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ERRATA
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1955

Page 14, column 2, paragraph 2 of section entitled "Separation," line 6
should read:

"both ?\sep (eq. (63)) and As(t) (eq. (64)). However, numerical"

Page 19, table II: The values 2,390 and 381 in the bottom row should

be realined to indicate that the multiplying factor "x 105" in the
first row applies also to them. Thus, the table should appear as
follows:

Rcocr for M1 of -
Flow

0 1

ul/U. =1- 350 x 103 104 x 103

(adverse pressure gradient; data from ref. 2)

Ul/UW = 1 2,390 581

(zero pressure gradient; data from ref. 1)

Page 19, table III: The minus sign in the subtitle of part (b) should
be an equal sign, so that this subtitle should read:

(b) Values over flat plate; t' = = 0.8

Issued 2-15-57

NACA - Laigley Field, V..
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ANALYSIS AND CALCULATION BY INTEGRAL METHODS OF LAMINAR COMPRESSIBLE BOUND-
ARY LAYER WITH HEAT TRANSFER AND WITH AND WITHOUT PRESSURE GRADIENT

SUMMARY re'tference' 2. It is furlthler shofwnl 'nl Il'fe'l4'ic 2 I ha; b.loll-11

-I ..I a i~x t4 , feq~rall .1c l. ;mph Ilam xili ieia ,- ( d Icc-Iat %d ll th '~ e Ji ualo '(fI'S p ointl ' ill 2i11 11.a a alvz i ig ýs ln I agiati 114, it-

(illiilis ;s. acf , cat ff44 i lpo s t I f f~t/Il 'cidi~ (tt~ th(i/ prItet i'' 4 tf X ii ' 1 44' be still '4 tlon l Jill t (ll plI/di 41vi '15 %X i'4'5 14 sev ll i ll-de r

(;~ll t11 .lb;0yh) 'IJ fl lait 111 ,ipll . mt pra/n xiblc b~mi//ill/, v4'i44it~v proHflels. III reference'f 3, it is filiitia'i vtoifiedl. by
,.Iai;lllN'/l ltl.i ~ i~i liiIl (ffq c'illi~i414'Ii~lg the4 flo4w over ith Hil l1 p i' with hil'a t laisl'l.

.i fil on (14I1 prt~' iftl. till grfl~ iti i r't h ha lt ///t fa it i if iir l that tith-f'l,'ji'~il5 ifll''lfS 1fS~~i'el 1'il4

WW ;, MoI/ lt l i(/sMf to, i/ (I. lb~rflwri or~r / f)t'lafi'ti plia l,b4the m tho Hf Ihii't alilith e.Iv e prof(ilet11. Yield reut of' 4' 1 s uff(i cienl 4'414 lin icl.%

ProI tlmbrc Ný- to, it OIt''idy ooNlo 'e( rso ga ie t, I'411for'l'. Si')1'l were 111141de t il lidt1Is r shVl b'r1'1' i'lst i's nf reft1114l1

Till'tho I~'~4s ' 4ffe Top4 pll'4I l l'f'1if n l'tb is 1 mtii an ()'5' It 11 1 4' firll~p'' f441lve.4131t''l wi ch'I re n 114 iil 4 '111 11' 12hi .. of~ '111' S')11'11 (ll

11011 c~ip rtil.. -,* pe fi(/( Igol aft loelmd0015 l it ifirip 'o'- i fiflel repor b11 4ii'l'v 4 PrIe~l'4' N1.i Bl oomii' of ' (he PI l '4lt I i'4l15 I]l ic

tIq4 oo s ipallsOI 'wiliJ ) 11111 1 wt (Il' c i lllesIc'i.1fo TlS i~th tlce of h~ In11411'. lflf Bro4'tl l\n ( ni' 'f'l'llvd "('C5 i 41111 7 of14 S'tnl' il) oif

pri"ltin lll -l IViSIn (I st lj-fi (it 1(4 .11,' A I'll 110oiifo. 111 ' o l'ft ('Iel o it i f'f'''j(I ll I1( Ia~i - rfs r l4nd ' f\L ''Ive ol' 2 4 'odwri (5 i/lf i14'41

Il 1/ x' t g ii111111'14411111in Ill- w VI''s i gf 11]. () ill,/ 1 /11515 l iI' Ini'I' oftionI Nitt lm Advisor (f111t I 'ol' f iti ve flr IIj)'lSsI' g'14i'lult

g!u i' Il1. Idt 0 lli it hI t'Uher an I 'lI 5 l'i it ' ll t/, Iis I 4'(l i0o l ir o ll th dllt' \\ Ill' Iv trl' l sf1411 e111/ 41. ' developed. Ths111 rflclto 1i'e tilt hidt "

I misc,11. (filyl . T' ~tr'I~,ii.,r is;irelIII4 114 r(/i ( ' 711 iI'slist cllCftid. II 44'lrlI ~I the c lcll iti l (It' ' ( I(( .444(4 i dan1 si I'r I" I \ il (Iif over :1 r teri'n pi tt ( er

par cutirfh, (frf~m x 1`i-1r~cMn htitttat-'c. ctfi ctlit. j resur '(11divll \\i ll I ol itilforllwnf Iv~npeil 1 re R of
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lnvllt't oiitf ('Ztuis'illttlu the seart io'llllttiuJ~s ill t'015J5'45555l( d 1 so55 5~a'J1.55i1 it if l Ais' Il Ii'tsol bas'e~d 5515 'Aliit'il-nl ai stld
flow 'with i55 adverts'e( pre'ssure's gratdient over* it stislface lit a"I " '''t'isa' It~toi oI isa s'tipssiseI , I ds'-av
"riven III Iifor'asI wall temsiperastture is Ilb-o pareseinteds. lThe t'tjialtinsl, prs'x'ioaisv jilt r'sbss's' bN Ksrii'iiis aos11l Mlilikisan
miathemt' ict~tail asosl'.sis oil whxich'l thetse ilsielitids are baasedl w.ill ill til dslalvsj' for inomprisisisssibils flow, is desve'lopeds. inl'''l '

b e gs veii inl si 5flies e t detNai ut o show 'lesil Isixth logical develop- ein'e 17. References IS presensts istinttod tbssed onl souiltiOsa-
Silent oif tile ilel(tloI isotl t51(, th Illailsi Uppr5oxilsiit illg ltssilfip- whsichl have.'t bilt5l slwlqiiit'i fors wedge flows. Ra'fe'i''lcS'' 1
tionls whichtit re Illade, as well its the aneof apjplicolsilit'. of to 21 develop meisa'ods based on assl exts'nitsion of thev lKssimisla-
tile, methiotds. lPoltillaust'ss isietlsou (with fosilrtli-degrs'e vvs'hil't andas ýll5_-

lil additioin to ilst' liletho't;~l of calcuslationi, the( iilli)Ii('ltitlls till tioll-e'ill .hapx profiles) to this' ttss'i'sill-vlfl-'islgv, as '.N4,11 1
if tile eqtJuattions dte veloped hsere regardinsh g the variouosischIar the tiit' liei~tii(' it ii, 1)1 t i'I I shiff s'ervist i 015 tyiltt is). (Re . 1IS, 20

ac(tells t iss of aIll iii i 11 los das ,i vlit l lver a5is, thsey art afflectetd iiid 21 inctslude thit c'1se tof a smiall nlormls~ ma.511 (m5 o alt [itn
byvin ia ulle teis such I its the prlessur e gia,1d a'!t, w'.all I eisaperil- wvall. ) FrhI tles'r1 anI vsts Ibasted Ioii list gral Imethodlas Is rt.'s
tus'e, atiad NMachi numbiter' wvill be. disc'ussedt. FiThe discusssion g-ivess inl rtfert'soes- 22 to 24, tile latt Iel' bins'ii Iit assi'.l of Ilica

will in ci lude st ab1 ility characOt eristlitcs. A va iet ' tv of filli lilt' i'iatl livat t-ii solo t issg pr0oper iv. so tf tin' lit in is arl bolasidal Ia i\ ili x's i. A
e'xamsple's will aliso he disussedt5t'. ass d( etsails of at few of ths 115' hllall-l)('lturas s' l a It s51tv l of aI al'. Si 5 is devlt'V'h e)'s ill rfvilsft's'aas
\%ill be pre'tsetedltt lstrt. Fur15ther' detasils oif these't e'xamiples 25. It Iila%- to' nsoted thast till ssf ds' fsss's'gosg aspps'oxiiiailt'
(,tll he foundat isa rvfei'%'n'es I Ito 7. sanal ,vses, with tlst' e'xcept ison of i'afei's'at'ss Il to IaS midna 25.-

It nlas. ibe rt'siaaikt't lthatt, as is well kinownv, ilst' literatur ar' e tss based onl iltstt'g:sl msethotds.
salt lasanrloaasstlsti'v aInvers ali rtestlaate t'l rsolblems s is t'xtenl- ThIae a isas lvsis ill tile pre'asent rep'or51t is, foi' sipiciiiifa'iv, Isilm'i
save stndt ritch. Initet'a, whert'etvt'r ptertinent's, r'tferse'it't w..ill oil thet usual at5511ipt5 iloll of c'onstanlt spetctifictI' eatIts. A lliv'1511
bea inscluded't ill this r't'por't to rel''t'itt x''oa'k %%wliit'liltsI alpt'al't'tli of tInkinig inato l''account vari'ablt' sps'tific lit'lt 'Witl Is vIia'll'aa2-

sitlI or motret oar lt'ss simtasa itvssaols sv withI, or si 51cc r'tft'' erencs I I r st', t I'liast fti. flo1(w ove s's fat pla I111te, is dIiscuasssed , for
I ito 7. 'Flat as itvl a age of t it' met'thotds of c'alt'ladt ion d ev-el- examp55lelt, ill r'tftei''nceats 26 ssand 27, As loss sslitoad been o'a
tlo'tl ill tlsis r't'porst is tlisst tIlt'*.v cossihisse tist' imerits of aide- statedl, it is fuirtherat's' usan'Ie ill lilIts repoart astl ftsr Iltsw \%ill,
(tlaste ast't'u'otV Isiad r'tlattiv't vase of taltislastioss, (All ostli- 11 pres'tsure' gr'adtienit thse I''ssailtl iliiliil1t'l is I .Als ss~as'aoxi-
sasis' desk s'atlt'alasttsi w.ill be fountd to lit smort' thans atlt(ttllatt' sliastt ssst'ss, foi- thss caise sof zer'i'ta Itst tt'asssfs'r, sof iskiss, u11141

for all of the tailcaslations.s Ils fact, lann n''sumbet'r (If tist' l acco't't it a Prasndtl naumibt'r ilitfrl'rtt fromsi anilvt Is slicsasvss ill

a'ala'siai1aas 11aV t VVIi bet persfoirmsed lax'l stsIandatrd ' Isit it refesence't 28 and1( applietd iii i's'fs'rt's t' 29. Iis thet tasea osf lias'si
rais'o. )This' Illsitclat'iisaill isasllx'sis wNill likew'.ise etaisttl ip'ia'.- j rilOIisfti alt tile xx'al., aill appro'tximiatie nieans taf takisaa" ins
iscalix Ilt'e lillill~iulistaisslit'' tof a[pa'oxisiia tillasghsumpit~ltions aht't'tillit at i'al'iill siasuslat's'otlat's thasn I woulid Ibe to issas1lsijlv

requt~ireda itortasisa bosth simsplicity andt aids' aeac a , teN set u br(.e1ba(tr ise.cefcet)ooii

Withl rs'plec't to tit' pet'l'eli'lt *litlesat st', it w'.ill stifict', alt ill alccordanclite witis tilae Iliel isoal givass lher' tv thet assbet Isass
thlis poinit, tss mneations briefly' theoi'etit'al inavet'igsationas tall of tilt Pr'liil(Il nuambers's (cf., s.'o, g r sefs. :10ssst. and 31 sI. a

1the gt' is 'al cstse of tb li'o'tmpres's's sis'e smi naiior laouiitiarsv lav''e'r o V'O'T'V' t its! 1, Ihowet'vt'r, SilaS'. Ie a't'tssit t'I'l ablv islacuai''sst, 'alit yes''.
witih pressurie gradsienit slisd isealt Issasif'' sll t''' iii ai siumes' (sef. 12). A fastIts'assala ss iatls
iimiitedl 1sasisslat's of ea'clst solautionss, that is, solastiosns (Adisit'1 pretstent anlysits'5, of fltow'. ir'sth a pu,'xsmu' p-au/b sat is thlass I Iaa
nlasv bae ssasnasl'ris'a) batsed onl solvisag directly lIst' (55i-i lI x'al Ial t emipersatur asis as is fs isis.ý A stissi sll iv ti f isa v 's'5igatl lts1

pltiasiil sliflt''t'tiatl t'quaitionss of tlest biaoassaass' loves' tsessel- tan fltow'. over's' IsIossisotiel Ias'sns surace'itt ill .a prea'sssu're glasaissas
tiatll v wvitiiout till sv smiathematictal oJppi'oxuislltiosis, lipalat't Its (sis we'sll ass ov'eri't flail plaate ) is givesa isi s'tft'it'ss't 312. Furither's

hit.a'e tast's obatsinstea thuos farl. aSuchs texact solutitons are' inifos'mationi ('ail also tat aobtainetdt isa s'efs's''saae 33. FisssilY.
isisc to pstsIar t is'las tss yIvpes tof flows.vs Fas' ltswx-spved (zesto it assust bet noted thats stlist' prt'senlt iinvxes tigsaStsion is 1based'

M Iach'iis s lit's') , laitss's''tfl Is t'lt'ess ('osl5p rvssiblk, fl ow", Avih oil taiit 1st a;s~lilil at ioii thIsat Is a' cvitflivet' i osItf V'iscotsi ty is lasts-
isesat Itrans sft'r, liis sls''ievass soitsi a Iitss faa s'''w s'tIgt ftlows," or)l pos't on al to tslst ilabssositse 1 ('1ss pe'a I ti sc, wi lil)t t'i)le s prtp't i(5I-

Ilsaws ila x'.iiis'i tiss' vt'tasit v otsasdelt tist' lsotisilstr' v lavi.a's' allity factsr dtetrt'mlined't st thsat Su itts'slasss's rlat'llioin is

propor~tiontasisl tss at po~werl tsf thit atxial dlistanse, have* bteen extactly sattisfied Illt tile w.aill. 'Hliss ss asill assailaisialtla COIIs-
tls' xs itlat's ill ri't'ft's's'is 1's to IfI. These sosllut ionsss ci s le salt' a mossly mande (c f. r'tf. :34 a to sim55pl i fy't t'e assatsis saias yets'
smsasll siss'ala11 ll sasss flto.'. atl tlst wal.'sl Stish stolutionss hsax't r't'aint tlse sistailsacttual Insfltncei't (If thet tdepenitensce tsf tilet
I ees t'''sa x exten'dis'd ftor sll st 15 egligi Issb Issi it s iachnumb's Its viscosity coeffj'ic'5ient (ii t'llpea ~t'Olane, aIt lesast fosr MsIl~'Iac
asssIt's ilk. shichi Illst loalt Ni stcis sits e ou l t''((sitdit of lit'e botist- numberl~ts' bls'ow'.'. s

ars''.vlit's've is propotsional to ta its a lsxx'' s of Its t aixisal dist atc 5(re('tf. The pr'esenst i'pot'lo' is tdiv'itdetd inito fix'e slliso sect' itnss Thtet
12). At cltss sof simiilats soslut ionss (rsefs. 13 to 15) fos' isigi- first sect ionl discusses tctnttistely thie x'ar'ious msaiis types of

adersivedt, illisdti cet'ti'ill ('(osnIitsios, andiatl t'sshiats't wvithi tist' tiseis' r'tlativ't Mer'its. ''l'es secontd s-ectioss dlevelopas, I st'
Iis I of s'ict't t1(5lit(' ioliip sit tsi's basic tequtlitons5 to be u~'t5' se i th prs enP5t','it-ss analysis. 'hisese

lii adtIsdiition sa'to 'efere''nct's 6' atist 7, st'v''ra'l sapproximna~te equ at ions ar s's alid ftr is' s arbistirars' conistani t Pro ilisa ti nalat' 5
atsial'.St's (If lat si sills' 'omprasessiblelt i 5th s Ylit ,si~ lstx- w'' ''it liia'ts- (('lost' to asnitiIy) an sat I sios iniiifos'ss '.wall t esmper atue t s I't, i thlit
sun'v gradettlss ansdt ltat trsanssft'r have be't's maadtt' An atialy-

sis, for s'xatmnple, I used't ohl a I vpa' of a pp roximrattions ust'tl Is'. 2 Theg'I ea,';'5'l5 '(5513 imi5s, linwi'v,'r. 's"'-'a's"" sin tlae -'ea ias '' Busic Eq tint ionss,'' whichl p,'r'

Lig-Iithis ii lists bae'n rece'nt'sily saaa~l it'lls refes'iles t 16C, wx'ills t'r ha- to-n i: attire s ' wass sar'sar.~~'a'sasr'~~a~sa,'(' '~asirs ss
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finetlhtli for tfile ('icalc lattion of tiit(, h01111411 v Iliiler o4ver If ])ist,( (oil c(4ildlmslit pm11 LI l~4 l h llt

flat pl)atte with at piescribed (list ribtt loll oIf \%-all teilipelatutre oiiidiiitelv heliiid 'Iiock a av i, I

while ilie Pralidtl 11iuniher is kept arhitrarv. lit the foijir Iv ladiuig- ed of itilt44il. P,01,1I p,

sectionli thel basici( equalItions aire uised to .vielil it lInetlhod o /1 111111111 ciiililillill (lt RviIi I 14Ik i iiiiil 441

e41]eulating the bounidary la~virlin at giveni pressure gradien lt bavi'd onl r-ihllo!' ftn'e-Irvil 4.40iiii

over at surfaice lit at prescribedeil uiifoiin1 waill tIvIllperit ure. lionls ill Mlipvel;illi4 thm0 o\ 4.i Illiii
H1ere lie Pra ni tI tli numer is assumned as. tin it v. Thei~ ca Ic iiLa- al i fol
tioti of the sep~arationl point inl tin adverse piesswre g-radient i lilt t or h~iolsii inio fi W tioi (i x I-t
is inicluded't ill t his setition. Th'le fifthi section, uinallv, dis lioibiiiiher ilietji4 ill r~plal ton 16,

cuisses the various getieral conlui('tsons oilIllte bollnl ar-Ilivrc 1 S stithierlmiii coismistii 211*, UI'm

chairilterIinst ics wich are o i'(f phyistical inteirest andl followi fri'l 11 111r (c f. eq4. ( 7 ;

tht'liv ii aulysts prest'lit et he 'Vle i. I i ol54t11 4 t4'lil)4'lii tI114

SYMBOLS wl 4114Ii 14tl 14
hevat I riiiisfi'r

f?,, C(Oefficit'[t of, r" ill veloicity piohhi' vorll5l4Iii )1 iaii blll4. defitl)41 I'%

(e'q. (15) equation041 (S)

b potsitivie tonstant tised ill iefervi'eti' 2 i '~ C00i4 141hiliti'5 lllld hl' i d 1 1141 11m llIiiI ll

pioffl'' (eqi. (W)t'fl i4411t111t 4I4jfiile b.\* equIitto 4411 Ibl4

61 c~~l~olffi)1iet lill it v fai't rofinlte norat deter- X-I& (6 raio pe)2hnt" "v:-

milled1t i'llttadvan(eqs ()v It 1111 (1 ('' 1. 6i,6, b4l~ithi4411 \44 er~ t4 l 144' 1044 ill 1qit Ill-

('15 constan avi'rage viduev of h( 77 11111111l1 factorl (eq. 144 1Illi (i. 4
I1 x((li'il t H,0 Li-i) I

prp0tinlt fato 1i5 luts eIVpr ti v

Ieiigt Ii L (eq. (35y [oil llIiltiIII1 pl641)

i' ,.const~''fl lian t s litm voisalie of tSsli 11( l'l I t 4ltiLI 4'5 j4'I 4 'I1-

Of s'pa'att~l piili 44ll. dv114'LitYi1l

G2 40,~~ (~ aam n dfn'llVeutoi 3. ' Villi consiant dfill'd1 ilitiliiilioll. (5:')fliI (

/4 l'lli*I)(If stin-fia t io n i'Iithli) v it forl t pl liloll VaiII't rpail~lti ;.hg4 I f de144111ihl1-'V

loca skin-fr!, if.i loeficien (25)) (.i6he houulrviiV(i llIi1114lsl

alu se (Ifi 4iat fit' eonstant pressurei ait( (Ii i'Xlill a wli'5((111 ' a vv ale l--;lr giildis-

I. iii a rcntanrit i(' lieitI iiwdill repe5iv ii vf'r' ciii SarIin~ts I iSii'1t)

fii .j, colistalts defiiied 1), equalltionsi (551)v LAIABO iRLAYEoin ANALYS;ISvo olid

Ir conrariit liiimer, a cmmetiiR Vait ofra eq *11 viilli v iate! 1 K i nnd -doc (re .3) 1111

q l~~ofa sprateiof hptotrnseatwlisfi'tplt 0o viie ohlit all' (e.3) li'Kiiin

hratio oflstaunnihe baed ohal li wall~ Il/k P~llll~ Ilt' ioi c as proalldv 1at 41 olt ii' liti)5 wi6ill-v
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apliedii' anid fruitful of tilt' appi'axillilitl mehd tt ised't for ithe lixial tljstaitt't' Jrall-vu inltrth'ice into4 Hit, iisiiiiit'd t'vtiit\

thieor'eticail iiiialvses of boudlltliiV Ililvels. proi'li's lantd these arlt' (Ieil'rliilt'd b\ ithe aithfijtiall nrI'Iiii la
Thie K ~iriuin jut egral eq oatiI (o*tial 1be regall-e tllt p , vi*ca 21I ly art dinallv 41i tlei''nl chlit tlis. lii 1211(ll. 1s1ot itt!111 ýItti itlii'titls

ails at maolei t ltilln 111lial tee aover a filiii elvi' 11e tt extv(ltldiii gitt M1155' onk- one il22ra eqilil it Idlolt 14 4-n

the entire houlildarv-lalver thivkiiess'. laitltemiciticlktill- 1 I iiliit l'gidil ettiltiol 41 iII introducediitti Itt it' v I'tIiiiit
equtio cail baIIe regarde et as all jiltet'llltt olil aof th ie 41 iginiall tw WIort llidi di ifre ii' iat vy.1~uioai" far I\tt iialralittt'iti

laver thicklless;. The ailvanit-gi of this iiitegr'al eqalatiall t'lIiiI'l "twa-pilardnlleter'r Invlt iodi. A. di' tiled disiiis4ýitni of
for theioreittical calcla'(11tjilns isI Fiatt if ceri itain teie liit e for111 suc il t a itods is g-iveil ill t ft eict'i it '.

a~re assumletI for the velocitY profile's a' functions tof tile iiar- The secondiii mainli Ivt % t lt, 'fheiiit'ilct oftt ha' KNifimii2 i-

niat iistailie from tlt, surlfal'e tile,, aln oi'diinar' v llieret'iiitid lPoIIIlIIIIsllt'ine dI illt'll. ks t e ofi at k 1t11v lit' 11i ki iiailit 'gia!

e('qllitiali is oballinied w-ith a~xiall tistatlt'e alloig, tile' 5(ifl'tti' equtation, but iii conjuntjioni' %\till pih rofile if hJ iglhtr tie'-rrt
115 inidependeniillt va riabile till(1 essel titail v tile b' tlli1(11 i'-laie et' iltlal tile' fouriithi. satisfPiilg 14ditlill aii tllditittlis allt hie \\li

Tilt, KArnialm-Paitlllalsel methotd ill its originiti folrm is tile 1 )lil'till iiril l'tlat tiolls, \itul I Ile'te-:1-2ii x sat kf.

balsed ail tilt list' of foulrthI -deg~ree velacit \ prolfile.'sSalt isf.\'itig Ill malst llppiitail lin's tftthis I Ile. v t' -itIt'itv pitifilt's 1f diwi ýixt ii

t'e'taiii coniditionsl lit tile waill aidtilit the oute'r edge oh' the thegree (refs. 4:1, 41. 1 it) 3. G. 71. 23t. maid 24414 irsei. I Itid-
b~olull(iltrV.\ 1ay4'. Bv lill('d115 of this pillticl~lIl! ldtlittil Ii it ver,' vi'lclt'itprofi'tlet) otf' iiiglii'i iligri't 1Il 222 liiI' I ~[lhlziv

Ill , eis tias been'i obhtainled. i'l'l fir a' se's (if it 2i1t11' ilm0115 profile's lillyl' beell ttliaai prt'll-cltiilV silil:1ie far, i2tllcu tilol

39, land 19 to 22). It hats. been'i found, hoaweveri. tilat thiis pro'lfile's at highervi 111211 fourlth II lt're'l nic1 fiist'Nsi' Illi 11

VI'151'. It fails to) pr'edicot acculllltel *v lii' tSepta ratitloll pinalt

in til iad11verlse Presr t''Sti c iiiienlt , and11 it aft eli doeis 2211t vivi'di COtMPAISAOIN OIF NIETHiIIS

suifficienly tt'i'lli'litt' results far dei''vative's of tilt profile.ii' Il1 view tof th il('Vijit o f' Specifici meiil of refililling tilt

for 12st' inll lmilar-boundtlat'v-lavver-stabilitv l'di'lcltitionts. lillt i'ut-alliiit iili'Ihuh. 24 1 iii'iit'Iiici ilIvv4i-:lt i ofi

View oif sti('i limhitataions' Var'ious1 refineenlt'ts ill till' lillilaill- tile t'ehit ive nli'rits tof dwsell'i' Ilittods, \\.Is 11124411 Ill te rei'ivliceI

were'( stutdit'd anidi cotupnitet ill refereico' I . pasterl'iori. A rhli' l 21 Iixv sillpv flo ii w, lizi tielt Iv. 11lv ilt 4111-

REFINEMENTS OF KA.RMýN-POHLHAUSEN METHODI i)s'i'sibleIii llid i'l)llp'i'siitii flow foi' :1 Pmidilt Inumberii'i of 11tii1.\
ill 21 ztlao ipl'Os-mlt i' thdio'lit ov r 1V''l 5l1t'f214'l 2t 21 Ililliftiill tvilt-

Ill lhisl'1l5ill r'lfil1('fO'1ts (If tIll'- Kai'l dil-Piollilllistll pert'l'ltll' was cl'l'ulite'l all till Imitsi (If 2t11 Ilit eitl of tilit,

mxethd itii'ashoul Thes first oservedtiil(I tile KZ1-dItIi tilel'- till' ill'gl'ltos .1f 1 ttii resull'ttltsl w111i~ii iil lipired l w 1 elith iihl

mei gtuill eqti atl equtin is. nooex 'ito saint'l'xIt'll\ eqialn to '''lIt'e il ofcau rse method' of ainIi ' atllý ofi 111r 1111-(('14121 fol f 'g'lo ive '111

l)I'Ofi it' 11 iat' ial di' asso l11t iall t Iiliis'oll IIit is. i ll facV I tt. t'itsel'l fla p~ilh11i51't Ti t 111' 11)1) iftili-. 211e sx Il-etild ('gl'tt t's'itev V \i'tt

(nll a only toll av -egr''page of t liis) eq atisf illeg th Ibounltda1111ry- hasis of aii t(ia t iditsillf toi the KI 2 .11i1:i i't -I'll t 5 e ctul 'flit' itll s

soavii t jil (If t ess goThus. an solu)1t ion tof rllt'( I at I i l dl''t r 12ttotI ileh 1(1 i've~-Il of t'r ill ioi' lt'litS. 11121 111 il 11111d iff Irii 'uti eqI i'vta u

Ne olitiill eq it'es wls Ivv-,lrIvsa ifvtirie satisfy.tlil lie r ll 11tplinel' fbll 12111ill211'-hilltlliV-iollvt'l' i oiS llti 1-it d fift'i'tth

Teruaio art' nto maintypersa f This' baicliltis talftillilgtle t iett(Ii of tihe derevlvypoilesd Lees (li't'fs.46 21111 S It ilos willv

iriti'rail t'qtat ions ill atltiitial to sI lit' extental ovrcome ( ll tur do'i'i"vt ivsattll'v oi)tl iit's. 11AIIliletlilit--11v11

the itegrnl i-olld tnilt ltis meltiodl1)ing tilt' orig final tiolt,'vloct urn to ln T ere bo liarp'Olied itllS conjunt ionit wiVtill VIilrtllS 'fl'

plrtfiles t wifchtn ill 1
( t'lat iille ill til(' ,ixial velotity noti chowtisen I P~o'ili alls t lit lli't iii cii coli)1 i'i5Itd siii' l't'51 III lf tit' v ' Il()

orit alrbitei'(I (ref. 42) ar ch(osiielnb illIt's a rig I b live rest icIiol fghdie'. Th it otmpat isosk i -f'i' iti Iill li i 'ill t -traIfi'!'('allt 'on' Itse

'( lifii tielY (1 Vt'!' t i-e polynomiar- a ls)t satisfyik n g t' he ill t1 isldxr pt' si we f lretlie t i'ti wi isik 1ill f ict ill vSltiti1tOi121114I'l1V i V11

cofndittions an certainditio naltllllwl aonditi'o'n a w thicht11 extict (I ftiltrs 1t iand is.cond lrivl'at'l', tilt'e poftile 1 )l'ofl' Sillit' Oil-'Iouto oftl_,)(Ilil iltlldfeet~ flatols hudr-ne hvn-,ln iiu rtcdRvll
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ta~ine(1 by all of the met hods were qualitat ively correct. hlow- degree profiles, tire cholseni to satitisfv ' tilt add li ujitil condititonII
ever, qutantitative differencves in tile first and especially Second~ at thle wall (a" will ats tilie outer bound~arv-1liye el.gi edt. Thjis
derivatives of the profiles were obtained, with corres'pofiiliig l'Oridi t ion is obtainied by d' vtrei'entiiatinig thf jiatrtiali dlifrvi-4',61l
differences inl the calcutlatedl Values of the minultiinu crit ical Inlotnlienturn equation wi-t il r'eslpe(t to T'. If a te VV ejil proti l'
Reynolds nuimbers. It was concluded that , onl tile whole, the of highter degree thtan the sixth is tissunied. th lienlii old
onie-parameter mnethodl with sixth-degree profiles gave the meantis of obtaining at further coindition ait ihi %%till whMlic
most accttrate resuilts for tile profile dlerivatives, ats well as for would be satisfied bYv till exact soliit ionl of thle partiaul d iffri-
the minimumin critical Reynolds tnimbers. lin reference I tile eiltital equa tionis is to different lat eIle itt(' ,itei oflivi t ti prtijal
stability calciulat ions were carried olut for the case of zero dIiffelrentital equtat ion twice with rt'speci o0 T (01r .? folt ill-

heat tratisfer at the wall. Subsequtent calculat ions (ref. 3) conmpressible flows), and lhen take valuetis at lie wall- T I I k.
lindicatedl that reliable results for st ability calcuilationis by thle however, will be found to Pielul ti 'oitditiont iitvilvil pitg hnAl
one-paramleter sixth-degree-profile met~hod are obtainable dierivatttives withI respect to Xr such ats 1- .iOx oy!/. t and
tlso for the case of hevat transfer at the( surface of the flait t his condition t heii ie('llites is'5e~il i'll v, flt ttlidlit ioii a

Ilt addlit ion to being capable of yiehliiig results of adequate files have ttpparenlt-lv led to stit isffict oi' resull ts. it flft fliil

acurc, tis usal also quite desirable that amto of slledwrhwhilet nrdc such i'oniplicaitii inotil
calulaionbe simple. Ill this contnectionf it must be oh)- aittilkysis by litsil"dge eoiypoivý ti

served that thle oite-paraliteter mlethods. ill geiteral, intvolve fiot ewor~tliv-. inl this tegfinl. tilliit .tltlottgl poid lioniiilds (it I,
oti1siderablly simpler cii c ilIat ions thaitnt the( tw~o-parafit It'ter hi~ ig t dlegree its th iii'eli r'itt I werie11)) apied ill reforvi. iiI4 41.
mtethods. This advantage of the olte-paraftleter methlods they' satisfied oitly tilie sautivt coinditIifts ti t i lie %%-tll zis Owli
nity not be veiy' pronouintced ill thle case of flow ovetr tt flat six thl-i egree profilhes to lbe iused ill tIile P lesci itt ii1i11 t

platte: htowever, it becomes qulit e prollitouced for thle geiteritlBAIEQ TON
ease of flow inl a pressure gradient with lItat trantsfer. lit this IAt QAtN

cfase , the t hermial-etnergy partial d ifferetttntial equatttion m tus t Ibe TIit(- follow inig eq Itit tionit di 'sci' f Ii liii st tcad v, I No
int egratedi to v iel tlla in ttegral equattttioi int(lt adit ioin to tilie dimtienisioinal, If11i ll t r-bliflii Ifin rv-la vet' floiw of niC itpi sih

momentumff integral equittioii. Coinsequenttly, there will be gats Illottg it slg ct u rved wall:
fit least two lparitltteters to (letermline. If. hiowever, botht th lieoi
ntofentiumf ttnd the tllernlal-enel'gv partial differeittiatl Il or oil~ .
equiationts atr multiplied, for examtple. by a anid integrated ! OY

over the botitn(Itry-Ia er tliivknes, t h''ii at total of four PU p' 2

ordinrytr differenttial equfationis iii four unlknlowni paratmeters ox+
wiill he obtaiited. Thus, the, so-called t wo-ptlrtlrtet er miet hod
wouild inl this case really hecome at fotir-paraniteter miethiod. ppf -- Tf T
(The one-parameter method ili this general catse simiilafrly i 7o
becomles ta t wo-paraflieter filet hod.) It is itotewlirtIi.y ill pil(., , + F vc 1'1'1 +li
factt thatt inl ait 'v of the foregoiiig applicatitonis of t it( two- ~f 1 ~ /.~ AO/-- OI

p~aramneter method only- thte less general cases of zero pressu~re(4
gradIienit, or pressure gradlientt with Zero heat transfer litt tile
watll,. have biefn treatedl. If it is dlesiredl to develop it itiifiedI Equatttionis (1), (2). alill (4) atire thIe fitfuilelt imii conii tiili t 'v.

met hod to be applicable ilt thle more geineral tas well as iii thle r ut e vliergv eq uititions, respef'tivel *v. Eq1 fuatfion (3) fi lli iw'
sifmpler cases, thtent this would have to be contsidleredl it d is- fiomt thle iileall-gas ltaw flill th lii' slililipt iol thait t i ll- pre.li'

advantiage of tlie( two-parameter methods. is conts tant itcioss tilie boiinda ry-Iti' yer thickneiiss. It will lie,

Ill View of tile foregoing results aid coinsiderattions. it %%It tissiunied here that thle spiecific Iteatts (" tatd (1 fIS well as tii'-

concludt ed ili reference I t hat tilie mtost pr~omfisi ng inittegral Prit nil H iibi ie r Pr areý coiist ants. By Iitti iit iplxing 'quittlt ii

method for lniiamina-boundarvtt-laveNýr stuidy appetared to lie (I) IiNy? and addinifg tile rl'sflltilfg efulttioli ti) l'lfift lifi (4).

that based onl the( Kurmn'u iiitegral eqllat ion.l iii cofijunctiolli tih' following form of tilie eniergy eqfti iltitl is ohut iiiei for fII

with sixthi-degree velocit 'y p~rofiles. This is essentittllY tIit, coinstantit PraitdtIlfter
iltethlod of antalysis to be applied inl tlie( present report. It &H Jr
should be ob~served, htowever, tltat calses e'xist ili Wh'ichl profiles P r P it 0 --t-p1' -)0[I(t I1u21

of other dlegre.es are preferable. fitt particullar, stagfnationl ') o.1'A y[ -1 P)(i )

flows are more satisfactorily treatedl hy fourtlt-degree profile's (
(ref. 2). while thle separatioin point inl art adlverse pre'ssure
!,radiviit appears to be dletermined( mtore accuiritely by It w~ill be( atssumelld ift the p~resenit atialtiivysis t lit, t till' v'iscosit I-

ý,eveit li-degree profiles (ref. 2). The latter vase will be temperature relation (.itill)( heiapproximatieid iii t he form (cf.

treated inl some (detail inl the present report. refs. 34 and 6)

It may be asked why. iii the olie-lpararneter method, T 6

p~rofiles of higher degree titan the' sixth were not considieredl
inl thle comparisont studyv of refe'rence I1. The reasoni is t hat p 4ns',~hi',''v'~iviroflI's re'us.'i here for calcufationf ofl th-'selaratio poii

sina adve'rse fpr4ssiir' radii,'ri th ividit'u i0inaf ('Otl'iif 0 sat isflld af the' walf is chosn toh,
the sixth-degree profiles, as (list intgiislted from foiurtht- exsacily vailld on]ly a( th4 ' sepfaration~ p'onf.
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where. atnd 21 0 (1- \t i~t., es xplainied inl ri-ftiiine ii. I Ile tii~ of at

T"S ~ ~ ~ i IIIIlii 11111 es'll-iri ion- onl the tlrilttial profdile". sillvtill

littver hatve here miell p~ermitt~ed to coitijtjil all ladtitit'iial vo-

It i's cotivetliellI, [it this cI~ttlPtI55~IbIi-flI~v aiiall~~si to. i Oveflet not 114)1ltvriniuintl ill iiiit l)e 1) hle blmtiitlart\ coliih-

1") (T Idt (s) laYer thi it hszs l~itt also lictifi (isod l i refe'rence 22.
Equaitioins (10) anid Ow caIll converitedintot orthnivl,

liv ilteglrat ilng e(pilt Ilolls (1) andl~ (5) W~illi respect to tfvlt ilitfeletit l equaltion LIn b asiSlitii' ling the v itý Itand staku'lla-

tilie bolundiary-laver thiickness v-0-( to t--S till([ usingp tlt, llll) sdfnt iir in ftltiotlltjiiii

botntlarv conitlitioll.s U - r- 0 lit I - 0 togel lir with sinootl 1 a1 al ;.ltti ups.a ~liohilIh iiiu

transitionl of the yelocttt , v101 tel~llpertltlre profiles to thenl l opiitlo I il~a i itsfrIit~ilIPtiutli

local Ifltill-5t reamil vallues. tile followving illtegtoddifervlt Ml I aIVC AmInlvsis", the( Nelocit .v protfile'; \%Ii he losell a,

t~jilations ae oht a ned: ixtli-degree pl .vl~inliah~ls. 'It tll iute)1tillul) prlofifte

will simiilarly be clitseii as ptiyok 111iiik bill of onc ce r

( F 2 X -- X 1, ', ' F , UI + ' ' F l 2 1 2 f' l l u s ,~ i t w i l l bi e l s s i l ti l tl v t if I a

167

p litt

F~ nj jII)-( a u1 )2J I/r where ht~(liIi is riisitvltdi ts aS prJescibed4t 1`in1i4t [ilt.

Akt 7- 1,

" ao I (I-

Will OPI 0 -OTIr-( 0
(12) Il adiitlion to t best tojidit ionls. thu folitiwitg conidit ions will

H ere X(4) isessentiall ' theIlt onilt-linesiojal sqiuarttd boiiull'ir Iv- als b)54e sot istjid (cf. ref. 6):

layter-t ho kiiss piarameter ill tLi xt phiiie. At 7--0.

The qutantities plpý iiiid Af, Ill t(ttititolii (9) andI (to) a0( (;T T_(t (,

reltdto 011,, which is at futnction of t preswiiiled biY the
p~otentnial flow about th lit' oly qusiniTuin cod

aloev with the iisiIIIl isvltrolpic-fltiw reluitit)Ii5. /1 0: 01)~ oý( 1' 4 )(o
0Tio - o

hii tleriviwcg vqiuiitlolls (9) ando (10) It sin~gle hounidary lthick- (ujt oXIilp p Ilh' - I( '(T, T, & 1~ (11 /1,)(-

ness hilt,, ben sstittiti. This is lil tilt etria t i ve to t( lie ntrto- OT()r3

dtto oftobottndiir~-laver thlicknes.ses, ltli~ielY, 2t ve- _/O.(,t1i.1, oit 1 o2()u ) [--(- ).!2j (2
joel tY, or dvliafrical. anid it stitgttitioit-iiitlilpY, or1 thernmdT

bourniar v-la ver thiickntess (cf. refs. 19 to 21 and 2:1). Th, At T= 1,

assutmp)tiont of it single 1)01111(11 \.-Iliave r thiicknhess app~lear s & (2 0:

fcasible for fluids with Pruutidtl 1nn1i11h(e1s Close to unitY, ýiiic I/,~u) - 0 (t11 oI~ (1(~'--~ i l)- (23))
inl t hat ctase anlulyses involving both at tIN1luiamial 101an __________

ithrinial houiiilarv-la1ver thickness Itisltull imply thait both In ti h,-~t1 tiot~ lol -01tt'i li.io~rIiiIEin i i i;,
a 'rrinvti niunilbr oit I Ibe itrinal: Iii~rnoiar)-layir rhickrs in th rfl pai v ma- iNr tin. i n

thicknesses are app~roximlately equail (see, P. gr., refs. :30. 20, i-n--itýýt Or,-tir titanl it-- Iynaitmcal biinilury-layer tilflknesý (refi
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ll Caist' tlita' region of ta adv'elsa' pressutrea gtraadient itStarl' at TFit( effect (at wvall tempeaiatlt lilt' till till' skiit-tricit't alat 01

Soepint doXX tuli of til le l ede equatio laeaat-tt'atlist't 'oeffjaicients will tdependla tili til'he t lIala' (faivitl-abla

(6'4) (-itil Still hat tipplied ditrettly itt ethaltuatitig thea separllatt tat' aadvertse') oftathe pressure' gtradaiet'i. Thlis follows'a frontt tile
piointit ralr cua ,hwvr.m ig t' beoatalinitd ill failet thiat ill tittliila iffeenia eqain(5)wdil xus

Stchat' (-i ta s' bY lipphv i g eq oat tito (6'4 ) tan l ftr tilt' reigiont oft siot (4S) tot' (2 ta te tvi'tl tll Il a' 1)1 i'airamtt'r t a'tiiapile~all pr-

talas bae modlifiedl to s'atisfy till. laoittiarv icontditioni x x, al -Fi'ertt tat tilit Xvail tni'taalaiat oit'tlt thlit skiia-titimitia

Thus.tcoefficietit artisinig fotl'aa tilt' (a1 Ia) ter'tin il (I- is harl ic'tlatlY
imp~ortanlt . Plitis. quaiatimais (56) atnd (4,S) Sihow t hat,

2 2fý
t ~ -] ~IWithout tilea iffect tat(h t lit' er (alalat'a re't-vta'isct (. fatorti 

1

I()~= (,)X~~J~(il~)f 7~- T, iaweritag thti wall te'mpetr'ature't teltid- Ito dalitaitslt th ltcIalat

- I. I~T skitl f t'iatat ili at ftavotraable pre'(ssure( gradi eni'tt (Itagailiv ' aa1')

I()- oil1 'I ''P ~.Jtt thle .Ntsselt titnahvit' X wil letid tta tatacut.
Sitnce thle vt']ocitv gt'tdit'tit at' ini til lit' (atitioll.s iltvt'hajua'

ttana wilert' X,, calal bit obtatinied as tilie V'alue (af X tat b ~lasa'l hietre (cf., t'sptecitahl, t,'q(s. (48), (52). tatid (53) ) aippearsli 5 it
oin equtatiotn (54) for title re'gion O•4:ýý otf favoraublae pressltra'ý form muatltipliedt 1)*y Iliii Avaal-Ia'mpt''atire ra1'ttio itha it can beht
gratdiet.tt in ferreda tI that it ltawe'tim ig tat( t iivall teimpli'raXtur tIt'liis at tend 1(-

For pitrpioses oif aalc'tilta t ig tlit(- separt tioti poinlt tot' I elif(' *X to d itali It -Isi t lit adir ea't e'ff'c't tat aa gi vt'l pressureta gtadiean a t.,
vaarioats v'all's tat thle temrper'atture ralttio 7T,/ . an1(1 of tilie thliat is, tilie effecat of ?W' as Sutchl, tati tilt' hountatatv-ltu ,vtt prtoap-
referettie MIaich itnumber .11., e'quIationa (63) tial.i be hett'ph at ea I 'tt it's. 'FThis is expl h1ainabla' plIsica'Iliv haY tilt' iincrat'ist'd



itllpoltiltive (of thel itliotilli forcees telative' to) tim pri'stiie hittie, to li erie t~e N II til e liilit Ihv c illitin il 1 ,

9ittt letillit lecillii ofllt iltt - 0 t i ttrels ofiwtilt i a t'te siet Melle NtsIl VI14l\her

lilti \kl' IIIw ovri ifil, d ceasl t'eiitl, At v3,, . tuel'ltil wafll teIllet'iltltte 1. ~~IItnto .) ei. \ 11111c itiit Ih\ IlII, ;III

of'Ihisi \illt ttbe (Sv j atl (.57qu ntI \ itfll owsh tnitt\ it h tt of tiena f e jlp iuoltilte ot pimit Wiion ts6t 'impltt. 'I hi i' ciodt (, It lit, IlI

ii ia l kt I hitnt 1 (1' Ill observet 11tmiiie ta11 ex lite ffe ct will, ilroi cijttat. It e hld I o tthiiti' I I le p to -lnn l Ii I'i t )hu If

of g ad vil tlo pp.2ri ld r 21 ic ,ilI Il Ill (.I i I'iitt i'oicklý;6 ll of \ tue fo tv-I\(\llh.11,

livoar hl 'l otf stt ill taet it111 i f I.' t) S. Foru N1K 211-1 t imi tlV'5' liotli Xo A i.-a\ r l ikn s )\iltn
above~ ~ ~ ~ ~~~~~~~~~~~~~~(~ Ilu . illt fac ,4 OwT ,trilX( 5 avbnot ah1111nlvpcal il a 4Y . llo-abl IJ'tVe1.

piitici't t'l t'Iv ifpora nt ~ i s o 11111 glt ii'll suc noocise ofi( tie effect. SeEtPiit %iv Ikovo te eJIltt ttIM\ ij~ i't

(if tillt ir'tjttttt 144115 (.54, (111i\ actud a be7 itf llows itti bo\ a lbf lilrf.2 t.ii tii.t. Litit2 tli iui

Toe itus.of tiltletleel of wllea ile. pThttie ots i itheo' illu e Fori aif ixedl \ ittloll(t (Il\ di'jialiiiltl f. tif 2q

dl'riiu i' 1 till (eeen e7 1) it follows tlitric if. p its il '(Illitt'ilv lit' hilis i I'~'lt , ih \(I a due t l'ftt tli o a fixe'd M act liti'w i if

sllit' l w o erI 111 if i ilitlial att 11 '.. t Sitll. 2\s owsIll f lI 411 e \\ pi~il t iend 4 pont fomrztioll' 1. I ill ,-,'1

Fro 1411(quilitti s I . G n (571. its Itl il'l llV lNen thait(l it wilhe r to ( t' -w use ar fnti l pinti (if N tin' 1vall-I. 'till'ilI ttI'1511 h 4 -- 'll 7~ff fot
focadl kint fricio Ih t' hi'4Slt sl'l' tI lesllbel ca'll li,'t expr' ssedill 1)4 -1 - rom 'l'lle t fao r d' 'll 't (W; a c r ifl. '4o \\u. (ifh tIile : 14 h Iill* X

Xillt(' (i 7' I',(4k ( iitimi~etil~. t (til li ilt('r'Thtis isa fttl'l- ( f ltic t tillolht lioll' ofr l ied Il io l (if ~v llto fti'(I'

(IfMtnh iltilill'otiho 4I 11' ski- frn ion I im u I ofliflI Lull .it1 ii p i-Ssjl, rI-:'4' vIt ii ise t'tll I h is k :Ii li~ il Zoo'klIi

l'4ilfll'4' It. Thi l'il4'4' ivil tl'i4hl )l 11)4 coot I~r of toll ra on wt t heilii ai '11. ut wtI ts (141~ l4

F rf4''tti)l(' fowu' hIl flati a v( li I/ 'U ir- >1 Itti (It o 111 2I' I -- an N tin' iutse onbl I14 ]() l Oflti Iftt [14V4lhi '( V i 'I '. 1(11 fii t~ ; I wI t li'lh I' iT

,TIivniilisit i in'iI h tiri, s ince ordiiati',! i hi ii,I2 -h) iitl tii fo'itlrio\\-,l T aLIY C AlA TERS

till'ttliii iiii tih'i lrve nrirnis111illvcisiirtt tiietri'hii tIt I tios i deeii v elo' ped heret'( stt inte (lt liit't sq of4( N1' k' cht(4

inuilvis. 1 'th ai' ilyse t isitn .~ M oreovertiuli ifi t .(if foirs llo'i wsiit flv 11 cariiouorIi' I/ 1:\ .iid ca

.1~\\tl th alha (i Iinl'iini-tvinnirlis1i')liih I 11 li lt i 'ij 14) V of ('14 1 hStli iet Ivt l d t o(i il ll'tttn t's il
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.20 - I '7 - - l7tat thel Illaxilujiii wail tv1w'i444illilc. Iii'4' llu 1c'4alled4 hen,' Il(
ri ilIIII'V" IO u r d t ln d z I Ill l % u

p(vtok. jciil ils 1l112tda 4o4ilso IIeMlh11111

ber1 with Isaltisiil4t444l' i14''444llt'l on1 I lit, 1414,0' 4Of I !1i"11 4141 11ol4k
146 t ___ esv4:4i;1'l i t vd il i( 'W4i loll '' % I':l I It ,1I4011 OI .Mi lI I'n.t"','II4A

I rat ilurI i h1.1 O'ilht ua x' l( 'o.,i,.iai Il I'ri lol) IX n ))4, r I l)

.12 - I i~nld~ts 1li1) for illeolipiv4.'"ible 114411 ill II'lie Nillil %of It 144'-

_______ I ~ ~ war i11444'l iiat~io oin (it-. ciici k ~h''bite'"" bYgI1 th Kirni .411 ilI

the4 swetiol "F44'1low Wi li Pre'ssurle ( ui'aI(lvitl'l, 14~ P nii N iifull~c

.08 -Pr-~_______ -fli~ 1,4an Unifgi'tt nt'l111 Wall1 4'1414'4411114'( 14h 1114ns'tl ý44ll \\a,

of1 r't'fei4'44'4 53.. Fi I IitIi I.\ , (1 for 4 4incompr'4'''I ble Ito\\v \\ I I I

fili'('4ilt-1 4114'114(4l 44ll t'41'loc4t1441l 4.ýd 1144. "'4('i4414a ''I'14(1 1Ill

0 .4 ..8 1.2 1.6 2.0 I',es.siiie (ualdit'ilt Piloi'll4I X1.\144144'l' P .1414 alo 'lhilor'11
TO/T0 W ~ili 'P4'vlnlpellt lll'' (/l (\l 44If 411' I 15t4lli41 i14 1414(1 it, ;I

lIR;I 4im 2.--SeptaraliolI point~ as a flhlnelioll of wall t4'lIJ)4raillr4. Li illll~i 41iiI 1 4lI41sI ll~l'I II snisface r 11"

t'41411prv'stllt'- fl(lN%-' #I, 4l I .I 0.14'it with1 t1hat 4'111cullite'4 fr44o1 I14 he 41 solutio ill refor'l'i'& 14

\lost of t~li' stlikl~ilt 4'141(('Il11 l 1 %40 hi11' 11144 411v b l'11 4'l'4l'll

olil t ill t il. 44)41141. IV 11114 b('(ii b1444'4 4441 1114 1111411 \"i" a111

and4( 5lbse(1 1e~ltly' ext('14414'b\ 14V 1d :4141 Lev,'~ (rekl'~ S will4 463

1)t'4l4 devel4'oped,41 whe'1i4'' ) ,y, l iih44)41t 111144'l 4111illi4'4i1 ,. iti ,

IeositleaRe nulwn t w llbas lilt \\Ill1' 1144' era 441114444

I . 'N.................................. irequired'4 fol. iiitiiiite4 Illjiljliltlill cr'ii'jt 1414 .1(41 s 14441"141411 41.

es. .io AS. w1ill 144 4'xjl14i1'I I45'lled14bvl'llIv.\ , these cIeit ha\1 v14

09 Wall heated N Wall cooled 114111)t1'1wr ,. is till. 1i411111111lili ReYtlolds l1l1ll1lbl' 114''45141'lý111

N ~~~~~for the4 p)ossibility t1h1at'vvry slillill tlisturinl'c4144' ill 1144' b4444114-.08ine 10'h nlii' 't Ite:111 .I,.i 1'

.07 1fl1i~fl111111 .Re vl'444)ISllindiellhei' l'441ir'4' for 1ll15t1i41litY V f 1144'

.05 o_ I w .' ilifillte x'alties, of R,,~~ is t I(eii Il~ Ii .1-pri'[ot14 1as 4144'
h 4 zero hea t transfer) Inligetst t4'11pe'1al u'i foi- which1 till' ('onllpl'4ssibl~e 1:14111Inl:4

.0 4Q 0 I 2 3 4 5 6 bolundar ,' la~vet \Ill 1)4' ('oiplpet'4l ' y11stabl' for till R(e ' lloIIs

ii umber's. Thelt' n 4141
1

'4sv ill retferences'' .5.s 46). and4 S and14

Fm'RII 3.-Separatloll polintl a. a fli It't 04 of Mach'l numbe444r. u eqei IIIymsbadoltleiarofpllvl ncvA

silhl'lve'44t une diit4cond51i' tionigli 14) slillhtientll to f'4revi-111 fo'1

for lamiiiai-houndary'-1axer s141) jltV ('1lI('tIatioils. Ill fctwt tranlisition fr'omi4 i1t11ai14111 to itxll 1 ii'411t1 I llilidl~l-'l hIiivr4

a~lthioughl stalbilit 'y ('alctlatioils and their re4sutI~s are shiown' atlppearts t(o b44 144jtill aijIjt' ttv f t144 114li441114 1141'r A''.5ii14l

to some e'xtent in re'ferenlces I and1 2, the( chief purpose of (its of 19.52) of thIetliel i4'i1llt 1n t'xpi~t'l'iit'1 11 iV'l n(lgniolt 114

these calculationls was to show that tlit', results obltajined b)v ()i auIiii-)11t11''il'i stabltiitl 4.4444 he foilidiil ii ernv

the4. approximate Me'thlods presetlte(1 here ('onpart' stiffieiently 09.
clIoseix' with those obtained by known exac-t solutions. Stid'l The puritpose (of the presn'S t 544I454eIo is)11 45) 541111441i'irz4' Ilt'e

was also, at first, thle purpose of reference :3. Thus, it was I i4('r4t it'ui ifli't'St igatio0115 041 111,411i4114-h)tlthitiii-' v-lin ' yet ilililitY
found that for ('ompressible flow without a pressure gradlie'nt, performed at the4 IPol~'tttliniii Inst itute of Brooklyni bY lisilig
such as flow~ over a flat, plate, tite minimrum critical Reynolds t he mean-flow~ (or steadv-state) solutions ob1tained4t I)%- thlit
nutmbers for various Mach nIUMbers at zero heat trans-fer, lieflltt 144 presentedI('( iii I his r'tpor't. hil 1141 i441libilish'lle report
as well as at various uniform wall temperatures, were pre- ('llit i('t ''( 'lltillat iou olf Stahilit , ' of ('oust awi -lri't'Slil'4
die~ted with satisfactory aceura('v by the solutions obtainedl Bouindarx' Lax'ers oil4 Isothier'mail tilli'fiit't' Witlh t44 ilt(ll Intga-
fly the methods presented here. Moreover, it was shown Method Mean-F low Solutioll'' Pruofessor' Maritin loom0411 de-
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Nt'loped teitall iiitiiiticittioiis of Lees' approximlate stlbililttY 2.6
criterija (ref. S) and applied thtese to tilie callculat ion of t he
stablijit v of tite lamlinar. boundarY layer Over a flat plate lit
uiniformn wall teniperat ure. This report is available for loan 2.4
Or refereiice iii tilie Divisioni of Research [Inforniat ion, N a-
t~ional Atlyisoix C ommit tee for Aeronautics, W~asliin-toll

1). C. This work is surimmarize(I in references :1 to 5. 2.2 1___

MIinijnitlfl critical Re , nolds niumbers for given Walli temlpera-
tires antI Macli tinubers were calculat ed. MIoreover, tilie
wall temperature requiredl to stabilize thle flow completely, 2.0 __

was also calculated as a function of thle Mlach number.
Simiilair tvlpes of calculations with similar results Were carriedl

out indecpendlently )'v VnDist (ref. 60), andl these are now ______8_ / Zero____ heat_____ transfer

Well known." Briefly, thle resul ts indicate tie stabilizing T
effect of cooling of the wvall b,% increasing thle minimu r
crit ical Re , noldls number for at given Macli number. Mfore -_______

over, for a Prandtl number Pr of 1, it is found that tilie0.
boundary layer (cin be contlpletel ,v stabilized by* sufficiend * -
low wall-temnperature ratios T, '11 for Mach numbers .1 ,1.
between I andl aplproxiniat clv 5. (For PI'-()79, this (alb
theoretically accomplishedl for I <M1ý<91). At higher0.
MIachi numb~ers, part icularlv ill lhe hypersoni1c ranige, thle 1.
validity' of thle theoretical app~roachi has not been estab~lishe(-(. Falt

'l'he stabilit ,v of tilie lamninar comlpressib~le boundary lay, er
ill 11 pressure gradlient has been analyzed in reference 44 for/
zero heat transfer at tile wall. Calculations there for thle 1.0ToraintM
supersonic flow over a thin biconvex airfoil indicated ther.Iaintb

stailiinginfluence of thle favorable p~ressure gradient. /~/ 1 oontM
This stabilizing influence, however, was found to be con- 8

sidleri his dmirnnished at higher free-st ream NI aclt numbersM
Afý = 4. Thle stabilizing influence of a. favorable pressire hw-ml;i 4.-Ratios of wall to local inaiii-st reati ternperat lire requlire(l
gradient (-all also be cletirir illustrated by comparing thle f-niliitiil ntotIetold. -~i~l ver thin iiljconI5ý\
minimum critical Re *ynolds number R. ,, (namelyN, I s'i;)Irsonie airfoil.
2.4t0X 10' (ref. 2)) for thle incompressible flow u,/u.ý=t in
the vicinitY of a forward sta~gna~tion point with the much thle crit ical wall temperat ures required to stabilize ti( lie lai-
smaller value IR_,,t= 7.3 Xl 01 (ref. 1) for incompressib~le liar bouindary' layer completely aire, for a given NMachi hum11-
flow over at flat plate. The destabilizing effect, in the case her, increased by a favorable pressure gradient and (decreasedl
of zero heat transfer, of anl adverse pressure gradient is by anl adverse pressure gradient. Further calculations also
readlily illustrated bY considlering the case u~u = I -ý (ref. indicate the greater amount of coolinig required to stabilize
2). The minimum critical Reynolds numbers for tltis ease completely the flows wvithi adverse pressure gradients thanti
for .1! =() and I aire compared, in table II, with tile larger t hat required for those with favorable pressure gradients.
valufes for flow over a flat plate taken from reference 1 . This illustrates in a further fashion the stabilizing influence

For compressible flows wvithi heat tranisfer and pressure of a favorable, and the destabilizing influence of ain atdverse,
gradient, the only stability calculations which appear to have pressure gradient. lIt referenice 7,' critical wall temperatures
beeni madoe thus far are those in references 7 and 62. lIt have been determined for thle -supersonic flow over a thin
both of these references onily Macli numbers of :3 or lower bicne ifi t w ie ttosaln h lw l(
were considleredl. (Cf. footnote 11.) lIn reference 62, the these have been comp~aredl with thle corresponding results
small-perturbation solutions of reference 25 are usedl, while for flow over a flat plate. Thle results are shown iii figure 4,
reference 7 uses solutions based onl thle methods of analy' sis wherein it is seen that. higher critical temperature ratios
presentedl in the present report. Reference (12 shows,- that TO/TI are obtained for tile flow with thle favorable pressure

T!iBoom's first vatlcltations (refs. :3 aifu 4; gave r'sutt '10111e similar to the well-kno(wnl re- gradient than for thle flowv over a flat plate. It may be oh-
ijlttsof Van Di~re, Irs!f. 60). Furtther modtifications oIf tile stabitity etrIteriis. howeve,r lIt to served, in this conntect ion, that for a given reference tem-

rat her e.qmpieated vurvq's with severalf hranehe o (f er-ftieai temp~lerature ratiol versus Mach
ni lmlber (ref. 5V. Trhese were' apparently diue tI large vatlles ol the 5 tahiiity parameter), Inot perature Tb at. a point immediately behind tile shock Wave
rI'`teil to the AIf the Illesl-nt repolrt) its deleinel in referenee S. or large valnes (It A[. or small at the leading edge of the supersonic airfoil, tlte critical wvall
Sathws oIf 7.!T D' unn and Lin (ref. fit), however. have qutite recentty mlade haste refine-
menlo in the analysis of referene, 4(1 and have dev~lonxi a mor auurt s of both twll- temperature may, at the higher Mlach numbers, be greater
dtimensonalfi and~ thret-'imnensional stahility criteria. Calcuiations for flo1w over a tlat plate for tile, favorable-pressure-gradient case than for the flat-
based on thi% set yielded r,-suit, qtilte simitar to those of Van Driest or of Biloom's first ealeula.
tions. Ateordlilg to the tlunn.Ltn eritep ia, the values (IfX (now rellefinMl) r~mained quite plate case. This is due simply to thle fact thlat the local
sm~all for flow over a tlat plate eiel, at high Ntneh numbers. rhe new twoudimensional temperatuire T, outside thle boundary layer over the airfoil
criteria dIl not appear toI yivlid results aptlreeiahtv ltfierent fromn thlose o Bl~Hoom or iLms fo~r (iiil ln h lw(e e.7fr(eal)
Mach numbers below applrolmsnatety :1.diiihsaogtefw(eer.7frdtil)
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____Airfoil (W 0,8) wVitl-te'ltJpe'illir r~l at io" of TI, TI, ail illfrltl'a wl of Macih 1111111-

12- fI ixed( /1. ( N tIN

10- . -ro

II ~can hbe drawn

- t I2. Fort flow w~iit iiu a J ptl'.' i' glltlll I. fill' itsll114m-it I\e

12- L. t - -yIie h rctrsiscm b

T--III ee m n d r m tl iut'iviiii'ide til'pe l'l rtlli fo Illtil I'-
9.0 1.1 .2 1 1. 1.4jt. 111( co sa t l' wald l number)I' (of t hll or e l off~ilI 11 '. tlllI(t 1

Rb Afr -1. (lis r u lo l
II I loeit Fo IlotI wi~ t hl attprs sure till' i enI~t.lll It II( bo n I rt v- till

6M,20eut('ions devet'lo e htere,)t' i rovid'l edt til the I Pritlitla il' l

Z('r( C -u ity 'atd the walfl' t teill' evail i -Ilrl't'I is till ' ratill o
soctyg(ltist ('ib t ionl ouysidt tlt Wib tIo tigIltildlY l!e an lilt , filjv at

- ~ ~ ~ ~ ~ 1......... ................... str ueam eMage numf r till wetllltlr as th w l').rail. al

ratecorr'sptidiig aympotes rolpar' wih tble II.clisonsidered astprescrited 'II k vlo Il t'a(tin arvt~ a~lso f -ai' aIjum

zyesr o fba trowsfe il~Iitt' t i te tll'(h I ll'til hlis O ai of lil'tit~l

erene 7 as he dterinaton f miimu criica Re ofsitagnaioin'entht(ttal'y at (he \\-llt ill toIl(115 stgaionlelllialgy 5th

nolds nubr for thee lamina bondr tat' at aonr gilen biiy a'u)io

TII(' reutprohonial IIadfgr , hr on nd eseinall titel subin-ict oti sueronihcit It vs illa itvoil de

stabilizing~/ efetog'randftt al n ftIt'fvrbe i el nt over i'('r5( l)('5te i 'aillt an speci 'ied s 111 fri tivll' ea i)I'i *4'-

(numegair pressulrefgradenetemheratie ant1) c ~learl aend tal- Zeobaity fatom itife ti/? =itO I - ('iltIitt).llitllliSttl'

F-Iiiirom titabe iii )and igre 5,ti the Vertcalte ofwaith arnbrow on h4t' it comario n flof th rll ~esulgts iof t'ht nietof .it 1(1 fre-
cthe stability haactrsymttics; ismpaeen towpitd onatbie pr1s1r. elstrt'a, 1, 2, ''antt: willnow iiexacdet slyoftioll',fo vaiou'ls~t

ur' o qulirim diaatc al tlfp(ratir o tlt rti atipe tift Si-flowit'tivate thaticilik nltkofcluail

A se~ofnal temperosatbreito calcu'lation tcarriedratlr is reldf-hetqia ot developed br ybexpcdIl'l'( ftttll'rl' tolll tieldt resuts
fixed.e From tigue 5diterisenathtio ofo aifixed citaniceral' ing of tufic'waien ds ittrac gt't' toicl pullist tl', inluingt(' st'lt'
nof Mci numbers from- 1.5 tomna 2.0 ndesabilyes ate onaryve ofit ca pesuregati't lollsi.a i~ tnd o('iat( t

ltatier ofthoer asfatplateni andoi fovr tveariroil.vaThis effte A. partiulrl lea equation' deeof e this , is till' I hela of s'htown
isseninom fact, toempenhaturead by e-thernegaiveh prmessr. ithan adesepoolregaietin t~lg of tit altn' odmns e wassll.nme
graresults here. Fhorn aixe vablue oI adftiue rai5 T, whowe7rTe ronsesualts, of ah knumericalo vextlicen for at fixdlnavraly
l'vr, an incralsoae ofMaith ntimer slow sveen, from figur Te dIecraitigvelocitysoutsraidenad tto incrtease layer illicatellt
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