instability that we can study is a quasi-geostrophic like instability. We

fixa = 3\2/-5%2—)2 which admits two relevant roots 7, and ... We choose ¥ = 7v.2+€

and vy = v, — 8 with 7, < Ye2. We fix € and compute the minimum of

_ 1w [ [in(eosh(y)) , In2 _ incosh(y) _In2
E = 21—4u%/ [ 7 '”7 2 'r]
+tanh(5y) — tanb())? + g (I L T2 ey

In(cosh In2 2
_ ( ('73/)) _ e +'ysech2('yy))
Y Y

for 6 (note: the B dependence on ug is not relevant). Figure 5 shows the stream
function for the stable and the unstable shear-flows, figure 6 the velocity and figure 7
the potential vorticity. Figure 8 shows the minimum bound vs € in logarithmic scales.

5 Conclusions

The model derived from the full SW model seems to be the minimum model containing
a weak divergent flow (allowing gravity waves) coupled to a slow vortical motion, and
characterized by a quadratic hamiltonian and a good bracket.




Some interesting stability conditions were found for finite amplitude disturbances
to x-invariant and axisymmetric steady basic flows.

Bounds on saturation of instabilities of jets or shear-flows were computed.

However, when a profile is not provably stable, nothing ensures that an instability
will actually develop. To be sure, a perturbation calculation is necessary. A future

work.
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Appendix: Jacobi identity for the weak-wave model
The bracket reads:

(F,G} = / dlF,, G,] + FyV?Ga — FAV?Gh

where
6F

F, = e etc.

That implies that:
UF.G), HY = [ dl{F,G)o HJ + (F,G1nV"Hs — {F,G}aV’Hy

Then
{F,G}, = [F, Gq] + q[Fyq Gq] + q[Fy, Gyg] + thV2GA + FhV2G4A - Fquth — FAV*Gon
[Fy, Gl — Fugla, Go] + Goqla, Fo] + FppV°Ga — G V>Fa + GqAV2Fh — FoaV?Ghy
{F,G}r = qFrg, Go) + alFy, Ghgl + FinV2Ga + FyV2Gra — FaaV2G), — FaAV?Gha
= - qh[q, Gq] + th[q, Fq] + thV2GA - thVZFA + GhAV2Fh - FhszGh
{F, G}A = q[FAq, Gq] + q[Fq, GAq] + FAhV2GA + FhszAA - FAszGh - FAV2GAh
- qA[q, Gq] + GqA[q,Fq] + FAhV2GA - GhszFA + GAAV2Fh - FAAV2Gh

It follows that
{{F,G}, H} + (permut.) =0
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Dissipative Quantum Chaos

by Dean Petrich

working with Ed Spiegel

1 Introduction

In the study of classical chaos, one can distinguish two broad classes: Hamil-
tonian and dissipative. Among other things, Hamiltonian chaos is character-
ized by a conservation of volume in phase space. Dissipative chaos, on the
other hand, is characterized by a contraction of phase space as the system
evolves. This implies that all orbits get drawn to a set of measure zero in
phase space, a set known as a strange attractor.

The study of quantum chaos is the study of the quantum mechanics of sys-
tems that exhibit chaos in the corresponding classical problem. Modulo some
uniqueness problems having to do with operator ordering, there is a way of
quantizing classical systems possessing a Hamiltonian: the Schrodinger equa-
tion. On the other hand, it is not as clear how to quantize a classical system
which has dissipation, and as a result, there has been less work done such
systems (See, for example, Graham (1987)). Here we will simply choose one
such method, explain why it may be a good model for dissipative quantum
mechanics, and use it to study the quantum mechanics of a system that ex-
hibits dissipative chaos in the classical limit. The goal is to see how quantum
mechanics modifies the classical strange attractor: does quantum mechanics
preserve it, smear it, or even destroy it? This report describes the first steps
to answering the question for our choice of dissipative quantum mechanics.

2 The Classical System: a Bouncing Ball

The classical system studied here is that of a bouncing ball. The ball bounces
on a sinusoidally forced platform. Without dissipation, in almost all cases,
the ball would simply gain more and more energy and eventually reach arbi-
trarily large heights. To balance the forcing, we add dissipation not through
inelastic bounces, but through a frictional force. Hence the equation of mo-
tion for the ball is

mZ = —mg+ pz, (1)

where m is the mass of the ball, g is the gravitational constant, and p is the
coefficient of friction. By dividing by m and rescaling z and ¢, we can set all
the constants equal to one. The boundary conditions on the bounce can be
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worked out by momentum and energy conservation and are
Vup = Uplat + Ivdown - vplatla : (2)

where vgoun is the upward velocity before the bounce, vy, is the upward
velocity after the bounce, and vy, is the platform velocity at the time of the
bounce.

The above equation has to be solved numerically, since the platform moves
sinusoidally as a function of time, and therefore the ball generally impacts
the platform at different heights on successive bounces.

The most edifying way to view the output is in terms of maps. Figures
1 and 2 are stroboscopic maps; each time the platform reaches its minimum
height, the position and velocity of the ball is plotted. The maps have a
filamentary structure reminiscent of the Henon map; figure 2 shows an ex-
panded view of a small region of figure 1. This process can be continued,
and the filaments look similar to very small length scales.

3 Dissipative Quantum Mechanics

Before introducing the model for dissipative quantum mechanics, we start
by reviewing some features of Hamiltonian quantum mechanics. Given a
classical system with Hamiltonian H(z,p), the corresponding quantum me-
chanical system that reduces to the classical system as i — 0 is given by the
Schrodinger equation,

. 0Y(z,t
Zh-l/-)—é-z—)‘ = H(m,p)z/)(w,t), (3)
where p denotes an operator, p = —ihd,. Moreover, H must be a Hermi-

tian operator, and hence the order of the terms z and p is important. For
simplicity, from here on we will set & = 1.

The function ¥ is the fabled wave function, and it encodes all the infor-
mation of the system. Note that the equation for 1 is linear, and hence has
a complete set of orthogonal eigenfunctions. Each eigenfunction represents a
state of a given energy, labeled by its eigenvalue. The probability density for
finding the particle at z and ¢ is given by |¥(z,t)|?. Since this is a probability
density, one can use it to define expectation values, as usual. For instance,
the expected value of z, written here as (z), is

() = [ alb(a,b)Pde. (4)

The expected value of the momentum is given by

B = [ 4@ )(=ide)(, )da. (5)
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The dissipative quantum mechanics we intend to study has a similar
structure. (See Kostin (1974), or for other possibilities, see Dekker (1981).)
To motivate the equation, we follow an argument of Kan and Griffin (1974).
They require that the equation have the appropriate classical limit (a par-
ticle experiencing a frictional force proportional to the velocity), and that
the total energy be given by the sum of the kinetic energy and potential
energy pieces. They then note that in the fluid dynamical interpretation of
the Schrodinger equation, where the magnitude of 1 represents the density
and the phase of represents the velocity potential, the continuity equation
is automatically obeyed. Since F = —3V/dz, to get a term proportional to
the velocity in the equation of motion, one can add the velocity potential
to the true potential. The dissipative Schrodinger equation will thus have a
term proportional to the phase in it. To insure that the expectation value
of the energy is given by the kinetic energy plus the true potential, we sub-
tract the expectation value of the velocity potential, the phase. Thus we
find that if the classical evolution has the form of a Hamiltonian piece plus
a friction term (like the bouncing ball problem above), the equation for the
wave function time evolution is

W = Hp + p(¢ — ()9, (6)

where ¢ is the phase of the wave function, 1» = Re*®. Note that it is non-
linear, so there is coupling between different energy eigenstates of the zero
dissipation problem.

For the problem at hand, the equation of motion for 1 is

e = — s+ 929+ (6 — (9))0. ("

There are two boundary conditions. The first is (2 = zp1as(t),t) = 0, where
Zplat(t) is the platform height at time ¢. The second we will take to be ¥)(z =
L,t) = 0, which physically represents putting a lid above the ball at height
z = L. We can put this lid so high that classically it makes no difference
for low energy bouncing, as studied here; it is included in the quantum
mechanical case only to make the problem easier to solve numerically.

4 Results

Equation (7) was studied numerically using a Crank-Nicholson, finite differ-
ence code. Some results are shown in figures 3-7.

Figure 3 shows the evolution of the probability density ||? as a function
of time for the zero dissipation, zero forcing case. In the simulation, ¢ = 10.
The simulation shows one “bounce” of the quantum-mechanical ball.
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Figure 4 shows the evolution of the expectation values (z) and (p.) as a
function of time for the zero dissipation, zero forcing case. One case see that
the quantum ball “bounces” five times. Note that the evolution is not quite
periodic, as it would be in the classical case.

To see the effect of including the dissipative term, figure 5 shows the
evolution of the expectation values in the zero forcing case. The expectation
values indicate that the quantum ball begins to drop, but reaches a terminal
velocity as in the classical case.

Figure 6 shows the evolution of the expectation values of z and p, in the
case with both forcing and dissipation: here g = 10, p =1, m =1, A =3,
w = 20, where the plaform height is given by z,1.¢(t) = Acos(wt). Thisis nota
stroboscopic map. It simply shows the evolution of the expectation values for
a short time. One can see that the quantum ball bounces, but it meanders
around even as it moves away from the platform, since the wavefunction
interacts with the wall all the time, as opposed to the classical case.

Finally, in figure 7, we show the stroboscopic map of the expectation
values, with the same parameters of figure 6. This is the quantum mechanical
analogue of figures 1 and 2; there we plotted z and z, here we plot (2) and (p.).
The straight vertical line is the mean platform height. The straight horizontal
line represents a transient; this is the ball dropping from its initial condition.
The simulation has been run for times long enough for the transients to
decay, so any structure of an attactor should be apparent. One can see that
the structure of the classical strange attractor is totally destroyed for this
choice of parameters. Unfortunately, these parameters correspond to the
strong quantum limit. By taking g and m larger, the quantum mechanics
should approach the classical limit, and figure 7 should look more like figure
1. Moreover, the stroboscopic map of the expectation values is only the first
step towards a characterization of a quantum mechanical “strange attractor.”

5 Future Work

One possibility for further study has already been mentioned; i.e., take the
parameters m and g to be very large and study the quantum mechanics to
see if the classical limit is reproduced, at least for short times.

Another direction for future research is to try to answer the general ques-
tion of what chaos should look like in a dissipative quantum system, or for
that matter, any partial differential equation with both forcing and dissipa-
tion. The idea is the following: in the classical case, we have a one degree of
freedom system, and we can use all the standard lore of nonlinear dynamics
and chaos. In the dissipative system studied here, all orbits are drawn onto
strange attractors. The quantum mechanical case really represents an infi-
nite degree of freedom system, as can be seen by, say, projecting the wave
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function onto a complete set of eigenfunctions and writing the dissipative
Schrodinger equation as a set of evolution equations for the coefficients. Is
there an attractor in this function space, the analogue of the classical strange
attractor? Unfortunately, this is a truly difficult problem; turbulence is an
example of this type of system! Perhaps there is some simple model for which
it 1s tractable.

Lastly, it should be possible to study this system using the method of
periodic orbits. The periodic orbits of a classical chaotic system are dense in
the set of all orbits, and as such, can be used as a “basis” in which to expand
any orbit. This technique can be used to calculate quantities in classical
physics, but in fact, the classical periodic orbits also can be used to calculate
quantities in the corresponding quantum mechanical system, too. Using the
classical maps shown in section 2, the periodic orbits of the classical system
can be determined, and can be further used to calculate any quantity of
interest in the classical or quantum mechanical system.
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MOISTURE AND AVAILABLE POTENTIAL ENERGY

Kyle Swanson
1993 Summer Study Program in Geophysical Fluid Dynamics
Fellow Project Report

1. Introduction

The concept of available potential energy (APE) is fundamental to any understanding
of instabilities in the Earth’s atmosphere. It encompasses phenomena of varying scales;
for example, the synoptic-scale eddies which dominate the variability of the extra-tropical
troposphere owe their existence to the APE stored in the pole to equator temperature
gradient, while on a much smaller scale, buoyancy driven plumes in the planetary boundary
layer owe their existence to the APE in an unstable temperature/height profile.

Recently, Shepherd (1993) has shown that a common understanding of APE for a wide
variety of systes can be obtained by considering the underlying Hamiltonian structure of
those systems. A conserved quantity called the pseudoenergy can be constructed from
a combination of the Hamiltonian of the system together with its Casimir invariants,
and under certain restrictions can be used to construct bounds on the APE available to
a disturbance. This generalization is extremely powerful, as it allows one to construct
rigorous upper bounds to disturbance energies, which complement the more usual upper
bounds calculated by adjustment arguments, in which it is supposed that an unstable flow
evolves to some final stable (or neutral) state.

One system in the atmospheric sciences where APE has historically played a large role
but the underlying equations are not Hamiltonian is that of non-adiabatic moist convective
dynamics. Traditionally, this system has been studied using parcel dynamics (Thorpe, et.
al. 1989), in which the fluid is seperated into two different entities, namely an infinitessi-
mal parcel and the surrounding fluid environment. The parcel is then assumed to evolve
without effecting that fluid environment, which allows for a considerable simplification of
the dynamics, and also allows for the construction of an APE for the individual parcels, a
quantity known as the convective available potential energy, or CAPE.

This approach, of course, has the draw-back that it is a parcel theory, and in neglect-
ing the feedback between parcel and environment it throws out much useful information.
Hence, it would be intriguing if it were possible to extend the methods obtained from APE
considerations in a Hamiltonian framework to moist convective systems.

- The outline is as follows: First, we will review the Hamiltonian theory of dry, 2-D
Boussinesq convection, emphasizing the ideas behind the construction of the APE. We
then will quickly review Lagrangian parcel dynamics, and finally, will attempt to extend
the Hamiltonian APE concepts to the moist convective case.

2. Hamiltonian bounds and APE: A Boussinesq example
The two-dimensional, non-hydrostatic, dry adiabatic Boussinesq equations can be writ-
ten
Du Pz

_.b_?_ Po
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Dw _  p. g8

Dt = po o M)
U +w, = 0

Dé

i = 0.

The notation is standard, with 8 the potential temperature, and 6y a constant reference
value.
As the velocity is nondivergent in the z — z plane, we can introduce the streamfunction
9 defined by
U= ¢zs w= —¢z; (2)

it follows that D/Dt = 0/0t + 0(v, -), where 3(f,9) = f.gz — g.f+ is the two-dimensional
Jacobian operator. The pressure can the be consequently eliminated by the introduction
of the vorticity w = u, — w,, which reduces (1) to

%‘;—’—a( 90) %g—o 3)

We shall consider these equations in a simply connected domain D with the nonpenetrative
boundary condition

¥ =0 on dD. 4)

a. Hamailtonian structure
The dynamics described by (3) conserves the integral

= [ [ {3iver -5 o o | 0

Evaluation of the functional derivatives of H with respect to w and 6 shows

§H = // {w v&p—-—- }dmdz 6)

=//{¢5 }da:dz

where the second expression follows from integrating by parts. It follows immediately that

H “6H g9z
E - _¢) ﬁ - 00 (7)

If we then consider the Poisson tensor
_ [ —0(w,-) 0(8,")
J‘(—m&o 0 (®)

it follows that we can write (3) in the form

o, o
-é?' = J‘J 5Uj (9)
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where u; = w and u; = 6. If J displays the properties of a Poisson tensor, i.e. skew-
symmetry, Jacobi identity, etc. then (9) is a continuous Hamiltonian system. Proof that
J in this case actually satisfies such properties is given in Benjamin (1986).

In addition, the Poisson tensor for this case happens to be singular; there exists a class
of functions, the Casimir invariants C, that span the null space of J, vz

7. oC

Jéuj

= 0. (10)

for arbitrary C, for which

§C i,
= =0, =5 =C'0). (12)

(There is another Casimir for this system as well, namely [ [, wC(0)dz dz, but this will
not come into play as we are considering disturbances to a resting state.)
To construct the pseudoenergy, consider disturbances to a resting, stably stratified

basic state

u=w=0, 6 = O(z). (13)
C then must satisfy
L (14)
66 66
which immediately implies
¢ Al A
C'(8) = gz/60 <= C() = ag- Z(6)dé. (15)
o

Note that ©(z) stably stratified (i.e. increasing with height) defines the function Z(")
according to z = Z(©). This can be seen by considering the second variation of the
functional ‘H + C, which shows immediately that the condition for this state to be and
extremum is 8>C/86* = £0z/96 > 0.

The pseudoenergy is then considered to be a functional of the form

A[u] = H[u] — H[U] + C[u] — C[U] (16)

where U is the stable reference state, which in this case is U = (0,0(2)), and u is a
disturbance state. Note that A is an exact invariant of (9), as it is composed of exact
invariants. The APE is defined to be the non-kinetic portion of this pseudoenergy.

For the reference state outlined above, it immediately follows that

A= / /D { %'V¢12 n /0 e 9[Z2(©0+6) - 3(@)]dé} dz dz, (17)

implying the integral over § represents the density of APE, as desired.
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b. Simple Ezample
Consider the steady, statically unstable initial profile

60 = ~ €% w® =0 (18)

in the domain z € [-L/2,L/2], z € [-H/2,H/2], where € > 0. Now, consider an infinites-
simal disturbance (§1),w®)) to this profile, implying

9 =60 460, w = w® 40, (19)
We can now consider (19) to be a finite amplitude disturbance to some stable basic flow

U = (@, 0); if we take
6o

= —I—{-6z; Q=0, - (20)
where § > 0, then the pseudoenergy will be
12 g [Bld)z§
= = = -df 3 dz dz. 21
A //1){2|V¢|+900 6 v (21)
Carrying through the 6 integration yields an expression for the APE:
gH?L (e + §)*
APE < 9 R (22)
This is minimized by choosing § = ¢, giving the final bound for the APE, viz
2
APE < gHGLe. (23)

The important feature to note from this simple calculation is that APE is in a sense
a spatially integrated measure of how far each parcel is from its “rest” position given by
the choice of the stable state. This idea will become important when we consider moist
convective dynamics, where degeneracies will appear that we will be forced to deal with.

3. Lagrangian parcel dynamics: Moisture and CAPE

The addition of phase changes of water and the associated latent heating complicates
the theoretical understanding of convective instability immensely, as the effective stability
of the fluid to vertical motions depends on the sign and magnitude of the vertical displace-
ment of the fluid. In order to deal with this complexity, the “parcel dynamics” approach
to moist convection was formulated. This parcel theory relies on an abandonment of the
continuum hypothesis to replace the fluid by two distinct entities — the parcel and the
undisturbed environment through which it moves. This assumption allows one to neglect
the perturbation pressure forces on the parcel, and reduces the original partial differential
equations for the entire flow to ordinary differential equations for the parcel.

An important offshoot of parcel dynamics has been the concept of the convective avail-
able potential energy (CAPE) of a moist atmosphere. As its name would suggest, CAPE
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is a measure of how much energy is available for a parcel to release as it udergoes vertical
motion, but it differs from the more traditional concepts of APE as outlined in section 2,
as the parcel must meet certain conditions in order to have access to the APE.

The equations of motion for the moist convective system are very similar to those for
the dry adiabatic system outlined in section 2. The only change is in the equation for the

potential temperature, viz

_D_9 | kw saturated motions (24
Dt 0 otherwise )

In other words, the potential temperature of the parcel will change only if the parcel is
saturated, which will usually coincide with rising motions. It follows immediately that if
a parcel is rising, it will heat up and has the potential to become more bouyant than its
surroundings, leading to an instability.

For the simple thermodynamic systems such as those that will be considered below,
we will be considering the saturation moisture profile to be simply a function of height z.
Hence, we can define a CAPE appropriate to our model simply as

CAPE=Z [ (8, - 8.)dz (25)

6o Jz :
where z; and z; have the same meaning as above, and 8,, 8. are the parcel and environ-
mental potential temperature profiles, respectively. The CAPE has the basic geometric

interpretation shown in Figure 1:

zA C

e/ CAPE

InputEnergy g
LFCp-=------ \t‘ - B ~—— Environmentsl Potential Temperature Profile
LCLp-=-===-=-- 7 — Parcel Potential Temperature Profile
A —

8

Figure 1: CAPE as defined for the simpler thermodynamic systems herein. Note that
A, C are stable equilibrium points and that B is an unstable equilibrium point of the
Lagrangian dynamics.

In Figure 1, the parcel undergoes dry (constant 6) motions until it becomes saturated at
height LCL, and then begins to warm by the latent conversion of moisture into sensible
heat. At height LFC, it reaches a level where it has the same bouyancy as its surrounding
environment, and any further upward motion allows the parcel to tap into a source of
potential energy, as the latent release of heat as the parcel rises warms it at a rate exceeding
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that of the lapse rate of the environment. The shaded area in Figure 1 then represents the
amount of kinetic energy the parcel will have when it reaches point C, where it again is
neutrally bouyant. It can be seen immediately that points A and C are stable equilibria
for the parcel, and point B is an unstable equilibria. Hence, this type of moist instability
is referred to as conditional, as a certain amount of energy must be supplied to the parcel
to get it to point B, where it can release its CAPE.

4. Generalizations of CAPE to finite amplitude perturbations

As it stands, there are several inherently unsatisfying aspects to the Lagrangian CAPE
as outlined above. Most disconcerting of these is that the theory is a parcel theory — it
does not take into account the effect of the parcel on the environment. Therefore, we would
like a generalized theory of CAPE which would allow us to consider all perturbations to
the moist atmosphere, analogous to that for dry convection as outlined in section 2.

As such, we would like to define an APE for the moist case analogous to the dry APE
defined earlier, viz

APE ~ / /D / "ICG + ') — C(#)|dy’ de dz (26)

where 7 is quantity conserved by the flow, 7 is a stable reference state of that quantity, and
C is analogous to a Casimir. For the moist systems to be considered shortly, the conserved
quantity is

N =6 + m(zsat) (27)

where § is a usual the potential temperature, and m(z,q) represents a temperature per-
turbation due to the moisture within a given parcel, which is a function of the height at
which a given parcel of air becomes saturated.

The quantity m(z,q:) for a parcel requires defining a saturation moisture profile for our
system. This is most simply done in terms of a saturation height, 2z,.:(z,2,t) which is
simply the height at which the parcel’s thermodynamic evolution shifts from dry to moist
adiabatic motion. z.:(z, z,t) can be simply defined as

Zsat(Z, 2,t) = max {z,u:(z0, 20,0), max{z(¢)}} (28)

where zo and 2o are the initial position of the parcel, where this quantity is considered in
a domain z € [-L/2,L/2], z € [-H/2, H/2). This then leaves our conserved quantity as

n==0+k(H/2— z5:) (29)

while the thermodynamic equation is simply

(30)

D8 [ kw 2=z
Dt - 0 2z < Zgqgt-

This condition on the moisture evolution is equivalent to “raining” out all the moisture
above saturation instantaneously, with its latent energy going to heat the parcel.

a. What is a stable basic state?
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One of the requirements for the application of Hamiltonian APE ideas to the moist
non-adiabatic problem is that we can define a stable basic state. As the example in section
9 showed, it was the ability to define that basic state and treat the unstable state as a
finite amplitude perturbation that led to the abililty to construct bounds on the APE.

For the Hamiltonian case, this determination simply amounts to finding whether or
not the basic flow is a true extremum of the pseudoenergy A, which can be calculated by
examining the second variation 624. Such a determination for the Hamiltonian case leads
to a condition for arbitrary perturbations to the flow; in other words, nonlinear stability.

In this moist non-adiabatic case, however, we have no Hamiltonian structure to guide
us in defining a stable basic state. Hence, we must confine ourselves to the case of infinites-
simal perturbations, as well as defining our basic state from other physical principles. The
major point is that we want to use the dry (or moist) adiabatic stability concepts as a
guide.

As such, we define a stable basic state as one which is stable to both dry and moist
adiabatic disturbances. Under this assumption, several facts are immediately apparent:

1. Any state which has the identical dry and moist saturated profiles as a stable basic
state but which is undersaturated will also be stable.

2. Stability depends on the magnitude of the total temperature perturbation 7, rather
than its slope as in the dry case.

These two results indicate that the moist non-adiabatic case is significantly different from
the dry case examined in section 2, so much so that straightforward application of the
Hamiltonian APE of the form in equation (26) is impossible! Hence, we must attempt
another approach, namely reduction to a dry state and then application of the Hamiltonian

APE thinking.

b. Reduction to dry state
In order to reduce our moist system to an equivalent dry system, we must first make

a relation between moist and dry states. To do this, we choose to equate the dry neutral
state 6(z) =constant with the moist neutral state n(z) =constant. It is perhaps best to first
review what assumptions we are making in doing this. From the definition of Lagrangian
CAPE, it is immediately apparent that any type of moist APE will be strongly dependent
on the mean temperature profile of the atmosphere in which it evolves. Lagrangian parcel
dynamics gets around this by assuming that the mean state is fixed. For an atmospheric
case which is strongly stably stratified to dry motions, a logical assumption is that dry
motions (i.e. vertical mixing of §) will be strongly inhibited. Hence, the effect of the moist
convection will be to simply raise the average temperature of the atmosphere, not adjusting
its dry static stability. In a sense, parcels which are warmer by virtue of containing moisture
will quickly rise to the top, but downward motions will consist of slow subsidence. Such is
the case in active convective regions of the Earth’s atmosphere, such as the tropics.
Before we undertake such a procedure, it is useful to lay out our expectations. First,
we expect that the Lagrangian CAPE will represent an upper bound to any CAPE we
may calculate. Why? Simply because it does not take into account any mean temperature
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profile modification. Also, we expect our reduction process to be non-local, that is, it will
have to take into account the entire temperature profile of the fluid. This is again due
to the non-locality of moist convective processes — the mean temperature of the profile is
what determines the accessibility to APE, not the local gradients § gradients, as in the
dry case.

b. Ezample: Straightforward use of adjusted n profile.

As a first approach, we can simply ignore any mean temperature profile feedbacks, and
calculate the APE from the 7 profile just as we would in the dry case. Consider a basic
state consisting of the stable potential profile

60)(2) = %o-az (31)
and saturation height profile
Zsat(2) = 2, (32)

i.e. an initially saturated atmosphere. The stability of our mean state is then controlled
by our choice of the moist adiabatic lapse rate k; examination of

0
H

shows that k£ > « implies instability. Our neutral basic state is k = «; this leaves our
reduced (dry equivalent) problem as

W(O)(z) =60 4 (H/2 = z5a1) (33)

(k - a)90 2

6 (2) = i

red

(34)

which is the identical problem considered in the example in section 2 if we equate ¢ = k—a;,

which gives the result for the APE of
gH?L(k — a)

APE = 6 (35)
This can be compare& to the Lagrangian CAPE for the whole domain, which is
g H/2 Y
CAPE = 2 / /D / (k - )7 d7' dz dz (36)
0 z
H2L(k —
gl (6 ®) (37)

As is clear from the above, straightforward application of the “adjusted” profile gives
a result identical to the Lagrangian CAPE. Is this true in general? No. An easy example
would be to consider a situation where the atmosphere is saturated for z < 0 and completely
dry for z > 0. For such an example, the equivalent dry APE is larger than in the case
examined here, but the Lagrangian CAPE is somewhat smaller. Examples where the
Lagrangian CAPE is larger than the APE are also easy to come up with.
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Note that we expected the Lagrangian CAPE for the whole domain to be an overes-
timate of the APE available for a moist diabatic disturbance, so it is natural to ask if a
correction can be made to this. The answer appears to be no, as doing so removes us from
the realm of direct analogy with the dry Hamiltonian case. In addition, the example above
showed us that the relationship between Lagrangian CAPE and the equivalent dry profile
is not well defined. It appears that a reduction procedure cannot be done rigorously (or
even consistently, for that matter), and as the above indicates, the whole question is not

well posed.

c. Comments
Some observations about this whole procedure are immediate:

1. Moist convective system vastly different from dry. The profile of the conserved quan-
tity does not determine stability — rather the entire temperature profile does.

9. Hamiltonian APE ideas appear not to be able to be consistently applied.

3. Any calculation will in a sense be ad hoc - without Hamiltonian structure as a guide,
it is dificult to see how to proceed. In particular, it is not clear how to work feedbacks

into the problem.

4. Discussion
The question of how to fit the diabatic effects of moisture into atmospheric energetics

has been a topic of considerable theoretical interest for many years. Insofar as moist
processes in the atmosphere are adiabatic, straightforward application of Hamiltonian
methods such as those outlined in section 2 should allow for the proper treatment of
moisture in constructing APE budgets for various atmospheric fluid systems. However, as
has been shown above, the generalization of these methods to diabatic moist convection
is not possible in a rigorous or even a consistent manner. Moisture is and will remain a
significant barrier to a complete theoretical understanding of energetics in problems where

it plays a significant role.
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On Aspects Of Benney’s Equation
Rodney A. Worthing
Department of Mathematics, MIT

Introduction
The PDE under investigation is

u; + uuz + Vizy + pUlzry + Uzger = 0 ’ (1)
—WS$S7F, I/ZO,[IZO,

where u is considered to be periodic in z as an apology for the infinite domain. This equa-
tion seems rich in character and has been derived in several physical contexts including
the flow of thin liquid films (Benney 1966, Topper and Kawahara 1977). Starting from
arbitrary initial conditions, the solutions to (1) often ultimately form pulse-like struc-
tures that qualitatively maintain their respective positions but may or may not “lock in”
to form a steadily traveling pulse train. Should they “lock in”, then numerical simula-
tions and asymptotic weak interaction theory show that the final spacings are not unique
(Kawahara 1983, Elphic at al. 1991, Balmforth 1993). Also as a certain parameter, v, is
increased these states lose stability and interesting perturbative dynamics result. These
dynamics are the focus of this work. By example, the general type of bifurcation is iso-
lated and the responsible mechanism discussed. Though, a general simple theory (like
an extension of weak interaction theory which would reduce the dynamics to simply the
time-dependent positions of the pulses) is, yet, elusive.

With only two parameters (v and p) this equation is actually a nondimensional version

of
ity + iy + Ditss + fiiizss + Mizzzz = 0, —-L<#<l (2)
with . .
i il
V= ——=, = = 3
2 i @)

There are other nondimensional forms but this choice is natural since it necessarily
includes the uy;,, term, as it is required to insure solutions remain bounded for # > 0.
This point follows by inspection of the following energy equation which is valid for periodic
boundary conditions:

oo _ 2 2 _Ll
<G = <us” > = <ug >, < () =2—7r/_r()dz (4)

Also implied by this equation is that the general role of both the wu, nonlinear term
and the u;,, term is simply to redistribute energy locally (a wave-like mechanism), leaving
the overall energetics unchanged. In Burgers’ equation

1
Ut + Uy — VU =0, v >0, = <§u2>t=—u<u§> (5)

it is precisely this nonlinear term that is solely responsible for the development and
propagation of shocks. Likewise, it is solely the dissipative term —u,, that forces all
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solutions to eventually decay away to zero in the absence of an energy source at the
boundaries (as is the case for periodic or u = 0 boundary conditions). For Benney’s
equation, the u,yy, term has acquired the dissipative role but the sign reversal on the uz;
term has turned it into an internal energy source. Indeed, this is the term responsible
for the creation and sustentation of pulses.

Steady Traveling Solutions
In this section we discuss some general features of the steady solutions to (1), construct

a few approximate solutions using weakly nonlinear theory (Malkus and Veronis 1958)
and discuss their stability. Recall that we are ultimately interested in the dynamics after
these solutions go unstable.

Benney’s equation has Galilean invariance. That is, if you have a solution u(z,t) =
U(z,1) to an initial value problem u(z,0) = uo(z) then the solution to the initial value
problem u(z,0) = ug(z) + ¢, where c is a constant, is u(z,t) = U(z — ct,t) + c. Roughly
speaking, lifting up  also speeds it up. Thus, all of the nontrivial dynamics are identical
and occur on the same time scale no matter the Galilean boost. With this in mind we
are free to choose, say < u >= 0, as a restriction on the class of steady solutions we
investigate since all others are obviously related. Such steady u are described by an
eigen-pair {H,c} where u(z,t) = H(§), { =z —ct and

—cH' + HH' + vH" + uH" + H" =0, < H >=0. (6)

As in (Elphick, et al. 1991) this nonlinear eigenvalue problem is solved numerically using
orthogonal expansion techniques.

Unlike both the Burgers and the KdV equations, the zero solution to Benney’s equa-
tion is usually unstable as a consequence of the inclusion of the energy production term
ugp. Instability of the u = 0 solution can be demonstrated by linear theory. Normal
modes of the form

I eikzeiwteat (7)

solve the linear version of (1) provided
c=vk® -k, w=ypk®, k=0,1,2,-- (8)

Notice that the ¥ = 0 mode is always neutral reflecting the fact that < u > is also
conserved by the linearized version of (1). To make things simpler, we consider only
disturbances having zero mean so that the effect of boosting up and down is factored
out. It is clear from (8) that temporal growth of small disturbances is determined only by
the struggle between the u,,; and uzz,, terms with v emerging as the relevant bifurcation
parameter. Due to the discreteness of k, we see that u = 0 is linearly stable if » <1
and linearly unstable if » > 1. Near the marginal point, the least damped disturbance
is a long wave e’ that travels at the finite phase speed of roughly —pu as it grows or
decays. To display this point, Figure 1 shows an initial value run starting with energy
in several modes at a slightly subcritical value of v = .95. Actually to obtain Figure 1
we integrated the full equations and we didn’t start with initial conditions that were all
that small, yet still the zero solution was the long time limit. This will always be the
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case, provided v < 1, as can be shown by energy theory (Elphick et al. 1991). Using the
Poincare inequalities (as adapted for this periodic domain)

<u’> < <ul>, and <ul> < <dl >, (9)

(5) implies
1
—2-<u2>,5 (v-1)<d, > (10)

which shows that < u? > ever decreases until there is no curvature. In a periodic domain,
this means that the solution becomes a constant and since we only admit disturbances
with zero mean, then this constant must be zero as a consequence of the conservation
of < u > by equation (1). Expecting that these linear instabilities saturate forming
equilibrated states, we introduce the expansions

u = eu;+ us+eSug+---
v = v+t (11)
wt = (14+€Ewp+--9)r

where € measures the contribution of a fundamental linear eigen-mode in the equilibrated
27 periodic (in 7) steady state. Plugging into (1) and equating terms of equal order in €
provides the following sequence of linear PDE’s:

O(e) : Lo(u1) = wolur)r — Lo(u1) =0
O(e?): Lo(uz) = wol(uz)r — Lo(uz) = N, (12)
0(63) . £o('ll3) = wo(U3)1- - Lo(’u;;) = Lz(ul) + ngo(ul) + N3

where we have defined

LO = "Voaz:c - ﬂaxx:z: - 6:czz.1: N2 = "%(u%)z (13) '
L, = —v30,; N3 = —(ujuy),.

The first equation, of course, has many solutions each corresponding to a different number

~ of pulses, i.e.

uy =) 4 oce, w=k, wo=pk®, k=1,2,3.. (14)

We know that for small enough € any steady state associated with k > 1 must be unstable
to roughly a ¥ = 1 mode. This is inferred from the linear stability theory of the zero
state which, of course, is the steady state profile limit as ¢ — 0. However, should € be
larger, then it is possible (and apparently the case) that these higher mode steady states
can stabilize, at least for some finite range of v. We therefore leave k arbitrary for now
and continue on to the next order with the reservation that all of the steady branches,
with the exception of £ = 1, must initially be unstable as they branch off the unstable
zero state. Using elementary techniques the forced equation for u, is easily solved,

T {—ikezi(”'k’) + c.c.} = q(k)e?(+5) 1 c.c. (15)
where 6 (12602)
bwo — 1(12k1/2
k) = . 1
0= (12,277 + (6w0)? (16)
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Also note that by the definition of ¢, we have excluded the homogeneous solution when
computing u;. At the next order we find a forcing that would not permit uz to be
periodic, unless we choose

2
Y )
M= s M T T e (17)

from which we can calculate the approximate amplitude and speed of the resulting steady
state,

€= \/(l2lc4 + 3u2k?)(v — k?), c=—pk® + %(u - k?). (18)

So, at least near the bifurcation points in v, Hmax increases linearly with u and as
the square root of v. This compliments the observation of Kawahara (1983), based on
steady states obtained by time integrating (1), that in general the height of the resulting
steady pulse train increases, approximately linearly, with the dispersion parameter y. For
very large u, evidently, a KdV-like balance between the uu, and ;. terms is obtained
for each pulse with the final, delicate spatial arrangements determined by higher order
contributions from the other terms. By considering some integral consequences of (18),
namely

v< (H)? >=< (H"?> and c¢< (H')*>-<HH')>+p< (H")?>=0, (19)

we see any steady solution must satisfy

< H(H')? > |
=7 2
c+ pv <(H)? > (20)
and therefore
Hmin S c+ vy S Hmax. (21)

At first glance the relation (21) hints at the tendency of Hmax to increase with x4 and v
but without more information, like useful bounds from below on ¢(g, v), no such claims
can be made.

For p = 1, Figure 2 shows three of the branches given by (18) (corresponding to
one, two and three pulse solutions) along with some numerically calculated data points
(marked with >*’, 4+’ and ’%’ again) representing the actual range of stable, steady
solutions!. As expected, stable solutions of the two and three pulse type do not ex-
tend down to € = 0 yet the finite-amplitude theory still seems useful as it approximates
these solutions once they stabilize. Next we provide an estimate for the smallest value of
v for which a stable, two pulse solutions exists by doing an approximate linear stability
analysis on the approximate steady states acquired from the weakly nonlinear theory.

The equation governing small deviations from an exact steady solution {H, c} is

vy — cvg + (Hv)e + vvge + pvgee + veeee = 0 (22)

!These points were calculated by solving the eigenvalue problem (6) plus the appropriate linear
stability problem using spectral methods.
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where u = H + v. Our plan is to substitute approximate steady states into (22) and
estimate a stability criterion?. Taking k = 2 and thus introducing

. 1
H(f)=ee®™ + cc., c=—4p+ -2-(1/ -1), e= 2\/(48 + 3u?)(v — 4) (23)
into (22), we see two suitable expansions for v are
v=ete [Z c,.ezinf] , a=0orl (24)

The choice @ = 1 is appropriate since for small enough € we can infer from the analysis
of the zero solution that the instability ought to have the form e¥. We radically truncate
(24) to

v=e" {cleif +c_1 e"if} , (25)

insert into (22), neglect higher harmonics produced by (Hv)¢, and obtain a simple 2 by
2 eigenvalue problem for ¢ from which it follows that H is unstable if

€ < (c+u)?+(v-1)% (26)

For p = 1 the transition according to (26) occurs at » = 4.1. If we include the €3¢ and
e~3¢ modes in (25) we obtain an improved transition value of ¥ &~ 5.1. Both of these
approximations are represented on the 2-pulse branch in Figure 2 by ’o’. These values
should be compared to v & 5.5 obtained from an accurate stability analysis of the weakly
nonlinear approximate state, and v & 5.7 obtained from an accurate stability analysis of
an accurate steady state.

Pulse Dynamics

In this section we discuss the dynamics just after a steady train of pulses go unstable
as a result of increasing the parameter v. For the one, two and three pulse cases, Figure
2 shows where such regions roughly begin by the last point in each of the three sequences
of data shown. In all three cases, the linear stability analysis shows that stability is lost
as a pair of complex growth rates cross the imaginary axis. Direct numerical simulations,
by spectral methods, show that these bifurcations are supercritical with saturation of
unstable eigenfunctions easily occurring in regions just beyond the critical points. Figure
5 displays this type of quasi-steady behavior in the case of three pulses at a post-critical
value of ¥ = 18. The dynamics may be described as repeated attempts to bring in one
more pulse. This ’extra pulse’ appears to move backwards through the pulse train as it
tries to pop up where two larger pulses have been sufficiently separated. The larger pulse
on its left then seems to overtake the ’extra pulse’, but in the process creates room to
its left, inducing another growth. Solutions of this type naturally have two distinct time
scales (the average propagation speed of the group of pulses, and the frequency of the
inter-pulse oscillations) and so cannot appear steady in any reference frame. The resulting

20f course, any approzimate solution must really be unstable according to the ezact equations, but
by assuming (6) to be satisfied, whether it is or not for our particular choice of { H, ¢}, we seem to arrive
at a somewhat robust stability problem (22) in which approximate steady states can be meaningfully
analyzed.

261




u(x,t) will be a periodic function in space and most likely only an almost periodic function
in time. By using weakly nonlinear theory we can provide a fairly simple representation
of these time-dependent solutions. We take the three pulse case as an example. At its
point of bifurcation, v &~ 17.324 (for u = 1), H along with the eigenvalues coming from
the associated linear stability problem (22) are plotted in Figures 3 and 4, respectively.®

We expand near this solution by carrying out a weakly nonlinear calculation that also
provides a description of the time-dependent approach to the final quasi-steady state. As
before we set u(x,t) = H(£) + v(£,t) where {H,c} satisfy (6) and therefore v satisfies
the complete version of (22),

1

L(v) = ’5(”2)6 where L =0, — cO¢ + O¢;(H-) + v + pOgee + Ogeee.  (27)

We expand in the following manner

v = en+ev,+---

t = 7+edr=74T

Vv = I/0+62I/2+"° (28)
H = H0+62H2+"'

¢c = cotelert

with vy, ¢o and Hp being the marginal values eluded to earlier, and obtain the sequence

(vl)‘r - Lo(vl)
(02)7 - Lo(Uz)
(v3)r — Lo(vs)

0
—3(v)e (29)
—L(v1) = (v1v2)e

O(e) : Lo(v)
O(€?) :  Lo(vz)
O(€®): Lo(vs)

o
o

where
Lo = 8,—codg+0¢(Ho-)+voDee+pdece+Ogeee and Lo = Or—c20¢+0¢(Ha:)+v20¢¢. (30)

Consistent with the O(e) equation, we take v; to have the form of the marginal Hopf
mode, so that

vy = A(T)¢(€)e” + c.c.  where Lo(4) = iwd, weR. (31)
The O(€?) equation is a well set BVP for v; and so the amplitude evolution equation
< ¢ > Art < ¢'(nadee + (Hr)e — cade) > A+ < ¢'(Bo+ag")e > |A'A=0 (32)

is obtained at O(e®) as a solvability condition. The two functions «(£) and B(¢) originate
from the particular solution for v, and are determined numerically by the solving the
BVPs

Lo(a) — 2iwa = ¢¢¢  and  Lo(B) = (¢¢”)e. (33)

Also, just as {iw, ¢} is an eigen-pair of the operator Lg, {iw, ¢!} is an eigen-pair of the
adjoint operator Lf) and its existence has been verified numerically. In this formulation

3As evident from Figure 3 we have not consistently required < H >= 0.
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we are free to choose v, from which €, ¢; and H; are calculated from (6). The quasi-
steady field predicted by these calculations at ¥ = 18 is shown in Figure 6 and should be
compared to Figure 5. We have yet to check whether the quantitative discrepancies are
within the expected accuracy of the theory.

Appendix
In this appendix we explore numerically a class of steady solutions to

Up + UUy + VUgg + AMlgrze = 0 (34)
with the fized boundary conditions u(+1) = F1 and, if A # 0, u,(+1) = 0. The purpose

is to provide another simple setting in which comparisons with the more familiar Burgers
equation can be made. Consider the cases:

e )\ =0, and a range of negative v (Burgers)
e v =0, and a range of positive A (Figure 7)
e A =1, and a range of positive v (Figure 8).

Simple tanh solutions exist for the case A = 0, and so as v approaches zero, these station-
ary fronts steepen and always maintain their monotonicity. When the —u,, dissipation
is replaced with .., we see the same general steepening of the front as X is decreased,
but we also see an additional oscillatory feature that appears most significant very near
the shock interface - see Figure 7. Profiles quite different from these are shown in Fig-
ure 8. Those having more oscillations are associated with larger values of v, a feature
reminiscent of the periodic pulses. A remarkable feature of this class of profiles is that
drastic changes in amplitude occur during the transitions where the number of oscilla-
tions increase. Figure 9 and Figure 10 are intended to display this point. Figure 9 shows

‘this entire class as a surface plot, but perhaps Figure 10, by simply plotting the global

measure < u? >, shows this transition phenomenon most clearly.
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Coherent Structures and Homoclinic orbits

N.J. Balmforth

In the physics of fluids, the dynamics of coherent structures plays a central role.
These localized objects appear in laminar flows and persist in turbulent states. In some
situations the coherent structures take the form of solitary waves, and this lecture reviewed
recent experiments observing the formation and interactions of such ob jects. It further
described the derivation of approximate equations modelling these objects, and discussed
the connection between the solitary wave solutions of such equations and the orbits of a
dynamical system. Finally, aspects of the theory of pulse interactions were mentioned.

Coherent fluid structures

The concept of a solitary wave, though widespread in physics nowadays, originated
first in fluid dynamics after Russell’s historic observation of a coherent, propagating struc-
ture in the Edinburgh canal. Since that observation, the notion that fluid motion often
organizes itself into localized states permeates modern fluid dynamics. In this lecture, spe-
cific examples occuring in binary fluid convection and on a falling fluid film were described
in some detail.

In binary fluids, sequences of experiments in thin annuli clearly demonstrate the cre-
ation of localized states of travelling convection.!? These states consist of a compact pat-
tern of rolls whose envelope moves around the annulus. In many cases, several such “con-
vective pulses” coexist within the annulus, and this leads to an experimental visualization
of pulse dynamics, which which range from steady interaction to temporal chaos.

In falling fluid films, solitary structures also occur. These are visible in drying paint
and on windows on rainy days. They arise through the linear instability of a film of uniform
thickness which grows to a finite-amplitude state of a sequence of propagating solitary
waves.3 These sequences are described by certain solitary wave speeds and particular pulse
separations, and can generate spatially disordered patterns. Other states take the form of
a succession of rippled, hydraulic jumps.

Model equations
The solitary structures observed in systems like the binary fluid convection occur

near the Hopf bifurcation of a spatially extended (one-dimensional) system. In this cir-
cumstance, the equations governing the fluid can be asymptotically reduced to a complex
Ginzburg-Landau equation governing the spatio-temporal evolution of the envelope of a
single wave packet.?

A simple example of a system reducing to complex Ginzburg-Landau near marginality
is the partial differential equation,

Btu+u3,u+8,2u+,u633u+(9,4u+au =0 , (1)

where p and « are parameters. This equation arises in studies of falling fluid films® and
in plasma instabilities. For a film, u is the surface displacement about a uniformly thick
state, and a is normally zero, but here we vary it continuously through positive values to
precipitate a Hopf bifurcation.

The equilibrium state u = 0 bifurcates to instability for a = 0.5. If we expand about
this critical state, @ = 0.5 + 2oz, and introduce stretched timescales and lengthscales,
then equation (1) can be decomposed into a set of equations of successively higher-order
in e. Applying solvability conditions at each order eventually yields the Ginzburg-Landau
equation,

8.A=pBA+ D3*A++|APA (2)

for the amplitude of a propagating wave packet. Here, 7 is the slow timescale on which
the amplitude evolves and ¢ is a corresponding (long) length scale, and the quantities S,
~ and D are complex coefficients depending on p and a;.
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The complex Ginzburg-Landau equation is known to have solitary wave solutions that
take the form of pulses or kinks.® The former kind of solutions can be comfortably fitted
to the experimental data derived from binary fluid convection.? Pulses undergoing fission,
briefly coherent pulses and spatio-temporally complicated states are more interesting solu-
tions to the complex Ginzburg-Landau equation.? All three appear to have experimental
counterparts.

Pulses and homoclinic orbits
In a partial differential equation like (1), the propagating, steady solutions take the

form, u(z,t) = U(z — ct) = U(x), and satisfy the ordinary differential equation,
U" +uU"+U' —cU+U?/2=0 , (3)

which arises from (1) on setting « = 0 and integrating. This equation can be viewed as a
dynamical system whose flow in the phase space, U = (U,U’,U"), defines a velocity field,
V = U'. The divergence of the velocity field is —u indicating that, for p > 0, the flow is
volume contracting. Thus the system asymptotically heads towards an attractor of zero
volume, which could be a fixed point, a periodic orbit or a strange attractor.

The various attractors of the system, theircharactersitics and bifurcations can all be
catalogued to find the many kinds of propagating patterns which solve (1). Of most interest
are those that approach a state U = constant as x — +0o, for then the time series U(x)
defines a propagating localized solution in real space and time.

The trajectories that follow such paths are special types of orbits in the dynamical
system. They asymptote to the fixed points of the system as “time”, x, runs forward or
back. Orbits that connect the same fixed point are homoclinic orbits; they correspond
to the pulse of the partial differential equation (see Fig. 1). Heteroclinic orbits join two
different fixed points together, and in real space and time, define moving fronts or kinks
(or hydraulic jumps).

These special kinds of orbits arise as a result of various bifurcation sequences, and
they emerge at certain parameter values in (3). A particularly useful feature of these orbits
is that trajectories often spend extended periods of time following them, and this leads us

to analyse solutions asymptotically.”

Figure 1: A homoclinic orbit. The first panel shows the phase portrait of the orbit, and
the second its pulsatile time trace.

x(t)
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Shil’nikov theory and timing maps ) ) )
Except for a relatively short interval of time, the homoclinic solution shown in figure

1, H(x), 1s contained within the neighbourhood of the origin. Here, equation (3) can be
approximately replaced by its linearization and we find the solution

U ~ ae’X + be" X cos(wx +¥) (4)

where o and —p + iw are the eigenvalues of the flow, and a, b and 9 are constants. The
homoclinic connection emerges from the origin O at x = —oo, escapes the vicinity of the
origin, but rapidly returns and spirals back into O at x = oo. Thus

. ape’X X — —00
H(x)= { boe~PX cos(wx + o) X — 0 ) (5)

The two sections of the solution for H correspond to the two invariant manifolds intersect-
ing O (a one-dimensional unstable manifold and a stable two-dimensional manifold).

Nearly homoclinic trajectories typically get caught near the invariant manifolds, and

consequently they “skirt” H(y) during any excursion away from O. Since they generally
do not enter the vicinity of t>f1e origin with a = 0 identically, however, the trajectories
invariably become thrown out from the origin’s vicinity along the unstable manifold after
sEending a lengthy period there. They are reinjected relatively rapidly, however, and so
the solution U(x) takes on the appearance of a train of widely separated pulses.

Because the nearly-homoclinic solutions spend long durations circulating near the ori-
in, but only relatively short periods away from it, the solution can be approximately
escribed by analytical means in the two representative regions. Near the origin we have

solution (4), and away from it, U(x) ~ H (xg) This is equivalent to a matched asymptotic
expansion of the solution. Fora pulse train, the result of asymptotic analysis is a relation
between the successive intervals spent near the origin, or, equivalently, the adjacent spac-
ings between pulses. This can be viewed as a timing map for the pulse train. For certain
ranges of parameter values, this map iterates chaotically, and the result is a sequence of
irregularly spaced pulses.

For widely separated pulses, the map is of the form,’
Zx41 = A+ BZ.sin(Qlog Zx + @) (6)

where Z; = exp(—oAy), Ay is the k** pulse spacing, A, B and @ are constants, and
§ = p/o. The constant A measures the proximity of the homoclinic connection; it vanishes
at homoclinicity.

The map is illustrated in figure 2 for A = 0 in the two cases § > 1 and § < 1. From it
one can construct the spacings of a train of pulses, and knowing the form of a single pulse
then provides a complete, approximate solution.

The map also predicts the bifurcation sequence that generates the homoclinic orbit
(see the insets of figure 2). The fixed points of the map, Zx = Zi+1, correspond to periodic
orbits of (3). When é > 1, the period of one such orbit monotonically diverges at A =0
and then vanishes. In other words, as A approaches zero, an orbit collides with the origin,
annihilates and creates the homoclinic connection. When é < 1 there is an infinite number
of periodic orbits in the map at A = 0. Here a periodic orbit winds into homoclinicity
creating a dense set of periodic orbits most of which are unstable. Thus Shil'nikov’s theor
predicts the existence of a chaotic set and this is the region of parameter space in whic
one expects irregularly spaced pulse trains.

Pulse dynamics
Shil’nikov theory predicts the various kinds of steady solutions of (1) that take the
form of patterns of propagating pulses. Calculations using the partial differential equation
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1) suggfest that temporal evolution often leads to solutions that lock into these steady
states. Then we have an approximate solution

K .
u(z,t) ~ Z H(x — xk) (7)
k=1

where K is the total number of pulses, H(x) is the homoclinic solution and xx locates the
position of the k** pulse. These pulse positions are related by a map of the form

F(Ak)+ F(-Arp) =4 (7

for some function F(A), which for large A reduces to (4).®

In many problems, however, we typically need more information than just a knowledge
of the different kinds of pulse formation is insufficient. For example, we may further need
stability information ancf) other aspects of pulse dynamics. To partially account for this we
can permit the positions of the pulses vary weakly on a slow time: xx = xr(et) = xi(7).

Rather than the map (4), we then find a set of coupled ordinary differential equations,®
F(Ar) + F(=Ak41) = Xk » (8)

which govern the slow evolution of the pulses.

For many partial differential differential systems, this asymptotic description of pulse
dynamics works well. One can then describe the interactions between pulses in a practical
semi-analytical way and advance to consider many-body systems which would otherwise
be computationally intractable. For (Sl , however, this picture is fatally flawed because
pulse interactions are partly mediated by waves and we require further aspects of pulse
dynamics (see R. Worthing’s report). Nevertheless, this kind of behaviour is at times
useful and does point to ways to analyse the multiple solitary-wave solutions in partial
differential equations. :
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Intergyre Water Exchange of Combined
Wind and Buoyancy Forcing

Liang Gui Chen
Scripps Institute of Oceanography La Jolla, CA92093-0230

Water exchange between the subtropical and subpolar gyre is a general feature of the
ocean circulation. Recently, several wind driven theories have been proposed to address
this problem which allow the baroclinic exchange of water between gyres (Pedlosky 1984,
Schopp and Arhan 1986, Schopp 1988 and Chen and Dewar 1993). Chen and Dewar’s
(referred as CD93 thereafter) study shows that the communication (water exchange)
solution is close associated with the baroclinic and barotropic wave interactions and has
multiple solution in purely wind driven case. This study is an extension of CD93 which
includes the additional buoyancy forcing. The communication equation, which allows
the water exchange between gyres, is given as (follow the same notations as CD93):

G1(h1, ha, @)1z + Ga(hy, ho, @y)hos = Ga(ws,, ws,) (1)
where G; and G are defined as

Gl(hl, ho, ¢y) = (1 —2h — hg)(¢y + 2hy + hy — (2h% + h% + 2h1h2))
Ga(hy, ha, dy) = (1 — 2hy — ho)(dy + (h1 + ho)(1 — b1 — ha)) + ha(@y + ha(1 — h1 — ho))
Ga(ws,, Ws,) = Ws, (3hy + ho — 1) — ws by

In which h; and hy are the layer depth and ¢ is the Sverdrup streamfunction (¢, = 7).
The cross isopycnal buoyancy fluxes are w,, and ws,. This equation is the generalization
of the same name equation of CD93. In the limit of the no buoyancy flux, equation (1)
results into two kinds of solutions, the traditional non-communication solution and the
communicating solution of CD93. An analytical solution of this equation with stagnant
third layer condition, has been obtained:
w(h) Zsin~(h
—_ C,ews S (h/c) 2

T 5w+ 2) e @
in which b = hy+hy and w(h) = (7—2w,)(c>—2h%)—2(T+2ws)hv/c® — h2+c*(4w?+12) /7.
The constant C; is determined by the boundary conditions:

w(he) exp [—L sin"!(he/c)] from z =0,h = h,

Ch= -l
YT o(4w? + 12) ws

271




_ g wlh) _ T gn? - =
C’l—[ 1 2(4w§+7'2)] exp | wssm (hy/c)] from z=-1,h=h,

The two group of solutions, each associated with the eastern or western boundary con-
ditions, merger at the middle of intergyre boundary, and form a piecewise smooth com-
munication solution. The multiple solutions of the purely wind driven case disappear
even with infinitesimal buoyancy flux.

The buoyancy effects on the communication problem can be explained by studying
the second layer mass balance, derived from eq. (1) with stagnant third layer:

hm(_uc) = hm(¢y + h1h2)/h1 = Ws (3)

Eq. (3) is a B-convergent/divergence balance equation. The term h;(= v;) represents
the second layer meridional velocity, ¢, represents the eastward Sverdrup transport and
hihy the westward baroclinic wave speed (CD93). The w, is the vertical buoyancy
flux entering (or leaving) the second layer. This equation states that the horizontal
divergence is balanced by the vertical buoyancy flux.

Figures-1,2 illustrate this convergence/divergence concept. The IGB is divided into
three different sections. Near the eastern boundary, the Sverdrup transport ¢, is almost
zero while the baroclinic wave speed h;hs is non-trivial, this results in a finite value of
uc. For small wy, it means weak horizontal convergence and small meridional transport,
hy = v, and thus almost flat thermocline. Going westward, the barotropic transport
increases while the baroclinic wave speed barely changes due the small h;. In section
I1, the barotropic transport finally catches up the baroclinic wave speed and results in
near zero u.. Large meridional transport (h,) is thus needed so that the horizontal
convergence —h,u, can balance the vertical buoyancy flux w,. For zero ws, u. becomes
zero which corresponds to the communicating solution of CD93. With large h;, the
baroclinic wave speed increases drastically and keeps in pace with the increase of the
barotropic transport so that the u, remains close to zero. This section is defined as
the communication window in the CD93. Because the maximal baroclinic wave speed
is limited by the eastern boundary condition (Schopp and Arhan [1986], CD93), the
barotropic transport finally overcomes the baroclinic wave speed at the end of section II
(z4), where singularity occurs, and results in the changing sign of u.. In section III, due
to the changing sign of u,, the meridional transport also reverse its direction. Since u,
is no longer small, h, decreases with small ws. In the limit of ws — 0, this corresponds
to the non-communicating flat thermocline.

The direction of the cross gyre transport depends also on the sign of the ws (the

B-spiral concept). In sections I and II, where u,. is negative, cooling (negative w;)
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is accompanied by subsurface southward flow and surface northward flow. This is in
agreement with general circulation patterns where a large volume of warm water is
being transported from the subtropical gyre to the subpolar gyre (in section II) and
results in strong surface cooling,.

Following the same argument in CD93, the interior solution can be obtained by
method of characteristics of which characteristic equations (Luyten and Stommel’s 1986a)
is:

@z_[ﬁl ]h+[q;:]h=—ws (4)

The interior is thus divided into three different regions, the eastern, western and the com-
munication regions. The characteristics equation is thus integrated from these boundary
to the interior (Figure-3, the trajectories of the characteristic). It is found that with no
zero w, , the characteristics equation must be integrated from the intergyre boundary
in order to recover the communicating solution in the interior. The flat thermocline at
the intergyre boundary can not recover the communication flow nor can it satisfy the
communication equation of (1) and thus are incorrect. When buoyancy flux is weak, the
interior flow pattern is similar to that of CD93 (Figure-3).
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Fast dynamos near integrability
Steve Childress
New York University, Courant Institute, New York, NY 10012 USA

In the study of fluid flows with small dissipation, it is natural to consider first a
reduced problem where the dissipation is identically zero. A mnotable case is steady flow
past a bluff body, where the dissipation is viscous and the reduced problem is inviscid
flow. The problem is then to select meaningful solutions of the reduced problem, which
presumably represent the limits of small dissipation, from a generally much larger set of
possible solutions. In our example this might select inviscid flows compatible with Prandtl’s
boundary-layer theory.

A similar problem arises in the context of magnetohydrodynamics, when a magnetic
field is present in an electrically conducting fluid and the magnetic diffusion is small. The
kinematic dynamo theory focuses on a subset of this problem, where the velocity field
u(x,t) is given and the resulting effects on the magnetic field B are sought. The equation
for the latter field is the induction equation,

%——Vx(uxB)—eV’B:O.

We shall assume V - u = 0 so the middle term takes the form u- VB — B - u. The rate of
strain of the fluid thus affects the magnetic field. Tubes of flux can be stretched, folded,
etc. The small parameter ¢ is one over the magnetic Reynolds number, and is indeed
extremely small in stars and galaxies (where the dynamo problem we consider here is of
interest). The reduced equation, € = 0, has the well-known property that the flux carried
by a flux tube is an invariant of the flow. This leads to a compact representation of the
magnetic field in terms of Lagrangian variables of the flow. N

Dynamo theory studies solutions of which grow in time, usually exponentially. If we
identify a maximal growth rate 7. for solutions (by setting appropriate boundary conditions
and maximizing over initial magnetic fields), we say the flow is a dynamo if 7. > 0. We
may then take the limit for small ¢ (perhaps as an infimum limit), to obtain y,. If v > 0
we say u is a fast dynamo. The question then is, can we identify fast dynamos from the
reduced problem, and compute ¥y as equal to the growth rate v(0) obtained from one of
its solutions?

To examine this question in a simple setting, we consider the unit square 0 < z,y <1
and the folded Baker’s map (z,y) — (2z,y/2) or (2—2z,1—y/2), depending upon whether
z is less than or greater than 1/2. This effectively doubles the aspect ration of the figure,
cuts it in two, and folds it back on itself. If we imagine an initial magnetic field (1,0)
the field after one operation, by conservation of flux, is 2sgn(1/2 — y). We thus define an
operator T describing the effect of the map on a field (b(y),0): Tb(y) = 2 sgn(1/2—-y)b(7(y)
where 7(y) = min(2y,2 — 2y) is the tent map.

N iterations of T' on any smooth initial field produce alternating layers of field of
strength +2V, with total flux (if N > 1 exactly zero, while energy grows exponentially. If
small dissipation is added by letting b(y) satisfy the heat equation for unit time between
applications of T, it is not difficult to show that the field does tend to zero for large ¢,
provided that we extend the problem with period 1 in y.
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This suggests that 7y = 4(0) = —oo in this model. Actually this is not true for
other periodic extensions. We can test for other measures of growth by introducing the
inner product (c,b) = fol c*bdy. Let ¢ be a smooth test function and consider (¢, TNb) =
(SN¢,b). Here S is the adjoint map, Sb = b(y/2) — b(1 — y/2). As Bayly noticed in a
related problem [1], the adjoint map has a complete set of smooth eigenfunctions. The
eigenvalue 0 is infinitely degenerate since any function of (y — 1 /2)? is an eigenfunction.
The other eigenvalues are 1/4%,k = 0,1,2,... with eigenfunctions py = y —1,...,p2e4+1 =
a polynomial of degree 2k + 1. Thus 0 is the maximal growth rate. If we require the test
functions to be at least continuous, then p; can be extending to a period 2 eigenfunction of
S. The operator T correspondingly has an eigenfunction in the form of a distribution. In
fact for finite but small e the eigenfunction of the diffusional version of T', for the eigenvalue
1,is fi = e3v'/18¢ _ ¢3(y-1)*/16< ;o4 2. This example shows that the correct measure of
growth used in the reduced problem will depend upon the natureof the problem, here the

periodic extension used.
More reasonable models of fast dynamo action utilize =~ Beltrami waves of the form

u = o(t)(0,sin x, cosx) + B(t)(siny,0, % cosy),

where the - sign gives waves of the same helicity, the + sign of opposite helicity. If
20,28 = 1+ 6 cos (wt), where § < 1, the waves describe a flow close to an integrable one
with helical streamlines. Fast dynamo action in the reduced problem can be investigated
using a variant of Melnikov’s method [2]. The distinguishing feature of this model is the
hypothesis that the magnetic boundary layers of the steady, integrable flow are replaced
by the time-dependent unstable manifolds coming out of each critical point. Based on this
hypothesis an approximate method can be found for determining growth rate as measured
by the magnetic flux in the manifold. If w > 1 this method offers an extension of
conventional laminar boundary-layer methods to nearly-integrable flows with thin bands
of chaotic structure. Numerical calculations indicate that in the dynamo phase of growth
of the field, the most intense field is indeed concentrated near the heteroclinic tangle on
the unstable manifolds.

We have not touched here on the important issue of dynamical equilibration of fast
dynamos, which is controlled more by B? than by weak measures such as flux, and so is
sensitive to the intense small-scale structure of B. .

[1] Bayly, B. , Childress, S. (1989): Unsteady dynamo effects at large magnetic
Reynolds numbers. Geophys. Astrophys. Fluid Dyn. 49 , 23-43.

[2] Childress, S. (1993): On the geometry of fast dynamo action in unsteady flows
near the onset of chaos. Preprint.
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Pressure fluctuations in swirling turbulent flows

by Stephan Fauve
Ecole Normale Supérieure de Lyon, 69364 Lyon, France

Pressure fluctuations in boundary layers as well as in the bulk of fully developed
homogeneous isotropic turbulent flows have been studied for a long time [1-4] and
the pressure field is commonly used as a diagnostic in meteorology. However, to the
best of my knowledge, it has been emphasized and shown only recently that pressure
can be used to locate regions with high vorticity or dissipation in turbulent flows
obtained by direct numerical simulations [5]. It has been known for a long time that
in an incompressible fluid of density p, pressure obeys a Poisson equation obtained
by taking the divergenge of the Navier-Stokes equation,

_ 0 (viv;) _ P, 2 2
Bp = —p gl = Lt~ %), )

where w is the vorticity and o? the squared rate of strain [6], thus showing that low
pressures occur in vortex cores (as expected) and high pressures in regions where the
effect of strain is large compared to the one of vorticity (stagnation points). Low
pressures associated with vorticity filaments were clearly observed in a numerical
simulation of the Taylor-Green flow in reference [5], and we performed laboratory
experiments to check whether pressure measurements can be used similarly as an
experimental tool to study vortical and dissipative structures in turbulent flows. We
did find a surprisingly good agreement with the results of numerical simulations [5, 7]
concerning the (fro ability density function SPDF) of the pressure, which is strongly
asymmetric and displays a long tail toward low pressures whereas the high pressure
part shows a sharper cut-off. The low pressure part of the PDF results from random
pressure drops which are due to vorticity concentrations in the vicinity of the pressure
probe [8]. Let us note that this shape for the pressure PDF is not restricted to the
articular geometry of our flow (see below) but has been also observed since in jets -
E)] We are now studying some statistical features of the low pressure events in order
to get insights in vorticity dynamics in turbulent flows [10].

Von Karman swirling flows

The experimental set-up is shown in figure 1. It consists of a cylindrical con-
tainer, 20 cm in diameter and 19 cm in height, filled with water. Its temperature is
maintained constant with a regulated water circulation. Two co-axial rotating disks
of diameter D = 17.5 cm, at a distance H = 8 cm apart from each other, are rotated
independently by two DC motors at angular velocities ; 2 in the range [0, 1800]
RPM, i.e. [0, 30] Hz for 2, 2/2x. Pressure fluctuations are measured by piezoelectric
acceleration-compensated transducers, mounted flush with the lateral wall. We have
observed no difference on the shape of the pressure PDF when varying the transducer
diameter from 2.5 to 15 mm, although these transducers are all very large compared
to the Kolmogorov length. This obviously affects the high-frequency cut-off of the
pressure spectrurm.

The flows generated between two co-axial rotating disks, known as von Kar-
man swirling flows, are widely studied in fluid mechanics [11]. When the disks are
counter-rotating at the same rate, the flow in the median region of the cell looks
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rather homogeneous when a turbulent regime is reached. As recently visualized ex-
perimentally in water seeded with air bubbles [12], vorticity concentrations in the
form of filaments are randomly generated in space and time. This motivated us to
choose this flow to perform quantitative pressure measurements.

Let us first give several orders of magnitude which characterize our flow. If one
assumes that momentum transfer does not depend on viscosity in a fully developed
turbulent regime, dimensional analysis then gives for the torque, I' o« pL3Q2, which
is known as “centrifugal torque” behavior in the engineering literature. Similarly,
one has for the dissipated power, P « pL3Q?, where L is a characteristic large scale.
Note that these laws do not depend on any particular assumption on the turbulent
flow, but follow from dimensional analysis as soon as v is negligible for momentum
transfer. For /27 = 20 Hz, we have P ~ 100 W, thus the average dissipation per

unit mass €, is € & 4 W/kg. Using n =~ (+%/ 6)1/4, we get for the Kolmogorov length,
n ~ 20um. The integral Reynolds number cannot be defined without ambiguity
except in the large aspect ratio configuration, H < D. X one takes L = 10 cm for
the integral length-scale, and uses L/n ~ Re?/4, one get Re ~ 100000, which shows
that the characteristic large scale velocity is roughly 1 m/s, i.e 0.1 é, QD/2. One can
also estimate the Taylor scale based Reynolds number, Ry, with the relation

=150 < (& 2>~15u(”""*’)2
- Oz - A/

Using the estimate of vy, obtained from pressure measurement (see equation (2)
below), vyms ~ 1 m/s, we get A = lmm. This gives a certainly too large value

R, ~ 1000, which is not surprising since Ry depends on vZ,., which is only roughly
estimated using (2).
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Pressure measurements

A direct time-recording of the pressure is displayed in figure 2. It is clearly visible
that pressure fluctuations are asymmetric with random occurrence of strong pressure
drops. We relate these low pressure events to random vorticity concentrations in
the vicinity of the pressure transducer. Indeed, we have checked that the pressure
signals recorded by two transducers, 1 cm far apart, display no coherence. These
pressure drops are thus localized in space and do not correspond to a depression on
the integral length-scale (or even one tenth of it). ’
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The PDF of p/Q? is displayed in figure 3. It is strongly non-Gaussian with
a roughly exponential tail toward low pressures, due to the random occurrence of
pressure drops. The low pressure tail becomes stretched at higher Reynolds numbers,
i.e. displays a upward concavity in the log-lin plot of figure 3 [13]. It is important to
notice that the PDF's of p/Q? for different Qs (810 and 1250 RPM) roughly collapse
on the same curve, showing that pressure fluctuations are mostly governed by the
integral scale velocity field, i.e. the large scale velocity fluctuations give the largest
contribution to pressure fluctuations, as can be understood from the dimensional
relation )
Prms X PUppyss (2)

(see reference [3] for the value of the proportionality constant in the case of homoge-
neous isotropic turbulence). We checked (2) by measuring the area under the pressure
power spectrum as a function of the rotation rate 2. This leads to a reasonable order
of magnitude, v,yms, = 1 m/s, for Q/27 ~ 20 Hz. Although the high frequency part
of the pressure spectrum may be affected by the large size of the transducers, its
high-frequency cut-off is at integral time-scale, 27 /2, and is well resolved; thus most
of the power is measured by the transducer.
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Two possible models for the PDF of the pressure drops

From equation (1) it is clear that the tails of the pressure PDF, should be
governed by regions with high velocity-gradients. In particular, the low pressure tail
should result from vorticity concentrations. As usual, we have two possibilities to
model this : either the shape of the pressure drops, i.e. of the velocity field of the
filaments, is enough to explain the functional dependence of the low pressure tail of
the PDF, or one should take into account the distribution of pressure drops in time
(or space). Let us first consider the first possibility ; assume that on a ball B of size
r centered on a vorticity filament, we have

/B(w2 —o*)dr 1. 3)

Then Gauss’s theorem and equation (1) give, |Vp| « 1/r, thus

T
p = poLog—, (4)
To
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where r is the distance to the vortex center and rg is some scale larger than the
characteristic one of the filament. The probability w(pgdp of observing a low pressure
in the range [p,p + dp] is proportional to the proba ility of being at a distance r
within dr from a filament, which scales as rdr. The PDF for the pressure drops is

therefore,

1 2p
7(p) x — exp —. 5
(p) o - exp (5)
However, one needs to check that the velocity field of the filaments satisfies (3). As
emphasized by the referee of reference [8], a Burgers vortex (an exact axisymmetric
vortex solution of the Navier-Stokes equation) does not satisfy (6) because of the
existence of a large dissipation around the core of the vortex. It is not obvious that
the filaments in turbulent flows have the same structure, and it would be interesting
to check this on numerical data. However, as said in our note [17] of reference [8], it
is possible to model the pressure PDF with Burgers vortices if one takes into account
their distribution in time (or space).
Let us consider for instance a collection of Burgers vortices, each one stretched
by an axially symmetric strain flow [14]. If the size of their core is ro and their
characteristic vorticity wo, the minimum pressure in the core scales as

Pmin X ("0‘-‘-’0)2- (6)

Now, because of the strain a, wo increases exponentially in time up to a critical value
for which the filament is destroyed [14]. Conservation of kinetic momentum implies

that
ro2wy = constant (7N

during the increase of vorticity. Thus,
Pmin X Wo. (8

Assume now that these vortices are generated at a constant rate; then, at any time,
one has an exponential distribution of wy, and consequently of low pressures. Fluc-
tuations of the strain or of the critical wo at which the filaments are destroyed, would
give a more stretched PDF than the exponential one.

Note that an exponential distribution of ppmin in the direct recording of figure 2
does not rule out the first model, since it is precisely what could be expectef from
filaments sweeping at random distances from the center of the pressure probe. A
PDF conditionned on a given value of pmin Will hopefully discriminate between the
above two possible models.

The high pressure part of the PDF was fitted to (pmaz — p)* in reference [8],
and understood in the spirit of the first model given above. However, a Gaussian
fit is equally good for the tail and even better with the smallest pressure probes. A
Gaussian behavior for the high pressure part is not understood theoretically, even
with a simple model.

Discussion

The low pressure tail of the pressure PDF in this turbulent flow clearly results
from vorticity concentrations in the form of nearly 2D filaments. It has been shown
recently that a Gaussian velocity field gives a skewed PDF but with exponential
tails on both sides [15]. This was also observed numerically for the low pressure tail
[7]. I think that this agreement for the shape on the low pressure side is accidental;
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the Gaussian velocity field does not involve strong vorticity concentrations, and thus
underestimates low pressure fluctuations. For tﬁe high pressure part of the PDF,
the Gaussian velocity field gives a qualitatively wrong prediction, and it would be
interesting to understand why the dynamics imposes a sharper cut-off of the PDF.
Although vorticity filaments do generate the strongest pressure fluctuations,
their role in the energy transfers in turbulence is unclear. Filaments seem to have
been considered as small scale structures of the turbulent flow, leading to question-
able conjectures about their role in direct or inverse cascades of energy. This mistake
probably results from the fact that, according to numerical simulations, their mean
radius was found to be a few Kolmogorov lengths. However, it is fairly obvious that
this does not mean that filaments contribute to the flow kinetic energy mostly at
large wavenumbers; they contribute at all wavenumbers between the integral and
dissipative scales, and certainly strongly at small wavenumbers; as shown by pres-
sure measurements, they involve a large-scale characteristic velocity difference, which
can be easily understood if one considers that they are generated by stretching of a
large eddy. This also explains why the pressure PDF scales as the integral velocity,
eventhough it contains a dominant contribution due to vorticity filaments in the low
pressure tail. It is clear that filaments locally (in space and time) violate isotropy

and the mean Kolmogorov scaling, Av « r!/3; however, further work is needed to
claim that they are the source of intermittency.

I acknowledge P. Abry and C. Laroche with whom I am performir:g the experi-
ments on pressure fluctuations. I have also benefitted from many useful discussions
with B. Castaing and A. Pumir.
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Gulf Stream meandering:
Some physics and some biology

Glenn Flierl, MIT
and

Cabell Davis, WHOI

Simple models of Gulf Stream physics and biology are used to assess the influence of
meandering on the biological populations. For biological dynamics, we use a
phytoplankton—zooplankton—nutrient model. However, such models are rather ad hoc,
and we describe new (for biological modeling) techniques for taking a complex, multi-
component set of reaction equations and deriving a reduced set retaining the essential
aspects. The full model is solved in a zero-dimensional system under appropriate forcing.
The empirical orthogonal eigenfunctions are then used as basis functions for a reduced
model. The projection of the equations on this basis set leads to a low-order system which
can be incorporated into a two- or even three-dimensional model.

Most of the biological activity occurs in the upper part of the ocean, so we must use
some form of mixed layer model in the physical dynamics. We make the assumption that
the upper layer is well mixed and average the equations over the mixed layer depth. When
the layer is entraining, the nutrients tend to be increased, while the phytoplankton and
zooplankton are diluted (under the assumption that these cannot sustain themselves in the
deep water.) In contrast, when the mixed layer is detraining, the material just below the
interface has the same properties as the mixed layer and the properties in the mixed layer are
unaltered. In the summer, the mixed layer depth is fixed by the surface stresses and the
entrainment/detrainment is produced by the upward/downward motion at the base (driven
by the meandering.) We assume that the properties below the mixed layer reach
equilibrium (all nutrients) by the time the water upwells again. The lack of symmetry
between upwelling and downwelling regimes implies that not only do fluctuating flows
lead to time-dependent biological properties, but the average values are changed as well.

For the physical dynamics, we use a 1-1/2 or two layer contour dynamics model. The
1-1/2 layer model can form rings, if the initial perturbation is large enough; however, the
two layer model permits baroclinic instability so that even a small perturbation can grow
into an eddy and pinch off. The vertical velocities are much bigger in the baroclinically
developing meander. The biological patterns show enhancement of the phytoplankton and
reduction in the zooplankton on the northward going branches, as upwelling brings nutrient
into the mixed layer and dilutes the plankton. In the southward branches there is
downwelling, but the flow is strong enough to carry the enhanced phytoplankton down
through most of the meander. The changes in biomass are order 20% and may be difficult
to observe since they are, in reality, embedded in significant cross-stream gradients. Yet
they are large enough to suggest that meandering and eddy formation can be important
modifiers of the biological state.
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Generation of Solitary Waves by External Forcing

by Roger Grimshaw
Department of Mathematics, Monash University, Clayton, Vic 3168, Australia

The forced Korteweg—de Vries (fKdV) equation is now established as a canonical
model for the generation of solitary waves by the interaction of a flow with a topographic
obstacle. In suitable non—dimensional co—ordinates it is

— (A, + DA) + 644 + A+ F,=0 (1)

Py .
Here a?A(x,7) is the amplitude of the dominant resonant wave mode, aF(x) is a
1 .
representation of the topographic obstacle, a?A is the linear long wave speed of the

4 . : . .
resonant wave mode, X = ¢z and 7= ea’t where z is a spatial co—ordinate along the
wave guide and ¢ is time. The system contains two small parameters a and ¢ where «
is a measure of the amplitude of the topographic forcing and €2 is a measure of linear

wave dispersion. The usual nonlinear—dispersive balance holds so that ¢ = af. The fact
. 1
that in the frame of reference of the topography the linear long wave speed is a*A and

4 . - . .
hence O(a?) defines the resonant condition here; in traditional hydraulic terminology the
flow is supercritical or subcritical according as A is positive or negative. Note that in

this resonant system a topographic forcing of O(a) produces a response of O(aj”) .

The fKdV equation has been shown to describe the generation of solitary waves by flow
interaction with topography in a wide variety of physical contexts (see, for instance, the
review by Grimshaw, 1992). We note in particular that it describes the critical flow of a
homogeneous fluid over topography (Akylas, 1984; Cole, 1985; Wu, 1987; and Lee et al.,
1989), or the critical flow o? a density stratified fluid over topography (Grimshaw and
Smyth, 1986; and Melville and Helfrich, 1987), or the critical flow of a swirling fluid past
an obstacle (Grimshaw, 1990), or the resonant generation of Rossby waves by flow
interaction with topography (Patoine and Warn, 1982; and Grimshaw and Yi, 1991), or
the resonant generation of coastally—trapped waves by the interaction of a coastal current
with topography (Grimshaw, 1987; and Mitsudera and Grimshaw, 1990). In general the
fKdV equation (1) is not integrable, although it is Hamiltonian with the Hamiltonian
invariant

Q
H= [ {3042 + 3A2 — 43 — AF} dX (2)

B
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and also possesses the mass invariant f AdX. Solutions must generally be obtained
-
numerically, and so far most interest has focussed on the case of zero initial condition (i.e.
A(X,0) = 0) and isolated forcing when F(X) is typically modelled by a Gaussian—type
function of amplitude Fo' This situation corresponds to the generation of solitary—like

waves by the critical flow over topography, and the key parameters are A and F0 ,

measuring respectively the criticality of the flow and the magnitude and sign of the
topographic forcing. A representative solution is shown in Figure 1 for A = 0 and
F > 0. The main features of this solution are the generation of an upstream wavetrain, a

stationary depression in the lee of the obstacle and a downstream wavetrain. In this
Figure, the obstacle (not shown) is located at X = 86 , and has a half—width of about 3,
while the flow is from left to right. Grimshaw and Smyth (1986) describe a comprehensive
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et of numerical solutions in which the parameters A and F0 are varied. In general, for

subcritical flow when A < 0 the upstream wavetrain is weaker and as A decreases will
eventually detach from the obstacle, while the downstream wavetrain correspondingly
intensifies and eventually as A decreases stationary lee waves form in the lee of the
obstacle. For supercritical flow when A > 0, the upstream wavetrain remains attached
to the obstacle but each wave takes longer to be generated, while the downstream
wavetrain weakens and is swept downstream as A increases.

Grimshaw and Smyth (1986) and Smyth (1987) provide a theoretical interpretation of
these numerical solutions in which the hydraulic approximation is combined with
modulation theory for the periodic solutions of the unforced KdV equation. Consider, for
simplicity, the case of positive forcing (F0>0) and resonant, or critical, flow.  The

hydraulic approximation omits the linear dispersive term (i.e. Am) in (1). It can then

be shown that for critical flow when | A | < (12Fo)% , the hydraulic solution to the initial

value problem is a locally steady flow over the topographic obstacle, consisting of an
upstream elevation A_(>0) and a downstream depression A, (<0) where

— 4
64, = A F (12F )" - - (3)

Within the hydraulic approximation, this steady flow is terminated by upstream and
downstream shocks, both propagating away from the obstacle.  However, within the
context of the KAV equation, now unforced since the constant solutions A+ occur
essentially in the regions outside the isolated obstacle, these shock solutions are not
permissable and must be replaced by solutions of the KdV equation which resolve these
step discontinuities. Such solutions can conveniently be described asymptotically in terms
of modulation theory for the periodic cnoidal wave solutions of the KdV equations,
described, for instance, by Whitham (1974, Chapter 16). The details of this application of
modulation theory are described by Grimshaw and Smyth (1986) and Smyth (1987). Here
we note that the modulated wavetrains range in general from solitary waves of amplitudes
:2A, upstream (downstream) at one end to small—amplitude sinusoidal waves at the other

(see Figure 1), and occupy the respective zones.

A — 4A. < X/7 <min {0,A + 6A.}, upstream 3a)
or max {0, A — 24,} < X/r < A — 124, , downstream. (3b)

Combining there relations with the hydraulic estimates (2) for A, we can deduce that the
upstream wavetrain is attached to the obstacle for —-%(12F0)% < A < (12F0)§ and
detaches for -—(12F0)é < A< —J,~(12F0)% , while the downstream wavetrain is detached
from the obstacle for —§(12F0)% < A< (121”0)‘2L and is attached to the obstacle with
the formation of stationery lee waves for -~(12F0)‘zL < A< —i(lZFo)% . Further, it can

be shown that in the upstream wavetrain each individual wave eventually becomes a
solitary wave as 7 - w , thus leading to the description of this phenomenon as the
generation of upstream solitary waves. Similarly, when the downstream wavetrain is
Qetached from the obstacle, each individual wave eventually becomes a solitary wave.

. . . . . 1
Similar interpretations are available for the non—resonant case, A > (12FO)2 and for
the case of negative forcing, F; < 0.

23+




The fKdV equation (1) combines the ingredients of nonlinearity and linear wave
dispersion with external forcing. In Mitsudera and Grimshaw (1991), we describe a model
which adds the concept of flow instability to these basic ingredients. The model is a
reduction from the two—layer quasigeostrophic equations in which a coastal current can
support a baroclinically unstable wave which is simultaneously resonant in the sense
described above. The model equations are a fKdV equation for the thin upper layer,
coupled to a linear vorticity equation for the deep lower layer, given by, in
non—dimensional co—ordinates,

0
~A,+ DA + 6AA + A FTF 4 [ vU dy =0 (42)
i i -
(gr + Upgg) (B, + 14U) + Q¥ =0 (4b)
where ¢ = 0 at y = -L,0 ‘ A (4c)
and ng = f - Uzyy - ';rU1 . (4d)

Here the two—layer fluid occupies a channel —L < y < 0 in which the basic flow
consists of an upper layer current U‘(y) with Ux(—L) = Ut(O) = 0 and a lower—layer

current 'aUz(y). To leading order the upper—layer stream function is aA(X , 1) Ul ()

and the lower—layer stream function is a2y (X, 7 ; y) . Here a7 is the ratio of the
upper—layer depth to the lower—layer depth, the upper—layer linear long wave speed is
al , oF(X) is a measure of some topographic forcing in the coastline y = 0, X = €z
and 7 = eat where z is a co—ordinate parallel to the coastline and ¢ is the time. The
small parameters ¢ and €2 again measure the amplitude of the topographic forcing and
linear wave dispersion respectively, while here the appropriate balance between
nonlinearity and dispersion requires that a = €2

To determine the linear long—wave stability features of the system (4a—c) we omit the
forcing term (F) , the nonlinear term (6AA and the linear dispersive term (Axxx) in

(4a) and then seek solutions in which A is proportional to exp { ik (X — cr)} whiley =
A¢(y) . We find that

c—A+f_£¢Uldy=0 (52)

U QZ = | 5b
¢yy+71_(6——y'l7;§¢'0 | : (5b)

and ¢ =0a y=1L0 (5¢)

A necessary condition for baroclinic instability is that Q2 y < 0 somewhere, and a typical

instability diagram is shown in Figure 2 where we see the occurrence of a bubble of
instability as function of A. Interestingly the unforced system (4a—) (i.e. F = 0 in
(4a)) has a solitary wave solution A = a sech? { (X — cr)} + d, where a= 22 and
9 = A¢(y) provided that

0
c—I‘+f_L¢Uldy=0 (6a)

and ' = A — 2 —6d, (6b)
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while ¢(y) again satisfies the Rayleigh equation (5b) with boundary conditions (5¢).
Comparison of %ﬁa, b) with (5a) shows that the only difference is that the linear long wave
speed A is replaced by the solitary wave speed ' . Hence we can infer that the solitary
waves exist and are stable except when AU < T < Ap where Ay, < A < 4

defines the instability bubble in Figure 2. But since for solitary waves I' depends on the
amplitude a (see (6b)) and & must be positive (since a = 2P), we can expect that if
unstable solitary waves occur they will increase in amplitude up to a threshold amplitude,
beyond which they stabilize. ~Numerical solutions of the unforced system (4a—c) confirm
this expectation.

When the forcing term (F ) is included in (4a) numerical solutions of the system

(4a—c) by Mitsudera and Grimshaw (1991) show that initially the solution develops into an
upstream wavetrain, a stationary depression in the lee of the obstacle and a downstream
wavetrain, similar to the solution of the fKdV equation (1). Now, however, the baroclinic
instability mechanism contained in the system (4a—c) allows for the possibility that either
or both of these wavetrains may contain unstable waves. In Figure 3 we show an example
of a situation where the downstream waves are unstable, and in Figure 4 a case when it is
the upstream waves that are unstable. In these numerical solutions we put the channel

width L = —2 andlet Ul(y) = (v +4/m) {cos (n/2 (y+1)) + Lsin (7/2 (y+ 1)) }

which describes an asymmétric jet flowing in the positive r—direction. For the
non—dimensional depth ratio we choose 7 = 2.5 (7 + 4/7)71. The forcing term F(x) is
typically modelled with a Gaussian—type function of amplitude F o In both cases the

unstable waves grow in amplitude but simultaneously decrease in speed and eventually
stabilize. Although these waves are only approximately solitary waves the
amplitude—speed relation defined by (6b), together with the criterion that the waves are
unstable only for A v < r < AL , is found to provide a reliable guide to the growth

and eventual stabilization of these waves. Finally we note that Mitsudera and Grimshaw
&19933, b) add the effects of interfacial and bottom Ekman friction terms to the system
4a—c). This allows for the additional feature that multiple steady states can occur which
describe a balance between nonlinearity, topographic forcing, baroclinic instability and
frictional dissipation. Further work on this kind of model is being pursued with the aim of .
applying the concepts involved to the study of the meandering states of coastal currents, or
or to the study of atmospheric blocking systems.
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Solitary waves with oscillatory tails and exponential asymptotics

A by Roger Grimshaw

Dep&rtment of Mathematics, Monash University, Clayton, Vic. 3168, Australia

Solitary waves are traditionally conceived as localized disturbances of permanent
form and propagating with constant speed. = One of the classical prototypes is the
solitary—wave solution of the Korteweg—de Vries equation

u + buu, + u_ =0 (1)
givenby v = u (z — ¢,t) where
u(z) = asech? (yz) (2a)

and c = 20 = 472 (2b)

0

Importantly in the present context we note that in the tail of the solitary wave, as
lz—ct| 2w, v ~4aep(~7 |z~ ¢,t|) . Thus the KdV-solitary wave (2a, b) is a

genuine solitary wave, with exponential decay in the tail regions.

However, it has recently become recognised that so—called solitary waves may not
be genuinely localized and are in fact accompanied by co—propagating oscillatory tails
which persist with non—zero amplitudes (see for instance the reviews by Boyd, 1989, 1990,
who has called these objects "nanopterons"). This situation may occur in a variety of
physical situations including the case of solitary water waves in the presence of surface
tension where a combination of numerical work by Hunter and Vanden—broeck (1983),
Vanden—broeck (1991) and Vanden—broeck and Dias (1992) and analytical work by Amick
and Kirchgassner (1989), Iooss and Kirchgassner (1990), Beale (1991), Sun (1991) and Dias
and Iooss (1993) has lead to the following general picture. In the absence of any surface
tension, there exist solitary water waves of elevation, which can be described by the
KdV—solitary wave (2a, b) in the limit of small amplitude. However, when the Bond
number (measuring the effect of surface tension) is greater than 1/3 , there exist solitary
gravity—capillary waves of depression, which can again be described by the KdV—solitary
wave (2a, b) in the limit of small-amplitude. But when the Bond number lies between 0
and 1/3 there exist two kinds of solitary wave; one kind contains waves of both
depression and elevation with decaying oscillations in the tail region; the other kind
consists of a solitary wave core of elevation accompanied by non—decaying tail oscillations.
It is this latter non—local solitary wave which is the subject of our attention here.

The first step in determining when non—local solitary waves can be expected to
occur is to examine the dispersion relation for small-amplitude waves. For instance, the
dispersion relation for gravity—capillary waves of phase speed ¢ and wavenumber £ is, in
suitable non—dimensional co—ordinates,

2 = ﬂ—*ﬁﬂﬂ tanh k (3)

where 7 is the Bond number. This is plotted in Figure 1 where we draw attention to the
distinction between the cases 0 < 7 < 1/3 and 7> 1/3. Solitary waves are bifurcations

from k=0 at c¢= ® where {0 =1 is the phase speed in the limit k- 0, and always
occur in the opposite direction to the sense of the linear dispersion. Thus when

—
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0<7<1/3 we see that ¢ decreases below c(°) as k increases, and hence solitary

waves can be expected with a speed ¢ > ¢ . Byt from Figure 1(a) it is apparent that
there is now a possibility of a resonance between this solitary wave and a gravity—capillary
wave with a finite wavenumber kr . It is this resonance which produces the

co—propagating tail oscillations for the solitary wave. By cdntrast, when 7> 1/3 we see
from Figure 1(b) that the bifurcation is now for ¢ < ¢{® and no such resonance can occur.

This simple consideration establishes when one can expect solitary waves to be
non—local and accompanied by co—propagating tail oscillations, and also provides an
estimate of kr of the oscillation wavenumber. However, it remains to establish that the

resonance actually occurs, and this requires a calculation to determine the amplitude of the
tail oscillations.  Often, as in the case of gravity—capillary waves, this amplitude is
exponentially small with respect to some small parameter characterizing the amplitude of
the solitary wave core. A typical form for the amplitude is

(slowly varying function of €) exp(—r/2¢7)

where ¢ is the above-mentioned small parameter, and 7 is a physical constant. It
follows that the tail amplitude cannot be calculated by conventional means using, for
instance, power series expansions in ¢ . Instead, the amplitude calculation requires
exponential asymptotics, or "asymptotics beyond all orders" in the terminology of Segur
and Kruskal (1987), and Kruskal and Segur (1991) who pioneered this technique in the
present context. In this short article we outline a refinement of their method using a
model equation as an illustrative example. The method we describe here is similar to the
approach of Pomeau et al (1988) and Byatt—Smith (1991) for the same model equation,
and fuller details can be found in Grimshaw and Joshi (1993). The same method can be
applied to other problems, for instance to solitary waves (Akylas and Grimshaw, 1992) and
to the Kuramoto—Sivashinsky equation (Grimshaw 1992, 1993).

Consider then the perturbed Korteweg—de Vries equation

u, + 6uu + u_ + €u =0, (4)
I T

IZIZT

which has been proposed by Hunter and Scheurle (1988) as a model for gravity—capillary
waves when the Bond number is just less than 1/3. Here we describe the construction of
non—local solitary wave solutions of (4) when the parameter ¢ is small. For solutions
v=u(z— ct) equation (4) becomes

—cu + 3w + u_ + € =0 (5)

IzII

where a constant of integration can be effectively ignored in this context. The dispersion
relation for the linearization of (5) is

c= R + e (6)

The graph of (6) is similar to that of Figure 1(a) and hence we can expect a resonance to
occur between solitary—like waves of speed ¢ > 0 and oscillatory waves of wavenumber

krz e , nhoting that here the long—wave phase speed 0 =g Further, for a given

¢> 0 the solution of (6) for % has two real solutions, and two pure imaginary solutions,
where real solutions correspond to oscillatory behaviour in the tail regions (sz - o) and
the pure imaginary solutions correspond respectively to exponential growth or decay as
|z| » @ . Hence a pure solitary wave solution of (5) would require three boundary
conditions as z- o, and a further three as z- o, leading to an overdetermined problem
since (5) is only a fourth—order differential equation. We can conclude that pure solitary
wave solutions of (5) are extremely unlikely, and indeed the argument which follows
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demonstrates that there are no local solitary wave solutions of (5), at least when €2 is
sufficiently small.

First we seek a regular asymptotic expansion u_ of (5). where

! 0
u ~ L e€"u(r), ¢~
S n
=0

Here u , ¢ are given by (2a, b) and correspond to the KdV—solitary wave, while
u = —5ou + 15u2/2 and ¢ =4a?. The general terms u , ¢ are readily calculated
by a recursion formula (in fact ¢ =0 for = >2). It is found that this asymptotic
expansion u_ contains no tail oscillations, and satisfies the symmetry condition that u(z)

= u(—z) . However, as already noted, the tail oscillations are exponentially small with
respect to ¢, and hence cannot be detected by asymptotic expansions of the form (7). To
find these tail oscillations we observe that U, is singular in the complex z—plane at

g==%(2n+ 1) ir/2y(n=0,1,2 ..), and motivates us to consider the solution
structure near these points. Thus let

T = %—f; +eq (8)
and we then find that
1 2 30 930
usNzg{—q +F—$—+}+0(1) (9)

Next, motivated by the form of (9) we put v = e2z and change independent
variables from z to ¢ using (8). Omitting an 0(¢2) term we get

v + v + 32 =0 (10)
9999 aq

Our aim now is to solve equation (10) subject to a matching condition obtained from (9);
2 30 930 :
~ o= - 2
v z + - F + .., a8 |¢g/l - » in Re(q) > 0, Im(q <(1i)),

and the symmetry condition that Im{v(q)} =0 on Re(q) =0, Im(g) <0. To solve
(10) we use a Laplace transform

v = J ezp(—sq) Ws) ds, (12)
Y

where the contour 7 runs from s = 0 to infinity in the half-plane Re(q) > 0,
Im(q) < 0. Substituting (12) into (10) we obtain the Volterra integral equation

(st + 82) V(o) + 3JS V() V(s=A) d\ = 0 (13)
0

From the form of (13) we can anticipate that V (s) has singularities at s = =i, +2i, ....
(but not at s = 0) and the contour 5 must be chosen to avoid these. Standard iteration
techniques can now be used to establish the existence of a unique solution W(s) of (13).
To construct this solution we first try
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e S2n+1 ) .(14)

n

Ws) =

o8

and substitution into (13) yields the recurrence relation

§2n—lg£2n+6g n-l (2r+1)! (2n2r+1)! _
{ 2n+2)(2n+3 } an + an—l +3 TE:I ar ani—r (2n+3)! =0,

for n =2,3... (15)

where e =-2, a =25. Also substitution of (14) into (12) and term—by—term
evaluation verifies that the matching condition (11) is satisfied. = But as 2 - o ,
a ~ (-1)" K where K is a constant, found numerically such at K ~ —19.97. It follows
that the series (14) converges only for |s| <1 and for |s] 21 on the contour 7, W)
must be determined by analytic continuation using (13). But since e ~ (-1)" K as n-o
we can infer that V(s) has a singularity at s= i where

V(s)z%as‘s*ﬂti (16)

In particular the contour <7 must now be chosen to pass to the right or left of the
singularity at s= 7. To fix ideas we let 7 pass to theright (i.e. 7 liesin Re(s) > 0).

It remains to satisfy the symmetry condition on the imaginary ¢-axis. Further, it
is immediately apparent that with V(s) given by (14) for |s% < | implying in turn the
pole singularity at s = ¢ (16), the expression (12) cannot satisfy the symmetry condition.
The remedy is to add a subdominant asymptotic term to (12) so that now

v ~ J ezp (—sq) V(s)ds + 4 ibezp (—ig + i6), (17)
v .

where b, ¢ are real constants to be determined. Note here that |ezp (—ig)| is smaller

than any power of ¢ 2" as |q| = w in Reg g) >0, and hence this exponential term does
not affect the matching condition (11), and further ezp(—ig) is an approximate solution of
(10), again as |q| - o in Re(q) >0, Im(q) < 0. The symmetry condition is now applied
by moving the contour 7y to the imaginary s—axis, deforming the contour around the
singularity at s=¢. We find that

b cosé = —xK (18)

The final step is to bring the solution v (17) back to the real z—axis using (8). Taking
acc%unt of a corresponding contribution from the singularity at z = —iz/27 we get, in
z 2 ’ '

T
€

b .
U~us+?gezp(—2—;r) sm(%—&), (19)

where we recall that u  is given by (7) and defines the solitary wave core. It is obtained

from the integral term in (17), while the tail oscillation term in (19) comes from the
subdominant exponential term in (17). The expression (19) defines a one—parameter
family of non—local solitary wave solutions of (4), and this result compares well with the
numerical solutions of (5) obtained by Boyd (1991).
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As a final comment we recall that the non—local solitary wave solution (19) is
symmetric, and contains tail oscillations, both as z- o and as r- —w . It follows that
this solution has an energy flux both as z- o and as z - — , and since here the group
~ velocity is approximately 2/e2 (obtained from (6)), this is positive. Hence this solution
can only be generated by appropriate energy sources and sinks as 7-+ —w and z-w. If
instead equation (4) is solved with a localized initial condition, we expect the solution to
consist of solitary waves accompanied by radiating oscillations to the right only. Such
solitary waves cannot be exactly steady since they continue to lose energy to this radiation.
These aspects are discussed further by Benilov et al (1993).
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Figure 1(a): Plot of dispersion relation (3) for 7= 0.2

Figure 1(b): Plot of dispersion relation (3) for 7= 0.35
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Vertical Temperature Gradient Finestructure Spectra in the Gulf of California
Juan A. Rodrigues-Sero, Myrl C. Hendershott

Vertical temperature gradient finestructure in the upper kilometer of the water column in the
Gulf of California was studied by making CTD vertical yoyos lasting a semidiurnal period at
locations ranging from the center of Guaymas Basin (tens of km from coasts and thousands of m
deep) to the shallow sills (a few hundred m deep) that separate Guaymas Basin from the shallow
northern Gulf and over which spring tidal currents are likely to be supercritical with respect to
internal wave speeds. Spring tide vertical temperature gradient (VTG) spectra observed at these
yoyo locations show internal wave levels (defined below) that rise from near open ocean values in
central Guaymas Basin to values about 15 times open ocean values very near the sills. Spring tide
VTG spectra in central Guaymas Basin closely resemble open ocean spectra, being nearly flat at the
lowest wavenumbers k < O(0.1 cpm) and then falling off nearly as k-1. Further towards the sills

the transition between the flat region and the k-1 falloff occurs at smaller wavenumbers, and the k!
region itself terminates with a region of increase towards very high wavenumbers.

The differences in shape between different Gulf VTG spectra and between Gulf and open
ocean VTG spectra are accountable for in a composite model of ocean vertical gradient spectra
which connects the Garret-Munk internal wave spectra (flat at low wavenumbers k) with the
Kolmogoroff and Obukhov Universal spectra (varying as k1/3 at high wavenumber) through an
intervening saturated internal wave region (varying as k-1 between an internal wave saturation
wavenumber kR and a higher wavenumber kgz corresponding to the largest vertical scale at which
overturning can occur). The composite spectral model is largely conventional, the new ingredients

are (1) use of Gregg's recent suggestion that kinetic energy dissipation € has the simple

dependance N2E2 on local Vaisala frequency N and Garret-Munk internal wave level E, and (2)
care with constants in patching the spectra together. In the Gulf of California, where stratification
is primarily determined by temperature, the resulting VTG spectra Frz(k) vary with local mean
vertical temperature gradient Ty’ and with E as:

Frz(k) = (To2) E k* <k <k, (1)
kr = E-1, )
Frz(k) = (To2)/k kr <k <koz, 3
koz =E1 (To2)1A4, 4
Frz(k) = E43 (T(2)53 k1/3 koz <k, (&)

in which k* is a wavenumber corresponding to a low mode internal wave vertical scale.

The scaling (1, 2, 3) with with Ty' and with E (estimated from the low wavenumber part of
the spectra) successfully collapses all the Gulf VTG spectra that have an approximately flat internal

wave region followed by a k-1 saturated internal wave region. The scaling (3, 4, 5) successfully

predicts the wavenumber koz at which the k-1 region terminates, but only qualitatively predicts the
dependance on T,' of VTG spectra for k > koz.

A further consequence of the composite spectral model is an estimate of internal wave
induced diapycnal diffusivity Ky of heat or salt. In the open ocean this estimate yields Ky = 0.15
cm?/s, but in the high internal wave energy region just south of the sills it yields Ky = 34 cm?/s.
This is roughly a third of the value that would be required to completely account for spring-neap
changes in vertical profiles of temperature recently observed in this part of the Gulf.
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On the representation of a magnetic field as vector product of two gradients.

Louis N. Howard

Suppose o and S are scalars evolving according to the scalar advection equation

(%+v-v)(a,ﬁ)=0

and let A = v o X 7 . To show that then A satisfies the induction equation [A; = 7 X(vX A) =
A-7v—v-7A (when div v = 0)], we may calculate as follows:

Ai=gaxyp+vaxyp

-v(v-va)x 7B-vaxvy(v-vh)
=-vx((v-ve)vB)+Vx((v- VB Va)
=yx[(v-vf)va-(v-ve)Va]

=y Xx[vx(vaxvp)]=vx[vxA]

Now if we have a magnetic field B(x,t) which at ¢ = 0 has the representation B(x, 0) =
V @ X 7 By, then we may take ap and S, as initial conditions for a and B3, which are to evolve
“according to the scalar advection equation. Then the field A = 7 a x 7 8 will satisfy the induction
equation, as above, and assuming v such that this equation has a unique solution to the initial
value problem (continuity and boundedness of v and its first derivatives would suffice, though
considerably less would do), we conclude that B = A: i.e., the representation B = v ax \va¢}
persists.

If the region of interest is not all space and the flow crosses its boundary at some points, there
are some further issues. Both the initial value problems for the advection equation and for the
induction equation will require the specification of boundary data at inflow points in order to have
unique solutions. If B and v are defined in all space but the region in which B(x,0) = Vao X ¥ Bo
is not all space, these boundary issues can to some extent be avoided by restricting attention not
to the same region in space as at t = 0, but to the same set of fluid particles. Then the region in
which we continue to have B = 7 a x 77 8 would itself move with the fluid.

On being frozen-in

If some region in space is occupied by a fluid continuum moving with velocity v(x,t), the
particle paths are perhaps most clearly described as curves in the 4-dimensional space-time which
are integral curves of the equations

‘—ii = v(x,1)

dT (1)
@

dr ~

the ‘world lines’ of the fluid particles. The projections of these curves onto the space may be very
complicated curves with many self-intersections, but in principle we can imagine the differential
equations solved and the results expressed in the form x = P(xp,%o;t), this P giving the position
at time ¢ of the particle which at time #, was at Xo.
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For any vector field A(x) (which may also depend on t) we can define the ‘lines’ of the field as
the integral curves (in space) of the system

dx

— = A(x).

7 = Alx)

The lines in this sense of the velocity field v(x,t), at time ¢, are the ‘instantaneous streamlines’;
while they coincide with the projections onto space of the particle paths when the velocity field is
independent of time, they are in general not the same at all. The lines of a vector field A(x,t) are

integral curves of

dx

Zl-.; = A(X, t) (2)
and may be described by functions of the form x = X(¢,xo; s), in which ¢ appears simply as an
extra parameter, Xo being the value of X when s = 0, the initial condition for the system (2) (in
which ¢ is arbitrary but fixed). Under fairly weak assumptions about the field A; e.g., Lipschitz
continuity in x, the lines of the field exist and are unique. (If x is a critical point of (2) — where
A = 0 — the ‘line’ through xp is of course just the point xg itself.) The solutions of the equation
can be extended from s = 0 forward and backward either for all s, or until the integral curve
reaches the boundary of the region of definition of A.

Now a vector field A may be described as frozen-in (with respect to the given velocity field
v(x,1)), if the following is the case: Take an arbitrary line of A at time to, follow the fluid particle
paths starting on this line at ¢y to an arbitrary (different) time ¢, ; if the resulting curve of particle
positions remains a line of A — now of A(x, ¢;) — and if this is true for all £y, ¢; and original lines,
then call A “frozen-in.”

This geometrical or kinematic concept of being frozen-in is evidently a property of the lines of

A, and not precisely of A itself, in the sense that if A is frozen-in so is any other field A(x,t)A(x, 1)

which has the same lines. To express this concept of being frozen-in in an infinitesimal form, we

first solve the particle path equations (1) with the initial conditions (at 7 = 0): x = Xp, t = #o.

This may be done, for instance, by Picard iteration for small 7 with the result (assuming suitable
differentiability)

x = Xo + 7v(%o, t0) + O(7?)

3
t=t+T ( )
Similarly, we solve (2) to compute the line of A through the point xg at ¢ = % as:
1
X = Xo + SA(Xo,to) + iszA(:’:O:tO) . VA(Xo,to) + 0(83) (4)

Now taking the initial point Xo in (3) as a point on this line of A corresponding to some (small)
value of s in (4); i.e.,

~ 1
Xo = Xo + sA(xq,%) + 582A(Xo,to) -V A(xp,t0) + ...

(3) gives for some fixed (small) value of 7 a parametrization by s of the curve occupied at & + 7
by the particles which at t, were on the line of A. The tangent to this curve thus has the direction

dX dXo

0 aXo 32 2y i
— +7 - 7 v(Xo, to) + O(7*) in which
dX
—(—l;o- = A(xo,to) + SA(Xo,to) . VA(Xo,to) + 0(32)

3ol




so to first order in s and 7 this tangent has the direction
A(xo,10) + sA(X0,10) - V A(Xo, to) + TA(X0, t0) - V V(Xo, %0) (5)
If A is to be frozen-in, this vector should be parallel to the vector A at the corresponding point,
namely (to first order) xo + sA(Xo, %) + TV(Xo, %), and at time #o + 7, which is
A(Xo,10) + (sA(X0,t0) + TV(X0,%0)) - 7 A(X0,%0) + TAi(X0,20) = A+ sA- ¥ A+7(Ai+v-A) (6)

Here A and v, and their derivatives, are to be evaluated at xo, #.) The cross product of the
vectors (5) and (6), to first order in s and 7, is thus TA X (A; +v-VA —A-yv) and so if A is
frozen-in we must have, at each interior point of the relevant space-time region,

Ax(Ai+v-VA-A-yv)=0 )

To demonstrate the converse, namely that if (7) holds, or equivalently if A satisfies an evolution
equation of the form
Ai+v-yA-A-yv=J)A (8)

for some scalar field A(x,t), then A is frozen-in, we may proceed as follows. (To avoid consideration
of flow across boundaries, we here just assume the fields are defined in all of the x-space. We also
assume that v and A and their first x-derivatives are continuous.)

Let X(s) be the solution of (2) for t = o, with x(0) = xo; (X(s) gives a parametric description
of the line of A through the arbitrary point Xo at time o).
Let P(x;,t) be the solution of % = v(x,1), X(to) = x1; (P(x1,1) is the position at time ¢ of the

particle which at to was located at x;).

Let Qij(x1,t) = %x—l—’—t—) Then Q;; satisfies 8;2:]' = ggi(P(xl,t),t)ij with Qij(x1,%) =
8 ! g
ije

Let Y(s,t) = P(X(s),t). Y gives a curve, parametrized by s, which is the locus at ¢ of
the particles which at o occupied the line X(s). We want to show that provided (7) (or (8))

holds then this curve is a line of A(x,t); i.e., 3Y('(?.:, ) is parallel to A(Y(s,t),t). Now 5—;‘— =
Qix(X(8),t)Ax(X(3),%0). We consider the antisymmetric tensor

Cij(s,t) = Q%Aj(Y(s, 1), t)—%%;Ai, whose vanishing implies the parallelism. Evidently Cij(s,t0) =
0, since Q;; is 6;; at t = tp. We compute
oCy; 0
5 = 51 [Qi(X(s), ) Ak(X(8), 10)A;(Y (5, 1), 1) — Qir(X, ) Ak(X, 20) Ai(Y , 1)]

_ a'v;
B 62:1

. (%:_.Z(Y,t)vg(Y,t) + Ajt(th)>

- %(Y(s, £), )Q ke (X(s), ) A(X(s), to) Ai (Y(5, 1), 1) — Q;k(X, t) Ax(X, %)

(Y(5, ), Que(X(5), D AK(X(5), o) A5(Y(5, 1), 8) + Qix(X, D) Ax(X, t0)

. (%(Y, ve(Y,t)+ Ait(Y’ 2))
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Using (8), this is

63;" - o 32, (V> Qe Ax(X, 0)4;(Y, ) + QueAi(X, to)(Ad(Y, 2% Py ZL(Y, 1) + A4;(Y, 1))

31),

‘9”’ 3 (Y DQur AKX, 10)45(Y,1) = Qs (X, o) (AdlY, )5
6’0,

(Y’ t) + ’\A:i(Y7t))
(Y H)[QexAr(X,10)A;(Y,1) ~ Qjr Ar(X, t0) Ae(Y, )]

+ é—é(Y, )[QirAx(X,t0)Ae(Y, 1) — QerAr(X, ) Ai(Y, )]
+ MY, 1)[Qir Ae(X, t0)A;(Y, 1) — Qi Ar(X, 1) Ai(Y, 2)]
(91)1 (Y t)CgJ :Je (Y, t)Ci[ + )\(Y, t)C,'j.

Thus C;;(s, ) satisfies a linear homogeneous system of differential equations in ¢ with zero initial

conditions, hence is identically zero. Consequently ?—Y- is indeed parallel to A(Y,t), and the field

Os

A is frozen-in.

Remarks:

a)

b)

The condition (7) is clearly weaker than the induction equation, though it is satisfied if A
does satisfy the latter. There are, in fact, divergence free fields A which are frozen-in in this
kinematic sense but do not satisfy the induction equation, for instance a field satisfying (8)
with A not zero but a function only of ¢ (when div v = 0), or a field evolving according to
A;+ x(A xv) = A(t)A (which also preserves div A = 0 if it holds initially) even if div v # 0.

The meaning of the induction equation satisfied by a magnetic field B is not merely that the
field lines are carried by the flow into field lines, but the stronger condition that the fluz of B
through any piece of surface which is carried with the flow is preserved.

The induction equation is satisfied by the vorticity vector of an incompressible Euler flow, and

from this we may conclude that the flux of vorticity through any piece of surface carried with
the flow is preserved. Kelvin’s circulation theorem follows from this, for any circuit which is the
boundary of a surface lying in the flow domain. If the latter is not simply-connected, however,
we cannot in this way deduce Kelvin’s theorem for circuits which are not such boundaries,
though it is in fact true for them: it follows directly from the Euler equations and the single-
valued character of the pressure, independent of the connectivity of the domain. Thus Kelvin’s
circulation theorem is, for fluid dynamics, more fundamental than the vorticity equation. It
does not seem that a similar extension, to the “circulation of the magnetic vector potential,”
is possible for magnetohydrodynamics, however, since presumably the flux through a circuit
surrounding a hole could be externally altered; e.g., if a toroidal flow domain were one winding
of a transformer.




Why do synoptic scale eddies like to go to the tropics?
R.Kimura and H.B.Cheong
(Ocean Research Institute of Tokyo Univ., Tokyo)

Observational analysis: Synoptic eddies and the background pressure fields are sep-
arated in weather charts at 500hPa to investigate the characteristics of propagation of
disturbances produced by the baroclinic instability. The geopotential height data used in
this analysis are objectively analysed data set from 1985 to 1991 provided by ECMWF.
The weather charts for synoptic eddies and the background pressure fields were made with
filtered data of periods from 2.5 to 6.5 days and of periods longer than 7 days, respectively.

Spatial correlation of synoptic eddies were calculated at a base grid point at 45N. The
correlation pattern depends upon the choice of the base grid point. We calculated 36 cor-
relation patterns by changing the longitude of the base grid points by 10 degrees(at 45N).
Fig.1 is the result made by composite of all correlation patterns so that all base points are
the center of the figure to eliminate longitudinal effects as done by Randel(1988). Since
the synoptic eddies are produced by the baroclinic instability of the westerly, it is not
surprising to get a wave train of a low and high pressure system propagating to the east
direction along the latitude circle. However, there is a slight tendency for the wave to
propagate equatorward.

This tendency was confirmed by calculating the propagation-velocity vectors of the center
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Fig.1 One-point correlation map Fig.2 Frequency distributions of angle with
at 45N in winter season 500hPa. zonal direction, normalized by total frequency
Contour interval is 0.1. divided by 50.

of individual pressure anomalies(both positive and negative) by comparing two weather
charts with 12 hours interval. Fig.2 shows frequency distributions of angle between each
propagation-velocity vectors and the latitude line(negative values mean equatorward prop-
agation). In this figure we separate eddies in the developing stage from the decaying stage.
Note that the distribution is not symmetric: The frequency of the equatorward propaga-
tion is greater than that of the poleward propagation. Besides, the deviation from the
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symmetric distribution is greater for the eddies in the decaying stage than for the eddies
in the developing stage. This result implies that the equatorward propagation is caused
by the barotropic process, because the baroclinic eddies turn out to be barotropic in the
decaying stage. Encouraged by this fact, we try to explain this tendency by means of the
non-divergent barotropic vorticity equation.

Propagation of wave-packet and phase tilt: The linearized non-divergent barotropic
vorticity equation with a zonal flow % on a sphere is written as '

a¢’ z o

= -y

8t cosf O dO(f+Z)’ (1)

where all variables are non-dimensional, time being scaled by 2~! and length by the radius
of the earth. X is longitude,  is latitude and f is the Coriolis parameter, 2sinf. Let us
introduce the stream function to express u = —5}?, v=-1;% and ¢ = V2. If Eq.(1) is
multiplied by {’cosé and averaged in the zonal direction

ov

= 9y

5 29 - v'¢' cos b (2)
— d T (a2
= 42y du(uv cos“ ), (3)

where p is sine of latitude, V = (2, and 7 = 3"’;( f+¢). The posivive value of v makes the
mean flow free from barotropic instability(Baines,1976). The zonally averaged enstrophy,
V, represents the meridional distribution of amplitude of eddies when they are composed
of only one zonal wavenumber or an isolated one. We are interested in the propagation
of eddies rather than the wave activity discussed in Held and Hoskins(1985).

¢ Meridional phase tilt: Let the stream function with single zonal wavenumber m
be written as

Y'(X,0) = Cwn(8)cos(m)) + Sm(8)sin(mA)
= 4/C2 + S2 cos{m\ — m=(8)}, (4)

where mZ is the longitudinal phase angle at latitude @ i.e. m= = tan™! %ﬁ- Then, the
meridional gradient of phase or the phase tilt is expressed as

o= 1 w'v'cosd
W m g )
When a vorticity anomaly is isolated, let (Ag,8) be a point whele = 0 i.e. the

locatxon of maximum amplitude. If the latitude is increased by 1nfen1te51mal amount 66,
the longitudinal location of the maximum amplitude will be shifted by éA.

! ! 2,/ 2,/
3‘”(A0+5,\90+50) W LIV oy 2V

WY anog 20=0 (6)
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where the first term in rhs vanishes by definition, and the differentiation in rhs is taken
at (Xo,f0). If the rhs of Eq.(7) is multiplied by ¢’ and averaged,

6\ _ 0= uv/cosf

L= o 7)

When the stream function is represented by a single wavenumber m, Eq.(7) is identical
to Eq.(5).

In the Eqs.(5) and (7), the NE-SW phase tilt is defined as positive and NW-SE is
as negative. Then, the Eq.(3) can be used as a prognostic equation on wave-packet
propagation in the meridional direction. Suppose that a wave-packet of zonal wavenumber
m whose phase tilt is exactly NE-SW i.e. contant with latitude is located in mid-latitude.
In this case the meridional gradient of w/v cos@ is positive to the south and negative to
the north of the center of it. Form Eq.(3) this means that the wave-packet will propagate
into low latitude. Therefore, the wave-packet with NE-SW(NW-SE) phase tilt is expected
to propagate into low latitude(high latitude).

ePhase tilt and wave-packet propagation with @ = 0, m = 6: Eq.(1) is represented

I ] 1
7] day 73
1 oSN
| i
7] o o
0 T T T T T T T T T T T
0 20 40 60 80 0O L/72 LO L/2 L
« time (day) Fig.4 Two phase configurations
Fig.3 Time evolution of V. Contour , NW-SE and NE-SW. CI is 1/5 of
interval is 1/10 of the maximum of day 0 maximum of initial condition.

by spectral method with truncation N and time integrated with an appropriate initial

condition. We consider an initial vorticity field given by

6 — 6y
10°

cosf

!
¢= Ccoseo

’h (8)

cos(mA) exp{—(

with m = 6 , §, = 45° and C = 0.1 . This vorticity field is symmetric with respect
to the equator. Notice that this initial eddy field has no phase tilt. Fig.3 shows time
evolution of V. The wave-packet initially located in mid-latitude propagate into low or
high latitude, continuously changing the phase tilt. The initial vorticity field is dispersed
by the dispersion relation of each modes of Rossby-Haurwitz waves; o' = —;(%;—1—). The
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local maximum of the eddy amplitude propagates into high or low latitudes, by the
interference of Rossby-Haurwitz waves. Around the day 73 the wave-packet shows an
apparent tendency to propagate toward low latitude, while around the day 48 the wave-
packet propagates toward high latitude. Vorticity fields of day 48 and 73 are shown in
Fig.4. The phase tilt of them is NW-SE and NE-SW, respectively.

¢ Effect of zonal flow: If the initial eddy given by Eq.(8) is located in a zonal flow, the
phase is tilted by the meridional shear of it. Fig.5 shows the time evolutions of the initial
eddy in the 4 zonal flows shown in Fig.6. The most striking feature in the presence of
the zonal flow is that once the wave-packet propagates into high or low latitude, they are
trapped there or reflected and eventually reach a certain latitude. These features can be
explained qualitatively. The wave-packet ’A’ is splitted into two pa,rts by the zonal flow.
The northern part whose phase tilt is NW-SE propagates poleward and the southern part
whose phase tilt is NE-SW propagates equatorward. During the propagation the phase
tilt is steepened more and more; the phase tilt of the northern part tends to be close
W-E and the southern E-W. Before reaching the pole region the phase tilt of the northern
part becomes NE-SW, the inverse phase tilt of initial stages, which means the turning of
the propagation direction. The wave-packet ’a’ is splitted into two parts also, but in this
case with the reversed phase tilt compared with the wave-packet 'A’. The wave-packet ’a’
tends to back to the mid-latitude forming a waveguide. In case of m = 6 the shear effect
dominates over that of latitudinally varing Coriolis effect. The simple prognostic Eq.(3)

1 1

90 ! |
A 1(9)
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timel(day) . zonal flow{m/s)
Fig.5 Time evolution of V. The zonal flow Fig.6 Zonal flows used here.

type is written on each panel.

is useful in interpreting the propagation of Rossby wave-packet in horizontal shear flow
as in Yamagata(1976), where the trajectory of the wave-packet was calculated by the ray
path theory. '

Packet velocity: The usual concept of group velocity cannot be used for the meridional
energy propagation in our problem. Instead, we can define a ’packet velocity’ on the basis
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of the basic concept. The latitudinal location of largest amplitude is solely due to the
zonal phase propagation of Rossby-Haurwitz waves in the absence of the zonal flow. In
the presence of the shear flow, however, the location of largest amplitude is determined
by both the shear flow and the dispersion of Rossby-Haurwitz waves due to the Coriolis
factor. Which factor will dominate depends on the detailed profile of the zonal flow as
well as the zonal wavenumber of the vorticity field. We define the 'packet velocity’ as the
propagation speed of the location of local maximum. Let the vorticity field be

m+N .m )
(= 2 CuFl(u)cos(mA+a) (9)

, where o™ = ¢™t + /"%, ™0 is the initial phase in the longitude. Then, by definition
and from Eq.(2)

1 AT ym m m m
vV = 5 Z Cl <n PI (:U)Pn (M) COS(CYI -0, )’ (10)
In
8V 1 MM om m m . m m
' 5’7(#)2(1 Co P () P (p)ol" sin(af" — o). (11)
in
Let po be where %% = 0 at tg. Then the packet velocity can be written as
bu &V (V)T f
ceosf=—=—-——"|—| . 12
Vo c080= 0 = 5.5t (am (12)

The differentiation with respect to u can be evaluated directly by using the recursion
relation of Legendre polynomials. Once yq is known, the packet velocity can be calculated
for any zonal flow. We show the calculated ’packet velocity’ of vorticity field of day 73
in Fig.7. The presence of the zonal flow alters the packet velocity to a large extent. The
zonal flow of A’ enhances the equatorward propagation of eddies into low latitude, while
'a’ does not.

-1
S o Fig.7 The packet velocity. The letters
= A a,B and b represent zonal flow types.
N =3 ~ O denotes the case without zonal flow.
)
> —4 -
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Short Wavelength Instabilities of Riemann
Ellipsoids

Norman R. Lebovitz
The University of Chicago, Chicago, IL 60637

We consider families of astrophysical flows that are stable under the assumption
that they are axially symmetric, but are unstable under even a small departure from
axial symmetry. We adopt as models families of Riemann ellipsoids. These figures of
uniform density are the only known exact models of self-gravitating fluids that depart
from axial symmetry. Their stability has been the subject of many investigations,
going back to Riemann [1] himself. Despite this long history, very little is known
about their stability to perturbations of length less than, say, one-fourth the average
radius. We use the geometrical-optics approximation to study the limit of short
wavelengths.

We consider a restricted class of steady-state Riemann ellipsoids, the so-called
S-type family (see [2] for a description). In a frame of reference rotating with angular
velocity w about the z3 axis relative to inertial space, their semiaxes are aligned with
the coordinate axes and they have further fluid motions with a velocity, relative to
the rotating frame, given by

Uy =222, Up=-22z, Us=0. (1)

as ay

Here X is a constant parameter.. The parameters A and w are related to to the
semiaxes aj,as and as of the ellipsoid through the equations of fluid equilibrium.
By virtue of Eq. (1) the vorticity of the flow is constant, having the value (g =
—A[(a1/a2) + (az/a1)] relative to the rotating frame, and the value {7 = 2w + (r
relative to inertial space. The parameter space is conveniently taken to be the plane
of (a2/a1,as/a1). The permissible steady state figures occupy a horn-shaped region
of the unit square in the first quadrant ([2]). In fact, they occupy two such regions
because, for each ellipsoidal shape, there are two choices of the parameters A and w.
One choice, for which [A/w| < 1, leads to the so-called direct configurations ; the
opposite choice leads to the adjoint configurations.

The stability of any one of these figures to small perturbations is governed by
the Euler equations of fluid dynamics linearized about the steady-state solution. If
the Eulerian perturbation of the Eulerian velocity field is denoted by u(z,t), the
geometrical-optics approximation to u is achieved, to leading order, by the ansatz

(e, 1) = exp{ D Jal, ), @)
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where ® represents a real phase, the small parameter ¢ is a nondimensional measure
of the wavelength, and a is the amplitude, which may be spatially localized. We
refer to k = V® as the wavenumber, regarded as of order unity. On substitution of
this ansatz into the linearized Euler equations under the assumption that the fluid is
incompressible, one obtains the eikonal and transport equations (cf. [3])

dk

— =—L'% 3
7 3)

and
fd_‘f

dt
which are compatible with the incompressibility condition a-k = 0. Here the matrices
L and Q given by the formulas

= (= (L +29) + 2572k (L + 0)) a = Aq, (4)

0 Aaifaz 0 0 —w 0
L= —/\ag/al 0 0 ) Q= w 0 0 3
0 0 0 0 0 O

are constant. The general solution of Eq. (3) is

k= ko(y/1 — ;ﬂ\/%cos()\(t —t0)), —\/1 — uz\/—gsin()\(t —t0)), 1), (5)

where i is a parameter representing the angle between the wave-vector k and the z3
axis at t = to. As a result, the equation for the amplitude has periodic coefficients.
Since the instability or stability of the flow depends on whether the amplitude a
grows with time or not, the mathematical problem is one of analyzing a certain linear
differential equation with periodic coefficients (see [4],[5],(6]). This has been done
with a combination of analytic and numerical methods.

We now turn to the specific results of this analysis, beginning by considering
certain special cases that can be treated analytically.

The rigidly rotating ellipsoids of Maclaurin (for which a; = a;) and Jacobi (for
which A = 0 and a2 < @;) have been the objects of numerous investigations over a
period of centuries (cf. [7]). The Maclaurin figures are known to be stable to collective
modes provided as/a; exceeds the critical value 0.303 (this is the so-called point of
dynamical instability, where the Maclaurin family becomes unstable, in the absence
of dissipation, to perturbations described by spheroidal harmonics of order two).
The Jacobi family is known to be stable to collective modes from its intersection
with the Maclaurin line (at az/a; = 0.583) to the point where (az/a1,a3/a;) =
(0.432,0.345) (the point of “pear-shaped” instability to perturbations belonging to
ellipsoidal harmonics of order three).

The transport equations reduce significantly in these cases of rigid rotation: A =0
so the wave-vector k is constant and Eq. (4) has constant coefficients. The analysis
is easy and shows that no further instabilities are added to those previously known:
the Maclaurin and Jacobi families are stable to short wavelength perturbations.
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If the total vorticity relative to inertial space vanishes, the transport equations
can be integrated explicitly, and the solutions are periodic in time, so these figures are
stable. A more complete analysis shows that the curve in parameter space of these
irrotational ellipsoids is embedded in a narrow band throughout which all solutions
are bounded. These are therefore stable to short wavelength perturbations.

A complete mapping of the domains of stability and instability can only be carried
out numerically. The band of stability is found to occupy only a small fraction of the
parameter space ([2]); the much larger region of instability abuts the line of Maclaurin
spheroids, except near the region where the latter tend to a sphere. Consequently, the
smallest departure from axial symmetry implies the instability of the corresponding
motion. When these results are combined with the known instabilities to collective
modes belonging to the second, third, and fourth ellipsoidal harmonics, even less of
the parameter space is occupied by stable figures.
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VORTICITY COORDINATES AND
A CANONICAL FORM FOR BALANCED MODELS

by Gudrun Magnusdottir
Department of Applied Mathematics and Theoretical Physics,
University of Cambridge, Silver Street, Cambridge CB3 9EW, U.K.

The shallow water equations on an f-plane

The shallow water equations on an f-plane can be written

ou 0
S Cot 5 [k + 302+ 0] =0, (1)
81) (’) 17,2 2 _ '
B.t_-}-cu-f-——ay [gh + 1(x® +0%)] =0, (2)
Dh ou Ov
Dt +”(a;+ 55) =0 @

where u and v are the eastward and northward components of the velocity, h is the fluid

depth,
D 0 0 0

Di = 5t + H% + 1’55 (4)
the total derivative, and 5
v u
C=l+5 "3 (5)

the absolute vorticity.

Now consider a transformation from the coordinates (z,y,t) to the new coordinates
(X,Y,T), where T = t. The symbol 7 has been introduced to distinguish the time derivative
at fixed (X,Y) from the time derivative at fixed (z,y). We require the new coordinates to
be vorticity coordinates in the sense that the Jacobian of (X,Y) with respect to (z,y) is the
dimensionless absolute vorticity, i.e.,

A(X,Y)
Nz,y)

If we eliminate ¢ between (5) and (6), the resulting expression can be rearranged into the

form %{v_%f[(x_x)(%"'l)—(Y—y)%]}

B R 120 S

Thus, the first term in braces can be expressed as dx/dy and the second term in braces by
dx/0z, where x(z,y,t) is a scalar potential. This results in

u:g—f+%f[(X—w)%%—(Y—y)(%—wal)], (8)

(=f (6)
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_Ox oY 0X
0=y fo-0 (5 +1) - - 0% ] Q
‘We can regard (8) and (9) as a Clebsch representation of the velocity field (Lamb 1932,

page 248; Seliger and Whitham 1968) or as generalizations of the geostrophic coordinates
of semigeostrophic theory (Schubert and Magnusdottir 1993, hereafter SM, and references

therein).
To transform the original momentum equations we now take 8/9t of (8) and (9) to obtain
ou 0 1.2 .2y _ (OXY) OH
g 9 1.2 .2y _ ¢0X,Y) OH
where 9 ay 'aX
= L2y X1 - (v -y
gH = gh+ 5(u +v)+at+2f[(X :v)at (Y y)at . (12)

Adding —(v to both sides of (10) and (u to both sides of (11), then using (6) and the original
momentum equations (1) and (2), we obtain

Together (13) and (14) imply that
U= %—)tg = —-’}%1;-, (15)
v=or=t (16)

Equation (15) has been obtained by eliminating DY /Dt between (13) and (14), and (16) by
eliminating DX /Dt between (13) and (14). These are the canonical shallow water equations
where H involves the temporal variation of the Clebsch variables and where the derivatives
of H are taken in (X,Y,7) space. The total time derivative (4) can be written in vorticity
coordinates as

D 0 0 0

E=ﬁ+Uﬁ+Vﬁ (17)

The advantage of (17) over (4) is that the horizontal advecting velocity is expressed in terms
of derivatives of H by (15) and (16), which are mathematically analogous to the geostrophic
formulae.

The governing equation for the absolute vorticity can be derived from (15) and (16) or,
in the usual way, from (1) and (2). Combining the vorticity equation with the continuity
equation (3) so as to eliminate the divergence, we obtain

Dh*
o7 =0 (18)
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where h* = (f/¢)h is the potential thickness (or the reciprocal of the potential vorticity),
which is simply the thickness a fluid column would acquire if the absolute vorticity ¢ were

changed to the constant reference value f.
We can now summarize the above as follows. In vorticity coordinates the independent

variables are (X,Y,7) and the transformed governing equations are

h= (M)l w, (19)

A(X,Y)
h {[Ox 4 Oz ox 1 0z
vm B[ 24 -] oy - [ - 0w g pr K- @)
y_ 991 (22)
Fov’
V= %%’;‘? (23)
Dx _ g(H—h) + L(u? + 0?) = Lf[(X = 2)(V +0) = (Y = y)(U + w)], (24)
Dt

Dz
I = (25)

Dy
= =y, (26)

Dt

Dh*
D = 0. (27)

Equations (20) and (21) are simply the vorticity coordinate versions of (8) and (9). Equation
(24) is derived by combining (8), (9) and (12). Taken together, (19)~(27) constitute a system
of nine equations for the six diagnostic variables h, u, v, M, U, V and the four prognostic
variables Y, z, y, h*, with the total derivative given in (X,Y,7)-space by (17). Obviously,
an additional relation is required. If the additional relation is simply a definition of ¥, and
if this definition is inserted between (21) and (22), then the time evolution of the prognostic
fields x,z,y,h* can be found by sequential calculations in the order given. v

In fact, we have some freedom in choosing the additional relation. For example, the
choice H = 0 leads to the conclusion that DX/Dt = U = 0 and DY/Dt =V =0, i.e., the
vorticity coordinates move with the flow so that D/Dt = 9/07. In addition, the right hand
side of (24) is simplified and we now have three diagnostic equations, in addition to the four
prognostic equations.

Notice three interesting features of the transformed system (19)-(27). Firstly, the system
consists of four predictive equations rather than three, as in the original shallow water equa-
tions (1) (3). The additional prognostic equation is due to the added information content in
the solutions of the transformed system. This is most apparent in (25) and (26), which de-
termine Lagrangian particle trajectories. This trajectory information is not directly available
from solutions of the Eulerian equations (1)—(3). The second interesting feature of (19)-(27)
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is the natural way in which the predictive equation for potential thickness emerges. The third
interesting feature is the freedom in choosing how the vorticity coordinates move. This last
feature is useful in the derivation of balanced models through approximation of the primitive
set (19)-(27). One such balanced model is the semigeostrophic model, the derivation of which
is discussed in SM.

There is a certain arbitrariness to the system (19)-(27) in the sense that the representation
(8)~(9) is not the only representation leading to (6). In fact (8)—(9) is only unique to within a
canonical transformation. We can regard (8)—(9) as the definitions of the vorticity coordinates,
(X,Y), in terms of u,v and x. Our choice in (8)-(9) was in part motivated by the desire to
represent both directions on the f-plane equally.

The quasi-static primitive equations in spherical coordinates and a general struc-
ture for balanced theories

When considering the quasi-static primitive equations in spherical and isentropic coordi-
nates we proceed similarly to the previous section (for details see SM). In particular, we now
require the three components of vorticity to satisfy:

ad(A,sin®) ad(A,sin®) J(A,sin ‘I’)> (28)

(&m()zmsm‘l’( 8($,s)  cosgd(s,A)’ D(A,sin )

where (), ¢, s,t) are the original coordinates, (A, ®, 5, T) are the new coordinates and § = s,
T =t. This leads to a Clebsch representation of the velocity field expressed as:

6(sm 9) (A + A)

ucos P = —~ 8/\ + 1Qa(A - ) -;—Qa(sin2<l> sin? ¢)———2, (29)
_0x 1 d(sin’ ® +sin’¢) . . 5 . 2 L OA
6¢> + 3Qa(A - A) i — 38a(sin” @ — sin ¢)—% (30)
= %_ + 10a%(A - ,\)‘9(Sm ®) _ 106 (sin® & - sin? ¢)%%. (31)

Transforming the two momentum equations and the hydrostatic equation, we obtain

(29Vsin<1>,—29Usinq>,T)=( oM M 3M)

acos ®IN’ ad®’ 0S5 (32)
where U = acos® DA/Dt, V = aD®/Dt, and M involves the temporal variation of the
Clebsch variables, A, ® and x. These are the canonical quasi-static equations. Now, the total
derivative in (A, ®,S,7) space can be written as

D 0 0 0 . 0
Dt 5?+ acos POA +Va(9‘1> +S_8—S—’

(33)

where § = § since § = s, resulting in the same advantage as before; that of being able to
express the horizontal advecting velocity in terms of derivatives of M, which by (32) are
mathematically analogous to the geostrophic formulae.
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Consider the potential pseudodensity, defined by

o = (2Q séni’) o, (34)

where o = —9p/ds is the pseudodensity. The potential vorticity, P, and the potential pseu-
dodensity are related by Po* = 2Qsin®. The potential pseudodensity equation, which can
be easily obtained from the potential vorticity equation, has the flux form

do*  O(o*U) . 9(c™V cos ) d(a*S) 0

0T ' acos®IN ~ acos P3P t—es ="

This is identical to the form of the potential pseudodensity equation found in many balanced

model studies mentioned in SM. Here, it has been derived from the quasi-static primitive

equations on the sphere. An advantage of (35) is that the velocity that accomplishes the flux
is simply expressed in terms of derivatives of M by (32). _

The potential pseudodensity defined by (34) can also be expressed in terms of a Jacobian.

To obtain this Jacobian form we first note that from the definition of pseudodensity we can

write

(35)

op d(A,sing,p)  O(A,sin ®,5) d(A,sing,p)

T T 8s (A sing,s) “3(),sing,s) A(A,sin®, S)

__ ¢ d(\,sin ¢, p) (36)
2Qsin® ) 0(A,sin®, )
Then, comparing (36) with (34), we obtain the Jacobian form
a(A7S]n¢’p) + 0,* — 0. (37)

d(A,sin®, 5)

Using the gas law and the form of the hydrostatic equation given in the last entry of (32), we
can write (37) as

20N dsin ¢ 9 (
cos BOA  cos POA  cos POA p a

%)

S .
).
R| 22 2 B (p%¢) |+o7=0. (38)
o\ Osin ¢ 9 oM
o 2 L (p%Y)

If approximations to (29) and (30), along with a balance assumption, allow A and sin ¢ to
be expressed in terms of M, then (38) becomes an invertibility relation, relating ¢* and M.
This invertibility relation and the predictive equation (35) then give a succinct mathematical
description of the dynamics. Thus, the pair of equations (35) and (38) constitute what might
be called the canonical form for balanced models.
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Necessary Conditions for Statistical Stability: with Applications to Large
Scale Flow Due to Convection

Willem V. R. Malkus
Department of Mathematics
Massachusetts Institute of Technology, Cambridge, MA 02139

ABSTRACT

In this study, the mean properties of solutions associated with the statistically steady
states are sought. A necessary condition that the Reynolds stress and its equivalent
thermal transport term are time independent is that global integrals of the square of all
perturbative departures from these transport terms decay with time. For that special
set of perturbative departures from a statistically stable mean which have the spatial
and temporal form of any one of the other solutions to this problem, and have no global
correlation with other solutions, it is possible to determine a first set of integral properties
of the solutions characterizing stability. For example, in the symmetry breaking large
scale shear flows observed in high Rayleigh number convection, the first condition found
is that the sum of the mean squared convective terms and a function of the Rayleigh
number times the mean squared Reynold stresses must be maximum among all possible
solutions. For these criteria to be usefully sharp, it is speculated that the necessary
conditions “approach” the sufficient conditions as the density of adjacent solutions in
the phase space becomes large. Of course, these many solutions include the observed
highly disordered flows in space and time. How can one estimate their properties?...
One quantitative approach is upper bound theory. A recent study by L. N. Howard
(1990) determines the minimum Rayleigh number for a prescribed heat and momentum
flux in plane parallel convection. Here one can use these results to make a first estimate
of the large scale mean flow and the corresponding heat flux (less than the maximum
possible) which lead to optimal statistical stability for a given Rayleigh number. The
very limited experimental data support the theory, but begs for further data to determine
the theory’s limits of validity.

INTRODUCTION

In turbulent pipe flow one is confident that the average velocity profile for a given
Reynolds number will be the same profile tomorrow — and next year. Yet the detailed
fluid motions responsible for this local average will never be the same. Such a statisti-
cally steady state is also critically balanced, in that a small change in Reynolds number
leads to a (non-linearly) different average velocity profile. However, no deductive ap-
proach from the basic equations to this statistical stability problem is to be found in the
literature.

The question raised above lies in a small domain of the general problem of non-
equilibrium statistical mechanics. There are at least two schools of inquiry. The Brus-
sels school would start with Newton or Schrédinger and follow the path of Boltzmann.
Deductive advance beyond dilute gas kinetic theory has been slight. The second school
following from Gibbs, has a Bayesian base, but similar objects of inquiry, with similar
success. Most physical scientists find little comfort in either the Brussels or Bayesian
approach. They appear to believe that the questions as posed are “bad questions”, that
is that the rate of occupancy of the phase space and initial conditions determine the
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observations — and that no general quantitative results will be forthcoming. Yet the
Bogoliubov-Kolmogorov work and much of modern turbulence theory fall in one or the

other of these schools.

The example of pipe flow given in the first paragraph, in idealized form, is a well-
posed problem in the Hadamar sense, and suggests a different approach to determining
the properties of the statistically steady state (= %) in a macroscopic continuum. The
alternative explored here is to presume knowledge of the average features of the many
macroscopic solutions including and adjacent to a particular s2 and seek to establish the
properties of the subset of these solutions which can survive disturbances of arbitrary
amplitude and form. Having established at least some of the properties characterizing
this s3, one can then use formal bound theory to predict their dependence on the (forcing)
parameters, without the introduction of empirical functions or constants. Hence the
adequacy of these properties to define the s3 can be “falsified”, or more generously, the
“limits of validity” can be determined.

Determination of a Necessary Condition for the s°.

The Boussineq equations for plane parallel convection with a large scale horizontal
flow are written

V.-V=0 (2)
(% — kYT = -V -VT (3)

where V is the velocity, P the pressure, T' the temperature, and v, &, p, a, g, are constants
determining viscosity, conductivity, density, coefficient of expansion, gravity, and k is the
unit vector in the z direction. Consider the horizontal average of eq. (3) (over z,y — 00),
written as (—),

OF _ T, = —(wh), | (4)

Now for all initial conditions

oT e 0 — o —-
a5 0 only if a(w&)z — 0, or —é;(wO) -0 (5)

This state is (believed to be) realized in real geometries. The resulting thermal
“profile” T(z) appears to be unique and is akin to the average velocity profile in the
pipe of the introductory paragraph.

The idealized statistically steady state, s%, is defined here to be stable against all
possible disturbances. A necessary and sufficient condition for the fields wo(r,t) and
fo(r, 1) to have an s horizontal average is that for all possible disturbance w'(r,t) and
0'(r,t), where V- v/ =0 and w' = ' = 0 on the boundaries,

0
5'10000 + wOH’ + w’00 + w’0’| S 0 (6)
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at any instant t = to. Note that the time development of w,8 due to the basic equations
(1), (2), (3), will lead to other w’,#’ from among all possible disturbances, which in turn

are required to satisfy (6) if wo(r,t) - 6o(r, ?) is to be a s%.

It follows from (6) that a necessary condition for wofp to be one of the realizations
of a unique s® is that

% < [wof + w8 + w'0)* > <0 at each t = 1o, )

where < > indicates an average over the entire system.

Condition (7) must be met also by that subset of disturbances w’,8" which have
arbitrary amplitudes but the spatial and temporal form of other solutions to the basic
equations which can equilibrate but are unstable Se.g., the many steady cellular solutions
which are not realized at large Rayleigh number.

Here, 87) will be used to seek a primary selection criteria for a s> among the many

(unknown) solutions. To implement this search the subset of test disturbances is further
reduced to include only solutions which are not spatially correlated over the (infinite)
horizontal domain. That is, where w' = Aw; and ¢’ = B6,,A and B are arbitrary
amplitudes, and w; = wy(r,t = o), 0; = 01(r,t = to) is another solution to the problem
at some arbitrary initial instant, then wg, 0; = w8, = 0. It follows from eq. (7) that at
any instant ¢t =t

AZB?% < (@) >< 0. (8)

For the selection criteria which emerges from (8) to be usefully sharp, it is speculated
that the density of adjacent solutions in the phase space must become very large.

For the large scale mean flow observed in convection, consider V = V(z,t)+ v, and
from Eq. (1) _
%‘ti —VV,, = —(wa), 9)
paralleling eq. (4), where here u = v - z.
Then paralleling the discussion leading to eq. (8), in a first instant

0 —
5 < (w'')? >< 0 - (10)

where v/ = Av;. First integrals of eqs. (4) and (9) for equilibrated solutions are
H = —£T, +wh and M = —vV, + wu. . (11)
where H and M are constants for plane convection.

Using the Schwarz inequality it follows that egs. (8) and (10) are met if § < v’ >
/0t <0 and 9 < 0”7 > /0t <0 in the first instant.
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From the basic equations (1), (2) and (3) the disturbance integrals for this case are
written

2
g—<——avt-—> =v <V VWV > t+ag < Wl > — < u'w'(Vy), >< 0 (12)
and 9 <
_<6t—->. =k <0 -V¥ > - <wb(Tp), ><0. (13)
It is convenient to scale the variables at this point, writing,
3 —
8o = (AT, vo = (Z)v, p=ATE Y h=ws, wm=Z,
d KV K o

where d is the vertical dimension of the convecting layer and AT is the temperature con-
trast between its boundaries. Then, from egs. (10), (11), (12), so scaled, the condition

for s% is written

<h1-(h—h1)>+§( <1§1113) )<m1(m-m1)> >0
from which it follows that a necessary property which characterizes s3 is that
1 <(<h>-h)?>
2 =31 2= 4
<h >+R{1 <7hs <m*>=Q (14)

is a maximum.
Implementing the necessary conditions for s3,

An upper bound on (14), subject to derived integral constraints on < v? > and
< 0% > can be found which leads to Euler-Lagrange equations describing an entire field
of temperature and velocity which will generate this bound. This study is under way,
and like the earlier work, Busse (1978), contains an entire spectrum of motions. Yet,
there is the observed remarkable gap between the many small scale motions which drive
the flow and the very large scale flow, seemingly symmetry breaking, but reflecting
the large scale geometry (e.g., Krishnamurti and Howard (1981), Zocchi et al. (1990).
Here, by great good fortune, a recent study by Howard (1990) can be applied to find a
formal maximum to (14) directly from the integral constraints. Howard determined the
minimum R for given < A > and < m >, in a paper entitled “Convection with Shear has
its Limits”. This observation is apparent in eq. (1), where one sees that the last term,
involving V, “uses up” buoyancy, hence reducing the convective heat flux. Although
there are many interesting bifurcations along the way to high R, only that high R limit
will be described here. Howard established relations between < A >,< m >, and R for
< h>>1and <m >> 1, subject to two integral constraints. In this limit the bracket

{ } function of & in eq. (14) approaches the value 1/2, and

<h*> = <h>*40(<h>)
<m?> = <m>?40(<m>) (15)
R<h> > <m>?/<h>+(64/3) <h®>
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for the special case o = 1. From eq. (14) one finds that the maximum value of @, eq.
(14), occurs for maximum < m > . In this limit, and for & = 1, Howard’s study leads to

1 3
< — 4 —

From Busse’s (1978) upper bounds for shear flow applied to this case, which use the
same integral constraints used by Howard, and for o = 1, one finds that

<m>x< V> /(f':-)2 (17

Therefore, from eds. (16) and (17), redimensionalizing,

— 1 /3 &k 1/3
<V'>< 5\/—6—:R(;t-)2 = 5\/—6;(agATd)/a. (18)

It is seen that < V_ > is a fraction of the “free-fall” velocity squared, (agATd).
Although the preceding bounds were made for o = 1,0 is retained in eq. (17) as a
first determination of the o dependence for o = 0(1). This result, eq. (17), as an upper
bound, is in such good agreement with the limited observations that a fortuitous element
in the reasoning or data is suspected, which one will now endeavor to remove with a
more complete theory and new experiments.

Conclusions and Acknowledgments

The search continues for the most revealing physical hypothesis which leads to further
optimal properties for the statistically steady state (s®). The path described here may
point the way. Combined with the formal tools of upper bound theory, now supplemented
by new constraints made accessible by computer, many qualitative and quantitative
features of the organization of turbulent flows may be revealed, (e.g., the “origin”, from
stability theory, of large scale magnetic fields).

The critical comments of L. N. Howard, J. Keller, E. A. Speigel, R. Worthing, and
F. Waleffe, on a first draft of this work were most appreciated as is support under NSF
grant ATM-9208373.
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Three-Dimensional, Hamiltonian Vortices.

Steve Meacham
Dept. of Oceanography, Florida State University.

Abstract.

I demonstrate a Hamiltonian-moment method of approximating flows dominated by
coherent concentrations of vorticity, developed by Flierl, Meacham & Morrison (1993),
by applying it to an ellipsoidal quasigeostrophic vortex in a shear flow. In this partic-
ular case, the approach yields ezact, as opposed to approximate, equations of motion.

1. Introduction.

As one possible model of an intrathermocline vortex in a shear flow, one can con-
sider a blob of uniform potential vorticity embedded in an unbounded, uniformly
stratified, quasigeostrophic flow. Such a model was examined by Meacham et al.
(1993) (hereafter, MPSZ) who showed that when the background flow was given by

a streamfunction of the form
1 1
U= (e +y") + 72" —9) — vz (1)

an initially ellipsoidal blob of potential vorticity will remain ellipsoidal for all future
times. This result and its proof is really a generalisation of a result from the theory of
vortices in 2D Euler flow — that an elliptical patch of uniform vorticity in a background
strain flow will remain elliptical (Kida, 1981).

The motivation for the work of Meacham et al. was a desire to try and understand the
conditions under which a-shear flow might cause a vortex to break up. In MPSZ, it
was shown that the motion of the ellipsoid was described by a six-dimensional system
of nonlinear ODEs. These were written in terms of three variables that describe
the shape of the ellipsoid — the semi-axis lengths, a(t), b(t), c(t) — and three that
describe its orientation — the Euler angles ¢(t), 8(t), %(t). These equations are rather
complicated, a fact which limits their utility and makes it difficult to classify all of
the modes of behavior of the vortex. It was conjectured (MPSZ) that these equations
correspond to a Hamiltonian system but while it is possible to show this directly for
certain particular forms of ¥, MPSZ were unable to do this for the general case, (1).

It was also noted in MPSZ that their dynamical system posesses several conserved
quantities — i) vortex volume, i) particle height, and iii) excess energy. Volume
conservation can be exploited quite readily to reduce the system from sixth-order to
fifth-order but it is very difficult to achieve any further reduction of order by exploiting
the remaining integrals of motion, (i) and (%i).

Working with Phil Morrison and Glenn Flierl, I have come up with a better represen-
tation of the same system. Here, I define better to mean more useful in the sense that
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one can better exploit the integrals of motion and more easily classify the behavior
of the vortex. I achieve this by using a Hamiltonian-moment formulation in which
a truncated set of spatial moments of the vorticity distribution are used as dynami-
cal variables and substituted into a non-canonical Hamiltonian representation of the
equations governing the evolution of continuously stratified quasigeostrophic flows.
This approach provides a general method for obtaining finite-dimensional approxima-
tions to flows dominated by coherent but separated blobs of vorticity. For the case
considered here, it leads to an ezact set of evolution equations. A more comprehensive
treatment of this problem can be found in Flierl, Meacham and Morrison (1993).

2. Derivation of the moment equations.

We begin with Morrison’s Poisson bracket for continuously stratified quasigeostrophic
flow (see Morrison’s lectures earlier in this volume.)

§F §G
wer=[q ['5;’ ;q—] dzdydz (2)
where [A, B] is the horizontal Jacobian 8,48,B — 8,48, B and g is the potential
vorticity

2
q= {a: +02+ 6;%;6;}1/)

We assume uniform stratification and scale z by N/f so that the potential vorticity
relation becomes isotropic

g=Vi (3)
We consider a compact vortex consisting of an ellipsoidal volume of uniform unit
potential vorticity anomaly (formally ¢') embedded in a uniform potential vorticity
background flow. We will use two Cartesian coordinate systems. One, Ozyz, fixed
with respect to the underlying f-plane and the other, 0§z, moving with the principle
axes of the ellipsoid. In both cases, the origin coincides with the center of the ellipsoid.
The background flow is described by a streamfunction of the form

1 v
¥ = 0 +9) + ela — ) - Tve (4)

while the vortex generates an additional contribution %'. Provided that the shape of
the vortex is ellipsoidal initially, it will remain ellipsoidal in such a flow. This shape
can be described by a set of time-dependent semi-axis lengths, {a(t), b(t), c(t)}, while
its orientation can be expressed in terms of Euler angles {¢(t), 8(t), ¥()}. We define
these so that the transformation between the fixed and co-rotating reference frames
is

s=MTz (5)
where
cosyp sinyp 0 cos@ 0 —sind cos¢ sing O
MT = | —sinyp cosyp 0 0 1 0 —sing cos¢ O (6)

0 0 1 sinf 0 cosf 0 0 1
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The state (shape and orientation) of an ellipsoid is uniquely determined by the values
of its six quadratic moments {a;| ¢ =1,...,6} defined by

2 2 .2
m =, mp; = 2Y, m3=v, my = Yz, ms = 2T, meg = 2

a;=p / q'midzdydz.

Here, p = 15/(4mrabc). Thus,

§F = | —éq= —ba; = -_— /6qm-
1 7 5 Oa ’

We see that, for variations that preserve the ellipsoidal property of the vortex,
§F oF
o =™

It can be shown that in a background flow of the form (4), an initially ellipsoidal
vortex will remain ellipsoidal (MPSZ). Within this restricted class of variations in q,
the Poisson bracket may be rewritten in the form

(rer=i"y [ sl e (R G} = oI5 (1)

t

where the symplectic matrix J is
79 = 4 [ lmi,m ®)

Applying this to the moments, we obtain

a; = {a;, H} = J¥ — gz : (9)

We note that [m;,m;] is itself proportional to some my;,;) and find that J takes the

form
0 2a; 4a; 2as 0 0

-"‘20.1 0 2a3 a4 —as 0
-—4(12 —2(13 0 0 -—2(14 0
—2a5 —Qa4 0 0 —a¢ 0

0 as 2a4 ag 0 0

0 0 0 0 0 0

We now assume that the excess energy for the system, defined as
! 1 !
#=- [d@+3¥) (10)
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is the appropriate Hamiltonian for this system. Evaluating the integral in (10) yields
Vi
pH = {R + -221}

where Vy = abe,

1 1
R= Z(w + e)a; + 4—(w —e)ag — Tay

and

I=- /o°° dsK(s), K(s) = [(a® + s)(®* + s)(* + s)]_%

We introduce the related integrals, I; and I, where

1 f*° . .
I = —-/ dss? K3(s) (11)
2 Jo
After some manipulation, the equations of motion are

ay = —(w — €)az + 2ras — 2V, {(aza6 — asas); + a2 I3}

a2 = %(w +e)ay — %(w — e)as +Taq + Vo {[as(a1 — a3) + (a3 — a3)|11 + (a1 — a3)Iz}
a3 = (w + €)az + 2V {(azas — aqas]y + a2 I3}

ag = %(w + e)as + Vo {[asas — asaz}l1 + aslz}

as = —%(w —e)ayg + Tag — Vo {[a1a4 — asaz]y + asl3}

ag =0

(12)
With the formulation (7), we can search for Casimirs, quantities, C, that satisfy
{C,F}=0

for arbitrary F. From (12), a¢ (= Ci, say) is a Casimir; it corresponds to the
conservation of particle height in the quasigeostrophic system. A second Casimir, C3,
can be found by looking for a second null vector of the symplectic matrix J. We find

C; = ajaza¢ + 2aza4as5 — alaﬁ — a3a§ - aoag (13)

This is proportional to the square of the volume of the ellipsoid so that we recover
volume conservation. There are only two independent Casimirs for this system.

One of the coordinates, ag is already a Casimir, C;. We can introduce a change of
coordinates @ — b so that the second Casimir is also used as a coordinate. This
allows us to reduce to system to fourth order, since C; = 0, and J79C;/8b; = 0 so
that 9H/3C, will not appear on the right-hand side.
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Set
b1 = a, b2=a3, b3 = G4, b4=a5, b5=Cz, bs-’—-"ae:C]
then
0 4a, 2b4 0 00
—4a; 0 0 —2b3 0 O
. | -2, 0 0 b 0 0|O0H
b=1 0o 25, b 0 0 0|3 (14)
0 0 0 0 0 0

0 0 0 0 00

Here a, is a known function of b that may be deduced from (13). Going further, (14)
can be put into a canonical form by the change of variables

€ = bz — b]bs; €2 = b§ — bzbs; €; = 0y, ] = 3,4,5,6.

Then
. OH ) 0H .
€1 — —4e.~,w—, €3 = —€g €y — 0
e = 4 w—-—aH 2 —-e—aH ée =0
€2 = 4€¢ 661, €4 = 6663’ 6 —

where w = *(eje; — e5es)%. The double-branched structure of the square root does
not pose any problem as w satisfies a well-behaved auxiliary equation

W= F(el, rey €43 €5, 86) (16)

in which F is a single-valued function of its arguments. This is useful when trying to
integrate (15) numerically. :

3. Summary.

The use of the Hamiltonian-moment method allows one to derive the evolution equa-
tions for an ellipsoidal, quasigeostrophic vortex in shear in a Hamiltonian form. This
method is much simpler than the approach used by MPSZ and permits one to employ
more easily the constraints embodied in the available integrals of motion to reduce
the order of the system. '
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Higher Order Models for Water Waves

Peter J. Olver

School of Mathematics
University of Minnesota
Minneapolis, MN 55455
olver@ima.umn.edu

In this note I would like to discuss some new perspectives on the construction of
model equations for physical systems, with particular emphasis on the role of Hamiltonian
structure and solitary waves. The ideas, which have a wide applicability, will be presented
in the specific context of higher order model equations for water waves, valid in the
shallow water regime. Details can be found in the references [5], [8], [9].

We begin with the standard free boundary problem for incompressible, irrotational
fluid flow in a channel. We restrict attention to two-dimensional motions, taking x as the
horizontal and y as the vertical coordinate, the (flat — for simplicity) bottom at y =0,
and the free surface at y =h + n(x,t), where h is the undisturbed fluid depth. In terms of
the velocity potential @(x, y, t), the full water wave problem takes the well-known form

Pux * Pyy = 0, 0 <y <h+n(x0, M
¢y =0, y =0, )

1 1
G+ 0%+ 505 +gn =

0,
} y =h+nx1, 3)
n[ = (Py_nx (px’ )

where g is the gravitational constant. For simplicity, I have omitted surface tension,
although this can be readily incorporated in both the full equations as well as the models
discussed below. In the standard Boussinesq (shallow water) approximation to the water
wave problem, one begins by introducing the small parameters

where a is the wave amplitude, [ the wave length. The equations (1-3) are rescaled
according to (x, y,t, M, ®) —> ({x,hy,an, c lgale), where ¢ = Ygh is the
(linearized) wave speed. The boundary value problem (1-2) (in the rescaled variables) is
then solved for the potential, and the resulting series expansion substituted into the free
surface conditions (3). The resulting bidirectional system of equations is typically
expressed in terms of the surface elevation M(x, t) and the horizontal velocity u(x, t) =
¢,(x, 0 h,t) atafraction 0 <0 <1 of the undisturbed depth. Truncating to some
specified order, one finds a variety of Boussinesq-type systems of model equations for
waves propagating in both directions. To specialize to waves moving in a single direction,
one resticts to an “approximate” unidirectional function surface, and re-expands the system.
The result, to first order, is the celebrated Korteweg-de Vries approximation
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3 1
M+ My + —2’81111’( - ixnxxx =0, @

which we have written in terms of 1, although the horizontal velocity u satisfies the same
equation to first order. (The higher order approximations, though, are different, [8], [9].)

The water wave problem was shown by Zakharov, [11], to be a Hamiltonian
system with the total energy serving as the required Hamiltonian functional. Also, as is
well known, [10; Chapter 7], the Korteweg-deVries equation (4) has two distinct
Hamiltonian structures — indeed, the fact that it is a biHamiltonian system implies, by
Magri’s theorem, that it is, in fact, a completely integrable Hamiltonian system in the sense
that it has an infinite sequence of independent conservation laws and associated
(generalized) symmetries. On the other hand, in collaboration with Benjamin, [2], [7], the
full water wave problem (1-3) was shown to possess precisely eight (seven if surface
tension is included) local conservation laws, corresponding to nine (eight if surface tension
is included) independent one-parameter symmetry groups. (The “extra” scaling group is
not being “canonical”, and thus does not lead to a conserved quantity.) In the course of
trying to understand which of the Korteweg-deVries conservation laws correspond to true
water wave laws, I found, much to my surprise, that neither of the Hamiltonian structures
for the Korteweg-de Vries equation arises directly from the Hamiltonian structure for the
full water wave problem. The crucial feature is that the Boussinesq expansion is not
canonical, and so cannot lead to a first order Hamiltonian approximation. Indeed, the first
order truncation of the water wave energy functional is not one of the conserved quantities
for the Korteweg-deVries model (4).

The easiest way to appreciate this phenomenon is through an appeal to a simple
form of “noncanonical perturbation theory”. Consider a Hamiltonian system

%% = Jv) VH(v), : )
which, in our application, would represent the full water wave problem. In standard
perturbation theory, which ignores any additional structure the model may possess — such
as Hamiltonian structure, conservation laws, etc., one derives approximate modcls by sub-
stituting the physically motivated perturbation expansion v =1u + € @(u) + g2 y(u) +.
into the system, and then truncating the resulting system to some desired order in €.
However, this procedure must now be correlated with the Hamiltonian structure of (5).
Indeed, if the expansion is not canomcal then we must not only expand the Hamiltonian
function(al) H(v) = Hy(uw) + £ H,(u) + g2 Hz(u) + ..., but also the Hamiltonian operator
Jv) F— Jp(u) + € Ji(u) + g2 I +.... Ifwe truncate to just first order, the resulting
perturbed system

‘;—‘t‘ = JyVHy+ € { J; VHy +J, VH } (6)
is not Hamiltonian in any obvious way. Indeed, as was remarked above in the context of
the water wave problem, the first order truncation of the Hamiltonian, Hy(u) + & Hy(u), is
not a conserved quantity for (6). A Hamiltonian first order approximation to (5) can be
given by retaining some (but not all) of the second order terms:
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% = [Jo+el]1V[Hy+eH;] -

= JyVHy+ € { J; VHy +J, VH, } + €21, VH, .

(Technically, since the Jacobi identity imposes a quadratic constraint on the Hamiltonian
operator, the combination J,+€J; is not guaranteed to be Hamiltonian; however, in
many cases, including the Korteweg-deVries approximation, this is not a problem.)

In certain situations, the first order model (6) may turn out to be Hamiltonian “by
~accident”. One way in which this can occur is if the two terms in braces are constant
multiples of each other, so J; VH, =24 J, VH,. If this happens, the associated first order
approximation (6) is in fact biHamiltonian, and hence completely integrable. This
observation, which does apply to the Korteweg-deVries equation, can be offered as an
explanation of the surprising prevalence of completely integrable soliton equations
appearing as models for a wide variety of complicated nonlinear physical systems — it is
because they arise from non-canonical perturbation expansions of Hamiltonian systems,
while, at the same time, retaining some form of Hamiltonian structure.

Both the Hamiltonian models constructed using the preceding non-canonical
perturbation theory, as well as the complete second order models for unidirectional shallow
water waves, are evolution equations of the general form

2 2 =
u +ou +e {|.1uxxx +2quu } +¢€ {om +Puu  +8uu +3ruu} =0. (8)

t XXXXX

Such models arise in a wide variety of other physical situations, including wave
interactions, elastic media with microstructure, and soliton. The precise formulas for the
coefficients vary, and I refer the reader to [5] for a survey of (most of the) models of this
form in current use, including all water wave models, both first order Hamiltonian, and
second order, with and without surface tension. Some analytical results are known for
such fifth order models, although much remains unknown. In particular, numerical
solutions have not, as far as I know, been implemented. Here I would like to comment on
some recent results concerning the existence of solitary wave solutions. For small g,
equation (8) should be regarded as a perturbation of the Korteweg-deVries model, cf. [4],
obtained by omitting the 0(82) terms entirely. Therefore, one would expect that the model
admits a one-parameter family of solitary wave solutions which would look like small
perturbations of the standard sech? solitons of the Korteweg-deVries equation. This point
of view would be additionally bolstered by the fact that the full water wave model also
admits a family of solitary wave solutions, up to a wave of maximal height which satisfies
the Stokes’ phenomena of exhibiting a 120° corner. Indeed, Kunin, [6], introduces
models, using only €2 Buu,,, inthe second order terms, which do have solitary waves
of maximal height, although these waves have a 0° cusp. Remarkably, the expectation of
solitary wave solutions is not correct, and, indeed, most of the fifth order models (8) do
not have the expected property. Indeed, in joint work with S. Kichenassamy, [5], it was
proved that, subject to a technical analyticity hypothesis, the only models (8) which admit a
one-parameter family of solitary wave solutions which, in the e—— 0 limit, reduce to
Korteweg -deVries solitons, are the models which admit a one-parameter family of exact
sech? solitary wave solutions!
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In the case of the water wave models, only at the “magic depth” 6 ="\ 15— 77
do the higher order models possess solitary wave solutions. In this case, the Hamiltonian
model is, in fact a fifth order Korteweg-deVries equation, having soliton solutions. (The
many remakable properties of the models at this depth has been noted before, [8], [9], but
no explanation is as yet forthcoming.) This fact brings into sharp focus our preconceived
notions concerning the construction of model equations for solitary wave phenomena.
According to work of Friedrichs and Hyers, [4], and Amick and Toland, [1], the full water
wave problem possesses a one-parameter family of exact solitary wave solutions, up to a
wave of maximal height. The Korteweg-deVries equation also has a one-parameter family
of exact sech? solitary wave solutions (of all amplitudes), which, for small amplitudes,
are fairly good approximations to the exact solitary water waves, [3]. However, if one
tries to improve the approximation by including higher order terms, or maintaining
Hamiltonian structure, one in fact does much worse, destroying the solitary wave solutions
entirely. At first glance, this is very surprising. However, what should really be
surprising is that the models to a physical system have solitary wave solutions in the first
place! Indeed, since the O(sk) model is (presumably) only valid for time O(e'k), the fact
that it has a solitary wave solution valid for all time is certainly not guaranteed, even if the
full physical system has solitary wave solutions. In fact, all we have a right to expect isa
solution which looks like a solitary wave for a long time, but then, possibly, has some
completely different behavior, e.g. dissipation, break-up, blow-up, or something else,
which is irrelevant for the physical system being modelled. The fact that almost all popular
models for wave phenomean do have solitary wave solutions is, therefore, an accident that
has lulled us into a false sense of security.

The details of the proof of this result are to be found in [5]. The method is to first
determine which of the models have exact sech® solitary wave solutions. Substituting the
explicit formula u(x,t)=a sech? AMx —ct) into the model (8), we find that the coefficients .
a, A, ¢, must satisfy the compatibility conditions

ocp2+up +(p-c) = 0, 15a0pc +2B+Y)p +3p0c+2q =0,
150062+ 3B+2Y)0 + 2p = 0,

)

where p=4 7»2, =-4 ?\.2 [ a. Note that 6 <0 gives a wave of elevation, ¢ > 0a
wave of depression. Analysis of the algebraic system (9) proves that a general fifth order
model (8) possesses either 0, 1, 2, oo, or e+ 1 explicit sech solitary wave solutions,
where o denotes a one-parameter family of such solutions. In particular, the model
admits a one-parameter family of explicit sech? solitary wave solutions if and only if the
coefficients satisfy the two algebraic relations

B+yu = 5qa, 150r = BB+ (10)

It should be remarked that these are not enough to guarantee that the model is completely
integrable! Interestingly, there may be more than one sech? solitary wave solution for
subcritical wave speeds if o <0.

In order to prove non-existence, we first construct a suitable solitary wave tail (i.e.
for |x| — ) by proving the convergence of the appropriate formal series solution. On
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the other hand, there exists a formal expansion of any solitary wave solutions in a series in
power of sech, which, if it converged, would actually give a solitary wave solution.
However, except when the coefficients of the equation satisfy the algebraic constraints (10)
guaranteeing a family of sech? solitary wave solutions, the recurrence relations for the
formal series solutions introduce poles in the coefficients in the complex €-plane
converging to € = 0, which serve to violate our underlying analyticity hypothesis. This
gives a brief outline of the essence of the proof — the reader can find the full details in [5].

(1]
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(6]
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Hamiltonian GFD and Stability

by Pedro Ripa
C.I.C.E.S.E., 22800 Ensenada, B.C., México

Most GFD models are Hamiltonian when dissipation is excluded;
this is a structural property which provides a unified picture of
different systems, three of which I would like to compare here.
We envision the state of a Hamiltonian system as a point ¢ in a
certain state space E; in practice we deal with a particular set
of fields ¢2(x,t) x € D, but it must be remembered that the
Hamiltonian formalism is covariant under changes of representa-
tion. Given any admissible functional of state ¥Fl[g¢,t] its gradi-
ent DF is a covector, which is represented by a set of functional
derivatives &%/8¢2, calculable from the first variation &% =:
<8p,DF>. The rate of change ¢, of the state point is a vector
field which is constructed by a linear operation of a tensor J[g¢]
on the gradient of the Hamiltonian functional H[¢,t], namely ¢, =

JD¥. Thus

dF _ &%

‘d_.E - 5‘5 + {gl}c}l V g[q’r t]l (1)
where {4,B} := <Dd,JDB>. This bracket allows for the definition
of a one-parameter (say s) group of transformations, generated by
some functional of state (say Mg, t]), namely

aF _ _
a“g - {?IM}I V g;[‘P: t] . (2)

Let 4 & B be any two functionals of state which generate
transformations represented by the vector fields JDd & JDB. Their
Lie bracket (JDd) (JDB) - (JDB) (JD4) is another wvector field: if
one demands it to be also of the form (2) and, moreover, to be
generated by the bracket of both functionals (i.e. to be equal to
-JD{«,B}) then it follows that J must be skew-symmetric and sat-
isfy the Jacobi identity [1] (the converse is also true). A J
with those properties is called a Poisson tensor and {, } a
Poisson bracket; only this type of brackets is considered here.
If the J is singular, its null space is spanned by the gradients
of the Casimirs, JDE = 0 (or {¥,8} = 0 V¥); using this in (2)
shows that the Casimirs generate no transformation. Equations (1)
and (2) are invariant under the addition of Casimirs to ¥ and M.

One of the most powerful properties of a Hamiltonian system is
given by Noether’s theorem, which links symmetries to conserva-
tion laws. A symmetry of a dynamical system represents the exis-
tence of an operation that transforms any solution into another
solution; the transformation may be done at any fixed time, with-
out knowledge of the future -or previous- state of the system. In
the particular case that the symmetry transformation of an arbi-
trary functional ¥ has the form (2), skew-symmetry and Jacobi
property of J yield {¥,d#/dt} = 0 V¥, which in turn implies that
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dM/dt is -at most- equal to a function of time and the Casimirs
(this is called a distinguished function). Redefining M by sub-
stracting the time integral of that function, the transformation
(2) is not changed and the new M is conserved, d#M/dt = 0. This
derivation of Noether’s theorem requires neither 8K/8t = 0 nor
amM/at = 0; H[e, t] may not be conserved even if Mg, t] is.

Let me now present the three models to be compared. In all
cases D is some horizontal domain with a rigid boundary 8D, and
the vertical structure is that of a single active layer of fluid.

The first model is a generalization of the shallow water equa-
tions, allowing for lateral -but not vertical- density inhomo-
geneities [1]. The ¢* fields are the flotability ¢, the layer
thickness h, and the horizontal velocity u; the latter has Carte-
sian components (u,v) along the the eastward and northward coor-
dinates (x,y). The external fields are the Coriolis parameter f =

f, + By and a topography h,(x); h := h, + h/2 is the mean depth
of the water column. The evolutlon equations are

8, = —u-Vs, h, = -V(hu), u, = -ghzxu - Vb + hus. (3)
where g := (f+2-qu)/h is the potential vorticity and b :=

9 (h+h,) + u?/2 is the Bernoulli function. This rrotational force
fleld comes from calculating the pressure profile in the active
layer -using the hydrostatic balance- and then vertically averag-
ing its horizontal gradient. In this system, potential vorticity
is not conserved following fluid particles, indeed

g. + uvg = h'Zz-Vhxve. (4)

Boundary conditions for (3) are u'm = 0 and Voxn = 0 at 8D, where
n is the outward normal; the last one guarantees that the circu-
lations 7, are constant.

The condition ® = constant (=: g,) defines a submanifold which
is preserved by the dynamics: (3) reduces to the classical shal-
low water equations (SWE): h. = -V(khu) and u, ='—qhzxu - Vb, with
b := g,(h+h,) + u?/2. This constitutes the second model discussed

here. For this system, the right hand side of (4) vanishes, i.e.
potential vorticity is conserved, but ¢ is lost as a lagranglan
label.

The third model is the so called equivalente barotropic one.
It is set up from the SWE wrltlng h+h, = H+n, for some constant

H, and assuming w,h, « H and z- v, By « f,. To lowest order, the
potential vorticity takes the linearized form

g := £ + 2-Vxu - f,(n-hy)/H, (5)

where 1/H has been factored from this definition. The evolution
equations for this model express that the circulations 7, are
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time independent and that potential vorticity is conserved fol-
lowing fluid particles, q. + u-Vg = 0. This equation requires to
solve for (u,n) as functionals of (g, 7). which is done assuming

u = zxW and p (= gm) = fo¥. Notice that this implies not only a
geostrophic balance, fyzxu = -Vp, but also a vanishing horizontal
divergence, V-u = 0, in spite of the vertical stretching n-h; in

the last term of (5).

The three models presented are but the one-layer cases of
larger families, namely primitive equations with inhomogeneous
[1] or homogeneous [2] layers and the quasi-geostrophic approxi-
mation of the latter [3]1[4]. All these are singular Hamiltonian
systems. For instance, (3) may be obtained from

. . 0 0 -h've
H .= ;j h(uz + 8B) & J:=| 0 0 -v- [. (6)
b hlve -V -qg 2x

If and only if the boundary 8D is invariant under x-translations,
then the momentum

M o= J h(u - fy - =8Y) (7)

D
may be used in (2) to generate the transformation ¢2(x,..) +—
¢?(x+s,..), keeping x fixed elsewhere (e.g. in hy). ¥ 1is con-
served because 8K/3t = 0, whereas in order for M to be conserved
one requires 68h,/8x = 0. Expressions for ¥ and # for the other

two models are very similar to these ones. The main difference
between the three models is in the geometry of state space, re-
flected in the form of their respective Casimirs:

€ := j ghCy (9) + hC, (), j hC, (@), j c, (@), (8)
D D D ;

where the C;( ) are arbitrary. (The circulations 7, are also
Casimirs.)

Assume that for certain Casimirs 6, & 6, it is &(¥#+8;) = 0 @ ¢
= ¢, and 8(M+6,) = 0 @ ¢ = &,. The particular states ¢, & &
could be the same one, and must satisfy 8,8y = JDK = JD(H+Eg) = 0
and 8,9, = -JDM = -JD(#+6,) = 0. The converse (i.e. given ¢, & &
such that 8,8, = 8%, = 0, find & & §, such that &(H+6;) =
3(M+6y,) = 0) is not guaranteed, as shown below. Take for instance
the second model (classical shallow water equations) and search
for €, such that M+6, is gquadratic to lowest order in u in 7 (:=
h+h,~H, for some constant H), 1i.e. 5(M+6,) = 0 at the resting
ocean. Using h, = 0 for simplicity (one only needs an
x-independent topography), the pseudomomentum obtained is [5]
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.= _ H 2 1 )
P M- th<q /1) + fu-dx

B aD (9)
I un - (v;—uy—fh/H72.H/ZB(H4n),
D

where trivially constant terms have been suppressed. Notice that
there are higher order terms in P, on account of the 1/(H+m).
However, for the third model (quasi-geostrophic) P is exactly
quadratic and equal to -1/28 times the enstrophy [(v,-u,-fn/H)?
[6], since the integral of um vanishes because of geostrophy. On
the other hand, for the first model (shallow water equations with
lateral inhomogeneities) this trick is not posible: in order to
be able to construct P one would need a monotonous ambient buoy-
ancy profile ©(y).

Notice that P cannot be obtained if B = 0 (or, more generally,
d[f/(H-hy,)]1/dy = 0), for lack of an appropriate Casimir. The rea-
son being that for the degenerate cases (uniform ambient poten-
tial vorticity and/or density) there are not enough natural con-
served scalars that could serve as Lagrangian labels [7]. From
the Eulerian point of view, both # and ? may serve as x-momentum.
From the Lagrangian point of view, M and P conservation are ob-
tained from homogeneity of position x and label x,, but one can-
not have one symmetry without the other. Moreover, different
equivalent Lagrangians give conservation of different combina-
tions of M and P for the independent variations &x and 8x,, so it
is not possible to say, in a unique way, which one of the two in-
variants is related to which symmetry transformation [7].

For a steady basic state &, one can use the pseudoenergy Jg =
H+6,, &%, = 0, to derive Armol’d’s first (8?%; > 0) or second
(82¢, < 0) formal stability theorems. Even better, one may use
the total variation A%, to find finite amplitude (nonlinear) sta-
bility criteria. Table III in Ref. [1] shows that this program
has not had much success, except for the very restrictive class
of horizontally non-divergent models (quasi-geostrophic and 2D
Euler). These are also the only models for which an instability
can be characterized by energy transfer terms; for the other two
classes discussed here, the perturbation may have zero or nega-
tive energy and therefore its growth is related to an increase in
the energy of the mean flow [2]([8].

Primitive equations models with homogeneous layers (e.g., the
classical shallow water equations) only have Arnol’d’s first for-
mal stability theorem [2], and this condition is harder and

harder to satisfy as the number of layers increases. Moreover,
there is no formal stability theorem for the cases with either
inhomogeneous layers [l] or continuous stratification [8]; for
the latter, however, there is the Miles-Howard criterium for nor-
mal mode perturbations. Failure of the strict application of
Arnol‘d’s method does not mean that there are not stable states,
it only means that their stability will have to be proved by

-
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special methods.

The condition &(#+€;) = 0 defines an extreme of the Hamilto-
nian on the Casimir leaf 8|, = 0 (or vice versa, 36|, = 0). In
Ref. [4] it is argued that sign definiteness of &%#|. is enough
to guarantee stability for general perturbations, even if
82 (#+6;) is not sign definite. The reason for this being that
nearby constant-€, leaves have similar dynamics. A different sit-
uation arises when leaving a sheet changes the physics, like go-
ing from V@ = 0 (second model) to V&o = 0 (first model).

Finally, let me comment on the role of invariants in the in-
stability problem. Consider the case of a symmetric system: by
Andrew’s theorem [9] one can only consider steady and symmetric
basic states. Not only the pseudoenergy, but also the pseudomo-
mentum ¥, := M+6, are quadratic (and higher order) invariants.
Formal stability is guaranteed if there is any « such that &2%; -
«32%, is sign definite. (This combination is the Hamiltonian for
the linearized dynamics, in a frame moving with speed «.) On the
other hand, if the basic state is unstable then there is a per-
turbation for which &2¢, - a82%, = 0 for any «, i.e. both terms
vanish. This represents a balance between positive and negative
parts, which may be used to characterize growing perturbations
[10]. Typification of an instability by energy transfer terms
only works for non-divergent models.

For lack of space I am only listing some of my contributions

to these subjects. Further references may be found in these pa-
pers and in the Lecture Notes by Phill Morrison and Ted Shepherd,

in this volume.
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STRUCTURE OF THE CANONICAL TRANSFORMATION

Ian Roulstone! : Michael J. Sewell 2

1 Introduction

The aim of this work (Sewell & Roulstone 1992) has been to conduct a fresh study of the
canonical transformation. This transformation is widely known to be a classical and time-
honoured device in mechanics, but we have found that an understanding of it may be no
more than formal without a reasonable variety of explicit examples. The literature on this
subject is often stereotyped and rather uncritical, or sophisticated and unduly difficult. One
of our aims has been to investigate some of these apparently sophisticated ideas with some
explicit examples which we have not found available elsewhere.

We have found that the expression for the transformation in terms of gradients of gener-
ating functions reveals much about the anatomy of the transformation. In turn, the variety
of possible structures of generating functions (e.g. multivaluedness), suggests that some of
the other definitions are ambiguous if stated in the forms that are often found in the litera-
ture. We shall elucidate this point further in §5.

The importance of the canonical transformation derives from the fact that it is intrinsic
in any part of mathematics, mechanics or numerical analysis (applied to symplectic integra-
tors), where Hamilton’s equations appear. The trigger for this present work lay within our
investigation of the semi-geostrophic equations of meteorology. Previous papers (Chynoweth
& Sewell 1989, 1990, 1991) showed that topic to contain convexifications of multivalued Leg-
endre dual functions such as the swallowtail, which are adapted to provide examples of
canonical transformations.

2 Definition

It is clearest to deal with the lowest dimensional case, because this offers fully explicit
examples in a way which higher dimensions, despite their importance, cannot. We use the
neutral notation of Carathéodory (1982), which is not biased towards any particular context.
Thus we suppose that a pair z,y of real scalars is related to another such pair X,Y by

X=X(z,y), Y=Y(z,9) . ’ (1)

This is a dependence or transformation R? — R?. Let j denote the jacobian of ( 1). For
some particular transformations ( 1), j has a constant value over some domain in z,y space.

! Meteorological Office, Bracknell, RG12 2SZ, U K.
’Department of Mathematics, University of Reading, Reading, RG6 2AX, U.K.
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We adopt the following definition for the purpose of this paper. If the transformation
(1) has
j=1 (2)

over a two-dimensional domain, we define the transformation to be canonical over that do-
main. The domain need not be the whole space.

3 Anatomy

A canonical transformation has a locally unique inverse in the neighbourhood of every point
of its domain, because j = 1 is sufficient for the inverse function theorem to apply. Even
when the functions in ( 1) are single valued, however, the global inverse of the transformation,
which we write as

q;_—_-;l;(X,Y),. yzy(X,Y) (3)

in terms of differentiable functions on the right, need not be single valued.

We now seek to explore some of the variety of anatomical detail which gives the canonical
transformation its structure. It is convenient to define an internal singularity of a canonical
transformation to be a location where one or more of 8X/dz, 0X/dy, 0Y/0z, 9Y[dy is
zero or infinite.

Theorem 1 A canonical transformation ( 1) with ( 2) can be expressed locally in one or
more of the following versions, when the indicated sufficient condition holds.

(i) If Y /8y # 0, +o0, then X = X(z,Y), y = y(z,Y) such that 0X/0z = Oy/aY .

(i1) If 0X /0y # 0,x00, then y = y(z, X), Y = Y(z,X) such that 0y/0X + Y[z = 0.
(iii) If 0X [0z # 0, to0, then ¢ = z(X,y), ¥ = Y (X,y) such that dz/0X = 0Y/dy.

(iv) If 8Y/dzx # 0,400, then X = X(V,y), z = z(Y,y) such that 0X/0y + 0z/9Y = 0.

In the case of thermodynamics, the last equations in (i)-(iv) are called Maxwell’s relations.

Theorem 2 For each part of Theorem 1 which is available, there exists a scalar generating
function listed below, allowing the canonical transformation to be expressed in gradient form
as follows, and locally so in the first instance.

(i) A(z,Y) such that X = 0A/9Y,y = 0A[0z. (u) B(z,X) such that y = —0B/0z,Y =
0B/0X. (iii) C(X,y) such that = = —8C/0y,Y = —0C[0X. (iv) D(Y,y) such that
X =—-0D/3Y,z = 0D/0y.

The generating functions in Theorem 2 are available locally and as single valued functions
in the first instance, but we shall give an example, later in this section, showing how they
can be available globally, and as multivalued functions.

Theorem 3 When any two of the generating functions having one argument in common
exist, they are connected by a Legendre transformation which relates the non-common argu-
ments as active variables, while the common one is passive.



To illustrate some of the features of Theorems 1, 2 and 3, consider the following example.

The transformation
X=z Y=z*+y, (4)

is canonical and possesses a quartet of generating functions (as in Theorem 2). There are no
internal singularities associated with dX/0z = 1 and 9Y/0y = 1, so (i) and (iv) of Theorem
2 with ( 4) can be integrated to give the generating functions A and C, over the whole z,Y
and X,y planes respectively. These two functions each have the form of a fold catastrophe
potential: A = —1/323 +2Y, C = —1/3X3 — Xy. The internal singularity of 0Y/0z = 0 at
¢ = 0 is an isolated singularity of the A « D and C « D relationships, but this does not
inhibit the construction of the double-valued function D = F3(Y — y)? with cusped edge
of regression along Y = y. The internal singularity X/0y = 0 of ( 4) is not an isolated
singularity, so that the inverse function theorem cannot be resurrected in the way that is
possible for the foregoing isolated singularities. Parts (ii) of Theorems 1 and 2 fail in the
stated forms. Nevertheless, the A « B and B < C relationships can still be constructed
using the more basic definition of a Legendre transformation in terms of points and planes,
or poles and polars respectively (see Sewell, 1987, §2.2). Each of A(z,Y) and C(X,y) is
linear in the variable now required to be active, namely Y and y respectively, and the dual
of these polars is the single point, with abscissa z = X and ordinate %—z3 = %X 3 and only
has restricted differentiability. The generating function B(z, X) still exists, therefore, but
only over a domain of lower dimension. One may not know in advance which generating
functions have this limitation.

4 Semi-geostrophic theory

The semi-geostrophic theory of meteorology provides a recent example of a Legendre quartet
given by Chynoweth & Sewell (1989, 1991), which can contain singularities. Here x is a
horizontal position vector in physical space, and the scalar z is a measure of height; M is a
horizontal momentum vector, and 6 is a measure of temperature (see Chynoweth & Sewell,
1991, for further discussion of these variables). Note that there is a Legendre transformation
between R(6, M) and P(z,x), with all arguments active, having the property R+ P = M-x,
and '

OR/06 = 2(6,M), OR/OM =x(0,M), (5)
0P[Oz = 0(z,x), OJP/0x=M(z,x) (6)

(see Purser & Cullen 1987).
Consider the case of flow in a single vertical plane. The vectors M and x are replaced
by their scalar components M and z. In general ( 5); can now be inverted and substituted

into ( 5)2 to give a canonical transformation, M = M(0,—z), z = z(0,—z), generated, for
example, by R(6, M).
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A mathematically simple illustration is provided by the parabolic umbilic polynomial,
R(6, M) = :ll-M“ + MO + aM® + 8% (7)

in which a and B are given parameters. This leads via ( 5) to z = 20(M + §), = =
M3 + 2aM + 62, which can be rearranged as the canonical transformation

M=1z/20—-8, z=_(2/20 — B)*+2a(2/20 — B) + 6* . (8)

The function ( 7) was used by Chynoweth & Sewell (1989) as a starting point for calculat-
ing its Legendre dual function P(z,z), because the latter has a self-intersection line whose
projection onto the physical z,z plane models the trace of an atmospheric front. From the
viewpoint of canonical transformations, ( 8) is therefore an example of one which is derivable
from a multivalued generating function P possessing self-intersections.

5 Alternative definitions

Here we comment briefly on the invariance of a circuit integral and its relationship to ( 2).

If a differentiable function B(z, X) exists, and is single valued, and if (ii) of Theorem 2
holds, then its first differential is unambiguously dB = YdX — ydz. In particular, if it has
a single-valued branch over a closed circuit 4 drawn in its domain, then it follows that

£YdX=£ydw, 9)

where the circuit integrals are each evaluated around the lifted version of 4 on the considered
branch. This result expresses the invariance of the circuit integral under the transformation

(1).

One motivation for the use of the circuit integral is that it can be related via Stokes’
theorem to the j = 1 definition, which can be illustrated by results of the following type.

Theorem 4 If fully differentiable B(z,X) exists, and if there exists another, intermediate,
uniquely invertible mapping

z = z(a,b), X = X(a,b) ,

to a third pair of variables a, b, then

9=,Y) 1\ dadb =
/Da(a,b) (j—1)dadb=0 (10)

where D is the interior of the single valued image 0D of the circuit ~.
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Figure 1: (a) D(Y,y) of §(3), (b) The swallowtail surface.

Proof. We write ( 9) in terms of a and b

0X 0x Oz Oz
‘év Y (Eda + —a-gdb) = fav Yy (%—da + -a—bdb) . (11)
Using Stokes’ theorem ( 11) becomes
AENA) 4o, [ (22000200
> 3(z,9) 8(a,5) %= J \Fads ~ 3534 ) 420 > (12)

which is ( 10). O

A common definition in the literature (Arnol’d, 1989, p. 239) is: ‘The transformation
(1) is canonical if the property ( 9), or one of its alternatives, holds’, but this is subject
to the following qualifications. It must be reasonable to expect a generating function to
have global multivaluedness, e.g. of the type encountered with the example in §3, or the
swallowtail (see figure 1), or worse in higher dimensions. In such circumstances, one must
decide which single-valued part of the multivalued generating function is to receive the lifted
circuit. It may be that at least one of the four generating functions is always globally single
valued, but in the absence of a theorem which identifies in advance which one, there is an
inherent ambiguity in the use of the circuit integral.
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ON THE HAMILTONIAN STRUCTURE OF SEMI-GEOSTROPHIC THEORY.

Ian Roulstone John Norbury ®

1 Introduction

A description of the canonical form for the semi-geostrophic (SG) equations within the
context of Generalized Hamiltonian systems was given by Salmon (1988). In this work a
canonical Hamiltonian structure for the semi-geostrophic equations is presented and from
this, a reduced, noncanonical Hamiltonian structure is derived, providing a fully nonlinear
version of the approximate linearised vorticity-streamfunction representation. This paper
constitutes a synopsis of Roulstone & Norbury (1992). For reasons of brevity the propo-
sitions are given here with only sketch proofs, however we attempt to convey some of the

essential geometric ideas.

Here we work with Lagrangian and Eulerian formulations of the equations. The SG
equations of motion may be written either as an infinite set of coupled ordinary differential
equations or, as in the formulation of the geometric model, an advection equation based
on the Monge-Ampere operator. The geometry of the Monge-Ampere equation together
with convex analysis and their application to atmospheric flows offers a new perspective on

balanced systems.

2 Semi-Geostrophic Dynamics

2.1 Equations of motion

The three-dimensional Boussinesq equations of semi-geostrophic theory given by Hoskins &
Draghici (1977) on an f-plane, can be written using the following coordinates

v u, 90
X=(X,Y,2)= |e + L,y - -2, , 1
in the form DX
o = W = (ug, vg, 0) ; (2)
that is, the motion in these transformed coordinates is exactly geostrophic. The material
derivative is D/Dt = 8/t + u- V. In these transformed coordinates a consistent ap-

proximation to the energy integral can be derived and the condition for the integral to be
stationary under virtual displacements, may be expressed in terms of a convexity condition
on a streamfunction for the geopotential (Cullen et. al. (1987)). We will introduce such a
function in the next subsection. The Jacobian ¢ = 8(X,Y, Z) /9 (x,y, z), defines a consistent
form of the Ertel potential vorticity in SG, satisfying Dg/Dt = 0.

1 Meteorological Office, Bracknell, RG12 25Z, U K.
2Mathematical Institute, Oxford, OX1 3LB, U.K.
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2.2 The Legendre Transform

The equations of motion have a particular duality structure. The vector X may be expressed
as the gradient of some scalar function P(x), X = V_,P. Within an arbitrary additive
constant this function is uniquely defined by, from ( 1) P = ¢/f* + (z* + y?) /2, where
¢ is the geopotential. Define Q(x) = V,X, then Q is the Hessian of P with respect to
x. Q is symmetric, so when it is non-singular its inverse exists, and the inverse Jacobian is
symmetric also, implying that x is the gradient of some scalar function R(X):

x = VxR . (3)

R is given to within an additive constant by R(X) = x - X — P(x), which is the expression
for the Legendre transform between R and P. We can show that the motion is non-divergent
in X-space and therefore, being constrained to Z-surfaces since ( 2) has Z = 0, is expressible
in terms of a streamfunction ¥ by (u,, vy, 0) = (—9¥/9Y,0¥/0X, 0)/f. From ( 1) and
( 3) we deduce that the simplest form for ¥ is given by

v = f? (-;- (X +Y?) - R(X)) : (4)

The particular duality structure described above is but one realization of a quartet of Leg-
endre transformations described in Chynoweth & Sewell (1989).

2.3 A solution strategy

We outline the numerical method as discussed by Purser & Cullen (1987) and Cullen, Nor-
bury & Purser (1991) to show that the above formulation leads to a natural phase space
description.

At each timestep define a distribution of p(X) = ¢~!(x) = det(Q™'), and solve the
nonlinear elliptic or parabolic (Monge-Ampere) equation for R:

det |Hes(R)| = p (5)

subject to suitable boundary conditions. The boundary conditions are imposed with respect
to the domain in which the fluid motion takes place and need to be translated into conditions
on VR. The next step is to use ¥ defined in ( 4) in terms of R given by ( 5) to update the
conserved density p, according to the advection equation

dp

— = —u,-Vxp =

ot

19(p, ¥)
FOX,Y) (©)

In this model we seek to construct a solution by solving a sequence of time independent
elliptic problems.

343




3 Hamiltonian Structure

3.1 Kinematics and Dynamics

For any differentiable function R of X for which we write the relationship ( 3), we can define
the Hamiltonian functional, using ( 4) and an appropriate normalization for the geopotential,
as

H[X] = /rdA, ¥(X) = f2/Ddx (% [(y-Y) + (X —2)*] —zZ) : (7)

where dv is the measure over the Lagrangian particle labelling coordinates (a,b,c) = a,
assigned at = 0, X(a, 7) : X(a, 0) = a. The coordinates x = (z,y,2) are locally
cartesian on a domain D. The dual space mass density p(X), becomes the Jacobian of the
map X — a, and is taken to have compact support in I' to avoid later difficulties with
boundary conditions. For incompressible flow, 8(a)/d(x) = 1. We now write our equations
of motion ( 2) in Lagrangian phase space variables X as a canonical Hamiltonian system by
means of a Poisson bracket defined as follows.

Proposition 1 The equations of motion ( 2) take the form on surfaces of constant Z

oX oY
e {H, X}c, PP {H, Y}c , (8)

where {, }c is given by

§F G §F G
{7, Gle = /Fd”’ (6X(a) §Y(a) _ 6Y(a) 6X(a)) '

One can show directly in these variables that the X-space mass density p is conserved,
{p, H}c = 0. Conservation of potential vorticity may be established using the same

procedure by noting p = ¢

3.2 Symplectic structure and particle labels

Qualitatively, a Hamiltonian system possesses a volume element called the symplectic form,
which we denote by 2, and this is an invariant in the sense that its Lagrangian derivative
along the flow vanishes. We express the symplectic structure {2 in canonical bases for the
particle label description. One can identify a natural dual to {2, such that their inner product
is a scalar. We refer to this object as ©, known as the cosymplectic structure. It turns out
that the abstract statement of the conservation of the symplectic inner product (Q|0), is
equivalent to the conservation of potential vorticity on fluid particles. This is, therefore, an
important relationship between the dynamical invariant ¢ |, and the canonical kinematic
structure 2. ‘
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3.3 A noncanonical Hamiltonian approach to the advection equation

‘We make some brief remarks concerning the generalization of the results to noncanonical
systems. Suppose that a system has densities F, G,which are functionals of canonical co-
ordinates z'. It may be possible to write the Poisson brackets in terms of noncanonical
coordinates z%, where a < 7, in the following manner

_ _6F ]
{.7'-, g}E = /dZ]/de(—S_—E-;:{Zla, zw}c % . (9)
We will show that this structure leads to an appropriate generalization of ( 6).

In the following calculations the canonical coordinates 2* will be identified with the La-
grangian coordinates X! < (X,Y), while the noncanonical variable z will be identified
with p(X*). We use the overbar to distinguish the use of the dual space coordinates here
from that employed in §3.1: The partial derivative with respect to time is taken at constant
X. It is the symmetry invariance (commonly referred to as gauge invariance) with respect
to the particle relabelling that enables the kinematics of the system to be described in terms
of a single observable Z, together with a noncanonical structure.

We use our previous Hamiltonian ( 7), but evaluated in phase space solely as a functional
of p. The Hamiltonian is given by

Hip] = / X p(X)¥(X) . (10)

The functional derivative §H/6p is calculated using the Legendre Transformation and may
be related to the energy minimization condition. The result is

Hor(ee vy -r) . ()

The key to understanding the variation in ( 11) is the use of the contact structure of the Leg-
endre transformation. The salient feature of a contact space which is of importance here is
the idea of a lifted curve (Arnol’d (1989), appendix 4). A curve R = C(X) in the ‘base space’,
spanned by the coordinates (X, R), has an image or lift denoted C’ in the space spanned by
the coordinates (X, R, Vx R). This is the structure of phase space for the reduced SG model.
At a fixed point (Xo, Ro) on a curve C, we can vary C’ with respect to z (using ( 3)) and thus
the Legendre Transformation gives 6C = §,R = Xéx — V,Péz = 0. The integrand of the
Hamiltonian ( 10) may thus be varied with respect to x, with the result §H = Wép + p§U.
But at fixed X, 6x¥ = 6xR = 0. Consequently we get ( 11). It is the contact geometry
that distinguishes the dynamics of SG theory from that of perfect incompressible fluids (e.g.
Marsden & Weinstein (1983)).

We may now formulate the Hamiltonian structure of ( 6).
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Proposition 2 The equation of motion ( 6) may be written in the following Hamiltonian
form

9p(X)

——a_t_ = {H, p(X)}E s
with ( 5F )
a p(X)a'—"—'
_ 09 8p(X)
i, ke = /Fdxsp(fc) a(X,Y) (12

and Hamiltonian given by ( 10). T is taken to be a union of bounded components in X in
which the defining relation for R ( 5) holds.

Sketch of Proof: With an appropriate functional form for p, we evaluate the canonical bracket
in ( 6) and obtain the result

= = _ _86()—(2 - X]) 8p(X1) 65(X2 - Xl) 8p(X1)
{P(Xl)’ P(X2)}C = oY, X, + X, o,

and substitute this into ( 6). Integrating by parts and discarding boundary terms which are
of the form 8(X; — X;)|s, because of compact supports, we get ( 12). Identify F with H
and G with p, and use the results of §2.2 to get the right hand side of ( 6). O

We note that the form of ( 12) means that the bracket of functionals depending on p
alone will be in involution with respect to {, }g (i.e. their Poisson Brackets all vanish). We
identify the bilinear skew adjoint operator J and write it

w _ o 90
T" =X 1)
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Linear and Nonlinear Baroclinic Wave Packets:
Atmospheric Cyclogenesis and Storm Tracks

Kyle Swanson
Department of the Geophysical Sciences
University of Chicago

Our present understanding of the dynamics of synoptic scale structures in the midlatitude
regions of the Earth is based on quasi-geostrophic theory, with its roots in the works of Charney
[1] and Eady [2]. These researchers found that the linearized equation expressing conservation of
quasi-geostrophic potential vorticity in a vertically sheared mean flow, together with the
appropriate boundary conditions, results in eigenmode solutions resembling midlatitude cyclones
in scale and structure. Furthermore, for some spatial scales and mean flow parameters there exist
associated eigenvalues corresponding to an exponential increase in perturbation amplitude with
time, at least while the structures evolve according to the linear dynamics.

While this theory elucidates the primary mechanism of the instability (see [3:7.1-7.6] for
a review), namely the baroclinic conversion of mean flow potential energy into perturbation
energy, there remains much to be explained as far as the role of these synoptic scale structures or
““baroclinic eddies’’ in the general circulation of the Earth’s atmosphere is concerned. As far as
the role of baroclinic instability in this circulation is concerned, this boils down to two
questions: First, how does baroclinic instability effect the mean flow profile of the atmosphere
(essentially a question of mean flow interaction), and secondly, what are the fluxes in heat,
moisture, etc. brought about by the instabilities themselves (a question of the structure and
temporal frequency of the instabilities themselves). This presentation will deal with some
preliminary results regarding the second of these points, namely trying to understand the
evolution of baroclinic wave packets, i.e. coherent groups of synoptic-scale eddies, which have
been shown to compose a large portion of variability in both the Northern and Southern
Hemispheres [5].

Linear Theory: Absolute Instability and Wave Packets

We first want to consider the linear stability of a strictly zonal (i.e. x - independent) flow,
which can be given in terms of a geostrophic streamfunction ¢ = ¥(y,z), corresponding to the
basic state zonal velocity Uy = - 0'¥/dy. If we let ¢ be a small amplitude perturbation to that

zonal flow, i.e. || << 1, then neglecting terms of O(¢?) in the quasi-geostrophic equations yields
the linear equation

%+L(¢,q)=0 0))
t

where q=¢  + ¢yy +V(0,,0,.) is the perturbation potential vorticity (V being a vertical coupling
term) and L(¢,q) is a linear operator representing advection of perturbation potential vorticity by
the mean flow Uy Equation (1) has solutions of the form ¢(x,y,zt) = ®(y,z) exp[i(kx -wt)];

upon substitution this yields an eigenvalue problem, wherein modal solutions @ exits only if ®
and k are constrained to satisfy a dispersion relation D[w,k] = 0. Together, these allow the linear
description of the evolution of a single wave. As stated above, ® = w(k) is in general complex,

implying the flow profile ‘¥(y,z) has the potential for instability. Typical examples ® = w(k) for
the Charney and Eady profiles can be found in [3:7.7-7.11]; these examples mimic quite well

more realistic profiles [6]. We will confine ourselves to the case where ¥(y,z) is unstable.
Generic disturbances, of course, are not composed of a single wavenumber, but rather
can be thought of a Fourier superposition of a (possibly infinite) number of modes. In such a
case, one expects the disturbance to develop spatially as well as temporally. The development of
an initially localized disturbance (in the long time limit) can be calculated using absolute
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stability analysis [4]. By taking the Laplace and then the Fourier transform of (1), we can state

the solution for ¢ in terms of integrals, viz
oty o i (ox—x)
G(a,k)e
1) = do |dk ———————
o= [ do [de=70 s

—ootiy —oo
where the y and z dependence of ¢ has been suppressed for clarity. G(c,k) contains information
about the mean flow, initial conditions, etc., but is analytic in the upper half ® plane, and y must
be larger than the largest positive imaginary part of = ®[Real(k)].
The long time asymptotics of (2) are evaluated simply by making 7y as small as possible,
i.e. moving the contour in the Laplace integral toward the real ® axis. For a given o, the
integrand will have poles where D[w,k] = 0, i.e. at k=k(w), where k(w) is generally multi-

valued. As ¥y is reduced to zero, several things may happen: First, a given k = k(®) which
started on one side of the real k axis may cross to the other, which will require the Fourier
contour in the complex k plane to be deformed to avoid the singularity. If the crossing is from
above, (2) will receive contribution from negative Im(k) for x > 0, representing spatially
amplifying disturbances, with the opposite holding as well; a crossing from below leads to
spatially amplifying disturbances for x < 0. The second thing that may happen (which requires
the first as a precursor) is that two poles originating from opposite sides of the real k axis may
coalesce. If this occurs, the Fourier contour in the complex k plane cannot be deformed so as to
avoid the singularity, and it can be shown that the contribution from this singularity grows
exponentially with time for any x. Such a system is then called “absolutely unstable.” If no such
coalescence occurs, the system is then called “convectively unstable.” The difference between
these two cases is illustrated in Figure 1.

)

Absolute Instadility Convective Instadility
d(xY) o(xY)
;f E >, %
v / h
T V. v, I \ N
t 4 L t v-r Vg VI

Figure 1: Difference between absolute and convective instability. In absolute
instability, the initially localized disturbance radiates both up and downstream
from its initial source, whereas convective instability only affects regions
downstream from its initial location. V;, V, and V., represent the leading edge,

group, and trailing edge velocities of the packet, respectively.

Technically, whether or not one sees an absolute instability in a given system is strongly
dependent on the Galilean reference frame in which one is observing the system. However, the
term “absolutely unstable” is reserved for those systems in which exponential growth is observed
for all x in the resting frame. This ambiguity resulting from the freedom of choice of Galilean
frame turns out to be useful, however, as the wave packet emanating from an initially localized
disturbance is defined asymptotically by those Galilean frames in which exponential growth
occurs: this defines a wedge-shaped region in the x-t plane confined by the leading and trailing
edge velocities as in Figure 1. Within such a region, absolute stability analysis allows the
calculation of all relevant quantities; wavenumber, frequency, growth rate, and modal structure,
all as a function of x/t, the velocity of a given Galilean observer.

Such an analysis applied to a “typical” atmospheric midlatitude flow profile reveals the
following [6]: Dimensional growth rates following the packet peak are on the order of one day,
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dimensional phase velocities are about 15% the maximum flow velocity and are relatively
constant throughout the wave packet, and the group velocity is about twice that of the phase
speed, implying that individual crests and troughs will move toward the trailing edge of the
packet. Secondly, the leading edge of the packet tends to move with a velocity about that of the
mean flow, while the trailing edge velocity is nearly stationary. Also, the modal structures tend
to be “deeper” (i.e. maximum modal amplitude occurs at a greater height) at the leading edge of
the packet, while the waves near the leading edge also tend to be longer in wavelength than those
near the trailing edge.

When one applies the results of this linear analysis to flows in the real atmosphere, an
interesting picture is obtained. Flows which are baroclinically unstable in the atmosphere tend to
be zonally confined (i.e. are of finite length in the x direction). Hence, one would expect that the
amplification rate, which can be defined as the growth rate a function of position within the
packet times the Galilean velocity characterizing that position, to give a meaningful picture of
which portions of the wave packet should dominate the evolution. Applying such a criteria to the
results of the absolute stability analysis for the atmospheric-like flows indicates that the short,
shallow waves toward the trailing edge of the packet should dominate.

Nonlinear Results

To test whether or not this conclusion of linear theory holds in the nonlinear domain, we
used a numerical model, namely the two-layer truncation of the quasigeostrophic equations (see
[3:6.16] for a derivation) with a flow consisting of a narrow (~5 Rossby deformation radii in the
meridional (y) direction) jet in the upper layer and no flow in the lower layer. Such numerics
were necessary, as we are concerned with mean flow conditions which mimic the atmosphere
(i.e. growth rate the same order of magnitude as advection time) whereas analytical approaches
to the problem are only tractable in the range where the growth rate is asymptotically smaller
than the advection time scale.

The results of one of these integrations is shown in Figure 2. Several things are quite
obvious: First, the largest amplitude structures in the nonlinear domain are located at the leading
edge of the wave packet, rather than at the trailing edge as would be indicated by linear theory.
This is because the nonlinear equilibration takes place solely by homogenization of the mean-
state potential vorticity gradient in the lower layer, and since the modal structures are “deeper”
near the leading edge of the wave packet than near the trailing edge, the upper layer perturbation
can grow much larger.

Distance (Deformation Radii)

Figure 2: Time development of upper layer streamfunction of wave packet along
the basic state jet symmetry axis. Contour interval is .5, with the zero contour
omitted. A typical atmospheric radius of deformation is 700 km, which along
with a typical flow speed of 70 m/s implies approximately 10 model time steps
correspond to one day of actual time.

Secondly, there is no spreading of the packet outside its linear theory boundaries even in the

strongly nonlinear stage. One can certainly imagine the scenario where nonlinear wave-wave
interactions would “seed” new disturbances well upstream of the linear theory packet boundaries,
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but such interactions do not take place here. Finally, there is no “global” decay stage for the
disturbance; it continues forward at nearly constant amplitude as long as there is undisturbed
flow to supply it with energy.

An additional consequence of the lifecycle of the wave packet is shown in Figure 3. The
mean flow modification is confined for the most part to the region well upstream of the
developing packet. Hence, the generation of a strong barotropic flow component will not act to
stabilize the packet from which it was spawned. However, we would expect that its existence
would tend to wipe out any absolute instabilities (if any are there) and act to suppress incipient
upstream disturbances. Hence, the role of mean flow modification may be to enforce a temporal
spacing between successive wave packets in the atmosphere.

B
W Ui

T=140 |

2
_,—M/"\\\N\F,\l W U,
T=160 | |
AASTNA A U,
D e
T=180 I
L ' ' %
0 100 200
Distance (Deformation Radii)

Figure 3: Alteration in mean flow along the basic state jet symmetry axis. The
mean state values (shown on the right side of the graph) are U, = 1 and U, = 0.

The vertical dashes for each time step represent the position of the linear theory
group velocity.
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INSTABILITY IN EXTENDED SYSTEMS
L. TAOt AND E. A. SPIEGEL?

Abstract. The elimination of fast modes from mildly unstable systems is complicated
by the problem of resonances among the stable modes. In extended systems, where the
spectrum of normal modes is continuous, this is a typical difficulty. We illustrate this
problem with an example.

Introduction. Bifurcation theory is reasonably well understood for finite systems
whose linear theories produce discrete spectra of normal modes, even when several modes
are nearly marginal for the same parameter values. One approach to this problem of
multiple bifurcation is based on the ideas that Bogoliubov and collaborators have used
in nonlinear dynamics and statistical physics [3]. However, when the systems studied
are extended in one or more spatial directions, the eigenvalues of the linear theory become
closely spaced. In the limit of infinite spatial extent, when we have to deal with continuous
spectra,[problems are encountered in applying the procedures for systems with discrete
spectra [4].

The first difficulty that arises in the case of continuous spectra, or even for closely
spaced discrete spectra, comes early in the attempt to parallel the derivation of amplitude
equations for the situation with sparse spectra. When trying to eliminate the fast modes
to get equations for the slow modes, we have to decide how to distinguish the two kinds
of mode. A natural choice is suggested when the system is finite in one spatial dimension
(coordinate z) and infinite in the transverse ones (¢ and y). In this configuration, com-
monly studied in fluid dynamics, the system has discrete mode numbers associated with z,
the vertical coordinate. When there is translational invariance in z and y, the horizontal
coordinates, we have a continuum of horizontal wave vectors associated with the Fourier
modes for that case. Typically, instability occurs for a few vertical mode numbers and
here we assume that there is only one unstable vertical mode, the gravest. This gravest
mode occurs for a continuum of horizontal wave numbers, k, and there is no way to divide
this continuum reliably into fast modes and slow modes. Hence the best procedure seems
to be to eliminate the relatively fast higher vertical modes and keep the gravest vertical
modes for all k [4,7]. '

The trouble that normally arises in this reduction is that resonant nonlinear inter-
actions among stable modes are often unavoidable in the case of continuous spectra, no
matter how we tune parameters [4]. Moreover, in the present state of understanding, it is
not clear whether these effects represent physics or come from the methods. Here we shall
describe the problem in terms of a model system.

A Model Problem. Consider a pair of equations for two functions f(z,t) and
g(z,t), bounded for all z. These are stand-ins for the vertical modes of convection theory,
mentioned in the introduction. The model equations are

Of=0f - (B2 -k f—fg. (1)

dg =79 (2 -k}’ g+ > (2)

Here o and 7 are constants with ¥ < 0 and |o| << |7}.

The linear theory of these equations has two solutions for the eigenvector ( f, g)T; these
are of the form (A, B)Texp(st — ikz), where the wave number k is arbitrary in the case of
infinite spatial domain. The two solutions are (1,0)T with s = 0 — (k? — k;)? and (0, nT
with s = v — (k¥ — k2)?, where k; and k; are constants and k; is the critical wavenumber.

t Physics Department, University of Chicago, Chicago IL 60637
t  Astronomy Department, Columbia University, New York, NY 10027
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The mode (0,1)7 is never critical and always suffers finite damping under the conditions
prescribed. Thus g is becomes a slave of f, which controls it through the nonlinear terms.
‘Since (2) is linear, we could write down a formal solution with g = Glf]- Then we

would substitute that functional into (1) to obtain an integrodifferential equation for f of
the type studied in pattern dynamics [7]. This is a prototypical case of the problem we
are taﬁ){ing about and we want to use a generalizable methoc{) on it.

In the discrete case, which we get from this problem by making the spatial domain
finite, there are (at least) two straightforward procedures that work nicely and give Lan-

dau’s amplitude equation. We can simply assume that |g| is small everywhere and solve
by successive approximations for G[f]. Or we can use normal form theory to transform

(1)-(2) into the desired form. In each case, there is trouble when 20 = 4. This is not a
real difficulty since we are usually interested in ¢ > 0 and v < 0, , but it does foreshadow
the problems that arise when these methods are applied to the continuous case ([2] and

[4], respectively). Let us see what happens in the continuous case when we apply (for
instance) the second procedure.

The Functional Center Manifold. For any suitable function h(z,t) we write

h(z,t) = / " ha(t) e*edk. 3)
With this notation, the Fourier transforms of (1) and (2) are
o) =anfult) + [ Ot (4)
and -
o)) =man®)+ [ Fufe-a(t)dn (5)

where o = o — (k2 + k?)? and v = v — (k® + k)%

~ The dynamics of this system takes place in a phase space with coordinates fk(t) and
Gi(t) (oo < k < 00). If fi(t) were zero, §i(t) would decay away and so we expect Fr() to
be larger than §x(t) in magnitude for most k, and will formulate expansions accordingly.
Moreover, this picture leads us to look for dynamics approximately confined to a subspace

with only one important coordinate at each k, at any rate near the origin of phase space,
where the system will linger for the mildly unstable case, o = 0.

Given these expectations, we look for new phase space coordinates, Fi(t) and Gi(t),
related to old the coordinates by a functional power series with the idea that Fi(t) is the

coordinate in the invariant subspace and Gi(t) is transverse to it. That is, we introduce
the coordinate transformation

fo=ho+ [ ” [ " Lo, Fy(t) Fy(t) dpdg + .. (6)
Gi(t) = Ca(t) + / ” / " i) Fy(t) Fy() dpdg + ... . (1)

This near-identity transformation preserves the structure of the linear problem. We want
it also to turn (43' and (5) into this standard form:

a0 =abi)+ [ [ B 0hOF@d .. (®)
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3Gi(t) = ('n + / ” Vi(p) F,(t) dp+...) Gr(t)+... . 9)

-0

Even though (8), the desired equation for Fy alone, is generally the main aim, for now we
want to know whether we can get an equation like (9). For this equation says that, to

leading order, once Gi(t) = 0, it remains so. The dots in the parentheses of (9) represent
higher terms in F} that complete the renormalization of 4. More important are the dots

at the end which must represent terms that vanish to reasonably high order for G(t) = 0.
For now, we are content to develop the results in the leading order o% this formal procedure
to see whether a transformation of the form of (6)-(7) can produce (9) and give the desired
form to the dynamics.

We substitute the transformations into the equations for fi(t) and gi(t) and use (9).
Thendwe equate like orders in the functional power series. The first significant result comes
at order two:

/—oo /-°° [Di(p,q) Te(p,q) — 6(p + g — k)| Fp Fy dpdg =0 (10)

where

Di(p,q) = 0p + 0g — Vk- (11)

When we solve this for Jx(p, ¢), we find that it must contain the delta function and
so we are interested in the condition p + ¢ — k = 0. Even with this restriction, there are
many wave number triplets for which Di(p,¢) = 0. As in plasma physics, where a similar

problem arises [6] we write the formal solution as

1
Di(p,q)

where ) is a constant (or set of constants should D have many zeros) and P means principal
value. Now we put this into (7) and obtain

Je(p,q) = (P - Aé(Dk(p,q))) 6(p+q—k), (12)

. o0 1 . .
§1 = - _— —pd
gk Ge =P —-00 Dk(p’k _p)FPFk pop
oo} 1 . .
+ Z ’\Po/ meFk_, 8(p—po)dp + ..., (13)
{ro} - ?

where {po} is the set of all zeros of Di(p, k —p) for given k and D}(p, k —p) is the derivative
of Di(p, k — p) with respect to p. On referring to equation (11) we see that

Di(p, k — p) = —4(p* — k2)p — 4((k — p)* — k})(k — p). (14)

Now Gj = 0 is the invariant manifold in which the dynamics is played out, after the
transients decay away and, once the system is in it, the dynamics is simplified. To leading
order, this “functional center manifold” is given by

*° 1 P A .
§r = —————————fp fk—p dp + po ofk=po F e 15
gk /—oo Dk(p’k _p)fpfk » P {pzo} D;C(po,k _po)fP fk i ( )
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where py is a function of k. The problem that is as {)et unsolved is the determination of
the Ap,. In previous work on this subject, they have been implicitly set to zero. The way

this has been done has been to assume either implicitly or explicitly [4] that fx vanishes
outside narrow intervals containing k = £k;.

A singular expression like that for Jk(lp, q) arises in plasma physics and it had been
avoided in the past by the assumption of compact support of the one-particle distribution
function, fo that arises there. But this approach was questioned by van Kampen [6] who
remarked that “the assumption of a rigorously cut off fo is rather a,rtiﬁciaﬁ), and it is
unsatisfactory that the calculation should fail for an fo that decreases rapidly without
actually vanishing.” This view is appropriate here. However, van Kampen also pointed
out that [6]: “Vlasov decreed that tﬁe Cauchy principal value has to be taken without
trying to justify this choice. The present article will show that this choice was indeed
correct.” Van Kampen [6L(see also E;B determined \ by a normalization condition which
we do not see how to use here. We shall instead describe what happens when we abide by
the Vlasov decree and set Ax(p,q) = 0. However, there is probably more to be said on this

matter [8] and we hope to return to it at another time.

The Evolution Equation. If we do set the A,, = 0, then we omit the second term

in (15). Moreover, we can approximate the finite P.V. integral, by noting that f is peaked
around £k, even though it does not have compact support. Then, since o, is close to

zero, (15) is well approximated by
1 [ ..
= [ Ffpipt (16)
Yk J—o0
When we introduce this into (4), we get, to leading order,
" oA o0 [ ] 1 “ . A
Ofx = orfr — / / '—fk—qufq—p dpdg. (17)
~o0J—00 Tq ,

If we continue to assume that fx is sharply peaked at k;, we consider this equation
only near this critical circle. When k & k; in the integral, we must have ¢ ~ 0 and we
may approximate 74 by 70 =¥ — k% =: 1/a. Then, when we take the Fourier transform of

(13), we get
af =af — (8 - k) f—af’, (18)

This is the Swift-Hohenberg model familiar in convection theory [9].
In the next section we shall give some numerical solutions for the full model equations
and for the Swift-Hohenberg model and see that the qualitative agreement is satisfactory.

Numerical Experiments. We compare the periodic solutions of equations (1) and
(2) (the full model system) to those of equation (18) (the Swift-Hohenberg model). Using
a pseudospectral code, we calculate the exponential damping in time from the linear terms
exactly for each Fourier mode and we compute the nonlinear terms in real space. The
timestepping scheme is explicit second-order Adams-Bashforth. The advantage of such
a spectral code over conventional finite difference methods is the ease of comparison to
the ordinary differential equations we obtained analytically. To test our code, we chose
parameters for which the ordinary differential equations for each Fourier mode obtained
bg normal theory give us a system of predator-prey equations. In this test case, we indeed
observe that the numerical solutions E)llow the classical predator-prey models.

In figures 1-8 and 9-16 we show results from two calculations. In all figures, the solid
line are the numerical solution of the full model system and the dotted lines the solutions
of the Swift-Hohenberg model. Initially we start with finite amplitudes in the first 40
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Fourier modes (our parameter values were o = 0.0005, v = 1.023, k; = 16 and k; = 32
and were chosen so that fi—o, fr=32 and gr—32 form a resonating triad). The initial values
of each Fourier mode were random with some weighting so that the fi’s near k; = 16
have higher amplitude than the rest. We contrast the transient dynamics of the Swift-
Hohenberg model with its asymptotic behavior and show the space dependence of the
f-mode at times t = 0,10,20,30 and at ¢t = 50, 100,150,200. As we see from Figures 5-8
and 13-16 the approximate Swift-Hohenberg system asymptotically approaches the correct
nonlinear state selected out by the full dynamics. Even though the Swift-Hohenberg model
gets the transients wrong, eventually the system locks into the correct asymptotic state
with the same decay rate as the solutions of the full model system. The approximate
dynamics of the Swift-Hohenberg model mimics that of the full model system which is
what we expect of the correct center manifold description. A variety of other parameter
values were tried and we have not been able to detect the complicated time dependence
shown in the analogous discrete spectrum ode model of Cessi, Spiegel and Young [2]. Our
numerical results so far justify our choice in setting the Ay,’s equal to zero.

Conclusions. Our goal in this note was to understand the effects of stable resonant
modes in spatially extended systems. The Vlasov decree from plasma physics of taking the
P.V. to deal with resonant denominators produces noncatastrophic results and leads to the
usual Swift-Hohenberg model. The numerical results from this approximation are in good
agreement with those from the full model system. Formally, the possibility of analogues to
the van Kampen modes remains open. However, lacking proper normalization conditions,
we have not yet seen how to include the resonant contribution to the determination of the
functional center manifold. We hope that further work will shed light on this matter.

This work was supported by the U.S. Air Force under contract number F49620-92-J-
0061 to Columbia University.
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The fluid dynamics of crystal slurries
Andrew W. Woods and Richard A. Jarvis

In this presentation, a model of the nucleation, growth and sedimentation of crystals
in a vigorously convecting and cooling binary melt was described. The model is based
upon the conservation of heat and mass in the melt, and explicitly accounts for the crystal
size distribution and its evolution with time. The model can be used to predict the rate of
accumulation of crystals on the floor of the chamber housing the melt, and also the variation
of the mean crystal size with height in the deposit. The model was compared with some
simple laboratory experiments in which a melt of aqueous ammonium chloride was cooled
from an overlying layer of light oil. As the melt was cooled, crystals which nucleated near
the upper cold boundary sank from into the main body of melt and eventually accumulated
in a pile on the floor of the chamber.

The model is based upon the conservation of heat in the chamber

(H - h)pc,,é;—z1 =—F+ pL(H — h)R,

where H — h is the depth of the melt, k is the depth of the crystal pile, T is the melt
temperature and F is the convective heat flux extracted from the upper boundary of
the melt. Also, R, is the rate of production of the crystals, and L the latent heat of
crystallisation. The rate of accumulation of the crystals on the base of the chamber is

dh
i (H - k)R,

where we assume the crystals are close packed on the base of the chamber.
The crystal size distribution ¢(a,t) is governed by the equation

0 IV

b AT R WA

ot + Oa a’é

where V is the growth rate of the crystals, a is the crystal size and ¢ is the time. In the
limit in which the residence time of the crystals is much smaller than the cooling time of
the magma, the solution of this equation has the simple form

W N@®) At)a®
$(a,t) = 7(15_)6}'p <_—_—3V(t))

and this may be used to develop expressions for the crystal fraction in suspension and the
production rate of the crystals in terms of the crystal nucleation and growth laws. In the
model, the crystal nucleation was assumed to occur in‘the upper cooled boundary layer.
The growth laws were specified by simple functional forms, incorporating the constraint
that there be a finite undercooling before nucleation occurs.
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The coupled model of the cooling together with the nucleation, growth and settling of
the crystals was solved to examine the different controls upon the process. The dimension-
less form of the equations describing the conservation of heat and solute and the thickness

of the cumulate pile are )
(1-d)f=-f+AS1—d)r,

gL - —A(l - kD)(ga - GL)rp
d= A(1 - d)r,

Here, the parameter A which is of order 10*, denotes the ratio of the cooling time of the
magma to the crystal nucleation, growth and settling time. Two cases were examined to
elucidate the controls upon the cooling. In the first, the upper boundary of the melt was
lowered to a fixed value below the saturation temperature of the melt. It was found that
during the initial stages of the cooling, crystals could readily nucleate in the upper bound-
ary. Therefore, in order that the melt continues to cool, the growth of the crystals and
hence the latent heat release, was suppressed by maintaining the melt close to saturation
conditions - this is termed the growth limited regime. However, as the melt cooled so that
the melt in the upper boundary approached the critical undercooling for nucleation, the
nucleation rate decreased. Subsequently, the melt became supercooled since the limited
supply of crystals suppressed the production of latent heat as these crystals grew in the
melt. This is termed the nucleation limited regime.

In the second case examined, the material overlying the turbulently convecting melt
was assumed to be of a lower fusion temperature than the initial temperature of the melt.
As aresult, the upper layer melted while the lower layer cooled and crystallised. The upper
layer was taken to be less dense than the lower layer, so that it remained separate from
the initial melt. We found that if the upper layer is sufficiently viscous, then the initial
temperature of the interface between the two layers is very close to the initial temperature
of the lower layer and no nucleation occurs. Only after some time, when the upper layer
has cooled sufficiently, was the critical undercooling for nucleation attained. Beyond this
time, the system remained in the nucleation limited regime described above. In contrast,
when the overlying melt was not sufficiently viscous, the system evolved from the growth
limited to the nucleation limited regimes. ‘

We then described a series of laboratory experiments in which crystal piles were grown
by cooling a binary melt from above, with a thin layer of overlying oil to prevent attachment
of the crystals to the cold upper boundary. It was shown that within experimental error,
the experiments were well modelled with the above theory of cooling and crystallisation,
subject to the modification that the solid fraction in the crystal pile had a fixed value of
0.1-0.3 rather than unity.

One important prediction of the model concerns the variation of the crystal size with
depth in the crystal pile. During the growth limited regime the model predicts that the
crystal size steadily decreases with height in the deposit. This is a result of the decrease
in the residence time of the crystals in suspension as the depth of the melt layer decreases.
However, this crystal size grading is relatively weak compared to that associated with the
nucleation limited regime. In that case, the mean grain size increases steadily with height
as a result of the increasing viscosity and hence increasing residence time of the crystals as
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the melt cools. The increase of grain size with height in the main portion of the intrusion
is broadly consistent with geological observations from the Stillwater complex in Montana

and the Palisades Sill in New York.

A Laboratory Model of Cooling over the Continental Shelf
J. A. Whitehead, Woods Hole Oceanographic Institution

A laboratory experiment is conducted where hot water is cooled by exposure to air
in a cylindrical rotating tank with a flat shallow outer "continental shelf" region next to a
sloping "continental slope" bottom and a flat "deep ocean" center. It is taken to be a model
of wintertime cooling over a continental shelf. The flow on the shelf consists of cellular
convection cells descending from the top cooled surface into a region with very complicated
baroclinic eddies. Extremely pronounced fronts are found at the shelf break and over the
slope. Associated with these are sizable geostrophic currents along the shelf and over shelf
break contours. Eddies are particularly energetic there. Cooling rate of the hot water is
determined and compared with temperature difference between "continental shelf” and
"deep ocean”. The results are compared with scaling arguments to produce an empirical
best fit formula that agrees with the experiment over a wide range of experimental
parameters. A relatively straight trend of the data causes a good collapse to a regression
line for all experiments. These experiments have the same range of governing
dimensionless numbers as actual ocean continental shelves in some Arctic regions.
Therefore this formula can be used to estimate how much temperature decrease between
shelf and offshore will be produced by a given cooling rate by wintertime cooling over
continental shelves. The formula is also generalized to include brine rejection by ice
formation. Itis found that for a given ocean cooling rate, shelf water will be made denser
by brine rejection than by thermal contraction. Estimates of water density increase implied
by these formulas are useful to determine optimum conditions for deep water formation in
polar regions. For instarice, shelves longer than the length scale 0.09 f W5/3/B1/3 (where f
is the Coriolis parameter, W is shelf width and B is buoyancy flux) will produce denser
water than shorter shelves. In all cases, effects of Earth rotation are very important, and
the water will be much denser than if the fluid was not rotating.
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