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INCOMPLETE LIPSCHITZ-HANKEL INTEGRALS !
OF MACDONALD FUNCTIONS

:
INTRODUCTION e b
An incomplete Lipschitz-Hankel integral of MacDonald functions K ,(z) may be defined as the ,..0:::"
following function of two complex variables: 'é:i::
z ' ':0
K, (a,z) = So e¥t’K (t)dt . D ¢

[ J
Here the symbol e denotes the presence of the exponential function and v may be complex. Analo- i

gously, we may define integrals which contain the functions sin (at) and cos (ar) in place of exp (at): :::-\'
o WY

z
K (a,2) = So sin (at)t"K () dt " ‘::
2 N 'l
K.(a,z) = | cos (an)t’K (t)dr . ) W
N 0 l.g‘:
4

To assure convergence of the integrals in Eqs. (1) and (2), it is necessary that Re » > —1/2.

FrLE

K, (a, z) converges for Re v > —1. o
. AN
Agrest and Maksimov [1] have found representations for K, (a, z) by using incomplete cylindri- _»_Q
cal functions. In this report we derive representations for X, (a, z), K| (a, 2). and K, (a.z) by ::',:::
using Kampé de Fériet double hypergeometric functions. We then give a representation for a general- -}"f
ization of X, (a, z). ::"6-
. RN

PRELIMINARY RESULTS AND DEFINITIONS

To begin, we state some well-known results that are found in Refs. 2 or 3:

SR EEX )
TN
/{v.',."?.

h ]
[4

<
§ K ()dt =+ v — DK (2)s,-1,-1() — 2K, 1(2)5,,(2) (3)

o

X

2
§ K 0dt = (e + v — 12K (2)S,_1,-1() — 2K, 1(2)S, () (4)

SO AR
P
W

e
(S

where the s, ,, S, , are Lommel functions:

-'.l

/

2

®
110

[
AR

pu—v+3 pu+v+3 -z
2 ' 2 "4

(5

!’ .
Yy

znt! [
Su2) = R+v+ D —-v+1 Fa Ll‘

e P LI
?y(..{‘f‘

When either of the numbers 4 + » is an odd positive integer,

Pt

-
.' .

&~
—_
'
>
l.

v —u + 1 v+ opu— | -

2 ' 2

S,.,(2) = 2*711F, B (6)
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We shall also need the Wronskian

K, @),@) + K,@),@) =1/z. )

By using Eqs. (4) and (6) we obtain for n an odd positive integer

z v+n —_ r+n-—1 n + l 2V + n + 1
f, 0" "Kdr =2"*"7T {——2 J r [———2 J

phn— l-n 3-2v—-n 4
- (2!‘ +n — l)Z + le(Z)3F0 lil, 2 , 2” - ?:]
1l —n 1 -2»v—n 4
-z"""K,_(2) 1, , s 5 | - (8

However, for all nonnegative integers n we find by using Eqs. (3) and (5)

2 “n Zv+n+l
t¥ dt =
SO K, (@)ar n+1

n+3 2v+n+l.z_2}
4

Fy|1; . )
K, (z), 2|: 2 )

Zv+n +2

n +DRv +n +1)

®

n+3 2r+n+3 22
2 7 2 4|

Ku—l(z)lF2 l:l;

Equations (8) and (9) are given in Ref. 2 for v = 0.

We define the following Kampé de Fériet double hypergeometric functions and give associated
generating relations [4.5]:

0:1;1 - a; B;
L[avB;'Ys‘S;xv)’]EFZ:O;O %5:_;_;x,y x| < oo, jy| < @

1:0; | a: ; B
Mla, 8; v, 8, x,y] = F 5 XY x| < o, || <1

110 v:
0:2;1 —a,. B v
Q[a,B.v;u,v.)\:x,ylEF2:];O gy A %Y x| < o, [¥] < o
[~ -] (a)m m

Lio, B: v, 0, x,y1 = 1

X
D@ my ARt yem o+ by (10)
m=

Mla. B ) ] zm; —_(a)m Ea FolB 1 b — 1] (i
PRy o0 X, x| = . —m, - -—m. \
* K m =1{) (7)m(6)m m! o

2

&, f~f~f\n" r . f..-.. ol e, .\.b.-‘.-“,‘ TN A A A

"( -r\.___‘-\-‘. U I L N & Gt Gl " Y ‘.' N

',,...--
NN AN
A s
P S :’ "-"5"1,

RETRTR
e
RALIARS :\.

hl
N \'.-'l‘ "’5':"



- e .

a0 2

'’ h X &7

NRL REPORT 9112 &

® (B xm ey
: . - FmWPm X7 Eoia :y). 2 ¥
Qla, B, v; u. v, \; x, ¥) MZ_EO PO Folyim + p,m + v y] (12) v

It is easy to see that the function L is a special case of Q:
Qla, M, B; v, 8, M x, y) = Lla, B; v, 8, x, y].
REPRESENTATION FOR K, (a, z), |a| < 1

Integrating the right-hand side of Eq. (1) term by term, we have S

@ 2n 2n +1

— : v+2n - a
K@ =L Gy Jorr K+ L v

j;r”*z"*‘i(,(z)d:. (13) !

By using Eqgs. (8) and (9), observing that '.'::

-3 aZn+l

Y 2" + DI + n + 1)
n=0

5 =2 + ’F[~ +;_;
Gn T 1) 2" rd V)a“lLll vza

and taking note of Eqgs. (10) and (11), we obtain iy

Ke’(ayz =2T( + v)a 2F1‘>] + b, l;%;al}

| 3 1 a%? 22 3 a’z? AL
+ 2K R T Tl I T T <
'K (2) {ZL [2 v, 1 ) S 4 } 2avM{l v, 1 3 S a )

'] 3 3 alz? 72 3 alz? ‘C:"‘
L —+v,|;—'2-,'5+v; - > —aM [+ ;= 1 +pv.:——, a° . (14) N
JJ !

+ Z"HK,,_|(Z)

Z
Ll+2u 2 2 4

We readily show that

lim oMo, 3: y. 6: 2. ¥] = X Mia + 1.8y + 1.2 5. v] oy
- Y

from which it follows that
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Since K (z) = K_,(2), »F, {l. 1; %;a:J =sin la/a(l - a7 Eqo (14 tor ¢ - O gives the

result

K, (a,z) =1 - a2 sin"a

1 3 1 a%® 22 a’; S a’z? \
+ L -, l;_’_; , — - —M 2‘ =, 2; .
Ko@) { ‘:2 2°2° 4 4 3 l 2 2 s ° j

1 .3 3 a2 22| _ .3 . a2z 2]
+zK1(z){zL[2,l,2,2, a 4:| aM{l,l,z,l, 2 .a}j. (15)

Equation (14) is valid for Re » > —1/2 and |a| < 1. Itis shown in Ref. 4 that

Mla, 1; v, 8, &x, t] = 1 + oF\[—; & x])[,F la, 15 vyi ) — 1]

L e L 24831+ yimxx] (16)
276(6 + l) ) ) ) ’ ’ 71 ) -
This equation provides the corollary that M[«a, 1; v, &; tx, 1] converges on the unit circle || = 1 if

and only if ,F|[a, 1; v; 1] does. We then deduce that Eq. (14) is conditionally convergent on
lal =1, a # %1 provided that |Rev| < 1/2.

REPRESENTATIONS FOR K, (a, 2), |a| < =

We may, however, use Eq. (16) to better advantage. We find
) 2.2 v—-1 N
1+ v I % v, “4“ .aZ} =1+ [3] F(u)lv-,(z){zF, [l +u i et | - 1}

-5,

M

o | w

3 L 2 |7
M ]+v.l:~7—.l+v a4 .at | =1+ (j} a o+ ol ()
o O
l_»"] | + ., ]. ?:” | . ]J
1 J

az(z" /4y | S al” :
e A a~I° N
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]
:u By using these equations with Eq. (14) and taking note of Eq. (7). we deduce o
X
5 Py
. K.(@a,2) = 2’T(1 + »a + ’K,()4,a,2) + 2"'K,,@)B(a, 2) a7 '
P Py
*!
:: where ,n':‘l
.'l O
' 2,2 2 Wy
| 1 3 1 a<zc z v
* = Y + ’ l, N A + ; s T4 4
Afa,z)=z7L [2 v 3 Py 4 } e
N 1
!:. P
b -
o] 3,4 2,2 2 S
: az i 5.,a‘z2" z°
e +'—21—Q[2+V,1,1,2+V,3,-2-, 2 ,4:|*-2va :
'.' '.!
W >
" oy
“
! b4 1 3 3 a’z? 22 X
. B,a,z) = Lo +vL3, 5+ o N
i (@ 2) 1+ 2» |:2 g 2°2 S 4 i:
N :.
' ~:
Y
: a3zt 2 11:3 3 5 a%? 22 .::
‘ + T orm . < + ’ b ; + I’ ’ ——; ’ - - M l.‘
L 280 + ) 2 g T4 s a o
4 =
¢ This equation is valid everywhere in the complex a -plane. E':'
v -
v e
:' We obtain another somewhat simpler representation for X, (a, z), |a| < oo by using Eq. (13) f:.-
. together with Egs. (9), (10), and (12): ~
. -
W 2,2 .2 b
1 31 azc : o~
— Lv+l 2 2L . L .
) K,(a,z) =z K,(z){L{2+v.l‘2.2+v‘ 4 .4} b
] 'g:
Ao 3 b h) - -
s az azzs -
! + = 1+ w111+ v, 2, — . <
~ 2 Q{ ’ T e s }} i
»
o S
o \:
1 ]
A 5 ! 1 1 3 PRSI s
-, wr+2 . 2 s Lo - , “~ « | -
> + 3 K"l(k){l+2y L{Z +1.l.2.2 + 3 y el ;
5 o
as Vol s !
+ — 4w 1102 4+ w2 = S X
v a0+ 9 o T a (s x
1 >
0. [y \
. v
E 3

4]
"

Q x
\. -~ -f.'_ . -y - P - w - . - - - A " A TS TS IR TN TN ) “-* =g
) . A My W B WY, 2% - ) . R 3 %! G950 Al
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" REPRESENTATIONS FOR K (a, z). K, (a, 2)
(A 4 ’ ."
b By using Egs. (14), (17), and (18) we easily obtain the following: tal
$. ‘
) v 3._ 2 \‘:
¢ Ki(a.2) =2"T( + v)a ,F, |1 +v,l;5, —-a 3
X e
" *
by ey
] 3 —a?;? ot
1 —az” Y2vK, @M |1 + », 1; EX v; . ~a? ,'
[ 'S
‘ .i.:.
g 42,2 N
7 + zK,_ )M |:l + v, 1 % 1 + v ‘;Z , —azjl} (19) ::
3 N
Ksr(a.z)=2"F(l + v)a :
X i,
. 34 2 2 5 L .
> a’z 5 =-a‘z® z .
= - 2'K 2+ v, 1,124 v, 3, =, , — | +2
i 'K (2) { >4 Q|: v v 5 2 a } Va} g’
e :*:_
X - :‘.u
; 3,4 2,2 2 g
. vl a’z 5. —azt 2 -
- K,_ _— 2+ v, 1,1;3 4+, 3 =; ,— | +
; Z v l(z) {48(2 + ») Q { 4 14 2 4 4 j| a} ;f:
. az?*” [ 3 —qi? i E:‘_
* = K 1+ v, 1,11 + 9,2 = s =~
; 2 "(Z)Q{ g hS2 T J ¥
" a).
K, ((2) 3 —a%? ? Q.
. —_— P +», 1,02+ 2 = , —
- W+ 2 { g h a0 G S
) A
N -
9 N
[} R ol "
> L+ I 3 1 —a<z- oz -
r, ) =12 L | =+ = 4+ = o~
" K.(a.z) K, ) [2 vliSog tn
:' 22+v 1 3 3 _a2_2 52 '::
- + K, (&)L{=— + v, 1, =, = + = = . o)
-, L+ 2, L@ g vy gty "
, ]
These equations are valid for {a| < o except Eq. (19) which is valid for |{a| < 1. For v = 0, ;!._
' Eq. (19) may be written -:..-
» ! ~y
] ) ::'h
' I . . Y
; K (a,2) = (1 + a"z)"”2 sinh 'a + az a—z—KO(z)M 2.1, —5- 2 a- . —a“} R
VY o 3 2 4 | .
] _"
. . 3
3 - Kl(z)M[l. FRE A PRI S lal = 1. a # i N
X : 2 4 N,
" :V‘
. . 5 ,
» ,;3
“..)" ",* "‘. -.’ " -\' o~ ~1 \-5'-‘ .', a.’v, -.--\,‘ ’ -‘f\.". ‘.f._'- “w v . e _‘-*'- \’\ .V".-‘ ) \ ‘\ ; ‘i'\t ‘.‘ o) ‘.. \ ) *' ‘b LY %y '
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REDUCTION FORMULAS

It is shown in Ref. § that

1_
Ole, 1, 17,0, 8 x, x] = —L= 2= it 4, 00)
Q
S S - - 2
+a_B+12F3[1,a+l,‘y,6,B,x] (20)

where, when «y or 8 is a positive integer, we find the following useful: forn =1, 2, ...

Falli L+ n, 1+ vyl = "= T (v — k) <oF\f—; | + » — n3 y]
y

k=0
n—1\ yk
- ,EO (A+v—n)yk! [ @
We may show by using Eq. (20) that
1 3 3 22 72 sinhz
L~ +v,; > > +y=— —| = 22
[2 2’2 "4 z @2
L 1 + v, 1; 31 + v i i = 2v sinhz cosh (23)
I R AR I 1 +2r 2 [+20 0%

By using Egs. (20) and (21) we arrive at

5 x? x?
240 1,134+ 0,3, =, 2, —
Q{ g SRR 4}

_2+v 48 _ 2}
=TT - {coshx 2TQ2 + ») [x] I(x)+ 1+ ZV}. (24)

It is not too difficult to verify that

7 2
F) 2.4, —; = = 3% x sinhx — 4coshx + x2 +4 .
24 x$
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Then by using Eqs. (20). (21). and this result, we find

2 2
X X

5
240 1,1:2 40,3, 2 2 X
Q{ g P90 g 4J

v—1

L -2i x sinhx + 2vcoshx —4T@2 + ») 2'-7 I, (x) + 2p0(1 + 20) 7.
1 +2p x? xJ

We may show directly from the definition of Q that

Qla, 1, 1: 8.y, 6. x. ] = |Fal1: B, v: v

+ 2 Ola+ 1L LB+ y+ L6+ 1ix. v
By

In particular, we find by using Eq. (21) that

s 3-1
0 ‘:a + 1,1, 1;8+ 1,26 XT, . ‘ %J T@BY;_\(v) - 1}

N , 1
a+ 1 x- X7y
_— +2. 1, 1:8+2. 3.6+ 1 —. — |.
56 + D) 84“ 21 e

Then, using this result and Eq. (24) we find

e

L+ v, L2+ 0,2 =0 —, —
Q{ v v 7 1

4

)

+ ' \‘3
= l - i {C()Sh v - ( } F( b+ ")Ir"r ) ;e
+ 2r x L { X J

LIPS

This may also be obtained directly from Eqs. (20) and (21). Now by using Egs. (25) and (26 we

deduce

N

X Xt

A
4 4

2 v ¢ - 2
2 1 f"" cosh b ¢ - (l B O BT TR
I+ 2y x| X L x ] |

N

| "'} ’ "': o ‘.-\.;.".\.- 7 '.-".-\;b ;

I's "-

s

. o
:
L l‘

L
«le s -
e Bl
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W Equations (22)-(25), (27). and (28) may be used together with Eqs. (17) or (18). the identity [3]
" K, () — 2K, () + 29K (2) =0
"
‘. . and Eq. (7) to obtain
1
X
eiz’*! 2T + »)
2N = <K,(z) + K - 29
3 Ke'(ln z) { y( ) y+1(z)} 1 + 2]} l + 2V ( )
Ke(-1,2) = 1K,@) - Ko@) | S o ZTA 40
b er e g vl 1+ 2v 1 +2r

Equation (29) was first derived by Luke [6] in 1950 for integral ». Another derivation for these
results is given in Ref. 1.

GENERALIZATION OF K, (a, 2)
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We define for complex numbers a and z

K, @, z2) = 5; % #K (1)dt . (30)
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Analogously. we may define K| (a.2) and K, {a, 2) by replacing exp (ar) by sin (ar) and cos (ar)
respectively in the integrand of Eq. (30). For convergence of the integral in Eq. (30). it is necessary
that Re (u + 1) > |Rev].
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A computation similar to the one used in obtaining Eq. (9) gives for Re (u + 1) > 'Re v|
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Eqg. (9). of course. is just the special case p = v + n.
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In the same manner we obtained Eq. (18), but now using Eqs. (12) and (31), we deduce

K. (a,2) = (32)

- _ 2,2 .2
ZH“K,,(Z) 1 0 u+v+l,/4 V+l’1;;¢+v+l'a V+3’i;az’L
pu—v+1 2 2 2 2 2 4 4

az [#+V+2 p—v+2 1.;l.+u+2 p—v+4 3 a?z? i
p—v+2 2 ’ 2 T 2 ’ 2 27 4 4
1 ptrv+l p—p+1
+ 227K, ’ 1
“ @ {(p+u+1)m—y+1) Q{ 2 2
ptv+3 p—v+3 1, a’z? i
27 2 2 4’ 4
+ az Q[u+v+2 p—v+2 l_p.+p+4 p—v+4 3 a2 i]
wt+v+2)p—v+2) 2 2 72 2 T2 4 4 ’

For u = v, we obtain Eq. (18), i.e., Ke,(a, 7)) = Ke”(a, 2).

By using Eq. (32) we may write

K (a,z) =
az’ K (z) pt+rv+2 p—v+2 l'p.+v+2 p—v+4 3 —a’? _zi
p—v+2 2 ' 2 T 2 ’ 2 27 4 7 4
3+pu
N az” 'K, _(2) 0 ptr+2 po-v+2
w+v+2p—-—v+2) 2 ’ 2 >

ptv+4 p—-—v+4 3 ~a?z? i
2 ’ 2 27 4 7 4
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K la.2)=
~l+“ . r 3y W‘I
z K.,(~)Q1p+v+l u—v+1 l,u+V+l u—v+3 1 —a7z" 7
p-v+d S 20 2 T2 Ty T2 e
KL (2) olptrtl povtl
v+ Dp—v+1) 2 0
ptv+3 p-v+3 1 -dad’ _1
2 T2 a4 4!

From the latter two equations. the representations for K, (a. 2) and K. (a. 2) obtained earlier may be
deduced by setting u = ».

CONCLUSION

Various representations for the incomplete Lipschitz-Hankel integral K, (a. ) and related

integrals have been given in closed form by using Kampé de Feériet functions in two variables. These
representations should prove useful in numerical computation. In addition. reduction formulas for the
Kampé de Fériet functions associated with K, (a. z) have been given.
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