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The small difference that does exist between the fix methodologies only
reflects a difference in the weighting of the different data. In line of
sight applications, the weighting in the three dimensional method makes less
sense than the weighting of the two dimensional method.

METHOD OF ANALYSIS

The fix methods and gnomonic projection are not affected by how latitude
and longitude coordinates are assigned to the sphere (to within spherical
rotations). Therefore to shorten expressions, we will start by assuming that
the point of tangency of the plane with which the gnomonic projections are
taken is at (O,O,R), where R is the radius of the Earth.

z-R is the gnomonic Plane

(XiYiR)-the ith sensor location in the gnomonic plane, (Xi,Y i) fixed.

8.-the angle of the ith line of bearing in the gnomonic plane

(x,y,R)-the location estimate in the gnomonic plane.

The ith plane of bearing corresponding to e1 is spanned by (XiY i R) and

(sinei,cosai,O), and goes through (0,0,0).

n - the unit normal corresponding to the ith plane of bearing
which is proportional to (XiYiR)x(sineicosei,O)

or (-Rcosei,Rsinei,xicose i-Y sine i)/R
2+(Xi cose i-Yisine )2

(x,y,R)(R/x 2 -Y+RT)- point on the Earth with gnomonic projection (x,y,R)

(Xi,Yi,R)(R//X1+Y+R 2 )- point on the Earth with gnomonic projection (XiYi,R)

The two dimensional likelihood function to be minimized for two dimensional
sine of angular error is

L2 - E[(x-Xi, Y-)(-cosei,sine )]2/[(x-Xi)2+(Y-yi )2 ]

The three dimensional likelihood function to be minimized (based on the
inverse image of the two dimensional sensor locations and bearings) is

L =E([(xy,R)/Ix2 +y+_ R -(Xi,Yi,R)/,/X+y+R'].n}2/D

where

C1 - (-Rcosei, Rsine i , Xicose i-Y i sine i

d - -(x-X i)cosi+(Y-Yi)sine, - signed perpendicular distance

n- normal unit vector - C /llc

Fi - 11ci 1l2 - R2 (Xicose i-Y sine)2

11F - 1/llc ll2. 1/R2 -1/R'(X icose -Y sine )2 ] O(1/R 6 ) (as R->-)
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Di - IIC(x,yR)//x2,y2+R' -(X.,Yi,R)/VX i+Yi 2 +R212

E, " [(xyR)//x2 +y2 +R2 -(XIY IR)//X2 +Y2 R2] C
I ii ii

CALCULATIONS

L - E2 /(F D

lim min L - E[-(x-Xi)cosei+(Y-Yi)sinei] 2/[(x-Xi) 2+(y-Yi) 2 ] - min L2
R->

This implies that the limit of the three dimensional fix (as the relative size p
of the Earth to the scale of the problem goes to infinity) is the two
dimensional equal to the two dimensional fix.

To get an idea of the actual difference, expand the Taylor Series for the
three dimensional fix about R--. The constant term is the two dimensional
fix. The first derivative term shows the dependence on R.

The two techniques mentioned above, solve the problem of minimizing L and
L2 differently. The sine of squared angular error does so by taking the
partial derivatives of the functions and solves them for zero. The weighted
perpendicular technique approachs the problem by taking the partial derivative
of only the numerator of the expression. In leaving the denominator alone,
this technique weights the value of the derivative. The resulting expression
is then set equal to zero and solved.

3-D FIX METHOD

We will need to use the correspondence between (x,y) in the gnomonic

projection and (x,y,R)//x2 +y 2 +R2 in the three dimensional representation.
If x-f(l/R) y-g(I/R) denote the implicit functions defined above, then

L x(f(1/R),g(1/R)) - L y(f(1/R),g(1/R)) - 0

Hence with U-/R

L f +L g'.L -L f'.L g'+L -0 '
xx xy xU xy yy yU

Thus,

f Lxx Lxy LxU

giL L L
xy yy yU

It turns out, however, that L -L -O at R-- thus, f'(O)-g'(O)-O.
xU yU

Therefore to get the first order term we need to compute f" and g". Note

first that

Lxxf" Lxyg"+Lxxx(f')2 2Lxxyf'g'+Lxyy(g')2 2Lxxuf' 2Lxyug' LxuU - 0

L f +L g +L (f )2 2L f gt L v(g )2+2L vf '2LYYUg 'L vUU - 0

Lx f 1-
-- J J J JI J .*@ jjv Iv-.,.

. . . . . ... .,
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However since f'(O)-g'(O), this reduces to-- bb

Lx f"+L xg"+L - 0
xx xy xUU
L fl'+L gf'L -0

xy yy"yUU

fL L xy LxU U

" Lxy Lyy LyUU

at the point of interest (U-0 or R--). Thus we need to evaluate this
expression and take the limit as U->O (R->-). Since we are examining two
techniques, this will be done for both. However, the calculations are similar
for both techniques, so the majority of those calculations shown will be for
the sine of squared angular error. Wherever a difference in the techniques is
of interest, the calculations for both will be shown.

."

,%
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MATH APPENDIX

CD

= (-1/2) R2(-1/21i)ai - (1/R)-C1/2)(1/R 3)a+(3/8)(1/R5)a 2+ 0(1/R 7)
iE0 i 9

Thus,

(x,y,R)//x2 +-y2 +R2 -(x,y,R)[(1/R)-(l/R3)(x 2+ y,(3ecR5x+Y). 0lRJ

(x,y, R) /v/xT2 y2 R I(x Y R) //X 2 +y 2+R2
i'i i

-(x-X.,y-Y 0O)E1/RJ-([(x,y,R)(x 2+y2 )-(X ,Y R)(X 2+y2 )]/2)E1/R 3 ]
1 i' ' I' ii

+ (0(1 /R5) ,0(1/R 5) ,0(1 /R14))

Thus D -[(x-X1 )2e.(y-y )
2JL1/R2 ]

-C(x-X.)(x(x2+y2 )-X (X?.y2))+cy-y )(y(x2+y2 )-y (X?+Y?))]Cl/R41

+([(x 2+y2 )-(X??) ]2,1I)[1/R4] + 0(1 /R6)

And so 1/D. C1/((X-X.)2+ (y-y )2 )]CR 2 ] + 0(R4)

Also,

E1  [(x,y,R)/,/X2 +y2+R2 -(Xi,pY,R)//VX2+y2 +R2J C.

.=[-(x-X.)Cose+(y-Y)sine J-E-xcose.+ysine +X Cosa -Y sine ](x2+y2)/2[1/R 2 ]

+ 0(1/R4)

-[-x- )os +Y 1)sine 1 4(x-X )Cosa -(y-Y.)sinie ](x2+y2)/2[1/R 2J. O(1/R~

-d -d (x2+y2 )/2[1/R 2] +0(1/R 4) S

L -EC(2E D -E D )E /(F D?)] + 0(R 2 )
x i'x i I i'x i i 1

L -E[(2E D - E D )E /(F D2 )] + 0(R2 )
y i'y i I i'y I I I

As was mentioned earlier, the weighted perpendicular technique (')utilizes

a different L and L * Specifically, L* and L* do not have D and Dx y x y i'x i'y
terms, respectively. Thus, the weighted perpendicular technique has

L . EP(2 E )/(F D +] * (R2 )
x i'x i i i

L*- EC(2E E )/(F D +J * (R 2 ):9
y i~y i i i

where 9

E, x -Cosae +(Cosa (x +y2 )+2x((x-X i )Cosa 1 - (y-Y i)sine 1 ))/2C1/R] 0(Ru
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2- 2 2-x [/ (-- cose +[cose(x ~y )2x.[/ (/

D - 2(x-X.)[1/R2 ]-[x(x 2 y 2 )-X CX2 +y2)*(x-X)32y+(- yxl/j
I+Cx 1 Y -X2y]1/4 + 0X/R)(x4)(-Y)y[/RJ

- 2(x-X )[1/R2]-(X-X. )(X2 +y2 )+(x-X )C3x 2+y2)+(y-Y.)2yx][l/R4J.O(1/R 6 )

E. - sine,+[-sine.(x2 y 2 )/2-yd.3[1/R2J 0(O1/R4)
Ily .A 1

D.' - 2(y-Y.)[1/R 2]-[y(x2 y 2 )-y (X2+y?)+Cy-y )(x2+qy2).(x-X.)2yxll/R4J

+[(x2+y2 )-CX2+y2) Jy[i /R1 J + 0(1 /R6 )

2E i D i-E D -[ -2cose .((x-X.i) 2+(y-y )2)-2d (x-X.i)] [1/R 2 ]

+2(cose.)[(x-x.)(x(x2+y2)-X (X2+y2))+(y-y )(y(x2+y2)-y. (x+2)[/~

+*[cose ix 2+ y2 )-2xd.][(x-x.)2 +(y-y )2 ][1/R~i

+d. (x2 +y)xX)lR
2+~~ ~ ~ 0+2y)(Yy4 (1/R6)

+d [(Xx-X)(3x 2y 2  
+2xC/

L -Z[(2E. D2E -E2D. D.+2E2 D2)-2(2E D E -E2D )D ]/(F 03 )]
xx 1,XX1J.i i iXX1 1 , x1 i'x i i 1,x ix i I

L -Ex[C2E. D2E.-E 2D. D.+2E2  D2)-2C2E D E -E2D )D ]/(F D3 )]
yy i'yyi i 1 i 1yy 1 1,y i i'y i i i i'y i'y I 1

L -Z[(2E. DE -E2D. D.42E D) D E 1-2E D DE +~2E E. D?)
xy i'xy 1 i i I,XY 1 i'x i'Y 1, 1, IX 1, ixiy 1

-2(2E D E.- E?D. )D J/(F 03 )]
i'x 1 1 1 i'x i'y 1 1

2 2 2
-ECi2E. iXD ~-i XDi-2E ~i,D i-2 1,' D i,xD E1 42EiDi~xiy

i ixy 1E-i 1 ,y i 1 1 11

E. -E -E -0+0(1/R 2 )1,xx I"yy i'xy

D - 2[1/'R2 ] [(X24y?)4(3x2.y2).(x-X )6x4(yY 1Y)2yJ[l/R4J * (1/R6 )
i'xx1

D. -[xw (x-X 1 )2y+2yx.(y-Y )2x[l/R4] + 0(1/R6 )

D -2[1/R
2 ] [(X24y?)4Cx243y2).(y-y )6y.(x-X )2x][l/R4] 0(1/R 6 )

I"yy11

Only the first order term matters as B->- for these terms. Thus at R--,

E -E -E -0 R 2D R R2D 2 R -
i'xx i"yy- i,xyw i,xx- iyy i~xyw

E I-cose1  E -Ysin81  R 2D X.2(x-X R R2D -2(Y-
ix x ily -)

_% IN
%'%L. ~ ~ sz. Nz
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E -[-(x-X.)cos (- )si R 2D .[(x-X )2+(y-y )2 3

R 2 /F 1 i e(.1sn]9

L -E[d?(-D. D.+2D?, )+J4d cose (D D )+2cos 2O D?]/[R 2D3]%XX I 1,XX1 1,x i i i i,x i 1 1

1 1 1 1 1 i i

+2cos2 e ((x-X.) 2 +(y-y.) 2 ) 2J/[(x-X) 2 +Cy-y )2J33

L -Z(d2(-D. D +2D2  )-4Id sine (D D )+2sin2e D?)/(R2D3) -

yy 1 i'yyli i ,y i i i i'y ii

1 1 1 i i 1 i i
+2sin2 e ((x-X )2 +(y- )2)23 - )2+- )233

L - (',j?D. D. + 2d.(Cose.D. D.-sine D D.) -2sine cose D?)/(R 2D
xy -1 I~x xy i 11,y l i i'xi i i D

-Z[8d
2 (x-X.)(y-Y )+ 4d ((YyY)Cose 1 (x-X )sine )((x-X.)2+(y-y )2)

-2sine Cose.((x-x )2+(y-y.)2 )2 ] /((X-X.) 2 +(y-y )2)3

Let

Thus,

L - r[(M +Ni+ ME2n23
XX i i i I i
L - E[(P +Q +S M 2IAn2~)3]
yyI I II

L - It[(T +UJ +V M )( 2 T,?) 3 ]

L -L
yX xy

where

M -d
2 (6E 2 -2ni2 )

0. 2cos2O/:c2+n2)2 1
P-d2(6n2-2c2) 4

Q - -8d nsine (E2 +n2)
i I

S - 2sin2 e (c2 +n2 )2

T - 8d2  r Ein

N N b1%



U - 4d. (ni cose Esine ME 2Cc+n)

V . -2sine cose ( +,)
i i ii i

Using similar calculations, the weighted perpendicular technique produces

L*x- Z(2(E 2+n?)cos28 44cose dE)(?n)

L *Y (2(E 24n 2)sin 2e +'4sine d n )(2n)

L *Y (-2(c 24'n2)sine cose +'4cose d n )/(c2+n2)2
xi i i 1 11 i i

L-E(-2(c2+n2)sine cose.4i6dE/En2

Returning to the the sine of' squared angular error technique, recall that

L L -- 1L -L
XX -x yy xy

L xy L yDeterminant -L yx L

where the Determinant - L L -L L
XX yy xy yx

=Xl(M.P.+M.Q +M S +N P.'N.Q.N.S+0 P +0 Q +0 S )/[(c?+n,?) 3(E2+n2 )3 ]
1 1 ±J i 313133I1j3 j i i j 11 J

- Z(T T +2*T U +2*T V+2*U.V4'V.V U U )/[(c 2 +n2)3(E 2 +nf2)3 3iJ 13 1 1 13j i j 1 1 1
Terms of' order d. may be ignored for relatively accurate LOBs. All

of' the above terms are at least order d.i except for O S.i and V V J*Thus,

Determinant - [E(0O S -V V )/[(E 24'n2 )3(E 24n 2)3 33 + 0(d)i i ij i I .I j *j
-41Ecose sin E2l2)2( 2T2)2(oesne -sine cose ) /r(c +n 2Y3(c+-\)14'Q0

-4jZcose sine~ sin~e -0 )/C(C 2+r 2 )(E2+n2)] + 0(d)Si i i i j j
-2E~cose sine sin(e~ - )/[(C 2+n 2 )(C 'f2 n 2J

42ZEcosO sine si ~ 2 + 0(d1)

2 2 2 2-2E~sln~e J-e )(coseisine J-cose 1 3,1ne,)/C(Ei+ Ej+ ~

Finally,

- .-. termnntM i2 e8,'42+2(2+2] ~

L -.[2Ecos2e /( 2 +nr2 ) + 0(d) +' 0(1/R 2)

L -[2sin2 e/( 2 + Tn2 ) + 0(d1) + 0(1/R 2)

.1L -C-2Zsine cose /c22)+Od + 0(/2 L
2 c~ n) + (d 1) 0( 2)

L -'[-2cose d /(c +n) 40d
2)] +' 0(1/R)

V~ I i



L1 Y[2sine d /(c2+nI2) + O(d2]+ 1/R2 )

With these assumptions((d 0)and(R->-)), the IGRV values for LN LW
Ixx yy

L ,yL ,x, L ,yand the Determinant coincide with those above.

Computing L x at U-0 or R-- is simplified by the fact that the terms

making up L xcan be chosen so that LXZ =Ek b k. .ck where a k,-b kU"- -c kC

at U-0 (R--). Thus mixed terms equal zero and one is left with

L -(ra bk . d )(a /a +b /b +..* +c /c)
xUU k k*'k k,UU k k,UU k k,UU k

The terms used in the two kinds of products making up L are: -
xUU

E 9Di /U2  E r1*U2 and U2/D V

At U-0 or R--

E i'UU/Ei ( x2 ,y2 )

E. /E. =(x 2+y2)4-2xd /cose
i'xUU i'x i i

(1/UJ
2)u/D /U2) _ -[(x 2+Y2 )+3 x2+y2][yY)/xX)x

1 U xi i i 1

(F1.u2 ) )/(F U2) -2(X cose -Y sine )

(U 2 /D i UU /(U2/D i

1 i i i A+i)J/~AJ~~

-2([(x 2+y2)-(X2ey?)]2/J4)/[(x-X )24(y-y )2]
ii

E i u/Ei - (x2.y2)+2yd /sine ~

CD /U2 ) /(D /U2) _-[(2y)32x]2~- /YY)y

Terms which are dependent on i are proportional to L xterms and hence add to

zero. Therefore, at U-0 (or R--) and d i 0

r~product)E ~/E .

Thus,

L x -EL i [(D i /U2) UU/(D i /U2)+(l /F.U2) UU/(1/F.U2)+CU2/D ) UU/(U2/D ))

L -EL E(D /U2) /(D /U2)+(l/F U2) /(1/F U2 )4(U2/D ) /(U2 /D )
yUU i'y 1'y UU i'y UU I UU i 1

In order to calculate f" and g", where

L ~'~f 1 *~* 
~# '
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Sxx xy LxUU

g Lxy Lyy LyUU

a special case will be examined. In particular, the emitter is assumed to be h

at (x,y)-(O,O). This is, however, a logical place to put the plane.

Then,

(D. /U2 ) /(D /U2) - -(X2+y2) -(D /U2 ) /(D /U2 )
1,x UU i'x I I i'y UU i'y

(i/F U 2 ) U / ( 1/F-U 2 ) - -2d?
I UU 1

(U 2/Di)Uu/(U2/Di) = 2[X2 y2-(X2 y2)/4] 6(Xy2)/"

Therefore,

L -EIL. (-2d2 , (X2.y?)/2)J SxUU 1,x I i. 1

Ly-E[L1  (-2d2 (X2 y2)/2)J e

Since the weighted perpendicular technique utilizes a different L and L

it should produce a different L and L In fact,
xUU yUU*

L , [CL (-2d? + 3/2(X2+y2))]
xUU ix 1 ii

L*U- Z[L (-2d2 + 3/2(X2 y2 ))]
yUtJ i'x 1 1

Notice that the only difference in these values and the ones above, is that p..

the (X2+y2) term is multiplied by 3/2 rather than 1/2. This is due to the

lack of a D (D. ) term in the equation for L (L). (Remember that
i'x 1,y 2x2) y

(D /U2 ) uu/(D /U') - -(X 2 Y%)}
ix iX 1 ±

Finally, .5,

f" [-I/Determinant][L L -L L Jyy xUU xy yUU N

2%g,, C -I/Determinant][-LyL+x

yy~ ~~~~y xUU xy yULEsnB0s (cU 2 E

LyyLxu-LL [-Z2sIn2. LCse dr/(.2 22) E " 2sineicoseisined d "( 2e"

+O(d2 )) + OC1/R 2 ) %

-[2rEsine sin(e -e )d /(E 2 +n2 ) + 0(d2 )] + O(I/R 2 ) b

-LYxLxUU+LxxLyUU-[-E2sineicoseOcosejdj/(Ec n?) £12cos 2ejsinejdj/( +nj)

+O(d2 )] + 0(1/R 2 )

t '- ,'_ .. " . ' " z'. "..,''.''.' - ''. .':.--.F.F v..F.'.F- 
v . ; ; v . L ~ % 5...'
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=[2EEcose sin(e-e )d /(C2 +r
2 ) + 0(d2 )] + 0(1/R 2 )

3 i Ii i

The only difference in (-L yxLxuu+L xxLyuu) and (L yyLxuu-LxyLyU), and

therefore in f" and g", resulting from the weighted perpendicular technique,

is that both are increased by a factor of three. Thus,

L L of-L Ly u-[Er6sine sin( -8 )d /(E2 n?) + 0(d2 )] 0(1/R 2 )
yy xUU xy yUU i j i J i 1 1

-L Lu *L L * -[ 6coseisin(O -e )d /(E2 n2 ) + 0(d2)]j 0(1/R 2 )
yx xUU xx yUU 1

Returning to the sine of squared angular error technique, it follows that f"
and g" can be expressed as

f"- -[211sine sin(e -e )d /(E2 n?)]/{2EZsin 2 (e8-e )/[(c 2 n2 )(c2+- 2)]) + O(di)1 i .,i " j "j
- -[EZsine sin(e -e )d./(c2n 2 )]/(ZEsin2 (e J- )/[(E 2 n2 )(E2 n2 )]j + O(d )

I j ij ii I I ii ii i
g"- -[2ZEcose sin(e -e)d./(t2 +n2 )]/{2Zsin2 (e -e )/[(c 2 n2 )(?2 +n2 )]} + O(d )

I j1 ij i i
= -[11cose sin(e -e )d /(E 2 n2 )]/{ZZsin 2 (e -e )/[(E 2+n2 )(E2 n2 )]j + O(d )

1 ji j ii i i j 3

For the weighted perpendicular technique used in the IGRV code, a different f"
and g" are produced.
f,,= -3[Esine sin(ej e )d /(C2 n2 )/{£Esin 2 (e -e )/[(c 2 -2 )(C2+n 2 )]} + O(d )

f1 -L J- i i i ji i i j ,
g,,- -3[EEcoseisin(e -e )d /(E2 +n2 )]/{EEsin 2 (e -_ )/[E 2 n2 )(c2 n2 )] (d.)

1 i i I i i ij j i

Since the only difference in the terms for f" and g"' between the two
techniques is a constant multiplier, in simplifying the two terms, we need
only concentrate on the sine of squared angular error technique.

Note that if b k 0 for all i, then

min{a /b i Ea /ib a max{a /bi
i I

Additionally,

-sin~e -en~-sl( -8) - sin(Oi-8 j)

H1(sine,cose )11 - sin 2e9 + cos 2e -1

In order to investigate the size of the f" and g"t terms, we study the norm of
(f",g"). Using the facts mentioned above, we can do the following.

I (f",g") 11 S nl(sine,,cose,)l lln[sin(e1-ej)dj/(c12n'))

i2(e -e ) 2 + 2)(C2+n "

1.si- )/(C n ~ 5j]



,~ ,,, ,,,,
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max j.nsln(e -ej)d j / jn[sln
2 (e -e )/(E2+2)]

i

Now, fix the I such that the expression is maximized. Thus,

S"," . jln(e-ej)d j / jzn[sin2 (e-e )/(E2+-2)]

S maxdj Ijsin(ei-ej) / {[1/max{E2+nj2 2,]jsin2Ci

ISjjsine%) 'i- 2i-j 2
1nsn1 ( 1-% max(% IMaX[E+r

Furthermore since nX2 a [IX ]2' calculations show that

EX./IX2 . n/X - 1/ 7
1

Therefore, 'p

fmaxidjmaxfc2+-2/j / avg[sin(e.- ] 6'

Finally, the distance between the fix produced by the two methodologies (two
dimensional versus three dimensional) is

distance S II(f",g")ll 2 [1/R 2)

S maxd Imax{c2+n2} / avg[sLn(e -j)] 1LR2J
J J

a..
,

• "al
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