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PREFACE

The work described in this publication was performed by the
Mathematical Analysis Research Corporation (MARC) under contract to
the Jet Propulsion Laboratory, an operating division of the California
Institute of Technology. This activity 1is sponsored by the Jet
Propulsion Laboratory under contract NAS7-918, RE182, Al87 with the
National Aeronautics and Space Administration, for the United States

Army Intelligence Center and School.

This specific work was performed in accordance with the FY-87

statement of work (SOW #2).
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2-D vs 3-D: Sine of Squared Angular Error and Weighted Perpendicular
Fixing

INTRODUCTION
"1f

1) two dimensional algorithms work on variables from a gnomonic plane
2) gnomonic planes are based on the same point of tangency both
within a single algorithm and between the two and three dimensional
algorithms
then it is reasonable to ask the question:

How much difference does it make if the gnomonic projections are taken
before or after fixing?

This question will be put into mathematical form and analyzed in this memo.
The procedure used will be asymptotic expansion, on the assumption that error
would go to zero as the radius of the Earth became infinite if the same
gnomonic projected coordinates were involved. In this way the dependence of
the difference of projections on the scale of the problem may be seen. This
format is important because the scale restriction is a significant known
parameter, best accounted for in this way.

For analysis purposes it is also relevant to identify how error models
cross to the gnomonic plane. They also may or may not correspond well with
two dimensional error models.

The two fix techniques being analyzed are the sine of squared angular
error and its approximation, the weighted perpendicular. The weighted
perpendicular technique is used by the Improved Guardrail V (IGRV) program,
and differs from the sine of squared angular error technique in interesting
ways that will be discussed later. <

These topics are analyzed in detail in the sections that follow.

CONCLUSIONS

Analysis shows there i{s little difference between using the three
dimensional model and using the two dimensional model, if the gnomonic plane
{s positioned close to the emitter. By little difference we mean that the
distance between the fix determined by these two methods is small.
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For small scale problems and relatively accurate lines of bearing, it can

be shown that the distance between the fix estimates would be a small
percentaga of the maximum miss distance of an LOB. In particular, in the
appendix it is showrn that the percentage is less than the absolute value of
the maximum of the miss distance to the radius of the Earth, ratio squared,
times a factor to account for the size of the base relative to the size of the
problem. Because of cancellation owing to terms with different si{gns, the
percentage {s usually less than the squared ratio.
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ﬁ: The small difference that does exist between the fix methodologies only
reflects a difference in the weighting of the different data. 1In line of
> sight applications, the weighting in the three dimensional method makes less
: sense than the weighting of the two dimensional method.
-~
3 METHOD OF ANALYSIS
‘
- The fix methods and gnomonic projection are not affected by how latitude
X and longitude coordinates are assigned to the sphere (to within spherical
f; rotations). Therefore to shorten expressions, we will start by assuming that
‘ﬂa the point of tangency of the plane with which the gnomonic projections are
taken is at (0,0,R), where R is the radius of the Earth.
. L ]
z=R {s the gnomonic Plane
)
“h (Xi.Yi,R)-the ith sensor location in the gnomonic plane, (Xi.Yi) fixed.
“ ei-the angle of the 1th 1ine of bearing in the gnomonic plane
(x,y,R)=the location estimate in the gnomonic plane.
e
) i The ith plane of bearing corresponding to 61 {s spanned by (xi’Yi’R) and
v,
X (sinei.cosei,o), and goes through (0,0,0).
)
b A
& ni = the unit normal corresponding to the ith plane of bearing
ﬂﬁ which is proportional to (Xi,Yi,R)x(sinei,cosei,O)
; or (-Rcos - 2 - 2
"é ( ei,Rsinei.Xicosei Yisinei)//R *(Xiccsei Yisinei)
v (x,y,R)(R/V/xT+yZ+R?)= point on the Earth with gnomonic projection (x,y,R)
TN (X,,Y.,R)(R//X2+Y2+R?)= point on the Earth with gnomonic projection (X,,Y.,R)
N i’7i i 7 i'71
JQ The two dimensional likelihood function to be minimized for two dimensional
":Q sine of angular error is
s
L2 = £[(x-X,,y-Y,)(-cose,,sins )12/ (x-X, )2+(y-1, )2]
& i i i i i i
:i The three dimensional likelihood function to be minimized (based on the
' inverse image of the two dimensional sensor locations and bearings) is
g
¥ L = Z(0(x,y,R)/VXTFyToRT =(X,, Y, ,R) //XI+TI+RZ1+R]12/D,
L where
= Ci ( Rcose , Rsine , X cose, Yisinei)
It
o d1 - —(x-Xi)cosei*(y-Yi)sine1 = signed perpendicular distance
" i’ = normal unit vector = C /||C ||
N i i i
L0
' - 2 - R2 - 2
” F, ||C1|| RE+(X cose -Y sine,)
1/F = 1/]|c. |12 = 1/R%=1/R¥[(X cose -Y sine )2] + 0(1/RS) (as R->=)
i i i 1 1 i
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D, = ||l(x,y,R)/VxZ+y2eR? ~(X, Y RIVXI+YEeR ][ |2 -
— — 2
- 24y24R2- 2,vy2,Q2 X
Ei [(x,y,R)/V/x2+y2+R (Xi.Yi.R)//xi+Yi+R ] C1 o
¥
CALCULATIONS ~
E2 >
- ™
L L i/(FiDi) ;:
lim min L = I(-(x-X, )cos8 +(y-Y )sing 12/0(x-X,)2+(y-Y,)2] = min L2 e
R -> i i i i i
This implies that the limit of the three dimensional fix (as the relative size »
of the Earth to the scale of the problem goes to infinity) is the two M
dimensional equal to the two dimensional fix. "

To get an idea of the actual difference, expand the Taylor Series for the
three dimensional fix about Re=», The constant term is the two dimensional
fix. The first derivative term shows the dependence on R.

The two techniques mentioned above, solve the problem of minimizing L and

T X
[ §
-

»

L2 differently. The sine of squared angular error does so by taking the S
partial derivatives of the functions and solves them for zero. The weighted Zy.
perpendicular technique approachs the problem by taking the partial derivative }i’
of only the numerator of the expression. In leaving the denominator alone, -

this technique weights the value of the derivative. The resulting expression
is then set equal to zero and solved.

A A ' '.-'-

3-D FIX METHOD

’I
‘o
We will need to use the correspondence between (x,y) in the gnomonic :j'
projection and (x,y,R)/v/x%+y?+R? in the three dimensional representation. g,
If x=f(1/R) y=g(1/R) denote the implicit functions defined above, then >
o
.'.'\.
L (£C1/R),g(1/R)) = L (£(1/R),g(1/R)) = 0 ‘2
;»
Hence with U=1/R Y
] ] ' ' "j.
Lxxr *nyg *LxU = nyf *Lyyg *LyU- 0 :f
Thus, ;j
* -1 :‘:-
£ - - Lxx Xy LxU )
L
L
8 Xy LYY yu
It turns out, however, that LxU-LyU-O at R== thus, f'(0)=g'(0)=0.
Therefore to get the first order term we need to compute f" and g". Note

first that

L £ * Ly 8" *Lox (£1)252L, 50, €18 *Lygyy (8')2+2Lyyyf ' +2Lyy y8* *Lyyy = O

[ " 132 t ot )2 ' ' -« 0
nyf'¢Lyyg ‘Lxxy(f ) ‘2nyyf 8 'Lyyy(g ) *ZnyUf *2LyyUg ’LyUU

N Y IR TP TP v,
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However since f'(0)=g'(0), this reduces to

L _f"+L g"+L . = 0
XX xy X

uu
L f""L ""L - 0
Xy yy® Ttyuu
" ..1
f - - Lxx ny LxUU
”
L L L
& Xy Yy yuu

at the point of interest (U=0 or R==), Thus we need to evaluate this
expression and take the limit as U->0 (R->=). Since we are examining two
techniques, this will be done for both. However, the calculations are similar
for both techniques, 80 the majority of those calculations shown will be for
the sine of squared angular error. Wherever a difference {n the techniques {s
of interest, the calculations for both will be shown.
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MATH APPENDIX

1//R%+a =% (‘112) R2(=1/2-1)al « (1/R)-(1/2)(1/R3)a+(3/8)(1/R5)a?+ 0O(1/RT)
Thus,

(x,y,R)//xT+yT+RT=(x,y,R)[(1/R)=(1/R3) (x2+y2) /2+(3/8) (1 /R5) (x2+y2)2+ 0(1/RT)]

(x,y,R)/VxT+yTeRT=(X Y, ,R) //X3+YI+RE
=(x=X;,y=Y 0001 /RI=(L(x, ¥, R) (x2+y2)=(X,, ¥ ,R) (x2+¥2) ]/2) (1 /R3]
+ (0(1/R5),0(1/R5),0(1/R4))

Thus Di-[(x-Xi)2+(y-Yi)2][1/R2]
-((x-xi)(x(xz*yz)-xi(xf*Y%))*(y-Yi)(y(x2+y2)-Yi(X§+Y§))J[1/Ru]
+([(x2+y2)=(x2+¥2)12/1)[1/R4] + 0(1/RE)

And so 1/D = [1/((x-X;)2+(y-¥,)2)1[R2] + O(R")

Also,

Ey = [(x,y, RI/VXT+yZoR3 (X, Y, R) /VXESTERE]

,-[-(x-Xi)cosei¢(y-Yi)sinei]-[-xcosei+ysinei+x cosh ~Yisinei](x2*y2)/2[1/R2]

i i
+ 0(1/RY)

-[‘(X‘Xi)cosei*(y-Yi)sinei]*[(x-xi)cosei-(y-Yi)sinei](x2¢y2)/2[1/R2]¢ 0(1/8Y4)
-di—di(x2+y2)/2[1/R2] + 0(1/R%)

- - 2 2
L -tl(2E, D -E;D, JE,/(F;03)] + O(R?)

L =z((2E, D .-E
y (2B

2 2
yP17E4Py, IE/(FiDPT + O(RS)

As was mentioned earlier, the weighted perpendicular technique (*) utilizes

a different Lx and Ly. Specifically, L; and L* do not have Di xand D1 y
» 1
terms, respectively. Thus, the weighted perpendicular technique has

L*« $((2E E )/(F D )] + O(R2)
x t,x 1 11

l_ . 2
Ly z[(zsi'ysi)/(Fioi)J 0(R€)

where
- - 2,,2 - ~(y- 1/R2 1/RY
Ei.x cosel¢[cosel(x ry<)e2x((x Xi)cose1 (y Y1)°1“°1)]/2[ Re] + O )
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- -cosei0[cosei(x2*y2)/2-xdi][1/R2] + O(1/Ru)
D, = 2(x-Xi)[1/R2]-[X(x2*y2)‘xi(X?*Y?)*(x-xi)(3x2¢y2)+(y-Y1)2yx][1/Ru]
+0(x20y2)=(x2+¥2) Ix[1/R4] 0(1/Rr6)
- Z(X‘Xi)[1/RZJ'[(x-Xi)(X?*Y?)*(x-xi)(3x2*y2)*(y-Yi)2yx][1/Ru]*0(1/Re)

By " sine‘+[-sinei(x2+y2)/2-ydi][1/R2] + 0(1/RY)

Dy y " 2(y—Yi)[1/R2]—[y(x2+y2)—yi(x§+yi)+(y-yi)(x2+3y2),(x_xi)2yx][1/Ru]

+[(x2+y2)-(x§+Y§)Jy[1/R“] + 0(1/R5)

2E D

i,xPi"F

ol = - 2 - 2y- - 2
iDi,x [ ZCOSBi((X Xi) +(y Yi) ) 2di(x Xi)] [1/R<]

*2(cosei)[(x-Xi)(x(x2+y2)—Xi(Xf+Y§))+(y-Yi)(y(xz*yz)-Yi(Xﬁ*Yi))][1/Ru]
~2(cose ) ([ (xZ+y2)-(x2+¥2)12/4)[1/R")]
+[cosei(x2*y2)-2xdi][(x—Xi)Z*(y-Yi)2][1/Ru3

*di(xz*yz)(x-xi)[1/Ru]

*di[(x—xi)(3x2+y2+x§+y§)+(y-xi)2yx][1/R“] + 0(1/8%)

. 2 g2 2 p2y- _g2 3
L ~Il(2E;  D{E,-E{D,  Di+2E{ D{)-2(2E; D;E,-ETD, )D;  1I/(F;D{)]

i,xx 1 i, i"i,x ’

L %l 2g -2 2 2y- -g2
vy IL(ZEi'nyiEi EiDi,nyi+2Ei,yDi) 2(2E1,yD1Ei EiDi,y)Di

L « 2g -2 - 2
xy"fL(2E;  DYE,~E{D, . D;*2E; D, DE;-2E, /D, /DE;*2E; JE; 40P

-2(2E -g2 3
2( i,xDiEi EiDi,x)Di.y]/(FiDi)J
2 2 2
-1[2E - - -
e i,xyPiB1"EyDj xyDPi=2Ey yDy yDyE4=2E; Dy DjE4+2E;Dy Dy,

2
+2E D1]/(Fio§)}

3
y]/(FiDi)]

y
i.in.y
E - - - 2

i, xx Ei,yy Ei,xy 0 + 0(1/R%)

Di,xx- 2[1/R2:| - [(xf*Yzi)*(3x2*y2)‘(x-Xi)6x*(y-Yi)2yJ[1/R“] . 0(1/R6)
- - + +(y~ 4 6
Di,xy- [ (x Xi)2y 2¥x (y Yi)2x][1/ﬁ ] + 0(1/R®)

- 21 - 2.72) e (v243v2 - lxm 4y ., 6
Di'yy 2[1/R€] [(xi+yi) (xc+3y<)+(y Y1)6y (x xi)zx][1xn ) + O(1/R®)

Only the first order term matters as R->e for these terms. Thus at R=e,

I, xx Ei,yy Ei.xy 0 R Di.xx R Di.yy 2 R D1.xy 0

E - - 2 - - 2p - -Y
i x cose1 Ei,y sine1 R Di,x 2(x xi) R y 2(y 1)
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Ei-[-(x-xi)cosei+(y-Yi)sin61] R’Di-[(x-xi)2+(y-Yi)2]

APt S o |

R2/F =
Fi 1

b
7

]
P

L =r[d2(-D,
XX 1 1,XX

D +2D2 2
1*201' ’x)*2cos ei

=Lla2(6(x-X;)2-2(y-Y )2)+8d, (x~X,)cos8 ((x-X,)2+(y=Y,)2)

5 %
..{l.t‘ I

s

y 2 2p3
x)* dicosei(bibi Di]/[R Di]

2c0s2 X )2¢(y-Y 12)2 “X )24+ (y-Y 1273 P
+2c0s ei((x Xi) +(y Yi) 1< 170 (x Xi) +(y Yi) ] E;\
o~
L ey(d2(- 2 - 28 02 2n3 "~
vy I(di( Di,yybi‘ZDi,y) udiSinei(DiDI,y)+251n eiDi)/(R Di) g,
-z[d§<e(y—yi)2-2(x—xi)Z)—adi(y-yi)sinei((x-xi)2+(y-xi)2) .
-
*251n261((x-Xi)z*(y—Yi)z)ZJ/[(X‘Xi)2+(Y‘Yi)2J3 e
h
(e
L .42 - —-2aj 2 2 ~
xy = z(<jiDi’xDi'y + 2di(coseiDi,yDi SIneiDi,xDi) 251neicoseiDi)/(R D?) ‘
¢ ETBA2(x=X ) (y=Y.) + kd((y~ ~(x-X.)s1 X, )2+(y-1.)2
( {(x Xi)(y Yi) + di((y Yi)cosei (x Xi)51nei)((x Xi) +(y Yi) ) 2
.
- i - 2 - 232 - 2 - 233 RS
251neicosei((x Xi) +(y Yi) €Y /7 ((x Xi) +(y Yi) ) iﬁ
Let !;
ot YTy =y o
Thus, .j::.
o
- 2,n2)3 N
Lxx 2[(M1+Ni*0i)/(ei*ni) ] %_
L - / 2+n2)3 ;\_
vy XE(Pi*Qi*Si) (ci*ni) ] ::f
- Il 2+n2)3 o~
ny IL(Ti*Ui*Vi)/(ei+ni) ] g
S
L - L . {
yx xy -
where -
e 42(fe2-502 o
Mi di(GEi 2"\1) -f;
- 24n2 i
Ni 8dicicosei(ei*n1) ?
- 2 2,.2)2 -~
0, = 2cos®e,(ef+n?) .:ﬁ
. 42(6n2-2¢2 NS
Py = eg(6ni2e9) N
AV

- - 2+nd
Q 8dinisinei(ci*ni)

™,

f -

-

S - 2 2 2 ot
1 = 2sin2e (e2+nd) ;;
- 2 I-“.\
Ty = Bdfeymy h%

R -

‘
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~l -8_
L
5:
!\" 2
R Ui - udi(nicosei cisxne ) (e AN )
D - —oai 2y2
- Vi 251neicosei(ei*ni)
(‘\
‘;: Using similar calculations, the weighted perpendicular technique produces
‘.l
o, * 2412)c0s2 24122
Ao Lxx z(2(ci+ni)cos 61+Ucoseidici)/(ci+ni)
* 2412)sin28 +lsi 244212
o3 Lyy 2(2(ei+ni)51n o+ 51neidini)/(ei+ni)
'l
. ¥ cloo(e24n2 4 2402)2
o ny £( 2(ei+ni)sineicosei+ coseidini)/(ei+ni)
L * ot (o(elen2 s - 24n2)2
! Lyx I( 2(ei+ni)sineicosei Usineidisi)/(ci*ni)
f& Returning to the the sine of squared angular error technique, recall that
v
e
'
o5 L L |71 -1 L -L
& _ XX yXx L, Yy Xy
i L L Determinant -L L
A Xy Yy yx XX
\:':
s where the Determinant = L L -L L
~ XX“yy “xy yx
~ “IL(M P +M;Q 4M;S #N P +N Q+N S +0 P 40, 1957048, )/[(52+n2)3(e2+n2)3]
: J i3 J 17 it i) J J
- XZ(T jTy*2RT U #2% T,V #200 V 4V, V 40U )/[(c 2)3(52+ 2)33
i 3 J j 1 KRR
,ﬁ: Terms of order di may be ignored for relatively accurate LOBs. All
N of the above terms are at least order d, except for 0.S. and V V. Thus,
o~ Determinant = [II(O SJ-V.V )/[(:?*n2)3(e§+n2)333 + 0(d; )
I‘_'.
. -“Iicoseisinej(c 2)2(6J 2)2(coss, sinej—sine .CcoSH )/[(52*n2)3(cJ §)3]*O(di)
:':Z =41Icos6, sing . sin(e -8 )/ n2)(e2+n2)] + 0O d;
~ 1 9J ( 3 ) [(e )(eJ J)] (d,)
A =2LIcos8 - 2,2
o ismerin(eJ 8 )/[(e1 ni)(ej J)J
{f *2220036J31ne sin(e -o )/[(cj*nj)(cz*nz)l + 0(dy)
.':‘
.'_‘ - - i - . + O d-
. 2££sin(eJ ei)(coseismeJ cosejsinei)/[(e +ni)(cJ n2)] (d;)
e Finally,
X
.
ok Determinant=25Isin?(g -¢ )/[(52 2)(52”12)] + 0(d))
N J JJ
P - 2,.2 2
v- xx [2rcos? ei/(ci*ni) + O(di)] + 0(1/R%)
. L = 2 2,.2 2
s yy-(2Isin®e, /(efen) + 0(d)] + O(1/R)
7
of 2,.2 2y .
,: ny [ ZZsineicosei/(ci*ni) + 0(di)J + 0(1/R9) Lyx
49 _ 2,.2 42 2
N\ A Li,x'[ 2cose,d,/(e{+n{) * O\di)] + 0(1/R€)
>,
5

L
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2,.2 2 2 >
Li’y-[ZSineidi/(ci*ni) + O(di)] + 0(1/R<)

With these assumptions((di'o)and(R->w)), the IGRV values for L;x' L;y. b
LY, LY ’ L , and the Determinant® coincide with those above. :\j
Xy i,x i,y N
.,\.

23
Computing LxUU at U=0 or R== is simplified by the fact that the terms ;u
N

making up Lx can be chosen so that Lx-zakbk...ck where ak,U-bk,U-"'-ck,U'o 1.
at U=0 (R==), Thus mixed terms equal zero and one is left with :{'
- I

LxUU (Zakbk...dk)(ak'UU/ak+bk'UU/bk+...+ck'UU/ck) N
' 7.4

<,

The terms used in the two kinds of products making up LxUU are: i
i
2 2 2 Sy
E1 . Di,x/U , Ei,x , Fi U¢ , and U /Di . ::f

At U=0 or R=o N

\

'h

- =(x24y2 -
Ei,uu’Ey (x%+y%) iﬁ.
\.

E /E = -(x2+y2)+2xd /cos8 R
1,x00" %1, x 175578 2
2 2y o —[(x24y2 2,,2 - - ~

(Di’x/U )UU/(Di'x/U ) LOX{+YT)+3x%+y J+20(y-Y;)/(x xi)]yx ::
2 J2) = - 2 2
(F +U%)y/ (F4+U?) = 2(X cose,~Y sind ) !,.
'

2 ™
20 (x=X, ) (x(x2+y2) =X, (X2+Y2) ) +(y-Y )(y(x2+y2)-Y (x2+Y2))1/0 (x~X )2*(Y‘Y )2] o
i ity i i 1"71 7 i i i

-2([(x2»y2)-(x§+y§)JZ/u)/[(x—xi)2~(y-yi)2]

- =(xl4+y2
Ei.yUU/Ei,y (x€+y<)+2yd,/sing

i

(D, /UR)y/(Dy /U%) = -[(X§+Y§)+3y2*x21*2[(x-Xi)/(Y'Yi)]yx

v e e
(A ',',l,{l,n

4
=

Terms which are dependent on i are proportional to Lx terms and hence add to

zero. Therefore, at U=0 (or R==) and di' 0

£(product)Ei'UU/E1 - 0 e

4 o

R Y 3y
R

ALY

L(product) Ei,xUU/E -0 (product) Ei,yUU/Ei.y 0

i,x
Thus,

2 2 .2 2 2
/U:)UU/(DI.X/U Y+(1/F-U )UU/(1/F u2)+(U /Di)UU/(U /Di)]

- 2 2 o112 ol]2 2 2/
LyUU L, [(p, /vy )UU/(Di,y/U y+(1/F.U )UU/(1/F U2)+(v /DI)UU/(U Di)]
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Y

n - Cm W]

f .- Lex xy Lyuu f.:':

" N

L L L

g xy yy yUu .

a special case will be examined. In particular, the emitter is assumed to be e
at (x,y)={0,0). This is, however, a logical place to put the plane. o
'

£

Then, n
(D, _su?) /(D, _/U?) = -(X2+Y2) (D, _/U%) /(D , _/U?) j‘
i,x uu i, x 17 i,y uu i,y =
i/F U2 2U2) = -2d2 o
G/F 2U%) )/ (1/F -U%) = ~2d8 3
2/ = 2[X2+Y2-(X2+Y2 - 6(X2+Y2) /U4 -3
(v Di)UU/(Uz/Di) 2[Xi*Yi (X14Yi)/u] 6(xi*Y1)/ s
Therefore, S
r\i

L - -l 2evy2 “a9
XUU E[Li'x( 2dg + (x$+¥£)/2)] -

S

LyUU-X[Li.y(~2d§ + (x§+y§)/2)l i‘
Since the weighted perpendicular technique utilizes a different Lx and Ly. E:’
it should produce a different L . and L Juu* In fact, :E
Liyy= ElL i'x(-zdf + 3/2(x2+¥8)) ] E@
L;UU- IlLy (242 + 3/2(x2+¥2))] &‘

Notice that the only difference in these values and the ones above, is that

the (X§+y§) term is multiplied by 3/2 rather than 1/2. This is due to the
lack of a Di

.’.'-’.,.

Sy

(Di y) term in the equation for L; (L;). {Remember that

B IAR W od )

2 12y o —(y24y2 -
(Di'x/u )UU/(Di,x/U ) (xi+yi)} -
Finally, o

y
" g - -
f L 1/Determinant][LnyxUU nyLyUU] 52
\"_
C N
g" = [-1/Determinant] LnyxUU‘LxxLyUU] ::
LSX
L - -l ~ 2 24n2 0s8,8ine .d,/(e2+n?)
yyExuu nyLyUU (-II2sin eicosejdj/(ci*ni) +1128ine,c038, 394 (eg*ng %
N
+0(d2)] + 0(1/R2) )
i N
]
- - 2492 2)3 + 0(1/R2) y
[2££sineisin(ej Bl)dJ/(ci*ni) + O(di)] ( |
~J'
Ly xLxUu*LxxLyyy=[-LI2sin8 cose cos6ydy/ (eg+ng) +1I2c0s2881n64d /(c3+ng) :E_
N,
+0(a§)] +« 0(1/R2) N
Y
RS
l.‘ i
R e N O R N N S R N N LN NI NSO NN NN N NI DI NI,



O W W VW W T

£
-11_
$§
| 2%
el
s =[2rIcos8 sin(e -8 )d./(e2+n?) + 0(a2)] + 0(1/R?)
gy i J i°7) i i
‘
f
‘ The only difference in (- Ly LxUU xxLyUU) and (LnyxUU nyLy"U)' and
[N therefore in " and g", resulting from the weighted perpendicular technique,
il
5; is that both are increased by a factor of three. Thus,
U X
r) L LY - o i - /(2402 2 2
nyxUU nyLyUU [Zzéslneisin(ej e.)dJ (c.*n.) + 0(a¢ )] + 0(1/R¢)
X - * - 2402 2 2
-2 LnyxUU‘Lxx yUU =[LI6cosH, sm(eJ 8 )dJ/(c +n{ ) + O(d )] + 0(1/R<)
{ﬁ Returning to the sine of squared angular error technique, it follows that f"
o and g" can be expressed as
e - ; - 240n2 2 - 2enl 2402
f [2££sineism(eJ ei)dj/(ci*ni)]/{ZXZsin (eJ ei)/[(ci*ni)(cj*nj)]} + 0(di)
b - - i i - 2.,2 inl - 2enl 2402
?: [}:}:smeisln(eJ ai)dj/(ei*ni)]/{2251n (eJ ei)/[(ci*ni)(cJ*nJ)Jl + 0(d))
3 -
"e -[27TcO - (240 2 - 24n2 2+4n2
. g (2 Seisin(eJ ei)dj/\ci+ni)]/{22£sxn (eJ ei)/[(ei*ni)(ej*nj)l} + O(di)
- - - - - 2402 2(g - 2412y (242
& [22°056151n(6j ei)dJ/(ei*ni)]/{Zzsin (eJ ei)/[(ci*ni)(cj*nj)]} + O(di)
'--
;: For the weighted perpendicular technique used in the IGRV code, a different f"
,;' and g" are produced.
= fr= -3[£Zsine.sin(ej-e )d./(cz*nz)l/{tzsinz(ej-e.)/[(c?*nz)(ci*ng)l} + 0(d))
w g"= -3[IZccss, sin(ej-e )dJ/(cz*nz)]/{zzsinz(ej-e )/[(ez*nz)(ej+n§)]} + O(d )
=
~)' Since the only difference in the terms for f" and g" between the two
- techniques is a constant multiplier, in simplifying the two terms, we need
2 only concentrate on the sine of squared angular error technique.
-
o Note that if b 2 O for all i, then
- min{ailbi} S Ia /b, 2 max{ai/bi}
::: i i
j: Additionally,
Y
3 -sin(ej-ei) - sin(ei-ej)
s
'-'.' - 2 2 -
e ||(sine ,cose )|| = sine, + cos?e, = 1
\
- In order to investigate the size of the f" and g" terms, we study the norm of
> (f",g"). Using the facts mentioned above, we can do the following.
e
! " on n n - /(e2en?
h? Flcem,g™)]] s 1§1||(sinel.cosei)|| s [sin(e, ej)dj (ed+n])]
3":.': {sin’(e ) )/[(c’m )(c )J]
) s J
-~
.r:'
Cis f._-,. o f\f..-’\f ~..r__f_'.' X "'.'-‘.':s-. _.‘. .-\__. '. _;‘\- \.- -*,.,.. o ‘J'_‘.-\ _J'_.\ ,. \ G ‘. ..........
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$ max | rVsin(e -6 )d, / IM(sin?(e -6

24l
s 9% 7 gh /(o))

J

Now, fix the i such that the expression is maximized. Thus,

cem,em ||

A

n - n 2(g - 2,2
jEysin(e, ej)dJ / J§1[sin (8, eJ)/(cJ+nj)]|

S |max{d,) Znsin(ei-e

I ) 7 {L1/max(e3en2) ] st (0, -0,)) |

J J 3=
J

A

Ngin{g, - 2(g -
[J£1s”‘(°1 8,) /,Iisin“(e, ej)] max{d

242
30 /45 J } max{eg njll

J
Furthermore since nzxf 2 [zxi]z. calculations show that
2 - rvd
ZXi/ZXi < n/EXi 17X

Therefore,

||(f"38")|| <

2,2 -
mjx{dj}mjx{ej nj} / avg[sin(ei GJ)]

Finally, the distance between the fix produced by the two methodologies (two
dimensional versus three dimensional) is

distance < ||(f",8")|]|2 [1/R?]

24,2 - 2 2
g mjx{dj}mjx{ej+nj} / avg[sin(e1 eJ)] [1/R<]
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