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Amiram Harten, a professor of Mathematics at Tel-Aviv University and a consultant at ICASE,
died of a massive heart attack on August 5, 1994. He was 47. He was associated with ICASE
since 1976 and had a great impact on the ICASE program of research in numerical analysis and
algorithm development. He was an active participant in ICASE activities and visited ICASE at
least once a year. His last visit to ICASE was during the week of May 22, 1994, when he participated
in the Parallel Numerical Algorithm Workshop. He planned to come back on August 29, 1994
to be at ICASE for a month. His untimely passing away is an irreparable loss to ICASE and the
mathematics community. He will be greatly missed by his friends and colleagues even as

his influence lives on.

This report is the written version of his lecture at the Parallel Numerical Algorithm Workshop,
and it is sadly noted to be his last ICASE report.




Multiresolution Representation and Numerical Algorithms:
A Brief Review

Ami Harten!

School of Mathematical Sciences
Tel-Aviv University
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ABSTRACT

In this paper we review recent developments in techniques to represent data in terms of its
local scale components. These techniques enable us to obtain data compression by eliminating
scale-coefficients which are sufficiently small. This capability for data compression can be
used to reduce the cost of many numerical solution algorithms by either applying it to the
numerical solution operator in order to get an approximate sparse representation, or by
applying it to the numerical solution itself in order to reduce the number of quantities that

need to be computed.
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Contract Nos. NAS1-18605 and NAS1-19480 while the author was in residence at the Institute for Computer
Applications in Science and Engineering (ICASE), M/S 132C, NASA Langley Research Center, Hampton,
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1. Introduction

Fourier analysis, which provides a way to represent square-integrable functions in terms
of their sinusoidal scale-components, has contributed greatly to all fields of science. The
main drawback of Fourier analysis is in its globality — a single irregularity in the function
dominates the behavior of the scale-coefficients and prevents us from getting immediate
information about the behavior of the function elsewhere.

The recent development of the theory of wavelets (see [Me] and [Ma]) was a great step
towards local scale decomposition, and has already had great impact on several fields of
science. In numerical analysis representation by compactly supported wavelets (see [Da] and
[CDF)) is used to reduce the cost of many numerical solution algorithms by either applying it
to the numerical solution operator to obtain an approximate sparse form (see [BCR]), or by
applying it to the numerical solution itself to obtain an approximate reduced representation
in order to solve for less quantities (see e.g. [LT], [MR] and [BMP]). The main drawback of
the theory of wavelets is that it attempts to decompose any square integrable function into
scale-components which are translates and dilates of a single function. Consequently there
are conceptual difficulties in extending wavelets to bounded domains and general geometries.
Furthermore, the uniformity of the underlying wavelet approximation makes it impossible to
obtain an adaptive (data-dependent) multiresolution representation which fits the approx-
imation to the local nature of the data. The only adaptivity which is possible within the
theory of wavelets is through redundant “dictionaries.”

In a series of works [H1-3] we have studied the question of how to represent discrete data
which originates from unstructured grids in bounded domains in terms of scale decompo-
sition. Combining ideas from multigrid methods, numerical solution of conservation laws,
hierarchial bases of finite element spaces, subdivision schemes of Computer-Aided Design
and of course — the theory of wavelets, we came up with the more general concept of “nested
sequence of discretization.” Given discrete data which can be associated with a nested
sequence of discretization we show that it has a multiresolution representation, i.e., a one-
to-one correspondence between the given data and its scale-decomposition. This framework
is a generalization of the theory of wavelets in the sense that under conditions of uniformity
its natural result is wavelets.

In this paper we review the work in [HY], [AC], [ACD], [H4-5] where the previously men-
tioned works on numerical solution algorithms with representation by wavelets are extended

to the more general framework of nested discretization.




2. Nested Discretization

In this section we describe the class of discrete data for which we can obtain representation

in terms of a scale-decomposition. We start with two examples.
Example 1.

Let us consider continuous functions f in the interval [0,1]
feF=cCo0,1],
and let {X*}[_; be the following nested sequence of uniform grids
X* = {ab Y, 2 =ik, he = 27Fho, Ji = 250, (2.1a)

for some integer Jo with ho = 1/Jo. Here k = L is the finest grid and k = 0 is the coarsest.
Observe that X* is obtained by dyadic refinement of X571 e

ah. =kl i=0,..., 0k (2.1b)
1 .
ah = §($f:11 +2f N, i=1,..., Ji. (2.1¢)

Let us consider now the discrete values v* = {v*};, which are obtained from point value
discretization of f € F in the k-th grid

’Uf = (Dkf)l = f(;[‘k), 7 = O, .. -,Jka 0 S k S L. (220)

1

It follows from (2.1b) that v¥=! can be obtained from v* by the decimation
vl =k, i=0,..., iy (2.2b)

Let I*~'(x;v*~') denote any continuous function in [0,1] which interpolates v*~! at the
grid points of X*-1, j.e.
IF 1z 0% € F = C0,1] (2.3a)

Yok Yy = oF 1 for i=0,..., 0, (2.3b)

e.g. we can take I¥=1(z;v¥1) to be the piecewise-linear interpolation
a5 0" 1) = o +

k-1

Given v*~! we can approximate v* by

ko, k=17 k. k-1 .
vy & I" (250", 1=0,...,Jk.
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Let us denote
ek = vfF — IF(akoF Y, i=0,...,J (2.5a)

1

and refer to e* = {ef 7k, as the prediction error. We observe that

ek =0 for i=0,...,Jk1 (2.5b)
and denote the interpolation error at the odd grid points of X* by d* = {d* };-IS‘
df =t el =of, - IF (a5 50", G=1. 0, dka (2.50)

Clearly there is a one-to-one correspondence between v* and {d*,v¥~1}: Knowing v* we get
v*~1and d* by (2.2b) and (2.5¢), respectively. From {d*,v*=1} we recover v* by

[ T | s
{v%—vi , 1=0,...,Jk01

k _ gk=1( .k ., k-1 ko =
vy, = IF a5 50" ) +df, =10, Jka

(2.6)

Since v*¥~! can be likewise represented by {d*~!,v*~2} we get that there is a one-to-one -

correspondence between the values of the finest level v” and the sequence of (J1,+1) elements
{dF,...,d',v°} which we denote by :

ol &L {dE L d %) = b (2.7)

We refer to 9 as the multiresolution representation of v”. It follows from (2.2b) and (2.5¢c)
that the direct multiresolution representation (MR) transform vl Dy can be expressed

by the following algorithm
DOk=1L,...,1

vit=wk, i=0,...,Jk (2.8a)

)

k — )k k-1¢..k . k-1 y —
dj = Vg1 — I (xzj—l’v )’ J= 1a°°°a']k—1_-

We denote this transform by M, i.e.

oar = M - o™ (2.8b)

Similarly it follows from (2.6) that the inverse MR transform oy vl can be expressed by
DOk=1,...,L

vk, =of i=0,..., 0k (2.9a)

k — Jk-1( .k .,k-1 k —
Vyj-1 = I (.'172]-_1,'0 )+dj’ J= 1"",Jk-—1,
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and we denote
oP =M. M. (2.9b)

We refer to d* as the scale-coefficients of the k-th level of resolution. For the piecewise-

linear interpolation (2.4) we get from (2.5¢) that

1, ,_ _
4 = vy = 504 ol (2:100)

in terms of f € F for which v*¥ = Dy f this can be expressed by

1
di(f) = =5f(=3;) — 2f (e} ) + f(a5;)]. (2.100)
Hence if f(z) is twice differentiable in [z5_], z57"] we get that
1 ’ - -
di(f) = —-z—(hk)2f’ (€) for some & € (mf_ll,:vf 1 (2.10¢)

and consequently the scale coefficients in a region of smoothness of f(z) tend to zero as
O((h«)?) for k — oo. However at a jump discontinuity d¥(f) is proportional for the size of
the jump and thus remains 0(1) as k — oo.

We can obtain data compression by setting to zero all scale coefficients which fall below

a prescribed tolerance. Let us denote

0 if Idﬂ < ek
d* = { (2.11a)
a5 if |d5| > e,
and
ot =M™ {d",...,d" %) (2.11b)

Based on the analysis in [H3] we get the following bound on the compression error in the

case of piecewise-linear interpolation:

L
L_ L
omax vy — 07| < gek. (2.12a)
Given any € > 0 we can take
er = 2811 (2.12b)
and thus ensure by (2.12a) that
max |vf - of] <e. (2.12¢)
0<i<Jy




Example 2

Let us consider absolutely integrable functions f in [0,1]
feF=1'0,1],

and let
{ck}z_la ¢ (.'172 1T z)a (2.13(1)

where {z*} are the gridpoints of X* in (2.1); observe that

cf'l

=k _ U (2.13b)

Let v* = {v"},_1 be discrete values which are obtained by taking the average over the cells
in C* of some function f € F = L*[0,1]

(Dkf = k|/ fdz, || =k, i=1,...,dk, 1<k<L  (2.l4a)

Tt follows from the additivity of the integral and (2.13b) that v*~! can be obtained from vk
by the decimation _ -
vF ! = %(v;z_l +0k), i=1,...,Jk-1. (2.14b)

Let (Rxv*)(x) denote any function in L*[0, 1] which satisfies

(Dk ’Rkv | kl / (’R,kv (:L' 1= 1, .. .,Jk (2.15)
e.g. we can take R;v* to be the p1ecew1se—constant function
(Rxv*)(z) = vf for z €. (2.16)

In the context of ENO schemes for the numerical solution of conservation laws we refer to

R4 as reconstruction from cell-averages and to (2.15) as “conservation” (see [HEOC]).

k-1

Given v*~! we can approximate v* by

1
vf = (D - Rk_l'vk—-l)i = |C—k| /k(Rk_lvk_l)(:c)da:,

i.e. by first approximating f from v*~! by Rj_1v¥~! and then taking cell-averages of this

approximation over the finer level k. It follows from the conservation property (2.15) that

the prediction error e,

oo (De Re N, i1 (217)




satisfies the relation

eh 1 t+ek=0 for i=1,...,Ji. (2.17b)
Therefore, if we store
=5, for j=1,...,J0ky (2.180)
we can recover the prediction error e* by
€5y = df
(2.18b)
ezl _dk

and thus get a one-to-one correspondence between v* and {d*,v*~!}. As in the previous

example this leads to the multiresolution representation

ol AL {dL dl,vo} =: Op
where the direct MR transform op = M - v¥ can be expressed by the algorithm
(DOk=1L,...,1

{ vzk_l = %(vgi—l’*'véi)a 1= Loy Jka (219)
dj = V31— fc (Rev* N (a)dz, j=1,...,J5

\ 27—1

and the inverse MR transform vZ = M~! . {5/ is given by

(DO k=1,...,L

DOi=1,... Ji,

< (2.20)
Vb = s, (Recrob1)(2)da + df

C2|

k _ o, k=1 k
\ Vg = 207 — vy,

Observe that the last statement of (2.20) is obtained from (2.14b).
In [HEOC] we showed that any interpolation method (2.3) gives rise to a reconstruction
from cell-averages (2.15) by the following “reconstruction via primitive function” technique:

Given cell-averages v* = Dy f in (2.14a) we calculate

by .
Ff =0, F#_mzym 1<z<h, (2.21a)



and define

(Rxv*)(z) = C%I’“(x;F’“), - (2.21d)

where I¥(z; F¥) is any interpolation of the values F’ k — {FF}], at the grid points of X* in
(2.1a).

In the previous two examples we have shown how to design MR schemes for discrete
data v” which is obtained from discretization of functions by point values (Example 1) or by
cell-averages (Example 2) in the nested sequence of uniform grids of [0,1]. In [H2] and [H3]
we have presented a more general class of discrete data which can be represented by a scale

decomposition. This class is characterized by the following notion of nested discretization.

Definition. We say that a sequence of linear operators {D}32, is a nested sequence of

discretization if

(i)
Dy : F 28 VE  dimVF = J, (2.22a)

(i)
Dipf =0= Draf=0 (2.22b)

Here F is a space of mappings and V* is a linear space of dimension Ji.

In the next section we show how to obtain multiresolution representation of any discrete
data vL = Dy f, where the scale-decomposition corresponds to the levels of resolution which
are introduced in (2.22). This is a very general framework which allows for discretizations

corresponding to unstructured grids in several space dimensions.

3. General Multiresolution Representation Schemes

In this section we consider discrete data which is associated with a nested sequence of
discretization {Dy }¥_, and show how to design schemes for its multiresolution representation.
First we show that a nested sequence of discretization comes equipped with a decimation

operator D! which is a linear mapping from V* = Di(F) onto V! = Dy_4(F)
DE~1 . yE 28 ykl : (3.1a)

This decimation operator is defined as follows: For any v in V¥ there is at least one f € F
such that Dy f = v; the decimation of v is Dx_1 f € V¥, i.e.,

veVk v=Dif, Dilv="Dy,f. (3.1b)




It follows from (2.22b) that D! is well-defined by (3.1b), i.e. its definition is independent
of the particular f. To see that let us take f; and f; in F such that
Dkfl =V = Dku)

then by (2.22b)

0="Dif1 = Difo = Di(fr — f2) = 0= Di_1(fi — f2) = Dicr f1 — D1 f

which proves our claim.

Given v” € V¥ we can evaluate {v¥}L=] by repeated decimation
=D k=1L,...,1. | (3.2)
Since (3.1b) implies that
D{™Y(Dif) = Dy_yf forany fe F (3.3)

we get for any f € F for which vf = Dy f, that v¥ = Dif for all k in (3.2). We would like
to stress the point that, as in (2.2b) and (2.14b) in the previous examples, this decimation
is done without explicit knowledge of f.
Since by (2.22a) V* = Dy(F), it follows that Dy has a right-inverse (at least one) which
we denote by Rj;:
Ri:VE S F, DRy = I, (3.4)

where I denotes the identity operator in V*. Since (Riv¥) € F is an approximation to any
f € F for which Dy f = v*, we refer to Ry as a reconstruction of Dj; see (2.3)-(2.4) and
(2.15)-(2.16) in the previous examples.

Next we show that any sequence of corresponding reconstruction operators {R;}E_,
defines a MR scheme for discrete data v? in V. Starting from v*~! in (3.2) we can get an
approximation to v* by

v Dk(Rk_l’l)k—l).
We denote
PE | =:DyRy_y, PF,:V* 1 yk (3.5a)
and refer to it as prediction operator. It follows immediately from taking f = Ry_;v*1 in
(3.3) and using (3.4) that Pf_, is a right-inverse of the decimation Df?

DF'PE . =1, (3.5b)
We observe that the prediction error e*
e = vk — PF oF 1= (Ix — P Df ' )o* (3.6a)

8




satisfies the relation
DII:—1 k Dk -1,k (Dllz—lplf_l)vk—l =kl 1 =9

and therefore it is in the null space of the decimation operator

e NDI)={v] ve Vk,bD',z_lv = 0}. (3.60)
It follows from (3.1a) that
dim N (D) = Ji = Jrr (3.7a)
and hénce
N(DY) = span{ph}j1 7, (3.70)

where {pf }J_IJ’°‘1 is any basis of A (D¥™!). Therefore the prediction error e, which is
described in terms of Ji, components in V¥, can be represented by its (Jx — Jr—1) coordinates

d* in (3.7b)
Ji=Jk-1

= Y b= Ed, d¥ =: Gye*. | (3.8a)
j=1

Here G, denotes the operator which assigns to e € N(Df™!) its coordinates d* in the basis
{uk } 77k-1. observe that EiGy is the identity operator in N(Df1), ie.

EGre* = ¢F  for any e € N(DF™). ' (3.80)

At this point we can show that there is a one-to-one correspondence between v* and

{d*,v*1}: Given v* we evaluate

ok=1 = DF-1yk
{dk = Gy(ly — PE D" WF

given v*~! and d* we recover v* by

Pf "+ Byd® = P DiTvh 4+ EyGi(Ix — PE,DE 1)k

PEADE I + (= PEADE ot

= ’Uk.

As in the previous examples this shows that

ol & {dE, ..., b, 00 =: bar, (3.9)




where the direct MR transform op = M - v® is given by the algorithm
DOk=1L,...,1

= Dty (3.10)
d* = Gy(Iy — PF_,D{ 7V )ok =: GPv*

and the inverse MR transform v = M~!. 9 can be calculated by

DOk=1,....1L
(3.11)
vf = Pf_ vk 4 EdE

We remark that in multigrid terminology D™ is “restriction” and PE_, is “prolongation.”
In signal processing Df™! plays the role of “low-pass filter” while GP, which is defined in
(3.10), plays the role of “high-pass filter.”

Example 3. Biorthogonal Wavelets.

In this example we derive the MR schemes which correspond to the bases of biorthogonal
wavelets in [CDF]. These MR schemes are obtained from nested discretization of functions in

L},.(R) by taking weighted-averages on a nested sequence of uniform grids of R, as follows:

(Drf): / f(z ( ) dr, —o0 <1 < 00, (3.12a)
= e
where w € L*(R) is a weight-funcntion
/ w(z)de = 1 (3.12b)
and A
a¥ = ihy, —00 < i < 00, hy =2 %he. (3.12¢)

In order to obtain a nested sequence of discretization we want to choose w(z) so that

(Di-1.f): Zaz (Dif)ai- (3.12d)

where ay, £ =0,..., N are real numbers. We observe that since
f(z) = ¢ = constant = (D f); =c¢ Vi, k

we have to limit the choice of {a,} by

N
dog=1. (3.13a)
£=0

10




From (3.12d) and (3.12a) we get that for any f € L{,.(R)

o 1 z —af? 1 X T —zk_,
= i - = T T2t de
’ /—°° {hk—lw ( hi-1 ) hi 1= e ( hy, )] fle)dz s

this shows that w(z) has to satisfy the functional equation

w(z) =2 f:agw(Zx —9). | (3.13b)

=0

This equation has been investigated in [Da] and [CDF] and got the name of “dilation equa-
tion” in [S]. It is shown there that subject to condition (3.13a) the dilation equation (3.13b)
has a distribution solution which is determined up to a multiplicative constant and a shift,

and that w(z) has a support of size N. Furthermore, if
Yo =) o (3.13¢)
¢ ¢

then w(z) is also square integrable. _
We make the choice of w(z) unique by imposing (3.12b) and fixing its support in, say,
[-N,0]. With this choice of a weight-function, the sequence of discretization in (3.12) is

nested‘and its decimation operator is given by
“1v); =: Zaw2,-_g = Zaz,-_mvm. (3.144a)
¢ m
In [Da] and [H3] it is shown that {1512 o
(15 = (=) agj_isy, —00 <i< 00 (3.14b)

is a basis of N'(DF™?) in (3.6b).
We reconstruct the discretization Dy in (3.12a) as follows: We take a sequence {fB¢} of

compact support which satisfies

{ YePae=34Prua=1
(3.15)

Yo 0eBerom = Omo

and define

(Rev)(z) = Zw( k) (3.16a)

where ¢(z) is a solution of the dilation equation

ole) = 3 Bep(2z — O (3.168)
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which is normalized by
/go(x)w(x)d:v =1. (3.16¢)

It is easy to see that the corresponding prediction operator Pf_, = DyRy_; is given by
(Pf v Zﬂ, 2mUm (3.17)
Daubechies’ orthonormal wavelets are obtained by imposing the additional condition
Be = 20,

(see [H2] and [H3] for more details).
We remark that the “fundamental solution” for the dilation equation (3.13b) with

Oy = 53,0 (318(1)
w(z) = §(z), (3.18b)

where 6(z) is the Dirac distribution (see [S]). In this case (3.12a) becomes the point value
discretization (2.2a) of Example 1. However, since §(x) is not square integrable, point value

discretization is excluded from the theory of wavelets. For

1
o = 5(517,0 + 6e1) (3.19a)
we get
1 -1<z<0
w(z) = { 0 otherwise (3.199)

which is square integrable, and the discretization (3.12a) becomes the cell-average discretiza-
tion (2.14a) of Example 2. Observe, however, that the theory of wavelets is for the infinite
domain R, while our formulation is suitable for both the finite (Example 2) and the infinite
case (Example 3). Furthermore, unlike the theory of wavelets which uses translates and
dilates of a single function for both discretization and reconstruction and consequently is
restricted to uniform grids, our framework of nested discretization allows for general ge-
ometries. In [H3] and [AHI] we extend the multiresolution representation of cell-averaged
data in Example 2 to unstructured meshes in bounded domains of R™,m > 1, by using
agglomeration of cells to generate a nested sequence of discretization.

In [ADH] we consider the case where w(z) in (3.12) is the “hat-function” and show how
to improve data compression by using adaptive prediction techniques near discontinuities

and distributions.

12




4. Multiresolution Representation of a 2-Dimensional Array
In this section we consi.der functions f
f:[0,1] x{0,1] — R (4.1a)
which are discretized on the tensor-product grid

X* = {(ah,2})} o (4.10)

1%y

1 pp Ty — zk Ty — z¥
Ak, = oL /0 /0 f(ml,xz)w( v )w( P )dx1dx2 (4.1c)

where {zF} are the one-dimensional gridpoints in (2.1) and w(z) is a weight-function as in

by

Example 3; by (3.18) and (3.19) this includes point value and cell-average discretizations.
Although this case is covered by the general framework in (3.9)-(3.11), it is convenient here
to represent the two-dimensional array in (4.1) as the Ny x Ni matrix A¥, and to use tensor-
product extension of the corresponding one-dimensional operators to get a MR scheme for
the input AL.

Let us denote the matrix representation of the various one-dimensional operators by

Dll:_l — (D)Nk-—l x N

Pk’:c-'—l - (P)NkXNk-—l

(4.2)
Gl? = Gk(Ik - PI:C—IDII:_I) I (GD)Nk—1 XN = G(I - PD)
Ex — (E)NyxNos-

These matrix representations are obtained by taking v* and d* in (3.10)-(3.11) to be column-

vectors, e.g.

Ny

vf_l = (D’,ﬁ'lvk);ﬁ: ZD,-]-U;-‘, 1<i< Nigy (4.3a)

J=1 '

- where by (3.14a)
Dij = agi—j ; (4.3b)
for simplicity we drop the index k. |
Starting with AL we decimate to get

A1 = DAFD*, k=1L,...,1; (4.4)

here (-)* denotes the transpose. Given A*~! we get an approximation to Ak by
| A* ~ PAF P

13




and observe that the prediciton error matriz e*

ef = AF — pAF-p

satisfies
. DeFD* = 0.

The dimension of the null space of the decimation operators here is

Ik — Jk-1 = (2Nk-1)? = (Nio1)? = 3(Ne—p)?

and we store the scale-coefficients d* in three Ny_; x Ni_; matrices AR AR AL

Using the matrix identity
I=PD+EGP, GP=G(-PD),
we show that if we take A*¥ and A*~! from the sequence (4.4) and define
A = GPAF(GP), Ak =DAYGP), Af=GPA*D*
then A* can be recovered from A*~! and the above by
AF = PA'P* + EAYE* + PAKE* + EAEP*
This follows immediately from the identity
A* = (PD+ EGP)A*¥(PD + EGP)* = P(DAFD*)P*
+ E[GPA*GP)*|E* + P[DAY(GP)"|E* + E(GP A*D*)P*.
We conclude from (4.7)-(4.8) that AL has a multiresolution representation Ay,
ALE A ({Ag}f’nzl o {any ,A") ,
where the direct MR transform is given by
DO k=1,...,1
A¥1 = DAFD~
A = GDAk(GDj*, Ak = DAX(GP)*, Ar =GP A*D~,
and the inverse MR transform is
DO k=1,...,L
{ AF = PA-1P* + EAYE* + PAXE* + EALP*,

14
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In Figure 1, which is taken from [HY], we show the result of applying thresholdmg with
tolerance € = 107 to A in (4.9) where
;}; if i#75
A = " (4.12)
0 if e=y

Here we take Ny = 512 and use point value discretization which is reconstructed by a
sixth-order accurate piecewise-polynomial interpolation with a centered stencil; near the
boundaries we use one-sided stencils. The rate of compression, i.e. the ratio of (NL)? to the
number of entries in AM which are above the tolerance ¢ = 1077, is 8.57. This example is
taken from [BCR] where it is done with MR schemes which use Daubechies’ wavelets; the
corresponding rate of compression for wavelets with six vanishing moments is reported to be
7.33.
In Figure 1 we display the results by writing Ay in (4.9) as the matrix

z)
]

and marking the entries that are larger in absolute value than 107 by a black dot. |

5. Multiresolution Algorithm for Matrix-Vector Multiplication.

In this section we describe an algorithm to reduce the cost of evaluating the matrix-vector

multiplication c,

c = Ab, ' (5.1)

where A is a Ni x Np matrix which can be thought of as the discretization (4.1) of some

piecewise-smooth function, and b is any vector of Ni components; note that we do not make
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any smoothness assumptions on b. As an example let us consider the case where (5.1) is

obtained from discretization of the integral transform

c(z) = /01 a(z,y)b(y)dy; (5.2a)

here
¢~ c(zF), Ay =hy- a(mf’,wf), b ~ b(z}), (5.2b)
and we want to evaluate (5.1) to a specified tolerance which is taken to be of the order of
the discretization error in (5.2).
The basic idea is that the product ¢ = Ab, which is being set up as ¢£ = ALbL, has a

meaningful analog

cF=Akk,  k=L-1,....0 (5.3a)
corresponding to the k-th grid, and that

c* = Pc*~! 4 correction, (5.3b)

where P is the matrix representation (4.2) of the one-dimensional prediction operator, and
the “correction” comes from locations in [0,1] x [0,1] where a(z,y) is still not “sufficiently”
resolved on the (k — 1)-th grid. To obtain (5.3) let us multiply (4.8) by b* to get

AFBE = PAFY(P*bF) + EAY(E*) + PAK(E V) + EAK(P YY),
from which we see that if we define
¥l=pP,  k=1L,...1 (5.4a)

and denote
sk = E*bF k=1,...,L (5.4b)

then we can rewrite the above identity as
c* = Pk + E(AFs* 1 4 ARBFY) + P(ARsk-1y, (5.4¢)

Using this observation we get the following algorithm for the approximate (up to a specified

error) evaluation of the matrix-vector multiplication (5.1):

(A) Preparation:

(i) Given A, set A¥ = A and use the direct MR transform (4.10) to obtain the MR,
representation Ay (4.9).
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(ii) Apply thresholding to Ay in order to obtain a sparse representation.
(B) Multiplication:

Given any vector b

(i) Set bl =1b
DO k=1L,...,1
bk-—l — P*bk (5.5)
-1 _ E*bk :
(i) Calculate di_gectly , . .
@ = A%° , (5.6a)

(this is done on the coarsest grid).
(iii)

DO for k=1,...,L
(5.6b)

k= P(ckt 4 AksF1) + E(AksF 4+ AkbFT)

Set ¢ = cL.

In the case of pointvalue discretization this algorithm turns out to be identical to the
multilevel matrix multiplication of Brandt and Lubrecht in [BL]. The algorithm which cor-
responds to Daubechies’ orthonormal wavelets is identical to the “pon-standard form” of
Beylkin, Coifman and Rokhlin in [BCR]. We remark that (5.5)-(5.6) is a slight generaliza—_
tion of the algorithm which was presented in [HY]. - |

Based on the analysis in [BCR] we show in [HY] that if the kernel a(z, y) in (5. 2a) satisfies

C .
|Bga($ y)' < —I?B-—?;I—[_*_—l, {= 0,‘. ey — 1 (57)

then outside a diagonal band of width B, the entries of the matrices {Ak}3 _, are not larger
than O(B™"), where r is the order of accuracy of the reconstruction technique. Since the
matrices P and E are banded, we get that the complexity of the algorithm in (5.5)-(5.6) is

In [HY] we used the above matrix-vector multiplication algorithm to apply the matrix
in (4.12) to a vector b with “randomly generated” components. Using single precision we
obtained for the case in Figure 1 a relative residual error [|Ab—c||/|[b]| which was 7.52 % 10-¢
in the ¢, norm, and 4.41 x 10~° in the £, norm.
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6. Multiresolution Form of Numerical Schemes.

In this section we consider the numerical algorithm
v = At 4 g (6.1a)

which describes either an iterative procedure or a numerical scheme for the solution of an

initial value problem. Taking the MR transform of (6.1a) we get
o3t = Mot = (MAM ™) (Mv™) + Mg =: Asd}y + g (6.1b)

observe that As = MAM-!, the multiresolution form of the matrix (= operator) A, is
different from AM, the multiresolution representation (4.9), where A is treated as a two-
dimensional array and not as an operator.

From (3.10) we get that Mo’ can be expressed by

d* = GP(Df,,---DEYY .ol = Bkl k=1,...,L
(6.2)
v = (DY DEY) . oL =: BOyL.
From (3.11) we get that M =19,/ can be expressed by
L
Moy =Y CEd* + C&°, (6.3a)
k=1
where
Ck=(PE, - PF™)E,  k=1,...,L
(6.3b)
C¢=PE,---PL
Using (6.2)-(6.3) to epxress (6.1b) with g = 0, we get
d*"*1 = yp  (BFACE) - d*" + (BEACE) - v, k=1,...,L
(6.4a)
W0t = L (BYACE) - d'n + (BRACE) - o0

which shows that
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BlAcL

l - Blacy
Btact e v o :
Ag = (6.4b)
L4 .
[ ] L]
'Y *
. » . /B)I‘AC)L
Bl ACE el
L L
BOACL .
LA R Y BY ACk
BYACE

Observe fhat the block BEACY , 1 < k,£ < L, is of size Ny—1 X Np_1.

In the Appendix we show that CF = (B%)* where Bt is given by (6.2) for the dual MR

scheme; hence
(6.5) B{AC = BLA(BL)
and each column of (B A) is d*, the scale coefficients (6.2) of the k-th column of A, while

each row of A(B})* is (d%)*, where d* is the column-vector of scale coefficients of the data in
the ¢-th row of A which is obtained by the dual MR scheme. '

We remark that when M in (6.1b) corresponds to Daubechles orthonormal wavelets, As
is identical to the standard form which was introduced in [BCR]. In this case the MR scheme
is dual to itself, i.e. Bf = B and therefore M~ = M*. It was shown in [BCR] that if Ais a
discretization of a Calderon-Zygmund operator, then data compression of each block in (6.5)
results in a “diagonal” band, the width of which is independent of k and £. Consequently
applying data compression to Ag results in a finger-like structure of non-zero entries, and
their total number is O(Ny, log, Ni).

In [AC] and [ACD)] the standard form of [BCR] was extended by (6.1b) to point value and
cell-average discretizations. It is shown there that, inspite of the lack of symmetry, the rate
of compression compares favorably to that of orthonormal wavelets: It is about the same in
the periodic case, but it is significantly better in presence of boundaries.

In Figure 2, which is taken from [AC], we show the nonzero entries of Ag, the multires-
olution form of the matrix in (4.12). As in Figure 1 we use point value discretization which

is reconstructed by piecewise-polynomial interpolation, however here Ny, = 64.
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The present work extends the scope of application of these algorithms to the general class
of MR schemes in (3.9)-(3.11).

7. Multiresolution Application of Operators.

In this section we describe multiresolution algorithms for the solution of integral equations
and for the numerical solution of initial-value problems. We shall say that a matrix is T'-
Sparse if it becomes sparse under thresholding, and refer to the number of non-zero elements
as its T'-sparseness. In this language we can express the main result of the previous section
by saying that the multiresolution form Ag of Calderon-Zygmund operators is T-sparse and
that the T-sparseness of Ag is O(N¢log, Np1).

7.A. Integral Transforms and Equations.

In section 5 we described a multilevel algorithm for matrix-vector multiplication (5.1)
and showed that if it corresponds to a discretization of an integral transform of the form
(5.2a) with a kernel which satisfies (5.7), then it can be performed in O(N;) operations. We

can also evaluate ¢ = Ab from its multiresolution form by

bar = Mb,
cm = Asby, (7.1)
c= _léM

Since the T-sparseness of 1:15 is O(Ng log, Nir) this is also the cost of the product /igi)M; in
addition we also have to apply the direct MR transform to b and its inverse to éy. Hence,
unless we are in a special situation in which & and/or E)M are also T-sparse, it is more
efficient to calculate integral transforms by the multilevel algorithm (5.5)-(5.6).

A situation of this type occurs in a matrix-matrix multiplication C = AB where both

/ig and BS are T'-sparse
Cs = MCM™ = (MAM™ ') (MBM™) = AsBs. (7.2a)
Of particular interest is the case where the T-sparseness of
M(A)"M™ = (As)" (7.2b)

is uniform in n. In this case (As)" for n = 2™ can be computed in m steps of squaring and
thresholding

2

(As)” = [(As)"7]", k=1,...,m, (7.3)

where each product above is between matrices with T-sparseness of O(Ny log, Ni).
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The numerical algorithm (6.1a) can be written as
n—1 . . )
o™ = (A)"° + Y (AY g ~ (7.4a)
—

or in its multiresolution form (6.1b) as

n—1'
Oy = (‘Ag)nf)g{ + Z(As)J—lgM. (7.4b)
. j:O
Following [BCR], [EOZ] and [ACD] we use the following algorithm for the fast evaluation of
(7.4a) for n = 2™:

(i) Set
B=MAM™

C=1

DO m times
C = tr(C + BCje) o (1.5)
B = tr(BB;e)

Calculate

(iii) |

v* = M~} (BMv® + CMyg);

here tr(A;e) denotes the truncation operation

. ‘ A,‘j if IAi,jl Z [
[tr(A; 6)],'j = . (7.6)
0 if |Aij| <€

Fredholm integral equations of the second kind are usually solved by iterative procedures
of the form (6.1a). In this case the gain in efficiency which is offered by algorithm (7.5) is
based both on the compression of the operator A by

A — tr(Age) (7.7)

and using the fact that the T-sparseness of (As)"” remains constant as n increases.
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7.B. Initial Value Problems.

Consider the evolution equation

B+ L(z,0;)u = f(z) ,2€Q t>0

u(z,0) = uo(x) (7.8)

with boundary conditions, where £ is a differential operator. An explicit discretization

typically takes the form (6.1a)
v = Av" 4 ¢ (7.9a)

where

vy~ u(zhtn)a g; = Atf(xj)? (79b)

t, = nAt and {z;} is a grid in Q.

It is shown in [EOZ] that using the multiresolution algorithm (7.5) to calculate large-
time solutions of one-dimensional hyperbolic problems to a fixed predetermined accuracy
can be reduced from the standard O((Np)?) to O(NL(log, N1)?). For parabolic equations,
a standard explicit calculation with complexity O((NL)?) can be likewise reduced by (7.5)
to O(Ny(log, Ni)*). The multiresolution algorithm (7.5) in [EOZ] is based on Daubechies’
orthonormal wavelets. In [ACD] this algorithm is extended to point value and cell-average
discretizations.

As an example let us consider the simplest hyperbolic problem
ur+u; =0 (7.10a)

and its solution by the Lax-Wendroff scheme
ntl _ A A2

CAMIE R §(v?+1 —vy)+ 9

(viy — 207 + v ) =: (Av"); (7.100)
where A = At/hr.

The matrix A is a tridiagonal matrix and thus has 3Ny non-zero entries. On the
other hand Ag, the multiresolution form of the scheme, has a finger-like structure with
O(Np log, Ni) non-zero entries. In Figure 3, which is taken from [AC], we show the mul-
tiresolution form of the Lax-Webdroff scheme for N;, = 64. This shows that unlike the
application to iterative solution of integral equations where (7.7) results in a “compressed”
representation of the operator, the gain in efficiency in large-time computation of hyperbolic
problems is only due to the uniform T-sparseness of powers of Ag, i.e. while (A)* fills up
linearly in n, the T-sparseness of (Ag)" remains O(Ny, log, Nyp) for all n.

In the following we describe another application of the multiresolution form (6.1b) which

uses data-compression of the numerical solution v™ and the finite-speed of propagation in
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hyperbolic problems in order to produce a multiresolution analog to adaptive grids. Let

T(v") = {(G, )| |d5™)] > ex} (7.11a)

denote the domain in the (j — k) plane which contains all the significant scale-coefficients
of v", and let I denote the domain which is obtained by enlarging T'-(v") by adding side-
neighbors of the cells in I'.(v") and allowing for a growth of one scale per time-step where

needed. Due to the finite speed of propagation in hyperbolic problems

~

L. (v™*) c I7. (7.11b)

[

Therefore we can set the components of 33 which are not listed in fg to zero, and evaluate

the product row(Asg) times 97, only for those rows which are listed in I'». The computational
work can be further reduced by taking into account the T-sparseness of 97%;.
This technique can be extended to nonlinear problems. In [LT], [MR] and [BMP] it is

shown how to derive a multiresolution scheme for the numerical solution of Burgers’ equation
Ug + YUy = Vg, v>0 (7.12)

in which the time-evolution is restricted to the significant scale-coefficients of the numerical
solution. This numerical scheme is obtained by a Galerkin approach in which the PDE is
projected on a basis of wavelets. We remark that this Galerkin-type scheme is not suitable
for the “inviscid” Burgers’ equation (v = 0 in (7.12)) in the sense that it generates spurious
oscillations at shocks, and may even become unstable in some cases — thus some form of
artificial viscosity is needed.

In [H4] and [H5] we consider a hyperbolic system of conservation laws
us + f(u)z =0 (7.13a)
and its numerical solution by any scheme in conservation form
v = — M — fi) ' (7.13b)

where
fi = f(v;?_KH,. .,V k) for some K >1, (7.13¢)

and f is the numerical flux function. Observe that the computational task here is the evalu-
ation of the numerical flux function (7.13c) at all the gridpoints. Using the multiresolution
form of the numerical scheme (7.13b) with respect to cell-average discretization we derive an

algorithm for the time-evolution of the scale-coeflicients, and show that data compression of
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the numerical solution can be translated into reduction of the number of flux calculations in
(7.13c).

In Figure 4 we show the results of [H5] for the multiresolution form of the Lax-Wendroff
scheme which is applied to the periodic initial value problem for the “inviscid” Burgers’
equation.

urtuu, =0 ,—-1<c<1 ,t>0

(7.14)

u(z,0) = 2 + sin(wz)
with Jp = 256, CFL = 0.8, and tolerance ¢ = 1073, Figure 4 consists of 3 snapshots
corresponding to n = 25,150,400 time-steps. In the upper part of each snapshot we compare
the solution of the MR scheme (circles) to the solution of Lax-Wendroff scheme on the finest
grid (continuous line), which is computed independently. In the lower part of each snapshot
we display I'c(v") (circles) and its corresponding estimate I'* (dots). This is done by drawing
the symbol at (:vg]__ll, k) in the z —k plane for each (j, k) in the set; note that due to a different
notation in [H5] k = 0 is the finest grid, and k = L = 5 is the coarsest. In the Table we list
the efficiency (i.e. the ratio between the fine grid calculation of 256 fluxes over the number
that we actually had to compute) and the difference E,,,m = 1,2, 00 in the corresponding
norm between the solution of the MR scheme and the independent finest-grid calculation.

In [BH1] we extend this technique to the numerical solution of
u + div f(u) =0 (7.15)

on Cartesian grids, and in [AH2] we generalize it further to unstructured meshes where the

coarser levels of resolution are obtained by agglomeration of cells.

8. Conclusions.

In this paper we reviewed recent developments in techniques to represent data in terms
of its local scale components. These techniques enabled us to obtain data compression by
eliminating scale-coeflicients which are sufficiently small. This capability for data compres-
sion can be used to reduce the cost of many numerical solution algorithms by either applying
it to the numerical solution operator in order to get an approximate sparse representation,
or by applying it to the numerical solution itself in order to reduce the number of quantities

that need to be computed.
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Appendix: The Dual MR Scheme.
In this appendix we describe the MR scheme which is dual to the one in (3.10)-(3.11).

In order to better see the duality we rewrite (3.10)-(3.11) as follows: we express the direct
MR transform

=Mo" , (A.la)
by ,
DO k=1L,...,1
= Df 1ok ' (A.1b)
d* = GPv*
where
GP = Gy(Ix — Pf_,Di™). (A.1c)

We observe that :
Ekdk € N(D’,:al) = (Ik - Pf_lDllz_l)Ekdk = Ekdk

and therefore we can rewrite the inverse MR transform

vl = M ton : (A.2a)
e DO % L
=1,...,
{ o =.Plf—1”k_1 + E,fd" (A.2b)
where
Ef = (I, — P}_,DF")E;. (A-2¢)

To simplify our presentation we shall use the matrix representation of the various operators
and define

5]’:—1 = (Pl:cfl)*a ﬁlf—-l = (D’I:_l)*7 G’D‘:: (Elf)*, Elf = (Gl?)* (A3)

Observe that 'B’,ﬁ’l is a Jr_1 X Jx matrix, ﬁ,f_l is a Jx X Jr_, matrix, G’? is a (Jx — Jk—1) X Jk
matrix, and E,’: is a Ji X (Jp — Jk—1). With these definitions we obtain the dual MR scheme
~ from (A.1)-(A.2) by applying (-) to all the operators, i.e. the direct MR transform of the

dual scheme

Oy = M . o* (A.4a)
is given by
DO k=1L,...,1
. vk_l = Ez_l’vk (A4b)
d* = é}?vk
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where ékb is defined in (A.3). The inverse MR transform of the dual scheme

=M1 by (A.5a)
is given by
{ DO k=1,...,L
. (A.5b)
v* = PF o1 4 EPdF

where E}? is defined in (A.3). Observe that the dual of the dual is the original scheme.
It follows from the above definitions that for 1 < k< L

C¢ = (PLy--- PEEL = (BD) (PEYY - (PL)T = [GR(Dkyy -+ D)™ = (B

and

—_—

Cy =Pl B =((R) - (PLy)) =D} D))" = (BY)" 5

thus
M= = (M) .

In [H3] we also show that M is associated with discretization Dy and reconstruction Ry
such that (ﬁk’ﬁk) : F — F is the adjoint of (RxDy) .
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Figure 1. Multiresolution representation of the 2-D array .
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Figure 2. Multiresolution form of the operator (matrix).
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Figure 3. Multiresolution form of the Lax-Wendroff scheme.
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Figure 4. Multiresolution application of the Lax-Wendroff scheme.
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