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• N INCOMPLETE LIPSCHITZ-HANKEL INTEGRAL OF Ko

PART I

INTRODUCTION

An incomplete Lipschitz-Hankel integral of cylindrical functiovs of order zero, C0, may be
defined by

C,0(a, z) - f 0z ealCo(t)dt

Of interest in applications are the functions Jo(a, z), Ieo(a, z), and Ne0(a, z) where J denotes the
Bessel function of the first kind, I denotes the modified Bessel function, and N denotes the Bessel
function of the second kind or Neumann function. Jo(a. z) and Nd(a, z) occur in problems in the

theory of diffraction in optical apparatus 11, p. 2271. The function I,0(a, z) plays an important role in
the study of oscillating wings in supersonic flow and arises in the study of resonqnt absorption in media
with finite dimensions [I, p. 1951.

In this report we are interested in

K,o(a, z) fo 2 eal'K°ad (1)

where K denotes the MacDonald function or Bessel function of imaginary argument. We shall show
that K, 0(a, z) can be written in closed form in terms of elementary functions, K0 , K1, and Kampi de

Firiet double hypergeometric functions. As an application it shall be shown that K.o(7, z) occurs
when the statistical distribution of the maxima of a random function is applied to the amplitude of a
sine wave in order to calculate the distribution of its ordinate. This latter distribution is of interest in
the study of the scattered coherent reflected field from the sea surface [21.

Moreover we derive formulas for several integrals that are not rcadily available, and we exhibit
some of the properties of the Kampi de Fdriet functions associated with K, 0(a, z).

PRELIMINARY DEFINITIONS

The Pochhammer s)mbol (a), is defined for nonnegative integers n as a ratio of gamma func-
tions:

(a), ( I'a + n)/l'(a) - a(a + I) ... (a + n - I)

(a) 0W 1 (2)

Mdnuscript approved Jjnuar, 8. 1986.



ALLEN R. MILLER

Following Srivastava and Panda [3, p. 631 -e define the Kampi de Fdriet double hypergeometric func-
tions:

(ao) : (bq) nc) a)+ b) ' (c,),

.C,1 i-- j-1I

where the Pochhamner' iymbols (a). are defined by Eq. (2). For convergence

p + q < I + m + 1, p + k < I + n + 1, lxi < oc, lyl < cv, or

p + q - I + m + 1, p + k I + n + 1, and

[I!l•(P-1) + lyl/(P--1 < 1 p > IImax (1x1,lyA) < pI I

As special cases we define

=L[,a,/3; ,,;x,1. £ -- • ()(). x- yn! xi < co, ly < -, (3),. ..- oA('),),..+.(8),.+. m! n!

4ftc, 0; y, 8; x,y- ) (m n. xi < 0, lyl < 1 (4)
m.R-O (,) 1.()m n!

We may thcn write

L (a, 0; y, 8 x, y - F024ýi- X'y

M~a, /3' y, 8. x, yA - F'° ,l:01 XY

SOME ELEMENTARY PROPERTIES OF M~a, /3. y, &; x, y]

Substituting [4, p. 2661

( tP+ 0- 1( - ,)V-,-l dt

(y)p r(a) r(oy - o)

2
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where Re y > Re a > 0, and p - m + n into Eq. (4), we deduce an integral representation for M:

M~a, ; 8; , YI r (-0 0 FOF 8;, xi]ra - '(1 t*-- I) a(I - t-d
M~a, /; v, 8; x, y- r(a( - a) 0

()(2(1'-,a) x- -f-1  2-2 (1 - t)'-- (1 - yt)- d,
r[(a) r (- - )0

Here we have used the equation

IýAZ) - (z/2)ý oF,[-, v + 1; z'i4, (5)
l( + 1) 0

We obtain directly from Eq. (4) the generating relation

M~a /3; ( , 8, x, yI " . (y),(8), 2F In + a, j3, n + y; yJ (6)

We now prove the following

THEOREM: Suppose -I < Re(y - , - /3) < 0, I arg y < Ir, I arg(1 - y) < ir-. Then for y - 1,

M~a 0;Y, ., , Y -r(y) r(,y, - a -'0 IF26~; 3, -/3 8; x)M~a, /3; 3,,8; xylI-~ y •r(,
rFy - a)r½, - J

+ r(Y) r(a + 93 -) ( - y)-'-oF[--; 8; xl + 0( - y) (7)
r(a) r(3)

or

M8(A)F(-rY a-3) IF2[a; y - /3, 8; x] + 0( - y)
Mla, /3; , 8; x, YI - Fr(3 - a)r(y - /3)

+ r(a +/3 ) r x (12 - y)' 0 1 18-,(2x/•) (8)
r(am)r(3

Proof.- The following result is found in 14, Eq. (9.5.7), p. 2491: for a + /3Y- • 0, :t!1.2.....

larg zI < ir, jarg (I-z)I < 7r

2FIot,/0; Y;z] - r (y) r(y - a -/3) 2F, /3; [ + a +/3 - y; I - zi
r(y - a) r(-/ - /3)

+ (I - z)'-"- r()r(a +3- y) 2F 1 y-a.,y-/3; a-/3" z

r(a)r(Q3)
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Hence

FIInn(n + 3,)!'(+y7 aI ,1v-a-/3) Fl +F+ I-, I-y]
Fn+' , =1(-y-a)l['(an+-y -++3)

+ (I +)... I -(ny+)l'(c+-.) ,Fi[y-Q, n +y,-/3 1 -a-13+,y -II'(t 4- x)i1'(13)

Now suppose that -I < Rc(y - - /3) < 0. Then for y - I we have

+Fln +r.3, ] n +y _v.= 1'(n +.y)I(y -- ) + [(r + )(,+/3- Y) (I + 0(1 -Y)
1i'(-y- cx)['(n + y -/3) '(n +a)i'(/3)

S(y), 7  Y(y)" I Y - - 3) (Y)" 1"(Y)i(a + k--- (i yP " + 0(I y)(y -- /3), I'(-y - /3)1(3 -at) ((X),, r(a)l( )

Substituting this result into Eq. (6) gives

1 3. / 3, 6,, 6 : x , i L- 
,Z, I '

-.- I'(,)I(•+ 13 - -Y) ( )'" J• - + O I-
U' y a()1'(-3) + 0,() (Y),,n "

from which we obtain Eq. (7). Then using Eq. (5) we obtain Eq. (8).

Employing series rearrangement wc deduce

[a,/3: y, h, x, ix] = ~(a)P(i3)p xP 1 (9)
p-0  (Y)p P.

Using a general result of Srivastava 13, Eq. (30), p. 1451 we find Eq. (9) in a different form, viz,

, ( )A()p 1P

41 tfk. /3 ",, 6: x, 11 (y), T 1F2[-p: 6, I - /3 - p; x]

I|rom Eq. (9) it follows that

r• (a)/ xr
I.t-[,/3: y,5: .", ix] = , - 3Fo[1/3, -p, 1 F p - .p-- tj (10)

Equation (10) may be obtaincd directly from 13, Eq. (60.ii). p. 1941

4
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We remark that it may be shown that M(a, I, y, 8, x, y] converges on the unit circle ly I I if
and only if 2F, [a, l, vy yJ converges on ly - I.

SOME ELEMENTARY PROPERTIES OF L. [a, f; -y, ,8, x, y]

Using series rearrangement we find

-' (a) P xPL 6a/, xr , Ix. Ix = 7. ( -~ 2F,1.-pI-a--.tP-0 (Y),P(8)p p!2F [3 - ,I - -p, ]

This can also be obtained from [3, Eq. (30), p. 1451 in a different form. Using Vandermonde's
theorem [5, Eq. (1.7.7), p. 281

2FI[a, -p. c. 11 = (c -- a)(c)p

F,16, 1 -a- - P)p (a +/3)p
(I - a - p)P (a)p

so that we have a reduction formula for L, viz,

L[a. -y, 8 x, x- I--t I = I" +P, ; + xl (Ii)
, 0 (y)P(8)P p '

This result can be obtained also by using the following general result of Srivastava 13, Eq. (20), p. 551
applied to Eq. (3):

Cm + n (P) .mn t... c, (p + c n

provided each series is absolutely convergent.

We obtain directly from Eq. (3) the generating relation

- , (a ) , x x"

L [6, 3 y, x,y] = I (a), m IF2[16 m + y. m + , y (12)

Finally, using 13, Eq (43), p. 150] we obtain

L [a. 0. Y. 8, -x. x tan 2!] = (cosn!O) ( 1)1 (syn20)''
n-o

5
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A CLOSED FORM FOR K,O(a, z)

From Eq- (I) we write

K, 0 (a/9, 3) - 0 e-'Ko(Pt)dt (13)

Using [6, p. 891 we rind the following formulas:

I "'o:sd KoW: [F m + I m + 3 .
K(m +m+ 2 2 4

!_K._-__ .I + 43 ,__+___
+ z K, 1) 2 2 - M +0.2,4 ... (14)

s"' Ao( )ds = I m I -

On I)K(:) I -- In 3 - "1 41

-? 2 2 . .

-~ F ff I, I ~~.-n.. 4n1,.. (15)

Integraling term by term we find

exp (, I) K,(13 !) = = t" KA (/i ) dit

'I

A- (j3,' ,1) + i"kQ• 1d

(2 -) JI,, rJ + f 12 0 I
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so that using Eqs. (14) and (15)

IW 0- K~ 2n +exp (of) KO(pt)dt . I-(3 I"F2 I-+
R o(2n)! 2n + 12 2 4

a ~ ~ ~ 211 a 1 .8 2n+ 2n+ (2n)! (2n + 1)2 1 F2 1'1 2 ' 2 '

,,j c2,+I 2,. [(n + 1)r(n + 1)
n-0 ( 2 n + D)! 1-2,,+2

Cy 2n, I K 1 (j3)

n-r t 2n+l)t (2n) ----2 3 F0[I, -n, I - n,--; 4/132]

(2n+-I K1(3) -4/321 (16)

We shall consider each of the above five sums in the order in which they appear. We find

2n

S(2n + I)! F2[l n + 1/2. n + 3/2, g'141

S(3/2), /)r 1F21, n + 1/2, n + 3/2: 12/41 - L [1/2, I, 1/2. 3/2. ,2/4, 112/41.

a-f..1I, n + 3/2, n + 3./2V 2/41
. (, (2n + I)(2n + 1)' -

-(,/2) , ( t• f I ,I n + 3/2. 1; + 3/2. ji ,'41 = 1I/2. I. 3/2. 3/2. .11'/41

wherc in the ldttCr two cjaC, WC have uscd Lq (12):

_ 22', I"(11 + s+ I) ,,Aii t 11
. (2 n +

7
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wtv ; have used (9, Eq, (9,121-14), p. 10411 the resul; 2F1[I, I 3/2; sin 2zJ - z/sin z cos z-

S2nn+
2 n+1 Fo1l-, .- -. ,4/I3 21= a (2n +-2) 3FO[I,-l-fn,-n-;4//121

-~~ ~ ~ ~ n)rF .

I (I /4) , 3Fohl,-I - i, -n.-, 4//3 2 2 IW 2, 1-

n-", (5/2), .
3 -- 4

and finally

-• 2n., - F [1 . - . - - . 4/ 13 '1

Y (2n + I 1) -

S (cQ2/4) Foil, -n, ;- 4//3;i = a , A ,1. , - CIL

- (3/2), n' " ' 
Z

%here in the latter two cases we have used Eq. (10).

Defining

S(I/2)J, I), x ": 1'.

L o(x, v) ---- Z- '"" = L[I,2, 1 3/2, 3/2; x,

ill 1/2).,(1), x"I
L 1(I) (x, -0 = L 11/2. L, 1/2, 3/2, x,

Vfo(x, .0 .. 1 -. :3,/2. 1- x, Y]

j, ,A (x, v)2( " - M [2. 1 5/2. 2: x, v]S.....o in2 . . 2) , , ! n !

we have from Eq. (16) and the above results

exp ((at)Ko(Ot))dt = Kl(13) 13Lo(a1'/4, 132/4) - -- ,o( .i /4"( ,1132)

S• i sin- !(tx/i3)

+ K0 (,G) L 6'4, (2/4) 3 , (a3/4,,a//")
302 .3 2
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which we may write using Eq. (13)

K, (a. :) = IK(z) zL 4 4 - a MA0  a2l

+ z Ko(:) L I - , 'I --- M " a2 + S (18)
1 t1 4  J 7 i 7

We have then given K,. (a, z) in terms of elementary, MacDonald, and Kampi de Firiet functions.

We remark that in view of Eq. (6) and the definitions of Al,) and Al1

A.l.(x, v) -- (3/2, (F1i , n + I; n + 3/2: vi

;/l(xY) = -i 2 1 11n i /2
(3/'2),

V ,0 , .. v5 2) n 17 [I n + 2 -. + 5/2, y

Since zach of the Gauss hypergeometric functions above is conditionally convergent on the unit circle
Y!y except at v =Y I e see that t4o(x, y) and M,(x, y) are conditionally convergent on lyl = I

except at . *= Ilence Eq. (17) is valid for ja/3' < Ic e L - 3 and Eq. (18) is valid for
!ali < I, a t ±1. We shall show shortly that Eq. (17) is valid in the limit even when C, - _- J3. See
Ref. I tor other representations of K,O(a, z).

In a future report (Part II) it shall be shown that Eq. (18) is easily extended to the entire complex
a-plane in terms of elementary, MacDonald and Kamp6 de Friet functions.

KING'S INTEGRAL

Using properties of L and Al we have derived earlier we shall derive (a formula for) King'i
intzgral [6, Eq. (12), p. 1231:

fexpi K, 1(t)dt =c expa[KA'(a) + KI(a)]J- 1 (19)

that is --e shall show Eq. (17) is valid in th: limit for a -3. Using Eq. (8) we find for a-

,l I'4.£ ~ - cosh u + 0( - (cHj3-)
2 2,1 3 - 2:/

Al1 (W/4 )Y, 1 sinh (i + 0(1 - (t,/3i

* seC rcni,,ri ,n ('p ,[l p
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Substituting thzse equations into Eq. (17) gives

eod sin-'(a/f)- jaKI(3) 1o(a) + (2l/3) KO(3) 11(a)+
foIexp (at)Ko)(Pt)dt - 2 /B - + K 1(JO)cosh a

+ -- K02() sinha + Ko(3) L (a 2 /4, 3 2/4) + A3K 1(0) Lo(a 2/4,g12 /4) +0(0 H (/212) (20)

Using the reduction formula Eq. (0I) for L we deduce

L,(x 2/4, x2/4) sinh-xx

L1 (x 2/4, x 2/4) - cosh x

Now holding 13 fixed and letting a - 13 we obtain after simplification

fI

e exp (630)Ko(13,)d0 = 1K,,(j3) + K1(J3)]exp p3 + Ira J(., 13)

where J(a, 3) is the first term on the right-hand side of Eq. (20). We find however that

lim onumerator J(Ax, 1)1 = -1I[ - 1:`V'13) lj(13) - UA'()(j3) 11(13)] 0
0 2

limr[denominator JPa. •)1] = 0

so that on applying L'hospital's rule we have

I rn J~a /o,3) -1/3

lIlence

c exp (/ 1) K,(l(3t) di K.,(11) + A', (1) cxpl1 - I3,."1

and a simrpie transformation now gives IEq. (19). We nay icrl'orm i i ,inlilar awdsiN Ior -- t o

obtain

cxp (-/)A,,/lfltdt = IA,,(13) - KA(/j)lcxp( /1) 4 1/11

10
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A DISTRIBUTION FOR THE ELEVATION OF A SINE WAVE

Consider the random variable y - H sin 0, where H is a random variable with density K(H, E),

IHI < o-, and 0 is a random variable, independent of H, with density

U(8) - ` 1oi 4 v./2
M o l61 > 7r/2

Let D(y, 0) be the density function for y. It is shown in Ref. 2 that

D - 1 nr- K(H,E)dH I K (H .e) dH (21)17y -VH - - y2 + -V ', 2 - Y22•

Rice 171 and Cartwright and Longuet-Higgins [8) have derived an expression for the statistical distribu-
tion of the maxima of a random function that may be expressed in the form

K(H, f) exp[- 2 
1 • + 2' Hexp +"e!f-1I f+erf H -"2 (22)

~H'I1 I TJ 2 H I2 'T'lJI 1 2  1H

Here o-r is the standard deviation of H, and 0 < e < 1 is known as the spectral width parameter. It is
shown in Ref. 2 that the standard deviation o of y is given by

where 71 is defined by

+ - ( - 2) 1

Substituting 64q. (22) into Eq. (21) and using the latter result gives

D(y' f) -xp . 21 1 -2 + ' exp 1 2 2 1 (23)2•'1" 111, 1 3,1 -,7 2 ° 8 e 7)o-2T V"Oo" 4-0) r a- -( 3

where the function *W(k, u) is defined by

W1(k, u) -_2 f.o exp(--s2) erf(k'-Tu2?)d (24)

For real u and k it is shown in Ref. 2 that

7' fJ exp (-s 2 ) crr (k.,"uT-T72)d5 - tan 'k + I + k 2  exp 5 + ' Ko(s)ds

I1
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Using Eqs. (1) and (24) this may be written

tan-'(k) + k I -- + ' I 2(I + k2)
q1(k u - V/I 1/I2 1 + P~ *K- I + k 2  ' 0 2 k j)

We may ;hen write Eq. (23)

D(y, 0 - -- I- exp , 2 2  1 K0
27r3/271a 8.e27)" r" + 8•2 (2 Y8

+ r 3'? exp 472 2 [c0s-e e' -7/ 21,12

where K,0(a, z) is given by Eq. (18).

SOME INTEGRALS RELATED TO K,o(a, z)

The following integrals can easily be obtained from Eq. (17):

sin (aK 0(-)d( - sinh'(a/) - a /3) M0(-a/4,-a 2// 2)

332+ "•-~Ko(B) M1 (-a•2/4,-oaZ/12) la/131 .< I, , •• "±-/3

oIcos (oat) Ko(/3,)d, - 13K 1 (/) Lo(-a 2 /4, /32/4) + Ko(/3)Lj(-a 2/4, /32/4)

Further, using the result [21 for 0 < II < 1, 0 < x

,0(ax) -sn aep(a) If cos (axt)dt -+ i sin (ax:)dt _Cos- 0la1)

I I0 a0 0&~Xa~ +~~i (1+2) 1 =a a

we find for 0 < a < G

cos (a x)dx _oh o 7r/2 a K,(p) 20(a/4, Ko(pj) M ,(a'/4,a2/032)}

(+XI),/ 32 +a2X2  ýp- -ý a0' 3p32

- sinh a {U3KAiC3)Lo(a2/4,)31/4) + Ko(,)I. L(a2/4.,3,/4)I

12

=7,N
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2 _2a~d =cosha {/3Ki(/)LO(a2/4,.13/4) +K 0)(/) L,(a2/4./32/4)I

- sinh a 7r/2 a K 1(13) MOWc/4.a/3)--- Ko(13) W, (W/4,a 2 /)3 2 )
-sn at T 2 /3313!

In addition 19. Eq. (3.367), p. 3161 we have

C'"' sin odi - x pCS2±q 9-sn ,l-o 0 ) e
fn (I + I +Cosk/E 7 0)-vV~sno (-c2t 2)

CO NCLU'SIONS

The Kampti de Fdriet functions have been used to puit in closed form the incomplete Lipschitz-

Ilankel integral K,.,a, :) and several related integrals that are not readily available and are of iniercst

in mathematical physics and applications. Some of the properties of the Kamp6 de F~riet functions
associated with K. (a, :) are deriv.ed. These properties are useful in deriving additional results quickly.

As an example we have given an elementary derivation of a closed form for King's integral baised on

generating function techniques.

In addition, the utility of a closed form for K, ,(a. :) Is indicated b% deri in g ~I Lcriain dcii~itý

function that is associated with the scattered coherent return from the sea surface.
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