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CHAPTER 1

INTRODUCTION

1.1 Objective and Scope

The availability, diversity, and utilization of anisotropic materials

have 1increased at a remarkable rate during the past few decades. When

attempts were made to predict the behavior of these materials, 1t was

evident that the available theoretical methods were far from satisfactory.

As a result, much renewed interest has been directed to the theory of anis-

tropic elasticity. In particular, the problem of stress concentration

around cavities in a medium occupying the entire space has long been the

subject of numerous investigations, not only because of its important role
in fundamental elasticity problems but also because of modern engineering

design concerns.
The objective of this study is to develop an explicit analytical solu-

tion for the non-axisymmetric problem of three-dimensional stress

concentration in a transversely isotropic medium containing a spheroidal or

spherical cavity.

1.2 History and Literature Survey

Stress concentration can be described as the local 1intensification of

stress as the result of nearby changes {in geometry or discontinuities {in

material or load. When a cavity exists inside the material, it gives rise

to stress concentration and often leads to structural failure, Since the
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first investigations of the stress concentration problem during the second

half of the 19th century, considerable research has been done on the
problems of determining the stress concentration produced 1in an elastic
body by a spherical or spheroidal cavity. A general review of stress
concentration in linear elasticity has been given in a 1958 survey paper by
Sternberg [40]. Eight years later, Neuber and Hahn [31] again reviewed
stress concentration in scientific research and engineering. Because of
the enormous number of articles concerning this subject, we will only
briefly present the work relevant to the three-dimensional stress concen-

tration problems in an infinite medium containing a spheroidal or spherical

cavity or inclusion. E
As early as 1866, Lamé [22] investigated the problem of the spherical :
shell under uniform external pressure. A few decades later, Larmor [24] ;
studied the effect of a spherical cavity on a field of pure shear. A -
closed form solution for a spherical cavity in an infinite isotropic medium -
under uniaxial tension was presented, without derivation, by Southwell and i
Gough [39]. Goodier [l4] investigated the concentration of stress around ;}
spherical and cylindrical inclusions and obtained 1in a general form the )
Southwell and Gough solution. The spheroidal cavity under uniform axial
tension, pure shear, and torsion was first considered by Neuber [30]. An
investigation of the stress concentration around an ellipsoidal cavity in
<
an isotropic medium under arbitrary plane stress perpendicular to the axis ~
~
of revolution of the cavity was undertaken 1in 1947 by Sadowsky and :;
Sternberg {35]. They further presented an analysis of the triaxial ellip- .;
N
soidal cavity in an .infinite wedium under a uniform stress field at E
A
y
1
N,

'y
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infinity [36]. In 1951, Edwards {9] obtained a solution for the stress

AN

concentration around a spheroidal inclusion in a medium subjected to a uni-

form stress field at infilaity. A general representation of the stress

YA

concentration problems in 1isotropic materials appeared in 1965 when

E

Podil'chuk [32] studied the deformation of an axisymmetrically loaded elas-
tic spheroidal cavity. Later, he extended his study to include the non-

axisymmetric deformation of spheroidal cavities [33].

-.-_.'...'
PR G N

Although the stress concentration problem has been extended to aniso-

'
ol

tropic materials, very few three-dimensional anisotroplc elasticity

.

L R
» 5 Ty

problems have been solved. Chen [5] solved the problem of uniaxial axisym-

metric tension applied at large distances from a cavity in a transversely

isotropic medium, In 1971, he also presented the general solution for an

.

infinite elastic transversely isotropic medium containing a spheroidal

2,800 00

inclusion [7] with the restriction that the prescribed stress field is
axisymmetric and torsionless. In addition, he solved the spheroidal {inclu-
sion problem wunder pure shear in and out of the plane of {isotropy and
modified Bose's solution [3] for the torsion of a transversely isotropic

medium containing an 1isotrople inclusion, to the case of a spheroidal

! inclusion in which the material may be transversely isotropic, provided

- that the axes of anisotropy of both the medium and the inclusion be the
same [4]. To the the best of our knowledge, Chen's solution for the stress
concentration around spheroidal inclusions and cavities in a transversely
isotropic material under pure shear are the only non~axyisymmetric problems
whose solutions are available. The present work extends the work by Chen

[4-7] whose solutions can be deduced from this approach.

A .
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1.3 Organization of the Study

After the aforementioned historical review of the problem of stress
concentration, the basic formulae and the potential functions approach in
the three-dimensional elasticity theory of transversely isotropic materials
are presented in Chapters 2 and 3, respectively.

In Chapter 4, we {introduce the speclal coordinate systems used to
solve the cavity problem and the potential functions in terms of the asso-

ciated Legendre functions of the first and second kind as well as some

important identities that the potential functions satisfy. The formulation
and the analytical approach of solving the first and second boundary value
problems of elasticity theory for a spheroidal cavity embedded in a trans-

versely isotropic medium are presented 1in Chapters 5 and 6. Problems for

cavities and inclusions subjected to a general constant stress field at K
J
infinity are solved at the end of these two chapters.
In Chapter 7, numerical investigation of the stress concentration
factors associated with axisymmetric and non~axisymmetric problems for a
variety of materials 1s carried out. The effect of anisotropy on the
stress concentration factor 1is discussed.
Chapter 8 summarizes the developments of this study and makes recom- )
mendations for further study. .
\J
s
N
>
»
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§ CHAPTER 2

TRANSVERSELY ISOTROPIC MATERIALS

2.1 Definition

4 A transversely isotropic material is an anisotropic one for which the
Hookean matrix at a point remains invariant under an arbitrary rotation
about an axis (the "axis of elastic symmetry” of the material).

r There are some crystalline materials recognized as transversely
isotropic. These include ice, cadmium, cobalt, magnesium, and zinc. Other
examples of transverse isotropy are provided by materials having hexagonal

: structures such as fiber-reinforced composites [2] as shown in Fig. 1 and
the honeycomb structures of Fig. 2, as well as laminated media (Fig. 3).
Stratified rocks and soils can also be modeled as a homogeneous transverse-

ly isotropic medium [23,37,38,42].

. 2.2 Fundamental Formulae

Congsider a homogeneous transversely isotropic elastic medium occupying

a region of the three-dimensional Euclidian space referred to a fixed

Tl R LN

cylindrical coordinates system (r, 6, z) in which the z-axis coincides with
material axis of symmetry. Let (ug, Ug, ug) denote the cylindrical scalar
components of the displacement vector and (€pp, €gg, Yzz, Ygz» Yrz» Yrg)

denote engineering etrains by

ot

>~
»
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In the absence of electrical and thermal effects, the generalized Hooke's :
law [16,26] can be expressed in the form:
s 7 0 0 T Te T
Ter ‘i1 ‘12 ‘13 ¢ |, Fero
1 '
| |
%36 2 ‘n ‘13 ° 0 0 | Ean
! |
1 1 :
0 0 ; ; :
22 13 %3 33 O ‘ “2z | ;
| b(2.2.2) .
- I |
3, 0 0 0 il 0 0 g i :
' -
i | "
3y 0 0 0 0 44 0 ) | ez :
| i '
g 0 0 0 0 0t -c | :
r8 2711 12 R SO
- d L i :
»
where €110 €120 ©13» €33 and c,, are the five independent elastic constants (
characterizing the medium and (op,, 9gar 92zzs» Onzs Orz, Ora) are the .
components of the stress tensor. may also write for convenience ,.
cgp = (c1p T ) .
pA
B e e e e P e 2 s e h




In certain applications of the theory of elasticity

! isotropic materials, Hooke's law may be written in the form

; [eee | (211 22 33 0 0 0 1
T h2 4 {3 00 0
€22 313 %3 333 00 0
Yoz - 0 0 0 a. 0 0
» Yz 0 0 1] 0 a. 0
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In the literature, the coefficients 810 850 33, 834, and .
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(2.2.3)

are called

“compliances” whereas the elastic constants are called "stiffnesses”. Ve

may also write, for convenience, L - 2(.u - ‘12)'

It is evident from Eqs. (2.2.2) and (2.2.3) that the elastic constants

(stiffnesses) can be converted to the compliances and vice versa by the

standard deterainant procedure for solving simultaneous

doing so, the following relationships are found:
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2.3 The Engineering Constants

Some authors replace the elastic constants and the compliances by the
so-called engineering constants which can be interpreted to be Young's

moduli, the shear wmoduli, and Poisson's ratios assoclated with various

directions (see [25]). 1If we 1introduce these constants which are related

to the compliances by:

=- l - 2 3
fu" + *2°"¥ - 3°-3
(2.3.1)
-l 1 1 2(1+v)
“3%F % "3 ’ (‘66 "¢" —(T‘
Equations (2.2.3) take the form:
- - — -
1 .y 3 IR
€er € z 0 0 0 9. |
v 1 v
€ -= = -= 0 0 0 c.
v v 1
€2 ~7 ] H 0 0 0 2
- L (2.3.2)
\' 0 0 ] E 0 0 Yap
Y o o o o % 0 v
rz G rz
2(1+v) .
o el S - .
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K where:
J E and E are Young's modull in the plane of {sotropy and perpendicular

to it respectively.

is Poisson's ratio characterizing trangverse contractfon {n the

LR e e -
<

plane of {sotropy when tension is applied in this plane.

-
-

v 18 Poisson's ratio characterizing transverse contraction {n the
plane of isotropy when tension is applied ({n a direction normal to the

plane of isotropy.

G and G are shear moduli for the plane of tsotropy and any plane per-

V pendicular to {t respectively.

The engineering constants and the elastic constants can be related to
each other by meana of Eqs. (2.2.5) and (2.3.1). These relatfons are given
by:
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and, inversely,
2c(—:-32)
[ = =
1 [Ea-v-2
26(%\) + 39
(o4
12 [%(1-\;)-232]
EV
[od = e
13 [{,(1-\»)-2321
=2
E
[od --‘—-E_(I-V)
3 (%(1-\»)-232]
c“-a
c66 LI

Por isotropic materials, the engineering constants and

stants are reduced to

E=~E , Vewy E'G'—z(—l—i—\;)-
and

€11 " ¢33 = A+ u-~= “(1:}:)u
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where X and u are the well known Lame's constants, . is Poisson's ratio,

and E is Young's moduli.

2.4 Restriction on the Elastic Constants

Eubanks and Sternberg [(15] show that the necessary and sufficient con-

ditions for positive definiteness of the strain energy densitv are that

>!c

IR 12| >0 , Cqyq > o, e >0 e 0
(2.4.1)
Cqqlcy, +¢ )-2c2-cc -cz-cc >0
33711 12 13 11733 13 13766
or
a, > {312‘ >0, a,,>0 , a,>0 , ae > 0
(2.4.0
2
333(3114»312) -2313 >0
or, equivalently,
E>0 , E>o0 >0 C»—t— 0
* k] 2(1+V)
(2.4.3)

(1-v)-232§>o . elewv <l

Negative values of Polsson's ratio have been reported indirectly by
Hearmon in Reference (19] for zinc and cadmium sulfide (CdS). This data is
questionable, since virtually all real materials have positive values of

Poisson's ratio. The negative values of Poisson's ratio are, ctherefore,

omitted from the discussion in Chapter 7.
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Inequalities (2.4.3) become for materials having positive Poisson's

ratio:

E>0 , G sy O <ve<l~ 52

(L1}
v
o
(2]
v
o
(38

miim
~
[§%]

.
i~
S’

the last inequality of (2.4.4) 1is plotted 1in Fig. 4. The interfor area

bounded by a parabola corresponding to a specific value of % , represeats
the valid domain of varfation of Poilsson's ratio. Line OI represents the

isotropic matercials. It 1s noteworthy that for values of % > 2, Poisson's

ratio v might exceed unity.

2.5 Values of the Elastic Constants

The numerical values of the elastic constants for a variety of differ-
ent hexagonal crystalline and non-crystalline materials are reported by
Hearmon in the revised edition of Landolt-Bdrnstein [19]. Some of these
materials are listed in Tables 1 and 2. In both tables, the unit used for
the elastic constants cij 1s the gigapascal (GPa = 1010 dyne/CmZ) and the
unit wused for the compliances aj; {s the reciprocal of tcrapascal
(rpa = 107 Gpra).

Moreover, the elastic <constants of fiber reinforced materials can be
calculated by utilizing the technique developed by Hlavacek [17,18] or by

Hashin and Rosen [15]. Achenbach [l] has presented a procedure for the

computation of the effective moduli of laminated media while Salamon [37]

CTRY LT v
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. derived expressions for the elastic modulli of a stratified rock mass and
' Wardle and Gerrard [42] discussed the restrictions on the ranges of some

of the five elastic constants.
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CHAPTER 3

POTENTIAL SOLUTIONS FOR TRANSVERSELY ISOTROPIC MATERIALS

3.1 Introduction

At the beginning of the twentieth century, Michell [28]) and Fredholm
[13] generated important three-dimensional solutions in transversely
isotropic materials. Lekhnitskii [25]) presented a solution procedure for
axisymmetric torsionless problems in terms of a single stress function
satisfying a fourth-order partial differential equation. Elifott [10-11]
presented a comparable solution 1in terms of two stress functions each
satisfying a second-order partial differential equation. Shortly after
Elliot's presentation, Eubanks and Sternberg [l12] proved the completeness
of the Lekhnitskii and Elliot representations for the case of axisymmetry.
Hu (21] introduced a third potential function suitable for non-axisymmetric
stress field. This solution was implied in Fredholm's work [l3]. The
completeness of the three-function approach for general non—axisymmetric

problems was proven in Reference [41].

3.2 Fundamental Formulae

Adopting the notations in Section 2.2 and combining Eqs. (2.2.1) and

(2.2.,2), we obtain the stress—-displacement relations that take the form
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zz 13 jr r r In
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dz 44 r 3 dz
Ju Ju
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- l 1 3ur
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It has been shown [41] that 1in

representation 1is complete
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the absence of body forces,

where ¢1(t,e,z), ¢2(r.6,z) and y(r,8,z) satisfy the equations

2 2 2
Vl@l 72 anvjwno

ia which

(3.2.1)
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2 2 2
2 ) 1 3 1l 3 2 3 (3.2.4)
v B o = e m— e— + V] a—— L a1
3 2 rsr 2302 1 522

In these equations, kl and kz are the roots of the equation

2 2,2 _ - 3.2.5
c“(c13+c“)k +[(c13+c“) +c,, cucn]k-vc“(c“*'cw) 0 ( )

and vi and v§ are the roots of the equation

4 2

- = 3.2.6

1164 v *lep3(2ey teyq) meqpoglvitegge, = 0 ( )
whereas v§ is defined by
2¢ c

2 - “_ . (3.2.7)

€11 T ‘12 66
The coustants vi and vg are either real or complex conjugate (with a real
but the

part different from zero) depending upon the elastic constants,

constant v§ is always real and positive. We also specify chat Vis Voo and

V4 alwvays have positive real parts.

The constants kl and kz are related to vi and v§ respectively by

2 2
€11 Vi T % Vile1a *oyy)

11
ky = i; - > (3.2.8)
€137 %44 33 T C4e V4
X or, equivalently
2 kylepg veg,) *eqy, kj €33
Vj - . - (l TR+ c (3.2.9)
11 i 13
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By using Eqs. (3.2.5), (3.2.6) and (3.2.8), Lt is not difficult to obtain
A the following identities
\)2 VZ b —C33

: 1 72 1

: c - c2 - 2¢,.¢C

‘ 2.2 C11%33 7 13 1344

vt Vo * ¢,5C
11744

5 (3.2.10)
y klkz = ]

‘ 2 2

N e = 11933 * ot (C1g F o)

" 12 AT

¢

Yy
A Sometimes, it is convenient to employ three new variables defined by

> 2, =E . j=1,2,3 (3.2.11)
N I

N

N

b These new three variables generates three distinct spaces (r,?,zl).

(r,9.22) and (r,9,z3) different from the physical space. The differential

% operations ?f defined by Eq. (3.2.4) become, in the spaces (r.%.zj). the
ﬁ‘

W Laplacian defined by

g 2 - .2 2

. R e (3.2.12)
: I 5% rar £? 342 3zJ?

the displacement components 1in Eq. (3.2.2) can be, alternately, expressed

in the following form

7
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Ye " T8 (1T ) -3
Y
>
k. ky 3, k, 39,
- u M e e — —
: 2z vy 3:1 vy 3:2
N and, congsequently, the stress components can be written in the form
~
~ 2
: (l + kl) 9 °1 (1 + kz) 3232
> ctr = -clolo[ \)2 azz + \)2 322
1 1 2 2
" -2 . (( = —3-+-}-—§-2-(o +¢)--—( "’)]
) 66 r Jr rz 392 2 ar r Je
\
2 2
(1 + k) 37 (1<0-k2)3o2
Igg = ~C4q! 2 22 7 ) ]
Y1 1 V2 2
—2c[—3—2-( +o)+i(1—-'£1 (3.2.14)
2 66° 32 1 r 28 h
) oo, a%s,
Oz = Cuul(L + k) —5 + (1 + k) — |
- 9z 3z
1 2
Cal
o
’ 2 2 2
- [(1+k1)1 3%, (L+ky) 1 3%, 1 ‘Jv]
' O,, ® ¢ - + — = - -
!‘ 6z 44 V1 | 4 363:1 vy r 303:2 &) 3r323
.
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) Numerical values of v? and kj are calculated for some materials and

y listed in Tables J and 4 for real and complex kj respectively.
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Table 3. Values of Yi and Klifor Selected Materials

: 2 2 2 : ‘

: Material V] v, Vg 1 2

b Cobalt 2.999 0.379 1.044 4.471 0.2237
n,

" Graphite 9.040 0.004 0.009 504.1 0.0020
’ Hafniua 1.755 0.620 1.071 2.153 0.4644
4
. Ice 2.706 0.408 0.883 3.719 0.2689
. Magnesium 2.052 0.505 0.976 2.785 0.3590

Quartz 1.670 0.563 0.713 2.310 0.4329
(4

¥ Titanium 1.880 0.602 1.329 2.261 0.4423

) Zirconium 2.675 0.431 0.954 3.504 0.2854
-

_‘-r
4
o

-f

:: Table 4. Values of u§ and ki for Selected Materials*

S 2 2

I Material v3 ‘Jl kl
.. Berylium 1.216 1.050 + 0.3058 1 0.8491 + 0.5283 {
N

i: Cadaium 0.5297 0.575 + 0.3283 1 0.7779 + 0.6284 {
" Zinc 0.5915 0.286 + 0.5411 { 0.0847 + 0.9964 {
‘;‘ 2 2

‘ *Values of vy and k, are the complex conjugate of Y1 and k, respectively.
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CHAPTER 4

THE SPHEROIDAL CAVITY PROBLEM

4.1 Statement of Probleam

Congsider an {infinite elastic transversely isotropic medium, as shown

in Fig. 5, containing a spheroidal cavity whose surface is defined by

TS
ol ro
+
[- 4 |r1
(X1 '

where a and b are the two semi-axes of the spheroid.

In the absence of body forces, we wish to develop displacement fields
whose stresses vanish at infinity and which satisfy given boundary condi-~
tions on the cavity surface. In this chapter, we introduce applicable
coordinate systems and potential fuﬁctions. General solutions to problens
in which either the displacement vector or the surface traction vector is
prescribed on the surface of the cavity will be considered in the following

chapters.

4.2 The Coordinate System

We have to determine the potential functions ¢l(r.3,z )y ¢.(r,,2,)

1 2
and t(r,e.zl) which are the solution of Laplace's equation in the spaces
(r.e.zl), (r,a.zz) and (r,e.zB) respectively. Since we have a problem in

which the natural boundaries are spheroids with center at the origin of

coordinates, it is suitable to employ [5-9] the spheroidal coordinate

systems defined by

B RS ARNL .

AR

B R
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1 "
x = oj(qj -nta- p;)s cost
Y
y = g (qz - L)H (1 - pf)k sind (4.2.1
3 i
2y 795 9 P

or equivalently,

2 'y 2
r aj(qj (1 Dj)

9
Ny

z - a

37 % Y Py
vhere qj and pj are paramsters vhich can be determined for any point whose
coordinates (r,z) are known. The aj are constants to be determined later.

Lat 0, denote the value q on the spherofdal surface, then the three

3 b

coordinate systems coincide on the surface of spheroid if the following

equalities are satisfied

Jl Vl Dl - 32 VZ 02 = QJ v] 03 - 3

(w0l ¥
2 2 2 2 2 2 2
3 (o1 - 1) = a, (a2 - 1) = ay oy - 1) = b

from which wve obtain

~

2 a 2
GJ ‘—2— b ‘ 3
Y3
2
0 - 2 3 L) )
: az-bzv;
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[t is interesting to note that when q, = . ., Eq. (4.2.2) reduces to

the equation of the sphercidal surface described by Eq. (4.1.1) and the

S
2 z
parameters pj become independent of .. and equal " The coordinate systems

J

defined by Eq. (4.2.2) can be represented graphically in the physical space

BN 3

for real values of v:. For example, when the cavity is spherfcal and : =
0.5 and 2.V, Eq. (4.2.2) generates two types of spheroidal and hvperbo-

loidal surfaces that have a common spherical surface corresponding to the

same value ‘g These coordinate systems are shown in Figs. 5 and b.

4.3 The Potential Functions

As indicated 1{n Section 3.2, the potential tfunctions Q!‘ ¢:, and
must satisfy Laplace's equation 1in the spaces (r,%‘zl). (r.*,zz) and
(r,~,z3) respectively. It is well known [20, 29, 34] that the products
P;m(pj) Q: (qj) [cos m4, sin m9¢] are harmonic 1in the spaces (r,ﬁ,zi) and
regular in the region exterior to a spheroid, where P;m(pi) and Q:(q%) are
the associated Legendre functions of the first and second kind respectively
and will be defined explicitly later. For the problem at hand, the poten-

tial functions are constructed by the following combination of the Legendre

associ{ated functions of first and second kind:

c el A}

P ) o — ?-m ol 1 - = n .
: - n+ L awl T nel n-L n-.
- n-A) mei ) ’ .

A s e + 3 -1 me
.n .
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s
«}
% @« n+l 203 -a @ -m m
% v.° Zo '_Z,O T2arD) (a1 (P3) Qo (ay) - Py (Py) Oy (ay)]
by " (4.3.1)
o . [A3msin me + B3mcos mé )
v
0 j=1,2
4
)

bacause they are harmonic in (r.e.zj) and their firsc and second deriva-
: tives vanish at large distances from the spheroid. Furthermore, as will be
-.\
‘:.E shown later, the first derivative of the chosen potential functions with

respect to r or zj can be written in simple forms which lead to poasible
N
: solutions of the first and second boundary value probleas.
-
oy In these potential functions, P:'tpj) and Q‘,‘,(qj) are the associated
S

Legendre functions of degree n and order a, of the first and second kind
”
. respectively. They are defined (20,27,3<] by
-
o 11 1
. ~u 2, ~w/2 m
x5 Pn (Pj) - (l-pj) J' f ........ [Pn(pj)(dl’j) (4.3.2)
N Py Py P
N
he - - (n-m)! ]
A G @) * Gve)l (4.3.3)
5
N
f\ »
.c; d (q,)

2 2
€ @) = @-n¥ Shiy (4.3.4)

i J j dq-
- ]
.
.
"
hY in which
. 1 dn(pi- n°
P.(p))= 4.3.5
% 27 P ar 4" ( )
.. b]
‘.
F N
.‘-_:
'"I;-“'.":/'".‘A:J"_.'A‘.‘L.
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1 q_"'l ) (4.3 6)
. - T (q. 4.3,
Qay) =3 Falay) 1 gmT T T
) (2n-1) . (ln-5) p
L e N A L T SHE S R
(4.3.7)
(In-9)
M 5(n-2) Pn’s(qj)+

Legendre associated functions defined by Eqs. (4.3.2) and (4.3.6) are
listed in Appendix A for different values of n and a.
The Legendre associated functions defined by Eqs. (4.3.2) and (4.3.7)

satisfy the following identities

2
" + (arma-me) o H@ = =7 )
n n 2 s °n
(g - 1)
™) + a-mn-n+1) QT L(q) = ————22'" = (@) (4.3.8)
n n 3 n
(g7 - 1)
2
-Qm+l(a) + (n+m)(n+m+1) Qm"l(q) = —;’l-——l- Qm (q)
n n - 2 n+l
(g~ - 1)
and
- (m+l) -(m~1) Zmp -m,
(n-m)(n+m+1) P (p) + P (p) = ———=—— P _"(p)
n n P n
(1-p7)
(n+m)in+a+1) P-tm‘.l)(p) + P-(m-l)(p) = ————-‘/mw - ?—r‘n ip) Cel 3.
1 n o2 n-1
(l=-07)
om -m
v ., omtmel) ~lmely, T P )
(n-mn-m+1) Pn (p) + Pn ?) (1-p® a+l

‘.,'.',.‘,'.f\‘,-..,\,‘.’*.f~._,\..~.I\__~.‘,\',--_.-._’\_.\.'\..\.;.-,\._\_.\‘.-. AT AR N e e
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4
N
The first derivacives of P ™(p) and Q;™(q) with respect to the argument are
?
Y given by
., -m
. d P_(p) L
! 2 n - - _2\ -(m=1) -
"- (1-p) ap (L-p") Py (p) +mp P (p)
Ly
K, o (4.3.10)
d Q (q) 1
. 2 _ n - 2_ .\ 4 (m+l) m
. (°-1) a9 (" -7 Q, (q) + mqQ (q)
)
', The representation of the poteantial functions in terms of the associ-
ated Legendre function as shown in Eq. (4.3.1) enables us to write the
’
: partial derivative with respect to r and z5 in very simple forms. Recall-
d
7]
v ing Eq. (4.2.2), one can easily obtain:
- p p, T
: -t
¢ 3 -
oS r aj(Qj PJ)
v
4 3 (1-p%) 2
P, PiP%
> 2 2 2
N 3zj a Pj(qj-pj)
. (4.3.11)
N 3 r
.“ —ql - -—i-—j%_z
or -
ay (qJ Pj)
q @-1ne:
1. 21 h!
. 2 2
‘ dz a -
. j 39 (qj pj)
By méuns of Eqs. (4.3.8)-(4.3.10), it can be readily shown that
3 @ n+]
] 3 [P‘(uﬁ-l) (m+1) -(m=-1) (m-1)
. - - ( ) - P i
: T ngo méo A SN CI RS A R I CIN
- - {A 4.2.12
" ( $nmCO8 mo + Bjmn51n mé ) ( 12)
-
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N
>
2 ET = n+l
. L. 7 7 2p% m
= p,) Q(q,)[A, cos mé8+B sin mé] (4.3.13)
‘; sz n=0 m=0 n 3 n j jnm jom
and Eq. (4.3.1) can also be written in the form
4
w
4
y R + -(m+1) (m+1) -(m-1) (m=-1)
§ > maj {Pn (pj) Qn (qj)'*'Pn (pj) Qn (qj)]
} (4.3.14)
5 -[Ajnmcos a8 + BjnmSIn md )
4.4 Some Remarks on the Potential Functions
X (1) The Legendre associated function of the first kind used 1in the
N
X expressions of the potential functions in Eq. (4.3.2) 1is equivalent
to the following definition
.
-m e (3B (n-m)! om (4.4.1)
k Pn (p) (-1) (n+m)! Pn (p)
where
d"P_(p)
m m 2.m/2 n
| P - -1 l- — (14.4.2)
n(p) -7 (1-p%) P

tor all values of m < n.

(11) For values of m > n, Eq. (4.3.2) generates a function of p singular
at p=1orp=-1. This situation 1is encountered in our potential
functions when m = n and m = n+l. However, it will be shown later

that for these two particular cases, singularities inside the medium

are always removable.

(1i1) The sum with respect to m 1in the expression of the potential func-

tion is truncated after the value m = n+l,
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CHAPTER 5

THE FIRST BOUNDARY VALUE PROBLEM

5.1 1Introduction

The first boundary value problem consists of finding stresses and dis-
placements of an elastic body in equilibrium when the body forces are known
and the displacements cf the body are prescribed. In this chapter, the
first boundary value problem 18 solved for an wunbounded elastic trans-
versely isotropic medium containing a spheroidal cavity with zero body
forces and vanishing stress and displacement fields at infinity. Explicit
solutions are presented for two problems involving a rigid spheroidal

inclusion.

5.2 Fundamental Formulae

The components of the displacement vector 1in Eqs. (3.2.13) can be

written as

u_ = u + +
r Yrl T U2 T U3

o =u. +u.+u (5.2.1)

u =u +u

where
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s,
..4 u =
rj ar } 83
-1} -
Y237 T3 Y3

Substituting the expressions of ¢j

Egs.
-
urj i nEO
Y3 T nZO
T )
*] n=0
g, = )
83 n=0
u, =
zJ n=0

On the surface of a spheroidal cavity (qj = Dj and pj = p), the components

(5.2.2) we obtain:

n+l

ALak Vel tal bekca)

ROtttV L U 1T R e b LS R R A g g g
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1l 3¢ k, 3%,
- —d y ==l —d
r a6 ’ z3 vj 8zj
(5.2.2)

-2y

ar

and ¥ defined by Egs. (4.3.1) into

~{(m+l) (m+1) -{(m-1) (m-1)
- (P -P
mzo e R R RS A R CR R C)
. [Ajnmcos mé + Bjnmsin me )
n+l
T -(m+l) (m+l) -(m=1) (m-1)
méo (P (py) Q (qq) +P_ (pqy) O (a4)]
'[A3nmcos mé - B3nmsin me )
n+l
- (m+l) (m+l) -(m-1) (m=1)
P .
mzo R N A S G R )
(5.2.3)
-[Bjnmcos mé - Ajnmsin md ]
n+l
-(m+l -(m-
I ey Ve -2 TPy o Ty
m-
-[B3nmcos me + A3nmsin mo )
n+l 2k.

) 771 P;m(pj) Q (a;) [a; cos me+B,  sin ms)

m=0 j

of the displacement vector become:
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R
N
® n+l
: u_ = © [la__cos m~ - a__sin ] P-(m+l)(p)
r - - nm n
) n=0 m=0
) + [ cos ms + 2 sin mz) P;(m-l)(p)}
J
)
d
. @ ntl _ _
Ce u. = ' ‘la__sinm* + 1__cos m] P (mn(p) (5.2.2)
. < - - nm nm n
. n=0 m=0
+ (-2 sinme+3 cos me] Po" (o))
o nm nm . n
3
N
~ = n+l -m
: u, = : [wnmcos m- + ;nmsin mo ] Pn (p)
» n=0 m=0
{ where
.,
Il
o
-
' (m+l), (m+1) (m+1)
cxnm Qn 'l) Alnm Qn ( 2) Aan"‘Q (03) A:mm
N
N - Am1) (m=1) (m=1) ,_
< Snm Qn <"l) Alnm * Qn "2) Aan"’on (”3) A3nm
"
> 2k 2k
D . 2 m,
: "nm vy QY Apm * v, Qn(”z) A2 nm
;‘: (5.2.5)
N (m+1) (mr+1) (m+1)
9 - - . N
i %am Qn (”l) Blnm +Q ( 2) Bonm * Q, (’3) BBnm
. - alml) (m-1) . _ Am=1)
> “nm Qn <"1) Blnm M Qn <’2> Ean Qn (”3) B3nm
2
s n
0 bk
2 - 1l m m
< nm vy Qn("l) Blm * Qn('Z) Bonm
_J
"
}; With respect to rectangular Cartisian coordinates, the components of

the displacement vector (ux, uy, uz) can be written in terms of (urp, ua,

Pl

& uz) as follows:
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0
l
N
)
K
o'y
X U = u cos 8 - u,sin 6
. X T 3
= a .2.6
I u, = u sin & + ugcos @ (5 )
-~ =
A Uz uz
L
Y Substituting Eqs. (5.2.4) into Eqs. (5.2.6) we obtain:
4 © n+l
. u = z {la__ cos(m+l)8 -a_ _ sin(m+l)d] P (m+l)(p)
. X - nm nm n
- n=0 m=0
) . L= ) .y p={(m=-1)
3 £+ }
+ [._nm cos(m-1) Bnm sin(m-1)¢] Pn (p)
: © n+l
- -{(m+l
u = E {[a. sin(m+l)s+2 _ cos(m+l)=] P ( )(p)
= Y =0 me=0 nm nm n (5.2.7)
> . L. - -(m=-1) N
4 - + ol }
‘ + | Bnm sin(m=-1)8 6m cos(m=1)¢] Pn (p)
. o n;l -m
0 u, = M [wnmcos mé + ynmsin mé ) Pn (p)
' n=C m=0
; - If a displacement vector on the surface of the spheriodal cavity 1is
‘ prescribed, then the components of that vector, in Cartesian coordinates,
u, v, and w can be represented by a series expansion of spherical harmonics
: as follows:
g
y - 0 . - ; , -m
' us= - ! (unmcos ms + u osin mo) Pn (p)
Y n=0 m=Q
Y = r - -m
= / ! - i S .2.
< v i N (vnmcos me + VomSin me) Pn (p) (5 8)
n=0 m=0
= - -n
. w o= © (w__cos m% + w_sin m¢) P (p)
- - - nm nm n
n=0 m=0

>
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where P;m(p) is the Legendre associated function, defined by Eq. (4.3.2),

satisfying the following orthogonality condition

fl -m ~m ﬁq 1-m! 2
| P (p) P (p) dp = n (5.2.9
a0 3 (1+3) (1+m)!

Using this orthogonality property and that of the trigonowmetric

functions, the coefficients in Eqs. (5.2.8) can be evaluated by:

2n 1
c{n+m)! (2n+1) -
Yam T (n-my!  2-x J ds J u(p,8) an(P)COS m8 dp
m
0 0
(5.2.10)
27 1

3 (n+m)! (2n+1 -
Som ™ (o Z:Xm ) J de f u(p,8) P_"(p)sin me dp

0 0

in which 'y = 2 and ‘g = | for m # Q. The coefficients vum, Vnm, Wnm, aod
Wnp can be evaluated in a similar manner. Equating coefficients in the
identical trigonometric and spherical functions in (5.2.7) to those in

(5.2.8) yields

nm -
2 — +
anm 2 (unm+l vnm+l)
it
- n -
[$1 = T )

— (v - u
nm 2 nm+1 nm+1
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R
2
4
: % for m = 0
T = 1 form<n
nm
0 for m = n,n+l
N 1
N B0 T T RGatD  %n0
.
Bnl )
b
! 1 _
: Bnm =3 (unm-l - Vnm—l) for 2 <m < a+l
d (5.2.11)
: Bnl = Vno
N ~ 1
- - = =
Bnm 2 (vnm-l unm—l) for 2 smg n+l
§ Yom = “om for m<n and o 0 for m=n+1l
.
] - -
» Y =W for m<n and Yy =0 for m=n+1l
nm nm - nm
)]
4
: Equations (5.2.11) can be written in matrix forms as follows
T _o(m¥l) _o(m+l) (m+1) Co
Qn (pl) Qn (oz) Qn ( 3) Alnm |
| |
| )
(m=-1) (m-1) (m=-1) .
: Q, (ol) Q, (°2) Q, (03)i [ Aam | [anl
, “ (5.2.12a)
2k 2k !
; l m 2 .m |
' o (°1) Qn(oz) 0 Anm
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B
i
¢ —
T (mbl) (m+1) (m+1),
) | Q, (»l) Qn (~2) Qn (»3); Blnm :
f ‘ |
. ! | {
b (1) (m=1) (m-1) ‘ - (3
; BN (03)l By t (R_]
| ! | (5.2.12b)
|2k, 2k, |
N — . —<
; ! v Qn(~1) v, Qn(oz) 0 | BSnm |
N o _l - -
L s
v, in which [Rpg) and [Rpp) are 3 x | matrices defined, for different values
o
“_:: of m, as follows:
3
\\
for m = |
- — - — —_
o 1 - 1 -
v 5 gty 7 a2
- ! ! =, _ :
O IRnl] = uno . ’ [Rnl] = Vno . (5.2.138)
- o “al - _ Yl B
Cal
sl
for 2 < m < n-l
. '—l _ - r‘l _ -
[— o= (v -
\ ‘ 2 (Unm+l+vnm+l); | 2 (\nm+l unm+l)
> [R].Ii( v )'T {ﬁ]-'i(v +0 ) (5.2.1%h)
< nm 2 "nm-l om-1"] nm [ 2  ‘nml nm-1"" T
+ | | - ;
F ™ 1 ! ! 1 I
- nm - - nm -
o for m = n ¥ 1
o
() _ .
) r 0 1 0
- I ! ‘
1 - ! % 1 |
= — K = =
[Rnn] 2 ( nn-1 nn—l); ' n“] 2 (vnn—l+ nn- l)’(s +2.13¢)
_ “ L v
'_“ l_ nn B nn .
”,
4
<
[
>

. AN o
%" '..n J.‘J\'-Q‘J\.A.AM' ".;4.".4}
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for m = n + 1

r 8 0 -

0 r i

-3 -v ) [R ] = | 1 (v._+u )! (5.2.13.d)
[Rnn+l] T2 (unn Van ’ nn+l 2 *“an non ‘ TR S

{
Lo 0 |

If m= 0, the stress field becomes independent of 8. This 1is the
axisymmetric case which will be discussed in the next section. Equations

(5.2.12a) and (5.2.12b) have a unique solution if the determinant A {is not

zero:

k) (m+1) (m-1)
2

S (m-1)
(r«z) [Qn (01) Qn

a=55 0 ) +Q,

\Y,

(03

(m+1)
(Ol) Qn (03)
2kl (m+1) ( ) ( (5.2.14)
m m+ m-1 . m-1) R
- Qn (pl) [Qn (02) Qn (~3)'+Qn (»2) Qn]

1
As mentioned in the previous chapter, the Legendre associated function of
the first kind defined by (4.3.2) is singular at p =1 and -1 for the two

cases corresponding to m = n and m = n+l. However, the equations

%nn

Uap+l = %upn = %undl * Ypnel = Yoo+l = O automatically remove these

singularities inside the wmedium,

5.3 The Axisymmetric Problems

Consider the class of problems in which the potentials do not depend
upon 8, therefore the first boundary value problem can be deduced directly

from the preceeding section by taking m = O for which the potential

functions become:
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: = 7 B (p.) ! . -7 3
j @Ry M0 Paei Py Va0t e (5.3.1)
a=0
. =0
i=1z
and the displacements in cylindrical coordinates take the form:
= -1 1
u_, = ) =2 A, P "(p.) Q7(q.)
rj ne0 jn0 "n j n j
® 2k,
u, =} — A, P (p,) (q.) (5.3.2)
2 =0 Vi jn0 n pj Qn qj
uej =0
The components of the prescribed displacement vector on the surface of the
spheroidal cavity, in the axisymmetric case, can be represented {n the
forms:
v 1
= Y P-(
u l u p)
a=0 nl n
(5.5.3)

=
v s wnO Pn(p)

Here u and w are the components of the

z-direction. Expressing Eqs. (5.3.2) on the surface of

equating their coefficients to those in Eqs. (5.3.3) we obtain:

displacement vector in

the spheroid and

the r— and
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A y
h & . + \l = - i
! ' 1 Ao Y2 *an0 3 Yal
]
K (5.3.%)
1 1
— 3 A [} W = -
l’\n‘ ) tino * tn\’?_) "2n0 N *n0

By galuine (5,%,40 we determine the unknowns A,.,, and A~nn which enable us
to determine the stress field without difficulty.

To i{llustrate the method developed in this chapter, we will consider

the problem of a rigid spheroidal 1inclusion embedded in a transversely
isotropic medium when the medium s subjected to the following loads at
large distances from the inclusion:
(L) Uniaxial tension in the direction of the axis of symmetry of the
mediumn.
(11) Pure shearing stress 1in the plane perpendicular to the axis of ]

symmetry of the medium.

5.4 Rigid Spheroidal Inclusion Under Axisymmetric Uniaxial Tension

The boundary conditions in this case are: .
€2 = Tg o e T T.mo,, " 0 at infinity (5.4.1)
u = u_ =u =0 on the surface of spheroid (5.4.2)

In the absence of the inclusion, the uniform stress fileld (Eqs. 5.4.1) can
be extended throughout the space, thereby violating the boundary conditions

in €gqs. (5.4.,2)., The stress and displacement field are found to be:

N i
zz o rr e rz
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|
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W o= - , u_ = : ; (5.4.4)
€33t T TNy ' :

We now seek ad solution wnhicn, upon  superpusiliovn i Che unilorm field,
removes the residual displacements, «Ziven by £qs. (3.4.+), on the surface
of the spheroid. Therefore, consider the problem where the negative of the
displacements given by Egs. (3.4.%) are specified on the boundarvy of the

spheroidal inclusion. These displacements are:

. , .
“13 ‘o €1y Ty -
1} - = Sy r = 3 2, 0
r P . N R L
(ey3ley; +epy) m eyl legqleyy repa) - 2oy
(5.53.9)
“legp*en) Ty Sleyp ) T
w = 3 z = 5 ?.otp)
S P [ S .
(eqq(eyy +eyn) =20y leqqlegprey) —oe y

in which a and b are the semiaxes of the spheroid. Frowm Eqs. (5.3.3) it is
easily found that the ouly non-zero coefficients are those corresponding to

n = 1. Thus,

,
. . "CIJ Tob
11 3
[ey3leyy *eya) - 2eyy)
(5.4.0)
AL S R CLIRD s
10

[CJJ(CLL +c, ) -:CE

Equations (5.3.4) become in this case:
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[}
U L) . ) 13 To®
147y AL 110 e e e 2
337110 C127 T fT13
N = (5.4.7)
N ]
A ky ks o | (c,;+cy) Tya
3 — ‘ﬁ‘.(\;l) - Ol(:h’) ‘ A—,lo : - K
) RS B "2 s - ‘ 2[c33(-, +cl,) ZCIB‘
) Solving the simultaneous equations we obtain:
: TO 2C13k2
A = 5 [ - b Q, (.,
110 AR v 12
T im33ttil o ot127 0 tTis 2
- 1
. + () *+e,,) aQ)()]
X (5.4.8)
-Tp =cy5%
A:lO = 7 { - b Ol (:1)
. 2 2legyleyy +eya) - 2e74] V1
+ (e +c ) antz)]
117 %12 171
where
N
A '=[i2-Q(’)Ql()-ﬁQ(')l(")]
A s o, it o) =579 6ey Q (e
1
) The potential functions, therefore, are
b 24,
= - 1 = 2 -L.
¢j —-13 Ale[PZ(pj) Q,(ay) Qo(an (3=1,2) (5.4.9)

Substituting Eqs. (535.4.9) into Eqs. (3.2.13) and (3.2.14) and adding the

solution obtained in the absence of the 1inclusion, we obtain the desired

solution for which the displacements and stresses become:

LR SR
R ST
SERRTRT Aoy Sy
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of
U4
d
L4
c T A Ql( ) A Ol( )
o 13 ‘0 110 1'% 2210 1'%
Y T - . 7" 2 s * 2 LT
legq(eyp *eyp) =2e75 ap (q7-1) e, (a5-1)
Cal
N (e11*¢12) T 2ky Ao Qfay)
u, * { 5= + 5
-2ct <
N leg3lepy +epp) m2e3l oy v g
2k, A Q,{(q,)
X .2 glo 1%,
a v
N 22 %
2
: u, =0
N
L
~ .
> s - Il LN GRS s %
v pt = ' LC (= 5 [— Ln - ]
rr c=1 44 s o2 2 q. -1 (a® - p°)
v J j 3 3
:: 1 qtqn
. q
N + = ‘—;—‘1—1 } (5.4.10)
i~ v (qj-l)1
"
e ) g Ale (l+k.L) 1 Sj-o—l qj
“ TLm o) 2, {- 3 { > Lo -3 ]
o o =] a v -1 -
< 1 Qi(q ) Zq.(l-PJz)
2’ +— [ + J 13
N @t e Dt (-t -ph
:j 3 ¥ q aj - P}
d
L
‘ 1 2 2
\ 2 A, (L+k,) . . (1 ~p;
R Y5 [ RS S 4 ey aytry)
N zz ’ L4 3 i R
‘N 0 i=] 1, q (g7 = 1)~ (q; - 1){(q: -p3)
N J ]
N
N o TN
. - - " 2
- E: N A'10(1+ii) pi(l pi)
: rz YA .2 11; 2 2
y=x] 1.0V (q. = 1)°¢( -
- 57 QJ Q. P;)
4
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5.5 Rigid Spheroidal Inclusion Under Pure Shearing Stress in the Plane of
Isotropy

The boundary conditions in this case are:

xy S0 ' Txx T T vz T 0 at infinity (5.5.1)

u =y =y =0 on the surface of the spheroid (5.5.2)

the loading conditions (5.5.1) is equivalent, in cylindrical coordinates,

to

ﬂrr--:"f"f-TOSin 28 , 3I‘E.T cos 28 , - = - = ;-0 (5.5.3)
In the absence of the 1inclusion, Eqs. (5.5.1) or (5.5.3) represent the

stress field in the medium. The displacement field, accordingly, 1is found

to be:

x » u =0 (5.5.4)

Consider the problem where the negative of these displacements are

specified on the boundary of the spheroid. Thus,

Tob

0 0 2. L -
u = -5 T b(l-p )151n - - — Pl (p)sin =
““66 ““66 66
(5.5.5)
TA T ; T,b
0 0 2 -
Vo=~ 5 X = -3 b(l=~p~)icos 5 = - 2 Pll(p)cos -
““66 ~“66 66
w =0
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Comparing Eqs. (5.5.5) ro Eqs. (5.2.8), we find that the only non-zero
coefficients are:
Uy = - “QE Vi1 T o (5.5.6)
1 ’ = - . .
11 Coe 11 e
Bv inspecting Egs. (5.2.11) and (5.2.13) we conclude that the desired
problem is corresponding ton =1, m= 2, A=1’ = (0, and B‘l° to be
El - I -
determined. Therefore, Egs. (3.2.12B} become:
T3 3, 3.0, . T .
Ql(,l) Ql(“l) Ql<'3) C By)o
) ) ‘ ‘ ‘ tob N
1 , i = .= 5.5.7
SN 07 (2.) -0 (e Ba. = (
1 172 1'73 212 oo
K 2k
-y - o) ol \ '
— QT Q7 (e 0 B ’ 0
2 N1t ) SRR R K
which have the solution:
. kzvl Tob
112 (kl— kZ)D c66
K, v T.b
B L2 2 (5.5.8)
212 (kl-K:>D o6
1 'Ob
)*) FEg—
2310 T
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The potential functions corresponding to the problem at hand are:

2a,

. — -2 2 _ o2 2 .
¢j 3 leZ[Pz (pj) Qz(qj) Py (Pj) Qo(qj)] sin 29

2a
3 -2 2 -2 2
v o= 37 By, [P (py) Qy(ay) = PyT(py) Qplay)] cos 28
Substituting into Eqs. (3.2.2) and adding the solution of that in the

absence of the cavity, we obtain the following displacements and stresses:

1
Q; (a,)
w
2 1 )
q -1)- j g, 1)2

2 42 ‘
. q.(p, -6p, +8p, -3) sin 2~
3 93Py TOPyFERy T

1
173 =
+ J 4]1 ]

2 s L
q3_l)2 . ] 1)2

2 4 2 .
a, q.(p,-6p, +8p,~3 2.
JqJ PJ PJ PJ ) jcos

A
> -:. .ix. N et
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"R A AR

2 B (1+k,) q
Orr ™ {TO + ZCM r2 z jlg 2 L 2 1)2:1 2 2
j=1 cxj \):l (qj (qj- pj)

i 1 .
' By, Q(ay) 2 By & (11)]
+
1)

\ ool 2
- 66 a, (qg-l)% i=1 oy (qj"

2 4 2 _ N
lez oy qj(p_,‘-6pj+8pj 3) }sin 29

T i=1

2% By L4k, 2
ol .{_TO+2C44r ; 3 ( 2 '—)
b

4 2 2
2 2 2
v (qj 1 (qj pj)

<

e
(V%)

¢

1 1
: By %49y 2 By 0y(qy)

2 i 2\
1) j=1 cxj (qj 1)

2
Bi12 %

4 2 .
(p. -6p, +8p,. -3)}sin 27
qJ(pJ pJ PJ

2 % B jp(1+ky) 94

j=1 a (qi-l)z(qz—p

]
N ow
"
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9
o
o
LY
B P BN
312 3 ~J
%5z = 2o T oD L2 &
3 V3 {93 437 P3) ;
IS
2 n
2 3 B a,(l+k.) "
+ ; ) “j12 .\i) (p;-3pj+2)} cos 26
3rY =1 3 N
2
1 =
S S R e e cuz 409 (5.5.10) x
e 0 66 2 2 2,2 _2 66 2 L +). -
oy (q3 1) (q3 p3) oy (q3-l) ;
2 By, Q)G ;
+ C66 z .12 ]2. 1 ..:
. * y
=] a -1 y
h| 3 (qJ ) )
A
2c 3 >
66 3 4 2
+ Z B, a; q, (p.-6p; +8p, ~3)} cos 2% X
o oger 4120373 T3 TS .
>
At the spheroid interface, these equations may be reduced to: "
u = gy = u = O ‘:
r - z
2 X
ar 2 B, .,(l+k).) Ny
2C ’)‘ _J_l_z_____l_ sin D -
J = —_ ) 5 - k
rr A b-o _]'l \):.3 (02_p.) -
I3 =
2 2 B 14k, 2 1 :
a . .
. - = 312 3. . . A
Tag ZCM ba 351 y ( 2 2 ) (o,_pz) sin 2 N
] 3 3 )
2, N
ar < B.lz(l+k) "
a = -J¢ —_— ] sin 2~ -
zz 44 bA ja1 V.(:2._‘)2) ?
it N
Al
r 2 B, .(l+k,) p
s =2, — 112 d — sin 2~ ‘_:
rz *tpt =1 (c.-p") )
] ol
>
Bivs p .
. -2c L 312 =~ cos 2= -
b vy (03 -p7)

l'. l.' |.' l" '
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o . = ~2c cos 26 (5.5.11)
ré 66 4 Vs (og'Pz)

If we obtain a transformation of the stress components from cylindrical
coordinates to spheroidal coordinates by means of the equations in Appendix

B, we obtain

2
ot = 2 LS T, sin 2%
0 abD r2+saz 0
2 2 2
o . 2 r : (l+kl)(1-v2) ) (l*kz)(l-vl)
abbD (kl-kz) (r2+v§ s6 zz) (r2+v§ sa 22)
(kl-kz)
el e ]TO sin 26 (5.5.12)
(r°+s 27)
2 2 2
. i 2 r [k1[v3(1+k2)-2v2]
abbD (kl-kz) (r2+v§ sa 22)
ko (V3L +k,) = 292
273 1 1 ] in 26
2. 2 4 2 To S0
(r +vls z)
2s rz
3 - T, sin 286
ne azD r°+s z 0
o -l L 1. cos 28
né abD 'r2 +s% zz 0
2
28 2 zZT
o . ®m == (1 -v) = T cos 29
o€ azD 3 (r2+v§ s“ zz) Vet 454 22 0

where D is defined by Eq. (5.5.8) and s '%.
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In a special case where the medium is isotropic, Eqs. (5.5.12) become

after taking the proper limit:

8(l -~ v) r2 )
= 1. sin 26
nn D 2 + 22
0 r s
8 2
ow=—J £ TO sin 26
D r +s 2z
0
ol r2
s = — t. sin 26
- DO r“ +s 2z

(5.5.13)

- 1)(30(2)- 7+8v)Q (o) - (02 +6v-17)

2
(2 0

0

o
[}

(5.5.14)

For 1 rigid spherical inclusion we must evaluate the limit of DO as -

O

Therelore:

(5.5.1%
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, Substituting the limiting value of Dy into Egs. (5.5.13), we obtain the

N stresses in the matrix at the spherical inclusion i{nterface.
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CHAPTER 6

THE SECOND BOUNDARY VALUE PROBLEM

6.1 Introduction

The second boundary value problem <consists of finding stresses and
displacements of an elastic body 1in equilibrium when the body forces are
known and the surface forces are prescribed. In succeeding sections of
this chapter the second boundary value problem is solved for equilibrium of
an elastic trangsversely isotropic medium containing a spheroidal cavity.
Examples are given for a variety of constant loadings applied at suffi-
ciently large distances from the unloaded cavity 1in the absence of body

forces.

6.2 Fundamental Formulae

Let ny and nz denote the components of the unit normal (direction

cosines) to the spheroidal surface for which qj - oj . The a's may be

evaluated from the expressions
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' The projections ty, t,, and t. of the traction vector acting upoa an
o
:: area tao which the normal i{s given by the direction cosines ny and n; czan de
expressed as follows
"
o™ t.* 3 _n_+: _n
o r rr r rz z
L.
3 = -+
c, Te M T, 0, (6.2.2)
‘!
-,' ~
> €y % 5 O T %5 B,
We shall express these components in terms of cthe potential funcrions
J: defined by Eqs. (4.3.1). First, however, we will obtain an expression that
«
[ will be used frequently in the analysis:
1
3 3 o3e 3osz, 3, q,(l-pH)t ;
—_a — —_— J 1 1 — . .
[ = + = A Py (6.2.2)
3q. 3r 3q. 5z, )q, (q5-1) e w2,
" 9y °T %9y CFp Y9y 3 ’ ]
N
\
On the surface of the spheroidal cavity we have ay = ¢ and p, = p. Thus,
e i
N \
3 a, - (L-pDt 3 g
n —_— S I S
.. { - ] = [ > » ~+1j p — ] (6.2.4)
- qu q. %0 (Dj -1 3r SZj q.=0
3 b
3
Using Eqs. (4.2.3) and (6.2.1) we obtain
\ 3 a, A 3 3
P [ 11 sd—fn_—+v a —] (6.2.5)
3qj q, = vjb r r j oz 3zj q.%0 -
373 S
<
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E PROBLEM

rctor Due to °1 and ¢,

ists of findin

f )n which is based on two potentials ¢1
4 {um when the b

icement vector due to either part, say
i. In succeedi

1 i3 solved for

U5 3¢ itaining a sph
uzj E;l (6.3.1)
3773 at loadings app

avity {(n the a

'.2.2), the components of the tracttion

[ du
j.) + _ll ,ril ]
. Vv, Iz,

] ] qj'oj  the wunit norm:

(6.3.2)
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It is not difficult to show that by means of £qs. (3.2.8), (0.l .0), and

(6.3.1), Eqs. (6.3.2) take tne form:

1 (1+k,)  Su_,
trj 2 — (¢ 40 A S
- -
A ‘J JJ :qJ qJ j
a c13 K. u
PP 5 i SO T i
b 12 2 rl 1
v q.=¢c
3 J
1 (l+k . ) Ju,
tgy == leg b [ — ] (6.3.3)
A 3q, 29
%57 509570
a c13 ki Jum )
- = (c ) { -u,.] }
b 12 2 i 35
Y] 3 q.=0,
33
1 (l+k,) v, Ju_ .
e, T b —i—d [ 21
zj A 44 1, k 3q,
il J qj’oj

6.4 The Components of the Traction Vector Due to ¥

The components of the displacement vector due to the potential func-

tion » (the “curl” portion) can be written as:

1 3y v ,
Ye3 r d ’ g3 * T 3¢ ' Y23 0 (6.4.1)

It can be shown that Eqs. (6.4.1) satisfy the following equation:

1l 3u

-—

33 + ur] - - 3\)!_3 (6.4.2)

-
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Substituting Eqs. (3.2.1) into Eqs. (6.2.2) and setting uzy = 0, the compo-

nents of the traction vector due to the potential function | become:

3y c au
- r3 12 53 . ]
Cr3 [Cll 3t 1 ( 30 *u"3)] =p e
437°;
c du
+ _A_“. [ ___!‘3 ] n
\a3 323 -0 z
43793
(6.4.3)
) - [£3u3+3u€_3 u93] n-"-cﬁi[aue:;] .
83 66" r 236 r r 0 r v3 323 - 2
93704 3703
c Ju su 1 3u u
L rl 3 83 rl
:23 Vq { 323 ] 0 Py + c13[ dr + r a6 r ] rlz
93703 9373

By using Eqs. (3.2.8), (6.2.6), (6.4.1), and (6.4.2), it can be shown that

Eqs. (6.4.3) have the form:

1l v du a Ju
J rl 83
t.==— {c,,b—=1{—= ] -c [u_., + ] }
rl A 66 a aq - 66 b " rl L -
3 3 q3 03 Q3 93
c Y du a Ju
66 3 33 _ r3 _
tyy 5 (P ; [ 7, oot [ 55 = ua,) - ! (6.4.4)
93793 3°3
€4 a (r 3u_ 4 ]
z3 A bv z -
3 3 Q40,4
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6.5 The Components of the Tractisn Vector L1y Terms of the l.egendre
Avssyciated Functions

Expressions of the displacement components are given by Egs. (5.2.3).
Substituting these expressions into Eqs. (0.3.3) and (6.4.4) we obtain,
after some algebraic manipulation, the following expressions for the compo-

nents of the traction vector on the surface of the spheroidal cavity:

1 =(mr+l) -(m=1) ) - . 5
crj =< [Mjnm Pn (p) +Njnm Pn (p)] [Ajnm cos mz +Bjnm sin mé]

1 -(m+l) -(m-1) . . . -
cr:3 3 m}nm n (p) + Nan Pn (p) ] L':\Bm:ncos m= ma:m m |

1 -(m+l) (m-1) _ 5 ‘
t%j -:[ jnmpn (p) Njnmpn (p)][B, _cos md Ajnmsln me

(6.5.1)

1 -(m+1) (1) . . B

t93 vy [ManPn () - 3nmPn ()] [BBnmcos oo +A3nm sin m]
1 -m . ,
2] 5y Sjrunpn (p) [Ajnm cos mg + Bjnm sin mé]

-1 S P-m( ) (A cos md - B sin mo]

23 X *3nm a P 3nm Inm
where:
(mr+l)
(1+k,) 3Q (q,)
M, = -c,, b b ( 1 - 1 ]
jom a4 1,V aq,
3 b] q =0,
]l 3
a c, .k
- = (e, - =@ ey
b Y n
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. A{m+l) .
Vv 3Q (q )
3 n 3 a (m+l), |
“3nm = Ceo b — [ T ] 66 B (m+1) Qn (,3)
-1
(1+k,) 230" "(q,)
jnm’caabuvL[ sq.L]
i B! qjxn‘
- = (c —=d Y(@m-1) Q (2.)
12 2 ]
b Vv,
J
<A lm=1) (6.5.2)
\)3 Q"1 (q3) | (z-1)
N = ¢ b t - a - m-
Jnm 66 ay 3q3 4,70, * 5 66 (m-1) Qn (33)
(L +k,) 3Q_(q.7
= 2c“‘ b <L [ —= i ]
jom '3 M3 agm;
a -m
53 ¢, by, Q (Py)
By setting
= +
t:r trl t1:2 + t:1:3
- 6.5.
Cy = Tap ¥ gy * Se3 (6.5.3)
c, = tzl + t,2 + tz3
and using the following transformation:
tx-trcose-casine
- 5.4
ty tt sin@#—te cos 3 (6.5.%)
t =t
z z
A T S e e e e

PP SR - TR

o




“e oHbtain:

.= = [ cos{m+l)- + T sia(m+l) =] o~ (=)
he . t - am on a
a=() =0
- —{m~-1 .
. + I cos(m=1)- + - sin(a-1)-1 P - L)‘p):
- am no a
, 2ot - (m+1)
.- oz~ S ; P e o~ I o e ! [ 5) R
:, ~ ‘["nm sin(mt+l)- *m cos(m+l)7] Pl (p) (h.3.53)
: n=) m=)
) . - ) -(m-1) .
Ty K y - o S
+ =" sin(m-1)2 + o cos(m-1)~] Pn (p):
»  n+l
t = % B Tz cos mi + T sin a=] P m(p)
z oz - nm am a
n=0 m=0
where:
2 = + ) ; +
W nm %1nm Almn Wan Aan %3nm *am
o
o
- - = : A £ + N
'y "am Nlnm Alnm M “an Aan 3nm A3nm
- = ; + +
" “nm Slmn A‘lmn San Aan S3nm A3mn
- (6.5.6)
3 = B + B -
v i~ Mno Plom ¥ ®20m B2ne T Mine Bina
b Y= + ) - N
|- fm Nlrun Blnm k‘2tun Ban 3nm BBnm
1 : - -+ -
» “nm Slnm Blnm San Ban SBnm BBnm
- If a surface force on the sphaeroidal cavity is prescribed, then cthe compo-
- 0 0 0
neants of that vector, {n Cartesian coordinates, t,, ¢t,, and t, can be
: repregsented by a series expansion of spherical harmonics as follows:
N
o
,\'..:.,._;_..'._'. e T e e e T e e e e e B ST ST NV SO .
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tO =1 - ? (g__ cos m3 + g__ sin mo) P-m(p)
X 3 - - nm n
n=0 m=0 \
© n
L (h__ cos mé + h__ sin m8) P_"(p) (6.5.7)
v =l - n n
’ n=0 m=0
= n
=L 7 T (4 cosme+I sin ) P_"(p)
z L L nm nm m n
n=0 m=0

in which the coefficients gnm, Znm. Mnm, Pnms, Znm., 30d ing can be evaluated
by wusing the orthogonality property which leads to equations similar to .
thoge of Egqs. (5.2.10). By equating cthe coefficients in the {dentical
trigonometric and spherical functions (n (6.5.5) ¢to thogse in (6.5.7) we

obtain the following equations:

v N - - -
lnm Jan M]nm i ‘Alnmt
! !
N N N =
; lnm 2nm \Bnm | !A2nm ‘ [Vnm]
s S | ;
| “lnm 2nm anm l A3mu | -
- - _ -
(6.5.8) q
-
M M - M
| “lnm 2nm MJan 1 Blnm_\ )
i ‘ i ~
| N N - ‘ = -7 :
. lom 2nm NJnm [ 182nm % [\nm]
' 4
S - { |
! “lom San anm j IBJnm
- - - -
where [Vnm] and i;nm] are defined as follows: :
i
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For values of m » n and m = a0 + 1, singularities at p = ], -1 are removed

by the -equations B8pg = 3qg = Ypo+l = ;nn+1 = lan+l = Enn+1 = 0.

6.6 The Axisymmetric Problem

For the axisymmetric problem in which the stress field is independent
of 2, the potential functions take the form

2a

= - _-L - \
®5 Lo (2a%1) 2500 Paay (P30 (330 = Pp 1 (POQ,_ (a)) ] (6.6.1)
v = 0
j =1, 2

[f a surface force on the spheroidal cavity is prescribed, the compo-

nents of this vector can be represented by:

(6.6.2)

LnO Pn(p)

Therefore, Eqs. (6.5.6) which determine the coefficient Aan and A.n~ are

reduced to:

_ - - - - -
A [ | [ :
00 "m0 v ¢ Mo | 2 81
- (6.6.3)
gLnO SZnO ' AZnO ' “n0

Bv solving (6.5.3), the stress and displacement field can be readiiv

obtained
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. As an illustration, we will consider in the next sections the problem
of transversely isotropic medium containing a spheroidal cavity when the

‘ medium is subjected, at large distances from the cavity, to

(1) Uniaxial tension in the direction of axis of symmetry of the

o

o medium (z-direction).

- (1i1) Hydrostatic tension in the plane of isotropy (xy-plane).

¢ (111) Pure shear stress in the plane of {sotropy (xy-plane).

L4

L4

‘3 (iv) Uniaxial tension in the direction perpendicular to the axis of
5 symmetry of the medium (x-direction).

tk Numerical evaluation for case (i) and (iv) are presented in the next
: chapter.

4

%

n.7 Uniaxial Tension {n the z-Direction

'

W

; This problem i3 an axisymmetric one in which cp = 7., = Q. There-
S fore, the boundary conditions in this case are

= - - i 6.7.1

3 9,z TO s O ™ %4 e ™ 0 at infinity (6.7.1)
; L, =¢t, " 0 on the spheroidal surface (6.7.2)
. In the absence of the cavity, the state of stress 1is:
&

2 0 0 0 0

= zz T0 v e " %98 T %2 0 (6.7.3)
}? The components of the residual traction wector on the spheroid are
K-
B 0 0

~ - + = (

I R R T
(6.7.4)

' L. = oo n_ + 00 n =T E p = Tob P, (p)

= z 2r r 2z 2z 0 By
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Now, consider the problem in which the negative of these craction compo-

nents are specified on the spheroidal cavitv, therefoare:

0 1
L= - T Th P

Comparing Eqs. (6.7.5) to Egqs. (6.6.2), we find that the onlv non-zero

coefficient is 1,0 " ~Tob. Therefore,

(1 + k) 2a L
Y10 T "% — QG+ e 0L
(1 + k)
2 2a 1
Majo T "% T Q) T Cee A0
) (6.7.6)
S = 2¢,, (1 + k) Ql(o )
110 44 P o
S.._ =2 (L+k) Qo)
210 44 2 QLo
and Eqs. (6.6.3) which determine A;;5 and Ay1p become:
~ ~ T - ind
t M10 M210‘{ ‘ Mo 10
Do (6.7.7)
! S S l } | L
: Ano 1 -Lf1w
| S110 210 | %210 770

from which we obtain
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8 ata a®

hD
Tob (L+k,) a
A = — —— [-v —— Q. {z,) + - Q7(:)]
110 2(‘2"1)‘ 12 172 172
(6.7.8)
—I‘Ob " (l+kl) a ,
Ay10 * Th o w: V3 T 0, * 5005
210 2(:(2 :cl)A N 171 5 *1 71
where
\ = 2 l o) l o]
- CAA b Ql(vl) Ql(ﬂz) Fl
(6.7.9)
2,. . -
bvj(;+k1)(l +k2) ‘)-1("2) OL(~1)
Fpo= 1+ ( 1 - T !
a(kz-kl) 7y Ql(oz) vy Ql(sl)
The potential functions in this case are:
= - ] = 2 -
¢j Ajlo[Pz(pj) Qz(qj) Qo(qj>] (3=1,2) (6.7.10)

Substituting (6.7.10) {into (3.2.1) and adding the solution of the problem
in the absence of the cavity, the dispiacement and stress field for the

problem at hand becoue:

1
13 2 A0 Gy
ur a2 -r [ 2 TO + L 2 % ]
[c33(cll+c12) -2c13] =l lj (qj -1
(eqp *+C1,) 2 kA, ()
u =z 11 "12 > 1‘+; jlelj]
z . 0 ot 2 2_ ‘4
[r.33(cll+c12) 2c131 j=l 3, (qj 9]




« U U TR U 8.7 a8 "at Yot ‘al tab L Va0 et ol o) A R 126, s,
1
2 2a, (I+k ) 07(q.)
rr 31 s 462 q 1 ho (ql K
j 37 bl
bl
(1+k,) p°
+ C L b
2 e
3 33957
2 24, (1+,) 2 (q,)
3., = 7 —d2= (-, 0.(q,) +c,, —S—d— ]
3B . N 1 66 2 _ 1)
J j 393
( : (1-p>
c,, (1+k,)p° c,.q.(1-p0)
P11 ., 68 i (6.7.11)
Vaali-pD  @-Date)
373 J b 373
2 A (1% QX)) (1-p%)
2z 0 gy ek a @F-D% @I-L@ )
h| ] ] 3 73
2.k
g iﬂQU}k) p(l-pf
rz = }, 2‘:4[‘ l’ b} ]
=] -1) T~
j cxj vJ (qj (qJ Pj)

At the spheroid interface, the equations of the stresses in the medium take

the form:
s
2CA68 % z2
o = A (l+k,)
2 2
2¢,,8 2 (l+k,)z 2 T
0., = — ( 1 + ]
88 I jo1 As10 %5 Yy (22v? s° 23 gsa - 32 )
(6.7.12)
2
2¢ 2 r
44
g = Z A v, (L+k,)
2z~ 2 45 410 j ] ] Z

----
------
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By transforming Eqs. (6.7.12) from cylindrical coordinates to spheroidal

coordinates by means of Egs. (B.3) in Appendix B we obtain:

I N L L S T A L
04)@: 3 (r7+ s 27) | ) 2 4 2 + R 3, 2 !

ab r+v;s 2z r+..s z

. A B 200

2c, A VIS S+ 2r7

_ e Mg vlvys ekt el (6.7.13)

Casg 3 R R

ab (r +vls 27

: I A o i
. - - 3 -
:lo JZ ’1['35 (l*k:)z +.r

(28]
(=]

For an isotropic medium containing a spheroidal cavity, Eqs. (6.7.13) are

reduced by the limiting process to:

3T, -
o, T T o5y (F+50 + 10 sin™v
(6.7.13)
3TO >
Ogg =TTy [F(1#50) + 100 sinv!

where v is the meridional angie shown in Fig. 8.
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6.8 Hydrostatic Tension in tiie Plane of Lsotropy

The boundary conditions of this problem are

- = = T b = 7 = (0
: J LO ) ‘ZZ ‘rz (68.1)

t =t =20 on the spheroidal surface (6.8.2)

In the absence of the cavity, the state of stress is represented by Egs.
(6.8.1). Therefore, the ctractions that must be removed to satisfy the

boundary coanditions of (6.8.2) are:

a N 2T A
t_ = >__na_ +° a, =737 (L-p™)°" = : o

(6.8.3)

We now consider the problem in which the negative of these tractions ire

applied on the surface of the spheroidal cavity. Thus,

2T.a ]
- )
0 XO Pll(p) , t. =0 (6.8.4)

It follows that the only non-zero term in Eqs. (6.6.2) is %, ° -2Tya.
This term is corresponding to n = l. The coefficients Ao and Aﬁlo can be

determined by solving the equations

M0 Mo M0 “Tp 8
“ - (6.
S0 Saro ! thio 0




v-'-.v--"\r' WH'\"I' " " \ "\!hdv"' . . " " v g )‘J - )”‘ L L;l. v ANt ta e ot i atedy 'l v w
\’ e N "-'\'\'.- B . S R PR R S \?
- —-

where Mi:9, ”210' SllO' and 5210 are Ziven obv £qS. (92.7.0). 3v solviag Zgs.

(6.8.5) we obtain:

o) 1 *‘&4) fw
A = - —
110 )
2Cge (k ) kl)Ol(D ) 1
b (1 +kl) TO
Aajg ™ - T — (6.2.6)
- b -
2
_ ol 3(l+k)(l*n) [ O‘l(“ ) i Ql(ol) ]
"l . 1.
a kz-kl Q (-,) 1 Ql('l)

The potential functions for this case take the form:

A
X,
» __.i ( ¢ Q -
P 3 ”‘~10(P (py) Q2(03> QO(qj)l (6.5.7)
The stress fleld becomes:
2 2a,0, (1+k,) Oi<q )

z = T .  + ——i——-i[-c —t 0. (q.,) *+ ¢ )

re 0 ;l b <4 \qu 66 (ql_‘)t
e ! 3 3% j
oy (l+k ) p°
‘..‘ ‘r
* <. ——-1———1—, 3 ,) !

PCTCHEN-
N th R, R)
N 2 2, (1+k ) Ay,
a7y g.. =T, + —i2 {l=c Q,(q,) + ¢, , —5—=1 |
P‘."\ EE] 6] j;l N - >~ q _j 66 kq»_l)ﬁ
isfh 3 373 3
o 2
o Y s T I A N
Ry T2 2 T
ng 2 qj(q*—pj) (qj -‘)(qj-p )
¢
g
RN
L—-—-—A—W
e T T T R I T O T Y




On the spheroidal surface, these equations take the form:
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- ] R
a  j=1 vy (27 =97
- 2 2 2
i ¢, % \ : (l+ki) P 2a (L=p97)
ey 410 ‘ 2_.° 22 RN
a =l g (DJ‘P) b7uY T =)
2
a2 A ek (-0
RV B 72
b™  j=1 v,y (aj-p )
2¢,, 2 A, a(L+k,) p(l-p)?
Il VR i P 4) p(l-p
b 1:1 2 2
vj (.j-p )

R .'\- - ‘,\.

e g T s g g g s e S

!
i WY Tt N

s




e

Ly

j 4" d

AR

.5

By transforming Eqs. (0.8.9) from cylindrical <coordinates to sphersidal

coordinates by means of £qs. (B.3) in Appendix 8 we ovotain:

.
V3 (l‘+kl)(1t+k,) s

3 2 2 4 2
I, ® I‘o (r™+5 2z7)
S):'l (kz—&l)
22 22
: (-5 v2) (l~s JI) ‘
2, 2 4 - 2 4 2 1 :
vz(r +v, s‘zz)Qi(Dz) vl(r2-+vl s¥z )Ql(al)
(6.8.10)
22 2 s 2 2
1 (l+kl)(l—s vy) [v}(l‘-k,)s 27+ 2"
7;:"1‘0 { T = —
SFl(kz-kl) s Ql(;z) (r'+uzs z27)
22 2 S 2 2
(l+k2)(l-s ‘Jl) [‘JJ(I*-kl)S z- +2r"!
- 1 R
1 Ql(ol) (r “.Ts 2 )
For isotropy, by taking the proper limit we find
dl
(lim F, ) - — O (6.3.10)
tsotropy (l-w):c (o -1 {Q) ()]
where
2 2 2 2 2 2
dp = A+ -DTQ )T+ (-1 (2v+1-3070,(p) +:27 - 1]
{(6.8.12)

and, accordingly,




To 2 2 2 s 2
Yo T T T {(c™=1)[(30 -l)Ql(c) -1+2{(e -1)01(0)-1] '—2—4—}
d T +s 2
1l
To 2 2 2
7 » - — {(30"-2v+ D (p"-1)Q,(p) +2v=~-1=-0p (6.8.13)
36 d1 1
2 saz2
+ 2v (& -l)Ql(o) -1] T4 32 )
r +s 2z

For an {isotropic medium containing a spherical cavity, Eqs. (6.8.13)

become

T
0 2
Sy = = T (1-5cos™v)
3 (6.8.14)
T
0 2
The ® 750 (=b +5Sv sin’y)
where v {s the meridfonal angle shown in Fig. 8.
6.9 Pure Shear Stress in the Plane of Isotropy
The boundary conditions are
Ty * T , Tx " cyy A vyz = 0 at infiaity (6.9.1)
e " ty =c, on the spherical surface. (6.9.2)

In the absence of the «cavity, the state of stress 1in the medium can be

represented by:
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or, equivalently in cylindrical coordinates:

y _ = -g_.. = -1 sin 28 , Ia T Tp cos 22, P =0

r sin 29 , u, 3o

5 r cos 23 sy u_ =0 (6.9.3%)
T <%

The components of the traction vector generated by the solution of Egq.

(6.9.3) are:

t. =g n +0 n +0 n =7
X XX X Xy'y XZ 2z 0

>l

2. -
(1-p°)ising =22 rOPll(p) sin 3

1
t =g + + =t 3 (1.2t . 2 -1
y yxnx cyyny cyznz 10 X (lL=-p ) “cos?3 TO Pl (p) cos 3
(6.9.6)

t =g n +0. . n +0 n =0
y XX 2yy ‘zz z

Now, we consider the problem in which the negative of these traction compo~

nents ar« specified on the surface of the spheroid. Thus,

0 2a -1 .
T Yo Pl (p) sin 3

0__2a -1 (6.9.7)
cy T o Pl (p) cos 3

cO-O

z

From Eqs. (6.5.7) and (6.9.7), we find that the only non-zero coefficients

in Eqs. (H.5.7) are:

- - = Y4~ A, .= -lav (h.7.8)
3 aty 1T TR,

-
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o et
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n =1, and A,
]

therefore, the problem at hand is corresponding to the case in which m

The coefficients B are determined from:

[c,,(1+k)) - 6

[c44(1+k2) -6
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2
a a7 (l+k,)
S = -8: —L—l_.
112 44 3
b v
1
a 3§(l+k,)
5212 = -8c“‘ = (6.9.10)
b v
2
. .
S312 * %4, Qp (Pg) = 8cy =y —
bv3 b v3

The solution of Eqs. (6.9.9), after some algebric manipulation, is given by:

2 .
kzulab )

B - -
112 2
al(kl - kz) F3 CAA
2
. kl vzab TO ,
212 ° 2 6.9.11)
3k =k)Fy €4y
. v3ab2 10
B312 2 .
373 INA
where:
ab QY(o.)  ab k. v,Qr(0.)  ab k,uQi(a.)
173 1249 271%14°1
F. m =2 = — -— $— =t (6.9.12)
3 v az vz az(k -k,) VZ az(k - K,)
3 3 37271 2 37101 2




The potential functions for this case arc:

2a
S | =2 2 - p-2 2 R,
¢j 3 lez [P2 (pj) Qz(qj) Po (pj) Qo(qj)] sin 23
(6.9.13)

2a
- —3 -2 2 -2 2
b3 =3 Bypp [Py (3) Qplay) - BoT(py) Qplay)] cos 23
i=1,2

Substituting Eqs. (6.9.13) into Eqs. (3.2.1) and adding the solution of the

problem in the absence of the cavity we find,

* qu T Ql(q )
um { = B, [ 2L (L-p ) (34p,) b — —E
T2 1127 4,3 t L s (qf -1t
66 1 ‘Y
1
°ng 3 T Q)
+ B, ,{ (L-p,) (3+p,) + — —F—" |
212 3 2 2 2 :
Jr 202 (qz—l)
3 1
*'3312[——3(1-93) (J*Pz)-—-—z———r]} sin 2@
ir 2ay (35 - 1)?

70 “iql 3 ¢ Qi(ql)
ue-{- r+ B [‘-—(l‘P)(3+P)+——__T]
2 2t 43 1 L 24, (¢¥-1)t
66 1 'Y
“ng 3 v Qi‘q:)
* Byy,l= =5 (1-p,) (3 +py) +——’ —— ‘-a]
ir _ la, (q~ = 1)
+ B [-———(l-p ) (3+p )_—__{]} cos 213
312 3 3 3 " 2 ‘¢
it 2a, (g4 -1
3 3
2 2
2 B kla B K.a
- 112 1 2 2127272 2
u, 3:2 ( ™ (l-Pl) (2 +py) * = (l-pz) (2 +p2)] sin 2-
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..............
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rr 0 44 32 2 1 2, 2 2, 3 2 3 T
%y Y1 (ql- ) (ql'Pl) ay V5 (qz-L) (qz_pz)
3 1
% Qy(q,)
1°1 3 149
r 2:11(ql -1)
3
. 2292 3 Qi(qz)
2266 Bayol™ o (1-py)"(3+py) + I ]
az(Qz- )
3
%395 3 Qi(q3)
* g6 Bypalm T (1-py) " (+py) - T3 7 listn 2
r 233(‘13‘ l)
2, C112 1 1
Tge = ToT 264t (‘—;3— ( 22 ) (a2 - 1)%(q% - 09
1 1y U e
Blyg ¥k, 2 1,
R B I N S R
a; v; vy (@3- D7y -e))
s HE®

1°1 3
= (L=p)7(3+py) + ]

-2, B {~- :
66112 20,(qi-l)’
A

3% 3 2} (q,)
== (1-p,)"(3+p,) +

-2c, B {~ - -
66 212 . —__—ZJZ(q;—l)‘

1
_2c668312[- 'r"‘"'h (1"93) (3 +p3) -

a

5 . ] sin 218
2az(q3 - 1) i

g = =2 z'ZI 8112(14-1(1) 9
2z 44 33 ( 2-1)2( 2- 2)
1 4 9, " Py
B (L+k.,) q,
22 : - ] sin 28

+ 3 5 =
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2
4 3 B, at(l+k,)
oy * -3 L 2 - a 'Pj)z(z *ey)
3r” j=l v
]
2 B (L+k,) p
+ 2r 12 L 4 =— }sin 29
=l uz v (qz -1 (Cl2 -p))
i ] 3 73
‘3 8, 1?(1-*kii )
g.. =¢,,{ . (L-p,) (2+p,)
T R4 3 a v, J 3
]
B p
- 2 32 3 5— } cos 28 (6.9.14)
2y (@2 -D (a2 -0
%3V3 Y9, 9372,
T 2 afq 3 Qi(qi)
cr9-2c66{—- P leZ[ — (L=-p)) (3*p.)——'—-—2‘-——1—i]
2C66 j=l r 2:1J. (qj -1
2 1
a.q Q; (q,)
- 33 (1.3 193
Bazl 7T (1R Owey) v
33145
3 q
2
-r 312 3 3 = — } cos 29
a2 (qf-1%qt-pd)
3 'Y 9y 7 Py
On the spheroidal surface, the sfress components in the medium take the
form:
210 rz (l+kl) (1 +k2)
g _ w— {-1+ { - 1} sin 28
= l-'3 (k.l-kz) :2+\:§ s4 zz r2+vis z2
2v§k1 2v§k2
) 2 (l+k1- 5 ) (1.+k2- 3 )
L r vy V3
ML B B A S S Se R b
3 17k, 29 2 T4V s 2
(6.9.15)
2w, £l (L+k) V2 (L+k,) o2
2z~ 2 [ % Z 22 -3 g A lz ] sin 28
F3 (kl-kz) rt+v, 82 th 482
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L
2 2 2
: T s (L+ky) v (L+ky) v
0 1 2 2 1 .
g _ =2~ rz [ = - = 55— | sin 29
rz - 2 4 2 - e 9 2
N F3 (kl-kz) r +v25 z r +\Jls z
"
::: .. 21:0 ; 32 zr 2
i 0z T T 3 ' 73 ¢os 26
- F T +v.8 2z
-.' 3
*l
2t rz
. -9 - 1] 29
‘. 9 7.2 4.2 cos
> F3 r +~.»3 s 2z
-
>
The stress components in spheroidal coordinates are obrtained by using the
:- transformation in Appendix B and take the form:
<
.
2t (1+k,)(L=v2) r?
0 1 2
o T3 T (-1 + 72 4.2
.é- F3 (kl-kz) r +v, S 2
o 2
" (1 +i)) (L= D) r
"” - 2 ] sin 28
2 2 4 2 i
s (ky=kyp)  riHvys oz
N
2
2t rz (l+k )vz—Zk v
-. 0 1773 172
.t o = — (1 + [ E]
n 86 2 2 2 4 2
r-'3 v3(k1-k2) TV, s 2z
S (6.9.16)
> (1 +k2)v§ - 2k, \)i
“ - .
_’ B ) ]} sin 29
" r +v s F4
L 1
X 21:0 2 22 r2+s[‘ zz
o%--——vs ) cos 29
o
:_:: F3 T +v3 s 2z
o
'y
’
- O ™ %no T %ne T O
L'~
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For an isotropic medium, Eqs. (6.9.16) may be reduced to:

3- r

j~‘:_"\i_(l-u) +'—,——;——’— ‘ sin
e d3 r+s z~
sl
8r0 r”
J., = — [(1-9) + » ————= ] sin 22
d3 tT+s z°
(6.9.17)
81'0 s 2z
c°e=-—(l—u) = = cos 2=
d3 vr +s 2z
9an = on° = Gné =0
“here
2 PR 2 6.9.18
dy = (57 =1)(30° =7 +8v) Qo) - (o + 1) (6.9.18)

Furthermore, for an {sotropic medium containing a spherical cavity Eqs.

(6.,9.17) are reduced to:

1510 2
vy '(7_—5\))(1- v = sin” v) sin 29

15t

S 2 6.9.19)
oee 059 (-1 + v cos” v) cos 29 (

15(1 - v)

Yo = m cos Y sin 28
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6.10 Uniaxial Tension i{in the x-Direction

The distribution of the stress field throughout a medium subjected to

i
: uniaxial tension in the x~directinn T, may be achieved by superposition of
:: the solutions for the following two cases:
1
(L) ogx = Oy =3 To
.{ (11) oy = -0y -—;— To
-'; The solution of case (1) may be obrained directly from Section (6.8)
\ after replacing T, by% To. On the other hand, the solution of case (ii)
: can be obtained from the solution of Section (6.9) after replacing 6 by
2 .
- 8 + %f and T, by % To. Therefore, the stress components at the spher-
oidal cavity surface for the desired problem are:
Pd
y 2 R
’ vy (l+kl)(l+k2) 4 2 (1-s vz)
: Y (r"+s 27 72 4 2.1
o4 - 2
. 2sF) (ky kl) vz(r +vys z )Ql(oz)
(1~ szvi) ‘1‘0 (lﬂl)(l-vg) tz
; - -] +— [-1+
2 2 4 2.1 22 4 2
g vl(r +v; sz )Ql(ol) F3 (k1 kz) T4V, s 2
(1+k,) (1-v3) r?
d 2 1
- T3 4 3 ] cos 28
:-: (kl-kz) r + Vl s Z
o (6.10.1)
= T, (1) (1ms5D) (v (14ky) s* 22 4 2e?)
< o, = {
ee 1 2 2 4 2
2 ZSFl(kz kl) v, Ql(oz) (r +v,8 2 )
- (k) (1-sPod) (i sh2? o) 1
- }+— {1+
v Ql(o ) (r2+v2 R 22) F
. 1 7171 1 3
’ r2 (1+k, ) v2 = 2k, v2 (1+k,) v - 2k V2
: 1”73 172 2° "3 21
. ({ - = 1} cos 25
vz(k -k.,) r2+v2 s z2 . sl‘z2
kD Sl 2 1
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CHAPTER 7

THE EFFECT OF ANISOTROPY ON THE STRESS CONCENTRATION FACTORS

7.1 Introduction

In this chapter, numerical results will be presented for a transverse-
ly 1isotropic medium containing a spherical cavity subjected to the
following load cases, applied at large distances from the cavity.

(i) Uniaxial tension in the direction of the axis of symmetry of the
material (z-direction).

(ii) Uniaxial tension in the direction perpendicular to the axis of

symmetry of the material (x-direction).
Elementary dimensional considerations show that the stress concentration
factor must depend upon four dimensionless ratios of either the five elas-
tic constants (stiffnesses), or the compliances, or the engineering
constants. Adopting the engineering constants and noting that Poisson's
ratios v and v are dimensionless, the remaining two dimensionless rattos

G
and T although other ratios are

mie

among E, E, and G can be taken as
possible. To show the effect of anisotropy on the stress concentration
factor 1in the vicinity of a spherical cavity, we consider hypothetical
materials for which one of the four chosen ratios can vary while the
remaining three ratlos are kept fixed at values corresponding to an isotro-
pic material whose Poisson’'s ratio equals 0.25. Therefore, the ratios

have, at isotroupy with v = 0,25, the following values

= 0.4 (7.1.1)

1 | o
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Throughout this chapter, we define the stress concentration factor as the
ratio of the maximum principal stress on the surface of the cavity to the
magnitude of the uniform stress field applied at infinity. Positive and
negative signs are wused to denote tensile and compressive stresses
respectively.

Numerical results for the stress concentraticn factor are plotted on a
coordinate system in which the abscissa represents the varying ratio and
the ordinate represents the stress concentration factor denoted by K¢ and
Ke for tensio: and compression respectively. Negative values of Polsson's
ratios do theoretically exist but they may not be physically attainable.

Therefore, they are omitted from the plots and discussion. The asterisk

(*) on the plots indicates the upper or lower limit of any of the four

ratios for positive definiteness of the strain energy function (Eq. 2.4.3)
when the other three ratios are fixed. For each value of the varying
ratio, the locations of Ky and K. are calculated and shown on a plot in

terms of two angles vy and 6 shown in Fig. 8.

7.2 Uniaxial Tension in the z-Direction

This problem was first investigated by Chen ([5] who evaluated the
stress concentration factor for a few transversely isotropic materials. In
this section, we will present more numerical data than has been reported
previously in the literature.

It 1is well known that the tensile and compressive stress concentration

3(9-5v)
factors for a spherical cavity 1in an 1isotropic medium equal 7(5v)
3(1+5v)

T 2(7-5) respectively. The former occurs on the equatorial line and

and
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changes slightly from 1.929 to 2.167 as Poisson's ratio - traverses the
range U to 0.5 and the latter occurs at the pole and changes from -0.214 to
-l.1llo as . traverses the range it tH 9,95,
We have calculated the tensile and compressive stress concentration
factors for a wide range of crystalline and non-crystalline transversely
isotropic materials including some cowmposite materials possessing high
Young's modulus in the direction of the fibers. Results of the conmputa-
tions are presented in Table 5 which shows a substantial increase 1in the
maximum tensile stress for highly anisotropic materials (i.e., Graphite
Thornel). Furthermore, the highest tensile and compressive stresses for
all of the anisotropic materials, listed in Table 5, occur at the equatori-
al line and pole respectively. This is a well recognized situation in
isotropic materials but this observation should not lead to a general con-
clusion applicable to other anisotropic materials. To provide further
insight into the 1influence of anisotropy on the stress concentration
fictor, sensitivity analyses for the four ratios mentioned in the preceed-

ing section have been made and will be presented next.

(il

7.2.1 Effect of

Figure 9 shows the variation of the nighest tensile and compressive

E
stress factors K¢ and K. against the variation of the ratio T It is seen

that for values of % <E¢ l, Ky changes slightly and remains close to 2.0

E— _
E E , E_
but for = > 1, K¢ increases appreciably as E increases (i.e., for T - 10
E
and 100, K¢ = 4.214 and 11.11). Conversely, the factor K. decreases as r
increases and becomes negligible for very large values of (i.e., T - 10

and 100, Ke¢ = =0.140 and -0.041),

- ""JT




In Fig. 10, it i{s shown that for % = 0.167 the highest tensile stress

is calculated at v = 49.3° while the highest compressive stress is calcula-

ted at v = 19.2°. As % deviates and becomes larger than 0.167, the loca-

tion of the highest tensile stress starts shifting toward the equatorial

line (¥ = 90°) and rewmains ther for % > 0.5, whereas the location of

highest compressive stress starts shifting toward the pole and remains at

the pole for values of % > 0.3,

™| Ol

7.2.2 Effect of

The wvariation of the tensile and compressive stress concentration

factors with % are shown in Fig. 1l. It can be observed that

(1) As the ratio % rises from 0.0l to 1, K¢ decreases from 7.400 to

1.749.,

ool

(i1) Neither K¢, for > 1, nor K., for > 0.0l1, seems to be sensi-

miol

G
tive to the variation of R

[E ]!

(1ii) For a sufficiently large value of =, K¢ and K. approach the
values 1.913 and -0.633 respectively.

Figure 12 shows that the 1location of the highest tensile stress is

found to be on the equatorial line (Y = 90°) for values of Svﬁ 0.38. This

location starts shifting toward the pole as increases and deviates tronm

0.8. When %—becomes sufficiently large, the highest tensile stress occurs,

approximateiy, at v = 57.3°. It should also be noted that for all vil i es

of %, the highest compressive stress occurs at the pole.
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7.2.3 Effect of Poisson's Ratios v and v

Figures 13 and 14 show clearly that Poisson's ratios v and v have
little effect on the stress concentration factors K¢ and K.. When 7 trans-

verses the range 0 < v < J/g = 0,612, K¢ changes slightly between 2.028 and

/

2.160 and K. {ncreases from =-0.333 to -0.903. For values of 0 <. < ¢
plotted in Fig. l4, K. appears to be insensitive to the variatiomn of Vv and
remains close to 2.0 whereas K. increases from -0.45 to -2.80. The loca-
tions of the highest tensile and compressive stress are found to be at the

equator and pole respectively for all values of v and -.

7.3 Uniaxial Tension in the Direction Perpendicular to the Axis of Elastic

Symmetry (x-Direction)

Obviously, for the case of an isotropic body with a spherical cavity,
the solutions corresponding to tensions in the x-and z-direction are equi-
valent since these two directions are elastically and geometrically
identical.

For transversely 1isotropic materials, the magnitude of the highest
principal tensile and compressive stresses, Ky and K., are calculated for a
variety of materials. Results of computation are given in Table 6. It is
found that for the majority of these materials, the highest principal
tensile stress occurs at the pole ( Y = 0°). However, for some materials
indicated by an asterisk in Table 6, the highest principal tensile stress
occurs away from the pole. On the other hand, the highest principal

compressive stress for all the materlals in Table 6 occurs at 8 = 0° and
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Yy = 90°., The effect of anisotro on on the stress concentration factor on
Py

the stress concentration factor of the problem at hand is discussed next.

7.3.1 Effect of%

Figure 15 presents the variation of the maximum principal tensile and

compressive stress factors, Ky and K¢, on the cavity surface against the

variation of the ratio %w It is seen that the factor K. is insensitive to

the variation of %, changes from a value of slightly above 2.5 to slightly

below 2.0, and approaches a value of 1.946 for fairly large values of

In contrast, the factor K. is considerably affected by the variation of

| e m

attains its absolute minimum (Kec = 2.022) at-% = 1, and increases monotoni-

increases. The variation of the 1location of the maximum

m i

cally as
principal tensile stress when -% varies 1s shown in Fig. 16 while the

maximum principal compressive stress occurs at 6 = 0° and vy = 90°,

7.3.2 Effect of

m|Ql

In Fig. 17, K¢ 18 plotted as a function of the ratio %. It is seen

that if % rises from 0.0l to 0.4, K. decreases from 2.923 to 2.022. When %

changes from 0.4 to 9, K. changes slightly from 2.022 to 1.893. For values

of % greater than 9, as % increases, the magnitude of K; increases. The

location at which K¢ is evaluated is shown in the same plot. A similar

plot is made for K. and shown in Fig. 18. It appears that K. is insensi-

tive to the variation of % when % < 10 but it 1increases as the ratio

increases (i.e., % = 100, K¢ = 5,003 at 3 = 50° and v = 86°, and K¢

[wilell

-4,726 at > = 40° and ¥ = 86°).
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7.3.3 Effect of Vv and v

Fig. 19 shows that neither Ky nor K. is sensitive to the variation of

The location at which Ky is evaluated is shown in Fig. 20 whereas K. is
In Fig., 21

Ve
found to be at 8 = 0° and vy = 90° for all plotted values of V.

Ky and K. are plotted as a function of v. It is seen that when v changes

from 0 to 0.875, K¢ rises from 2.002 to 4.017. The location at which K¢ is
evaluated is 8 = 90° and vy = 90° for v < 0.25 and 18 & = 90° and v = 0° for

v > 0.25, In the same plot, K. changes from =0.525 to =-1.115; when v

changes from 0 to 0.875, and occur at 6 = 0° and Y = 90°,
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Table 5. Stress Concentration Factor on the Surface of Spherical Cavity
Under Uniaxial Tension in the Direction of the Axis of Elastic

Symmetry
Material Stress Concentration Factor
Tension (K¢) Compression (K.)
Beryllium 1.980 -0.248
Bone (fresh phalanx) 2.328 -0.654
Cadmium 1.786 -1.033
Ceramics (BaTiO3) 2.048 -0.729
Cobalt 2,285 -0.690
Ecologite 2,130 -0.532
Graphite 2.753 -0.669
Graphite Thornel 50 4,683 -0.146
Graphite Thornel 75 5.637 -0.117
Hafnium 2,107 -0.616
Ice 2.231 -0.664
Magnes ium 2.129 -0.633
Micha Schist 1.980 -0.538
Quartz 2,025 -0.491
Rhenium 2,220 =0.59%6
Silver Aluminum 2,210 -0.743
Titanium 2.155 -0.704
Zinc 1.621 =-1.000
Zinc Oxide 2.196 -0.769
Zirconium 2.243 -0.677
Isotropic medium 2.022 -0.587

(v = 0.25)

. 8 e CRCATA U R R A T 0 e .
It R TR (T O A TR T L AL EAUNE SO O U n

L

k)
ala

1

2]

"

"~
\‘\
\
?
)
N




91

Table 6. Stress Concentration Factor on the Surface of Spherical Cavity
Under Uniaxial Tension Perpendicular to the Axis of Elastic

Symmetry
Material Stress Concentration Factor
Tension (K¢) Compression (K.)

Beryllium 1.905 -0.278

Bone (fresh phalanx) 2.127 -0.976

Cadmium 2.316% -0.763

Ceramics (BaTi0,) 2.069* -0,724

Cobalt 2,262 -0.?70

Ecologite 2.476* -0.630

Graphite 2,918* -0.946

N Graphite Thornel 50 1.935 -2.066

: Graphite Thornel 75 1.921 -2.793

Hafnium 2.075 -0.649

:g Ice 2.142 -0.726
E§ Magnesium 2.105 -0.665

Micha Schist 2.074% -0.518

Quartz 2.021* -0.526

Rhenium 2.14%0 -0.566

Silver Aluminum 2.176 -0.812

Zinc 2.315 -0.637
Zinc Oxide 2.186 -0.792
Zirconium ' 2,150 -0,745

I[sotropic medium 2.022 -0,587
(vs=0,25)

E Titanium 2.177 -0.736
X
by
%
v,
3

G A e T R BT R RO I

- '. - AP T
S R I S AL N AT 'f'- SIS RN N e




4 W D e -

N T N R T U O O R T O N O L LN O N T S L S A Y A LSO W AT S P A T YO TOC T YO TR W R M O WO O RN N S AT

.....

92

CHAPTER 8

SUMMARY, CONCLUSION, AND RECOMMENDATION FOR FURTHER STUDY

8.1 Summary and Conclusion

The principal result of this study has been the development of expli-
cit analytical solutions for the (non-axisymmetric) first and second
boundary value problems of elasticity theory for a spheroidal cavity
embedded 1in a transversely isotropic medium. The analysis 1is ba;ed upon
solutions of the homogeneous displacement equations of equilibrium in terms
of three quasi-harmonic potential functions taken in a special combination
of the associated Legendre functions of the first and second kind. Exact
solutions have been obtained for problems involving a region containing a
rigid spheroidal inclusion and a region containing a traction-free cavity
subjected to constant loadings applied at sufficiently long distances from
the cavity. A tractable problem which can be treated in a similar fashion
is the hyperboloidal notch in a transversely isotropic material under

arbitrary loadings (see Reference [8]).

8.2 Recommendation for Further Study

The applications of the present approach are by no means exhausted in

this work. Further study should be made of the following:

«
-
-
-

U™ ™
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i.

2.

Problems which can be solved directly by the present approach. These

include solutions of spheroidal cavities and inclusions under loading
conditions different from those we have obtained, as well as numerical
investigations including the effect on the stress concentration factors
of the shape ratio of the spheroidal cavity or inclusion and the effect
of anisotropy on the decay of stresses with distance from the cavity or
inclusion.

The mixed and mixed-mixed boundary value problems for a transversely
isotropic medium containing a spheroidal cavity or inclusion.

Problems 1in which the elastic medium 1s bounded by other geometries

({.e., the hyperboloidal notch).
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APPENDIX A.1l

LEGENDRE ASSOCIATED FUNCTIONS OF FIRST KIND
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APPENDIX A.2

LEGENDRE ASSOCIATED FUNCTIONS OF SECOND KIND
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APPENDIX B

TRANSFORMATION OF THE STRESS COMPONENTS FROM
CYLINDRICAL TO SPHEROIDAL COORDINATES

Let the spheroidal coordinate system be defined by means of the trans- ‘

foraation

1 1
r e oa(q-1)3(1-p)t

2= a1qp (B.1)

in which it i{s customary to use q = coshn and p = cos & where the ranges

of =, ¢, and ¢ are
D¢<ne<o , O0<ops<snm , 0<86 <2n (B.2)

and let "0 be the value on the surface of a spheroid whose sgemi-axes are
a and b. Then, a = a cosh g b = a sinh Ng» and the components of the
stress tensor along three orthogonal directions (n, ¢, 6) can be written in
terms of the components of the stress tensor in the cylindrical coordinate

system as follows.

- 2 Az[r o, *ts zo0 + 28" rza3__]
d r +s 2
.
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- 1 4 2 2 2
fod W ————— + - .
Lf: 0 r2+34 22 (s z o +tT o, 28 rzcrz] (B.3)
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