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Preface

The following report is a working paper on Hotine’s (w, ¢, N) coordinate system in
which the details missing from Hotine’s analysis have been supplied. The manuscript
was started in 1989/90 and essentially represents the effort involved in my reworking
of Chapter 12 of Hotine’s treatise. Part of it appeared in my paper “The assertion
of Hotine on the integrability conditions in his general (w, ¢, N) coordinate system”
(Manuscripta Geodaetical5 , 1990), however the major part of the document has not
been previously published. Over the years I have found the material in this original,
informal write-up to be a helpful reference for my ongoing rescarch in differential
geodesy. It is hoped that this slightly edited version will be useful to other theoretical
geodesists.




“HOTINE’S (w, ¢, N) COORDINATE SYSTEM”

Joseph Zund

Summary:

This report is an extensive reworking of the material in Chapter 12 of Hotine's
treatise Mathematical Geodesy (U.S. Department of Commerce, Washington, D.C.
1969) which dealt with the basic properties of the (w, ¢, N) coordinate system. In
1990, the author showed that Hotine's derivation of this coordinate system was in-
complete, and the present document contains the full details of that work as well as
the material required to rigorously complete Hotine’s analysis. The latter material
has not been previously published.
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1 Introduction

In this paper we consider the properties of the (w, ¢, N} coordinate system which was
the major coordinate system investigated by Hotine in his treatise [1]. It is, apart from
a minor change in notation, the local astronomical coordinate system introduced by
Marussi in [2}, [3]. The relevance of this coordinate system for differential geodesy is
often misunderstood and overestimated. In fact, the basic significance of this system
is that we have it, and that it was extensively employed by Marussi and Hotine in
their work. It is the obvious choice of a coordinate system which uses the Marussi
Ansatz of identifying the first two coordinates with surface coordinates and the third
one with the geopotential function. Moreover, to a great extent this system satisfies
the conditions laid down by Marussi, [4], {5], for intrinsic geodesy. On the other hand,
physically speaking, it is rigidly tied to astronomical measurements, which while of
immediate importance in the time of Marussi and Hotine, no longer has a predominant
role in modern geodetic investigations. One would be inclined to regard this system
as merely being a historical relic, except for the cogent and embarrassing fact that we
know of no other equally simple and workable coordinate system in which to check our
ideas and cite as an illustrative example. A related question is to determine whether
the properties of the (w, ¢, N) system are in any sense indicative of properties which
can reasonably be expected to hold in more general coordinate systems.

The purpose of the present paper is to explicitly address and resolve these ques-
tions. In doing so, we present a new and simplified derivation of this system which
allows the basic steps of its construction to be immediately seen and assessed as to
their generality and speciality. Section 2 contains a review of the required preliminar-
ies from the leg calculus including the basic equations, while Section 3 is concerned
with the geometrical equations which form the first step in the construction of the
(w, ¢, N) system. Section 4 is devoted to the primery equations which lead to the
so-called w-degeneracy which was discovered in [6]. The covariant components of the
leg vectors and the line element ds? in the (w, @, N)-system are derived in Section
5. It is then shown in Section 6 that the (w, ¢, N) system automatically satisfies the
Lamé equations in E3. These equations play the réle of consistency equations which
must be satisfied in order to insure that this system is well-defined.

Throughout our discussion we will frequently make reference to equations appear-
ing in Hotine’s treatise, [1], and such equation and page numbers will be indicated in
square brackets.

2 The Leg Calculus

In this section we review the principal notions of the leg calculus as employed in
[6], {7} and in a more rudimentary form by Hotine in his treatise, [1]. A complete
development of the general theory may be found in [8]. By a 3-leg we mecan a linearly
independent system of vectorial quantities in E;. For our present purpose we choose




our J-leg to be orthonormal and consist of three vectors A, u, v which may be

regarded as tangent vectors having contravariant components A™, u", v™ respectively,
or dually three Pfaffian forms (exterior differential 1-forms)

0 := A\ dz", 0; := pu,dz", 03 := v, dz” (2.1)

where A,, g,, v, are respectively the covariant components of A, u, v, and z7 is a set

of arbitrary ambient coordinates in E3. Abstractly, both {A ,u,u} and {0,,0,,0;}

can be considered as isomorphic representations of the same 3-leg system.

Let S be an arbitrary smooth surface in E3 and we chose A, g, to be unit tangent
vectors to S and v being the unit tangent vector to a congruence of curves I' normal
to S, i.e. v is a unit normal to S. We associate to the 3-leg, nine leg parameters
defined by the following contractions of the covariant derivatives with pairs of tangent
vectors:

ki = A 0TAY = —p ATAS
k2 = s l/rﬂ" p— _V”l‘rus
TNoi= ATV = AT
2 — V"urys — —/l,”l/rl/s
by = gAY = =AU (2.2)
ty = vy At = =t
oy = Ars#r/\’ = —[L,,ArA"
02 = ATt = —pp AT p?
€3 1= AgpTVt = —p ATV

By virtue of these expressions the covariant derivatives of the leg vectors admit the
following canonical leg-representations:

Ars = Ulﬂr’\.y T O2lirfts + €3p Vs + kyv Ay — talsfls — Y1Vr Vs,
Hrs = "'O'IAr/\s - 0'2/\,.;1,, — €3A Vs +tive A, + kZVrﬂs = Y2VrVs, (23)
Vey = _kl/\r'\s + t2Arﬂs + 71/\er - tlﬂrAs - k?ﬂrﬂs + Yoptrvs

which are called the basic leg equations since they play a prominent role in the leg
calculus, The leg parameters appearing in (2.3) have the following geometric sig-

nificance where the numerical subscripts refer to the (A, p ) directions: (ky, k;) are

the normal curvatures of S; (7;,72) are the tendencies of T'; hence x := /¥ + 72 is
the curvature of T'; (01,0,) and (t1,t;) are respectively the geodesic curvatures and
torsions of surface curves on S, and since ¢, + t; = 0 we may eliminate ¢, from our
analysis. This parameter €3, which was not employed by Hotine, is more complicated:
it 1s a measure of the deviation of S from being automatically a member of a triply
orthogonal system of surfaces and it also is part of the torsion 7 of I'. Finally, we
note that the Gauss (mean) and Germain (mean) curvatures of S are given by

K = klkz - t?, H = (k1 -+ kg)/g (.24)

respectively.




Upon introducing the absolute derivative, denoted by D, equations (2.3) become:

D’\" = (0'1”1' + klur)al + (Uﬂlr + tll/,-)ez + (6311,- — T l/,) 03,
Dp, = (=01 +t11y) 01 + (=02, + ka1, ) 0 + (—e3r, — yau,) 05, (2.5)
DV,- ("'kl/\l - tlp,-) 91 -+ (*“tl/\,- - kg}l,)gg + (’)’1/\,- + ’72[1.,) 03.

]

The first set of Cartan’s structural equations are given by

d0) +wia ANy +wisAb; = 0,
d92 + Way A 91 + a3 A 03 = 0, (26)
o3+ wan AOy +wia ANB; = 0;

hence, the connection 1-forms wyy = —Wp, are

wiz = —~o018, - 0,0, — €303,
war = kb + 18, — 7,05, (2.7)
waz = —~t10) ~ ky0, + 1,04;

or
d&l = 0101 A 02 - k193 A 01_ + (tl - 53) 02 A 03,

d02 = 0‘201 Pa 02 - (tl -+ 53) 03 A 01 + k202 A 03, (28)
dfy = 7103 A0, — 720, A 0.
Since Ej is a flat space, the second set of Cartan’s structural equations reduces to
dwiz = —ws Aws,
dw:u = Wiz A Wog, (29)
dwys = —wip Awsy,

because the curvature 2-forms 1, = —~{%, are identically zero. These equations,
and leg differential equations defined by them, are the leg-theoretic analogues of the
classical Lamé equations.

A basic notion of the leg calculus is to systematically resolve all expressions, e.g.
such as (2.3) into their leg representations. For derivatives of an arbitrary smooth
function F" (with the leg parameters given in (2.2)) this involves the so called Pfaffian
derivaiives defined by

dF = F/101 + F/202 + F/303 (~) 10)

where Fy; := \F,, Fp =y F,, Fy3 1= v F, denote directional (leg) derivatives in
the respective A, u, v directions, and for scalar functions we follow Hotine’s practice
of merely adding a subscript to denote (ordinary) partial differentiation. Note that,
unlike partial derivatives, the leg derivatives are generally not permutable, e.g. F)/,—
Fran # 0 ete.

The integrability conditions of the Pffafian expression are given by d(dF) :=
d*F = 0 which upon expansion yiclds

dF;y ANdO, + Fy1d0y + dF 3 N 0y + Fpydo,

+ dFj3 A0y + Fpadly = 0 (211)

3
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where dby, df,, df; are given by (2.6) and

dF/l = F/l/lgl + F/1/292 + F/1/303
dF/l 1= F/g/lgl + F/2/202 + F/2/303 . (2.12)
dFy3 = Fi3p0, + Fjap202 + Fy330s

Explicit evaluation of (2.11) then yields

{F/2/1 - Fpp+ Fpoy+ F/zdz} 6 A G,
+ {F/I/S - F/3/l - F/lkl - F/2 (t] + 53) F/g‘h} 6; A &, (213)
+ {F/s/z — Fyaps + Fpy (8 — €3) + Faky — F/a‘Y'z} 0, A0;=0

and by the linear independence of the exterior products 8; A 0, 85 A 8y, and 0, A 03
we have the so called F-commutators given in [6]:

Fpnp—Fpp = onFpn+o02Fpy,
Fizpn—Fpyps = —kiFp— (41 +63) Fpp+1Fps, (2.14)
Fraps—Fpapp = (b —e3) Fpn+ kaFpp — 72 F3,

which are denoted respectively by (Fi), (Fu1) and (Fyy). In practice these permutabil-
ity rules for the leg derivatives need not be remembered since they may be automati-
cally obtained by computing dF = 0. It should bc observed that all the leg equations
given in this section are independent of the choice of a particular ambient coordinate
system z” in Ejz. In Section 3, we will consider the consequences of adapting the leg
calculus to the special {(w, ¢, N) coordinate system in Ej.

3 Geometric Equations

The first step in adapting the leg calculus to the (w, ¢, N)-system is to give a proper
definition of the surface coordinates (w,¢) which constitutes the first part of the
Marussi Ansatz, viz.

! = w, 2% = o

The second part of this Ansatz, i.e. 2 := N where N is the geopotential function will
be considered in Section 6. In order to introduce (w, ¢), Hotine [12.002] takes a con-
stant orthonormal Cartesian 3-leg {A, B, C} whose vectors are respectively aligned
along the Cartesian coordinate axes y” := (z,y,2) at & fixed crigin 0 in E3. Then he

chooses the general variable 3-leg {A,u, V} roughly in the directions of the parallel,

meridian, and zenith at a point on the surface S. Thus, as in Section 2, A and p are
tangents to S while v is tangent to I' which when N is taken to be an equipotential
surface, is along the plumblines of the N-surface S. The surface coordinates {w, ¢)
are respectively called the longitude w and the latitude ¢, and are defined by the
equations [12.003-.005]

coswcos¢p = v A",
sinwcos¢ = v BT, (3.1)
sin¢g = v C",
4




where tentatively we take —7/2 < ¢ < /2 and 0 < w < 7. Then by inspection, we
have the following algebraic genmetrical equations:

Ay - —A,sinw+ B,cosw
it = —A,coswsing — B,sinwcos ¢+ C, cos ¢, (3.2)
vr = A,coswcosd+ B,sinwcos @+ C,sing;

i.e. (12.0u8]. Since the matrix of the coefficients on the right hand side of (3.2) is an
orthugonal matrix the inverse geometrical equations are given by

A, = - sinw— y,coswsin ¢ + v, COSw cos ¢,
B, = A cosw — y,sinwsin @ + v, sinw cos ¢, (3.3)
Cr = prcos¢+ vesing.
Covariant differentiation of (3.2), and using (3.3) then yield the differential version
of the geometric equations:

Ars = (prsing — v, cos ¢)w,
frs = —Awssin¢ — v, (3.4)
Vs = Awscos¢+ P,

i.e. {12.014-.016], where w, and ¢, denote the gradients of w and ¢. An alternate
derivation of (3.4) may be obtained by covariant differentiation of (3.3). Since

A,s=0,B,,=0 (=0 {(3.5)
which yields the following system of equations:

Prs€OS@ + vrssing = (g, sing — v, cos @) ¢,
ArsSinw  + i, COSWSIN ¢ — vy, COSw COS P
= [~A;cosw + (g, sin ¢ — v, cos ¢) sinw]w,
{(ptr cos ¢ + v, sin @) cos w] @, (3.6)
Ars COSW —  f, Sinwsing + v,,sinwcos ¢
= [-A cosw + (g, sing — v, cos ¢) sinw]w,
+ [(urcos ¢ + v, sin ¢) sin ¢] ¢,.

The matrix of coefficients of the covariant derivatives on the left hand side of (3.6)
is again an orthogonal matrix, so one can immediately invert this system of equations
to yield (3.4).

Equations (3.4) appear — at first glance — to be quite reasonable, however, they
contain a remarkable feature as will be discussed in Section 4.

!

4 Primary Equations

Contraction of the differential version of the geometrical equations gives the following
expressions for the leg derivatives of w and ¢:

VegATA = AT = wycos @,
Ve AT = ATt = wppcosd, (1.1a)
Ve ATV = = ATV = wizcos g

5




or
Arsf™ A = —p  ATA° = wyysin g,
Arsfi™ ' = —pe AT = wyppsing, (4.15)
ATV = —p ATV = wyasin g
and
firsV" AT = —Up " A* = "‘¢/1
PestTp® = —putut = '¢/2 (42)
eV V= —upvt = — ¢/3

The double convractions appearing on the left-hand side of these equations may be
immediately evaluated by using (2.2). This gives the following specializations:

(W/I,W/g,wlg) = (—ky sec ¢, —t;sec $, v, sec @), (4.3a)
or
(w/; Wiz, (.U/g) = (o1 csc &, gz csC ¢, €3 CSC @) (4.3b)
and
(811,072 873) = (=t1, ~k2,m2) (4.4)

which we denote by {w}, {«w*} and {¢} respectively.

1t is interesting to note that Hotine failed to observe that the differential version of
the geometrical equations (3.4) furnish two values for the w-leg derivatives. Ile gave
only {w} and {¢}, but not {w*}. The two expressions {w} and {w"} must be equal,
and this implies a trivialization of three of the leg parameters, viz. lincar identities

oy = —k tang,
gy = —-t,tand), (15(1)
€3 = mtand;

and quadratic identities:
gty = k10'2
o1 = *-klgg (‘1.51))
o272 = ~—lh€3

This phenomenon, which we call the w-degeneracy, was first noted in [6] and yields
the following expressions for the gradients of w and &:

wr = (=ki A, =ty + ) sec g, (4.6a)
or
wr = (01A; + aaptr + €30,) cSC &, {4.6b)
and
QS,- = "tlf\r - kz/l,- + YaVr. (47)

Equations (4.6a) and (4.7) appear in Hotine’s analysis as [12.046] and [12.047).
An alternate version of these equations can be given in terms of the differentials
of (w, @), 1.e.
dw = (—k0; - t,0; + 1103) sec ¢, (4.8a)

6
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or
dw = (0’101 -+ 0’202 + 5393) CSsC ¢, (486)
and
do = —t160, — k8, + ‘7293. (1.9)

In terms of absolute differentials, (3.4) becomes

D), = (ursing — v, cos ¢)dw
D, = =) sin¢dw — v do (4.10)
Dy, = +),cos¢pdw + p,d¢,

and the w-degeneracy is the observation that these equations do not provide a unique
determination of dw. Of course,

dw = u"Dv, = —v"Dy,, (4.11)
so there is no ¢-degeneracy. On the other hand, by contraction of (4.10) we have

dv = pu DMcecscd = —ADy,cscod
dv = XNDv,secp = —v'DA secd

A better derivation of {w}, {w"} and {¢} may be obtained by using (4.10), the
Piafian expressions for dw and d¢, and equating the corresponding coefficients of 6,
9, and 5. Then respectively D A, Dy and Dv yield:

(0’1/\,- + klll,-)gl + (02[4,— + tll/,) 02 -+ (63#,- - ‘7“/,—)03
= [ (w/10, + (‘)/202 + W/303> sin ¢
- Vs (w/101 + w/202 + w/303) cos é,

(=o1ds + )0+ (—02A + kavr) 02 + (—€3A — Yaur ) Os
-} (w/161 + wyls + w/303) cos @ (4.13)
- U (¢/191 + ¢/202 + ¢/393) ,

(kA —tip) 00+ (=t = kop,) 02 + (1A + Yopr) 05
= A lwpby +wprfs + w/303) cos ¢

+ pe (@101 + 6202 + ¢>/393) .

Thus, we see that the D A equation gives {w}, {w*}; Du leads to {w"}, {¢}; while
Dv yields {w}, {¢}.

Each of these three versions of the primary equations, i.c. (4.3) and (4.4), or (4.6)
and (4.7), or (4.8) and (4.9) or equivalently, (4.11) and (4.12), reveals that values
¢ = £7 /2 are inadmissible. These are the familiar polar singularities, but moreover
the value ¢ = 0 must be excluded! Indeed, for ¢ = +x/2

by {w}, dw is undefined, while

by {w"}, dw is well-defined;
and inversely for ¢ = 0:

i




by {w}, dw is well-defined,

by {w*}; dw is undefined.

This requires the exclusion of these values and the ¢ range must be taken to be
-7/2 < ¢ < 0and 0 < ¢ < w/2. The primary equations require no exclision of
w values, however, one usually takes 0 € w < 27, or 0 < w < 27, to insure single-
valuedness. The above excluded values furnish a second reason — apart from the
occurrence of {w} and {w*} per se — for the term w-degeneracy.

The primary equations are so named since as we will see they play a paramount
role in the theory of the construction of the {w, ¢, N) coordinate system. Our first
indication of this is that the two primary equations we have obtained describe the
variation of (w, @) on S or in E3. They justify our previous comment that, as Hotine
said [page 71}, A and u are only roughly directed along the parallels and meridians of

S respectively. Equations (4.6) and (4.7), or the corresponding differential expressions
(4.8) and (4.9), give the precise alignments. The vectors A and p are aligned along

these loci only when
h=m=v%=0 (4.14)

These conditions are satisfied identically for spherical polar coordinates z7 = (w, ¢, 7)
in E3 and for z* = (w, ¢) on the 2-sphere S;. A second even more fundamental role
of the primary equations will be derived in Section 8.

5 Cartesian Integrability Conditions

As noted in Section 3, the first step in adopting the (w, ¢, N) coordinate system to the
3-leg {/\,p,u} was the algebraic geometrical equations. As Hotine observed [page

71] since the constant 3-leg {A,B, C} is aligned along the Cartesian axes one has
v = Ar, yr = By, 2. = Cy, (5.1)

i.e. [12.009], where the subscripts on z, y, » denote partial derivatives with respect
to the ambient coordinates z”. Hence, upon contraction of these equations with dz",
we obtain

dz = —(sinw)b; — (coswsin ¢)0; + (cosw cos &) b3,
dy = (cosw)O; — (sinwsin¢)d; + (sinw cos ¢) b3, (5.2)
dz = (cos¢)0;+ (sin@)0,.

Since z, y, and 2 are functions, we must have
d’z = d(dz) =0, &%y := d(dy) = 0, d*z := d (dz) = 0, (5.3)

and these equations constitute the Carfesian integrability conditions which the (w, @)
coordinates and the Pfaffian forms 6, 0, and 0; must satisfy.




Explicit calculation of the conditions (5.3) respectively yields

0 = —(cosw)dw A8 — (sinw)db,
+ (sinwsing)dw A 0; — (coswsin @) dp A B; — (coswsin ¢) db;,

(sinw cos @) dw A 83 — (coswsin @) dé A b3 + (cosw cos ¢) dba,

0 = —(sinw)dw A b + (cosw)db,
— (coswsin@)dw A 8; — (sinw cos ¢) dp A 0; — (sinwsin @) df, (5.4)
+ (coswcos¢)dp A b3 — (sinwsin@)dé A b5 + (sinw cos 8) db,

0 = — (sin ¢) d¢ A 92 -+ (COS ¢) dgg
+ (cos ¢)do A O3 + (sin @) dbs.

The leg equations corresponding to (5.4) may be obtained by using (2.9) when F
is taken to be w and ¢ respectively, and the structural equations (2.6). This yields
nine equations which respectively occur as the coeflicients of the linearly independent
exterior products 6, A 02, 83 A 6; and 8; A 65.

It is convenient to refer to these equations as z-equations, y-equations, and z-
equations and in an obvious notation denote then as (Zia2), (z3a1), and (z243), etc.
respectively. Upon cancellation of the common factors of sinw in the z-equations,
cosw in the y-equations, and cos ¢ in the z-equations we have

(zin2) twpsing 4+ wppcotw — @)y cotwcos @

= o7+ oz2c0twsin @,
(zam) :wpcos¢  — wyacotw + @y cotwsing
—ky — (t1 + €3) cotwsin ¢ — v, cot w cos ¢,
W/3sin g — @3 cot wsin @ — @3 cotw cos ¢
t; — €3 + ky cot wsin ¢ + v, cot wsin ¢;
wyatanw ~ ¢/ tanw cos ¢
—0o1 + o tanwsin @,
wyztanw + ¢/ tanwsin ¢
—k1 — (t1 + €3) tanwsin ¢ — 3 tanw cos @,
wrasin ¢ — ¢y tanwsin @ + ¢y tanw cos ¢
€3 — t1 + kytanwsin ¢ + 7z tanw cos @;

(z2a3) : —w/pco8

(y1a3) : —wysing (5.5)

o+

!

(yg/\l) . —Wwj COs ¢

(y2n3) t wyacos ¢

I+ 1

(z1n2) 1 —@ptand = —ay,
(23/\1) t—¢y =t + €3 — 7 tan &,
{z203) 1 ¢+ ¢/3tand = yatan é — &y,

These are automatically identically satisfied by virtue of the values of the leg
paramenters given in {w}, {w*}, {¢} and by using (4.5)! It would be tempting
to believe that, as in our alternate derivation of the expressions for the covariant
derivatives of the leg vectors given in Section 3 (see the equations displayed in (3.6)),
that the system of z, y, and z-equations can be inverted to yield the expressions

{w}, {w*} and {¢}. This is not the case. The values of the leg derivatives of w
are thoroughly mixed in the above system. For example, (z142) is checked by using
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w-derivatives from {w*}, while (z3a1) employs w-derivatives from {w}. Moreover, as
is easily seen from (z;A;) and (z3a1) we obtain the following ¢-derivatives:

¢p = o3—cot
¢pn = —lLi—ez+mtand
which leads to the identity

oy = —(t1 + £3)tan ¢ + 1 tan’ ¢

which is quite intractable unless {4.5) is known.

6 Components of the Leg Vectors and the Line
Element

The primary equations for w and ¢ were given in Section 4, and now to obtain the
(w, ¢, N) specializations of the contravariant and covariant components of the leg
vectors we need a primary equation for V.

If N is the geopotential function, and the equipotential surface S is defined by
putting N = constant, then we have the basie gradient equation

N, = nv, (6.1)

which expresses the well known property that the gradient of V with respect to z”
is collinear with the normal to S. By hypothesis, ¥ is a unit vector, so the factor
n is required to insure that n='V, will be of unit magnitude. Physically n is the
magnitude of the local gravity along the plumblines I of the N-surface S. Equation
(6.1) is a general result, and upon employing the second part z° := N of the Marussi
Ansatz it yields

Ve = nﬁlﬁf. (62)

Hence, we have the leg analogue of (6.1)
(N, Npay Npjs) = (0,0,m) (6.3)
which is our final primary equation, while the Pfaffian version is given by
dN = nb;. {6.4)

Since each of the leg vectors is a tangent vector, they may respectively be expressed
in the form dz"/ds where s is an appropriate arc length along the respective three
congruences of curves in E3. Upon making the specialization " = (w, ¢, N) it follows
that the leg derivatives in the corresponding directions are given by

XNo= w6, Nn ),
W= \wpa b Ny, (6.5)
v'o= \wys,¢3, N3,
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By virtue of our (w, ¢, N) primary equations, these become

AT = (—kysecd,—t,,0),
= (=tysecd,—k;,0), (6.6)
’ (71 sec ¢’ 2y TL) )

<
il

ie. [12.029], [12.030] and [12.034)], which are the canonical components of the con-
travariant leg vectors in this coordinate system.

The corresponding canonical covariant components of the leg vectors were derived
by Hotine by a rather lengthy process [pages 74-75] involving systematically writing
out the components of [2.07], viz.

A+ p17p, + vy, =8 (6.7)

A quicker method is to observe that (6.7) is equivalent to the matrix equations

/\1,/\2,}\3 AlaﬂlaVl 1,0,0
/1'1,/1'21.“3 /\27/12,1/2 = 0;1’0 . (68)
vt R A3, i3, V3 0,0,1

The matrices appearing on the left-hand side of this equation are non-singular, and
since by (6.6) the entries in the first matrix are known we immediately obtain the
following canonical covariant components of the leg vectors

Ar = (kK cos g iKY (kyyy — bip) T KY)
pr = (1K 'cos¢, —ky K1, (kyy, — tiy ) n1 K1) (6.9)
br = (0’0’ n_l) .

For purely reference purposes we note that if (6.5) is rewritten in matrix form
using (6.3) as
Al’A2>’\3 W/1a¢/1,0
st =l wpa, 672,0 |, (6.10)
vivt oy Wy, 3, n

then denoting its determinant by DET we have

DET = (w2 —wpdr) m; (6.11)

@ Tw

and consequently

ALy 1, 1 1 ¢/2N, —¢,1n, 0
Az, fia, V2 =m —wn, wpn, 0 (6.12)

/\37#’351/3 Gy, C2, C3

where

i

Cy W/2¢/3 - w/3¢/2,
C2 w/3¢/l - w/1¢3,
c3 = Wi - wpdn-

li
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By virtue of (2.1) the (w, #, V) Pfaffian forms are given by

6, = {—kycosddw + t1d¢ + (ka1 — t172) dN/n} /K,
82 = {tl COs Qde - k1d¢ -+ (k]‘)‘g -_ tl’)’l) dN/Tl} /1\,, (613)
6s = dN/n.

The leg representation of the metric tensor g,, is given by {2.08], i.e.

Ors = Ar Ay + ety + Vs, (6.14)
and, hence, the line element ds? of Ej; in the (w, @, V) system is

ds® = (0,)% + (62)° + (63)*. (6.15)

The explicit values of g,, are displayed in Hotine's {12.069] and need not be repeated
here. The matrix version of (6.13) is given by

0 dw
0, | =M dp |, (6.14)
85 dN

where the entries of the 3 x 3 matrix M are obvious from {6.13). Hence,

dw 0
d¢ [ =M1 6, |, (6.15)
dN 03

which is a fourth version of the full set of primary equations. Explicitly (6.14) is

dw —kysecp, ~tisecd, v secé 0,
d¢ || = 1, ~kg, 2 | 02 (6.16)
dN 0, 0, n 03

and the matrix M™! is called by Grafarend (9] the matriz of integrating factors. He
notes that one cannot take

0, =dX, 0, =dY, 03 =dZ, (6.17)

i.e. the 6y, 6, and 03 are not perfect differentials, and he regards this observation as
being “... one of the most fundamental formula of geodetic science ...”. In Section 8
we will show

dldw) = dw = 0
d(d¢) = d%¢ = 0 (6.18)
d(dN) = &N = ¢

when 0,, 0;, 03 are general Pfaffian forms, and that, in effect, (6.18) constitutes a
set of integrability conditions which reduce to the {(w, ) expressions for the Lamé
equations and the N-integrability conditions. Grafarend’s result is that one cannot
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trivialize 8,, 8,, 05 to the choice (6.17) since then the resulting integrability conditions
would not be satisfied.

The determinant g of the matrix ||g,,|| is readily evaluated by using Hotine’s
expressions, i.e. [12.069], and, hence

Vg =n"1K" cos ¢. (6.19)

As expected /g, and the matrices M, M™!, admit polar singularities at ¢ = /2,
but are well-behaved at ¢ = 0.

7 Digression on Spherical Polar Coordinates

In this section we examine the case of spherical polar coordinates 7 = (w,¢,r)
and consider to what extent the (w, ¢, N) system may be regarded as a generalized
spherical polar coordinate system.

First, we note that the definitions of the surface coordinates z* = (w, ¢) in both
systems are identical. Hence, all of our adaptation of (w, ¢) to the leg calculus — up
to the beginning of Section 6 — hold for both systems. The w-degeneracy and the
(w, #)-primary equations are common to both systems. This is not familiar merely
because the spherical polar system is not usually constructed by the leg-theoretic
procedure we have followed. The initial generalization consists in the fact noted at
the end of Section 4 that whereas in the polar spherical system the vectors A, p are

exactly aligned along the parallels (w-lines) and meridians (¢-lines) of S, this is only
roughly the case for the (w, ¢, V) systems. Furthermore, as a consequence of (4.14)
the plumblines I of S have x = 0, i.e. are straight radial lines, for the polar system
this need not be the case for the (w, ¢, N) system (recall the definition of x given in
the discussion following equation (2.3)). Hence, for the polar system the r-surfaces are
2-spheres S,: r = constant, while in the (w, ¢, V) system the N-surfaces S are more
general curved surfaces. The precise character of these N-surfaces is left unspecified
in the Marussi-Hotine approach to differential geodesy. Indeed, they assumed that the
determination of N was a task for physical — not differential — geodesy, and their
use of the (w, ¢, N) coordinate system was purely of a descriptive nature designed
to provide a convenient description of a given, but unspecified, geopotential field N.
Thus, the second generalization involved is that whereas the z3-surfaces in the polar
system are restricted to be 2-spheres of constant radii, for the (w, ¢, N) system these
surfaces are arbitrary — subject only to the requirements imposed by the demands of
physical geodesy. It is known that if the S are sphere-like in the sense of the Pizzetti
theorem, [10], then these are compact surfaces in E3 whenever the Pizzetti inequality
R < 5R,, where R is an appropriated defined radius and R,, is the mean radius of the
Earth. A more general result is that such spherelike surfaces are diffeomorphic, i.e.
differentiability equivalent in a topological sense, to a family of 2-spheres ¥~ concentric
with the Earth, [11]. Thus, this would include spheroids and those S which are convex
or have K > 0.

In Section 5 we considered the Cartesian Integrability conditions and showed
that they were identically satisfied by virtue of the w, ¢-primary equations. We now
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consider the analogous situation for the spherical polar system (w, ¢,r). The spherical
polar line element is given by

ds? = r? cos? ¢dw? + ride? + dr?, (7.1)

see [page 5], and hence, denoting the purely coordinate-based Pfafliau forms oy 9,
9,, 93, we have

Y1 = rcosddw,
¥, = rd¢ (7.2)
J3 = dr;
0
dv = r~lsec¢d,,
dp = r-19,, (1.3)
dr = !93.

Then upon exterior differentiation, since

dd, = r ' {tan¢d AJy + I3 AV},
di, = —r~1;Ad3, (7.4)
di; = 0,

it is readily verified that — as expected — we have
d’w =0, d*¢ =0, &°r = 0. (7.5)
On the other hand, relative the leg based Pfaffian forms 8,, 0;, 0; we may write

Yy = rcosgdw=r (w/,()] + wyrl2 + u/303) cos ¢,
92 = rdp=r'8,0: + 800+ &y03) , (7.6)
95 = dr=(rj0)+ 70, + ryaf3) .

This yields as our polar spherical primary equations

w/law/27w/3) - (T_I SCC¢,0,0)
6. 6p03) = (0,r71,0) (7.7)
7'/1,7‘/2,1'/3) = (0,0,1)

which confirms the comments on the alignment of A, u, and v with the parallel,
meridian, and radial directions given at the end of Section 4.

Consequently, by the arguments given in Section 6 the canonical contravariant
components of the leg vectors in the polar system are given by

Moo= (wn,dpn.tn) = (r7'secd,0,0)
po= (wdprp) = (0,r7,0) (7.8)
vhoo= w/3a¢/31r/3 = (010»1)
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and the canonical covariant components by

Ar = (rcos¢,0,0)
pr = (0,r,0) (7.9)
v, = (0,0,1).

The latter equations are, of course, also immediate by the expressions given in (7.6).

An obvious question is why the w-degeneracy has not appeared in the primary
equations (7.7). The answer is that, as suggested earlier in this section, the w-
degeneracy occurs by virtue of the construction based on the geometrical equations
(3.2). In other words, the above argument proves that this degeneracyis a consequence
of our method for constructing the (w, ¢, ) system rather than a structural feature of
this system. On the other hand, in the case of the (w, ¢, N) system the z° coordinate
is not a pure coordinate as it is in the spherical polar system. Hence, since the only
known construction of the (w,$, N) system is based on the geometricai equations,
the w-degeneracy is unavoidable — at least in this sense — on the basis of present
knowledge.

8 The (w, ¢, N) Integrability Conditions

In Section 5 we considered the Cartesian integrability conditions:
dr=0,d=0,d2=0

and showed that they were identically satisfied by using the primary equations {w},
{w*}, and {¢}. In the present section we will consider whether the analogous situation
holds for the (w,#, N) integrability conditions. This investigation completes that
begun in our previous paper [6].

Our first step is to note that the N-integrability conditions are exceptional and
have no analogue in the polar spherical system considered in Section 7. In that case
U3 = dr and the only non-zero r-leg derivative was r/3 = 1. Consequently, d*r = 0
was trivial.

For the (w, ¢, N)-system, we have (6.4) where n is an arbitrary smooth function
— not a constant! — so d’n = 0 yields

0=dnAbz;+nAdbs. {8.1)
Upon using the Pfaffian representation of dn, i.e. (2.9), and (2.8) this equation yields
(—n/, + n'yl) 0z A0y + (n,z - n72) 0, A 03,
or

n/l = N, (82)
N = ny.
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This equation may be regarded as the final step in the adaption of the leg calculus to
the (w, ¢, V) system and, as such, it is a definition of the leg parameters v, ¥,, i.e.

" = (logn),,, 72 := (logn),, . (8.3)

This condition amounts to a scaling of I was derived by Hotine {page 73] in another
manner, and when it i~ imposed our previously general 3-leg is said to be a Hotine
3-leg. Note that (6.4) holds regardless of whether the identification 3 := N has been
made, so logically the notion of a Hotine 3-leg is independent of the Marussi Ansatz!
Finally, one should investigate the n-integrability conditions, i.e. d’*n = 0, however,
since they are not relevant to the theory of the (w, ¢, N) system we refer the curious
reader to [8] for a complete discussion of this issue.
Our principal task is now to consider the integrability conditions:

d(dw) = dw = 0,

d(d$) = &£¢ = o (8.4)

i

when dw is given by {w} {w*}, and d¢ by {¢}. Exterior differentiation of (4.8a)
upon cancellation of a common factor of sec ¢ gives

tan ¢dg A ("klgl - 40, + ’7193)
- dk’] A 61 - dt; A 02 + d’h A 03 (85)
- k1d01 - t1d92 + 'y;d03 = 0,

and similarily for (4.8b) with a factor of csc ¢

—cot¢ddp A (010, + 0202 + €303)
+ d01A01+d02A02+d€3/\03 (86)
+ 0'1/\(101 +0'2/\d02+€3d03 -—’0,

and finally for (4.9) we obtain

*—dtl A 01 - dkz A 02 + d’}’z A 03 - ildgl - kngQ + ’72d03 =1, (87)

By using the Pfaffian representation for the differentials (2.9), the coefficients of the
exterior products 8; A 03, 03 A 0; and 0, A 03 lead to the following expressions which
we denote by (w4), (w%) and (¢4) for A = [, I1, III as in [6]:

(wx) .
(wn) :
(win)
(wf) :
(wip) :
(win) :
(é1)
(¢m) :
(bru) :

kg —tin = (K —k} ~ t}) tan ¢,

ks +vipn =k + 2+ 4 + 2t — kiy2) tan 6,

tiya+ 2 = 2Ht1 + 1172 — [tiyve + (kb — k2) 7] tan &,

0172 — 031 = 01 + 02 — (k201 — t103) cot ¢,

€31 — 013 = —€307 + (0 + 02 + €3 — £3t) — 0172) cot &, (8.8)
63/2 o 0’2/3 = €301 — kz(fz + €372 + ((710'2 — kgEg — 0’272)C0t é,

kajy — 12 = 2Ht; tan @,

tiya+ 72 = 2Ht + yiv2 + kyyy tan ¢,

ka3 + Y272 = k5 + t + 73 — tyy1 tan 6.
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As shown in [6] these correspond to Lamé equations (2.8) which are equivalent to
the vanishing of the leg components the Riemann-Christoffel curvature tensor. More
precisely, if we denote the vanishing of a component Rapcq by (Rapea) we have

(Ranz) <= (wr) )

(Rai31) < (wr),

(R3123) <= (wm);

(Riz12) = (v]),

(Riza1) <= (wip), (8.9)
(Rizs) <= (win);

(Raz2) <= (d),

(Raaz1) <= (¢u),

(32323) = (ém).

By the algebraic Bianchi identities, we have

(Faz1) <= (Rsuz) (wi) <= (w1),
(fi223) <= (Raa2) (win) <= (¢1), (8.10)
(Ra123) <= (Razm) = (wmn) <= (¢u);

44

and by virtue of (4.5) it is clear that we have the reductions:
(W) = (@i, (wip) = (wn), (wig) = (wm) - (8.11)
Hence, the six independent Lamé equations consist of

(w1), (wi), (wm);

(¢1), (¢n1), (bm1);

which corresponds respectively to the respective conditions d*w = 0, d?¢ = 0, viz.
the w and ¢ commutators.

9 Gaussian Differential Geometry of N-surfaces

In this section we use Gaussian Differential Geometry to argue that in a sense the
(w, @, N) system can be regarded as a generalized spherical polar coordinate system
in E3. Part of this is obvious since (w, ¢) play identical roles on both the 2-sphere S,
and the N-surface S. The problem is to reconcile the difference between the radial
coordinate r and the smooth, but unspecified, geopotential function N. As noted
in Section 7, in the Marussi-Hotine approach to differential geodesy, the function N
must be a priori specified since formally its determination lies outside the province
of their theory.
Our starting point is the fact that an N-surface S is defined by the condition
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and that the first and second basic forias of this surface are given by
I:=(6,)*+ (8,)* (9.2)

II := 91(4131 - HQW23 (93)

where in the latter expression the connection 1-forms (2.7) are subject to (9.1). An
equivalent version of (9.3) is

I = ky (6;) + t1 (8102 + 0,0:1) + k2 (62). (94)
By using the corresponding specializations of (6.10) we have

6, = {—krcosddw +t,dd} /K

6, = {t,cosddw —kido} /K (9.5)

and I becomes
I = {(k} +13) cos? pdw? — 4Hty cos pdwds + (k? + £2) d*} /K?,  (9.6)
while for S, : r = rg where ry is a positive constant
I = r2cos® gpdw? + r2de¢®. (9.7)

The difference between (9.6) and (9.7) is striking, however, can be resolved by
considering the five Hotine curvature parameters. It is convenient to display them in
a quintuple

<k1’k2’t1’71772) .
For an S, in general, all five entries are non-zero and non-trivial, while for S, written
in the usual (w, ¢) parametrization one has

(=1/ro, —1/70,0,0,0) .

However, for S one can obtain a nicer form of I by introducing the radit of curvatures

= (k4 £)7!
1,': = Ek: i i:;_l = (ks — )" (:8)
since t; = —t;. Then we have
K = (pip2)”" (9.9)
and, hence
ki + 8+ 2kt = pi? (9.10)

k2 4+ t2 — 2kyty = p3?
and (9.6) becomes

1 ={(o2+ 2katy) cos? ¢dw? ~ 4H1ty cos pdwdd + (p7? — 2kity) dg?} (prp2)’
(9.11)
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On S one may choose without loss of generality

which amounts to the selection of A, g, as principal directionson S. This may be done
by a rotation of the Hotine 3-leg {\, g, v} around v. Then A, u become tangents to
the w-curves, ¢-curves:

d

0
A=-k seC¢>5;, p= ——kz;)-&,

while
0 3, i}
v=m Secéga + LLry + neN

Thus, ky, k; reduce to the principal curvatures &1, k2, and p;, p; become the radii of
the principal curvatuies. Hence, the choice (9.12) permits the simplification of (9.11)

to
I = p?cos® ¢dw? + pldg?. (9.13)

In this form the analogy between (9.7) for S, : r = rg and (9.3) for S : N = constant
is clear. In passing from S; to S one has replaced the constant rq by a pair of variable
radii p; and p,!

A similar argument can be given by considering II. For S, we have

Il = —rgcos? ¢dw? — rodd?, (9.14)
while for (9.12) in the case of S one has
I = p; cos® ¢pdw? + prdd?®. (9.15)

The sign differences between these expressions is inconsequential since by virtue of
our outward orientation of S, x;, k3 and, thus, p;, p,, are negative. Hence, once
again, our prescription given above for passing from S, to S is valid.

These considerations lead us to suggest that z” := (w,¢,/N) may be regarded
as a generalized spherical polar coordinate system in E;. Another aspect of this
generalization is that although in E;

ds® = r? cos? pdw? + rd¢* + dr? (9.16)

is a triply orthogonal curvilinear coordinate system, i.e. 8, : r = r¢ is a member
of a triply orthogonal system of surfaces, the corresponding situation is not true for
S : N = constant in E;. This may be seen by examining Hotine's components for g,
[12.069] in the (w, ¢, N) system subject to the restriction (9.12):

ds? = {kZcos? ¢dw? + kid¢?
+ 7}kg+7§2k12 +K2] d!\’z}/l\,

— 2{[mkidwdN} [ (nK?sec @)
— 2 {[nk?] dgdN} | (nk?)

(9.17)

19




Hence, (w, ¢, V) is not a triply orthogona! ~urvilinear coordinate system in Es, unless
11 = 72 = 0, which is equivalent to x = 0, viz. the normal congruence of curves con-
sists of straight lines, which is an inadmissible specialization of the {w, ¢, V) system.

We now examine the conditions that an N-surface be a well-defined surface in Ej.
This requires examining the determinants a := det ||a,g|| and b := det ||b,g]| of the
surface tensors appearing in I and II. Clearly,

a = (pip2)icosd=K2cos?¢

¢
b = piprcostd = K1cos’¢ (9.18)

so a > 0, while b # 0 has variable sign, for ¢ # £7/2. As expected, one has ' = b/a.
The Fundamental Theorem of Surfaces then states that modulo these conditions, a
surface is uniquely defined in E; up to position, i.e. a rigid motion in Ej, whenever
the equations of the Gauss and Codazzi are satisfied. The Gauss equations amount
merely to (9.9), or K = b/a, and trivially hold. The Codazzi equations are less trivial
and require that

bapy = bavya = 0, (9.19)

i.e. [6.21], where the final subscript indicates covariant differentiation.
The leg calculus version of this equation is given by

oy (ky — ko) = kg =ty — 20y,

4.20
oy (kv —ky) = kpjy —ty2 + 2404, ( )

(see [8.23] in a slightly different notation). Using the {w*} and {4} in terms of the
(w, @) surface coordinates these become

kl/2_tl/1 = (K—kf—-tf)ta.né

9
kapy —tip = 2Ht tan¢ (9.21)

which are identical with (w;) and (¢1) of (8.8).

10 Conclusions

In this concluding section we summarize and synthesize the results of the previous
sections on the (w, ¢, N) system. The basic issue is how the leg calculus can be
adapted to this coordinate system, and, in effect, whether these systems are compat-
ible with each other. The leg calculus is a coordinate independent formalism and, as
such, provides a lucid and searching picture of Gaussian Differential Geometry. Our
starting point was a general 3-leg which was chosen to consist of a pair of tangent
vectors to a surface S and a tangent to a congruence of curves I’ which is normal
to 8. This leads to a set of three basic leg equations for the covariant derivatives
of the leg vectors which are associated with nine leg parameters which completely
describe the geometry of S and its orthogonal normal congruence. By virtue of its
construction, one of these parameters ¢; may be eliminated, (i.e. t; = —¢;), without
loss of generality and the curvatures K and H of S and x, 7 of ' can be expressed in
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terms of the remaining eight independent leg parameters, six of which are eztrinsic
parameters, i.e. ky, k2, ty, 71, 72, €3, with the remaining two, (i.e. oy, o7), being
intrinsic parameters.

The construction of the (w, ¢, N)-system outlined by Hotine consists of three major
sets of equations: two systems of geometrical equations (respectively of algebraic and
differential form); a system of primary equations (given in three equivalent forms);
and, finally, a system of consistency equations. Hotine’s approach and construction of
the (w, @, N)-system admirable and ingenious — as far as it goes! His presentation of
the geometrical equations (in both the algebraic and differential forms) is complete.
The difficulty begins with his primary equations where by an oversight he failed
to notice that the first of his geometrical equations (in differential form) {12.014]
admitted two non-trivial contracted products with the leg vectors. Hence, he obtained
{w} and {¢} but missed {w*}, viz. the w-degeneracy, as well as the fact that as a
consequence three of the leg parameters are trivialized by the degeneracy. It was
most uncharacteristic of him to have missed such a fact, and even more puzzling is
the fact that nowhere in his work are the canonical differential equations exhibited.
Our approach to the leg calculus is implicitly based on having these equations, and
both of our derivations of the primary equations are impossible without having them
in hand.

The geometrical equations (in algebraic form) provide the relationship between the

Cartesian 3-leg {A, B,C} of E; and the general 3-leg {A, H, u}, while the geometrical

equations (in differential form) introduce the eight leg parameters into the analysis.
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