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Abstract

A new approach is presented to the problem of finding a

global (i.e. absolute) minimizer of a function of several real

variables, and some of its mathematical properties are investi-

gated.
The approach is based on the idea of following the solution

trajectories of a stochastic differential equation inspired by

statistical mechanics.
Wt-also describe a complete algorithm (SIGMA) based on the

above approach, which looks for a point of global minimum by mo-
nitoring the values of the function to be minimized along a num-

ber of simultaneously-evolving trajectories generated by a new

(stochastic) scheme for the numerical integration of the sto-

*; chastic differential equation.
Finally we describeithe software package SIGMA which imple-

ments the above algorithm in a portable subset of the A.N.S. FOR

TRAN IV language, a number of carefully selected test problems

designed for testing the software for global optimization, and

the results of testing SIGMA on the above problems, and on a
problem of theoretical chemistry.

The main conclusion is that the performance of SIGMA is

very good, even on some very hard problems.

Keywords,

Global optimization

Stochastic differential equations

Numerical Analysis
Mathematical software,

Algorithm analysis, certification and testing
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1. Introduction

This is the final report on the work done from December
1981 to December 1984, under contract n. DAJA 37-81-C-0740 awar-
ded to UniversitA ei Camerino, Italy, on the research project
"Numerical Optimization", by the principal investigator France-
sco Zirilli and his co-workers.

The objective of the research was to develop a new method
for global optimization, founded on a stochastic differential equa
tion obtained by means of a time-dependent stochastic perturba-
tion of an ordinary differential equation.

This included working on the mathematical foundations of
the method, and building up a robust numerical algorithm for glo
bal optimization.

The research has produced:
- The development of a robust numerical algorithm for global op-

timization, the algorithm SIGMA.
- Studies on the mathematical foundations of the method.
- An extensively tested and well-performing FORTRAN implementa-

tion of the'algorithm, the software package SIGMA.
- The development of a set of carefully selected problems to be

used for testing global optimization software.
- Two FORTRAN subroutines implementing the above set of test
problems.

- A successful application of the algorithm to a problem in theo
retical chemistry.

The research has also stimulated scientific contacts with
several italian and foreign scholars.

The results of the research have been disseminated by means
of
- Six research papers submitted to high-standard professional

or academic journals (three of them already accepted for pu-
blication).

- Short communications on the work in progress in national and
international scientific meetings in Rome, Bonn, Milan, Bo-
logna.

- Seminars at the University of L'Aquila, University of Salerno,
Rice University (Houston, Texas), and Fondazione Donegani,
Milan.
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2. The proposed method for global optimization

We consider the problem of finding a global minimizer of
a given real-valued functon f of N real variables xl,x 2, .... XN9
i.e. the point x* = (x* ... ,x*) in the N-dimensional real eucli-
dean space UZ such that f attains at x* a global (or "absolute")
minimum, defined by

(1) f(x*) . f(x) for all x = (xI ... XN)E IN

We assume that the function f is sufficiently regular, that
its minimizers are isolated and non-degenerate, and that (for
reasons that will become clear later)

(2) lim f(x) = +

in such a way that

(3) N exp(-2f(x)/ 2) dX +

for all real E 0.
The interest of the global optimization problem both in ma-

thematics and in many applications is well known and will not
be discussed here.

We want just to remark here that the root-finding problem
for the system a(x) = 0, where g:]N N N can be formulated as a
global optimization problem considering the function

F(x) = il,(x) 1I1 , where Ii' 1 is the euclidean norm in .
Despite its importance and the efforts of many researchers

the global optimization problem is still rather open and there
is a need for methods with solid mathematical foundation and

good numerical performance.
Much more satisfactory is the situation for the problem of

finding the local minimizers of f, where a large body of theore-

tical and numerical results exists.
Ordinary differential equations have been used in the study

of the local optimization problem or of the root finding problem by

several authors. The above methods usually obtain the local mi-

-
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nimizers or roots by following the trajectories of suitable or-

dinary differential equations.
The simplest example is the first-order "steepest descent"

equation

(4) Vf(x)

dt

where vf is the gradient of the function f to be minimized.

However, since the property of being a global minimizer is
a global one, that is, depends on the behaviour of f at each

point of 2BN, and the methods that follow a trajectory of an or-
dinary differential equation are local, that is, they depend

only on the behaviour of f along the trajectory, there is no
hope of building a completely satisfactory method for global

optimization based on ordinary differential equations.
The situation is different if we consider a suitable sto-

chastic perturbation of an ordinary differential equation.
If we perturb the steepest-descent differential equation

(4) by adding a "white-noise" term, we are led to consider the

(Ito) stochastic c.ifferential equation

(5) d = -Vf() dt + E dw

where is the gradient of the function f to be minimized, w(t)

is a standard N-dimensional Wiener process ("Brownian motion"),

and E is a real "noise" coefficient.

Such equation is known as the Smoluchowski-Kramers equation,
and can be considered as a singular limit of the second-order

Langevin equation, when the inertial (i.e. second-order) term

is neglected.

The Smoluchowski-Kramers equation has been extensively used
by solid-state physicists and chemists to study physical pheno-
mena such as atomic diffusion in crystals or chemical reactions.

In these applications eq. (5) represents diffusion across

potential barriers under the stochastic forces Edw, where
S )2kT)2 T is the absolute temperature, k the Boltzmann con-

m
stant, m a suitable mass coefficient, and f is the potential
energy.

The use of the above equation is suggested by the behaviour,

for constant E, of the stochastic process &(t), solution of the

equation starting from an initial point x0 .
It is well known that the probability density function
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p(x,t) of the (random) value at time t of the solution process

tends, as t - (f condition (3) holds), to a limit "equili-
brium" density

(6) p x, = A e -
"f

where A is a normalization constant.

The equilibrium density is independent of the starting point

x0 and is peaked at the global minimizers of f, with narrower

peaks if E is smaller.

In physical terms this indicates a greater concentration

of particles at lower temperatures around the global minima of

the potential energy.

Moreover in the limit E - 0 the equilibrium density becomes

a weighted sum of Dirac's deltas concentrated at the global mi-

nimizers of f.

In order to obtain the global minimizers of f as asympto-

tic values as t * of a sample trajectory of a suitable

stochastic differential equation it seems natural to try to

perform the limit t * and the limit E - 0 together. We the-
refore consider the equation (5) with time-varying E, that is

(7) d& = -Vf(&)dt + E(t)dw

with initial condition

(8) i( ° ) =

where

(9) lim E(t) = 0.
t

In physical terms condition (9) means that the temperature
T is decreased to absolute zero when t - , that is, the system

is "frozen".
Since we want to end up in a global minimizer of f, that

is, a global minimizer of the (potential) energy, the system has

'o be frozen very slowly (adiabatically).
Several mathematical questions related to the solutions of

eqs. (5) and (7), such as the way in which p (x,t) approaches

p (x) for a class of one-dimensional systems, or the rate at

which £(t should go to G in eq. (9), are considered in Appen- J1
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dices 1 and 2.
The method we propose looks for a global minimizer of f by

monitoring the values of f along a number of simultaneously-
evolving numerical solution trajectories of the Cauchy problem
(7), (8), which are generated by a new (stochastic) numerical-
integration scheme.

3. The algorithm SIGMA

A global minimizer of f(x) is sought by monitoring the va-
lues of f(x) along trajectories generated by a suitable discre-

tization of the stochastic differential equation

dA = -vf( )dt + E(t)dw

with initial condition:

( ° ) = X 0

where vf is the gradient of f, w(t) is an N-dimensional stan-
dard Wiener process, and the "noise coefficient" c(t) is a po-
sitive function. The discretization has the form

hk+l = - hk ) + E(t ) (h )U k= 0,,2,...

k -k k--k k k-k'

o = -o
1%where h is the time integration steplength, - Y(&k) is computed

k ~N -- kas a finite-differences approximation to the directional deri-
vative of f in a randomly chosen direction, and uk is a random
sample from an N-dimensional standard gaussian distribution.

We consider the simultaneous evolution of a number N ofNTRAJ.

trajectories during an "observation period" having the duration
of a given number NHp of the time integration steps, and within
which the noise coefficient c(t) of each trajectory is kept at
a constant value E , while the steplength h and the spatial in-

p k
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Let $,(t) be the stochastic process solution of (5), (6); for

Ay Borel set A c ]D we define

PO(O,X 0 ,t,A,) =]P{ 0 (t) E A) (7)

Ci
where 1P{-} is the probability of {-), and P 0 ( 0 ,x ,t,A) is the tran-

sition probability of CE0 (t). Under regularity assumptions for f we

have

P E(o,x , t ,A) = pCo(Ox t ,x)d x  (8)

A

where the transition probability density p p 0(U,xOt,x) satisfies

the following Fokker-Planck equation:

E= 2 Ap + div (Vf p) (9)

w i t h-

lir pL,(O,x9,t,x) = 6(x - xO) (10)

,herc A and div are the laplacian and the divergence with respect to

x and .( ) is the Dirac delta function.

Let A be defined by

1/A 0 -:f(x)/C0 dx < (11)

00theni as t ... the transition probability density pEO(O,x 0,t,x) approaches

the ftlUct ion

p°(0,x 0, x) A c :f(x)/Ko (12)

-- 7
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2. Method

Let us consider the Cauchy problem

-'(4 t + -At) N,(3

for the ( Ito) stochastic dif ferential equat ion (3), where f fl~ R is

the fuinction to be (globally) minimized, -.f is the gradient of f,

wt) is an n-dimensional standardized Wiener process, and -(t, 11>

g' iven function. We assume that f and c- are sufficiently vvell-behaxLi

s-o th-z our statements are meaningful; in particular we assume that

urn F(x) +

and

0- dLX - R"'1O}.

!",lIt F a on iv ci F iite numbher o F isolated 1 l'1ha Im1 11i Ze rs-;

\e ropo.so to tlulmricallv1\ in1te'ra1te p~rob1L, Io1-1), ) 10ok iT1ng

tr :'nvto V w ()I, ai sc unpk i nerica 1 tra i ectorv,, soliat on to h

Ai ',toha1,in i t C. :coLot us s;tart b% considlering the probem

* ~ ' t1 lconstant; thiat is,-
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minimizers of f, with narrower peaks if the constant F, is smaller.

The method we propose attempts to obtain a global mnimizer of f

by looking at the asymptotic value, as t - , of a numerically computed

sample trajectory of an equation like (2) where c is a function of time

c(t) which tend to zero in a suitable way as t . Similar ideas in

the context of discrete optimization have been introduced by Kirkpatrick,

Gelatt and Vecchi (Ref. 4).

In Section 2,we describe our method; in Section 3,we consider the

numerical integration problem; and, in Section 4,we present the results of

I Lte ' cal QXj)Cr IC11ts on several test )roblems.

.

. . . . . . . . . . . . . . . . . .. . . . . . . .
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I. Introduction

T fLet Rn be the n-dimensional real Eucl idean space x (x1 ,x,... ,xn) 4
n

and let f:R - R be a real valued function. In this paper we consider the

problem of finding the global minimizers of f, that is the points x * ERn

such that:

f (x* 4 f(x), Vx E n  I

A new method to numerically compute the global minimizers of f by follow-

ing the paths of a system of stochastic differential equations is proposed.

This method is motivated by quantum mechanics.

The importance of the global optimization problem is clear. For

example, the root finding problem for the system g(x) = 0, where g -+1Rn

can be formlated as a global optimization problem by considering the func-

tion 2(x) = IIg(x) 1, where I 2 "II2 is the Euclidean norm in Rn. Despite

its importance and the contributions of many researchers, the situation

with respect to algorithms for the global optimization problem is still un-

satisfactory and there is a need for methods with a solid mathematical

foundation and good numerical performance. The situation for the problem

of finding the local minimizers of f is much more satisfactory and a

large body of theoretical and numerical results has been established; see

for example Ref. 1 and the references given therein.

0 Ordinary differential equations have been used in the study of the

local optimization problem or of the root finding problem by several authors;

for a review see Ref. 2. These methods usually approximate the local optini-

zers or roots by following the trajectories of suitable systeims of ordinary

differential equations. However, since property (1) is a global property,

.. ...I. . . . . - . . . .. . . . .- .. .- i i i i il l -



rii
Ab.str'act. Let JR be the n-dimensional real Euclidean space, x

(x 1 ,x, X n) T E Fn and f:IRn --R be a real valued function. We

consider the problem of finding the global minimizers of f. A new method

to numerically compute the global minimizers by following the paths of a

system of stochastic differential equations is proised. This method is

mtivated by quantum mechanics. Some numerical experience on a set of

test problems is presented. The method compares favorably with other exist-

ing methods for global optimization.

Key Words: Global optimization, stochastic differential equations.

.2°.
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that the performance of SIGMA is very satisfactory from the
point of view of dependability (only 2 incorrect claims on the
"large" dynamic range machine when NSU C > 3 and on the "small"

dynamic range machine when N > 4) and robustness (no overflows

on both machines).
Unfortunately, given the state of the art of mathematical

software for global optimization, it has not been possible to
make conclusive comparisons with other packages.

Finally, we note that a smaller value of NSUC gives a much

cheaper method (less function evaluations) at the expense of a

loss in effectiveness (greater number of failures).

7. Application to a problem in theoretical chemistry

SIGMA has been successfully applied to a problem in theore-
tical chemistry, namely the problem of finding spatial patterns

of minimum intramolecular energy for a particular DNA fragment.
The problem and the results are described in the paper (in ita-

lian) which is enclosed as Appendix 7.

8. Conclusion

A method for global optimization based on stochastic dif-
ferential equations has been proposed, and its mathematical pro-

perties have been investigated.
A complete algorithm has been developed, which is based on

following a number of simultaneously-evolving sample trajecto-
ries generated by a new stochastic scheme for numerically inte-

grating a first-order stochastic differential equation.
The algorithm has been coded in a portable subset of the

FORTRAN IV programming language, and the resulting software has
been experimentally tested on a large set of test problems: 35

out of 37 problems were successfully solved, including some very
difficult ones.

The software package has also been used for solving a pro-
* -"blem in theoretical chemistry.

Working for the project has stimulated a number of scienti-
* fic contacts, and the project results have been disseminated in
U six research papers for professional or academic journals, and

in a number of seminars and communications to scientific meet-

ings.



set of test problems, and a paper containing the problem set and
the complete FORTRAN coding of the two subroutines has been sub-
mitted to the ACM Transaction on Mathematical Software (see Ap-

pendix A3).
A detailed description of the test problems and of the use

of the FORTRAN subroutines is given in Appendix A3.

6. Numerical testing

SIGMA has been numerically tested on a number of test pro-

blems run on two computers.
The test problems are described in detail in Appendix 3.
The tests were performed on two typical machines of "large"

and "small" dynamic range, that is, with 11 and 8 bits for the
exponent (biased or signed) of double precision numbers, and cor

±308 +3

responding dynamic range of about 10 and 10 . The machines

were:
- UNIVAC 1100/82 with EXEC8 operating system and FORTRAN (ASCII)

computer (level 1ORI) ("large" dynamic range)
- D.E.C. VAX 11/750 with VMS operating system (vers. 3.0) and

FORTRAN compiler (vers. 3) ("small" dynamic range).
Operating conditions for the tests, and detailed results

are reported in Appendix 4.
Table 1 reports summarized data concerning the effective-

ness, dependability and robustness - in the form of total num-

bers of correctly claimed successes, correctly claimed failures,
.- incorrect success or failure claims and total number of over-

flows - for the two machines and for different values of NSUC (sect. 3).
The SIGMA package seems to perform quite well on the propo-

sed test problems.
As it is shown in Annex 3 some of the test problems are ve-

ry hard; for example, Problem 28 (N = 10) has a single global

minimizer and a number of local minimizers of order 1010 in the
* region Ix.I < 10 i = 1,2,...,10.

Table 1 shows that from the point of view of the effective-
ness as measured by the number of correctly claimed successes

the performance of SIGMA is very satisfactory; moreover, it is
remarkably machine independent (note that completely different
pseudo-random numbers sequences are generated by the algorithm

on the two test machines). The results of Table I also suggest
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4. The software package SIGMA

The software package SIGMA is a set of FORTRAN subprograms,

using double-precision floating-point arithmetics, which attempts

to find a global minimizer of a real-valued function of N real
variables, by means of the algorithm SIGMA, which is described
in sect. 3 and in Annex A4.

The package consists of a principal subroutine SIGMA, a set

of 34 auxiliary subroutines and functions, and an "easy-to-use"
driver SIGMA1 which can be used to call SIGMA.

All the coding is written in FORTRAN IV and meets the spe-

cifications of PFORT, a portable subset of A.N.S. FORTRAN.
The SIGMA package contains a total of about 1900 statements

(including some 700 comment lines). This amounts on the ASCII
FORTRAN compiler (with optimization option) of the UNIVAC EXEC8

operating system to a storage requirement of about 4000 (36-bit)
words for the instructions, about 3500 words for the data, and

about 14,000 words for the COMMON area. The requirement for the

array dimensions are 4N 36-bit words.
The SIGMA package and its usage are described in full de-

tail in Annex A5; the complete listing of the FORTRAN code is

in Annex A6.

5. Test problems

Since the early phases of the project the need arose of ex-
perimentally testing the preliminary versions of the algorithm,
in order to detect possible weak points or to compare the perfor

mance of alternative design choices. Experimental testing of an

4 algorithm is usually performed by running its software implemen-
tation on a number of test problems: and therefore a collection
of test problems naturally began to build up during project de-

velopment, including problems specially conceived for the pro-

ject needs by the present authors, and problems reported in the
Al literature.

By the end of the project a final collection of 37 test pro

blems was available: it was coded in the form of two FORTRAN

subroutines, and was used for the final testing of the final ver-

sion of the algorithm (sec. 6).

It was felt that the collection could be useful to the

scientific community as a first attempt to provide a standard

:i: i~~. " . ° : :



= - .; .. : ] -- i • P - -, m : . -- ;m - - - ; .\ 'ol -- , " .. , -..- . .

N

6

crement Axk for computing Y( ) are automatically adjusted for
each trajectory by the algorithm.

At the end of every observation period a comparison is made
between the trajectories: one of the trajectories is discarded,
all other trajectories are naturally continued in the next ob-
servation period, and one of them is selected for "branching",
that is for generating also a second continuation trajectory
which differs from the first one only in the starting values for
Ep and Axk, and is considered as having the same "past history"
of the first.

The number N of simultaneously evolving trajectories
TRAJ

remains therefore unaffected, and the second continuation trajec
tory takes the place, from a program-implementation point of

. view, of the discarded trajectory.
The set of simultaneous trajectories is considered as a sin

gle trial, and the complete algorithm is a set of repeated
trials. A single trial is stopped, at the end of an observation
period, if a maximum given number NpMAX of observation periods
has been reached, or if all the final values of f(x) (except for
the discarded trajectory) are equal (within numerical tolerances,

. and possibly at different points x) to their minimum value fTFMIN

("uniform stop" at the level fTFMIN)" In the former case the
trial is considered unsuccessful, while in the latter case a co
parison is made between the common final function value fTFMIN
and the current best minimum function value fOPT found so far
from algorithm start: if fTFMIN > fOPT the trial is again consi

dered unsuccesful; and if f = f (within numerical tole-
trial is *TFMIN " OPT(wtinueca to-

rances) the trial is considered successful at the level fOPT"
The trials are repeated with different operating conditions

(initiai point X0 , maximum trial length NPMAX, seed of the noise
generator, policy for selecting the starting value for E: in
the second continuation trajectory after branching, and trial-

"- start values for e ) and the complete algorithm is stopped - at
the end of a trialp - if a given number NSUC of uniform stops at
the current fOPT level has been obtained, or if a given maximum
number NTRIAL of trials has been reached: success of the algo-
rithm is claimed if at least one uniform stop occurred at the
final value of fOPT"

A detailed description of the algorithm is given in Appen-
dix A5.
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I ir 0 (O,x ,x) = 6(x x) (13)
CC* 0

- (ii) if Af = Af+ nd 3 CX > 0 such that f(x) a(x-x )2 +f Vx x 0

*.. and f(x) > c(x-x+) + f+ Vx > x 0 then

lirai 1O (O,x 0 ,x) y 6(x-x_) + (I-y)6(x-x+) (14)
co-* 0

where y= (1 + /(c_/C+ -1

where the limits (13), (14) ace taken in the distribution sense. Proposition

2.1 is easy to prove using the Taylor fornula for f around x_, x+.

Remark 2.1. Proposition 2.1 shows that as c 0 - 0, the asymptotic probability

density approaches a Dirac delta function concentrated on the global minimizer

when there is a unique global minimizer (Af > Af+), or approaches a linear

combination of Dirac delta functions concentrated on the global minimizers

-. (A_ The coefficients of the linear combination depend on the curva-

ture of f at the global minimizers. These statements have a clear meaning
0

in terms of C 0 F ]inally, Proposition 2.1 can be easily generalized to a

wider class of functions f.

Proposition 2.2. Under the previous hypotheses for f, Matkowsky and Schuss
"CC

studied, Ref. S., the rate of convergence of p to p. as t by look-

ing at the eigenvalues of the Fokker-Planck operator

0 () D '(-) +

00

"-'We note that p 0is an cigenfunction with eigenvalue zero of 1.

0so that the rate of approach to p is determined by the next eigenvalue

X- X(-0) of 1. C Matkowsky and Shuss obtained for XI(c 0 ) the following

asymptotic expression as c o -* 0:

2--- Af

r..

+0 2.+(15

I-.

-,..,.,.............. .......... :.... . ,.. .,... .. ...... ... ...... ::-:::: .: ========. ==== :,



So that roughly speaking we can imagine:

p-o rU,x ,t,x) = p0+ expj E{s (16)
0

where Pi is an eigenfunction corresponding toXi

then f(x) is a fourth order polynomial with two minimizers, a

complete analysis of the spectrum of L in the l imit _ 0 has

been given by Angeletti, Castagnari, :irilli in Ref. 6.

Remark .2. Since K()-0 as :_- 0 from (16) we see that the rate

of approach to p.. became slower when c, became smaller. On the other

hand from (12) we see that p,' becomes more and more concentrated arounrd

the global optimizers, as (T~ oes to zero.

Let us gyo back now to (3), (4) when c = £(t) is a given function

of t and let -,(t) be the solution of (3), (4). Let 1'(0,x 0,t,A) be

tetansition probability of E (t) and p(0,x,,x) tecrrsodn

probability density. Under regularity assumptions for f, the probability

density p satisfies the following Fokker-Planck equation:

jim [p(Q,xl,t,x) ix x) (18)

In order- to compute the global optimizers of f by following the paths

* .of (),4) we2 would_ l ike to show that

I apOx.tx x (1.) ~9)

t, he t' are positive constants such that j I and -K,

...............................

S. . . . . . .. *
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i=1,2,3, ... , in are the global minimizers of f.

The previous analysis of the correpsonding problem with c(t) C O

suggests that in order to have (19) we need

im E:(t) = 0 (20)
t-o

and, as suggested by (16), we must require that

2
e C2( t Af+ dt (21)

where Af+ is the highest barrier to the global minimizers. We note that

in order to satisfy (21) E(t) must go to zero very slowly.

The problem of giving a matheiatically rigorous foundation to our

method by proving (19) will be considered elsewhere. Based on the heuris-

tic conditions (20), (21) we will consider now the problem of how to inte-

grate nuerically (3), (4) in order to obtain a global minimizer of f.

".j

I->

, S
'i.1

I



lit

" Numerical Integration of (3) ".1)

in the previous sections we have proposed to obtain the global

minimizers of f hy follotving the paths defined by (3), (4) under suit-

:tble iss-nptions for _(t) when t - . We want to consider here the

prcoblein of how to compute numerically these paths keeping in mind that

." te ;re not reatlIv interested in the paths, but only in their asymptotic

The algorithm we propose here is only preliminary and further

study is needed; however, as we will see in Section 4 even the present

* tl ,:,ri th y,es -od numterical results on several test problems.
: k-'

l 'et t, - t = t. It = 0), k 0,1, ... • we dis-• I' _~ I

* cretizo (3), (.4) using the Euler-Cauchv method, that is E(tk) is

Ipprox in'ated by -k solution of the following finite difference equations:

-k+l k k k) + (t)(wk+l - k) (22)

k = 0.,,..

,= X (23)

Since for stability reasons -'t will be chosen rather small and since
k

* condition 21) ii:.plies that _(t) should go to zero very slowly in order

to reach the asymnptotic values of the naths of (3), (4) we expect that a

ll-,k, ntviliht ot t !1e intetration steps 22) will be needed.

* Let r be ;in n-dimensional random vector of length I unifoinly dis-

• ltLt 4 ,:a t K.c , - ) -,imon einall s pie," then Cor in\y ,iven nonl-rlandom

- -' vx',r. v J , It.; projection <v,r> along r is such that

2-2 p !¢-v,r> ii v

,',,--,--,.. . .. . ..... .. . . . .. .. . .- . - - . -,.. .--.-.*. . . . .... . "i'i,]:'i-_ : i .. ':i~ l 2?l.i2.
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where F'(-) is the expected value and <.,.> is the Euclidean inner pro-

duct in R TElhis suggests that in order to save numierical work (i.e. func-

tions evaluations) we may substitute to Vf(Fk) in eq. (22) the expression

n < Vf(k), r > r (24)

where n < Vf(Ck), r > r, the directional derivative in the direction r,

may be further approximated by finite differences with some mesh size Axxk"

When forward differences are used n+l function evaluations are

needed to approximiate Vf while only 2 function evaluations are needed to

approximiate the directional derivative. Finally, some heuristic algorithms

are used to choose Atk and Ax,, to avoid instabilities. Condition (21)
k

suggests that c(t) should go to zero very slowly as t goes to infinity

so that comiputing a single path of (3), (4), choosing c(t) as required by

(21) and following this path for a long enough period of time to obtain a

global minimizer does not seem very efficient.

We have considered this alternative strategy:

(i) N paths of (3), (4) are computed (N > 1; N = 7 in the numerical

experience shown in section 4) with the algorithm described before,

and c(t) is kept constant.

(ii) f is computed along the paths and used as a merit functions. After

a number of steps of numerical integration the N computed paths are

compared. The "worst" path is discarded, the numerical integration

is continued after splitting one of the remaining N-1 paths into two

paths.

'le new path has a different value of c(t) = constant; c(t) is

usually decreased, occasionally it can be increased if the paths

."2 , - ... . . . . . . . . . . . . . . . . .' .
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are stuck in a local minimizer as detected by looking at the

previously comp~uted values of f.

(Ili) repeat step (i
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4. Trest Problems and Numierical Experience

The algorithm described in section 2 and 3 has been tested on a

set of test problems. The first eighteen test problems have becn taken

from the literature, and were proposed as a set of problems to test global

optimization methods by Levy and Montalvo, Ref. 7.

We shall make use of the penalization funiction

u(x,a,k,m) =01 -a < x < a,

k~x~a), x < -a

The test problems are:

Problem_1. (Goldstein's FLunction. Let f(X) XG x-ISX4 + 27X2 + 250; the

Function f has three minima:

x -3,f (x) =7,

x 0) f(x) =2.5Q

x 3, f(x) =7.

The minimizer x ±3 are thle global mninimizers of f.

5

Problem 2. Ilenalized -Shuibert Funct-ioni. Let gl(x) = i cos ((i+1)x+l);

thle function g, is the Shubert funiction. We define the penalized Shubert

f'unction f(x) as follows:

f(x) g,(x) +u(x,10,l1t),2).

T[his fuict ion has 19 minima in the region 1Ix 1I < 10 ;oald three ofV

thiemt are global ones and they are located at:
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x 083thS1 x -1.4-'51, x =4.85805.

Probl1em 3.[waO-I i1eT1s-ona1 Penal i zed Shubert Ftuiction. Let

f (x~v y)iCOS (i+l)~ X+ I ICos (i+1 )yILI

+u(.x,10,100,2') +u (y,10,I00,2)

i110e ClnCt Lon C has ThU ;nini-ia, (18 of themn are global minima) in the

Iin (X.v) X, 10, v LO ,.

)i-oij) C!,. 7 -imensional rPenalized Shubert Function

, = L C-; +1 (i-)x+1 Li cos; i+2v+1l

+ :'(x+1.42S13) + (y+0.8003) 2

+u(x,10,ii)U,2) u(y,10,100,2)

K. ~~ 3 -1 .21.-U.800T3-1) is a point w here the ftnct ion

Iliis ftnuictioii has rougl the same behaviour of the function considered in

pr'OD Im 3-1 Out has1 i. UnikUe global minimlizer at (-t.42513, -1).80032) whe re

the fl-11cL On L' 1-- oqual to -180-7309.

ro,6 Qm -Iiunsiornal Penalizedl Shubert Function S .Te function

s thle nre .:ivtm :n problem -1 w ith S=1

V -h m . nel I Unction . 1'et be g Tiven hv

1U ';i tw ' he iir'o Ilc1 im a in'li m are Located

I
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Problems 7-9 are obtained from the following formula:

n-1

g 2 (x) k k2sin 2
Tr Y1 + I [(yi-A2)'(I+k 2sin

2 T yi+) + (y -A 2 ) 21)

(25)

where x = (XIX 2 , .. . X Yi I + (xi-l)/4 i = 1,2, n,

K, = 10 A2 = 1.

In the region Q = {x , R I -10 < xi < 10 i = 1,2, ... , n} the func-

tion (25) has roughly Sn local minimizers and a unique global minimizer

located at

x = i =1,2, ,n.

We penalize the function (25) as follows:

n :
f(x) = g2(x) +10,100,4 )  (26)roe7 h f i (X) is giv

Problem 7. The function f(x) is given by (26) with n 2.

Problem 8. The function fQx) is given by (26) with n 3.

-PoblIem 9. The function f (x) is given by (26) with n =4. "'

Problems 10-12 are obtained from the following formula:

n-i
g3 (x) 7X {k+slx 1 + . (xi-A) 2 (l+k3 sinrxi+1 ) + (x -A3 ) 2 }

(27) p

where k 3 = 10, A3 = I and x = (xi,x 2 , ... , xn)

In the region Q = {x c R - 10 < x < 10 i = 1,2, ... , n} the function
1

(27) has roughly 1 0n local minimizers and a unique global minimizer at x I

= 1,2, n. We penalize the function (27) as follows:



10

f(x,) c.(X) u (x ,LO,4) (8

Problem 10. Me fmiction f(x) is cgiven by (28) iith n = S.

ProblIem -11 . he function fixi is _ 4ven hv (28) ivith n 8 .

Pr'ohlem M.Te function fWx is 1,iven by (28) w ith n 10t.

Problems 1u-> or obtainel fr-om the following for-

u ia:

~, i N si -~.!.-x, -A.) -(1+k <in _k 0x 1

(29)

+ (x -A. 1 +k, s Ln_.k x
n n'ifl

whrek ., 1z, A, 1, K 3, k, 2.

In the region x -- R 10 < x~ 10 i=1,2, .. ,n) h iicir

29 asreb l si oc:,i mim mii- z and a r iciue .oiobal iiizier at x.*

In the vc-ion x -rm R x; !5 S~ = L , .2, n I the funct ion

n )Is reimI I~ A Lxi mn mad a unique 'Lohal i~imi zer at

= I I 2. . 11 . penailize the funmction i2")) as follows:

WA 11x xi I , to, WI) (31,

lo fmnctl2 !'x -,!vcn (-)3() 4th n 2

* ~ ~ ~ ~ ~ ~ _io hv) f.8 , 22\fl1 h ith n =3

. . .. .7
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Prole jS h ucinfx s ie y(0 ihn 4
Problem 16. The function f(x) is given by (30) with n S.

Problem L6. The function f (x) is given by (31) with n 6 .

Problem L7. The function f (x) is given by (31) with n 7.

The problem s 19-22 have been created by the third

io.A for.

Probl em 19. Let f (X) 4 X- + 0. 1 x, the function C has two minima-

one for positive x and one for negative x. The one for negative x is

the global one.

2
Problem 20. Let f (x,y) 7X - X + the function f has two

mm ika (xP0), (X ,,0) where xx 2  are the minimizers of the function of

P~roblem 19. The minimizer with the negative x corresp~onds to the global

M inimnizer.

Problem 21. Let f(x,y) 0.5 x' + .5 (1 -cos 2x) + y2 , the function f

has several local minima and the global mninimuizer is the origin.

rolm2.Let 11 0 and f(x,y) = IjflX2 + Y2 - (X2+y2) 2 1 M (X2+y2 r1,

the function f has a local minjinin at the origin and two global minimizers

on the y axis.

Problem1 11 2 3. Let f(X) iX 4 where x =(xi, ... , T4 the func -

t ion f(x) has a untique minimizer at x =0 where the function is not

dIiff-cntiable, moreover the hessian of f(x) is not Ldefined at x 0 and

i- n10t d t re L-ein i tC ill aI luCi PbborooLI of' X 0



18

rh remaining problem 24 has Leen suggested bv S. Wolff, Ref. 8.

Problem 21. Let

[(x,y) = -F(x,v) + u(x,10,l00,2) + u(y,lO ,100,2)

X.-X X.-X
lhe re 1E(X,vi 77

the data points x .;jre 'iven hv:

L 2'9 IY- 1377 1144 1201 1225 1244
L

1 ] 0 [ 1 1 1

_. 132- 1351 1356 1370 1390

l _1 ii1 1

and x) = t -

"he fLulct ion -:L,v) has an absolute minimizer at (1523.2, 277.5) and a

spurious relative minimizer due to the penalization at (-6607.3, -10 4).

Fhe nlMnerical results obtained are shown in Table 1.

'---- -- "" -". ."7-"-7 " ".". . . . . .."."."." " ".



TABLL 1

Problem NFI Wlether a global NF2 Whether a global Remarks
ininimiicr Is miniizer has

been CoLUd been found

t 3,184 Yes 7,168 Yes

2 26,893 Yes 77,699 Yes

3 3,218 No 2,11,215 Yes

4 8,755 Yls 7,894 Yes

S 97,701 Yes 183,819 Yes

0 5,393 Yes 10,822 Yes

7 84,782 Yes 1S9,549 Yes

8 19,041 Yes 72,851 Yes

9 18,942 Yes 49,090 Yes

10 18,433 Yes 7, 220 Yes

l1 4,322 No 1.0,001 Yes

12 49,701 Yes 98,985 Yes

13 9,492 Yes 23,770 Yes

14 19,114 Yes ()0,010 Yes

15 35,139 Yes 122,100 Yes

1 0 53,398 Yes 00,305 Yes

17 15,534 Yes 98,974 Yes

18 [6,542 Yes 109,880 Yes

19 6,751 Yes 10,487 Yes

20 3,402 Yes 12,249 Yes

21 10,286 Yes 19 910 Yus

22 4,791 Yes 7,390 Yes n- -ml1

22 3,037 Yes 4,853 Yes n=- m=2
22 5,028 Yes 8,235 Yes n=-m=3
22 14,710 Yes 27,859 Yes n=- m=4

22 51,20i5 Yes 74,194 Yes n-m5



,7,r (,942, 61 'es , m 6

2313,1(2 - Yes
4840 :es ',1. es

ihe proioram is run t;,. ice on teach probl em, the fiirst time 1itha

~ ivn soppng riterion. NFI is t1he ntiblchr of f'unction ova luat ions

fincluding the ones needed to ova iute the i-radient 1 used inl this firs t

run whlile the result obtained is r-hown Lfl columi 3. 'Ih second time the

oroiran is run with a more s-tr inrent s toppino, criterion and the columins

-4 ,have the samej mean ini) is columns 2, , res;pect ivelv. All the remlain-

iniq parameters (initilal Valu1.e f-or ft etc. ... jare fixed oncc and for

all during the runs.

!'e initial point x- has been chosen as I ol lows:

x = o or FroblemIs -

X,=1/50 for Problem '19

= (1,0) for 1Pr1oblem 20

Co -Wfr P ro blIem I

N. - I , o 4 f r ' ) te (2

x O 0 Co I 01 oblemi 23

X. I I 3 -1400 I'01-V 0 I kt~ll 24 .

for m1r: 19--'2 ind -'I the initial point v., has heen chosen

C1Q2-e1; to01 lo1(211122r

'T 1, l41 t , L D; P Cr o 1 e i jin it theL <()liit ion of .7 blui

-n 'i~'~ not 4e-

uLL-'rie(,; neP e
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'/2

Y _ 4c2 - /4 -+9 C2

3

(ii) since V_(y) is even let us consider only y > 0, by

explicit computation it is easy to obtain the following table:

3 2 3V 3 s2

8 - 27 - -P 2 7c-,21:- S.-T 2 + 6 7(~ 7C 2za%_-
" -~-2, 2

+ (k . +97 2 a/ 
(4.a4 +9C )

V' (y) 0 --:U- V2 0

\"(,-) 8c 96  - I ---- - 6e 32 6c2 \e { (4+9E2)

I C4a v44 + 9E2 + 4c2/

Table 1

(where .' means differentiation)

(iii) V(y) is bounded below by a constant independent of E

iv) V (y) is given by Fig. 3.
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2
(2.20) Uv M df2  - df 2  ) -2z~20( dyv)j=dv i:

1 y2 (2a2y2  b._y 2c)2 2 (6a2y2 + 6b4- y+2c) =

v"2 a

2 4 3ab 352c 3
6ay + -E + (- b2+2ac)cay' + b F +

+ (c2-3aE 2)y2  3bE Y - c

In order to understand intuitively the behavior as E - 0 of

the spectrum of H when the potential W (y) is given by V or U
E E E'

let us analyze the behavior of V and U when E + 0.s £

Proposition 2.1. Let V (y) be given by (2.19), then V (y) is an

even sixth degree polynomial. There exists co > 0 such that for

(i) the equation

(2.21) dy-- (y) = 0

has five real roots

]/2"'

4.1 2 + v4 +9F 2

3

that is, V has a local minimizer at v = 0, two global mininizers

-t +. T" 4 -+9L 2 112.

at V =_+ - -j + 2 and two local maximizers at



Fi.
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In this paper we will consider the case when f(x) is given

by

(2.L3) f1 (x) = (x:-.i) a > 0, x E R

or by

C-2.14) f2 (x) = x(ax'+bx+c) x E AR

where .t > 0, a, b, c, are real constants and

(2.15) a > 0

(2.16) b2-4ac < 0

'.>lT) 9b 2 -32ac > 0

(2.18) b < 0

Since the spectrum of H is invariant with respect to adding

a constant to f, to making translation on the x-axis, or to changing

x into -x, fl(x) represents the most general fourth degree polynomial

with two global minimizers (Fig. 1) and f,(x) represents the most

gencral fourth degree pol-nomial with one global minimizer and one

local minimizer. Let us remark that (2.15), (2.16) implies that

f,(x) ) 0 Vx C R, with fi(x) = 0 - x = 0, (2.1,) implies that

f'(x) = 0 has three real roots 0, x , x and that f"(x) = 0 has

two real roots, that is x, is a maximizer of f, ind x, is a

minimizer of F., finally (2.18) implies that 0 < x < x, (Fig. 2).

.\ 4traighttorwir. computation gives:

11 dz( 2 . 1 9 ) V . y =\ ) v i r

= C '\ " t l ', . + ( I l -3 K .: ) y + .1 .

. . . . . . , . . ° .
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S

to verify that

(2.8) v0(y) c2 e y EIR

is a solution of (2.5) when X =0, corresponding to vo(y) we have

(2.9) u()= f(X) CR

solution of (2.1) when X 0. Since we would like to interpret u,0 (x)

as the probability density of a random variable we will assume that

(2.10)~ -2h-2 f(X) x V$

and we will choose

(2.1) r 2/2f(X)l

so that

(2.12) j U0 (x)dx 1

Condition (2.12) means that u,(x) 6 L'(R) this implies that

v 0(y) C 1L2 (I) where LP(R) is the Lebesgue space of index p, so

that it is natural to study the spectrum of H in L2 O)

% -



§2. Fron the Fokker-Planck Ljuation to the Schrodinger equation.

Let us consider the eigenvalue problem

(2.1) .LuJ = u ' E ¢, x e

,here L. is given by (1.4).

Let us consider the change of variables

(2.2) v x

-- f (y)/2 ,

(2.3) v) c e u Vi

where c is a normalization constant and

(2.4) fy) _ f _

The eigenvalue problem (2.1) becomes

(2.5) H v = -\v e T, v e R

whe re

dv(2.0) It dv z  (y)

and

JI. f

~~: ~: .*~ ..- - :- -i ,. -f . - . - - - * *
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The interest of one of us (F.Z.) in the study of the asymptotic

behavior of the spectrum of the Fokker-Planck operators arose in the

study of a method for global optimization based on the use of suitable

stochastic differential equations [11].

lIn §2 the cigcnvaluc problem for L is reduced to an eigen-e

value problem for a suitable Szhrodinger hainiltonian H . The particu-

lar Schrodinger hailtonian obtained when f is a fourth degree poly-

nomial with two minimizers are studied in detail.

In §3 some approximating hamiltonians that will be used later

are introduced and studied.

In §4 all the basic estimates needed to prove our main results

are proved.

In §5 a theorem concerning the behavior as E 0 of the dif-

ference between the resolvent of H and the resolvent of the approxi-
£

mating hamiltonian is proved.

Moreover the asymptotic behavior as c 0 of the spectrum of

It and as a consequence of the spectrum of L is considered.ge

In §6 using the Rayleigh-Ritz principle for H a particularly

simple asymptotic formula for the first nonzero eigenvalue of L is

obtained.

Finally in §7 the case when f is given by a general smooth

function is considered formally and some conclusions are drawn.

,

S•,



77

where Pr{. Probability of {.}, p, (x,x 0,t) is the solution of

the Fokker-Planck equation:

(1.3) 2E= L (p) x eR, t > 0

where L(.), the Fokker-Planck operator, is given by:

(1.4) L(p) .x+ xp Re

subject to the condition

(.5) rlin p(x,x 0 ,t) (S(x-xl)
t-0

where u(-) is the Dirac's delta.

The proolem of deriving asymptotic formulas as 0 + 0 for t,

.-. first nonzero eigenvalue of the Fokker-Planck operator has been con-

-- sidered for a long time both on physical and mathematical grounds. We

refer for reasons of brevity only to the recent paper by Matkowsky and

Schuss [10] where several Fokker-Planck operators including some two-

dimensional ones are considered.

However, the problem of studying the spectrum of the Fokker-

Planck operator as 0 0 has received much less attention. In this

paper we restrict our attention to the one-dimensional case when L is

given bv (1.4) and f is a fourth degree polynomial with two minimizers.

L,!. Even in this particular case the resulting problems is an interest-

i -" sinnular perturbation problem for the ordinary different ial operator



§1. Introduction

Asymptotic eigenvalue degeneracy due to singular perturbations

is a connon phenomenon to many different fields of applied mathematics

*" . suh as quantum mechanics [1], [21, [3], [41, [5]. [6], statistical

.7. mechanics and quantum field theory [7].

In this paper we study the behavior as the diffusion constant

goes to zero of the spectrum of a class of one-dimensional Fokker-PlaTv

operators. The problem considered here can be considered analogous for

the Fokker-Planck equation of the anharmonic oscillator problem for th,

Schrodinger equation studied in [1], [2], [4]. In particular we will

follow the path of Isaacson in [2].

Let us consider the Smoluchowski approximation to Langevin's

equation [81, [9]:

(1.1) dx(t) -Vf(x(t))dt + F dw(t)

where fJl R- is a smooth function called potential, R is the real

iLne, . is a real parameter, w(t) is a standard one-dimensional

Wiener process. The equation (1.1) is an Ito stochastic differential

equation widely used in mathematical physics and engineering whose

- solution x (t) is a stochastic process.

re The transition probability density p (x,xO,t) of x (t) is

defined as:

(1.2) p (X,X. ,t)dx P x (t e (x,x+&Lx) x. (0) = I

- " r

12 7 . . * -. *
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The numerical experience contained in table I shows tlat the present

implementation of our method is much more sensitive to ill-conditioning than

- to th.: r.otal number of local minimizers. This seems to be due to the method

*used to numerically integrate the stochastic differential equations. flow-

ever, we should remark that on Problems 10, 11, 12, 16, 17, 18 that have a

very large number of local miniimizers the global one is obtained by using a

* number of function evaluations much smaller than the number of local minimi-

zers. Our method gives satisfactory results on all the test problems in-

cluding Problem 23 that is not differentiable at the solution. Finally,

we note that given the stochastic nature of the method the amount of work

needed to solve a problem depends on the problem and on the sequence of

ramdom numbers generated during the numerical integration.

We feel that further work both of math matical and numerical charac-

ter must be spent on the ideas presented in this paper.

-- -

S,

3'

6



10

2ct 2

32a'

00

Fig. 3



Proposition 2.2. Let UJ(y) be the sixth degree polynomial given 11v

(2.20). There exists c. > 0 such that for 0 < E < O

() we can consider the points

v 0, x I, -2 o.

wee -3b + 9b -2ac df2wheea are such that --(x )=0 u

the points

->2°

whr-~=3b + v'9b 2,2ac d2 f2
who ra are suc h that < < 2)

Let us remark that (2.15), (2.16), (2.17) imply that 1,2 are real

(i.e. 9b - 24ac > 0) . MNoreover 0 < K < X1 < C2 < X. so that

0 <n <V YK<q,<

(ii) we have

(2.22) U'(y) 2= (f f; ffit

ZF-- 2.E

( 2 .2 3 ) j 2 = , f' ) + , Fff-  2 =  fx -v )

where *' means differentiation.

(iii) by explicit computation from (ii) it is easy to obtain

the following table:



122

ni (F (T. f

SI

31 f: lit c2 -!J'(\- 2c-a i) I

f , ;f .. }

S- (,. -iv) r ' )) -
4

able2

1\- ) C I F ) ' 0. Moreover c f'" x,

"(.xi and C ' ax (.x

-. 0. from ble we can deduce that the equation

o =."

.l Ir 1-0,rot. SO th't U) 
"s -th e minimizers ;1d tWO MaxIX

w. I rhounde oe .n 1- c o tan t ietpedefn t

vi;. . .. .i .0 .w . . .

-6 -
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Fig
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From Proposition 2.1 and Fig. 3 it follows that as E - 0

V (y) approaches three independent harmonic oscillator potentials,

one with vertex at y = 0 and equation 4a 4y2 + 2a2  and two with

vertices at y 2i -a and equations 16a4'(y +~ a) 2 - 4a'.

Let H be given by (2.6) and W (y) 4c~y2 + 2a2  then
E-

the eigenvalues in (2.5) are given by

(2.24) -X(I) 4C2 (n+l) n =0,1,2,

the eigenvalues corresponding to the remaining two harmonic oscillators

are

(2.25) 4X 2) -8a 'n n 0,1,2,n

(2.26) 3) 8ot'n n =0,1,2,n

In section 5 we will prove that the eigenvalues of

(.7) M + ye(R

approache (2.24), (2.25), (2.26) when F- 0. In particular we will

show that the first eigenvalue N, = 0 as E ~ 0 has asymiptotically

multiplicity 2 (i.e. NjF- 0 when E:- 0) as can be seen from (2.25),

(2.26) when n =0. Moreover

(2.28) Urn - X2+4 n (c-) 4 4t(2n+l) n 0,1,2

as can be seen from (2.24) and



is

(2.29) ln - X 3+4n() rli - (4+4n(C) = lir - 5+4n c) = 8 2 (n+l),L +*0 L-)'0 L-O

n 0,1,2,

as can be seen from! (2.24), (2.25), (2.26). So that M as C - 0

has eigenvalues with multiplicity one (i.e. the ones coming from (2.28))

and eigCnvalues with asymptotic multiplicity three (i.e. the ones coning

from (2.29)).

From Proposition 2.2 and Vig. 4 it follows that as E : 0

U (y) approaches three independent harmonic oscillator potentials

one with vertex at y = 0 and equation c 2 y 2 _ C, one with vertex at

y2 and equation c(y_yl) 2 _ c1  (c1 < 0), and one with vertex

at y = y, and equation c,(y-y 2) - c 2 (C2 >).

Let II be given by (2.6) and W (y) = c 2 y2 
- c then the

eigenvalues in (2.5) are given by

(2.30) = (2n+l) c - c n - 0,1,2, ... (c > 0)
n

the eigenvalues corresponding to the remaining two harmonic oscillators

a re

(2.31) -X (2) = (2n+l)Ic1 l-c1  n = 0,1,2, ... (c 1 < 0)

(2.32) -n (3) = (2n+1) c 2 -C 2  n = 0,1,2, ... (c 2 > 0)

In section 5 we will prove that the eigenvalues of

(2.33) N - , + U(y) y eR

I.

'. " . ," - ', " "" ,"",""Z ," ,"- .'. " . , - -. " ." ".". -" ". " -," -' ". '. " ". ' .. ''.." .''" . - "-.- . .- .. .- '. . .
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approaches (.2.30) ,211, (2.32 )when 0. In particular we will

Ishow~ that the first eigenvalue 0 as 0 1 has asymptotically

Multiplicity 2 (iu. %1(1*) 0 when M) Te remaining eigen-

values, ince c , c. c can he expressed in terms of a, I 'Ix 2  a s

shown in Proposition 2.'(iii) , have multiplicity ofle if ~-- is

irrat ion:il ,have mult ipi icity one or three if is rational.

I0
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§3. The approximating hamiltonians.

Let CCR) be the space of the infinitely differentiable func-

tions of compact support. Let h0 :V(h 0 ) c L2 CR) - L2(R) denote the

self-adjoint extension of - - and let (y m) denote the domain of

the self-adjoint multiplication operator ym*

The Schrodinger hamiltonians M, N as operators on L'(]R)

possess the following properties:

Theorem 3.1. For any E eR with £ 0

(i) M is essentially self-adjoint on Co M) and is self-adjoint£

on D(ho) n D(yb)

(ii) M has compact resolvent

(iii) the eigenvalues of M are non degenerate

(iv) the eigenfunctions alternate parity and the one corresponding

to the smallest eigenvalue is even.

Proof: See [6] and [12].

Theorem 3.2: For any c 6]R with c # 0

W) N is essentially self-adjoint on C-R) and is self-adjoint
E:

on V(ho) n V(y6 )

(ii) N has compact resolvent
E

(iii) the eigenvalues of N are non degenerate.

Proof: See [6] and [12].

... . . - -" " .-- .'. .-.-.. . .," ."V..... .-.- """-. • ' . , , • " . - - . -- . .. - ,'- . v "' .. '""- -..
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Let A+ {yly > A0 = y! 6} < OA = {yy < -

and define V2E as follows:

2

L4&j 1 I___ 4a2  when Ce A
E+

V2-(Y) V0 V0 + 2a2  when y A0
cos

2 y

(3.1) 2

4 Dt 4 4av2 when y e A
Y 3c

(see Fig. S)

where

2 2

(3.2) i a - 2a 2 3-'3

(3.3) -

(3.4) V 32

The function V2E as C - 0 is an approximation to V in particular

\: approaches three independent harmonic oscillator potentials, one

with vertex at y = 0 and equation 4ay 2 + 2(12 and two with vertices

at v = + -- and equations 16( ; 2 -X

t 0

. .- . .. , 0_ < I it
[.et 0 •. . . . . . . . . . . . . . . . ..2
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(3.5) lim (&) = li M 2 ( ) =

(3.6) 1r il 2 (C) Jim n2 (F-) = 0

Given jl() we choose n2(C) to be the smallest solution of

(3.7) V2 E(nl (0) = V I  C ')-2( )

A straightforward computation shows that (3.7) can be solved and

that nl(:) should be of the same order of n2 (c) for c - 0.

Let

(3.8) I ( ) = {v e)R (c)<y < - _ 2 (E)}

(3.9) 1 = { el + ( ) < V< - )

we define

V2 (Y) when y i C)

(3.10) V1  (y) = C (E)
V2 nC1 (a)) when y e I1 u 12

(see Fig. 6)

Note that VjE is a continuous function because of equation (3.7),

and as E - 0 V is an approximation to V in the same sense as

V

Let us now consider the operators

(3.11) M ( ) = d2L +,

2. ..
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(3.12) - ye6 I

we will use them to approximate M

The eigenvalue problem forM

(3.13) M (2)v W y~ E~ R, v e L 2 ()
E:

can be reduced to the following eigenvalues problems:

(3.14) N -(2) v e A, v e L 2 (k

(3.15) M v=XW y G Ao v EL 2(A,)

(3.16) (2)v y EA-, v eL2 (A-)

The eigenvalue problems (3.14), (3.15), (3.16) can be solved

explicitly. In fact the eigenvalues and eigenfunctions of (3.14) and

(3.16) are given by [13], [14].

(3.17) 4c =T[2n+y n 2 f 0,1,2,

(3.18) V =N [4t~ ) 2j 2ct1(y - I )J [2 + )]
fl flE 76 ~

where N is a normalization constant and L' are the generalized
nE n

Laguerre polynomials and 4+ is defined for y > , is defined

y <~- and

(3.19) 2 'a +u

V

The eigenvalues and eigenifunctions of (3.15) are given by [15]:



7-- --

7-7-7-7"..

F2~



(3. 20) +~2+) .~ n=01nE

(+ n

co yF(I ~,-- -4 in :Jhe n is even

(3.21)

c os ~v invF- 1. when n is odd

whreF(~X 2 ,X 3 ,Z) is the h%-perg(cmetr--c ~ ~ s &f ned bv

the equation

IThce igenvalues of (3-.13) are g iv en 1-v il

n=0l2 . the elgoenvalues have -,,u~tirl ici:\-tw. oroe

nn

cf -.he th-rce harmonic oscillato.rS cons id-ere' ' efore.
++

The eicenfunctions of (3.14) Sat i,4 \ o l v

o th!at . orre--ponding eigenfuncticns ofIL (3, 13 c an be obtained extendi-ng

w '' 'ith :ero for A~, Similar tztenents hold for the eigen-

IS.WJ (316) >!Ioreover 1 ',c i. :o'ucz ions of (3.15)

are even ci xli adnud the eigenvalue;-s - f j 3.1-Y) "nave multiplicity t,;~o,

1c ein . t. 1 Cn o f 3. 13 can iOhon -e cv r Oddl.

f f i s n ao tcortpact support

kS :r: n i nei Thiborhcor.d of '=,n 4kI.C have:
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Theorem 3.4. M() is essentially self-adjoint on cC).

Proof. it follows immediately from Theorem 10.23 page 315 of Weidmann

[loi.

Let .-A+ = yv. , A0 = {v2y1 -r 2 < y < A = {vK < 2y1- ,

and define U as follows:

C 2, Y-12 c when y +

(3.-3) U = _ VC - c1  when y e A,
cos -

2

15 1 2 -c when v e A

(see Fig. 7)

where

(3.24) 12
2,,,,2

(3.25) = (2v1  2)2

(3.26) -7 -~ 1
'2

2Y

(35.27) -C"

Let us remember that v,,v,. 2 depend on (Proposition 2.2). It
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Vil 96(t 4
(4 S )< V2< 96_x4

(4.57 1V () l1' v< 4

Since equation (3.7) implies that I i Cstant 0( from (4.5S)

(4.5(i) an' (4.39) we have

(4.58) F (y)j < constant E1-3 ..

Reasoning in the same way it can be shomi that:

(4.59) I : (y) < constant '

Vlivni + r <  .,(L) . This establ ishes estiate (4.43). I

let us prove (4.44). From Proposition 2.1 (i) we know that Vc given

by (4.27) haZs tlree minimizers y = o, y = + _1( F24 +9c2 and
1 -- .2 Moreover3

two m.Lill 1111 i's at - I K ' 1,14+9,,2 M

(400 L 111 32 6(4 .nU) lira J"v;± 1L : 
- v/, +ga :

(4 .(,iI) i m V: Kt I- (.lr .:+ 'T'72 "1 - j =4(j + c

Lnd for 0 -

(4 .o2) l (4.' - ,TT +t)L - e ( - 1 (4.2: - ,' .b_ yC' 31(1I

• .: . ." " " - . - . . . " . . - _ - ' : . . _ 'i . ._ . _.. .
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When Y < r1, = c we have

(4.52) ' --( y)- =<24-- ( 5 2, ' (, '

and

(4.53) IW,, * , -

(4.53) 32 cos -[ siny"I (2+sin:y)

<1 24,i T)1'
To~(- 3 .L

. -?'

So that when jyf < n() E- from (4.51), (4.52), (4.53) we have

(4.34) : F(Y') < constant

Wh~en iv - < U( ) we have y (y) = )2 ( '  so using the Taylor

formula at y - we have

gP

(-I.55 F(y) = - -( (y) + (7 .(y 2 ,

with 7 an intermediate point in the interval

For >. - ¢2Z. < -F() we have:

(4.50) IV'"(y)! <- 144 + ,. + 024 , j, 300,7J .. : + 1 0 4

and

, .- ? . - . ...................-
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(C)) "

Proof: The proof of (4.40) follows from the fact that on IR\(I) u 1•

we have V L . The proof of (4.41) follows from the fact that

(4.46) V 2 IV oil I I U 1

and

(4. 47) 0 < V < Ia
2E -C IL

2i

The proof of (4.42) follows fromn the fact that on I(C U I(C we have

(4.48) v o L: ( t ) + 2a 2 +

so that -since anmd VO are given by (3.3), (3.4) we have

(4.49) Vl(y) > constant L

for 0 < L < -o  ..

let us prove (4.43). Lt us consider the function "w

(4.4O) V:1 (y) C VY (Y)

Using the Taylor's fornla at y = 0 we have

U)4F"t' (%)
L

(4.51) F (y) = -3L 2)2 + y

with % an intermediate point in the interval (o,y).
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Definition 4.5. Let P2 be the projection on the subspace of the

functions of L2QR) that have support on IR - U(C) where

ut -, (6) U fy ) Il +z 2 2 1 -- -<
< T1 (< : U y~ I - I 2r}l Y I

That is P2 is the multiplication operator by X _ . Let us now

choose

(4.39) I,(E) = 61 0 < 5 </3

n2(£) will remain determined by the equation (3.7).

h eiorem 4.6. Let ri (F) be given by (4.39) and n2(E) be determined

hb (3.7). Then for 0 < E < £ 0 we have the following estimates:

(4.40) (V2 -V) (I-P9)II = 0

(4.41) I V (, - )PII constant

(4.42) il-'VP! < constant 25

(4.43) 4(-V")(I-P 2 )Il < constant C

(4.44) V-, V'(v -V )P, JI < constant

0 4 .,)) 1 P. < con stan t E 2

where I is the identity on L, OR) and I I is the operator norm

induced by the L- norm.

~. 9.'~M
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(4.33) ( + :) > on COR) x C'R)

(4.34) (M) +)2 > \2 on CroIR) x Co(R)

(4.35) (M 2 
+z)2 >V 2 on Co (R- x C - }).

where 0 < <I

Proof: It follows from Theorem 4.1 since V , = ", V2 V> 
2  and

> 0 and the similar statements for V1 , , V 2£

Theorem 4.3. There exist zo > 0 and Eo > 0 such that for z > zo

and 0 < c < L, we have:

(4.36) II ( +z)-y[ < l! 1 ,I V £ L 2 R)

1

Ez

£~~ Op2

Proof: Note that (4.27), (4.28), (4.29) imply V , Vl:, V 2 constant > 0

so that V-, V-, V- are bounded operators. The proof of Theorem 4.3
E 1 E 2E

follows imrnediately from Theorem 2.21, page 330 of Kato [171.

Definition 4.4. Let Pi be the projection on the subspace of the

( C) ( E)functions of L'(R) that have support on I, u I. . That is P,

is the iltiplication operator given by x ( )

-. "-2
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(4 .2 6 ) (1 - X ( u ( 1 _ -- 2 + Z 2 , } +

+ X ( )uI () {(1- ')V22(qi1)+2zV 2; (ij 1)+z 2 } +

1 2

+ X {5(y),(( )+5(Y+ )} + - 21 + -
(E (E 2C

+l -rl n"

In fact for z > zo > 0, 0 < E < C we have

{(1-8V 2+2zVC z2 -V" } > 0. Moreover

{(1-6)Vl (ri-),+2Z2 (2)E Zz 2I o and E 0, Z2 0.

The estimate (4.2) is established.

Let c be a constant such that

(4.27) and V

(4.28) V V + c > 0 and (V +) 2  V2

(4.29) V V +c>0 and ( )2 V2
2C 2£E 2 E 2C

We define

(4.30) d 2
- j + VC ],I+

,() d'

(4.31) N1 = - 4L+ v = +
-(2 dy2 + (

(4.32) M(2) + Edy- -  V2E C ( 2

Theorem 4.2. There exist zo > 0 and F- > 0 such that for z >, z0

and 0 < e < Eo we have:

. . % .. .
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The estimate (4.3) has been established.

Let us now prove (4.2). Let 0 < < 1 proceeding as we have

done proving (4.1), lie obtain as a fon on C00R) x C010R)

(4.21) (NI +z) - V > (1- )V + 2zV1  + z

To prove (4.2) it will be enough to show that for z>z 0 , 0<< c

wchave:

(4.22) (1-4)V2  + 2zVl - " > 0 y GIR.UE leV E '.:.
JE1

Let X be the characteristic fuction of I U I() 121 I2

We have

(4.23) =, VI (l-x c=(y-I)+6(y+n)]
le~ ~ 2E()

-2 [(y - + r1 + _ 2)]

where 6(.) is the Dirac's delta and

(4.24) C1 = 2 V0 jcos -T 1 si n I > 0

(4.25) 2 8 n 1 1 3 0

are the absolute values of the jumps at y = ± 1 and y ( -2)

of V' .

Since V = V when y elR\{IC U 1(0) we can rewrite

equation (4.22) as follows:

.. . . . . . . .. ... . . . . .. . . . . . . . . . . . . . . . . . ... ..-. . . ..*.~ .. *. ... . . . . . . . . * L * .°,
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since V0  given (3.4) goes to infinity when c - 0. The last inequality

2 (X2
in (4.16) holds Vz > 0, 0 < < < 7T (6(1f3)).

For y e A+ fonula (4.13) becomes:

FS 2

234 2 v 1 v - 2(4.17) z2+2 L4+ y 3E 2v 1' 3--Z +

2

+ (1- )[4 Y 3C 2j 4a +

3£-

-8a 41 + 3T 1 I> 0
.(-- 3E:

with the substitution t - the expression (4.17) becomes:

(4.18)+ - (t-1) 2 -4a2t]2 > 0, t ) 0

When t ) and z such that (z2-8a2z-8a') is positive, the

left hand side of (4.18) is greater than or equal to

(4.19) j(z2-8a2z-8c) 24ct > 0 for z > (4+2v0)a 2 , E > 0.

When 0 < t < .} and z such that (z2 -8c,2z-8a4 ) is positive, then

L the left hand side of (4.18) is greater than or equal to

(4.20) -24a + (I- [-1) (t-) - 4a2t] 2

The expression (4.20) is positive for 0 < E < E0 since v

given by (3.2) goes to zero as E : 0.

The proof of (4.3) for y e A is analogous to the proof given

for y e A+ and will be omitted.
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and this last expression can be made positive for z > z0  and 0 < E < E.

choosing z0  and E The estimate (4.1) is established.

Let us now prove (4.3). Let 0 < -< 1 proceeding as we have

done proving (4.1), we obtain as a form on CIR- 1 }) x C (R- })

(4.12) (M +z)2 -2 T > (1_) v + 2zVZ + 2- xr' v
l-2E2'E 2E

To prove (4.3) it will be enough to show that for z > zr,

0 < E < E we have0

(4.13) (1- )V2  + 2zV + z,2 C > 0 y CIR

For y G AO  formula (4.13) becomes:

(4.14) z 2 + 2(Votg By+2a 2 )z + [(l-T)(VOtg 2 6y+2a 2 ) 2 
+

4 2 sin2y+l]

when jyj <  we have cos26y > and sin2 6y < so that the

expression (4.14) is greater or equal than

(4.15) z + 4ci z - (60+4) > 0

when z > (v'64 +- 2)U2 and V£ > 0.

When -I < y < 2 we have sin26y > and cos 26y (
4S 2

so that the expression (4.14) is greater or equal than

21 2 4 C( Bll>

(4.16) z2 +4 2 z + [(l-nV0 sin ay-8 x(2 sin2sy+l)] >

Z2 24 Z4- 24c] > 0
/> z+4a~ +4[ \O 24
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(4.7) F, (y') =2zV + 2 -" 0 y e R

Let us define

t =Y
2

A 2ze

B 8c 2 9+ 30&

C =2z(4cL4-362) + 48oct2 E2

D Za2 + Z2 8C, 6E2

A simple computation shows that

(4.8) FI(t) =t(At
2 -Bt+C) + D t >, 0

Let us first note thtwenz>2v31 C ad0<e ( we

have A, B, C, D positive. Consider now the parabola

(4.9) At 2 
-Bt + C

since A > 0, the parabola (4.9) will have a minimizer at toB

where

4A-2  E £2

(4.10) At2 -Bt +C - -C-B (22SE2 +24C,2z+12 Z2) < 0

Moreover the equation At2 - Bt + C =0 has two real roots:

0 <t B - ~ Z <t B+Ar
ZAT2 2A <

So that Vt >- 0

(4.11) Fi(t) >- 0 A~-B 0 +C

_X2 -Oiz56o -84EI -630 --- 7.- E 2
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§4. The basic estimates.

We will prove here some estimates that will be used later:

Theorem 4.1. There exist constants z0 > 0, E0 > 0 such that when

z > z0  and 0 < < 60 we have

(4.1) (M +z)2 > V
2  on CR) x C00R)

(4.2) (M(')+Z)2 > "V2  on x

(4.3) (m ) V2  on C(P.-{ _ --- ) x

where 0 < < 1.

Proof: Let us first prove (4.1) and let p = i-4- Then as a form
dy

on C, aR) x Co aR) we have:

(4.4) (M+ = (p2+y +z) 2 =

S V 2  + 2zV Z2 + 2p(V +z)p - V"
p C : :

Since V constant independent of : when 0 < c < 0 so
E

(4.5) p(V +z)p > 0 on C0 R) x COOR)

for z large enough. From (4.4) and (4.5) we have

(4.6) (M +:)2 - >, ) 2zV + on C 0R) x CoOR)

To prove (4.1) it will be enough to show that for z > z0  and

0 < E < C0  we have:

i .. ...... . - . . . . .. . . - . ... . . . . . . ."
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Proceeding as before let us now considerI

(3.32) N_ + UCv eIR

(3.33) N d, UJ v 6IR

we will use them to approximiate N-.

The elgenvalue problem for N ()can be solved analogously to

the eigenvalue problem for Mf2 in particular as E-~ 0 the eigen-

values of N approach the cigenvalues (2.30), (2.31), (2.32) of the

4three harmonic oscillators considered before.

Let C O 1 2-r - 2 . =flf is CO and of compact

support and is zero in a neighborhood of y =2y, -n2 and Y n}

We have:

Theorem 3.5. N is essentially self-adjoint on C OR- {2,,-nj-{ 2 )

Proof: It is a straightforward modification of Isaacson []Appendix 2. -

Theoremn 3.b. N~is essentially self-adjoint on C 0aR.

1, roo F: It follows imiiieiately from Theorem 10.23 page 315 of Weidrnann
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is easy to check by explicit computation that 2y1 -n2 > 0 so that the

function U2. (Fig. 7) as e - 0 is an approximation to U . In par-
E

ticular U2  approaches three independent harmonic oscillator potentials

one with vertex y = 0 and equation c 2
y

2 -c one with vertex at y = Yj

2 2and equation c2(y-y1) - c1  and one with vertex at Y = Y2  and equa-

- tion c2(Y-Y9 2 - c 2 "

Let Pl(E), P2(a), W3 () > 0 and

J1C) = fY ERW 1 (E) <y<y 1 - 2 (E)} and J(E) {yEJy1 + 2(R) Y< Y2-- 3 (}

two intervals such that

- j() and n e J() such that
1 2

(3.28) U2 Jp(W1 (&)) U (Y,- 2(0)

(3.29) U2.(yl+W 2 (-)) =U21(yg- (6))

and J= {}, note that because of symmetry U2 a(y- 2(E)) =

2 .Uy(y 1 2(E))

finally later we will need

(3.30) irM U2E(yl- 2 M4)

Let us define

( .

U2 1(y) V 3 j

U((3.31) U- () () y e j()

i,.y e J

(see Fig. 8)
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(4 .03 ) 1 (4 .2 + 1 __.4 ,:

Let v 6 1 u then (y) = (r\ ) + C so that

(4.64) I'-V ) 1 + <1 +

where

(4.05) m(E) = mi (y) min V(y)• £

y.AI1  Il,

rain ( )), X" (_- flj))

and (4.o3) follows from the fact that V is even and (4.62), (4.63).

An clemntar" computation now shows that

1.2" (4.00) I -V )I < constant for 0 . c. when ye I~ c ) u

Lt --- + nir) we have V (v) V,(y). DeFine v' = - --

so that we have y' I ,II(h:) + and

.. (L.T) V :(v) ."- v " - . ,,. ) - 4a

- L ( 1 1 24 1+ 42

since when v' l l.(K) + I , (I + 1 4 4 it follows

,.. . /w-V.. y ,.

(4.08) < 10C(' - ) - 4,,- when v > - + )

S. .
.. . . . . . . . . . . . . . . .
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N1o reove r

(4.09) V (y) = -4a - 0v2 uc(y - + (14-3) (y - +

(6 -:--) +

24/2 (y + 26 (y :t

L L%+ 0 / 1 "2 , 3 ( --- - + t ( y - q -

From (4.08), (4.09) when 0 < c < co and y + I (c) we have:

l10" 4+ 4 =

V
4a? 6 "CZaL + 160.2  2

fl (L) r12 ( ) 
.' -

- 3c

so that V constant when 0 < c < c0 a 1lat is
Vt-

(4.71) I '(V V 1 ) constant when 0< E< o, y>--+n 2 (c).

eIasoniIg in the sani way it can be showm that

(4.72) 1V (Vt-V)1 < conistant when O<c<c 0 , Y<- 2-n (c)

TIhe equations (4.00) , (4 .71) , (4. 72) estabi islh (4.44).

LCt W; prove (4.45). When y e I uI we have

(4.73) V, (y) = V.( (t)) + c. .

• - °
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::'i and

(,.74) lir \2 (1()) constant 0

- *

From (4.39) it follows that:

(4.75)vlc <constant £ when O<£<c 0  eI U 2

loreover

(4.76) V(() = V..(y) > V y +w 0- T1 2(c)) Oden 0 C <o E: >  + q2 (E:)

E

and

(4--) lim -:) V ( , + r ()) = constant 0

since II.I), rL() are of the sune order as c -- 0 from (4.76), (4.77)

it follows

(4.78) '- < constant ' when 0 0, v> +

Reasoning in the same way it can be shown that

(4.79) V-, < constant 1 when 0 < c G , < . .)

The equations (4.75), (4.78), (4.79) establish (4.45).

This completes the proof of Theorem 4.0.

[.". 

.

. . . . . . . . . . . . . . . .. .. . . . . . . . . . . . . . . . .*"
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Thcorem 4, 7. There exist constants zo > 0, co > 0 such that when

z u and 0 < c < c. we have:

(4.81)) (N +z) 2  U2  on Coo CR) x C3 OR

(4.81) (N(1+Z) >~U on C'OD R) x C-oOR)

(4.82) (N(2+Z)2) U2 on C (R - t2 fl2 -T ft12 ) xCCOR- 2 1 n

where 0 < B i .

Proof: Let us first prove (4.80). Proceeding as in the proof of (4.1)

we can show that

(4.83) (N C+z)2  C U 2 ZU + C

So that to prove (4.80) it will be enough to show that for

z zp 0 < c < we have

(4.84) :2 (y) =2zU +> U 0 y E1R

A simple computation shows that

(4.85) F, (y) =2a
2 ty L czy5 + {.)(gb' 2 ac)V 30a%)y

+ -cc 6Oa y3 + {2z c-3ac') -12(9 b + 2ac)c2 y +

Ip - z + l8bc Ly -2zc -2C
2 + 6a C2 + Z
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Let t = Ey, rearranging the terms in (4.85) we have

t 2 + 3 b ,2t 2 + L t + ) + Z(4.86) F2( ) = 2z{[- 1 t2 (2a t + 2c 3b + +

2z [30a2 t -+ 60b t3 + 12(@ b2+2ac)t2  - bct + 2c2-6a ]

For z > z, and 0 < c < E0 the expression (4.86) will be positive for

any t C R. This proves (4.80).

The proof of (4.81), (4.82) can be obtained from the proof of

(4.2), (4.3) with only minor changes and will be omitted.

Let c, be a constant such that

(4.87) U = U + c and ( ,2)U

u + c_ and (U + ) U:
. ^ + E.) 2 U

(1.89) u . = U, + c, and (U,^c + C)

We define

(4.90) N + N +

(4.1) Tly: +  
21 E: ] +c

%NN

"p .1

• ,.2r ..-.- . - f ,; ; , ..- .- , .,., -.-.. ,-.-- .,::
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Theorem 4.8. There exist zo > 0 and EQ > 0 such that for z > zo

and 0 < E < Eu  we have

(4.93) (N +z)2 > 02 on C ) C )

(4.94) +z)2 0: on COZ)x C'O aR)

N(N+z)z > 02
(4.95) (N Uz on CwOR- {2yj-n 2})xCO,R- {2y,-r 1 - {r'2})

where 0 < < 1.

Proof: It follows from Theorem 4.7 since U' = U' 02 > U2 and

c, > 0 and the sinilar statements for U1 , U 1 , U2e, U2 .

Theorem4.9. There exist z0 > 0 and c > 0 such that for z > z

and 0 < L < F0 we have:

(4.90) (N+z) -< II< '11 VE L2 OR)

(4.97) II + 1y,- v, 6 L2 O )

where 0 < 7 1

Proof: It follows iinuediately from Theorem 2.21, page 330 of Kato [171.

. .-

. .:
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Definition 4.10. Let P, be the projection on the subspace of the

( E:) j( C
functions of L2OR) that have support on J ) u J2

Defini tion 4.11. Let P* be the projection on the subsptce of the

functions of L2 OR) that have support on R\U ) where

UYH ' ~() {y Iy 1!I < 12()' {y I y < p"

Let us now choose

(4.99) ]'d(E) C 0 < 6 < 1/3

. -) and u3(c) will remain deternined by the equations (3.28), (3.29).

Theorem 4.12. Let i.~j) be given by (4.99) and 2(), i1(3) be

determined by (3.28), (3.29). Then for 0 < E < c. we have the follow-

ing estimates:

(4. lOU) U - U(I P)

(4.101) 111-'(02-U )p*Il < constant

Z 2~ i 1 -,

(4.102) 6lu"P*1 ( constant
1'

(4.103) II ( -U)(I-P*)II 4 constant c.

(4.104) IIIY'U -U 6)P*.l < constant
E t. 1 F

(4.105) <lu-UP ! < constan. c21

Proof: The estimates (4.100), (4.101), ... (4.105) can be proved

has the corresponding estimates (4.40), (4.41), ... , (4.45) of Theorem

4.6.

..:. :. :,~~~~~~~~ ~ ~ ~. :.-.- -.---- .... ...... ....................................... ..... ,i -1. .. . . . . . . .-. .-."" - " '" "' -. ". " - ' . '-. ." - " ". .. . .. " ""
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§5. The behavior as E + 0 of eigenvalues and eigenvectors of NI Ne.
C

Let us first make precise in which sense M is approximated
C

by 1
( 1 )  '(2) and N is approximated by ( (z)'

L CC C

Theorem .1. There exist constants A, z, > 0, c > 0, + > 0

such that for z > zo, 0 < C < E o we have

(5.1) I(2)+z) - (I +z)-1 l ( AL6 '
E C

(+i) _ *,+
)+ - +z) I - Ac U

L*

(5.3) ( Z)++z)1-1 < A'
LW+Z)-11 < A,: %

(S.,) <I (N()*z - - (N.zf'II - Ac6'

L L

(5.5) II(N )+z- - () *-l - +s

(S.6) (0')+Z)- -At:

Proof: The proof of (5.t), (5.2), (5.3) follows from Theorem 4.3 and

Theorem 4.6, reasoning as in Isaacson [21, Theorem 3.1. Similarly, the

proof of (5.4), (5.5), (5.6) follows from Theorem 4.9 and Theorem 4.12.

let us rema rk that (5. 1) and (5.4) say that the resolvent of

N1 converges to the resolvent of M and the resolvent of N con-

verges to the resolvent of N '*) .is 0. In section 3 we have

%%;;] :: .:-.: : :..-.::- :. -: -.:-.: .-.:.- -:-.::-:., . ..-.... :-..... :. :. ..- .:-, ..::.--:. ..: , ..,.... ., .." *, .--; ,> ,:. . , :..,.> -'.,;..v -,-'-.:.:-'.- .. .:.."... -.v- .
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studied the eigenvalues and eigenftunctions of M(2) and N(2) here
C C

we w ill see the consCquCncCs of (5.1), (5.4) on the eigenvalues and

of M ,N.
C C

Let P_(S) and P ()(S) be the spectral proiectors of Mi
E C

and MU ) associated with the Bore! set S c (E.

The eigenvalues of NI(2)  (3.17), (3.20) when r- 0 are givenC "

by

A5.7) -= Srn + 0(r) n = 0,1,2,

,. = 4,-t'n+ + 0 . n = 0,1 ,2,
n c

(-ce Fig. 9).

4.0 *0 0
n1 'A 3E, 2 C

14 3-L 1o2, 16c 2

Fig. 9

'e r-ind here that ' h;i mul t ip ici ty 2 and X0 has multipl icity one.
n f: nfE

-- ... ........ .. .. . . -. ..-.- ... ...... .... =...=.....=...... .. . . ..........



47

Let

(5.9) Ck(r) = {zIz-4c2 kl = r) k = 0,1,2,

and

(5.10) Dk = {zIz-4a 2k l < k = 0,1,2,

with r < ax and let:

k(2) 1 2 )11 p (D k)z-1 (7 . )-'dz  c

Ck(r)

then

(5.2) 1)(2) (Du) P(2 ) W +) for c small enough
U",

UL

(  } k odd

(5.13) 1)(2 ) D

1(2) ( , U { I k even

for L < -k (see Fig. 9). We remark that -k cannot be chosen inde-

pendent of k.

Theorun 5.2. There exists L k > 0 such that for all z e Ck(r) and

Mll 0exists

(5.14' (z - ,Il)-  exists

. . .r -' ' ' . . . - ' - .. ... ..'- ' 'd , & - - ' .-. *.p ... *... - .X- L' % r - - -
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(5.151 sup (t (z-M)- (z-M%) coiit:int
Z C k(r) L 

,

Proof: It follows from Theorem 5.1 Wid the known properties of the spec-

trt~n of I'll rearranging the proof of Theorem 4.1 of Isaacson [2].

Theorem 5.3. For k = 0,1,2, ... we have

I im i, P (Dk) P ( (Dk)i 0
E-~Ok

Moreover for all E sufficiently small 1 possesses:

(i) two distinct eigenvalues (.> 0 sch tht:

(3. 1&) lin u ( :..(). : (2 ; 0
E 0

(ii) when k is odd one eigenvalue ok(2  such that

(3.17) lir L:k(.) = 4 2k k = 1,3,....

(ii t) when k is even three distinct cigenvalues jk(F), k(.) , uc

such that:

la - = lir ..(&) = li -) =4.k k =2,, ..

Proof: From (5.15) of Theorem 5.2 we have:

(5.v) P (Dk) P a(D ) = .,.,-_.- f ((:-M "'-( - ]d '!
Ck(r) -

< constant r

.- C .* C - -.. . . - ... -

*. . . .-..... ..- -..- --- .- . - . . . . . . .. . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . .. .
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So that for c sufficiently small

(5.20) dim P (Dk d iii 1 2 (Dk

The remaining part of Theorem 5.3 follows from (5.12), (5.13), (5.7),

Let us now establish the results announced in section 2.

TUheo rm S 4. Let 0 X - 0 < X, <1 XL (L:) < .. . be the eigen-

values of M .Then:

(5.21 lim -A(E) =0

(512 im X (E:) 4a(2n+l) n =0,1,2,.

(.) im - A 4 = limI- X 411(c) = li - X +4 (L:) 80L2(n+,)
c+40 E .+40 0 -O t

n 0,1,2,.

krof e tz=x+iyl-l,<x<(4ak+2a 2 -ly-11 k 0,1,....By

estimates analogous to the ones of Theorem 5.2 it is possible to show

t hat

1 im IPL (Sk) PC(-k

That is for c sufficiently small

LI im II (S imr
t ~ ~ k)'L:)(k

I'heo rem 5.4 follows now from Theorem S. 3.

A straightforward computation shows that the cigenvalues of N (2)

when t 0 are given by:
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(5.2n) -, = c(2n~1) c + 0(--) n 0,1,2, ..

5 25) -A-: n I I(2n+1) -cl + O(L' )  n 0,1,2,"!

(5. 26) -- ( 3) = C (xiT+) c + 0(
n61 ~ f 0,1,2,(5. 26) -,, = c,(2n+l) -c, 0(. ) n =0,1,2,

where c =2axx , cl = 2ax,(xI-x2) < 0, c. = 2ax,(x,-xl) where xj,x

are given in (i) of Proposition 2.2.

Let {-T } be the set obtained reordering the ntnbers ofn n=

E = .c(2n+l) z = .. and E = {c2 (2n+l)-c 2E1 ={c2~l Cn=0, EI =  ol(nl cn=) 3 22n=j

in such a way that - < < -- n 0,1, .... Moreover if a nunbern n+i

appears in more than one Ei. i = 1,2,5 it %,ill appear a corresronding
L

nu:Uevl of in tI in 7{ i --n_" since zero apcars in E,

an, iL. I ,ei1 have = =0.

[h~o remn' I.et - ( ) < .. be the eienvalues of N .

n n

Pro C: The proof can be obta i ned f rom (.. , 5..2, ( ) rrang ing

thv proofs of Theorem 3.2, Theorem 5.3, Theorem 3.4.

We remark that i,hcn a certain value appears more than once in

- * this corresponds to as\vnptotic eig envalue degeneracy for N

Since -%\ =0 \ have

lira -,.( -
=  ) 0

. ~ .,,--0
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All tht2 remaining {- are distinct if .Lis irrational,11 11=2 X

It, -, is rational t -J I containls values that appear 0fli once
x. n n1=2

anld va lUeS that apre)ar' threeC timeICs.

That is, there are eigenvalues of N Ethat remain isolated when

0 111[ eigUnVa lUC-S that have asvjiiptut ic multiplicity three when ~~0.

We have already obser-ved this phenomenon in the study of NI.
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§6. The estimate of the first nonzero eigenvalue of M and N

In section 5 it has been shon that

(6.1) -Xo(_) = -- o() 0 V: 0

(6.2) lira -xI (t) = ln -7() = 0

where -AJ ( ), -Aj() > 0 are the first two eigenvalues of N1 and
E

-- 0 (E) -71(c) > 0 are the first two eigenvalues of N..

In section 2 it has been shoin that the eigenfunctions correspond-

ing to -X (&) and -W(E) are respectively:

(0.3) v(y) = d2 e -

Lund S -f2E:/2 "'
(6.4) V, (y) =U e

where f ,f, are given by (2.13), (2.14), f, f by (2.4) and

(6.5) d ,( dic

(6.6) J = e dv C
r2

are normalization constants such that IIvoIIL2) = IvO IL2R) = 1 and

c c are given by (2.11).

52
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Using the Rayleigh-Ritz principle ([6], page 78, Theorem XIII.2)

we want to estimate the quantities -\ (5) + (i) and -, (k:) + )0( )

as - 0 that is the first nonzero eigenvalue of M_ and N,.

The same nroblem for the Fokker-Planck operators corresponding

to I and N and for some more general Fokker-Planck operators has

been considered by Matkowskv-Schuss in [10] I
Matkowsky-Schuss in [10] used the technique of matching asymp-

totic expansions. The results obtained here using the Rayleigh-Ritz

principle are contained in the ones obtained by Matkowsky-Schuss in [10]

but are derived in a more elementary way.

Theorem 6.1. Let -Njci, -\j(:) I be as above. Then as 0

we have

*- :.. (6.7) 0 < -X.( ) + XO(£) -4(£) < constant e

Proof: From the Rayleigh-Ritz principle ([6], page 78, Theorem XIII.2)

we have

<g,'M'g>,, 2I
(6.8) 0 < -\ (E) + \j() -: (s) < < g R)

<g (g> IR

where g e [,flR) is any function orthogonal to v, (given by (6.3))

that belongs to the domain of N1 as d form.

Since v. is an even function let us choose

(6.)) 9.= uv,

*; hcre u(v) = -ti-v) is in odd funct ion such that u 6 L (VR) and

.. d ,, lu i, the distributionail derivative of u.

"J , r
I. . .
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The function g is orthogonal to v0  and belongs to the form

• . domain of M

*" .~We have

(6.10) <g,l Eg>L2 R) = UV° - +  UVOd =

%" 2:~ ~ v U , v, dy:
g.*W

I ud u  2 dvo 2 du dvo= j u Vj ui-. + 2u V v .+Viu22Udy

0 d dv) C 7
2  

C vU 0 1

+m du) 2

Vddy

Since

* .O (dy, 2  d r dv +00 dv, 2 dov
U. dyd

u =d y 7u VU2d

and Mv 0  - + VEv = 0.

So that

,..-' i * fdu ',

(6.12) 0 < -Xs(E) + )  -Xj() v<d

U ~i, 2 2 d
0u vdy
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Let us choose

y >

u(y) y lyl <

.<

equation (6.12) becomes

f V 2 dy-1

(6.13) 0 < -x 1,(E) + \0(C) -X(£) <

u v 0 dy
-00

Moreover

1 +dy fl(y) 1 (e)
(6.14) vdy= d e dy c e

-f (1) +2a 2  2
< c 2e - c 2 e e e-E 2 -

It can be easily shown that A

(6.15) i im LC"

and that since x = - y

v2.
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(6.16) V~U2d), li Er W 2 1 f2(

In fact in the sense of distribution

(6.17) lrn c e - X- - + 6(x-a) +

where 6(-) is the Dirac's delta.

Theorem 6.1 now follows from (6.13), (6.14), (6.15), (6.16).

We remark that since a4 = f , (0) - f, (A) the estimate (6.13)

agrees with the one of Natkowsk-Schuss (101.

Theorem 6.2 Let -() -(),N- be as above. Then as £ 0

- . we have

2 (f,(X -f2(X))
(6.18) 0 < -71(c + TO(£) E) constant e

where x, and x, are given in Proposition 2.2 (i) (see Fig. 2).

Proof: Reasoning as in the proof of Theorem 6.1 we have

f +cO dh 
2 v

(6.19) 0 < -()~T()E- 1 e +{

h Sd
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where g =h v 0 L 2 @Z) is a function orthogonal to -v, such that

h 6LCOR) and LO()dy

Let us choose

(6.20) h -< U V-0, v0 > L2R

where

(6.21) ii(Y) y , ly-y 11 <1

-1 y < Y1 -

where y1  -- 1

NReasoning as in Theorem 6.1 it can be shown that:

(6.22) dy v dy < constant e

Moreover

*(6.23) h Vdy +Ou 2dy +O U 2dy 2

and

(6.24) urn U v2dy =I

C-O J

-A t
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2To' dv I

(6.25) 1r _________ - T J~O

2 f2 (X2)f'()

Theorem 6.2 now follows from (6.19), (6.22), (6.23), (6.24), (6.25).



§7. Conclusions

-- f(x)

Let f(x) e C3 (1R) be such that e e L flR) Vc F 0

and suppose that

7.1) f'(x) = 0

has n roots 3.,3.,... , 3n  such thatIn
'.2) £"(3 i) = , # 0 i = 1,2, .. n

that is 3,)32, ... , 3n  are non-degenerate minimizers or -maximizers

of f.

Let

(7.3) L(' - x - . -d

the Fokker-Planck operator associated to f.

Proceeding as in section 2 the study of the spectrum of (7.3) can

be reduced to the study of the spectrum of

d2

(.) H = d + W (V)

on L2 (.) where W (y) is given by (2.7).

Let 3 - i= 1,2, ... , k a straightforvard computation

shows that as 0 ( 0 (y) approaches n decoupled harmonic oscillators

potentials ,a1(v-y.)" ,,.

So that we expect the spectrtrn of If - approximate the spectrum

OC n lecoupled harmonc oscillator k - i

I-,,. ...... .:nd k ,1 .

. .9
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1j
In particular if f has m (<n) minimizers, that is (A. >0

1 j . m we expect the eigenva lue zero of H t:(o r 1, to have

asyMptotically multiplicity m when £ +0.
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APPENDIX A3

1w:;,t probhims for global optimization software

by 1I. Aluffi-Ptjntini, V. Parisi, F. Zirilli

( snii t. t(d to ACM Transac t Ions On MLathenat ical Software).
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Problem 14 1

A function with three ill-conditioned minima, a = 105

a) function: as in probl. 10
5

b) parameter values: a = 10, b = I/a
c), d), e) as in problem 10
f) minima in the region D : two global minima at

(x,y) = (O, 14.94511), where f = -24776.51834,
and another local minimum at

(x,y) = (0, 0), where + = 0
g), h), i) : as in problem 10.

Problem 15

A function with three ill-conditioned minima, a = 106

a) function: as in probl. 10

b) parameter values: a = 10 , b = 1/a
c), d), e) : as in problem 10
f) minima in the region D two global minima at

(x,y) = *(0, 26.58678), where f = -249293.01826
and another local minimum at

(x,y) = (0, 0), where f = 0
g), h), i) : as in problem 10.

Problem 16

Goldstein-Price function

a) function:

v#ith :,'! 1 4 U Z6 - 0u -,u

.' =13 16 -

In er efld .
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Problem 11
A function with three ill-conditioned minima, a = 100

a) function: as in probl. 10
b) parameter values: a = 100, b = /a
C), d), e) : as in problem 10
+) minima in the region D : two global minima at

(x,y) = (O, 2.60891), where f - -18.05870
and another local minimum at

(x,y) (0, 0), where f : 0
g), h), i0 : as in problem 10.

Problem 12
A function with three ill-conditioned minima, a = 1000

a) function: as in probl. 10
b) parameter values: a = 1000, b I/a
c), d), e) : as in problem 10
f! minima in the region D : two global minima at

(x,y) = t(O, 4.70174), where f = -227.76575
and another local minimum at

(x,y) = (0, 0), where f = 0
g), h), i) : as in problem 10.

Problem 13
A function with three ill-conditioned minima, a = 10000

a) function: as in probl. 10
b) parameter values: a = 10000, b = 1/a
c), d), e) : as in problem 1)
f' minima in the reqion D : two global minima at

,y) = (00, 9.3 401., where f = -2429.41477
and another local minimum at

u::,y) = (0, 0) , where f

9), hi, i) : as in oroojem 11.
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Problem 8
Two-dimensional penalized Shubert function, = 0.5

a) function: as in probl. 7

b) parameter values: as in probl. 7, except: = 0.5

c), d), e) as in probl. 7
f) minima in the region D general behavior as in probl. 7

but 17 out of the 18 global minima become non-global,

ving a single global minimum at
(x,y) = (-1.42513, -0.80032) with the same value for f.

g), h), i) : as in probl. 7.

Problem 9

Two-dimensional penalized Shubert function, = 1

a) function: as in probl. 7
b) parameter values: as in probl. 7, except: p = I

c), d), e) : as in probl. 7
f) minima in the region D : same behavior as in problem 8

g), h), i) : as in probl. 7.

Problem 10

A function with three ill-conditioned minima, a = 10

a) function: 1 2 ( 2  y2 2 2 y2 4
f(x,y) = ax- + y (x )+ + b(x + )

b) parameter values: a = 10, b = I/a

c) dimension: N = 2
d) region: D = { lxi 6 10, lyf a 100 1

e) penali:ation: none

f) minima in the region D : two global minima at

(,:,y) = ±(0, 1.38695), where f = -0.40746
and another local minimum at

(x,y) = 0, 0), where f = 0
g) initial point: (,,0 v = ( , O)

0 '0

h) source: suogested by one of the authors (F.Z.)

notes: as .n oroblem :; he problem becomes more ill-

conditioned as a becomes larger.

e!
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Problem 7
Two-dimensional penalh:ed Shubert function, p = 0

a) function:
f(x,y) = g(x) g(y) + A E(x - a)- + (y - b) 2

where g is the function defined as f in probl. 3, a)

b) parameter values: p = 0
a = -1.4251284283197609708, b = -0.80032110047197312466

c) dimension: N = 2
d) region: D = Ixl i tO, lyI 10 1

e) penalization: w(x,y) = u(x,10,100,2) + u(y,10,100,2)

f) minima in the region D : 18 global minima, at

(x,y) = (-7.08350, -7.70831)
(x,y) = (-0.80032, -7.70831)
(x,y) = ( 5.48286, -7.70831)

(x,y) = (-7.70831, -7.08350)
(x,y) = (-1.42513, -7.08350)
(x,y) - ( 4.85805, -7.08350)
(x,y) = (-7.08350, -1.42513)
(x,y) = (-0.80032, -1.42513)
(x,y) = ( 5.48286, -1.42513)
(x,y) = (-7.70831, -0.80032)
(x,y) = (-1.42513, -0.80032)
(x,y) = ( 4.85805, -0.80032)
(x,y) = ( 7.08350, 4.85805)
(x,y) = (-8.00320, 4.85805)
(x,y) = ( 5.48286, 4.85805)
(x,y) = (-7.70831, 5.48286)
(x,y) = (-1.42513, 5.48286)

(x,y) = ( 4.85805, 5.48286), where f = -186.73091

and 742 other local minima.

g' initial point: (x , y ? = (0. ))
0 '0

h source: ref. C[5
: notes: outside D the oenali:ed function f + w has a

small numoer ot non-q1obal minima 'near to D

the Point la,b; is one ci the 18 glo al uinini-
:ers of i:n -he realon 0
,hree-aimensional oirts Di f are given in [5 .

• . .. .. ..... .. . , . . . . .. ,..... . ........ . .. ... .. . ...

.' .4 . - -- - - - - -.-" - ----. -. " " - . • - - ,".." "- " ". .- '-.. .° .-. .. -.- ' . - "-
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Problem 5
A function with a single row of local minima

a) function:
2 2

f(x,y) = ax + (1/2)[1 - cos(2x)] + y

b) parameter values: a = 0.05
c) dimension: N = 2
d) region: D = D -15 i IxI i 25, -5 i lyl i 15 ,
e) penalization: none
f) minima in the region D : a global minimum at

(x,y) = (0, 0), where f = 0
and six other local minima at:

(x,y) = t(2.98978, 0), where f = 0.46981
(x,y) = t(5.96370, 0), where f = 1.97693
(x,y) = t(8.87846, 0), where f = 4.21128

g) initial point: (x , y ) = (-3, 0)

h) source: suggested by one of the authors (F.Z.)
i) notes: the starting point is very close to a non-global

minimizer.

Problem 6

Six-hump camel function

a) function:
f(x,y) a (4 - 2.1 x2 + x4/3) X2 + xy + (-4 + 4y2 y2

b) parameter values: none
c) dimension: N = 2
d) region: D = C Ixi i 3, lyl 6 2 I

e) penalization: none
f) minima in the region D : two global minima, at

(x,y) = f1-0.089842, 0.71266), where f = -1.0316Z
and four other local minima, at

(x,y) = ±(-1.70361, 0.79608), where f = -0.21546, and
xy) = t(1.60710, 0.56865), where f 2.10425

q) initial point: (x , v ) = (0, 0)
0 0

hi =ourse: rei. [I], quoted by [51
1" notes: in 0 the function f nas 2 maxima and 7 saddle-

points. Three-dimensional olots ot i are axven in 153.

4 .. . . . .. . . .
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Problem
One-dimensional penalized Shubert function

a) function:
5

f(x) k cos [(k.l)x + k]

k=l

b) parameter values: none
c) dimension: N = I
J) region: D = C lxi I 10 1
e) penalization: w(x) = u(x,1O,100,2)
f) minima in the region D : three global minima at

x a -7.70831, -1.42513, 4.85806, where f = -12.87088
and 16 other local minima

g) initial point: x x 0
o

h) source: ref. 15 of [53
i) notes: the function f is periodic (period 2x). .

Problem 4
A fourth-order polynomial in two variables

a) function:
4

f(x) - x4 - x"/2 + ax + y /2

o parameter values: a = 0.1
) dimension: N = 2

d) reqion: D = C tX1 4 10, 1Yl -- 10 1
e' penali:ation: none

) inima in the region 0
two ainima. both for y = 0) as in problem I

. initial point: .X:) v = .1, 0)

,-,.. .. is .n prol. 1.
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APPENDIX I. The test-problem list.

Problem I

A fourth-order polynomial

a) function:
4 2

f(x) = x /4 - x /2 + ax

b) parameter values: a a. 1

c) dimension: N = I
d ) region: 0 Ixl I _ 10e) penalization: none

f) minima in the region D : a global minimum at
x = -1.04668, where f =-0.35239,

and another local minimum at
x = 0.94565, where f -0.15264

g) initial point: x = 10

h) source: suggested by one of the authors (F.Z.)
i) notes: the initial point is very close to the non-global

minimizer.

Problem 2
Goldstein sixth-order polynomial

a) function:
6 4 2

f(x) x - 15x + 27x + 250

b) parameter values: none
c) dimension: N = I
d) region: D = xi _ 4 1
e) penali:ation: none
f) minima in the region D : two global minima at

" 3, where f = 7,
and another local minimum at

0, where Z = 250

, nitial ooint: X - -

I, iotes: t!he atartina coint is exactl, at the non-iocbal
i flnizer. nidwa', between ;he alobal ones.

-. . . . . . . .. . . .- . -.-- --... , . - .--. .. .

. . . . *.
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The subroutine GLOMTF contains a total of about 430
statements (including some 160 comment lines). This amounts
on the ASCII FORTRAN compiler (without optimization option,
version IORIA) of the UNIVAC EXEC B operating system (level
37R2C) to a storage requirement of about 1040 (36-bit) words
for the instructions and about 560 words for the data.

The corresponding approximate data for the subroutine
GLOMIP are 330 statements (including 140 comment lines), and
350 and 35 words for instructions and data.

4. Conclusions

We have provided an extensive set of test problems (inc-
luding the FORTRAN coding) to be used for testing global op-
zation software.

The prospective user may find it useful to exploit a rea-
dy-made selection of fully coded test problems of known pro-
perties, which may save him time, effort, and possible coding
errors, while enabling a more uniform comparison with the re-
sults of other users.

SL

6p



4

'J The FORTRAN subroutines

The test problems described in sect. 2 have been coded in
the form of two FORTRAN subroutines, GLOMIP and GLOMTF

For a given test problem the subroutine GLOMIP returns
the number N of variables, the initial point x 0 ,and the

observation region 0 , and the subroutine GLOMTF returns
the basic test function f , possibly penalized (outside D
by the penalization function w.

All the coding is written in FORTRAN IV ,and meets the
specifications of PFORT , a portable subset of A.N.S. FOR-
TRAN (ref. [8]). The FORTRAN implicit type definition for
integers is used throughout; all non-integer variables are

* double-precision.
The call statement of GLOMIP is:

CALL GLOMIP (NPROB, N, XO, XIlN, XMAX)

* - where

NPROB is the (input) number which identifies the test prob-
lem according to the sequence in Appendix I

N is the (output) dimension of the problem (number of inde-
pendent variables)

XO is the (output) N-vector containing the suggested ini-
tial point x 0

XMIN and XMAX are (output) N-vectors containing the boun-
daries of the observation region 0 , defined by

XMIN(I) to X(1) 6 XMAX(I) ,I 1,... ,N
The call statement of GLOMTF is:

CALL GLOMTF (NPROB, N, X, FUNZ)

where

NPROB is the -inout) oroblem number (see above)
N4 is the (input) problem dimension i'must be equal to the

value arovided by GLIJMIP
( is the -nput) N-vector containinq the point at which

the test ;unction is to be computea
~UN Z is the outout value of the ;possiblv oenali.-ed: test

;unction at

. . . .
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Therefore a test problem, such as we provide it here, is
defined byt

a basic function f
an observation region D
a penalization function w, if needed (w - 0 in D)
an initial point x 00

We think that such an arrangement covers the needs of a
wide spectrum of possible global minimization methodst a tru-

ly unconstrained method will try to minimize f + t in RN
without explo:ting any information about D , while a con-
strained method will try to minimize f in D , obviously
ignoring w

We provide a set of 37 test problems complying with the
above format, with varying source, nature, and difficulty.
A complete definition of the test problems, together with so-
me relevant information, Is reported in Appendix 1, where for

"-"" each problem we givet

a) basic unrestricted function f
b) numerical values of any parameter in f
c) problem dimension N (number of independent variables)
d) observation region D , which Is always in the fore of an

N-dimensional interval

D * ( Xmin i  A xi  A Xaax i  , I * Io...,N )

e) penalization function w (if any), which is always defined
by means of a standard penalization function u of a
single real variable x w with a > 0, b > 0

u(x,ab,m) a b (IxI - a (II a)
M 0 IxI a)

f) information about the minima of f in 0 (location of
global minimizers and corresponding function value,
given to at least 5 decimal places and at least I signi-
ficant figures, and - whenever possible - analogous in-
;ortatjon about the local minimizers).

g) initial pcint x

i) notes, if any.

r.-,--:-, ; ,.-.-.-- . -- -.-. ¢ '- .-i- .- . '-,- ... . .--, . . .... .-, . -.. -i .- ..-,
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2. The test problem set

Let us consider the problem of finding a global minimizer
of a real-valued function f of N real variables, i.e. a

point x in R such that f(x) f(x )for all x in R
In the context of this (unconstrained) global minimiza-

tion problem to give a test problem simply amounts to give a
test function.

It is however a fact that many of the global minimization
methods reported in the literature (see for example [l] and
[23) only attempt, by their very nature, to find a global mi-
nimum of the function f restricted to a compact region D.
* While this may be strictly considered a constrained glo-

bal minimization problem, the only practical consequence for
* the test-problem builder is that in order to give a test pro-

blem for one of the above methods one must give a test fun-
ction f together with a compact region D

As far as the above methods are concerned the behavior of
the test function f outside the region D is clearly irre-
levant, and may be arbitrary.

Since however our ain is to provide a single set of test
* - problems it is clear that, in order to meaningfully use the

-. . above problems also to test and compare the methods attemp-
ting to perform a strictly global minimization (see for exam-

* . pie 173), it becomes necessary that the minimization-relevant
behavior of f be sufficiently 'concmntrated* around the re-
gion D , i.e. the unrestricted f has all its global minima
inside D , at most a small number of local minima outside 0
and a sufficiently rapid growth away from D

Since these conditions are not fulfilled by some of the
test functions actually proposed by some authors (as - for
instance in the interesting "oscillating"' problems in 153),
we have adooted the simple solution of "penalizing", whenever
needed, the original function f outside D , by simply ad-
ding to a penalization function w which is identically
"zero in D and of sufficiently rapid growth away from D

Rinallv since some methods need a starting point - we
comoleteo ,ur deiinition of a test oroblem by providing an

.nita.-:i'.

. . . . . .

"~~~~~2 2.T2tetpobe e
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1. Introduction

The problem of finding a global minimizer of a real-va-
* lued function of several real variables is of considerable
-' practical and theoretical interest, and many algorithms for

its numerical solution have been developed; see for example
- .the two volumes of collected papers El] and E2], and the sur-

vey paper [3].
The situation appears to be still in a rapidly evolving

state, and far from the more mature state reached by the sim-
pler problem of finding a local minimizer.

While this makes it difficult, and perhaps untimely, to
attempt a systematic classification of the algorithms, it
does not relieve us from the need of testing the current al-
gorithms, both for validation and for comparison.

The experimental testing of the algorithms is usually
performed by running their software implementation on a num-
ber of test problems; a standard set of test problems is
clearly useful, being of verifiable quality, and allowing a
fair comparison of the algorithms.

The importance of an extensive testing on a sufficient
number of carefully selected test problems has been stressed

"* . by Mor* & al. [4], in the different context of local minimi-
zation.

In the field of global minimization a common set of test
problems was agreed upon by many of the authors contributing
to 123, and is reported by many of them and in Appendix I of
[J]. A number of more difficult test problems were used by
Levy and Montalvo and are described in [5] and [6].

The present authors have been involved in a global mini-
sization project [7], and in order to test their own algo-

* . rithms they have made use of a large set of test problems,
including those in I'] and [5].

The purpose of this paper is to make generally available

the above set of test problems, including their software im-
plementation in the FORTRAN IV programming language.

In section 2 we describe the general pattern of the test
problem set, in section w we describe the usage of the FOR-

*- .. TRAN subroutines imolementing the problem set.
A 'jetai!ed ',st of the test functions is reported in Ap-

* end. !, .hile the comolete FORTRAN list is in Aopendix 2.

. . . . . . . . .
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b) parameter values: none
c) dimension: N : 2
d) region: D = ( ixI 2, lyl _ 2 1
e) penalization: none
f) minima in the region D : a global minimum at

(x,y) = (0,-I), where f(x,y) = 3
and three other local minima, at

.(x,y) = (-0.6, -0.4), where f = 30
(x,y) x (-1.8, 2), where f = 84
(x,y) = (-1.2, 0.8), where f = 840

g) initial point: (x , y ) = (1, 1)

h) source: Appendix 1 in ref. (3]
i) notes: none.

Problem 17

Penalized Branin function

a) function:
2

f(x,y) = (y - bx 2 cx - 6) + 10 (1 - f) cosx + 1]

b) parameter values: b a 5.1/(4Wx), c = 5/w, f = 1/(8x)
c) dimension: N = 2
d) reqion: = ( -5 !k x 10, 0 4 y t 15 }
e) penalization:

w(x,y) = u(x - 2.5,7.5,100,2) + u(y - 7.5,7.5,100,2)
f) minima in the region D : three global minima, at

(x,y) = (-IV, 12.275)
0 ( v) = c ,2.275)

x (, v.) : . , 2. 475), wnere f = 0.9789

g) initial pont: , y (2.5, 7.5)

h) source: Appendi : 1 in rei. [7]3

* i) notes: the tunction as no non-lobal minima.

0i

. . I



Problem 18
Penalized Shekel function, MI 5

a) function:
M1

f(x) - -- - - - - - -- - - - - - -
N

____ E x -a ) 2+ c 3
i j

where

Tc Cc J I [01020204040.,.4'070505

and
1 4 4 4 4 1

ai 1 1 I

1 6 6 6 6 1
A [a 3 = 3 7 3 7 1

1 2 9 2 9 1
IS 5 3 3 1

1 6 2 6 2 1
1 7 3.6 7 3.61

b) parameter values: M =5I
4d) region: D =(0 4-. 10, j=1,...,N

e) penalization:
N

w~x u(m 5,5,100,:)
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f) minima in the region : a global minimum at

(4.00004, 4.00013, 4.00004, 4.00013), where f = -10.15320
and four other local minima, at
(" x (1.00013, 1.00016, 1.00013, 1.00016), where f = -5.05520

" x = (3.00180, 6.99833, 3.00180, 6.99833), where f a -2.63047
x = (5.99875, 6.00029, 5.99875, 6.00029), where f a -2.68286
x 7.99958, 7.99964, 7.99958, 7.99964), where f = -5.10077

g) initial point: x = 9, j = 1,...,N

h) source: Appendix I in ref. [3)
i) notes: the vectors of the coordinates of the M arinimi-

zers are very close to the first M row-vectors of
the matrix A

Problem 19
Penalized Shekel function, I = 7

." a) function: as in problem 18
b) parameter values: M = 7
c), d), e) • as in problem 18
f) minima in the region D : a global minimum at

x (4.00057, 4.00069, 3.99949, 3.99961), where f -10.40294
. and six other local minima, at

x = (1.00023, 1.00027, 1.00018, 1.00022), where f -5.08767

x = (2.00481, 8.99168, 2.00462, 9.99150), where f I -1.63759
.x ( 3.00091, 7.00064, 3.00037, 7.00010), where f 2 -2.76590

x = (4.99423, 4.99500, 3.00606, 3.00683), where f -3.72430
(S :5.99811, 6.00008, 5.99733,, 5.99931), where f = -2.75193

. 2 ,7.99051, 7.10062, 7.99950. 7.99961), where f = -5.10077

g" n). i) as in problem 18.

S 2"
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Problem 20
Penalized Shekel function, M = 10

a) function: as in problem 18
b) parameter values: M = 10
c), d), e) as in problem 18
f) minima in the region D a global minimum at

x = (4.00075, 4.00059, 3.99966, 3.99951), where f = -10.53641

and nine other local minima, at
x = (1.00037, 1.00030, 1.00032, 1.00032), where f = -5.12848
x = (2.00510, 8.99129, 2.00491, 8.99111), where f = -1.85948
x = (3.00127, 7.00023, 3.00073, 6.99969), where f = -2.80663
x = (4.99487, 4.99398, 3.00756, 3.00667), where f = -3.83543
x (5.99901, 5.99728, 5.99824, 5.99651), where f = -2.87114

x = (6.00558, 2.01001, 6.00437, 2.00881), where f = -2.42173
x = (6.99164, 3.59558, 6.99066, 3.59460), where f = -2.42734
x = (7.98678, 1.01224, 7.98644, 1.01190), where f = -1.67655
x = (7.99948, 7.99945, 7.99946, 7.99944), where f = -5.17565

g), h), i) : as in problem 18.

Problem 21

Penalized three-dimensional Hartman function, N 3

a) function:

M N

f(x) =- c exp [ - a (x -p 2
--- i - ii *1 ij

1=1 j=1

where

T
c c = I. .", 3, 3.2 ]

. . . . . . . . ... . .
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b) Parameter values: M =4

J3 10 30 1
A I a I 1 0.1 10 35 1

Ii I
1 3 10 30 1

1 0.1 10 35 1

1 0.3689 0.1170 0.2673 1
1 1P 1 1 0.4699 0.4387 0.7470 1

1 0.1091 0.8732 0.5547 1

1 0.03815 0.5743 0.8828 1

c) dimension: N =3

d) region: D a 0 i x. I , j 1,...,N}

e) penalization:
N

W(X) =u(x- 0.5,0.5,100,2)

jai

f) minima in the region D a global minimum at

x -(0.11461, 0.55565, 0.85255), where f a-3.86278
and two other local minima at

x = (0.10934, 0.86052, 0.56412), where f = -3.08976
x - (0.36872, 0.11756, 0.26757), where f = -1.00082

q) initial point: xo Z 0.5, j 1, ... IN

h) source: Appendix I in ref. (33
* 0 notes: none.

ZSZ
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Problem 22
Penalized six-dimensional Hartman function, N 6

a) function: as in problem 21

b) parameter values: M =4A

1 10 3 17 3.5 1.7 8 1

1 .05 10 17 .1 8 14 1
A Ita I =

Ij 3 3.5 1.7 10 17 8 1

117 8 -.05 10 0.1 14

1 0. 1312 0.1696 0.5569 0.0124 0.8283 0.5886 1

I0.2329 0.4135 0.8307 0.3736 0.1004 0.9991 1
P = E p. I3 - II

1 0.2348 0.1451 0.3522 0.2883 0.3047 0.6650I

1 0.4047 0.8828 0.8732 0.5743 0.1091 0.0381 1

c) dimension: N = 6

d) region: D = C 0 x.£1 j .N I

e) penalization:
N

w(x) __u(x- 0.5,0.5,100,2)

f) minima in the reqion D a global minimum at

x = (0.20169, 0.15001, 0.47687, 0.27533, 0.31165, 0.65730)
where f = -3.322137, and another local minimum at

x = (0.40465, 0.88244, 0.84610, 0.57399, 0.13893), 0.038496)
where f=-3.2-0316

g) initial point: x 0.5, j 1,.

h) source: Appendix I in ref. [7.1
1) notes: none.9
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3__ . j+Ij=1

where y. I + (x. 1)/4, 1,..,

b) parameter values: none
c) dimension: N e - 2

*4d) region: D = C -10 x. 10, j=1,...,N)

e) penalization:
N

w (x- u(x+,10,100,4)

j=1

f) minima in the region D a single global minimum at

xh 1 j = 1,...,N where f = 0

aJ

and a number of local minima of the order of 5N

g) initial point: x o 0, 1,...,N

* h) source: ref. [5J
.) notes: three-dimensional plots of f are given in.N5=.

Problem 24
Penalied Levy-Montalvo function, type 1, N

a), b) :as in problem 23
c) dimension: N
d), e), f, q), h), i) as in problem

.2" . ) =u...
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Problem 25
Penalized Levy-Montalvo function, type 1, N = 4

a), b) : as in problem 23
c) dimension: N = 4
d), e), f), g), h), i) as in problem 23.

I=
Problem 26,
Penalized Levy-Montalvo function, type 2, N = 5

a) function: as in problem 23, but with
Yi = x. i

1 1.

b) as in problem 23
c) dimension: N a 5
d), e) : as in problem 23
f) minima in the region D

a single global minimum as in problem 23, N

and a number of local minima of the order of 10
g), h), i) : as in problem 23.

Problem 27
Penalized Levy-Montalvo function, type 2, N = 8

a), b) : as in problem 26
c) dimension: N = B
d), e), f), g), h), i) as in problem 26.

- .. .. ... ... ... . - - .. .. ... ,. -. : ..:..: ... -... ,... .... . .. . - .. .. ....-..-.-.- .-....... : .. : . ..
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Problem 28
Penalized Levy-Montalvo function, type 2, N = 10

a), b) as in problem 26
c) dimension: N = 10
d), e), f), g), h), i) : as in problem 26.

Problem 29
Penalized Levy-Montalvo function, type 3, range 10, N 2

a) function:

f(x) .1 sin (3x x I1

4.(x~L2 2
+ (x N -L) 2 It + sin (1 x N)

N-i
2 2

+. (x - 1) El + sin (3w x )I Ia.-, i i4.1
i =l

b) parameter values: none
c) dimension: N - 2
d), e) : as in problem 23
f) minima in the region D : a single global minimum at

x. a 1, j = 1,...,N , where f = 0

and a number of non-global minima of the order of 3 0N

g), h), i) : as in probl. 23.

Problem 30
Penalized Levy-Montalvo function, type 3, range 10, N 3

a), ) : as in problem 20
c. Jimension: N 3
d,,, ei, g), h), i : as in problem 29.

........ ............ "..'. .- ---..-.'-. .........

.. . . . . . . . . . . . h . . . .; .' , ." , -, ' '".. " . . ".. .", ,."• . .'- '
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Problem 31
Penali:ed Levy-Montalvo function, type 3, range 10, N = 4

a), b) as in problem 29
c) dimension: N = 4
d), e), f), g), h), i) : as in problem 29.

Problem 32
Penalized Levy-Montalvo function, type 3, range 5, N = 5

a), b) as in problem 29
c) dimension: N = 5
d) region:

d) region: 0 = ( -5 & x. i 5, i = N,....,N I1

e) penalization:

*(x) = u(x ,5,100,4)- 1
1=

f) minima in the region 0

a single global minimum as in problem 29,

and a number of local minima of the order of 15N

g), h), 1) as in problem 29.

?robIem :3
Penalized Levv-Montalio function, type , ranqe 5, N 6

a! 3 : is in aroolem 2
- I1iiensli:n: = =

- . 1. , 1 :.' as in problem 7Z.
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Problem -4
Penalized Levy-Montalvo function, type 3, range 5, N =7

a) , b) as in problem 32
c) dimension: N = 7
d), e), f), g), h), i) :as in problem 32.

Problem -45
A function with a cusp-shaped minimum

a) function:
5

f~xi2 1/4

b) parameter values: none
c) dimension: N =5
d) region: 1)= -20000 i x. 6 10000, j 1...,N)

e) penalization: none
fminima in the region D :a single global minimum at

xj = 0, j =...,Nwhere f =0

q) initial point: Y 1000, 1

h) source: suggested by one of the authors (V.P.)
i) notps: non-di;4erentiable problem: the onl ' / (global) mini-

mizer is a singular point with unbounded derivat:-
Ye; the eigenvalues of the hessian mati are e-
vervwhere of mixed sign.
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Problem 36
A function with a global minimum having a small region of at-
traction, a a 10, N a 2

a) functiont

f (x) * Ix6' - (C + h) g(x)

where

g(M) * exp { - 9 / ( b2 - ( ( b

a 0 S b

S i - c 2, C * Ice2

and

x , x 2  x) C 0 (a , 01 ..., 0)

b) parameter values: a m 100, b 1 1, h * 10
c) dimension: N a 2
d) region:

D * ( -1000 A x 1000, j 1,..,jN )

v) penalization: none
f) minima in the region D : a single global minimum at

m * (99.99001, 0), where f a -10.9965
and another local minimum at
w = (01 0), where f - 0

g) initial point: X a (0, 100)
0

h) source: suggested by one of the authors (F.A.P.)

) notes: the perturbation to i, which contains the glo-
bal tinimum, is "visible" only in a small neigh-
torhood :f tne point c

. . .- . . , . _ • -... , .
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Problem !7
A 4unction with a global minimum haying a small region o4 at-
traction, a a 100, N - 5

a) functions as in problem 36
b) parameter valuesi a a 10, b a 1, h 0 10
c) dimensions N w '

d) regions D a ( -100 1 x. i 100, 1 9 1,...,N 

a) penalization: none
f) minima in the region D : a single global minimum at

x - (9.91062, 0, 0, 0, 0), where f * -10.89732
and another local minimum at

x a (0, 0, 0, 0, 0), where f * 0

g) initial point: x a (0, 0, 0, 0, 10)

h), ) i as in probl. 36.
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APPENDIX 2

The FORTRAN listing

-

S
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GLI P2860

v 1300.Do GLJ P2b?

VMN N -2 j060.D3 6 LIP288
8

VI4AX a1OU06.Do GL' P2 8 9 0

Gu TO Q9fl GLIp2
9 0 0

c GLIP2910

C 36 A FUNCTION iiITH A SMALL-AITACTIOm-REGION GLOBAL MINIMUM (N =2)GLIP2920

c GLIP2
9 3

0

363 CONTINUE GLIP294.0

14 = " L!P29SO)

X(I1) 0.00 GL1P2960

XGC2) 100.00 &LIp2
9
70

VAIN -1000.00 GLI p2980

qAAA 1'JUC.DC GLI P2 9 9 0

5ui 10 7ufl GL 'p3000

c GLI P3010

c 37 A FUNCTION wITH A SMALL-AJTMACTION-REGION GL.OBAL MINIMUM (N 5)6LIP3020

L 0GL 1 P3030

!71 CONTINUL GLI P304.U
-~ GLI P3050

liJ(I1 = 0.00 GLIP
3
0
6
0

xo(2') = 0.b GLIP387?0

x0( S) = D.CP 8

X()= 0.D0 GL1p
3 0 9

C0

rU(S = 10.oO 6.LIp
3
IO

VAIN = 0l0.D0 GLRp
3
lIO

VAAA 100-03 GL
1 
P
3
1
2
B

GO 10 700 GLrp3l3

C GI34

1-9 EJN II NUE GLIP3150

DU 71D I =l1. GLIP
3
160

AMqlN(I) VP1N GLIP3170

AIqAX(I) vNtAX GLIP3180

RE TURN GLIP
3
2OU

C GLIP
3
2
1
0

Z',3 CJNT1IUE GLIP3220

0D) hlj I = 1 .N GLI P3230

A41N(I) =V"IN GLIP3240

AAX(I) = VMAX GLIP3250

,.19 CUNIINUL GLIP3?60
GLIP32?o

,I..' CUNTIMIJE GLIP3280

I)J I = I'mg GLIP3290

it', (I) =yrGLIP3300

.13 CJ411MUL GLI P3310

RI! UR GLIP3320
GLTP333U
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Go TO 315 SLIP2Z90
C OLIP2300
C 23 PENALIZED LEVY-MNTALo0 FuN.NTI0Mv TYPE (m 10) GLIP2310
c GLIP2320

2o'~ CD%4TIIUL G4..P2330
'1.w SLIP2340
&ki To 115 ;L1P2350

C CLXP2360
C '9 PENALIZED LEVY-40MTALVO FuNCTION, TYPE 3, RANGE 10 (W 2) GLIPZ!70

C GLIP23 90
291) CONTINUE GLIP2390

4 = 2 GLIP240
Go to 115 6LI P2~10

C GLIP2420
C !~PENALIZED LEVV-04ONTALiO 0FNT1OX9 TYPE 3, 14GE 10 (N *3) GLIPZ433

GLIP2 440
:U3 C.MPTV-.UL GLXP?450

olN3 GLIP2460
6O TO 315 GL1P2470

C SLIP2480
C 31 PENALIZED LEVY-MONTALWO FUNCTIOM. TPE 3vRANGE *10 (M 4) GLIP2490
C CLIP2500

310 CONTINUE GLIP2510
N 4 6LZP25?cJ

C BLIP25 3 0

315 CONTINUE SLIP2540
Va . O.*o GLrP2SSO
vmIk = -10.01 GLIP?56O

=4X 10.00 SLXP2570
Go TO sca SLIP2SBO

c SLIP2590
C 12 PENALIZED L[VY-ROSTALWO FUN4 TZOM, TYPE 3, RANGE 5 (N m5) SLIP2600
C 6 LIP2610

320 CONTINUE SLIP2620
x3.5 6LIP2630
GO TO 345S GLZP2640

c GLXP2650
C 3! PENALIZED LEVY-14ONTALWO FANCTION. TYPE 3w RANGE 5 (Ns 6) 6LIP2660
C GLIP26 70

30CONTINUE GLIP2690
6 6LIP2690

GO To 345 GLIP2700
C GLXP2710
C 34. PENALIZE* LtVVY-KNTALw0 FUNCTION, TYPE 3. RANGE 5 (N = 7) SLIP2720

GLIP2? 3 0
34' C, Trvui SI.P2 713

GLJP2MC

C GLIP2760
14' C04TT,.UE GLI P2770

vC C.j GLIP2?!D
V"1N -. SL1P27qO

SL1P282'.

C GLIP2310

F i I C IIIIT A HIL U-NA Pr~ D q1 (N A) LI P2
GL7P2 '.0

- '~AftJ,~ -7



c 19 PLNALIZLD SHEKEL FUNCTI(,N, A = 7 (N z 4) GLIP17SO .1
c GLIP173Q

1;1 COTINUE GLIP1740c GLIP175 O

C 3 PLNALIZED SHEKEL FUNCTION, A = 10 (N = 4) SLIP1760
C GLIP17TO

zC'3 CONTINUE GLIP178
4 GLIP1790

VC 9.DO GLIP1800
VAIN = .Do GLIP1810
VMA = 10.DU GLIP1820
GO TO 8.0 GLrP8-30

C GLIPIS40
C Z1 DENALIZEO THREE-OIMENSIONAL HARTNAN FUNCTION 3 

)  
LIP1850

c r.LIP1860213 CONTINUE GLP1870*

=LIP1880
GO TO 2z GLXP1890

C GLIP1900
C 22 PENALIZED SIX-OIMENSIONAL HARTNAN FUNCTION (N 6

)  
SLIP1910

C CLIP1920
223 CONTINUE SLIP193C

1=6 GLIP1940
225 CONTINUE GLIP1950

VO = .50 SLIP1960
wINl : G.DO GLIp1970
VNAX = 1.00 GLIP198O
GO TO 800 6LIP1990

C SLIP2000
C ?3 PENALIZED LEVY-tNONTALvO FUNCTION, TYPE 1 (N = 2) SLIP20j10
C GLIP2OZO

Z) CONTINUE GLIP2030
u= 2 GLIP2040
GO 70 315 GLIP2OO

C GLIP2060
C 24 PENALIZED LEVY-PONTALWO FUNCTION, TYPE I (N 3 3) GLIPOTO
C GLIP2OBO

241 CONTINUE SLIP2090
CGLIP2100

GO TO 315 LIP2110
C GLIPZ O"
C 25 PENALIZED LEVY-qONTALWO FUNCTION, TYPE 1 CN = 4) GLZPTO
C GLIPZ14O

5 ' CONTINUE GLIP215O
GLIP2160

. r TI) GLIP217-
c GLIPZ1IO

2c PENALIZLD LEVT-NONTALdO FUNCTION9 TYPE (N : 5) GLIPZ190
C GLIP2200

Z- C04TINUL GLIP2210
GLIP22Zo

z 3GLIP2 O
GLIPZZ4

c -,4ALI'E[ LVYV-qONTALvO FULT10 1i, TYPE 2( = 8) GLIP2250

GLIP2260
, " uGLIPZ2?0

, - GLIP2213

. --

* ~ > .> - . I
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F '* T~ 1~~r0,4 1TH THREZ I LL-C 4ND IION ED IINI OA, A= 1 (N4 2) GLTP1150

c SLIP1160

I2 CZ4TIUE GLIP1 170

C 11 #A FJNLTIC.4 aITH THREE ILL-.C;NDI FID1ED 'IL41iA9 A= C**2 (M m 2) GLIP1190
C GLI p1230

11' C34ITMUE 6LIP1210

C GLIP1220

C 1, 4 FJNCTION wITH THREE I&LL-CONDITI0NED MINIMA, A=100*3 (MN 2) SLIP1230

c SLIP1240

1,) CO~NTINUE GLIP1250

c GLIP1260

C 13 A FJA4CT1CP4 wXTM THREE XL..CODITIOSED 141NIMA, A=13**4 (M 2) GLIP1270

1!. C0OiIINUE GLIPI 290

c GLIP1 300

C 14 A FJ'4CTIO' PITH THREE ILL-C~jNDITI0NED MINIMAq A=1O"5 (M 2) GLIP1310

13CiONT1VUE GLXPi33O

C 15 A FJNCTIOM WITH THREE ILL-CONDITIONED RINIRAq A=10*"6 (N a 2) SLIP1350
C SLIPi3 6 0

153~ C0'ITP4UE GLIP1370
% .1 LIP1 380

10(1) 0.00 6Ip1390

IOU2) =0. Do LI PI 4j

xMIN(1) z -0D:I 1

IMAX~i) 1 0DOo SLIP1420

in 1), (.) = GL.)OSpt 4 3 0

I'qAX(2) G J.b LIP 1
44

0

RL.TUR'd G~Ipt 4 50

C 10 GOL.)STE1MI-PRICE FUNCTION (Nt = LIP14Iti
C SLIP1480

16C CONTINUE GLIP1490
,4 = 2SLIP1530

vu~ = 1.00 GLIPI 510

VAIN =-2.03 GLIP1520
VMAX = -0) GLIP1550

GO TO '00 GLIP1540
C SLIP1550

C 17 PE.4ALIZiD RAMN FUNCTION (N 2) SLIPi!&U1

c rLIP 1 570

17^ C.NTI'.UE GLIP1580
I GLIP1590

gicl, I . , ., LIP1630

= GLIP1610
GLIP1620

V'4A1) G ~z~ LIP1 63 0
= SLIP164

0

1~. GLIP1650
r SGLIP 1 660

SLI P1673

SLIP
1 6 9 0

GLI P1 7!!
SLIP

1 710
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31 CZEJleUE SLIPO580

4~1 GLIP0590O
ci - j.D.0 SLIP0600

V91N = 1-Do SLP0610
vAAX 10i.3j SLIP0620
GCTO 10GC GLIP0630

C GLIP0640
C 4 A FOURTH ORDER POLYN0NXL Xk T"O VARIABLES (m 2) SLIP0650
C 6LlPO660

4' CONTINUE GLIP0670
6LIP0680

IQ(1) 1.~06LxP06
9 0

=ui 0.0 LIP0700
VAIN -10.03 SLIP0710
VMAA G~0 L1P0?2O
so to 7Co GLIP0730

C GLIP0740
C A FiNCTION .1711 A SINaLk Rom OF LOCAL MINIMA (w 2) 6LIP0750

c GLIP0760
51] CONTINUE 6LIP0770

m = 2 LIP0780
10(l) = -3.60 SLIP0790
X0(2) = .03 6LIP0SOO
XMIN(1) =-15.00 GLIPOBIO
XMAX(1) =25.00 GLIP082O
1NTN(2) = -5-00 6LIpOB3 0
xmAx(Z) =15.00 GLIP0 8 4 0

RETURN 6LIPOSSO
C SLIPBS60
C 6 SIX-HUMP CAMEL FUNCTION (M 2) GLrP0670

5'2 CONTINUE 6L1P0890
2 GLIP09 00

vu 3.00 SLIP0910
XMIN(1) =-3.00 GLIP0920
IMAX(l) =3.00 SLIP0930
1N114(2) =-Z.00 SLIP0940
XMAA(2) = 2.D0 GLIP0950
Go To 96O SLIP

0 9 6 0
C 6LIP0970
C 7 T &O-OIMENPSIONAL PENALIZLD SHUBERT FUNCTION. BETA =0 (ft= 2) GLIP0980
C *.LIP09 90

71 CONT14UE 6LXP101lO
C GLIP1010
C TuO-0I"ENSIONAL PENALIZED SHUBERT FUNCTION, BETA 112 (N a 2) GLIP1020
c SLIP1030

Yj C-,;N1ItdUE GLIP1040
c GLI P1050
C TaJ-01"&34STUNAL PENALZLD SHIUBERT FUNCTION, eETA 1 (N =2) GLIP1060

L LIP1070 .
CCH4TT4Uk 6I18

GLIPIC90
I .. L~GLIP1lDO

jm!" -*C.)C GLJP1lIO

GLIP1130
SLIP1140
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SUBROUTINE .LOPIP (NPRO, N, AC, x IN, xMAX) GLIPO010

GLIPOO20
C THE SURkCUTINE SLIMIP PROtItES THE CODING FOR THE NUMBER GLIPO030
C OF VARIABLES, THE I'iITIAL P. IT, AND THE OBSERVATION REGION GLIPOOAO
C TC t3E USED, TOG THER WITH THE 17 TEST FUNCTIONS GIVEN BY GLIPO050
C sUPR.jTINE GLOVTF , rO DLFANL 37 TEST PROBLEMS FOR GLOBAL GLIP060

C 1IN.WIZATION SOFTWARE. GLIPO070
c GLIPOOBO

C THE SURROUTINE GLORIP RtTURNS IN N , X0 , AND X1IN , GLIP090-

C IMAX THE NUNBER OF VARiAbLtS, THE INITIAL POINT, AND THE GLrP0100
C BOUNDARIES OF THE OBSERVATION REGION. GLIP0110
C GLIPO1ZO

C CALLING STATMENT GLIP01O0
C CALL GLONIP (NPROB, m, Rug XNINq XNAX) GLIPO14O

C GLIP0150
C DESCRIPTICN OF THE CALL PARAMETERS GLIP0160
C (THE FORTRAN 1NPLICIT TYPE DEFINITION FOR INTEGERS IS USED. GLIP0170
C ALL hON-INTEGER PARAAEIERS ARE DOUbLE-PRECISION). LIPgj8o
C :LIP0190

C NPQCP IS THE (INPUT) tUM rR OF THE TEST PROLER TO BE GLIPO200

C CONSIDERED GLIP0210
C N IS THE (OUTPUT) NUMBER OF VARIABLES (DIMENSION) Of GLIPO2ZO
C THE PROBLEM 6LIP0230

C XNIk , X4AX ARE THE (UUTPUT) N-VECTORS CONTAINING THE LEFT GLIPO2
4

c AND PLGHT BOUNDARIES OF THE OBSERVATION REGION GLIP0250
C DEFINED e1 THE POINTS X (XR1...vXN) SUCH THAT GLIP0260
C XNIN(I) .LE. X(I) &L°E. NAR(I)t I = 1,...,N ILIPOZO
C GLIPOZSO

DOUBLE PRECISION lORNINvIRAX SLIPOZ90
DOUbLE PRECISION V0,VMI.VNAR GLIPO300

C GLIP0310
DIMENSION X0(1),XNIN(1),XMAA(1) GLIP0320

C 6LIP0330
GO 10 (10 2,30,40,506u,7t0,80,90.1

0
0,1Ol.120,130140,

1
50 GLIPO3O

1 16, 17a,1SO.190 9Odh lQ,22OZ3O.20 ,25D260,270,28,O SLIPS358
2 290:300310,320,33U,34i.350,360,3701.NPROB GLIP036

C GLIP0370
C 1 A FOURTH-ORDER POLYNOMIAL tX = 1) GLIPOSO

C GLIp
0 3 9 0

10 CONTINUE GLIPO400
4 = I GLIPO41O
Vj = 1.4D0 GLIP0420
VMIN = -10.00 GLIP0430
VNAX = O.DJ GLIp044 0
GO TO 33O GLIP0450

C SLIP0460
C ZGOLDSTEIN SIXTH ORDER POLYNOMIAL (N 1) GLIPOT
C GLIP0480

C CONINIUE GLIP0490
GLIP0500

V = J.00 GLIP0510
/MI;N = -4.0; GLIPO5ZO
VRAX = 4.D GLIP0530
JTO 173 GLIP0540

GLIP0550
1Nr-O|IvELStOAL PLRAL.ILD SHUBRT FUNCTION (. = 1) GLIPC580

GLIP05?O
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1,4 GLTF4000

'4fILL GLT1
4
0?

0

GLTF4040
c GLTF4050

4 FwNCT10OM aLTH 4 SMA&L-ATTACTIO4-..EGION GOA riu(M 2GLTF406O
c LOA JIU M )GLTF4 060(

.3 C 141 luE LTF4090
q= P 6 LTF40)90

,4 = 6lc q GLTF4100

DUND= tDGT42

50TU 5173 GLTF4110
L GLTF4140

'.' A FJ'LIO aITH A $IA.L-ATTaACTION-AEGIOM GLOBAL MINT14UR (M 5)GLTF41!0

RG=P!7A 6LTF4180
R= P18 LTF4190

4= P37C GLTF'Z200

Pj14D .-= P170 GLTF4Z1O

371 CONT1U4UL GLTF4220
s 1.00 GLTF4230
00 377 1 = 2,k GLTF4240

sZ S+X(L)*ECI) GLTF14250

377 CONTISUE GLTF4260ULV = S+At1)*X(1) GLTF4273
S = S*(X(l)-RG)** GLTF4290

if (5.LI.RP~qP*PU4D) FUfsZ FUNZ-(RG*RG*N)*DEXP(-S/(RP*RP-S)) GLTF 4 29 o
qETUQ4 GLTF4300

GLTF4313

END 6LTF4320
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- 1,~. LTF3430
I(!) Xi!) GL7F3440

CI I N tiL GLTF7
4 5

0

C CLTF34.60
C 4 ~,4u GLTF13470

D L S.% 1.deN (P II 1J'*Y m)-1 DC)*2 GLTf3480
--.. !7 Vt GLTf3490

f 1 FUNL+(Y(1-1)-.,0G)* 2*(l.UC*1G.O)aDslh(Pl*y(1))s*2) GLTF3500
><' CI I 'U L LTf3510

fi4i l-1:ZPl/0;iLE(FLOAT(h)) GLTF3520
4AU L.V) GLTF3530

;C, 10 347 GLTI 3540
C GLTF3550
c 2' L.IALIZ,.D LEVY-MONTALoO FuNLTION. TYPE 3, RANGE IG1 (N 2) CLTF3560

c GLTF3570
C '0INUE GLTF355U

c ~GLIF359Q0
C '.. PiA L 1ID LE'1-0NTALvO FUNLTION, TTPL . V RAhiuE 10 (N 3) GLTF!600

c~~ 1,T361 0
_O CiNJINUL GLTF 3620

C GLTF 3630
C 31 PENALIZLD LEVY-MONrALVO FUNCTION, TYPE 3, RANGE =10 (N 4) GLTF3640
c GLTF3650

510 C2,'%1JNUE GLTF3t660
RA46i = U.D0 GLTE3670

* Go 10 342 GLTF3680
-- c GLTF 3690

C . PENALIZED LVY-PNONTAL*O FUNCTION, TYPE 3, RANGE 5 (Nm 5) GLTF3700

c oLTF3710)

:C ,11NUL GLTF3720

L FLNAL17ED LLVTMAONTALw0 FuN(.TI0N, TYPE 3, RANbE 5 (N 6) GLTf3740
C GLTF3750

'2CUNILNUE GLTF3760
C GLTF3770
C 3'4 PLNALILLD LLVY-PlOkTALiO FuNCTION, TTPE 1, RAN(VE =5 (N =7) GLTF3780

C GLTF379Q)
34i CONYINUE GLTF3800

' ~ Du' GLjTF3810

fuhil . 6SIN('.DJ*PI*X(l))*, GLTF!830

1 *(X(N%)-l.DU)*.Z'(1 .b...4USit2.DO*PI 'X(N))b.2) GLTF!84
0

UL 14 Lz. % GLTF3850
F 1. ud #(X(I-l )- l.L'cJit*2* (1 DG DSiN(3.DohPI AX (1)**2) GLTF3860

* '- ~twZ*.YQGGLTF3880
C~ CUSI IN1Lk GLTF!890

CLTF391 0

1 ' R.iU,2*PL NFU.(A(),ANGF,1,5C.DL,4) CLTF3920

CS V UL GLTF!9'0

c GLTF!95rj
c A (L,.LTiCN ITH A SINuLL LUI P-SHAPrl) MNdIqUm (N J ) GLTF396u

c CLTF3 52.
f LTFI SZ

F U
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4 GLTF2860
- .~..,CGLTF2870

GLTF2a89)
~.C ?3 .1 1,N LTf2900

if (L..E.Pl1..) FUNZ zkUhZ..PeClC)*O)LXP(S) GLTF2930
.17 CCp IP T!U GLTF2940

..TO 2..' GLTF2950
C GLTF?960

Z . PLNALIZLD SIX-DIALNSINAL HANINAN FUNCTION (04 6 ) GLTF2970
c GLTF2980

c.%IINUL GTF2990
" : 4GLTF3000

FLN~ .. &.uGLTF3O1 0)

* ~...~ 1,NGLTF3020
GLTF3030

:_1 ... J 1 GLTI
3
OI.O

s = S-P2?A(I,J)&CX(J)-Pfb(L,J))'&2 GLTF3050

2,11 L0,.4NUk 0 GLTF3060
IF (:,.CE.P&2o FUNI FUNZ-P22C(l)-kDEXP(S) GLTF3070

... 2 CU"tINfUL GLTE3090
7 CuNfiINU, GLTF3090

DO 2,9 1 = 1,N GLTF3100

If (&AS(X(I)-.5b0) .6l.U.500) GLTF311O
1 FUL . TUNZ*PENFUh(A(I)O0.5OO.I0O,1OO.DO,2) GLTF1 20Z

2ZQ CI.NTTI4UL GLTF3130
RL u.* GLTF31'.0

c GLTF!150
c 23 PNALIILO LLVY-RONTALwO FkF4LTION, TYPk. 1 (N =2) GLTF

3 1 6 0

L GLTF3170
~ACOklINUE GLIF31BO

C GLTF
3
1
9
0

C 24 PLNALIZED LLVY-NRONTALwO FUNILYION, TYPE I (H 3) GLTF3200
L G LTF3210

24~C CCWTINUL GLTE3220

c GLTF3230
C 7 P.LdALI ?LO LL'VY-MONTAL'AO FUNCTION, TYPE I (N = ) GLTF3Z4U

c GLTE3250
.! CU.NI%UL GLTF3250

ac ; ) , I 1,h GLTF3270

Y 1 .D..ZS.200'(A(A)-1.DU) GLYF32ZO
CO I I.'* UL 6LTf3Z90

TUJ>5 GLTF3300

L GLTF3310

c C, PtNAL;ZLD LLVYiAOkTALvO FUNCTiON, TYPE 2 (N =5) GLTF!320
CLIF!33(j

CuNTIN~c.GLYF3343.

c GLTF!35L.;

L ' 'LNALilLD L.LVY-IONTAL O FuNTIONI TYPE 2 r, 3) GLTF3360~
GLTF!370

... C.;U GLIF3390

L . LTF!390
c . C *V4LiZLC. LcAV1-MONgAL0O F MLTION. 7YFE (N GLTF3400

C GLTF!741
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C 1. L:SE.~-PRICE FUNCTA.ON I 2)6TZ9

V 2.Z'A()-!D~eX2) LTF2330
Uu U*U GLTF2340
v v v vv GLTF2350

QC~jRN CaLF2310

C U,.*( 6LTF2390

C 7 tALIZLD 9ANJ.1 FUNCTION (N 2) GT20

17C CONTINUE LF2
FUZ= (XC2)-PI7A*(X(1 )lPj)..4+(5 .DOMP) * 1)-16-00)**2 GLTF2430

1 1Cb3t D~1.r~(d&J~*J)*COSM +X11 10.00 GLTF2440

It (DAiPS(A(1 )-2.SC.0).ZT.7.5j)0) GLTF2450
I fu;4l = EFf(()-.GG75G,

4 1D,)6TF2460
If (A~S x ()-7.o0) 67 7.5~))6LTF2470

I Fut.? FUNL.PENFUN(X(2')-l.500,7.5DO,10O*DO.2) GLTF2480
RLTL1Rr GLTF2490

C GLTF2500
4C 16 PENALIZED SHEKEL FUNCTION, F1 5 (a a 4) GLTF2510

C 6LTF2520
%3) C.5N I NUE GLTF2530

GLTF2540

19o To 203 GLTF255

* C 6:T ~ LTF256
C 19 PE4ALiZED SHEKEL FUNCTION, A = 1 (N s4) 6LTF25?0
C GLTF2580

12' CONTINUE GLTF2590

L I SLTF2628

C GLTF264
2..,! CONTINUE 6LTF26580

14 = la GLT26 0

I i 6LTF270 02 ; 33ONTNU 6LF27 o
F6O .. 4 6LTFZ29C

'? '~A()-2AjJ*' GLTF2?1!U
LON'I4UEGLTF 2740

LOM.oNUS GLTF2740

C- -. Z u GLTF2 76()
GLTF2770

F (I: Au S(X I ) -! C,3 * 4 * S 0 G)LTF2780

I F.'. t 'rZ *PP4FU( A( 1-D.95*009O100,..) GLTF2790

3 2%L~c Tj SLTF2810
GLVF25?0

I 
6

LJL.i LE-DLOEi..INAL I4ARTPAM FUNCTION (N = )GLTF2330
GLTF23&0

C.~ I~v~GLTF2'310
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S 2 * 1.QI* OS( CI.i. O).A(g0) GLTF1720
S.5 C ,, ! UE GLTF1730

Fl = FUkZ+Sl*SZ GLTFI?40
IF (5AFS(x(1)).6T.13.DOJ FUmZ = FUNZ*PENFUN(X(1).lO.0OlOO.bO,2) GLTF175O
"f (OA0(X(2)).GT.1[.DOJ FUkZ = FUNZ*PENFUN(X(Z),IO.Dl2C.oOt2) GLTF1760
RETLR.4 SLTF1770

Sc GLTF178O
- C lj A FU14CTICN wITH THREE ILL-CuNDITIONED MINIMAt A,10 (M 2) GLTF1790

C GLTFI8O
1.T CONIPNUE 6LTF1IS

A 1.01 GLTF1820j
a = l.a-i GLTF1830
GG To 1,5 GLTF1S40

C 6LTF1550
C 11 A FUNCTION .n" THREE ILL-cbNDITIONED MINIMA. A1O2 (N a 2) GLTF1860
c GLTF1a70

113 CC 4T :Us LTF188O
A = 1.DP GLTF1890

= 1.D-Z GLTF1900
GO TO 155 6LTF19VB

c GLTF1920
C 12 A FUNCTION WITH THREE ILL-CONOITIONE MINIM& , A.10**3 (M 0 2) SLTF1930
C iLTF'9401 CONTINUE GLTF1 9 50

A = I.D! SLTF1960
0 = 1.D-3 GLTF197O
60 TO 155 6LTF1980

C GLTF1990
C 13 A FUNCTION WITH THREE ILL-cO&ITI. ONED MINIMA. Au1Oee4 (N * 2) 6LTFZOO0
C GLTF2000

|-1n CONfZNUE GLTF2020
A = 1.D4 * GLTFZ030
a 8 1.0-& GLTFZO20

60 TO 155 6LTF2OS0
C 6LTFZ060
C 14 A FUNCTION WITH THREE ILL-CONSITIONED INIM A. 70*5 (N * 2) 6LTF20?O
C 6 LTFZO8O

140 CONTINUE GLTF209o
A = 1.05 GLTFZI0D
B : 1.0-5 GLTFZII0
GO TO 155 GLTF212O

C GLTF2130
C 15 A FUNCTION WITH THREE ILL-CONDITIONED RNIMpAv A=10**6 (N 2) GLTF214O
C GLTF2150

1, CONTINUE GLTF2160
A = 1.Do GLTFZ1?
I 1.D-6 GLTF2182

c 6LTF2192

1, CO4TIIUE GLTF2200
xx = x(1)*X(l) GLTF?210
yy GLTF2220

S:XX+YY GLTF2230
= :GLTFZ240

P: 4 R% GLTF2250
FuNZ A*XX*YY-4T.* GLTF2260
;,%RN GLTF2270

GLTF223O

V
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c OLTF126O
.. ' ~NT~.U~GLTF1190

F FU% 7 = FJ-4 .XX*I-L" DlA+ I- UO*X 1)4*.D * GLTF1200
CCI NU GLT Fl 310

C GLTF1240
C A FdU4CTh0 DRDi AOLYNOMIL lIh TO LOCALE 06IA (N 2 GLrF133O

GLTF 1360

C 1 CU NlUE GLTF12370

FUP.L A(,D0(P5.()A1+.O CS2Oe(1)*()X GLTF1390
FIJt U% ,' *AX0 CXA 1 *X( 0506 LTF1370

C CLTI F3112
C t SA-UP AE FUNCTION T IkL O fLCMNM (N 2) SLTF1330

* C GLTF1340
t ) CONTIN'UE GLTF1350

AXN A(1)SX(P5 )AI+.D-CS2D*(I)+()X2 GLTF1360
* x(.)~K(2)GLTF137 0

C GLTF1390
* ~C tj L.-~SIXON ALPNAZE SHBT FUNCTION, BEA ( 2) GLTF139B0

C GL TF1400
z.'I CUNIN:UE 6LTF110

xx =A l X GLTF14520
yJ rO x()x2 GLTF1430

IC4u'(YlD)Y GLYF1450

RE~o~mGLTF14560
.I GLTF14570

IC 7 ;ODMNINLPNLZDSUETFNTOBT N 2 GLTF1480
C GLTF14590

in~ 1..QIuLNINLPALZDSET UCIM IT N 2 GLTF1500

Co ro oll6GLF1520

CC . lU GLTF1530
C LI. 1.7)LLLA PNLZDSUER uC1N ET 1 N 2 GLTF1540
C GLTF1550

L t..I I;4UE GLT F156~0

c GL
T
F 159G

GL F 1670
C f.I I' Ut LYF 1620

T. L. L~A() GLTF1630

C. G .T.164G

-S *.'S*. . **. L -F * * - -- .



DA1,. 'tPI 11,~5' ~2L~1 GL
T
fo580

DATA PlA 1 r.!DO/ GLTF0590
iA-A PI4A i..ciGLT'F0600

.)A rA P" APP9% i-1 .4251284203197W90C,-.031o497266I G LTF06 3 0
.)ATA F117A /l..?St3/ GLTFfl64O
DATA P2UA 00 A 00.o, 6:O7O GLTF0650

1 00.3.6DO, GLTF0660
4. DG,t1 . 0 3, d . 6.,06 . 0u 00, .DO S .00, 8 DO 6DO .7DO, GLTF0670

3 )..0,.jO6D 7De.DO,3.0O,1.0O,2.D,3.6D01) GL7F0680
DA TA PZUa /uj.1OQ.J.2D0U, i~ u.4D3,O.-4DJ,U.6DO ,0.3DO,O.700. GLTFa690

I -. Si),o.skOI GLTF0700
DATA PI~ZA /DlD)3D..s1O GLTF0710

1 0 GLT F0720
, !SoO,3.,t2,! SD~IGLTF0730

D ~ATA P'19 /Q:3)DD 0 3 .4 .,D.I'9 1 DO C.Df 0 3 1ai DO GLTF0740

.?63D.j.7..7uouU5547DO,.888D2/ GLTF0760
DATA P21C /l.ioQ,1.2DO,3.Ou,3.eDU/ GLTF0770

CArA P210 /-69.1)0/ GLTF0780
DATA P22A /10D,0G.05 gO,3.o..,17.oG,3.oO,13.aO,3.5Ia,8.0O, GLTF0790

I 17.DOu.. .1.?DU(..5DO,1.5DO,0.1DO,10.0 O,1O.OO, GLTFO803U
1 2~6DiD..Dq0,40,.Ol.O GLTF081O

DATA P2ZB IU.1312rLO 1'2SYLu24D,.O7Q GLTFOB20
I L). 16 9tD r):0. 13 5 0u L..14 5 100 .0. 88 2100 GLTF0830

J.5900Ssi.,.52C0331 GLTF0840
3 GL1'F0850

J. oOC104uu34a .061OLTF0860

~ GLTF0870

GATA P?4D /-6S .DO/ GLTF0890
DATA V3I6A,P36b,P3G~C,P36 1 , d1U.,l,1.bU, 1O.DGO.q890J GLTF0900
DIATA P' 7 A,P37U,P37C.P370 11U.00,1.oO,1C-0O,.9900J 6LFO

c GLTf0920
C PLNAL17ATION FUN4CTION GLTF0930

C 6GLTF0940O
P(NFUN. (AR,RAN.FACTIEAP) FACTfi(DAiS(Vl )-RAk)&*IEXP GLYF0950

c GLTF0960
1 ', l1i,1O GLTF0970

CPO GLTF0990

c 1 A FUlJRTh uRF POLYNOAq1AL (N =1) GLTF1010
c GLT F j O?

I~ C UNTII NUi GLTF103J
f U1., (L I-' VO ftX 1)E I 1.s')ir I) p1I'K 1 )a LTF1340
W L~ GLTF1050

L. GLYI 1U6O
CJL~r(~ STTHOWDLR PuLTNUDM1AL (h= 1) GTI7

C GLTj 1Ca
11 CU'NTI4U GLTF1090

GLTF1100

GLTF 1128
GLTFI 1!C
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ABSTRACT

SI( 1A is a set of FORTRAN subprograms for solving the global

optimization problem, which implement a method founded on the numeri-

cal solution of a Cauchy problem for stochastic differential equation.. "

inspired by quantum physics.

This paper gives a detailed description of the method as imple-

mented in SIGMA, and reports on the numerical tests which have been -

performed while the SICMA package is described in the accompanying

Algorithm.

The main conclusions are that SIGMA performs very well on seve-'

hard test problems; unfortunately given the state of the mathematic-iI

software for global optimization it has not been possible to make con-

clusive comparisons with other packages.

Categories and Subject Descriptors:

i.0 j. iqeric n.alsis]: Optimization-
G.4 [Nathematical Software] Algorithm analysis; certification and
Test ing.

Genera I terms: Algorithms, Theory, Verification

Additional Kev Words and Phrases: Global Optimization, Stochastic Dif-
terent ial 1Equations.
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1. Introduction.

In [1] a method for solving the global optimization problem was

proposed. The method associates a stochastic differential equation with

the function whose global minimizer we are looking for.

The stochastic differential equation is a stochastic perturbation

of a "steepest descent" ordinary differential equation and is inspired

by quantum physics. In [1] the problem of the numerical integration of

the stochastic equations introduced was considered and a suitable "stochas-

tic" variation of the Euler method was suggested.

SI(GA is a set of FORTRAN subprograms implementing the above

method.

In sect. 2we describe the method as implemented in SIGMA; in sect.

3 we give a general description of the method and some details on the

uiplementation; in sect. 4 some numerical experience on test problems is

presented and in sect. S conclusions are given.

Unfortunately, given the state of the art of mathematical software

in global optimization, it has not been possible to make conclusive com-

parisons with other packages.

The SI(NA package and its usage are described in the accompanying

Algorithm.

. . .
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2. The method.

N N
Let R{"  be the N-dimensional real euclidean space and let f:R -IR

be a real valued function, regular enough to justify the following con-

s iderat ions.

In this paper we consider the problem of finding a global minimizer

of f, that is, the point x* N (or possible one of the points) such

that

i-'. ', (x*) f W~x Vx R .x

and we propose a method introduced in [11 inspired by quantum physics to

compute nmicricallv the global minimizers of f by following the paths

of a stochastic differential equation.

The interest of the global optimization problem both in mathematics

and in many applications is well knoim and will not be discussed here.

We w-ant just to remark here that the root-finding problem for the

system (x) = 0, where -NRN  can be formulated as a global optimi-

"ation problem considering the function F(x) = g(x)! ,,here I):'. _ - 2 2

is the cucIidean norm in .

Despite its importance and the efforts of many researchers the

,lobal optimization problem is still rather open and there is a need for

methods ktth aot Ld m thematical foundation and good numerical performance.

ihe ,rcsnt iuithors have considered this idea both from the mathematical
p LIt ci v r rev ic >1ee I21) and from the point of view of producing
ocd O t' rI t ec 5 . I'he method imnlemented in [-1, [41 is in-

* axli)v a I, :i-echan ic:-, uses ordinary di fferential equjations, and can
lic r' i;r&'d .I is viethud Col. 10hal optimization.

* - " . - .', . . -i .i
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Mich more satisfactory is the situation for the problem of finding

the locai minimizers of f, where a large body of theoretical and

numerical results exists; see for instance [5], [6] and the references

given therein.

Ordinary differential equations have been used in the study of the

local optimization problem or of the root finding problem by several

authors; for a review see [2].

The above methods usually obtain the local minimizers or roots by

following the trajectories of suitable ordinary differential equations.

However, since the property (2.1) of being a global minimizer is a glo-

qN
bal one, that is, depends on the behaviour of f at each point of R

and the methods that follow a trajectory of an ordinary differential

equation are local, that is, they depend only on the behaviour of f

along the trajectory, there is no hope of building a completely satis-

factory method for global optimization based on ordinary differential

equations.

The situation is different if we consider a suitable stochastic

perturbation of an ordinary differential equation as explained in the

following.

Let us first consider the (Ito) stochastic differential equation

(2.2) d- -Vf(.)dt + ,.dw

I

where 'if is the gradient of f and w(t) is a standard N-dLmensional

Wiener process, . .

tliuattion L2.2 s knotwn as the Smoluchowski-Kramers equation [71;

this equation is a singular limit of the linsgevin's equation when the

inertial terms are neglected.

.. ....... . . . . .... . . .. .
' 2!5 "2L1.2}":2 t)n:.- ' :'iiJ =::h) 2 ).21. -.. . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . .. . . . . . . . . . . . . . . . . . . . .-.. . . . . . . .".. . . . . . . .. :tk' lTiglj7: :2!<£'272



I' e Smoluchowski-Kramers equation has been extensively used by

sot I Lstate physicists and chemists to study physical phenomena such

as atomic diffusLon in crystals or chemical reactions.

Tn these applications (2.2) represents diffusion across potential

:arrcrs taUer the stochastic forces cdw, where r= kT , T isPM
r the absolute temperature, k the Boltzmann constant, m a suitable mass

r coefficient, and f is the potential energy.

We assiine that

lim f(x) = +
!Xd! 2

m such a way that:

(2.4) r-'&'f(x) J{}(2.1)(.X V x< : ' ga 1R\i0O})

N
JR

and that the minimizers of f are isolated and non degenerate.

It is well known that if {L(t) is the solution process of (2.2)
starting rom an initial point x the probability density function

. Itx) of t) approaches as t the limit density p jx)

where

- :f(x)
- 2.5 p ,xi =.\ e _

-- 2

where \ ts a normali:zation constant. Mhe wav in which i- ( t ,x) for

,a c lsis ol one-dimensional -;stoms lapproaches p,(x) has been studied

in ,ita il 1- consiterini the spectrnn of the corresponding Fokkor-Planck

Opv(ritors in I

7.-%

"- "•I' - - " . o , ' - _ , " . , '. ,_ ? , * - - " ' J - " -



Anote thait s~: indeCfnL'ent of x and that as ) p,

becomes miore concu2ntr':itcU,, it the :410(3:1 minimizers of f. Ta s

2 .0 I IA ( tin Ic.

t-- rc has a proixll itv !ciiinst:,- t\Cni 1w(25 and

him in l aw

I Il' Vt L5ii;i varLible iov ing asit probabilIity dIens itv :i

wei~t. >m eI P x1 c 1'C$ i taS concentrated at the global minimizers of f.

For ovx:11)C Lif \ - ini C has two global minimizers x, , x , iwith

yX77 a X ( , we have (in distribution sense)

Pwhe re =I I + c. _C In rInner to obtain the global minimizers of

15jSIT)tint II Olines 1 t Of 311ampl trot Octorx- Of a suitable SVs-

teni t a stochastic Jiffcrenti-il ekjutions it seems natural to tryt to perform

U h Iui t i e.0 oh tad the l imit 0~ (i.e. (2.7)) together.

[ha t is , we %;ant c cOtl-S ide)

At th flnttl Icondiit ion



In physical tenis condition 2".i) means that the temperature T

is decreased to U (absolute -ero) when t - ,, that is, the system is

Since we want to end up in a xd obal mininizer of f , that is, a

.Ibal ::lii,,iizer of the potental) energy, the system has to be frozen

very s lo% lv adiabat ica 1 lv) M e .,av in which (t) must go to zero,

in ,trder to have that when t , the solution -(t) of (2.9) becomes

concentrated at the global minimizers of f, depends on f. In par-

ticular, it depends on the highest harrier in f to be overcome to

reach the global minimizers.

his dependence has been studied using the adiabatic perturbation

theorv in [1. Similar ideas in the context of combinatorial optimization

have been introduced by Kirkpatrick, Gelatt, Vecchi in [9].

In this paper we restrict our attention to the numerical implemen-

tations of the previous ideas, that is, the computation of the global

mih-nii c rs of f t following the paths defined by (2.9), (2.10), dis-

rearding mathematical problert; such as the difference between the con-
ver~:ence in law of L- tl to a random variable concentrated at the global

""nimimi-rs of C, and the convergence with probability one of the paths

of kt) to the ,3ohal ,iinimi zers or .

e consider the problem ' f how to compute numerical 1V these paths

kce i in ::1,1i that we are not realiv interested in the paths, but only

in 1l' " l t\ Ut i-) iC Itie

., , isc,,tize I US Is ic. th1.e i>uler method, that is _IitQ

i5 ;pInxim"tc2d w, the sollt aon _, ,4f the follow ino finite difference

iuI t 1, 011.1

. , .. . .. - . - - . ,. , . , - . - . - . - - . ,



(2.12) -+! I - 1(, + 4(tk)(Wk+ - k = ,1,2,.

(2.13) =x

k-1

where t U, tk = i. hi , 0, and wV w(tk), k=0,1,2....

Fhe computationally cheap Euler step seems a good choice here

since in order to obtain the global minimizers of f as asymptotic

values ot the paths --(t) should go to zero very slowly when t

and therefore a large numfber of time integration steps nist be com-

puted.

On the right hand side of (2.12) we add the random term

'(tk w to the deterministic term -hk 7f(_), which is com-

putationally more expensive (e.g. N+l function evaluations if a

fonard-difference gradient is used), so that the effort spent in evaluat

ing 7f(,- is frequently lost.

In order to avoid this inconvenience we substitute the gradient

7f(,2) with a "random gradient" as follows. Let r be an N-dimensional

random vector of length I uniformly distributed on the N-dimensional unit

zphere. Then for any given (non-random) vector v E its projection

along r is such that:

(2.14) N-E(< r,v> r) = v

wier- 1- js the exnected value, and < ,. > is the euc idean inner' C!
product in PR".

7 o that in order to s:ve nuerical work (i.e. fxiuctions evaluations

n ..ie <htitutc _-) ith the "random ,jradient"



2.15) ---{-k } = (X r , tIl-_k >. 4'

,Ac note that - L WCL C Is the directional derivative in the direc-

t ion r, it s computational lv ouch cheaper (e.,. when forward differences

o1re Lsec , tnlv 2' function cxv:iluations are needed to approximate (A)

ieru toe , the paths Are computed ;ipproximat ing (tk) with the solution

of the f,)ollmin i ifre ences equations:

KS ".-I - _( 
t  +9  Itk)(w +l k w 9 k = 0,1, , ..

there ., is i :inite difference (forward or central) approximation

to -

The complete al,oritn is described in the next section.

" . : . .7 : -: . . ....- : -.. .--. = = = =- -===*== = = = = = = * ., . ... . ." ' - - - .



h'le Comprlete aizo r thlri

AC e III sect. .. I a inrI escript ion of the algorithm, while

imnpI.,ment.!t Ion letai Is 1r1, ly in -ect .3.2

1,A . IfCrI',I JoC r mlt tion of the aIg hn

Ow~ Os ic t L~Ie- lne~r onl step (e.(2. 10) ind sect. 3.2. 1) is

lsto tgenletrte a fixed nulnner Of tin iectories, which s;tart at

tIi!!e mr from the "line Ln It ialI cond it ion ivith possibly different values

t 10 fnote that even if the star-ting7 values JO) are equal the

tr:i ecctoisc, evolve differ-entl%- Jue to the stochastic nature of the ite-

2I-it ion1 S tcps)

The tra jector-ies ev%,olve (simultaneous ly but independently) during

an "observation period"' having, a given duration (sect. 3.2.5), and with-

In ,hich the noise coefficient of each traJectory is kept at a constant

VA LIe ,%;hie the values of the stenlen gth h., and of the spatial

,crti--at ion incremen t x tor- computing the random gradient (eq.

- 7 .E -'Ct . .2.2 12r Automa1tica1lV ad jus ted for- each tra iectorv

>the 11iQ(j"tliil kx ct s .. 2 an'd 4) .4

lit k-1d o-1 eVeryV om-e'vA t ion rIer iodl the corresponding trai iec -

toros.ii~ co'l~ie, ,one If themn i- Ji-scar-ded (and will not be Considered

Ill , i therri2ctr e ire' 1lutirn liv cont inued in the next -

1*krr\. It 1j 1)x) 11idi fn_ the tri e1Ctorie0s is: slcCted for ''branch-

25' oct .~ 7 . i tha s r :eerxt i~ alo asecnd continuation

ii ctme ' n rl te irst ont, on Iv ;1 the_ -tartlg i ii ues for-

111, X .C t u hi is con-side:-ed is liiv ino the samne

''i t h - '-i



[lie set of smiltneous tr:0ie)t0LoFtOS is considered as a single trial,

hich is stopped as described in sect. 3.2.8, and is repeated a nurnber of

times _,with different operating conditions (sect. 3.2.9).

fhe stoppino criteria for the complete algorithm are described in

Ltie use of an admissible regon for the x-values is described in

s-ct. I ,1 scalin, is described in sect. 3. 2. 12 and Criteria for

numeri cal equality in sect. 3.2.13.

3.. li:iplementation details.

3.. Ihe time-integration step.

'lie basic time-integration step (eq. (2.16)) is used, for the tra-

.ectorv under consideration, in the form

,5h I 1 ,) + =u--hk"

. 2. 1." - -k i-k) - " _k (k = 0,1,2, ..

,,here h, ind are the current values of the steplength and of the

noi.sc cct fic icnt (the noise coefficient has a constant value - through-P

out the current ,bserla:Ition period (sect. 3.1)); uk is a random vector

;amplc rm ;m N-dimensional standard Gaussian distribution, and

u =-k I :k - +1 ",

.ue t * the f lopert Ie X- the 1kienCr t recess
die comlput~i t 1 .4 the fin i te -ditferences radomn er:id ient -(

Ic oulpc it I ! on the tillt .<Jccti n.

.. ~c ie nic 1a"'xr s c t i cn



Mlie basic step (3.2.11) is actuallly perfonned in two half-steps

.3. .... = - hk - (first half-step)

-4 Knv

and

(3.2. 1.3) k++ -k u (second half-step)

Both half-steps depend on hk while the first depends also on the

current value _x of the spatial discretization increment used in con-i

put ing _ .

Lither half-step can be rejected if deemed not satisfactor, as

described in sect. 5.2 .3.

3.2.2 The finite-differences random gradient.

(liven the current value -'xk of the spatial discretization incre-

ment for the trajectory under consideration, we consider the random in-

crement vector

'k -

where rk is a random sunple of a vector uniformly distributed on the

unit sahere n . the forward and central differences

k 4

4 - -k -k

tilt- o, n :11"'I -c J t r a i;1.J,,n c ,ji-e c tn o n a l d e r iv a t iv e s



4. Numrical Festing. 7
Sl L\ has been nuierically tested on a number of test pmblerrz run

on .o computers. 'Me test problems are described in sect. 4.1, the corn-

puters n :-ect. 4.2 ard Mome nuerical results ar c- rted in sect. 4.,

I1. Test prObDlemS.

he set of test problems is fully described in [!9] together with

the initial points; the test probleins are:

L. A fourth-order polynomial (N = I)

2. foldstein sixth-order polynomial (N = 1)

3. Cne-dinensionaL penalized Shubert function (N = 1)

4. A fourth-order polynomial in two variables (N = 2)

3. A ftuction with a single row of local minima (N = 2)

b. Six hump camnel function (N = 2)

7. h.o-diirensional penalized Shubert function 2 = 0 (N = 2)

S. Tho-dhmensional penalized Shubert function 2 = 0.S (N = 2)

9. P,,o-dimensional penali:ed Shubert function = 1 (N = 2)

10 .\ function With three ill-conditioned minima a = 10 (N = 2)

It. .\ function with three ill-conditioned minima a = 100 (N = 2)

12 A function with three ill-conditioned minima a = 1000 (N = 2)

I. A Cunction with three ill-conditioned minima a =10(0( (N 2)

LT.\ tunction , ith three ill-conditioned minima a = lW (N = 2)

. .\ !unctIon with thrCe ill-conditioned riinimL :1 = 1 0 h (N = 2)

Io. ,',n-Pr:c, rct ion (N =2

c- " l , .e, IALrn:i itictitll N

'T 1', 1 1 - Inc t IC 1
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a) Relative difference criterion

IX-'i < -r (Txi + jyj)/2

b) Absolute difference criterion

i x-y! < , s

where ani r are given non-negative tolerances.

'Rl:L AB



-- - _7 I.

23

Let X1 be the largest eigenvalue of the (symmetric and non-negative

definite) matrix C.

We adopt the updating matrix

F = BX I C
A 1

where I is the NxN identity matrix, 3 > (8 = 1.3 in the present

implementation), and we obtain the updated value A' of A by means of

the formula .'

A' = A FA

where a is a normalization factor such that the sum of the squares oi'

the elements of A' is equal to N (as in the identity matrix).

The matrix F A seems one of the possible reasonable choices,

since it is positive definite for B > 1, it has the same set of eigen-

vectors as C, its eigenvalue spectrum is obtained from the spectrum of

C by reflection around X = - , and it therefore acts in the right

directicon to counter the ill-conditioning of f.
¢.

The magnitude of the counter-effect depends on B: the adopted

value has been experimentally adjusted.

The updated bias vector b' is chosen in order that the scaling

at x does not alter R, i.e. in order that

Ax+b Ax+ b.

3.2.[3 Criteria for numerical equality.

A
The following two criteria are used in a number of places in the

algorithma to decide if two given numbers x and v are sufficiently

close to each other (within given tolerances) to be considered "numeri-

ca Iyv equal".

9

,'! . .. -" - . _ "_ ]. . ". ." .: • '- :. " - "- - ',- , , - .' . - - . . .... - 2 '": -
-
- -a -



,'OIc conside 10or each 1 trarCtor the rescaued vairiable x=Ax + 'D,

,,he re ile rec grtri .ni h I's a hi; as vector, and, instead of

X I 'e MIll i1 :: 1A i th Ic'S rct to X tire "rinct ionl C( x fi(x) fAx + hi

1nra aetr'o calirlter 'hw i II -Cond it loll ill,, () C C N ith es pect to x bv

rt :1, V m rut 1 'u d ins t d Inl order not to alter X)

i~( udtlii of A it \ j 01) LI hv mweans 0f ti fl up(iat ing latr'ix F

.Il' rIC :~r niat t hec- ill anohbse vat lonl period i f suf fic ient data

ar;v ib ec see Ie ow, and1 i the nunalber ot elapsed observation periods

110 not eS than1 -r gm nTnnb1er K ac , aind greater than -N).

h'le upkiatl-l Lng;ntr ix LX i omputed as describei hel ow, keeping in

:rid thaIt thle rarmdoi grad tents are the oni v s impi v-usable data on the

i;eha viar of I' coimputed :Dy the a igo r ithm.

Le = I , b tile C011-111 Vctor-s Of thle componen(21ts

at IC h X\ m'i te-dilfference randm grdet 1r

eva, 1 L at c, a Ilong t hc t I- t ;c Lo rv a, ist o r re~ice steps) from the last

c I LIDg

st ufficioint ata are aivai lable i .e. if N 'N2~ we compute the

* 1 V e~m ii 1 rd c~mor .~ i enthe ivil i 1 ! o daitaI oth

a,-.; ~ - :~ r 1 1an-.-. n t he 1 ,o Irecct ional Ie riva -
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t~e note that each LItegratton step can he reiected only a finite

nLwber of t imes, C'ach obseriation period lists a finite nuinber of accepted

integration steps, and there i: ,i finite number of observation periods in

ai trial; -;ince a finite numiber of trials is illowed, the algorithm will

.stop a fter a finit- total nuJRler of steps and of function evaluations.

3. .11 . \dissibie reicion for the x-values.

In order to help the user in trying to prevent computation failures

e.. overfo.i the present implementation of the method gives the possi-

bil itv of defining (for any given problem and machine dnanic range, and

oa.se on posstble analvtical or experimental evidence) an admissible region

for the x-v:ilues (hopefull-v containing the looked-for global minimizer.

,ithin which the function values may be safely computed. We use an

N-dimensional interval

R\lN '1L _- "-.x . ..... , 1 ,2,. .. , .N,.'
I L

There the inteival bontdaries must be given before trial start.

S.,.,, i~i .. recion the t'unction f(X , is. replaced by

an expon'ntiiliv increasing function, in such a way that the values of

f md of the extc-'al C"uIction ire !matchod it the hounda rv of the region.

in ,rde r to am k0 i1 1-con it ioned probl Iems more t ract:ible, escali ng 7
I W o.!'IC'ir;1(2d Iw the llckcr, t1n .- f olIoxs <.

ql

S



the prece, inQ trial, acc4rding to the outcome (stopping condition) of the

precedin i trial and to the number t of trials performed from algoritun

start, as compared to the iven mximum nuiber of trials NTRIAL

zuccsstul stop: )

UJ1SuCCeSa iiiL ff1 5 torn:

, : )t0 il t (2/5) N.[RIL.I

H) other'wise,

h ru 1[xl I s the snai Lest integer not smaller than x

unsuccessful non-unIi o in stop: . 0 - ,

Uhe itntial point :£. is selected as follows:

if t N- 213$i lj take the vlue of X at algorithm start

othenliSC tilke K: -' I"

,her' , Op s the current hest ,inimizer found so far from algorithm

All .thcr .nitial values are those of the first trial, except the

intti.l 1 lus of h ind w ,hich are the values reached at the end of

the rec Wing trial

. 1H t-t)P'A crttria ?ro the algorithm.

: -oi;;r~ctI ii stopped. at the end of a trial, if a

4 i L'ii 'ii:e' \ . Veen reached of un iforii trial stops all at the

" N~TR IAI,cirit' '. cl cl i r't' , uI iIw , caY iit- aI nax unumiJ given numlber NFI

,cll-iivu the .I t ,m at leas t one unicorm stop

,' the s ,rent , ,,. I eel *
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and the best minimuim function falue fOPT tound so far from algorithm

start: if fTtNIIN and fOPT satisfy at least one of the above criteria,

with the sauue tolerances, the trial is considered successful at the level

f0N.[; otherwvise the trial is again considered unsuccessful.

Ahecking of the stopping criteria is activated only if a minimum.

given nwber N of observation periods has been reached.

PINIIN

3.2.9 Characteristics of the successive trials.

The operating conditions which are changed when another trial is

started are:

seed of the random nunber generator

- raxnnUM duration of the trial

policy for choosing for the second continuation of a branched

tra jecto rv

value of at trial start
P

initial point x,.

The ,iuximnum duration of a trial, i.e. the naximum number NpIx

,~sv-rv:it ion periods, Is obtaned as folloIs:

if the preceding trial had a uni form stop (sect. 3.2.8) take the

V I uC of the preceding trial

other,;ise take a value obtained by adding to the preceding value

.a fixed .'iven increment I

he policy for selecting for the second continuation of a

branched traiectory w,,as described in sect. 3.2.7"

lIhe value of it the start of a nei' trial is obtained by means
p

of .m mml tipi icat ive updating factor -t applied to the starting value of -

. ..

.. ... ... . . '- .• --.. . . ,' " ". . . . . . ." - " - " -" i . ." "- - - .1 ..-.. "..V
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.be udatHI fn actor 1: for- f>asol lows:

for' the first trial and for- am, trial following an

unsucessul riazl

r %where x is ai random sample from a

it~~i1T11,1 ml.1istribut'i"'n

tor ill other- trialls

2-' here v is rcindcin sample from a

U tandarxi uaChIIIV Uistriblutin i e. with densit-v

'he updat in4 factor for,.x is:

F,. 10 3z whe re zis- a randlom sample from a standard

nritma i U 1St 1'Lbut ion.

U . .toppin., criteria for a trial.

A\ trial is stoppedl, at the end of an observation period, and after

ifl iCa a~ dthe %worst t ra ectorv, if -ill the final ftnction values

o f the rma in in- traiectories (possibly at different points x) are

num r caI ,eual"i, ; .0. if the maximium, a nd the ii m

.9rII x~ionz the trni final valuies satisf v :it least one of the Criteria

n r skc t ... I5,the ic! lat i e lif'ference criter ion with a o iven stopino

tl o ,raic IC 0iand/o r the' &5o lute difference criterion with liven

t* Ati1 Cn tce1rTICe C "lun orn' sZtan it tlie level t- '

11e- tri ill IS11< l0 JnflVWI\ <topped , cit the end of the ohbservat ion

*~~ 'VT F eno1.i1i11mh ve nmer- I\ of )Th'.rvat ion pneriodls ha s b~een

i theI -ttorC t h. t rialI is; Consi< Jo red 1Ii'kiC s StfUl , while in

the )!~t ICae ICOI~);r on ~ Il~t' et"Wen the CFm iriaIviluu CI\I\
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roil the point Of vie , ot the noise coefficient . a trajectory
P

1 . ,th lari er is considered better if the comparison is made in an

-uarlv ODSerVat [on porlod 1as n as k .i *l, l where k is the

-"- ntUuer of clapsed observation periods, and N1, I ire defined below)
anld ;,orse otie rw iso.b

bb

.\ basic partial ordering of the traiectories is first obtained on

the bas is of past function VaiLIS, and a final total ordering is then ob-i taeind, if needed, by suitably exploiting the noise-based ordering

"le ,iscarded trajectory is al,ays the worst in the ordering, while

the traiectory selected for branching is usually not the best one, to

avoid to be stuck in a non-global minimnut.

-'ornral branching is performed on the trajectory which, in the order-

U'!,, occupies the place Ib (a given integer); exceptional branching,

'here the best traiectory is selected, occurs for the first time at the

end of observation period kpo and then every N1 periods (k and
Sp po

: a.1 . given integers); i.e. excentional observation periods are those

, • airn/lle red

-. i- . -w t2ond orit "iiLiit oi o 1 I a ranched traiectory.

-_ i iIc the firszt tnperturbed) conti..ition of :i traiectorv that

.orces )r~dh inc -trt5 'Ith the current values of P and 'xk) the

Sccend <;n t ni~lt ion At:a rts , ith vA ues ohta ined by means of multiplica-

t l k C i11,r 1T11 th),at -1111'1 t.iCtor "  i , I i ' ied to thc Current values.

• . - _...:.<...,-Sil.:"i-'1 "-'i"-5 ... . . . . . . . . . . .. . . . . . . . . . . . . . . .-..-.. . . . . . ... . v.-.- --.-.



[I liase Oa1:

Wc fi Ina I Iv remar'k that K. lifd '.x. area hounded h.', suitable con-

taitflt to aivoid CGIlhIpt:Lt i0on:l C:1 i l ures;

. Iirt loll Of the nevtinpro

File Jiurat ionl Of oIhskrv;It ionl period niumbered K- from trial start,

,!ie,'L1d IS the nuriier N of tim020 Lntetgriltion steps in period k, is

;i<ute s.I function of k pby easof a formula which must be chosen

!netorel A Iorithmi s tart iong the following three formulas:

1 \, I + jlog (kj ("'short"' duraticn)

.> .', = K("'rediumi-si~e" duration)

N hp p ("long" duration)

* ~ ~ ~ ~ ~ ~ M tor 2'U~ ste i-gQo~et ii tc-or not ,ivator than x .

ticO L ra i toIV eltcteon.

Inl tiler to Jeci, it thle e9,1 Of in ohse oitonerd, hihtr-

ctoyIS to :IL' dsrdd.and '.%hL'ich onie s hould be selected for branch-

:nz, ' % ctoa1Pl the t ra iLCtor i - on the has IS of the vailues: of the ir no Ise

* ':c'f fic1ion t ,r tlbe hemtinperiod, xnd of' the function values obtained

oe oi t o 1i 1 past ttunct ion values a tra iectorN is Coll-

Lt t e ivr anmt e it hAsttained a Ice ftunction value than

1he Vhr exoe I tIda mne>' n 1 111it Ii paI1))rt ~onint oh t ra Jectories).
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We test fk and f = f + f, for nu nerical equality accordingk k k k

to the rclative difference criterion (sect. 3.2.13) with tolerances

R1 10 and 1 ) and take

- 2 if fk and f ire "equal" within
kk ~RI

i = f fk and f, are not "equal" within
kkR2

= other'ise.

fe interval (10" 10- ) has been adopted since it contains both

the square root and the cubic root of the machine precision of most com-

puters in double precision (the square root is appropriate for forward

-. differences, while the cubic root is appropriate for central differences).

SLpdating factors for h.

In phase 4a:

1/1.05 for the first attempt to the first half-step

S= :for the second attempt

1/10 for all other attempts

In phase 5 the value of f depends on the current number a of accepted

t ue integration steps in the current observation period, and on the cur-

rent total number r of half-steps rejected so far in the current trial

(excluding those possible rejected while attempting the first step).

= 1 (if a < 2r)

-1. (if 2r < a 3r)

(if 3r < I)

If" r = 0I

(if = 1)

6 Oi t>!

.----o". -. -



If the ha1 I I-<tl -4 tO Iv lWecteki rec~t Ai so the Cirst hal f-s;tep,

11~daL Cremise hIlkn 4 k to I.

Or) )theri% iso .iccc-pt the .ho I e t en and trY the next ole.

Io Io hevL C r t h: It it' tli he amie hI - - ter) s re~c icc e too manyv tumes

the, 1i f-srenD i ee rUythe le -S Accepted in order not to storp the al ~ori thn;

this Is no11t t,-o( ha n1-2fUl :IC. incevoy ra I t ra ector ics- are heing computed I
andJ i "1'id'' one ,.ill ihe --ventualliy liscarded (in the present implementation

the thoiuldi vnop ic tlv or the first half--step (50) times), and im-

I ic itl\- ,'or the s-econd hal F -step if1 h, becomes szinai icr than 10%

±ot iiie- nto rxti on step engt h iv and the spatial d iscretization,

I i ,crmn t '.x, 1,or the trajectory under conisideration, arc updated while

"Cl'torm711-11 The ine.~rIton sztep, as iescribed in the preceding section. 2
in,; ~: is always fpcrfomed by meanis of a multiplicative ipdating

!actor %hich Is aplied to the old value to obtain the new one.

"11e MI~IItude Of the updat Iim Cictors, aS u.sed in the various

0I~io o ! F ho Wsoece ;.i the nreceo flu, sect . is . ,is f1ollows:

:L;it im :aIcto , C0 or, .

I ri vpI~isO 0'L

a Ii sO h -17U.0 o I o' k ,fl te on i itOie f the curren01t es;ti

It , ut L-: III LION, r.w "'euI , x, Ihe r-o is 1' is

III %,: ti



All iattumpts are with the current (I.e. updated) values of hk I
file - CoueMCC Of alttemlpts iS aS follows:

Pick Up a1 r-andom unit vector I",

1:. Compiute thle randoim increment . ( sct . .2. 2)

fb (Land therefore lx1 i s too small i..e . if the squi.are

of t he :uc I iJea-n norm of the difference between the computed

valIues of k s and is zero, lue to the finite arithme-

tics of the mach ine): update (icese) x,, atnd go back to IA.

2. Compute (eq. (3. _' 2))

e i. If the computed value of () is zero (dlue to the finite

-irithmetics) :updlate (increase) ,x,. and g~o back to Ia.

.F
3. Compute the first half-step with

-F
~~ ~ ~ ~k' .,

-iccept the first half-step and jutinp to 3

1. Compute the first half-step %.ith -Cto check the appropriatene< .

of "X" .

0 1.p11) 1 %2 t2o .2. 3. L))

Aa. If *. 11,

ro ct he a If- ton, udat Case) h1 and go back to 1

4)' <mrhc r :ic~ept the halI f- tot), And up1date (decrease) lxk

( &8p11 2 h(. rca..: ! I - tep.

"vv
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and the forard- and central -di fferences random gradients

C

We use or 2, for .(T) in the first half-step as described

in the next s;ection.

3.:.3 Accepting and rejecting the half-stens.

Fhe computation of the first half -step can be attempted w,,ith the

forivard- or central-differences random gradient F or - eq. (3.2.2.3)

as described below.

In either case the ha lf-step is accepted or reiected according to

the function increment

(3.2.3.1) f, = f('"

k -k) _L

.ince should be non-positive for a sufficiently small value

of h, the haif-sten is rejected if ",'f, is "numerically positive",
K k

i.e. larger than a given positive small tolerance.

M1-ie second half-step is reected if the corresponding function

inc rement

3.2.3"2 = :'2k 1 - tf( k

i, pos itive and too larc igreater than 100 in the present impI nemen-

tt ion .

I"fc .equence attempts atffects the iqudatin, of hk and .'.xk as

,iecr ud belo,; the xwOunt of the updatinQ is described in sect. 3.2.4.

t.:. :: .> , : .:: :: ::! ...; :ii " -! -:::ii)::< i ._.- -:i -: l.,(: .: , _ .'-: ,: _: _ :::, . -. . .-:
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19. Penalized Shekel function M = 7 (N = 4)

20. Penalized Shekel function MI = 10 (N = 4)

21. Penalized three-dimensional Hartman function (N 3)

22. Penalized six-dimensional Hartman function (N = 6)

23. IPenal ized I.evy-Montalvo function, type I (N = 2)

24. Penalized Levv-.ontalvo function, type I (N = 3)

2S. Penalized Levv-Mlontalvo function, type I (N = 4)

'o. Penalized L.evv-Nontalvo function, type 2 (N = S)

7. Penal ized Levy-Montalvo function, type 2 (N = 8)

28. Penal;zed Levy- lontalvo function, type 2, (N = 10)

29. P enalized Levv-Nontalvo function, type 3, range 10 (N = 2)

30. Penalized I.ewrv-Montalvo function, type 3, range 10 (N = 3)

31. Penalized I.evv-,%ontalvo function, type 3, range 10 (N = 4)

32. Penal i zed Levv-Montalvo function, type 3, range S (N = S)

3 3.. "enal ized ievv-Montalvo function, type 3, range 5 (N = 6)

34. Penil ized l.evy-Montalvo function, type 3, range 5 (N = 7)

5 . A function with a cusp-shaped miniim (N = S)

-0. A Inu t :tion lwith a clebal mninitui having a inall region

of attraction a = 100 (N = 2)

A 'urct ion , th i :lobal minimun havin! a small region
of .ittraction : = 10 (N = 3)

We used thIe ahove itncttons, and the standard initial points as

they are coded in the subroutines ;i.T't" and i~lIIl, which are available

.. . : :' " : .. " '- .. .. . . . . . . . . . .* .a= 
' - - ' ' - - ' - -
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4.2. 'rest computers.

We considered two typical machines of "large" and "small" dynamic

range, that is, with it and 8 bits for the exponent (biased or signed)

of double precision ntnnbers, and corresponding dynamic range of about
+3 3B

10- and 10- 3 
. The tests were actually performed on:

-- UNIVAC 1100/82 with EXEC8 operating system and FORT-XN (ASCII)

computer (level IORI) ("large" dynamic range)

- D.E.C. VAX 11/750 with VNvS operating system (vers. 3.0)

and FORTRAN compiler (vers. 3) ("small" dynamic range)

4.3. Numerical results.

Numerical results of running SICNA on the above problems and on the

above machines are described below. All results were obtained under the

following operating conditions.

The easy-to-use driver subroutine SIGNIA1 (described in the accompany-

ing algorithm) was used, with N = 1,2,3,4,5. All numerical values usedSUC
for the parameters are set in the driver SIG1AI and in the other subroutines

which are described in the accompanying Algorithm.

All nunerical results are reported on Tables 1, 2, and 3. Table 1

reports some performance data (i.e. output indicator IOUT and nuTnber of

tunctions evaluations) as obtained from SIG4A output for each of the 37

test problemis and for the testing both on the "large" and "small" dynamic

range miachines. In order to evaluate the performance of SIGMA we consider

all the cases in which the progran claimed a success (output indicator

tOUr > 0) or a failure (lME < 0) and - by comparing the final point
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with the knoin solutions - we identify the cases in which such a claim

is clearly incorrect (i.e. success claim when the final point is not even

approximately close to the known solution, or failure claim when the final

point is practically coincident with the known solution). It is also

meaningful to consider all the cases in which a computational failure

due to overflow actually occurrs at any point of the iteration.

Fable 2 and 'able 3 report for each probln and sumarized for all

problems data concerning the effectiveness, dependability and robustness

in the form of total numbers of correctly claimed successes, correctly

claimed failures, incorrect success or failure claims and total number ot

overflos -- for the two machines.

i"

°

°

*f .... . " ' '-" ", % -" .-" " "" , '"'' 2 ''".2 '' " '' ' -."2 ..
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TABLE 2

UNIVAC -

NNSUC  i 2 3 4 5

NPROB N

1 1
2 1 1 1 1 1 1 {.

3 1 1 1 1 1 1

4 2 1 1 1 1 1

5 2 1 1 1 1 1

6 2 1 1 1 1 1
7' 2

8 2 3 1 1 1 1 --

9 2 3 3 1 1 1

10 2 1 1 1 1 1

11 2 1 1 1 1 1
1) -, 1 1

13 2 1 1 1 1-

14 2 1 1 1 1 1

16 2 1 1 1 1 1
lb 2 1 1 1 1 1 '..

17 2 1 1 1 1 1

18 4 3 3 1 1 1

19 4 3 1 1 1
201 4 3 1 1 1 1 ='

21 . 1 1 1 1 1
0 I 1 1 1"'"

-a- 1 1 1 1 1 ,.
S

24 3 1 1 1 1 1 7"
54 I 1 1 1 1 -'

So. .I I ~ i. 1 1 -.
_'- 83 3 3I1-/_

loq28 I10 1 1 1 1 -..

." "
7 -. . . .- -
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Table 2 (continued)

INIVAC (cont inued)

NSI Jc( 1 2 3 4 5

NPROB N

29 2 1 1 1 1 1

30 3 3 1 1 1 1

31 4 3 1 1 1

32 5 1 1 1 1

33 1 1 1

34 7 3 I 1 1

35 5 1 1 1 1

36 2 3 3 3 3

37 5 3 3 3 3

............................................................................................................................................
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Table 2 (continued)

VAX

N = 1 2 3 4

NPROB N

1 1 1 1 1 1

2 1 1 1 1 1 I 1

S 2 1 1 1 1 1

7 7 1 1 1 1 i

8 2 3 3 3 3 1i

9 2 1 1 1 1 1

I7

10 21 1 1 1 1

27

11 1 1 1 1 1 "

7 7

12 8 1 1 1 1 1

13 2 1 1 1 1 1

14 2 1 1 1 1 1

15 2 1 1 1 1 1

27 1 1 1 1 1
17 2

19I 4

10 4 1 1 1 1 1

21 5 3 1 1 1 1

212 6 1 1 1 1

23 2 1 1 1 1 1

24 3 1 1 1 1-

25 -4 1 1 1 1 1 *.'
2bo 5 1 i 1 1 1 -'

28 10 1 1 1 1 1

* .. °,
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Table 2 (continued)

VAX (continued)

NsR 12 3 4 S

NPRCB N

29) 2 1 1 1 1 1

30 3 1 1 1 1 1

31 4 11 1 1 1

25 1 1 1 1

33 1 1 1 1

34 7 1 1 1 1

31 1 1 1 1

3o 3 3 3 3 3

37 S 3 3 3 3 3

I = success correctly claimed

= failure correctly claimed

3 = incorrect claim

4 = overflow

• ' ' . . , " " J -" " "'. ,. . . . , ' " " ' . .' ' _ ' , "_ _ a ' r J '" " " -: .,. i , .- ......... . . .. . .. ..
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Conclusions.

The SI(.MA package presented here seems to perform quite well on

the proposed test problems.

.\s it is shon in [10] some of the test problems are very hard;

for -xample, Problem 28 (N = 10) has a single global minimizer and a

nuin er of local minimizers of order 10"0 in the region Xij < 10

S= 1,-, . .. , 10.

Fiable 2 shows that from the point of view of the effectiveness

measured by the ntunber of correctly claimed successes the performance

of SIRMA Ls vcirv satisfactory; moreover, it is remarkably machine in,-

pendcnt (note that coiipletelv different pseudo-random nunbers sequenc,

are generated by the algorithm on the two test machines). The result;

, also suggest that the perfomnce of SIGrA is very satisfact:

from the point of view of dependability (only 2 incorrect claims on the

"large" Lvnuic range machine when N > 3 and on the "small" dynamiSUC

ra.ne machine when NSUC > 4) and robustness (no overflows on both

it~ch ines).

Ubnfortunatvlv, given the state of the art on mathematical softn..

r'" h-v,,m ,t Lilzation, it has not been possible to make conclusive

,):n-,.sons , i th other packages.

F~ iv lv, we note that a smaller value of NSU C  gives a much cl..

cthod less function evalttions) at the expense of a loss in effectiv.

w; ':- r ' e tt lr ninber of failures)j

.1

'1
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1. PURPOSE

The SIGMvA package is a set of FORTRAN subprograms, using doubl~-

precision floating-point arithmetics, which attempts to find a glob

minimizer of a real-valued function f(x) =f(x
-I 1XN) Of N

real variables ,l XN'

J

*' "
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2. METHOD

The algorithm used by SIG(A is described in detail in ref. [1].

A global minimizer of f(x) is sought by monitoring the values

of f(x) along trajectories generated by a suitable discretization

of the stochastic differential equation

d = -Vf()dt + E(t)dw

with initial condition:

°(0) =

where 7f is the gradient of f, w(t) is an N-dimensional standard

Wiener process, and the "noise coefficient" c(t) is a positive func-

tion. The discretization has the form

k+1 - hki + F(tk)* u, k = 0,1,2,

where fk is the time integration steplength, is computed as

a finite-differences approximation to the directional derivative of f

in a randomly chosen direction, and uk is a random sample from an N-

dimensional Standard gaussian distribution.

We consider the simultaneous evolution of a number NJ of tra-

Jectories during an "observation period" having the duration of a given

number Nlp of time integration steps, and within which the noise coeffi-

cient _(t) of each trajectory is kept at a constant value cp, while
p

the stenlength hk and the spatial increment Axk for computing _

are auton iticallv adjusted for each trajectory by the algorithm.

At the end of every observation period a comparison is made betweenp
the trajectories: one of the trajectories is discarded, all other tra-

jectories are naturally continued in the next observation period, and one

............................ *. . . .

.-.-.--'-' ..- :.. -. . -" . . .- ' . , , . ., .'. -i' .'.'. ''..-.'l' " ;7 " ,-', - . . *.'i . .'. .-.. ,...oY ''' .,
• .''-'" :,...'.-/'!]_ .:,. 1." -:+,:- 7- :" "- r " 7 -" -" " : " "'mw_,A, .l;, -- i . l ,-,i ,.t .ii,,lli .I,. -. ',--.-', ., . --- ,x_ ...
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of them is selected for "branching", that is for generating also a second j
continuation trajectory which differs from the first one only in the start-

ing values for E and Ax and is considered as having the same "past
p

history" of the first.

The number NTRAJ of simultaneously evolving trajectories remains

therefore unaffected, and the second continuation trajectory takes the

place, from a program-implementation point of view, of the discarded tra-

jectory.

The set of simultaneous trajectories is considered as a single

trial, and the complete algorithm is a set of repeated trials. A single

trial is stopped, at the end of an observation period, if a maximum given

number N of observation periods has been reached, or if all the

final values of f(x) (except for the discarded trajectory) are equal

(within numerical tolerances, and possibly at different points x) to

their minimum value fTFMIN ("uniform stop" at the level fTFMIN) . In

the former case the trial is considered unsuccessful, while in the latter

case a comparison is made between the common final function value fTFMIN

and the current best minimum function value fOPT found so far from

algorithm start: if fTFMIN > fOP the trial is again considered unsucces-

ful; and if fTFMIN = fOPT (within numerical tolerances) the trial is

considered successful at the level fOPT*

The trials are repeated with different operating conditions (initial

point -O, maximum trial length Np.., seed of the noise generator,

policy for selecting the starting values for c in the second continua-

tion trajectory after branching, and trial-start values for -£ ) and theSp

complete algorithm is stopped - at the end of a trial - if a given

.. .- .'. . - . .-. -. " " . -. - -. -" .' . " - L '- - " - -. '"'- " ."-"-. - ', ',- ,:-' '. -,' . ,' '-' "-
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number NSUC  of uniform stops at the current fOPT level has been ob-

tained, or if a given maximum number NRIL of trials has been reacheu:

success of the algorithm is claimed if at least one uniform stop occurred

at the final value of fOPT"

~ ,. ".
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3. DESCRIPTION OF THE PACKAGE

The algorithm used by SIGMA (see sect. 2 and ref. [11) has been

coded in the form of a set of FORTRAN subprograms, using double-precision

floating-point arithmetics, which are described below.

3.1. Language

All the coding is written in FORTRAN IV and meets the specifications

of PFORT, a portable subset of A.N.S. FORTRAN (ref. [2]). The FORTRAN

implicit type definition for integers is used throughout; all non-integer

variables are double precision.

3.2. Description of the Subprograms

The SIG A package consists of a principal subroutine SIGMA, a set

of 27 auxiliary subroutines, INIT, REINIT, TRIAL, GENEVA, PERIOD, BRASI,

ORDER, CCMPAS, STEP, SSTEP, NEWH, DERFOR, DERCEN, RCLOPT, STOOPT, RANGE,

INISCA, NOSCA, SEGSCA, VARSCA, CLtISCA, ACTSCA, MOVSCA, UPDSCA, ALKNUT,

GAUSRV, UINITRV; a set of 7 auxiliary functions, IPREC, IPRECE, FUNCT,

ITOLCH, EIGSCA, CHAOS, UNIFRN; and a driver subroutine SI(Al calling

SIGMA. The subprograms are described below, The user interested only in

the use of SIGMA may jump to Section 4.

We may group the subprograms as follows.

a) Subprograms for the numerical integration: STEP, SSTEP, DERFOR,

DiRCEN, FUNCTO, RANGE, NEWH. The value of the function f(x) is computed

-- whenever required in the numerical integration process - by calling the

function FIJNCT0. FUNCT0 rescales the variables by calling VARSCA (see d)),

calls RANGE to take care of the cases where the current point x is

'l.i- ; "> " - " ''';-'i. -'i."."- i > ;%- --] '-. -' .. ".-.. . . . .-.. "-."... . . .. 'i l [--.° 1 ----' >"" " -". .
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outside the admissible range ([I], sect. 3.2.11) calls the user-supplit

function FUNCT (sect. 4.5.1) to compute f(x), and possibly updates t;,

best current function minimum fOPT and the corresponding minimizer x,,,,,.

by calling STOOPT (see c)). The basic step of the numerical integrat n

is performed by SSTEP which calls FUNCT0 to compute the value of f(Y

and UNITRV (see e)) to compute the random direction along which the direc-

tional derivative is to be computed (see [11, sect. 3.2.2); the directional

derivatives are computed numerically by SSTEP, with forward or central

finite differences, by calling DERFOR or DERCEN, which call FNCT0; the

first half-step ([I], sect. 3.2.1) is accepted or rejected ([I], sect. 3.2.3)

by calling N'EH which also provides the updated value of the time inte-

gration steplength hk; SSTEP also updates the cumulated scaling data ([I],

sect. 3.2.12) by calling CUMSCA (see d)), and updates the spatial discreti-

zation increment Lxk based on the results of calling ITOLCH. The second

half-step ([I], sect. 3.2.1) is performed by SSTEP by calling GAUSRV

(see e)) and cL. be accepted or rejected ([I], sect. 3.2.3). The subrou-

tine STEP performs the single integration step for each one of the simul-

t.mous tra iectories by repeatedly calling SSTEP.

b) Subprograms for the selection of the trajectories: BRASI, ORDER,

IPREC, IPRECE, COMPAS. The selection process for the trajectories ([I],

sect. 3.2.6) is performed by the subroutine BRASI. BRASI first updates

the traiectorv data corresponding to the elapsed observation period, and P

then asks for an ordering of the trajectories by calling ORDER. ORDER

obtains the ordering by comparing two trajectories on the basis of the

past history, (by calling [PREC), and of the value of the noise coefficient

(by calling CPRCE) ([1i, sect. 3.2.6). Based on the ordering provided
p (b ,aIInl IP I

. . o o , - .. .' ° . ° .. ° . - . . . . - ° - , ° . .
° °' , . , ° •• , ° - . - °o + m ° " - ° ° ° . .. ° .' . ° .. • . . -' o '
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by ORDER, BRNSI

1) discards one of the trajectories

2) performis a branching on another trajectory, i.e. the

trajectory to be branched gives rise to two "continuation"

trajectories: the first one is unperturbed, and the second

one has modified values for c and for the initial U
pk

the modified values are obtained from the old ones by means

of random multiplicative factors which are computed with the

aid of random number generator function CHAOS (see e)).

Since, from a program implementation point of view, the new trajectory

is "moved" in the "position" of the discarded one, all the trajectory

parameters must be moved to the new position. This is performed directly

by BRASI for all the trajectory data, except for the scaling data which

are moved by MOVSCA (see d)). Finally BRASI calls COMPAS in order to examine

the stored data about past trajectories from the point of view of their

utility to the only user of such data, which is the subroutine IPREC, and

irrelevant data are discarded.

c) Subprograms for general management of the complete algorithm:

SIGUA, INIT, REINIT, TRIAL, GENEVA, PERIOD, ITOLCH, RCLOPT, STOOPT.

GENEVA performs the generation of the set of trajectory segments

corresponding to the current observation period and the final processing

and evaluation of the trajectories. GENEVA first updates the scaling

arrays containing A and b ([1], sect. 3.2.12) by calling SEGSCA and

UPDSCA (see d)). The generation of the trajectory segments is performed

by GENEVA by calling PERIOD.

U

• -- ! --. . . . ...... .... . - .-- -----..-.- ,-~- .--.



PERIOD first conputes the duration (in accepted steps) of the observation

period, co)nputes all the integration steps by repeatedly calling STEP (see

a)) and finally performs the trajectory selection by calling BRASI (see b)).

Finally ('FLNVA determines some end-of-segment results (FPFMIN, FPFix,

XPF-IIN, see sect. 4.5.') using the rescaling capabilities of SEGSCA and

VARSCA (see d).

The subroutine TRIAL :enerates a trial by repeatedly performing, for

ever- bservation period,

i call to CL'EVA which generates the simultaneous trajectory

seg4ments, and performs the trajectory selection,

a !possible) call to PTSEG( which performs end-of-segment output,

a check of the (trial) stopping criteria, with the aid of the

function ITOLCH,

a decision about activating or deactivating the scaling of the

variaibles (actions performed by calling ACTSCA or NOSCA).

he subroutine SIGI4A is the principal subroutine of the package

and Ls the only one which must be called by the user (apart from the driver

ii ,sect. 4.1).

S[CMt\ iianages the execution of the complete algorithm, i.e. of a

scquence ot repeated trials performed by varying a ntnber of operating

condLtions. SI( .\ initializes the first trial by calling INIT, and the

other - it tLw call in RENIT.

!or ;ach trial the subroutine Sh(,t

ennik-- (fr prevents a future activation (within the current trial

h cal i.n of the variables by c:illin(g [NISCA or NCSC\

li.,'xucutes the trial by ci1 'n' TRIA.



ISTOP' I relative difference criterion satisfied

= 2 absolute difference criterion satisfied

= 3 both criteria satisfied

Te sign of ISTOP indicates the relationship between the end-of-trial

value IIT'IIN and the best current minimum value FOPT (which is updated

ihenuver a function value is computed).

ISTOP > 0 FTFMIiN is numerically equal (with respect to at

least one of the above difference criteria) to FOPT.

ISTOP < 0 FTFMNIN is not even numerically equal to FOPT (and

therefore cannot be considered an acceptable estimated

global minimum).

LaI3IQ is the value of the trial stopping indicator ISTOP correspond-

in to the (current or past) trial where FTFOPT was obtained, with

the sizn ;,hich is updated according to the comparison between FTFOPT

and the present value of RPT, as described above. The final value

of ISTOPT is returned by SIGIA as the value of the output indicator

JLT (whenever the algorithm was started, IOU -99, see above).

"h- s;uroutine definition statement of PTKSUC is

SUBRjjT,NE PTKSUC (KSUC)

w here

KSUC is the integer variable (1 < KSUC < NSUC)

defined above

If [PRINT < () no calls are made to the output subroutines.

A us-er not interested in the use of :iny one of the output suhrou-

tine- v",u>t Drovide the col-',sondin"' 11n111V .,ubroutinc w(ith RETUFRN as

the ,-nlv executnble .statement) in order to ivoid tmrcsolved references

p 1-01) 1 C15.
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FOtT is the current best minimum value of f found from algorithm

start (fOPT) (FOPT is updated whenever a function value f(x)

is Computed)

FI-NIIN, FFD1AX are respectively the minimum and the maximum value

of f(x) among the end-of-trial values obtained at the final

points of the last trajectories of the current trial (fTtMAV

fTiMIN )

FlFOlYr is current minimum value of FTFMIN among the trials which

did not stop due to the stopping condition related to NPIAX

(stopping indicator ISTOP = 0, see below). FTFOPT is used by

SlGIA to compute the input parameter KSUC for the subroutines

PTKSUC, see below.

ISTOP is the indicator of the stopping condition of the trial, as

follows:

ISTOP = 0 The maximum number NPMAX of observation periods

has been reached.

ISTOP 0 all the final values of f(x) of the last obser-

vation period (except for the just discarded tra-

jectory) are close enough to their common minimum

value FPFMIN, with respect to an absolute or rela-

tive difference criterion, ([1], sect. 3.2.13),

to be considered numerically equal.

If ISTOP / 0 the absolute value and the sign of ISTOP have the

following meaning: -'

The absolute value indicates which of the difference criteria

was satisfied

. . . . .. .,..
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taken place, if NSUC (input parameter to SIGvA) had been given a (lower)

value, equal to the current KSUC.

The subroutine PTKSUIC is called only if IPRINT > 0 and KSUC < NSUC.

The subroutine definition statement of PTSEG is

SUBROUTINE PTSEG (N, XTFIIN, FPFMIN, FPFnIX, KP, NFEV)

where

N is the dimension of the problem

FPFMIIN and FPF17NM are respectively the minimum and the maximum value of

f(x) among the values obtained at the final points of the trajec-

ton, segments of the current observation period (excluding the dis-

carded trajectory).

XPFMlIN is the N-vector containing the coordinates of the final point

(or possibly one of the points) where the function value FPFMIN

was obtained.

KP is the total number of elapsed observation periods in the current

trial.

NFEV is the total number of function evaluations performed from algorithm

start.

The subroutine definition statement of PTRIAL is

SUBROUINE PTPIAL (N, XOPT, FOPT, FTFMIN, F'T..MAX, FTFOPT,

ISTOP, ISTOPT, NFEV, KP, IPRINT)

where

N is the dimension of the problem

XOPT is an N-vector containing the coordinates of the point (or possibly

one of the points) where the current best minimum FOPT was obtained

(XPT
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alleviate the efficiency problems connected to the use of the explicit

Euler step on ill-conditioned functions.

It is also recommended to avoid whenever possible to provide func-

tions such that the "typical" values of the function and the coordinates

(rough average values in the region of interest) differ from unity by too

many orders of magnitude. Such a care is generally advisable due to some

numerical values adopted in the FORTRAN implementation, for example to

avoid overflow, but may be absolutely necessary when using the driver sub-

routine SICMAI, due to the adopted general purpose default values for some

input data, for example the stopping tolerances.

4.5.2. The Output Subroutines.

Apart from the output parameters in the call statement for SIQA, the

package is designed to be able to perform external output also by means of

the calls to three output subroutines which must be supplied by the user:

PTSEG, PTRIAL, and PTKSUC. The calls are activated according to the value

of the control parameter IPRINT (sect. 4.2).

The subroutine PTSEG is called (if IPRINT > 0) at the end of every

observation period.

The subroutine PTRIAL is called (if IPRINT > 0) at the end of every

trial.

The subroutine PTKSUC is called only at the end of every sucessful

trial such that an increment occurred in the value KSUC of the maximum numn-

ber of trials which had a uniform stop all at the same (current or past)

value of f OPT; a call to PTKSUC therefore provides the user with the oper-

ationally interesting information that a final success claim would have



18

4.5. User-supplied Subprograms.

The user must provide the function FUNCT which must compute the

value of f(x) (sect. 1), and the three output subroutines PTSEG, PTRIAL,

PTKSUC. The above subprograms are described below: all non-integer

arguments are double precision (integer arguments are indicated by means

of the FORTRAN implicit type definition).

4.5.1. The function RNCT

FUNCT must return as its value the value at x of the function

f to be minimized.

The function definition statement is

DOUBLE PRECISION FUNCTION FUNCT (N,X)

where

N is the (input) dimension of the problem

X is the (input) N-vector containing the coordinates of the

point x where the value of f is to be computed.

Note that the function f(x) should comply with the growth conditions (2.3),

(2.4) of [1], otherwise the function must be suitably modified; this may

be performed by simply adding a penalization function, which must be zero

on the region of interest. We note that this device can be used also to

suitably restrict the search region (for example in the case of periodic

funct ions).

It should be also noted that - although some form of automatic

rescaling is provided by the algorithm - it is certainly advisable to

avoid whenever possible to provide unnecessarily ill-conditioned functions

(for example, due to careless choice of physical units), in order to

." -'.'-.. .'-... -. .-....-.:'.'...... ".-'-....:". '-.. -.'..-:... .:: ."-.. • '--"-.."-..-----.--.--.--_--.-V---.-''.----.-'-:........,.."-..'-..'"-.--..'...-i'..........,..........,..............."."."--."'"--
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4.4 The Driver Subroutine SI.MAl

In order to both give an example of how to use SIG A, and to

save the average user the effort of deciding the numerical values for

all the input parameters of SIGIA, a driver subroutine SIGMA] is included

in the package. SIGlM4 simply calls SIGA after assigning default values

to a number of input parameters. The subroutine definition statement is:

SUBROUTINE SIGMUl (N, X0, NSUC, IPRINT, MvIIN, FMIN, NFEV, IOUT)

where the parameters have the same meaning as in SIGMA.

All the other input parameters of SIGMA are assigned default

values within SIGAl as follows:

H = 10
-10

EPS 1

DX = 10
-9

IRAND = 0

NTRAJ = 0

ISEGBR = O

KPBR = 0

INKTBR = 0

NTMIN = 10

NPMAX0 = 100

INPMAX = 50

NTRIAL = max(50,5.NSUC)

TOLREL = 103

TOLABS = 10-6

KPASCA = 10 (if N < 5); = 300 (if N > 5)

INHP = 1

XPMIN(I) = -10 4  (I = 1,...,N)

XP -M(I) = 10 (I = 1,...,N)

.. - .. - .. . .. . . . - - . . . . . . . . . .. . _ -. . .. . . . . . .. . . . , - ..- .- . . - . . . ; . - . . . . . -, - .*
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NPIMIN (say 5 < NPMIN < 100)

NPMIAX0 (say 0 < NPMAX0 < 150)

NTRIAL (say NTRIAL > 50 and NTRIAL > 5.NSUC)

INEM.AX (say 30 < INPMAX < 100)

The following parameters have a marked effect on package performance

and computational effort:

INHP, NTRAJ, ISEGBR, INKPBR, NSUC.

The magnitude of the effect roughly decreases from left to right.

In order to avoid untolerable growth of the computation effort or

an unacceptable degradation of the performance, the user is advised to

modify (if needed) the above parameters starting from NSUC, based on

information from the output subroutines (PTRIAL and PTKSUC). Note that

NSUC is the only "free" control parameter of the driver SIGMAl (Sect. 4.4).

The value of KPASCA should be based on possible analytical or

experimental evidence on the ill-scaling of the function f(x). Choose a

small value (say 10) for a badly scaled function, a large value (say 300)

for a very well scaled function. The N-dimensional interval ()MIN, XRMAX)

should be as large as possible, consistently with the purpose of avoiding

computation failures (e.g. overflow). Finally we note that due to the

joint operation of the stopping conditions for the trial (see [1], sect.

3.2.8), in order to use only one of the conditions it is sufficient to

put to zero the threshold tolerance (TOLREL or TOLA-BS) of the other con-

dition. Suggested default values of most input parameters are provided

in the driver subroutine SIUMAI (sect. 4.4).

.-S
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XMIN is an output N-vector containing the coordinates of the point

(or possibly one of the points) where the final value FMIN of

fO was found.

FMIN is the final value of the best current minimum function value

fOPT

NFEV is the (output) total number of function evaluations (includ-

ing those used for the computation of derivatives, and for

the rejected time-integration steps).

IOUT is the (output) indicator of the stopping conditions as follows:

If IOUT = -99 a fatal error was detected when performing some preliminary

checking of the input data, and the algorithm was not even started; otherwise

the algorithm was started, and the value of IOUT is the final value of the

of the parameter ISTOPT (an output indicator of the output subroutine

PTRIAL, described in sect. 4.5.2.).

Success is claimed by the algorithm it IOUT > 0, i.e. if at least

one of the trials stopped with a positive value of the trial stopping indi-

cator ISTOP (described in sect. 4.5.2) and no lower value for fOPT was

found in the following trials.

4.3. Some Guidelines for the Choice of the Input Parameters.

Proper operation of the package should be almost independent of

IRAND, KPBR0 (and X0). The performance of the package should not be too

sensitive to H, EPS, DX, since these are initial values of variables

which are adaptively controlled by the program.

The following parameters are expected to have little effect on the

performance, as long as they belong to wide "insensitivity" bounds:

[5-:

I. ""''" ''''' ''.., .2 .. '"- - - - -' - -, V 2, " :, -,.,,% -. ,,-.
.

-,& -. '",'-, ".& . " 'o " . . '
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XRMIN, XR\UA are input N-vectors defining an admissible region for the

x-values, within which the function values can be safely com-

puted (see [1], sect. 3.2.11, where X)IIN(1), XPMAX(I) are

eN INMAX
called i R )"

KPASCA is the (input) minimum number of observation periods, before

the scaling procedures are activated (K
pasca

IRAND is a control (input) index for the initialization of the

random number generator:

if IRAND > 0 the generator is initialized before starting

the trial K with seed IRAND + Kt-1;

40
if IRAND < 0 the generator is initialized (with seed 0) only

at the first call of SI(MA.

INHP is used to control the number NHP ("duration") of time integra-

tion steps for observation period K as follows:

p
if INHP = 1, I-i = 1 + [log 2 (Kn)], ("short" duration)

if INHP = 2, NHP = [I ] ("medium" duration)

if INHP = 3, NHP K ("long" duration),
p

where [x] is the greatest integer not greater than x.

IPRINT is an input control index used to control the amount of printed

output by controlling the calls to the user-supplied output sub-

routines PTSEG (end-of-segment output), PTRIAL (end-of-trial out-

put), and PTKSUC (end-of-trial output related to the count of

successful trials), described in sect. 4.5.2.

if IPRINT < 0 no call to the print subroutines

if IPRINT = 0 call only PTRIAL and PTKSUC

if IPRINT > 0 all the print subroutines are called.

% . . . . . . . . . . . .

'..- .... . ........... -..... '-.-.'- .-.......-.. " . .-...---.
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to a default value (NTRAJ = 7), and if the input value is

outside the interval (3,20) NTRAJ is set to the nearest

extreme value).

ISEGBR, KPBR0, INKPBR are the parameters Ib' K0o Mp which determine

which one of the simultaneous trajectories is to be branched

(see Li), sect. 3.2.6). (Note however that if one of the in-

put values is zero, the corresponding variable is set to a

default value: ISEGBR = (l+NTRAJ)/2, (FORTRAN integer divi-

sion), INKPBR = 10, KPBRO = 3; if the input value for ISEGBR

is outside the interval (1,NTRAJ), ISEBGR is set to the nearest

extreme value; and if KPBR0 has a value not inside the interval

(1,INKPBR), it is assigned the sane value modulo INKPBR).

* NPMIN is the (input) minimum duration of a trial, i.e. the minimum

nunber of observation periods before checking the trial stopping

condition.

NPMAX0 is the (input) initial value (i.e. for the first trial) for

the maximum duration of a trial, i.e. for the maximum accept-

able number NMvMA of observation periods in a trial (Nth).

INPMAX is the (input) increment for NPMAX, when NPMAX is varied from

one trial to the following one.

NSUC is the (input) number of successful trials (with the same final

value fOPT see sect. 2) after which the computation is

stopped (Nsuc).

NTRIAL is the (input) maximum allowed number of trials, after which

the computation is stopped (NTRIA).

TOLREL and TOLABS are the (input) relative and absolute tolerances for

stopping a single trial (T R, TAS' see [11, sect. 3.2.8).

RE*1, . °".
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N, X0, H, EPS, DX,

- NTRAJ, ISEGBR, KPBRO, INKPBR,

NPMIN, NPMAX0, INPMIAX,

.%% NSUC, NTRIAL, TOLREL, TOLABS, XRINN, XRIAX

KPASCA, IRAND, INHP, IPRINT

SIGMA returns to the calling program the output parameters

NTRAJ, ISEGBR, KPBRO, INKPBR,

XMIfN, FMIN, NFEV, ICUT

The call parameters are described in the next section.

We note that the SIGIA package gives the user the possibility of

obtaining- during algorithm evolution- the values of a number of

other parameters by means of the output subroutine (to be supplied by

the user) which are described in sect. 4.5.2. The parameters are

KT, NF, XOF, FOPT

XPFMIN, FPFMIN, FPFMAX, FFFMIN, FrAX, FTFOPT

ISTOP, ISTOPT, KSUC

and are described in sect. 4.5.2.

4.2. Description of the parameters of the call statement for SIGMA.

N is the problem dimension (number of coordinates of a point x)

X0 is an N-vector containing the initial values of the x-variables

" IH is the initial value of the time integration steplength.

EPS is the initial value of the noise coefficient

DX initial value of the magnitude of the discretization increment

(Lx) for computing the finite-differences derivatives.

NTRAJ is the number of simultaneous trajectory segments (NTRAJ)

(Note however that if the input value is zero, NTRAJ is set
.1.

," "% %* .'.' % % '- ', "• " •, . . °° € '-.."", -' - - ,,- * . . .. -. . .. . ". 5
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4. USAGE

In order to use the package the user must provide:

a) a driver program which calls the principal subroutine SIGMA,

b) a set of four auxiliary subprograms (to compute the function

f(x) and to output the results).

hle CALL statement for SIGMA is described in sect. 4.1, the para-

meters of the CALL statement are described in sect. 4.2. Some guidelines

for the choice of the values of the input parameters are given in sect.

4.3. A sample driver subroutine (SIGMAl) which calls SIGMA is described

in sect. 4.4: such a subroutine assigns default values to a number of

input parameters to SIGMA: it has therefore a considerably lower number

of input parameters, and can be used as an easy-to-use driver for the

average user. The user-supplied subprograms are described in sect. 4.5.

4.1. Call to SIGMA

The call statement is

CALL SIGMA (N, X0, H, EPS, DX,

NTRAJ, ISEGBR, KPBRO, INKPBR,

NPMIN, NPMAX0, INPMAX,

NSUC, NTRIAL, TOLREL, TOLABS, XINN, XMAX,

KPASCA, IRAND, INIP, IPRINT,

XMIN, FMIN, NFEV, IOUT)

The program calling SICNA must set the input call parameters

-.. ..- -... .".- - :- - : -
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(standard gaussian, standard Cauchy ([1], sect. 3.2.7), uniform in (-1,1)

or (0,1)) by calling UNIFRN.

UNIFRN generates an element of a sequence of independent pseudo-

random numbers uniformly distributed in C,1), by calling ALKNUT and

performing a further (nonlinear) randomization.

ALKNIJT generates an element of a sequence of independent pseudo-

random numbers (algorithm of Mitchell and Moore, modified as suggested

by Brent, see ref. [3]).

GAUSRV generates an element of a sequence of independent pseudo-

random N-vectors, having an N-dimensional standard gaussian probability

distribution, by means of a rejection method, and based on uniformly

distributed (-1,1) pseudo-random numbers obtained by calling CHAOS.

UNITRV generates an element of a sequence of independent pseudo-

random N-vectors uniformly distributed on the unit sphere in RN.

V .

. .. °. .

I . .-
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updates a number of parameters (using ITOLCH and RCLOPT)

checks the algorithm-stopping criteria

possibly performs end-of-trial outputs by calling PTSEG, PTRIAL,

and PTKSUC (see 4.5.2)

The subroutine STOOPT and RCLOPT respectively "store" and "recall"

the current values of the best minimum FOPT and of the corresponding

minimizer XOPT.

d) Subprograms for rescaling the variables: INISCA, NOSCA, SEGSCA,

VARSCA, CUMSCA, ACTSCA, M3VSCA, UPDSCA, EIGSCA ([I], sect. 3.2.12).

INISCA initializes the common area /SCALE/ for the scaling data.

NOSCA deactivates the rescaling.

SEGSCA selects the trajectory which must be rescaled.

VARSCA computes the rescaled variables Ax + b.

CUMSCA stores cumulated statistical data on the ill-conditioning

of f(Ax + b).

ACTSCA activates the rescaling.

MOVSCA moves the scaling data from the first to the second con-

tinuation of a branched trajectory.

UPDSCA updates the scaling matrix A and vector b by calling

EIGSCA and VARSCA.

EIGSCA computes the largest eigenvalue of a matrix used for rescal-

ing, starting from randomly chosen estimates (obtained by calling UINITRV)

of the corresponding eigenvector.

e) Subprograms for pseudo-random number generation: CHAOS, UNIFRN,

ALKNUT, CAUSRV, UNITRV.

CHAOS generates an element of a sequence of independent pseudo random

numbers, each one having one out of four possible probability distributions
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4.0. Storage Requirements

The Sh2,4.\ package contains a total of about 1,9OO statements (inc-; .

ing some -00 colAnent lines. [his aMounots on the ASCII FORTRAN compiler

(with opt imi:at ion opt ion of the tJNIV.\C E7XEC 8 operating system to a stor-

age requirement of about 'lu !)) (3o-b it) words for the instructions, about

3500 words for the data, and about 13,000 words for the COMNUN area. 'le

requirement for the array dimensions are 4N 36-bit words.

4.-. Example

Let N 2, x = (XX ') and consider the six-humps camel func-

l) hl 4 x-tion x 1 + 4x + + 4x2  4x which has four non* tio f~x ~- 2.1non-

global minnima, and two global minima at x 2_ t (-0.089842, 0 . 7 1 2 66 )T where

f _ -1.0313. The sample program listed in fig. 1, which uses the easy-

to-use driver SIuM\l, was run on a UNIVAC 1100/82 computer with EXEC8

operating system (level 38R5) and ASCII FORTRAN compiler (version 1ORIA),

starting from = ( 0 , 0 )T ad with NSUC = 3.

The program claimed success (IOUT = 1) stopping correctly at one of

the global iinimizers, using 19t60 function evaluation. The printout she, -

that if NSUC had been equal to 1 (resp. 2), the minimum would have been

found with only '097 (rcsp. 343) ftmction evaluaitions.
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APPENDIX A6

- The FORTRAN package SIGMA.



IFTNS ACRIA.F ILESIGMATPFS.FILESIGMA
FITN IRIA C1 1 2 ?1BS-22:D 2 (D,)

1 SUBROUTINE SIGHA1(I),SUCIPRlNTIHFN,,FllN•NFEVIOUT)
2. C
T. C SICMAl IS A 'DRIVER' SUBROUTINE WHICH SIMPLY CALLS THE pRINCIPAt
4. C SUBROUTINE SIGMA AFIER HAVING ASSIGNED DEFAULT VALUES TO A NUPBER

!. C Cf INPU1 PARAM4ETERS OF SIGMA , AND WAS THEREFORE A CONSIDERABLE
to C LOWER NUMBER OF INPUT PARAMETERS.
7. AC IT CAN BE USEmD AS A S)MPLE EXAMPLE Of HOW TO CALL SIGMA , BUT
8. E ALSO AS AN EASY-TO-USE DRIVER FOR THE AVERAGE USER, WHICH "AN FIND
9. C IT EASIER TO CALL S]I lMAl IWSEEAD OF SIGMA , THUS AVOIDING THE

10. C TROUBLE OF ASSIGNING A VALUE TO ALL THE INPUT PARAMETERS OS SIENA *
11. C ALL THE PARAMETERS IN THE DEFINITION OF SIGR AR HAVE TE SAME PEA-

12. C NING AS IN SGRA e
13. C
14. C THE USER OF SIGMA1 MUST ONLY GIVE VALUES TO WHE INPUT PARAMETERS
15. C N o XO, NSUC, IPAINT
16. C AND OBTAINS ON OUTPUT THE SAME OUTPUT PARAMETERS O SIGMA
17. C XKIN, FMIN, NEN, LOUT
18. C
19. C WE RECALL HERE THE MEANINO OF THE ABOVE PARAMEITERS
2P. C
21. C N IS THE PROBIGM DIMENSION (NUMBER Of VARIABL S )

22. C XO IS AN N-VECOR CONTAINING THE hIJS Aft VALUES OF THE

23s C I-VARIABLES
24. C NSUC IS THE NUMBER OF SUCCESSFUL TRIALS (WITH TUE SAME FINAL

* 25. C VALUE FOPT ) AFTER WHIC44 THE COMPUTAUON 26 STOPPED.
26. C IPRINT 15 AN INDEX USED N0 CONTROL HE AMOUNT OF PRINTED OUTPU1
27. C BY CONTROLLINA THE CALLS TO THE USER-SUPPLLIS OUTPUT SUE-
28. C ROUT1IES PTSEG 4END-OF-SEGM[NT OUTPUT), PfRIAL (END-
29. £ OF-TRIAL OUlPOIT), AND PTKSUC (END-OF-TRIAL OUTPUT RELA IED
30. C TO THE COUNT OF SUCCESSFUL TRIALS), WaICH AE DESCRIBED
31. C BELOWe
32. C IPRINT.LTO NO CALL TO THE OUTPUT SUBROUTINES
33. C IPRINT. EQ .0 CALL OKLY PTRIAL AND PTiSJUC
34. C IPRINT.fT.O CALL ALL OUTPUT SUBROUTINES.
35. c XMIN IS AN N-VECT&R CONTAINING THE COORDINATES Of THE POINT
36. C (OR POSSIBLY ONE Of THE POINTS) WHERE THE FINAL VALVE FPIN
37. C OF FOPT WAS FOUND.
38. C FRIN IS THE FINAL VALUE OF THE BEST CURRENT MINSAUM FUNCTION
39. C VALUE FOPT.

40. C NFEV IS THE TOTAL AlUIRSEi Of FUNCTION EVALUATION 4]NCLUDINS
41. C THOSE USED FOR THE COMPUTATION Of DERIVATIVES& AND &SR
42. L THE REOICTED 1INE-INTESRATION SWEPS).
43. ]OUT IS THE INDICAIOR OF THE STOPPING COkITJONS•, AS FOLLOWS
44. C If lOUT a -99 A FATAL ERROR WAS DETECTED WIllEN PElROR-
45. C MING SOME PRELINARV CHECKING Of THE INPUT DATA, ANt
46. C THE ALGORI.AHM WAS NOT EVEN STARTED

47. C OTHERWISE TiE ALGORITHM WAS STATED, AND TH" VALUE OF
48. C IOUT IS THE FINAL VALUE Of WHE INTERNAL PARAMETER IS CP7
49. C (AN OUTPUT INDICATIOR OF THE USER-SUPPLIED ISROUTINE
50. C PTRIAL )*
S1. c SUCCESS IS CLAIMED BY WHE ALGORITUM IF ]OUT .6T. 0,
52. c I.E.- IF AT LEAST OWE Of THE TRIALS SSOPPED UIFORMLI AT THE

53. C LEVEL OF THE CURRENT FOP1.
540. C
55. iOUBLE PRECISION XG,XMJNFNIN

Ii, i1



56. DOUBOLE PRECISION bX,fPS,H,TOLA6S.VrOLREL
5?. DOUeLE PRE-CISION b8MAKVR.UIN9X2MAX.Rm"IN

58. DIMENSION XO(N),XNJNCNOk
59. bIMI&SION XRNIN(100)oXRMaX(loo)
60. DATA VRNIN.VgMAX 1-1*84,1.44
61. DATA NTRILD1SOI
62. C

4'.N a1.030o
64. PS a1.00

65e ON or1.-F .666. IRAND a 0
67. NTRAJ a 0
68. ISEGOR a a
69. INKPOR 6 0
70. KPSUDO 0
77. NPNIN mc10

72. NPMAXD a 100
73. IMPPAX a 50
74. NTRIAL a MAXO(NTRILSS.6NSUC)
75. TOLREL w I.D-3
76U. YOLABS = 1.0-6
77. KPASCA a 1
78. IF(N.GT.5)KPASCA 300
79. IWHP 7
80. D0 1 IN IO1N

87. XRMINCIx~uvapIN
8'. 'ARMAX4IX)=VRMAX
R8S. I COWTI1tUf
84. C

8~.CALL SIGMA t Ns N', m-9 EIPS@ OX,
86. 7 NRAj, IS&AS, KP84O, INKPUR,
87. NPMIN-o kPAXOU INPMAX,

88. 3NSUC, NTRAAL, IOLREL, TOLABS, Naming XRMAXV
9 9. 4KPASCA, ZRANS, loops ]PRINT*
9n. 5 XF1lN, FM.ZN, %EEW, IOU?

92. RETURN
93. END

94. SUBROU71NE SIGMA (No X0, No EPS9 Ole
915 7 N TRAJO ISEEBR, IPUROD INXPSI.
96. 2 NPMINO NPKANO. INPMAX,

*97. 3 NSUC, %TRIAL* TOLEIL. TOLABS, IRUIN, XtMAI,
98.0 4 PASCA, iRhNb* iNmP, 1PINI
99. 5 XMINt FRIN, NFEV, lOUT)
Io0. C
101. C THE SUBROUTINk SIGMA IS THE PRINCIPAL SUBROUTINE 001 TWE PACKAGE
10. C SIGMA, WHICH ATTEMPTS TO FIND A GLOBAL MINIMIZER Of A REAL VALUID
105. C FUNCTION F(10 OF k U REAL VARIABLES X19..o,N.
104. C 1hE AL&OXIlINP AND THE PACKAGE ARE DESCRIuBED IN DETAI&li IN EE TV(

12



105. C PAPERS PUELISHED IN THE SAMI ISSUE Of TWE A.C.M. TRANSACTIONS O11
106. C MATHEMATICAL SOFIWARL., BOtIH BY
107. C f. ALUFFI-PENTINI, V. PARISI, F. ZIRILLI.
108. C (1) A GLOBAL MINIMIZATION ALGORITHM USING STOCHASTIC DIFFERENT JAL

10q £ EQUATIONS
11. C (2) ALGORI1NM SIGMA, A SNIOXHASTIC-INTEGRATION GLOBAL MINI1ZZAT ION
111. ALGORIINM.

11?. C THE SOFTWARE IMPLEMENTATION AND 17S USAGE ARE DESCRIBED IN (2).
1130 C
114. C METHOD
115. C
11. C A GLOBAL MINIMIZER oF F(IX) IS SOUGHT ON PONIfORING THE VALUES OF
117. C F ALONG TRAjECTORJES GENERATED By A SUITABLE (STOCAAS7iC) SISCRF-
lies C 7IZATIOk OF A fIRST-OADER STOCHASTIC DIFFERENTIAL EQUATION INSPIRED
119. C BY STATISTICAL MECHANICS. STARTING FROM AN INITIAL POINT 1O 
120. L X IS UPDATED B9 THE CSTOCHASTIC) DISCREIIZATION SLEEP
121. C X , *DX.1 ' X2
122. C WHERE DXI - H * 6AM (FIRST VALF-SCEP)
123. C 012 F EPS * SDaT(HI * U (SECOND HALF-STEP#
124. C ANft H IS THE TIME-INTEGRATION STEPLENGTN*
125. C GAR/N IS COMPUTED AS A FINITE-DIFFERENCf APPROXIMATION TO loE

126. C DIRECTIONAL DERIVATIVE OF F ALONG AN ISOTMOpICALLY RANGOm
127. C DIRECTION.
121. C EPS IS A POSITIVE '#WISE' COEFFICIENT, AND
129. C U IS A RANDOM SAMPLE FROM AN N-DJMEMSIONAL GAUSSIA DISTBa/TI (N.
130. C WE CONSIDER THE SIMULIANEOUS EVOLUTION Of A GIVEN FITED NURSER
131. C NTRAJ OF TRAJECTORIES DURING AN OSERVANION P*RIOD iN WHICH FOE
137 C EACH TRAJECTORY EPS IS FIXED WHILE H AND THE SPATIAL OSS92 11-
33. C ZATION INCREMENT OX FOR COMPUTING GAP ARE AUTOMRAICALLY

134. C ADJUSTED BY THE ALGORIIHM.
135. C AFTER EVERY OBSERVASION PERIOD ONE Of TNE TRAJECTORIES IS DISCA&DED,
136. X ALL OTHER TRAJECTORIES CONTINUE UNPERTURBED, AND ONE OF THEN IS SE-
137. C LECTED FOR BRANCHING, I.E. GENERATING ALSO A SECOND PERTURBED CEN11-
138. C NUATION, WITH DIFFERENT S.IARTING EPS AND D1 (AN& TE SANE
130. C 'PAST HISTORY' OF THE FIRST).
140. C THE SET O SIMULTANEOIUS TRAJECTORIES IS CONSI.RFD A SINGLE TRIAL,
141. C AND THE COMPLETE ALGORITUM IS A SET OF REPEATED TRIALS.
142. C A TRIAL IS STOPPED. AT SHE END Of AN OBSERVAI1ON PERToD, AND AF 1ER
143. C HAVING DISCARDED THE WORS4 TRAJECTORT IF ALL THE ESNAL VALUES CF
144. C F FOR THE REMAINING TRAJECTORIES ARE EQUAL (ITHIN NUMERICAL TC-
145. C LERANCES, AND POSSIBLY AT DIFFERENT POINNS X) TO THEIR MANIPUM
146. C VALUE FTFMIN ('UNIFOAM STOP AT THE LEVEL FTFRIN 'i.
147. C Ak UNIFORM STOP IS CONSIDERED SUCCESSFUL ONLY IF TM- FINAL VALUE
14F. C FYFMIN IS (NUMERICALLY) EQUAL TO THE CURRENT BEST MINIMUM FOP1
149. C FOUND SO FAR FROM ALGORI9kM START.
150. C A TRIAL IS ALSO ANYWAY STOPPED (UNSUCCESSFULLY) If A GIVEN MAXIPUM
151. C NUMBER NPMAX Of OBSERVAJION PERIODS HAS ELAPSED.
15?. £ TRIALS ARE REPEATED WITH DIFFERENT OPERATING CONDITIONS (ANITIAL
1530 C POINT, MAX IDEAL LENGTH NPMAX q SEED OF NOISE GENRATOR. POLICI
154. it FOR CHOOSING THE STARI|NG EPS FOR THE PERTURBED CONTINUATION,
155. C AND TRIAL-START VALUE Of IPS ).

156. C THE ALGORITHM IS STOPPED. AT THE END OF A TRIAL, If A GIVEN NUMBER
157. C NSUC OF UNIFORM STOPS AT THE CURRENT FOPT LEVEL WAS BEEN REACED,
158. C OR ANYWAY IF A GIVEN MAXIMUM NUMMER NTRIAL Of TRIALS HAS BEEN
159. C REACHED.

160. C SUCCESS IS CLAIMED IF AT LEAST ONE UNIFORM STOP OCCURRED AT THE
1610 C FINAL VALUE OF FOPT.

3



16?. c
163. C CALL STATEMENT

164. C
165. C THE CALL STATEMENT IS
166. C, CALL SIGMA ( N, XO-o H9 EPS9 DI s
167. C NTRAJ, ISE66Ro KPbRO, INKPBR,

161k C Nppk, NP4AXO INPMAX,
169. C NSUC, NTRIAL, TOLIEL, TOLABS, ERMINI XRAX,

1I7'. C KPA6C.At IRAND9 LNHP, IPNJHT.
171. c XMIN, FMiN, NFEVO lOUT )
172. C

173. C CALL PARAMETERS

174. C

175. C INPUT PARAMETERS ARE THOSE iN LINES 1,3,4,5 OF THE CALL STAIEREIT,
176. C INPUT-OUTPUT PARAMETERS ARE THOSE IN LINI 29
177. C OUTPUT PARAMEERS ARE THOSE IN LINE 6.

178. C NOTE THAT A NURSER Of OTHER (INTrNAL) PARAMETERS CAN BE OBTAINID

179. C BY MEANS OF THE USER-EUPRLED OUTPUT SUBBOUTINES PIFFEG. PTNIAL
lap. C AND PTiSUC, WHICH ARS D*SCRIB*D BELOW.
11. C

182. L DESCRIPTION OF THE CALL PARAMITERS

183. C
184. C N I THE PROBLEM DIMENSION (NUMBER OF VARIABLES)

185. C No IS AN N-VEC4OR CONTAIN.ING THE INITIAL VALUES OF TIE
186. C I-VARIABLES

187. C H IS THE INITIAk VALUE Of THE TIE-INTEGRATIO04 STEPLENGTH.

188. C EPS IS THE INITIAL VALUE Of THE NOISE COEFICLEMT.
189. C DX IS ]HE INITIAE VALUE OF NhE MAGNiTUBE OF THE *ISCRETIZATION

190. c INCREMENT FOR COMPUTIN THE FINIVE-DIFFERENIA DEAIVATIVESe
191. C NTRAJ IS THE NUMBER Of SIMULTANEOUS TRAJECTORIES.
19?. C (NOTE HOWEVER THA.I IF THE INPUT VALUE IS ZEO. NTRAJ IS

191, C SET TO A DEFAAJLT VALUE (NTRAJ a q). AND IF NE INPUT VALUE

194. C IS OTHERUI SE QUESIO0 THE INTERVAL (3920) NkfBAJ IS SE! T

195. C THE NEAREST EXTREME VALUE).

196. C ISEGBR, KPBRO, INEPBR DETEROINE, AT THE END OF AN OBSERVATION

197. C PERIOD. WHICH ONe Of THE SIMULTAHEOUS WRAJECTORIES
19P. C IS To BE URAkiCHED9 AS FOLLOWS.
199. C BRANCHING IS NORMALLY PERFORMED ON THE TRA/IEETORV UNICH
200. C OCCUPIES THE PLACE ISE6IR IN THE TRAJECTORY SELECTION OR-
zo. C DERING, EXCEPt AT 4iME END OF) EXCEPTIONAL OBSERVATION
202. C PERIODS, WHERE THE fIRST TRAJECTORY IN THE ORDERING IS
203. C BRANCHED. EXCAPT.ONAL BRANCHING OCCURS AT THE OBSERVATTCN
201.. C PERIODS NUMBERED KP x KPbRO * JOINKPOR, (J a 1923,... 1.
20o. C THEREFORE IS16BR SELECTS THE LEVEL (IN THE ORDERING) AT
20o. c WHICH NORMAL aRANCRING OCCURS. WHILE KPBRO AND INKP19 s
207. C SELECT THE FIRST OCCURRENCE AND SHE REPETITION fREQUENC I
2O. C OF THE EXCEPTIONAL OBSERVATION PERIODS.
2G9. C (NOTE HOWEVER THAI If ONE Of THE INRUT VALVES IS ZERIO,
210. C THE CORRESPONDING VARIABLE IS SET TO A DEFAULT VALUE

211. C ISEGOR a IN(il*N.RAJ)I/21 INKPBR u 109 KPBAO = 3.
21?. C IF THE INPUT VALUA FOR ISEEBI IS OTHERWIS& OUTSIDE THE
21'. C INTERVAL (19*TRAJ9, ISEGBR IS SET 10 THE NEAREST
214. C EXTREtE VALUE, AND If KPORO HAS A VALUE NOT INSIDE THE
215. C INTERVAL (1,NKPBR), I IS ASSIGNED THE SAME VALUE
21A. C MODULO lNRPBR).
211. C NPMIN IS THE MINIMUM DURATION OF A TRIAL, I.E. TME MINIMUM

'1). C NUMbER OF OBSERVAJION PERIODS THAT SHOULD ELAPSE BEMRE.

4.
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210. C SARTING 10 CHECK INE 'TRIAL SIOPPIN6 CRITERIA.

220. C %PPAX0 IS 1HE MAXIMUM OURATION Of THE FIRST TRIAL, I.E. THE
721. C VALUE, FOR ]HE FIRST TRIAL, OF MAXIMUM ACCEPTABLE
222. C kUNUER NPPAX OF OBSERVATION PERIODS IN A IRIAL.
223. C INPMAN IS iE INCREMENI 10 NPMAX , WHEN NOiAX &S VARIED
224. C FROM ONE TRIAL TO V"4E FOLLOWING ONE.

225- C NSUC IS THE NUMBER OF SUCCESSFUL TRIALS (WITH THE SAME FINAL
226. C VALUE FOPT ) AFTER NHICH THE COMPUTATPON IS STOPPED.
227. C TOLREL AND TOLABS ARE -THE RELATIVE AND ABSOLUTE 47,LERANCES
228. C FOR SSOPPING A SrNGLE TRIAL.
229. C IRMIN, XRMAX ARE N-IECTORS DEEINING THE ADiSIBLE REGION FOR
23r. L THE I-VALUES, WITHIN WNICH THE FUNCTION VALVES CAN BE
231. C SAFELY COMPUJTbD.
232. C IPASCA IS THE MINIMUM NUMBER Of TRAJECTORY SEHNENEfS THAT SNOULC
233. C ELAPSE BEFORE THE *ESCALIkG PROCEDURES ARE ACTIVATEo.
234. C IRAND IS A CONTROL 3NDEX FO THE 116ITlALIZATON 01 THE RANDON
235. C NUMBER GENERATOR.
236. C IRAND.6J.O THj GENERATOR IS INITIALIZED, BEFORE STAR- "*
237. C TINE THE TRIAL Kit WITH SEED IRAND*KT-1
238. C IRAND.LE.O THE GENERATOR IS INITIALIZED (WITH SELO a)
239. C OkLT AT NHE FIRST CALL Of SIGMA
240. L INHP IS A CONTROL INDEX FOR SELECFING THE NUMBER NHP Of TIPE-
?41. C INTEGRATION SIEPS FO OBSERVATION PERIOD IP (DURATION CF
242. C TRIAL VLP) AS FOLLOWS (LOG IS BASE 2)
243e C INHP-1 NHP I 1 • INT(LOG(KP)) (SHORT" DURATION)
?44. C INHP 2 NHP a IkT(SQRT(KP)) ("MEDIUS DURATION)
245. C NNHP3 Nhp c KP ('LONW OURATION)
246. C IPRINT IS AN INDEX USED 10 CONTROL WHE AMOUNT OF PaINTEO OUTPU.
247. C BV CONTROLLINL THE CALLS TO THE USER-SIUPPLI|. OUTPUT SUB-
248. £ ROUTINES PTSEG 4( 10-OF-SfiMENT OUTPUiI), PWRIAL (END
249. C O-TRIAL OUTPUT), AND PTKSUC (END-OF-TRIAL OUTPUT BELA TED
25.. C TO THE COUNT Of SUCCESSFUL TRIALS)v VNSCH ARE DESCRIBED
251. C BELOW.
25?. C IPRINT.LT.O NO CALL TO THE OUTIUT SUBROUT2NES 0
?53. C IPRiNtT.E.0 CALL ONLY PTRIAL AND VTKSU

"

254. C IPRI%].GT.O CALL ALL OUTPUF SUBROUTINES.
255. C XMIN Is AN N-V[CTOR CONTAINING THE COORDINATES OF THE POINT
Z56. C (OR POSSIBLY GNt Of 1HE POINTS) WHERE '&HE IERAL VALUE IPIN
257. C OF FOPT WAS FOUND.
258. £ fNIN IS THE FINAL VALUE Of THE BEST CURRENT MINIMN FUNCTION
2590. VALUE FOPT.
260. L NFEV IS THE TOIAL NUMBER OF FUNCTION EVALUATION (INCLUDING
261. C THOSE USED 106 TNE COMPUTATION OF DERIVATIVES. AND FOR
262. c TNE REJECTED 71RE-INEGRAT1ON STEPS).
263. C lOUT IS THE IN' ICAOOR OF THE STOPPING £ONDITIONS. AS FOLLOWS
264. C IF lOUT a -99 A FATAL ERROR WAS DETECTED WHEN PERFOR-
265. C MINS SOME PRELJMINAR? CHECKIN.G Of THE INPUT DATA, AN t
266. C THE ALGORIIHM WAS NOT EVEN STARTED
267. C OTHERWISE ThE ALGORITHM WAS STARZED0 AND TiE VALUE OF
268o C IOUI IS THE FINA& VALUE OF THE JNTERk*L PARAMETER ISTCPT
269. C (AN OUTPUT INNICATOR OF THE USER-SUPPLSED SUBROUTINE
27^. C PIRIAL v DESCRIBED BELOW).
271. C SUCCESS IS CLAIMED BY NNE ALGORITM IF IOVI .61. 0,

272. C I.E. IF AT LEAST ONE OF THE WRIALS STOPPED ITw A POSITIVE-
273. C VALUE OF THE TRIAL STOPPING INDICATOR ISTOP (AN OUTPUT
274. C INDICAgOR OF JHE USER-SUPPLIED SUBROUTINE PTRIAE *
275. C DESCRIBED BELOW), AND NO LOWER VALUE FOR FOPT VAS FOUND
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276. C IN THE FOLLOoIJNG 1,RLALS o
277. C
27r. C USER-SUPPLIED SUPoGRANS
279. C
28l. C THE USER MUST PROVIDE THE FUNCTION fUNCd TO COpPIaE FE(),
281. C AND THE THREE OUTPUT SUBROUTINE PTSESe PTRIAL. pINGUC e
28?. L THE CALLS TO THE OUTPOT SUSROUflINES ARE CONIROLLED 00 IrINT
283. C (INPUT PARAMETER 70 SIGNAI.
28.. E A USER NOT INTERESTED IN USING ANY ONE OF THE OUTPUW. SUBROUTIMES
28'. C lUST PROVIDE A DUMPY SUBROUTINE (MITH REIURN AS THE ONLI
286. C EXECUTABLE STATLMENT) TO AVOID UNRESOLVED REFERENCES.
287. C IN THE fOLLOWINS DESCAIPTON ALL hON-INTEGER ARGUMENTS ARE
2b8. C DOUBLE PRECZS4ON (INlEGER ARGUNENTS ARE INDICATED 1 MEANS Of TiE
289. C FORTRAN IMPLICIT TYPE 0EDtNITION CONVENTION).
29! . C
291. C THE FUNCTION FUNCI
292. C
293. C FUNCT PUStT RETUMN AS 4RS VALUE THE VALUE AW X 6F TUE FUHC 11I%
294. c TO BE MINIMIZED
295. C THE DEFINITION STALTEMEN' IS
296. C DOUbLE PRECISION FUNCTION FUNCT (1, X)
297. C WHERE
29F. c N IS THE (INPUT) DIMENSION Of THE PROBLEM.
299. C X IS THE (INPUT) N-VECTOR CONTAINIUS THE COORDINATES O THE
300. L POINT I 1AHElth 1E FUNChION IS TO BE COMPUTES.
301. C
302. C THE SUBROU TIME PTSEG
303. C
304. C PTSEG IS CALLER (IF IPRIxorGT.O AT THE END O EVERY OBSER-
305o. VATON PERIMOh
306. C THE DEFINIZION STAIEMENr IS
307. C SUBROUTINE P,TiSEG ( No XPFRIN, FiPFRIN, fPFMAX,
3(8. C KP, NEEV, 1PRINT )
309. C WHERE
310. C N IS ThE (INPUT) DIMENSION Of THE PROBLEM
311, C FPFIN, JPFNAX ARE RESPECTIVELY THE MINMI AND THE MAXIMUM
312e C AMONG THE VALUES OF &(X) OBTAINED Ar THE FINAL POINTS OF
313. C THE TRAJECTORY SEGMANTS OF THE (JUST ELAPSED) OBSERVATION
314. C PERIOD uP.
315. C XPFNIN IS AN N-VECTOR Co01AINING THE COORDINATIS Of WHE
316. C (FINAL) POINT (O0 RQSSISLY ONE Of IKE P0IiNSS WHERE
317. c FPFMIN WAS OBTABNEs,
318. C XP IS THE TOTAL NUMBER OF ELAPSED OBSERVATION MiJOD IS
319. C THE CURRENT TRIAL.
32?. c NFEV IS (THE TOTAL NURSER Of FUNCTION EVALUATIONS PERFOIED
321. C FROM ALGORITHM START.
322. C
323. C THE SUBROUTINE FIRIAlU
324. C
325a C PTRIAL IS CALLED (If iPRINT.GE.00 AT THE END OF EVERY TRIAL.
326. c THE DEFINIfTION STA87EMENI IS
327. c SUBODOUIINE PTR4AL ( N, XOPT, FOPT,
328. C fTFRIN. FTFMAN, #TFOPT,
329. C ISTOP, ISTOPT, NfEV, Koo IPRINT )
330. C WHERE
331. C N IS TiE (INPUT) DIMENSION of THE PROBLES.

,32. c XOPT IS AN N-VECTOR CONTINING THE COORDINATES Of THE

6i
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333. L POINT (OR POSSIBLY ONE OF THE POINTS) WHERE TieE CURRENT
334. E PINIMUM FOPT WAS OBTAINED.

335. C FOPT IS THE CURRENT BEST MINIMUM VALUE FOUND FOR f FROM
336. L ALGORITHM START ( FOPT IS UPDATED WHENEVER A FUNCTION

337. C VALUE IS COMPUThD).
3313. C FTFMIN, FlTMAX ARE RESPECRIVELY THE INMUM AND THE MAXIMUP
339. L AMONG THE VALUES Of F() OBTAINED At THE FINAL PONTS Of

340. L THE LAST TRAJECIORV SEGMENTS OF THE CURRENT IFRIAL.
341. C FTFOPT IS THE CUIRLMJ MINIMUM VALUE OF FTFMIN AMONG HE
342. C TRIALS WHICH DID WON STOP FOR REACHING THE MAXITMUM ALLWEt.
343. C NUMBER Of SEGMENTS (STOPPING INDICATOR ISTOP u 0, SEE
344. C BELOW). FTFOPT IS USED OT SIGMA TO COMPUTE KSUC (IN IUT
345. C PARAMETER TO IHI OUTPUT SUBROUTINE PIN SUE , SEE BELOW).

346. C KP IS THE TOTAL NUMBIR OF ELAPSED OBSEIVAIION pJiRIODS IN
347. C THE CURRFNT ,IdAL.
348. C NiFEV IS iTHE 7OAL NUMBER R1 EUNCTION EVAI.UA.IONS IERFOOMED

349. L FROM ALGORITHM START*
350. C ISTOP 15 THE iNDACAOR OF THE SWOPPING CONDITIAN OF THE TRIAL&
351. C AS FOLLOWS
352. C ISTOP = 0
353* C Thk MAXIMUM NUMBER NPMAX OF OBSERVATION PERIODS HAS
354. C BEEN REACHLD.
355. C ISTOP.NE.O
356. C ALL THE END-CF-SEGMENT VALUES OF F(N) , (EXCEPT FOR TtE
357. C JUST DISCARDED SEGMENC) ARE CLOSE ENOUGH 10 THIN COMMCN-
35p. C MINIMUM VALUE F.PMIN , WITH RESPECT 90 AN ABSOLUTE OR
359. C RELA IVE DIE&ER.NCE CRIIERION. TO BE CONSIDERED NUMERI
360. C CALLV EQUAL.
361o C TNE ABSOLUTE VALUE AND rWHE SIGN Of I&TOP HAVE THE
362. C FOLLOWING MEANING.
363. L THE ABSOL11TE VALUE INDICATES WNICH DIEIEREHCE
364. C CRITERION WAS SATISFIED
365. C 1 REtAT9VE DIFFEiENCE CRITERION SAf.ISFIED
366. C 2 AB.&OLUiE DFIEERENCE CRITERION S9IESFIED
367. C 3 BOTH CRIITEIA SATISFIED
36E. C THE SIGh Of ISTOP INDICATES THE SELATIJdNSHIP BETWEEN
369. C THE END-OF-ffRIAt VALUE FPFMJN AND THE CURRENT

370. C BEST MINIMUM VALUE FOPT (WHI.CH IS UPDATED WEN-
371. C EVER A FUNClTION VALUE IS £OPUED
372. C ISTOP.T.O
37!0 C FPFXIN IS NUMERICALLY EQUAL (W.I.T. AT LEAST
374. E ONE OF OINE ABOVE DIFFIRENCE CRIrEEEIA) TO lOFT
375. C ISTOP.LT.O
376o c FFINI IS NOT EVEN NUUERICALLt EQUAL TO FOP I
377. C (AND THLRCFORE CANNOT BE CONSIDERID AS AN
378. £ A.LCEPTABLE GILOBAL MINIMUM),
379a C ISTOPT IS THE VALUE OF THE TRIAL STOPPING INUATOR ISTOP
3800 C CORRESPONDING TO THE (CURRENT OR PAST) TRIAL WHIRE FTFOPI
381. C WAS OBTAINED, UiTH INE SIGN WNCH IS UP.DATED ALCORDZN" TO
38?. C THE COMPARISON &iWETjEEN FTFOPT AND THE PRESINT VALUE OF

38. C FOPT , AS DESCRIBlE ABOVE.
38.. C THE FINAL VALUE OF ISTOP IS RETURNED 8V SI UA AS THE VALUE
385. C Of THE OUTPUT INDICATOR JOUT Of THE ALGORITMO STOPPLNG COR-
386. C DITIONS (WHENEVER IHE ALGORITHM WAS STARNTED, IOUT.NE.-9-
387. C SEE ABOVE).
388. C
389. C THE SUBROUTINE PliSUC
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390. C
391. C. PTKSUC IS CALLED ONLY AV THE END OF jfVRY SUCCESSFUL. IBSAL
392. C SUCH THAT AN INCREMENT OCCURRED IN THE VALUE KSAJC Of THE
393. C, MAXIMUM NUMBER Of SUCCESSFUL TRIALS AT THE SAME (CURRENT OR
194.* C PAST) VALUE OfFOR .01 A CALL TO P99SUC INERLUSRE PI@VIOE !
395. C THE USER WITH THE QPERANIONALLV INTERESTING INFORMATION THAT
396. C A FINAL SUCCESS CLAIM WOULD HAVE TAKEN PLAC&;, If NSWC (IMPlY
397. C PARAMElER TO SIGMA ) HAD BEEN GIVEN A LOWER VALUJE. EQUAL TO
398. c THE CUNRENT KSUC
399. C PTUSUC IS CALLED ONLY IF IPRINT.6E.O AND KSIJ(.LT.NSUG
400. C THE DEFINITION SlINMObY IS
401. C SUbROIJJIUE RTKSIC ( KSUC
402. C WHERE KSUC IS THsE INTEGER VARIABLE 41 .LEo KSUL *LlE NSIIC)
403. C DEFINED ABOVE.
404. C
405. DOUBLE PRECISION XOUd,EVS.DX.TOLRELST6LABS
4G6* DOUPLE PRECISION X4MIN,XRMAX,XMIN.FMIM
40)7. DOUBLE PRECISION EPSAG,EPSAPEPSC
40E. &OUFLE PRECISION ElSMAXIeSRqfqFOPT,FTFMAX
4()9. DOUBLE PRECISION FIFOJN,ITFOPT
41!). C
411. DOUBLE PRECISION X,Ht,*XE,VMV7FPSCO.WNCOR,VCOR
417. DOUBLE PRECISION XMIC*XRAC,XOPTFOPI.C
413. C
414. DOUBLE PRECISION DiS9,BIAS96RA611A961A
415. C
416. DIMENSION XOCN).XMIN(N;).XRMNIN4Nd),ZNAI(N)
417. C
418. COMPON IOINCONl X(100,2O),NC(20),OXC(20),.VV(20929).EWSCO(2 0,
419. 1 WM4COR (?0) sVCORE 2o) XUMIc (too) 9 RNAC( Io moXOPUloo ).OUQTC
420. 2 IE(20) ,ISVT(2O'.19) ,K6EN.KTIM.NDIWNTRAJC.N1SM go
421. 3 ISE6BC.iNKpDc.EtPBRoc,NCF.ZFEPE.INHPC
422. C
423. COMMON ISCALE) DIS.I(O,1O.2O).BIAS(1O,2O).ERA6RA4IO,1IZO),
424. 1 &RA(1O.20).9N6RA(20).LSCAISSCA.NX.NMORS
425. C
426. C DATA FOR THE VARIATION OF NOISE COEFlICIENT
427. C
4280 DATA EPSRI1.D4J,EP.SAPI1O.O,EPSAEI1.a3J
429. DATA EPSMAX1.D151
430. C
431. lEEP a 1
43?. C
433. C INITIALIZE COMMON AREA JDJNCOMI
434. C
435. CALL INITfM9XOH.E*SvDI.IRAMD. F.
436. 1 MTRAJ ,ISEEbR ,INKPSR,KPSIO,INP,I FEPXXlkIN.KONAXIOUTI
437. C
438. C CHECK PARAMETER VALUES
439. C
44fle lf(IPIN.LE.O.OR.NPMAXO.LT.0.OR. INPMIAX.LE. 0.03.
441. 1 hSUC.LEO.OR.N.TRZAL.LE.0)IOU)T 5-99
442. IF (IOUT.EQ.(-99))fiETUR*
443o C
444. C INITIALIZE VARIABLES
445. C
446. EPSC E (S



447. IVPMAX a NPMAA0

448. ISTOPT 0

449 xsTOP x0
450. ICCOM (NTRIAL+NTMIAL'*4)15
451. NFEV = 0
45?. NTES = DdSUC
455. ICTS -NSUC-l
454. FTFOPT aF
455. £
456. C S7ART SERIES OF TR IAL5
457. C
458. DO 30 IC x 1,M7RIA&.
459. C
46r'. C SET INITIALIZATION IN&EX FOR NOISE GENERATOR
461. C

1 462. IS = 0
1 463. lf(IRANbe6l.0)11 IRAND*IC-1
1 464. £
1 465. C INITIALIZE 794AL
1 4616. C
1 467. lEC IC.6T.1.AWO.IC.LC .ICCON) CALL R[INIl( NqX0,lEPSC~ S 4.1 FE F)
1 468. I(C.6.T.ICCON)CALU PEINITCN.XIN.CPSC,15,FOP1,1FIP)
1 469. C
1 470. FTFMIN a F
1 71. FIFAAX a F
1 47?. E zUI kF(V41
1 471.
1 474. C PRINT INITIAL CONOITJONS Of TRIAL
1 475. C
I 476. 1fI I PR IkT.67 O)CALL PI S E 6(10, F7 FRIN , F 'f14A X4,,NF Ey
1 477. C
1 478. C
1 479. C DEACTIVATE SCALING
1 480. c
1 481. lf(KPASCA.61.PAl.CR.R.LE.1)CALL NOSCA
1 482. C

483. C INITIALIZE COMMON AREA ISCALE/
484. C

I 485. liFUPASCA.LE.NPUAX.AND.N.6T.1)CALL INISCA(NVNTRAJJ
1 4E6. C
1 487. C PERFOAR A TRIAL

488. C
4.89.* CALL TRIAL INouNIh.NPM4AXKPASCA.TBLREL,.TOLAOSS
49ql. 1 IPRINTRMIN',FTIMIN,
491. 1 FIFMAX,hFEV.K&.IsTOp)
49?. C
493. C
494. C EVALUATE PAST TRIAL Am$ PREPARE NEXT TRIAL
4915. C

* 496. C
1 497. C SET TRIAL buRAION
* 498. C

499. 1E(IsTOP.fQ.0)%roMAX m PMAX#INP1N*X

501. C RESET CURRENT NU14BER ioF SIUCCESSES ClEQUJRID ofEFORE STOPPING
1 502. C COPRPUTE INDICATOR OF TRIAL STOPPINt, CONDITIONS
* 503. C UPDATE BEST CURRENT VALUES Of 4FRIAL STOPPING INDICATOR AND



504. C Of FUNCTION F(X) AT TRIAL STOP

506. 11( (FTFMIN.GT.F 1FOPT. OR. ISTOP.EQ.O) AND jSTOPJ.NE.o3)60O 10
11107. IF( I OLcH( f7FOP I, F MIN, TOLBE LeTO LASS). EQ. o)NTjS NSUC
5 SB. C

I '09. FIPOPT = FTFII
I 510. ISTOPI - ISYOP

511. 10 CONTINUE
I 512. ISTOPT aIABS(ISGT)
I 51'. CALL RCLOPT(N,XAI1N, OPT)
I '14. lI(ITOLCH(FTFOPT,fOIBT,TOLREL,TOLA8S).EQ.0)ISIFOPT *-ISTOPI

515i. IF(ITOLCH(FTFMJNSOPTTOLRELTOLABS).EQ.O)ISWIP z-IS7OP
I 516. C

517. C END-OF-IRIAL PRINT OUOT
518i. C
51C9. If(IPRINy.GE.0)

I 520. 1 CALL PTRIAL i ii, XOPT, FOPT,
I 521. 2 FTFMIN, fTIWAX * FfFOPT,

522. 3 ISTOP, ISTOPT, NFEVO KP9 IPINY
I 523. C

S 24. C UPDATE INITIAL VALUE 4F NOrSE COEFFICIENT FOR NEXT IRIAL
I 525. C
I 5&6. If (I~yOP.EG.0)IPSC EPSC/EPSR

527. IF(ISTOP.GT-a)ERSC E PSCOEPSAG
I 528. 1i(ISTOP.LT.O.ANDLC.LEICCOM)EPSC aEPSC*EPSAI%
I 529. IF(ISTOP.LT.O.AkD.IC.G7TCCON)EPSC =EPSCIEP68
I 530. C
I 531. C UPDATE OPERATING COND.JTIONS FOR SELECTING (IN THE NEXT TRIAL)

532. E IME STAR71NG VALUE Of THE NOISE COEFFICIENT Of THE NEW IRAJEC701Y
533. C AFTER BRANCHING

I 534. C
I 535. IF (IST0P.EQ.0)3FEP a I
I 536. If (ISTOP.N& .O)IFEP a 2

537. C
538. C UPDATE, PRINT, AND CHECK #TRIAL SJOPPING CONDITIONS
519. C

I 540. lf(IS70P.GT.O.AiD.IS'IOPT.GY.0)NTES zNTES-1
541. ItF(KIES LF .0 .08ISYGPI LE.O.OReISYOP.LE .0oOR.IhTES.G9.ICTS .0R.
54.2. 1 IPRINT.LT.01 G0 TO 20
541. KSUC a NSUC-!CTS
544. CALL PTKSUC(KSU.C)
s4s. ICTS aNIS-1
546. 20 CONTINUE
547. lfINTES .LE.O.ANU.ISTOPT.GT.O.ANO.ISTOR.ET.0)SO TO 40

549. C CONSTRAIN NOISE COEFFICIENT WITHIN BOUNDS
550. C
551. EPSC = DRNI(EPSC,EPS14AX)
552. li([PSC.LE.O.00)EPSC a1.00
553. .10 CONTiNUE
554. C FWD Of SEMIS OF TRIALS
555. C
S56. 4c CONTINUE
557. C
558. C INDICATOR Of STOPPING CONDITIONS
559. C
56n. lOUT I STOPT
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1 206- CALL DEREk(kOIN,XtfY,OE,W,bEOA)
1207. C
120p. C TRy AGAIN THE FIRS] HALF-SIFF
1209. DO 40 IC = l,kD1Hq
1210. IP(IC) - X(IC)-N'w(1Cl'DFSXiDIBLE(FLOAT(NbIN)i
1211. 401 CONIMUE
i122. I = UNCTO)(Na1M.XP)
1213. FVS a V.OA'DABS(DLDXV-OFDm)
1214. C
1215. L
1216. C UPDATE STEPLEN6iTk M AND ACCEPT OR REJECT THE MALI-STEP
1217. CALL %WhlKI1,FVS',f Me 1E 1EC)

1 21 4 . C
1219. L UPDATE CUPOULAICO PASJ SCALING, DATA
12 2 P. lF(lEC.Gf..1)CALL CUMSCA(NDIPM.W,DfDX)
1221. lF(IkC.GE.D)GO TO 10
122?. OX= OX'kDx
1??!. C
1224. C FIRST HALF-STEP ACCEPTED
1225. 50 CONTINUE

i?27. C UPDAIT CUMULATED PAST SCALIN6 DATA
122' . CALL CUMSCA(NOIR,W.,OFDX)
1229. IS aFV4DXdDA8S(0F0X)
123r. IF(ITOLCk(fS.FWTOLRL.JTOLABS),.EQ.O)OX r- ONIRCO
12131. IF( ITOLCWd(ESfWTOLRA.JOLA8S).GT.0)bX vDXR 'CO
123?. EPSR =DSQRT(H)*EP3
12 3?T. C
1234, C lAKE A SAPPLE INCREMEkl OF TWE WIENER PROCESS
1235. CALL GAUSRV(NDIMR,W-)
1236. C
1237. C YRV THE SECOND HALF-STfiP
123". 00 60 ICw INa1m
123.jX( = IP(IC)*EPSR*W(IC)
124(. 6C CONTINUE
1?41. 1 * UNCIO(NDJH,~xpr1
1242. C
1243. C ACCEPT OR REJECT THE CUMPLETE STEP
1244. IF (F-FV.LE.LPS.EP.S*Slf) 60 TO 70
1.245. H * I1'R
2246. 11 IE*t
1?47. IF (H.GT.NMINS) 60 T0 20
124e. C
1?410. E SIEP ACCEPTED
115t. 70 CONTINUE
1251. DO F0 IC =1,NoIM
125?. X(IC) = P(IC)

1253: 80 CONTINUE
1254. o X DfqINI4tX,DXMAA)
125s. DX DMAX1(bNDR~IN)
1256. C
12"7. RETURN

125gk N to



1149. C COMPUTED
1150. C - CALLS THE SUBROUTINE DERFOR (OR DERCEN ) 0 COMPUTE THE FORbiARD-
1151. C (OR CENTRAL-) DlFFr-kENCES DIRECTIONAL DERIVAJIVE GAMIN
1152. C -CALLS ]HE SUBROUTINE WEWN TO ACCEPT OR REU)CI THE FIRST HA LE
115". E STEP AND OBTAIN AN UPDATED VALUE FOR H
1154. C - CALLS THL SUBROUTINE IUMSCA 7O UPDAWE THE CUMULATED SCALINI DATA
1155. C - UPDATES THE SPATIAL DISCRETIZATION INCIMENI DlX BASED ON THE
1156. C RESULTS Of CALLING THE FUNCTION ITOLCH
1157. C - CALLS THE SUBROUTINE 6AUSAV TO PERFORM T HE SECOND HALF-STE F.
115P. C

1159.DOUBLE PRECISION XHoEPSv&XF
1160. DOUBLE PRECISION DEDR,DF91lV,DXMAX,DXMJk
1161. DOUBLE PRECISION E4PSR.FS.FV,FVS,NNINSNRpHS
116?. DOUBLE PRECISION RiCDqQDXsSTFqTOLABSvT@LRA# TOLRI
1163. DOUeLE PRECISION W 9XP
1164. DOUBLE PRECISION FIJNCTO
1165. DIMENSION X(NDIM)
1166. DIMENSION W(10).IP(100)

1167. DATA RDXI1.D-f4i
1168- DATA DXMINI1.D-35I
1169. DATA DXMAX/1.D3/
1170. DATA HRi1.0-1/
1171. DATA HMIkSI.D-30/
1172. DATA STE i.100.DOI

1173.DATA BC0i2.00I
1174. DATA TOLR 111.D-51
1175. DATA TOLRAII.D-111
117f. DATA IOLABS/0.0OI
1177. C
117F. NEC a0

1179. IV F
118a0 . 10 CONTINUE
1181. 20 CONTINUE
118?. C
118!. C TAKE A RANDOM DIRECTJOi §0& THE DIRECTIO0NAL DEMIVAT.ItME
1184. CALL UNIJRV(XDIP,Hl
1185. C
1186. C COMPUTE FORWARD-DIFFERINCE DERIVATIVE
1187. CALL DERFOR(NDIM ,X,FvDE ,,DFDX)
1l118. C
1189. C TRY THF FIRST HALF-STEP
1190. DO 30 IC IO1ND11M
1191. XP(I) wa X(IC)-N'VCIC)aDFDX'DBLE(FLOAT(NDiMl))
1192. 3r CONTINUE
1193. HS 2H

1194. F § UNCTO(N(DINEP')
3195. FYS a fV*DX'OAbS(D&DX)
1196. C
1197. C UPDATE STEPLINGTH H AND ACCEPY OR REJECT THE MALE-STEP
119P. CALL NEWH (KTIMR,FVS.E.,W,RE ,IEC)
1199. IF(EC.LE.0),G O 150
120C. F E-
1201. 11C ICC-I
1?2. H a HS
1203. DFOXV = ODD

1204. C
1205. C COMPUTE CfNTRAL-DIFERE.NCFS DERIVATIVE
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I I0W I VMC OR( 2OWCOR (2() XERMIN((it) XR14A I( 100) XOPf~ ()()).FOIPT,
1101. 2 ? if (20)) *1 SW 1 (20,19) .KGENSKT IM,WD IMN TRAJ,%TRAJR,

110?. 1 ISEGtR .1NKPA PBO ,NCI , IVEP .ANbIP

1104. KTIM = KTIM*1
I 01. C

1108. C LOOP ON THE SIMULTANEOUS IIAJECTORV SEGMENTS
1101. 9O !0I 10 ,NTRAJ
1100. C
1109. C INFORM THE SCALING SUBPROGRAMS (VIA THE COMMON AREA ISCALEI)
111"l. L TH4AT SCALING OPERATIONS ARE 7O BE PERFORMED ON SEGMENT 1b

1 1111. CALL SEGSCACID)
1 1112. f =VCOR(1D)

I I I T. c
1 1114. C PfRFORM A TIME-!NTE6kA7IOM STEP ON SEGMENT 1b
1 1115. INA z KYIM
1 111f.. NX = kDIM
1 1117. to 10 1 x = I kx

2 hIlp. xlb(Ix) = A(4xqLD)
2 1119. 10 CONTINUE
I 11lfl. HID = "(I9)
1 1121. EPSID 2 ERS(ID)
1 1122. 0110 DX4ID)
1 112!. ILID a AE(ID)
1 1124. C
1 1125. CALL SSTEP(KA,NR,XZD.HJ*,EPS1D0X18,I1EIOF)
1 1126. C
1 1127. DO 20 Ix 1,hl
2 1121. x(IKIO) = ILO(IN)
1 1129. 20 CONTINUJE
I 113n1. H4J9) c HI
1 1131. EPS(ID) uEPSIO

1 1133. WXID) 1110

1 1134. VCOR(19) a F
1 1135. VmCOR(ID) z MIN1I(VMCO(!),F)
1 1136. If(IK.EQ.)VNCO&(AD) f1
I 1137 . IF (%TIP EQ.1 )IECtI D). 0
1 11301. 3 r CONI NU E
1 1139. C

1140. RETURN
1141. END

1142. SUBROUTINE SSTEP(KtrIM,&WDI,X,H,EPS *DKlE F)
114". C
1144. C THE 9ASIC TIME-INTEGRATION SEP FOR A GIVEN TRAJECTORY IS PERFOINED
1145. C py THE SUBROUTINE STIEP WHICH
1146. C - CALLS THE FUNCTION FUNCTO TO COMPUTE THE VALUE Of F
1147. C - CALLS THE SUBROUTINEf UNTTRV T0 COMPUTE TIME R2ANDOM DIIECTIO6
114M. C ALONG WHIC14 INE DIRECTIONAL DERIVAIsIVE GAMIN IS TO BE



1 1051. D0 4O0 1 ,kIRAj
2 105?. If(ISV7(10.I11).EQ.ISV1(IDD,IT1))NCV NCV*1
2 105. 4 CONTINUE
I ip5'. 50 CON71NUE

1055. DO 80 IT 2,NTRAJR
1 1056. 111 Il-
1 10,17. NCN 0

I Iosp. DO 7o ID = I b7RAJ
2 305V. DO 60 IDbi a ,NIrRAj
3 1060. IF(ISVTII~TI).EQ.ISVI(IDD,1T))NCNi WNI
3 1061. 60 CON71NUE

2 1062. 7r' CONTINUE
1 106'. IF(NCh.EQ.NCV)GO TO 110
1 106'. NCV =NCN
1 106!:. 80 CONTINUE

10D66. 00 90 10 a I NTRAJ
1 1367. I5(ISVT(1,1).wE.ISV7I*'I.))GO To 100
1 106p. 9c CONTINUE

1069. IT =2
1070. GO TO 140
1071. 100 EONTINUE
1072. lie CONTINUE
107'. 120 CONTINUE
10)74. IT = 111
1075. 00 1 3-1 10 a 1*hTkAoj

1 lOU. VRVICID,I1) =DNIN1(VMV1W(IDITbVMVT(iD,ZT1))
1 1077. 130 CONTINUE

107P.. 14C CONTINUE
1079. 00 16V IC a IT,NTRAJR

1 1080. IM =ITC-1
1 1081. DO 150 It0 1,NBRAJ
2 108?. VMT(IbeITM) zVMVT(Ib*ITC)
2 1(J8a. JSv74ID.ITM) 7 SVT(IDJTC)
2 Io08 4 150 CONTINUE
1 108!. 160 CONTINUE
I 1086. C

1087. RElURN
1088e. twD

108a9. SUBROUINE STEP(IX)
1090. C
1091. C STEP PERFORMS A SIN6LE TIMfE-INTEGRATION STEP F0R EACH ONE OF T1-F
109?. C SIMULlAkEOUS TRAJECTORkIES BY REPEATEDLY CALLINE THE SUBROUTINE SSTEP
109!. C
1094. DOUBLE PRECISION F
1095. DOUPLF PREFCISION X ,H DX VPWVFPS VMCQRYvCOBk
1096. DOUBLE PRECISION XIMRIN,XRMAX,XOPT,FOPT
1097. DOUELF PRECISION X100R091EPSID90XID
1091. DIMENSION zzscjoo P
1099. COMMON IDINCOM/ 14.10020),H(2O),Dx(?O),VMV7(20.19).,EPS(2O),
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1001. INIEGER FUNCTION IPRfCE4ID1,ID2)
1004. £
1005. C IPRECE DETERMINE S THE PRECEDENCE RELATION BE IUEEN fITNO TIAJLECTO SIES
1006. C BASED ON THEIR CURREMI VALUE OF EPS
ic07. C

100R.DOUBLE PRECISION X9,4,IV"VT,EPS.VMqCOR,VCOU
log9. DOUBLE PRECISION XRmIx0XRMAX.XOPT,fOPT
1Citi. COPMON IDINCO1MI 1(100'920) *1(Z!J),DX (20) VONVT(20..19) EPS (20),9
1011.* 1 VMCOR(20),VcOR I2o),xRNIN(1 00),XRNIAX(1Om-,XOPT(1OO() ,FOPT,
101?. 2 zE(?0),lSVI(20dl9),KEN,KTN,NDI'.NIRAJ.NTRAJR.
101'1. 3 ISE~bR INKPBB.KPBRO,NCFTIEPINMP
1014. IPRECE z 0
1015. IF(KGEN*GT.ISEGBR*.INKPbR)6O TO 10
1016. lfFPS(I92).LT.EPS41I))IPRECE = I1
1017. ZF(EPS(ID?).G7.EpS-(Ib1))IPRECE z192
1018. RETURN
1019. C
1020. 10 CONTINUE
1021. IU(EPS4ID2).LT.EPS(IDT))IPRECE wIb2
1022. IF([PS(lr2).GT.EPStID1))IPRECE a 191

1 0 2 ". C

1024. RETURN
1025. ENOD

1026. SUBROUTINE COMPAS
1027. C
102f. C COPPAS TAKES CARE Of THE STOIA6E OF PASW HIS7*RY &A'TA, DISCARD 1N6
1029. C ALL DATA NOT NEEDED 6V TOE ONLI USER OF SUCH DATA% TUE FUNCTION
1030. C IPREC
1031. C
1032. DOUBLE PRECISION X,H.03,WVfV#EPSVMCOR#VCOlk
1033. DOUBLE PRECISION XRMIN,XRPAX.XOPT*FOPT
1034. COMMOM IDINCOMI X41OOZ0).N423)9NX(20)VN4VT(2O9J9D,EPSC2D),
1035. * I MCOR(20),VCOR '20) .1REIN(10O),XRNAX(1O M,XOFT(1O0().FOPT,
1036. 2 IE (20)91SVT (20-1 19) KGEN 91 l,N IuNkT RA J NTAR ,
1037. 3 ISE6BR ,INKPOa.KPOmOsNcF IFEP,1NHP
1038. C
1030. 171
1040. 90 30 IT a2,NTRAJA

1 1041. 111 a IT-1
1 104?. D0 10 lb a 1,NTRAJ

2 10416 IF(ISVJ(Ib,IUl.Ndl.ISVTfIDII1))60 TO 20
2 1044. 1o CONTINUE

1 1045. 60 TO 120
1 1046. 10 CONTINUE
I r'4l. 3C CONTINUE

104P. 171 1
1049. NCV a0

1050. 90 50 ID 1,NTRAJ
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2 901. 40C CONTINUE
2 962. sc CONYTINUf3

1 963. 60 CONTINUE
964- IF(Xk.EQ.2)60 T0 30
985. C
966. C RETURN THE INdDICES OF THE SEGMENTS WHICH IN TNE ORDERING
967. C OCCUPY THE FIRST, THE LASI. AND A SUITABLE MEDIUM LEVEL POSITION
968. c
969. IP =IORD(l)
970. IU = IORD(NTBAJ)
971. In = IORD(ISE6bR)
97?. C
97'!. RETURN
974. END

975. INTEGEFR FUNCTION IRREC(I01142O)
976. c
977. C IPREC OETERMLINIS THE PRECEDENCE RELAT1ON BETbEEW iwO TRAJECTOR IES
978. L BASED ON THE PAST HIS11ORV DATA
979. C
98c. DOUBLE PRECISION VmI,VM2
981. DOUBLE PRECISION 1K.H.DX,VMVX,EPS,VPCOR.VCOR
982o DOUBLE PRECISION XR14JM,XRNAX.XOPX,FOPK
983. COMMON IDINCOMI X(IO1J2)9.(2O),0X(2O9.VM4V1(209199.EPS(ZO)g
984. VMCOR(20),VCORG2O),XUNlN(10O),,1RMAX(1flO),XOPT(1OO),FOPT,
985. 2 IE(20O ISVTCZO'19),X6EN.KTIM,NDIM.NTRAJNTRAJD.t
986. 3 ISEGBR,IkKPBB,NPBRO,HtF,11EP.INHP
987. c
988. WRI a VMVTCIDl#NT9AjR)
969. VM? a VMVTIOZ,2NTMAJR)
990. DO 10 111 - .NTRA#JR

1 991. 11Tr I4NTRAJR-11T
1 99?. IE(ISVT(Ib,,I).EQ..lSVT(ID2.IT))CO TO ?C

993.; VMS a DMIwl(VMl.VMVT4ID1II))
1 99g.. WN? - DMIml(VM2*VMV7(IDZIT))

995. to CONTINUE
9914. 20 CONTINUE
997. IPREC
99f. IFCVMZ.L].VN1)IPREZ ID?

999. If(4M.GT.Vfl)Ipr I = 101

1001.RETURN
1002. END
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* 91'.END

* vi. SBOOUI4EORDER(IR,ZnIU)

91'. CI915. C ORDER COMPARES THE TRAJECI081ES fROM THEC POINT 0V VIEw Of past
91e. C HISTORY (EiV CALLING THE FUNCTION IPREC ) AND FROM lifE POINT Of VIEW

*917. C Of THEIR CURRENT VALUE OF APS (BY CALL-ING THIE FUNCTION IPRECE)
918. C AND PROWjDES 'THE TRAJEiCTORY OkOERIN6 NEEDED FOR SELltTING THE TSA-
919. C jECTORT WHICH IS TO BE BRANCHED.
920. C
921. DOUBLE P.ECIS1C" XqH*DNVPV7.EPSVMCOR.VCOE
922. DOUBLE P~RCISION XNMIN,XRNAX.IOPTgFOPI
923. COMMON /DINCOMI X(1OO,20),a1(20),DX(23),VMIVT(20,29),ElPS(20).
924. 1 v.-CO(20),WCoa 420),XRNIN(100),XRMAX(100i,XOPT(100O),FOP7,
9?co 2 IE(2U),JSV1(2O',19),KGEN.KII~NDIM'vNTRAJNTRAJR,
926. 3 ISEGbR .INKPBAKPbRO.NCIgif&P ,INHP
927. DIMENSION IORD(?G)

92P. DATA KPIO)/
929. IR = 0
930. C
931. C ASSIGN INITIAL ORDERING
93?. C
93'9. 10 CONTINUE
934. 00 20 1 = ,NTRAJ

1 935. TORD(l) a I
936. 2r~ CONTINUE5 1 937. C

1 932. C SORT TRAJECTORIES..
* I 939. C

94C~. 3C CONTINUE
941. 30 = 10.1

94'. 00 60 1 a INTRAJR

1 944. 11 11
* 1 945. 00 50 j = 1gNTRAJ

2 94.X ORD~l)

* 2 94e. C
* 2 949. C .. ACCOADING TO PAST HISTORY .

* 2 950., C
z 951. IF(IU.N(.2)KP a IPR(Cj(K1,K2)

* 2 952. IF(KP.LQ.0*ANiD.IR.EQ*1)6O TO 10
2 953. C
2 954. CE. OR ACCORDING TO NOISE LEVEL
2 955. C
2 956. IF(lR.iQ.2)KP =IPRElE(K1,oKZ)

* 2 95?. IF(KP.EQ.0)6O TO 40
2 95R. XM x K1.K2-KP

* 2 9s9. 1000(I) z K
2 960. IORD(J) =KM
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85. C
8S6. C UPDATE PAST HISTORY DATA
857. E

*85E. DO 10 10 I.NIRAJ
859. VMVII,NTRAJR) =VMCOR(2D
e6f' ISV1(ID,NIRAJR) - b

*1 861. if" CONTIN.UE
86?. C.

a 86!. C OBTAIN TRAJtCIORV-SELEC110k OnDERING
864. C
86S'. CALL OAb~pCIpIM,IU)
e 66. C
867. C, DECIDE WMICH ireAAECTOI? IS TO BE BRANCHED
868. C
869. lE(MOO(K6EN,1lkpbpl).&Q.KPBRO)Ipq u
87gy. C
871. C PFRFORN BRANCHING
872. C

873. DO 2GjIC x ,NIq

876. H(IU) "(I"Z)
877. IEtIU) hf IN)
878. DO 'to IT - 1,kTRAJai
8790 ISYT(]IaT) aISVT4IlqIT)
880. VPIVI(IugIT) a MVT(IN.IT7)
881. 3r CONTINUE
882. EPS(IU) a[P5(im)
8Sa. DE(IU) ic Win)
884. VCORC1u) - ViCOR(IM)
885. DO 40 10 z lN7RAJ
886. VMCOR(Io) =VCO4t(1S2
887. 40' CONTINUE

P89. C UPDATE PAST-HISTORY-DATA MATRICES
89P'. c
P91. CALL CONPAS
89?. C
891. t UPDATE SCALING DATA
894. C
895. CALL MOVSCACIUgIN)
896. C
897. C UPDATE NOISE COEFICIENT VALUES
898. CI
F991 IF (ESI)L.~I)GO TO SO900. If CIf[P.E4.2)
901. 1 EPS(1U) a PS(IU)eJAC6*at(LHAOSO),.EFAC)
90?. If(zIEP.EQ.j)
90. 1 EPS(IU) *EC.CNNCLpX
9o4. 1 DLOGI 0(FPS( ZU').*(CHAOS (-0).-E AC) .DLF ACLO)
905. EPS(IU) =DMINl(LP9(IU)@LPSMAX,
906. 50 CONTINUE
907. C
90A. L UPDATE MAGNITUDE VOF SPATIAL DISCRETIZATION INCREMEvT
909. C
9100 DX(JU) zDX(IU)*D1AC*CAOS(O)
911. RETURN
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8 0A 1 LNT (SNGL (DLOi( DOLE fLOAT(KGE N) *50())/DLOG (2 .1O)) )*1

80.IF( INP.EQ.?)MKSLU rNl(SN6L(DSQ~rT(DDLE (FLOAY(KSEN))..500))I
8u 8.If(INNP.kQ.3)NKGEN KGEN

8 10. C PERFORP THE IaEUU1RED NURBE* of INTEGRATION STE PS
ell. C (FOR ALL TRAJECTORIES)
812. C
AT!. 00 70 IK :1~IE

814. C
V, . PERFORM A SIN6LE INTEGGATTON STEP

F16. C (FOR ALL TRAJECTORIES)
t,17. C

~18. CALL STLP(IK)
819. 10 CONTINUE

P20. C
t 21 . C M ANkA 6E THE TRA~JECTORY BRAWCH4ING PROCESS

822. C
823. CALL BRASI

~ RETURN
8Z~. END

8~6. SUBROUTINE BRAS!
827. C
82p. CBAI PERFORM4S THE SILECTION PROCESS FOR THE 4PAJIECTORIES
829. C PRASI - UPDATES TH4E OAT* ABOUT 'THE PAST 7RAJECTORIES
83w'. C - ASKS FOR THE T&aJECTORV- SELECT IOM 006E%16 81 CALLING WhE
P31. C SUBROUTINE ODER
83?. L - DISCARDS ONE OF ,THE TRAJECTORIES.
833 C - PERFORMS BRAINCNING ON ONE OF THE REMAININ6 TRAJECTORIES
834. c - POVES THE AlA Of THE UNPERTURBfO CONWINUA:TIOW
835. C 7O THE POSITION Of THE PERTURBED CONTINUATION
836. C -CALLS THE SU8ROUTTNE COMPAS TO EXAMINE DATA ABOUT PAST
837. C IsIS&TONY Of THE~ TRAJECTORIES AND DISCARD IRRILEVANT DATA_

m3e . C
'139o DOUBLE PRECISION 6&AC.DLEPMXsDLFACL
.940. DOUBLE PRECISION EEACsEPSMAXtUACG
1'.10 DOUBLE PRE CI SION CHAOS
F42. DOUBLE PRECISION X,H,DX,VMVT,EPS,VMCON*VCDRt
R4'. DOUBLE PRECISION I R14INXRMAX o1OPT ,FOP
844. COMMON IDI NCOM/ X(I0oo, 2()#) s(2),ox (203 WVV7(2j, 19) EPS (20) ,
0-45.* 1 VMCOR(20),vCOR(2I.IRIN(0),XRNAXI10),XOPT(100),FOPT,

84t. ? IEU 2),JSVT(20,19)-,KGEN,KTlIMNOIM.NTRAJ.NIRAJR9
~7.3 ISE6bR.INKPBR,ICPeRIO,NCF ,IFEP,INHP

849. DATA FAC6010.0OI
850. DATA FFAC1.5,D31
A 51. DATA OFACJ1.03i
As?. DATA EPSMAX11.015i
LIST. DATA DLFACL 10.301029995663981194O01

4 . DATA DLEPAX /25.00/



1 757. C
751s. CALL PERIOD

a760. C EXTRACT AND RESCALE SOME F'INAL VALUES

761.
1 766. fmA = DMAT(MAVCR(O)

1 763. FM VCOR(I)
1 769. iM I J

I 766. 20~ CONTINUEAXVCR(V)
1 767. 30VO(D)G fMG CTOTINU

1 77n.. 40 CONTINUE
771. 30 CNTINUE

776. 0CE 0 CF
*777. CALL~l SX6SCA(IFM

774. 40 CLNTICNUE XI
779. C ol l
786. RCEFURNC

77. CALENDA(XXHN

779. C

785. C FTET ETOYSGMN

786. C P[R O -k CPUE TU RTONO TH GSRY ONPERIOIE H

787. C NUMBER NUP Of ACCEPTED INTEGRATION STEPS IN A PERINOD
78t. C - COMPUTES ALL THE1 SE61MENT SirEPS MY REPEATEDLY CALLING THE
789. C SUBROUTINE STEP
79"l. C - PERFORMS THIL SEGiMENT SILECTION BY CALLING THE SUBRDUVINEq
791. C BRASI

79!: DOUBLE PRECISION X.H,DXi#VPVT,FPSIVMCOitVCoe

794. DOUBLE PRECISION XRMIN.*RMAX,XOPT,FOPT

*795. COMMON /QlNCOM1IX(1.OO,208,it(20),DX(20),VRVT(2O,1I99,fPS(ZO),p
796. I VMiCoNi(?O).VCORZoyxRNIN(100),XRNAX(100),XOP*14100),VOPT,
797. 2 if ?20 )I svi (2O. 19) .KGEN .KT Iq ND ills TIA JgkTRAJR 9

*798. 3 ISEGBR.INKPBROKPBRQ,NCFIFEP.INHP
799. C
goo* C DETERMINE DURATION Of OBSE&VATION PERIOD

801. C (NUMBER Of TIME INIE61ATION STEPS)

803a %GEN =KGEN*1
804. NKGEN 1
8050.i IC"P.EQ.1 )NKGENa
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7 O9. C PRINT RESULTS OF OBSERV~ATION PERIOD
1 710. C

711* . U(IPRINT.67.0)CALL PTSEG(NI,XMINFNOFMAXPl3.g.FEV)

I 713. E CHEC9 TRIAL STOppIN6 CONDITIONS

I 71S lf(IR.LT.NpMlN)GO To 10
1 716. ISTOP - ITOLCh(FMAXIMINTOLREL.TOLAB3S)
I 717. IfISJOP.NE.O)GO 10 3()
1 718. C

719. ir CONTINUE
1 720. CONTINUE

721. 3n~ CONTINUE
722. CALL NOSCA
723. C
724. RETURN
725. END

726. SUBROUTINE Gi.NEVA(IX,XNIN.FI1N.FMAXNCEF)
727. C
72F . L 6ENEVA PERFORMS THE GENERATION AND THE FINAL PROCESS IN& AND
729. C EFdALUATION Of THE SET OF TRAJECIORY SEGMENTS CORRESPONDING To

*73f". C 'HE CURRENT OBSERVATION PERIOD.
731. C GEkEVA UPDATES THE SCALING ARRAYS DIST Ake BIAS BY CALLING
73'. C THE SUBROUITIMES stasca. AkD Upbs CA
73!. C GENERATES THE TRAJECTORY SEGMENTS BY CALLIES THE SUB-
7346. C ROUTINE PERIOD

*735. C DETERMINES SOME ENS-Of-SEGiMENT RESULTS (FPfMNk FPFNAE
736. c XPSNIN) USING ffHE RESEALING CAPhBILIT1ES OF THE SUB-
737. c ROUTINES 3EGSCA AND VARS C A.
738. C
7319. DOUBLE PRECISION X.MINIMINqfMAX
74rl. DOUBLE PRECISION FA
74 1. DOUBLE PRECISION X, H D X MVT.fEPS IV MCOR V CO
74?. DOUBLE PRECISION XlMIkXRMAX,XOPT,FOPT
74T. COMMON /cINCOMI m(iOOeO).H4 ?O),pg(20),,VMVT(2Ol~19.,EPS(20)I
744. 1 VP9qcoR(20)JvcoR42oOIRMINC100).XRMAX(( 100,XOPTL100),IOPTI
745. 2 IEt2 IS 211)1KGE K "O 1MkfR I ti
746. 1 ISEGOR,INKPBR.KPBtONCf IfEPINHP

*747. DIMENSION XMIN(NX)
748. C
749. C UPDATE SCALING DATA
75(l. c
751. 00 10 ID a .NTRAJ

1 75?. CALL SE6SCA(Io)
1 75%. CALL UPOSCA(NXXc1.JD))

*1 754. if) CONTINUE
1 7 r C
1 756. C GENERATE THE S4MAALIANEGUS TRAJECTORYl SEGMENTS

. is~



659. KGEN 0

66L. ITIM = 0
661. 00 30 10 x 19NIRAJ

1 662. DO 10 IC z i,N lm
2 663. X(ICIa) = XC(IC)
2 664. 1 CONT1NUE"

1 665. IE(ID) = "

1 666. DO 20 IT = 1,NIRAJR
2 667. JSVT(ID,T) 1
2 66P. VMVT(1&,IT) F
2 669. 2r CONTINUE
1 67t. PS(ID) = EPSO*.EPSV'l(ISEGBR-ID)
1 671. VMCOR(IQ) F
1 672. VCOR(ID) F

1 67'e. 3c CONTINUE
674. RETURN
67s. ENID

676. SUBROUTINE TDIAL(NNPMINNPMAXKPASCA,
*6??.0 1 TOLRE LTOLASS, PR14'TXMN.FMIN ,

678. 2 IMAXNFE VONR ,I!STO)
679. C

68o. C THE SUBROUTINE TRIAL GENERATES A TRIAL'q IE. A SET OF COMPLETI
681. C SIMULTANEOUS TRAJECTORIES BY REPEATEDLY PERFORMING

682. C A CALL T0 THE SUBRDU71NE GENEVA WHICH GENERATES THE SET OF
68 '. C SIMULTANEOUS 1RAJEGTORY SEGMENTS CORRESPONDING TO THE CURRENT
684. C ObSERYATION PERIOD, AND PERFORMS THE TRAUECTOT SELECTION

685. C A (POSSIbLE) CALL TO THE SUBROUTINE PTSES WHICH PERFORMS
686. C END-OF-SEGMENT -OUTPUT
687. C A CHECK OF THE TRIAL SdOPPING CRINERIA (WIWT THE AID Of THE
688. CO) FUNCTION IlOLCM
689. C A DECISION ABOUT AOTIVATING OR DEACTIVATING THE SCALING OF
690. C THE VARIABLES (ACTIONS PERFORMED BY CALLING IfE SUBROUTINES
691o C ACTSCA AND NOSCA).

697. C
69!. DOUBLE PRECISION T6LREL9(1OLABS RXMINeFNINFtAXI
694. DIMENSION XMIN(N)
695. DATA IRNF.71
696. C
697. DO 20 II a lqPMAX
698. C
699. C ACTIVATE SCALING
700. C

1 701. 1I(IR.GEoKPASCA.AND.IR.GT.NIlRNF)CALL ACTSCA
1 70?2 NO = IR

1 703. C
1 704. C GENERATE AND EVALUATE OTHE -SIMULTANEOUS TRAJECTORY SEGMENTS
1 70S. C PERIOD
1 706. C
1 707. CALL GENEVA(NoXMlq |]*FMAAqNIrEV)

13



610. IF(ISEGBBA.Q.O)ISfOBA (I*NTRAJ)12
611. ISE6BR a mNo(ISE6SR.NvftAJ)
612. ISE~bR a PAEo(ISE&BRo11

614. INKPbR = N3
615. IP(IkKPBVa.EQ.O)IK&BR r, IbU(PBO
61f. ki= IkKPBR
617. KPORG N4

61F. If(KF~bQ.EQ.0)L~bRG - KP611OO
619, XPBRO = PIOD(KPbRQ.A#4KPBR)
A20. NI. x KPSR4O
621. ND19M = N
622. NTRAJR:=I4JRAJ-1

*625. CALL STOOPT(NX.Eo,f)
*6,74- 00 21D I D 1,NTRAJ
*1 627. m(JD) No

208 DX(ID) ba
t)29. 20 CONTINUF

630. c
631. C INITIALIZE REMAINI&w6 VARIABLES

632. C
631. CALL ACIIl(NIX,0PS0.IRAND*FvIPE)
634. C
635. RETURN

*636. END

637. SUBROUTINE REIN1T(hX,EO,,fPSO,1RAND,F .IFE)
63P. L
639. L REIhIT PERFORMS TNE &NITJALIZAUJON OF ALL TARIALS FOLLOWING THE
640. C fJIRST TRIAL. AND PART OF THE INITIALIZATION O F THE FIRST TRIAL.
841. c
642. DOUBLE PRECISION XO,EPSO.I
64'. DOUBLE PRECISION FFSV,6
644. DOUfiLE PRECISION CHIAOS
645. DOUBLE PRECISION X9M90XsVMyT.EP SsVMCOR,VCO*
646. DOUB~LE PRECISION XAHINKRMAKXOPI,fOPT
647. COMMON /oINCOMI X(ICO,2(j),e(2O).DX(2O),VNVT(ZO,19,EPS(20)q
648. 1 VICR(2O).VC0R(2G).PXRN1ci(O)sXRN4AI(10O),RO9T4 100) .FOP1O
649. 2 IUZO 4 s$vT(2019 ,KGE#4,KT LNNO!N.NTAJ.NTRAJR,
650. 3 IS&GbR.INKPBR,JIPBRO,NCF,IFEP,INP
651. DIMENS ION Xf0(Nk)
657. DATA EPSV/t.DO/

* .65!. C
65,4. C INITIALIZE RANDOM NOISEk 6EhfRhTQI
655. C
656. G = CHAOS(IRAND)



561aIMIN =FOPT

562. C
56'. RE TURN
564. C
565.

566. SUBROUTINE INII(hKX0X,HOEPSODXOIRANDFII,N2,Nd3.N4
567. 1 9 INHo vI,R I vX&A I11-)
568. C
569. C INIT PERIORM46 THE INSTIAtIZAIION Of THE FIRST1 TRIAL.
570. C THE PART OF THE INITIALIZATION WHICH IS COMMON ALSO 70 THE TIRLS
'71. L FOLLOWING THE FIRST ONE LS PERFORMED BY CALLING IME SUBROUTINE
572. C REINIT.
573. C
574. DOUBLE PRECISION XZ*ND91PSOoDXO.FoXR19XRA
575. DOUBLE PRECISION EUNCT
576. DOUeLf PRECISION X 9% 01 VMVq tips VMCOm,VCOR
577. DOUBLE PRECISION XBIN.XRPAX,XOPT,IOPT
578. C0OMMON lDINCORI X(10O.ZO),M(20),DXC?0).VMVT(20.191,EPSQO0).
579. 1 WM(OR(2tn)VCO8(2O'),XRM1N(1OO).ZRRAX(1OC),XQPTE10O) ,FOIPT,
580. 2 1E (20) 91SV7 (20',19) KGENOKT 14ilk NDIM.NTRAJONTRAJR.,
581. 3 1SEGBR ,INKPBR.NPBRO.NCf.,1UEPINHP

* .582. DIMENSION XO(NX),XRIO(NX),XRA(NX)
583. DATA kAMAX/l001

*584. DATA NTRAJml20l
585. DATA NTRAJ0/71
586. DATA IkKPBO/10I

587. DATA KPBROO/3/
588. £
589. C CHECK PARAMETER VALUES

590. C
591. IT r 0
59?. 1IF ( NX a TaNPM AX.oOR N X.LT .I.OR .NO .LE..DO *0Re.EP SO.atE.00.aDO
593o I .OR.DXO.LE.O0DO) IT w 99
594. IF (IT.EQ.(-99)) R&TURN
595. C
596. C INITIALIZE SOME VARIABLES
597. C
598. NH IN"
599. 6O 10 IX a 1,Nm

*1 600. xiRMINEIx) XRI (IX)
601. IXROAX(IX) UXRA.(IKXh

602. 10 CONTINUE
603. CALL NOSCA
604- NTRAJ a Ni
605. IF(NTRAJ.EQ.O)WTAA aNIRAJ0
606. NTRAJ = MIN0(NTRAJiqNTRAVM)

*607. NTRAJ = MAXO(NTRAJ,3)
608. NI NTRAJ
609. ISEGBR W2H



1259. SUBROUTINE NEWh(KfVF ,rIEIEL)
1260. C
1261. C NEWH IS CALLED BI THE SUBROUTINE SSrP TO DECIDE WHETHER TO ACCEPT
126?. C OR REJECT THE FIRST HALF-STEP, AND TO PROVIDE AN UPDATED VALUE 01 H
1263. C
1264. DOUBLE PRECISION FWFH
1265. DOUBLE PRECISION F.AFANlMAXHlRN1,R
1"66. DIMENSION FR(3) ,|A(4)
1267. DATA FR/1.O5DO,2.D3O.1oD0/1
1268. DATA fAi1.DO,1.100 2.DUs.13.001
1269. DATA NMIN/1.Z-30/
1270. DATA HMAXII.b51
1271. DATA IECMAX/50I
1272. C
1273. IF(fV.L.F)GO TO 2Ul
1274. C
1275. C STEP ACCEPTED, POSSIOL T INCREASE THE STEPLEN6TH H
1276. C
1277. R z FA(1)

1278. IF(IE*2.LT.K)R = FA(2) ,-
127c. lF(IE*3.LT.K)R z fA(3)
1280. IF(IE.EQ.O.AhD.K.6i. 1 )R s FA()
1281. H*9
1282. IC CONTINUE

1283. IEC = 0
1284. GO To 30
1285. C
1286. 2c CONTINUE

1287. IE IE*'
1288. IEC =EC*1
1289. IF(ILC.GI.IECMAX)GO 10 30

3290. C
1291. C STEP REJECTED, DECREASE m
1292. c
1291. IC PRINC(3,1EC)
1294. R FR IC)

1296. 3r CONTINUE
1297. " a DMINT(HAAX)
129L. H = DIAXI(fHMIN)
1299. C
1300. RETURN
1301. END

130?. SUBROUTINE DERFOA(LDIoXF ,DXW,DF DX)
1303. C
130/. C DERFOR COMPUTED THE fORWARD FINITE-DIFFERNCES DIRECTIONAL
1305. C DERIVATIVES (CALLING FUNC4O )
1306. C
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1307.DOUBLE PRECISION X,Fgoxow,DFDX
13R.DOUBLE PRECISION DIFI OXF IYINA 1 N 9S 9XX

IQ09. DOUBLE PRECISION F-INCTO
1310. DIMENSION X(kDzM)*W(b9If4)
1311. DIMENSION 11((00)
131?. DATA DIFF/1.061,DXI1.01
1315. DATA DXMAX11.06I
1314. C
1315. 10 CONTINUE
131f). 20 CONTINUE
131?. S = Ci.oO
151M. 00 30 IC 1.NbIN

-- 1 1319. II(iC) X(IC)*W(IC)*DX
132n.
1321 . 30 CONINUE
1322. IFtS.GT.Q.D O O1040
1323. DX 01*DX11
1324. 60 TO 0
132S. 4 D COM INUE
13 2: os.N =fUNE70(NDIMRXI)

3327. DN a (I N-f)01u

1329. IF~bABSEDo).GT.1 .D0)mEvURm
133#%. IF(DIDoD .6.G.O)Go 10 50
1!31. DXx o~x

*133?. GO TO 10
1331. 5r COW71NUE
1334. C
IS35. RETURN
1336. END

1137.SUBROUTINE DERCEN(2Iq,, DX19 ,DFoX)

1339. C DERFOR COMUIED THE tENTRAL UINItl-DIVIERNCES DIRECTIONAL
1340. C DERIVATIVES (CALLING FUNCTO)
1341. C

134?.DOUBLF PRECISION XsFvOXWpDEDX
134%. DOUBLE PRECISION F14,FR,1X
1344. DOUBLE PRECISION F!UNCTC
1345. DIMENSION X(NDIM4),W(NDgII)
1146. DIMEN~SION 11(100)

*-1,14?. C
134P. 00 IQ XC a ,#4oIm
1849. X(IC) a (IC)-WtIc)*Dx
1350. 10 CONTINUE

*.1351. 1 R = FUNC70tNoIl4,X')
1352. IN =F*CD~sbx.

*1353. 0101 2 I-*12a~x
1!54. C[ RE TURN
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1356. END

1357l. SUBROUTINE RC0(N) XOFO
135P1. C A

1359. C CONTINURECLSTECRETBS MIIU VAU F ND OFR

1367. C ONS FOPT FP 1A BTIE
1162. c
13? RETDUBLR REIINN0t
1376'. DUL RCSO , DPVTESVC~V

1365. DOUBLEUTI ECISIONPT XOI*FO) ,OPF

1367. C SIO I STORES THE CR(vREN 8 (ST NJN1MALUE P),OE P(ICOND SO

138?. C RO AL&O RIN START, AND TH POINT NOPT O 066YOEO
13 7'. C P IT S ~ XHN OPTN)BAIE
1381. C
138g DOB7 PRECIS1 o OF

I 1387.1 DOL PRCSON m7 hRUIOPlp
1 1388. ICOCONT/INCE 110Z)H2)D(?)vU(O1)Es2)

1377. RETURN ST2E1)KEKI.DI'HRJ.TAR

139p. DIE N 00N

i'3r. C
1381. D OO STRE I H CURN BEST MII4MVLEAOI FUDs

138? C RO1 ALORTHM STRT AN10(PIT XPY (RPOG1)NEO H

Ile, C OINS) WERE FOP WASOBTINE

1384.
--------------------------------------------------------

1311 . DO BL PR C SO X- . .V . .VIC R, CO

1387.. DOBL PRCSO.NIRA ,OI F



1 3 7 f-- -- . . --.O' ~ - -

1390. O

1399. RETURN
1400. END

1401. OOULE PRECISION 6UNC'IOm FUNCT0(NXg)" " "1 4 0 ? - c

1403. C FUNCTO IS CALLED WH&NEVER THE VALUE 05 THE FUNCLION F IS Ie GIUliE1404. C IN THE NUMERICAL INIEGRAIION PROCESS.
1405. C ThE FUNCTION FUNCTO
1406. C - kESCALES THE VARIA&LES 81 CALLING THE SUBROUTINE VARSCA
1
4
C?. C - CALLS THE SUBROUTINE RANGE TO TAKE CARE Of THE CASES WHERE THE

140P. C CURRENT POINT X IS OUTSIDE A TEEN ADMISSIBLE R1G10N'1409., C - CALLS 1HE USER-SUPIPL.IFl FUNCTION FUNCT TO ACTUALLV COMPUTE THE
14.I/10. c, VALUE Ok F

,11. C POSSIBLY CALLS THE SUBROUTINE SlOOPT TO UPDATE THE CURRENT
1? . C eES MINIMUM FUNCTION VALUE FOPT AND iHE CORRESPONDING

14Wg. C MINIMIZER XOPT
14614. C

' 1415. DOUFLE PRECISION xi(
- 1416. OOUELE PRECISION IR,KS
• . 1417. COUPLE PRECISION FUNCT

1418. DOUBLE PRECISION XHvDX'VMvirvEPSoVmCORVCOR
1419. DOUBLE PRECISION IIRINXRMAXXOPT',FOPT
1420. COMMON IDINCOMI ii[OOoz0)m(2O,P)K VNV7(20,19),Eps(20),
1421. 1 VNCORC20I, cOR Zo).KaRM|ql O).xmMAx(1og) ADpT4100 FOPs
142?. 2 IE (20), SVT (201 9 

,KGENKII ,N0DIM.NTRAJ.NTRAJR,
1423. 3 ISEGuR INKPBiKPBBRONCFIfEPINHP
1424. DIMENSION XX(N)
142g. DIMENSION kS(100)
1426. C
1427. DO 10 IX 1,N
142e. 1S(IX) EXx(])
1429. 1C. CONTINUE

1430. C
1431. C DfSCAL[ X-VARIABLES

1437. CALL VARSCA(N,XS)

1434. C CONSTRAIN THE X-VARIAbLES WITHIN BOUNDS
1415. CALL 4ANGE(N.XSXRMINXRMAXR)

' 1416. C
1437. C COMPUTE IHE fUNCTION VALUE..
1438. f I" UNCT(NIXS),R
1439. C
1440. C ... AND POSSIBLY UPDAT6 THE BESl CURRENT NININUMI
1441. IF (F.LT.EOPT)CALL ITOOPr(NXS, )
11.4?. FUNCTO = F

* 164t. NCF a NC41I
1444. C

-'. -14 - 
•RETURN

"o r:~~~~~~~~ ~~~.-.. ,..,. ,. , . ,, -....... .............-.......... .... , ... . . . .... . .,,. .,,: ,..,,.,,,.., -.. , ,,> .



144F. C N

14'14. C RANGE IS CALLED 13Y THE FUNCTION FUNCTO TO TAKE CARE 0f 70E CASES
1is W~HERE THE CURRENT POINT X IS OUTSIDE A 61VEN4 ADMISSIBLE *LGIO&

15. C
145?. DOUBLE PRECISION XS,XR141N,XRMAX,R
1453. DOUBL[ PRECISION A',B,C,D,OLRMAK,AMAKX,RR,XC

11-54. DIMENSION4 XSCN),XR.MIM(kNXiRA(tN)
1455. DATA RMAX 11.035/
11 5e, DAIA OLRMAXIBjO.5904782567915990001

x~7 C SI
I CA~ ~ 0 I 1,kFA 0 0i

41t I f (XC.LT.8) RR D EXP(CXC-A)*DLRMAX/(B-A))-1.00
o07R R*RR

1 146P. 15(1) = MA('
* 1 ~Go. 10 30

4 i7c, . lo CiONTINUL
iIktXC.sE.E)bo 'To 20D

D C*C-A

* ~ *If (XC.GT.D) RR DIXP((C-XC)*DLRMAX/(C-b))-i.DO
R R*RR

- .* 1(l) = RMINCI)
** 2!" COP4TINUE

3 CONTINUE
ri 4c ONTINUE

S C

I4&~ * N7E&ER FUNCTION IdOLCN(FMAXFMlNTOLREL.T OLAPS)
'' 4. c -

.... C IOLCH DETERMINES WHETHER TWO QUANTITIES ARE TO BE CONSIDERED NU-
V f. C MERICALLY EQUAL WITH RESPECT TO AN ABSOLUTE (OR RELATIVE) DIFFERENWCE
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1487. C Ck I)FR 101, w ]IN IN G IV bN I Ot4AWE*
148Q. C
74eq. DOUBiLE PRE CIS ION f 1A I fMIk.JOL RE Lo TOLADS

V. j90. C

149?. C
1W C CHECK RELATIVE CLFFERE.NCE AGAINST TOLREL
1494. IF (DABS(# MAX-FMIN) .LE. IOLRELO(ODAS fMIk)1*A85(fMAA))2.0)
1495. 1 ISTOP=ISTOP41
149t. C
1,49?. C CHECK AGSOL~lf DIFfEkfmCf AGAiNSI TOLApS
1498. lF(FMAX-fM1N.LE.IOhA8S)IS7OP 1SIOP+2
1499. ITOICH ] STOP
I '00. £
15. RElU&N

1501. SUB3ROUTINE NSA1ND

1%04. C
150C. C INJSCA INITIALIZES 714E COOMON AREA /SCALEI FOR TMI SCAiLlki& DATA

1507. DOUB3LE PRECISION DISIUIAS.6RAGRA*GRA
150P. COMMON /SCALEI DISI(1O,,0,20),8IAs(iOa20).6AAft(1Ool),

15I9 RA(10,20),NGRA(QO),LSCA.I0SCA ,NX,NORDe
11510. DATA NIMSCA0IOI

1511. C
151?. LSCA -1

151 ~. f(N.G1.N~lNSCA.08.N.(a.l*ETURN
1514. ISCA =0
1515. N I
1516. NORD No
151?. JOSCA I
151p. DO 1D =0 INOPD

1 1519. D O 2 IX z ,NX
2 1 c 00 3 IV = 19%X

*3 1521 . DI314 IX I1010) 0.00
5 1522. GRAGRA(IXIVILD) 20.00

.3 M5I. -CONTINUEj1524. fIST1(I1,10) a 1.00

1527. ?CONTINUE r
I 152'. #46RA(ID) a0
1 1529. 1 CONTINUE
1 1530. c

1531. RETURN
153?. END



153'. SUIbROU1IhF NOSCA

153S. C NOSCA DEACIIYAIES lIHJ SCALING
1536. L
1537. DOUB3LE PRECISION D1S1,bijAS,6RAGRA,GRA
1538. COMqMON /SCALE/ oS(O1.O,1S1,0,O6AC01.0
1539. 1 GRA(1O.?O) ,N6RA(2?O),LSCA,1 DSCA ,NX,hOA0
1540. L
1541. LSCA =-1
154;. E
1541. RETURN

154~. SUbAUJIINE SLGSCA(IC.)
1546. C
154?. C SEGSCA SELECTS THE 7$Aj-CYORV WHICH4 MOST BE RESCALED
15~8 E
1549. DOUBLI PRECISION DIST,VYASSCRAGRA.GRA
1550. COMMON /SCALE / bIS )(10,10,20) BIAS (10,20), GIAGRA(10,10,2O) ,
1551. 1 6RA(lC 20) aGi(21Y) 9LSEA,10SCAFN..NOkD
1552. C
1557. ZOSCA 10

155~.RETURN
155t. END

15?. SUBROUTINE VAISCACS,K2
1558. C
1559. C VARSEA EOMPU71S THE SESCALID VARIABLE AX 48

I 56t'. C
1 '56 1. DOUbLE PfifCISION X
156?. DOUBLE PRECISION 10
Ist'. DOUBLE PRECISION DJI,BIAS,GRAGRA,GRA
1564. COMMON /LCALEI DISI(I1O.190,?),bJAS (1O,20),6iRACRA (10,10,20),

1'6 #s A ~R(10,2 ) 9 4R A (201 v LSE A I US CA ,NX1,WORD
1566. DIMENSION x(NI,Rb(lO)
1567. C

IS6P.IF(LSCA.LE *O)RL TURh
1569. 0O 1 1= N
1510. XEI(1) = bIAS(I,ID$GA)
1571. DO ? J 19N

3 1



2 1571. CONT INUE
1 1574. 1 CON71NUE

1575. 00 3 1 I.N
1 1576. l(I) = IaI
1 1577. 3 CONTINUE

1579. RETURN
1580. END C

1581. SUEROUTIbE CUMSCA(h,RRDFIX)
1 u ? . C
158 . C CUF45CA STORES CUMULATED STATISTICAL DATA Old THE 1t.L-CD'd.176I kfI, OF
lst44. C F(AX*B) W.R.T. I

18 6 DouFir PkECISION w0Dx
ISM?. O)OUPLE PRECISION bJONNA
35L4R. DOUf'LF PRECISION OISI,IBIAS,6GRACAGRA
1569. COMMON /SCALE/ DISUIl) .o.o20),61AS(1OIV20).6atAGmA41a.1.o20),

15(l 1 6RAC1OZO) ,NfiRA(2O),LSCA.I OSCA ,NRMORO

DATA 0FDXMAl1l.0FJ

1~94. IF(LSCA.LE .O)31TUAX

1 96. 00 1 1 I'm.
15~97. Do 2 1 1,m

2 159P. 6RAGRA(I,J,IDSCA) a RA6RA(I,JIDSCA)4DFIDXAW(1)**UoI.,aw j)
2 1599. 2 CONTINUE

160 CRACI*IDSCA) = (.RA(JIDSCA)40FDX,&W(1)
I 16C1. I CONTINUE

360?. NGRA(IOSCA) sNCAA(lOSCA)41
16C'R. C
1604. QETURN
le-05. N

1e06. SUBROUTINE ACTSCA
160. C
16ICR. C ACYSCA ACTIVATES THE RESCALING
1,C9. C

~ DOUeLF PRECISION DIST,blAS,CRAGRA,GRA
1611. COMMON /SCALEl O1S1(1O.IO.20).blAS(10,20),GRAGRA(1O.,O,2Q),
161". 1 (aRA(10,20) .N6RA(2.) ,LSCA,I OSCA.NX.MORO
361!. C



1614. IF(LSCA.EQ.O)LSCA -1
1615. C
1616. RETURN
1617. END

1618. SUbROUIINE MOV5CA(3U,I.M)
1619. C
1620. C VOVSCA MOVES THE SCALING DATA OF TME UNPERTURBED C8tJDINIJAIIDk 10 TWE1621. C POSITION OF THE PERTURBED CONTINUATION
1622, c 

-1623. DOUBLE PRECISION DIST.BJASGRAGRAGRA
1624. COMMON ISCALEI DlSlI(lDlO2).NAS(1O,2)6mA~gAA41O1DO
36Z5. 1 GRA(1O,20)sNGiRA(20),LSCA,IDSCA ,NX-,NORDt
1626. C
1627. IF(LSCA L 7.0 )RE 7URAg
1628. to I I - Jws

1 1629. D0 2 J - I hx
Z 163o. DIST (I,9J0Iu) aDISS(I9405sq)

2 1631. 6RA6RA(ISJwIlU) a RAGEA(iligim)
2 163?. 2 CONTINUE

1 633. FDIAS(1,IU) 61AS(I~lffi)
1 1634. GikAa(I*]U) G RAIIII)
1 1635. 1 CONTINUE

1636o hGRA(JU) -NGRA (IN)
1637. C
1630. RETURN
1639o EN D

1ibAC. SUBROUTIkE UPDSCA(U,X)
1641. C

164?. C UPOSCA UPDATES THE S6ALING 14ATSIX A AND ]%I BIAS VtCTSR 8 811643. C CALLING ElIGSCA AND VAFASCA
1645. DOUBLE PRECISION X
1646e DOUBLE PRECISION A6RALIALAI ALPHA AF4CO.It 1AST
164?. DOUBLE PRECISION Cb,COR.DISTT,SW
1648o DOUbLE PRECISION E.IGSaA
1649. DOUBLE PRECISION DISI.BIAS.CRAGRAPGRA
165nl. COMMON /SCALE/ DlI(lO~lO.ZO),riAS(10oZO),RASRA410.10?0)9
1651a* 1 LRA(IO.?O).NGRA(2'O').LSCAIDSCA.NxNO.D
1652a DINEN~ION X(h)
165'. DINSION OISTT(1O,1O),!IAST(1O).CORCIO, O)
J656.o DATA ALPHA 10.3001
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1655. C
1656. !F(LSCA.LE.fl)RIETU~
1657. ID =ItSCA
1658. lf(M6RA(ID).LT.2mNx*%%w5GO10
1659. AGkAI 1.0O/DbLL(0L0Ai(kGAA4I0))
166n. ANCEOR a 0.00
1667. DO ! I =Igox

1 166?. 00 A J = IN
2 1663. COR(JJ) a AGRAIO6RARA(YSJ1)-AGRAI*GRA(1,18)*A6RAJ4&RA(j ID)

1664. AMCOR a 0l4AUI(APNCOP.DA8S(CORfIVJ)))
2 1665. 4LONTINUE
1 1666. v CONTINUE

1667. IF(AMC0R.LE.r,.DOi~imO TO .12
1668. 00 1 1 a ,N A

1 1669. DO 11 J = INX
2 167. COR(1,J) a CORtI,J)iAMCOR

2 1671. 17 CONTINUE
1 167?. 1 CONTINUE

1673. ALA1 EI6SCA(LOR)
1674, ED ALAl*(1.b0.ALPHA)
1615. Do I = ,NA

I 1i7A. (O0tI,1) ER(.1,1)-CO
1 1677. VIASICI) XI
1 16711. 5 CUN7INUk

lt79* CALL VARS CA(NX BLAST)
1680. Sm = 0.00
1681. 00 6 1 = ,Nx

1 1b?. DO 7 J = lvfwX
2 168". CIST74I,j) 0.00)

2 1684. t0 8 K -1,Nm
3 1685. DISTT41I.J) z !STT(I!.)-OJST(I.K.jg)4co084g,j)
3 1686. F CONTINUE

. 16l87. SN SN*D!STTCIofd)**2
2 lf8R 7 CONT INUE
1 1689. t CONTJIUL

1690. SN #4 .OOJ~lDSGRJ(ShlDBLL(ILOAl(NX)))
1691. DO 9 1 = 19NX

1 169?. RIAS(1.ID) a 61ASTICI'
1 1691. to 10 J lo

2 1695. blAS(IvIf,) t 8IAS(1.1o)-DlIV(1,J'xo)sa(J)
2 1694t. GRAGRA(I,J*Ia) a0.00

1697. 10 CONTINUE
1 61 AP . CkA4I11) 0.,

t 1699. CONTINUE
17GCe. NGRAIID) a0
lidl. 2 CONTINUE
170:1. 12 CONTINUE
1707. C
1704. kETURN
1705. k9ID



1706. OUPLE P~fCVSION FUJNCTION EIGSCA(COR)

l~c C. 11GSCA COPPUTLS THE LARGEST EI6INWALUE Of A MAJFRIX USED FOR RES IA-1709. C LING, STARTING FROP A RANDDCMLI-CHOSEN ESTIMATE (OBTAINED BY CALLING1710. E TiFf SURROUl7gff UNIIRW ) Of THE COIRRESPONVIkG fIGENktECT0R
1711. C
1717. COUPLE PRECISION COR
1713. DOUbLE PRECISION ALA19ALA119ALAIO
1714. DOUBLE PRECISION PE@W~,W
171-5. COUPLE PRECISION DISI.SIAS*GRAGRA,GRA
1716. COMMON )SCALE/ DIST(1O,1ro,?O),lAS (10.,20). ERA6MAI(t0,10,?O),
1717. 1 GRA(1O,2O) .NGRA(20J ,LSCA,I DS CA.NXdOkD
171t. D I"[Ns ION COR (I cIQ)
1719. DIMENSION w(10)OWW,(1O)
172n. DATA PREC /1.b-31
1721. DATA WRRIN /10/
1722. DATA URMAX /1001
171 C
17 4. CALL UNJIRV(NX,I)
17?5. ALAI O .DCJ
1726. DO 1 JR 1.RAAX

1 1727. ALAIO ALAI
1 17?P. s~w =O.Do
1 1729. DOD 2 IN m ,NX
2 173 r . bw(Ix) C.DO

1731. 00 3 Jl 1,NX
3 1732. Ww(ix)= WT#CRx*X*(

3 1733. 3 CONTIhUE
2 1734. w= ww(I*2

2 17!5. 2CONTINUE
1 1736. ALAI DSQR7(SWMW)
1 1737. ALAII 1.D01ALAI
1 173F. IF(IR.GE.NIRPIN.AND.ALAIdPRFCTDAS(ALA..ALAIO))&O TO 41 1739. so 5 INx 1,Nx
le 174C. b(IX) a hd(IX)OALA1I

174.1 5 CONTINUE
1 174?. 1 CON7INUE

1743. 4CONTINUE
1744. E16SCA =ALAI

174f. RETURN
1747.EN

174P. SOUVLF PRECISION FUNCTION LMAOS(IN1I)
1749. C
175fl. C CHAOS GENERATES A RANDOM SAMPLE FRO14 ONE OUT OF FOUR POSSIBLE
1751. C PROBABILITY DISTRIbUTIONS USING RANDOM NUMBERS UNIFORMLY
175?. C DISTRIBUTED IN 4001) 6GSNERATED BY THE FUNCTION UNRIFf
1751. C
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1754. C INIZ IS AN IkPU7 PAMJAMETER AS FOLLOWS

1756. C INIDO 1141TIALIZAT1ON WITH SEED 7NRZ*
1757. c !NIZZ0 STANDARD GAUSSIAN DRSTRIBLTION.
375A. C 1N1L=-l CAUC14Y DISTRIbIJTION.
1759. C INILZ-2 UNIFORM DISYIPUT ION IN (t*)
1760. C OTHLAWISE UkIFORM DISTRIBUT ION IN ( ,*1).
1761. C
176'. DOUBLE PRECISION UhIfRD,PAI,A,b
178'. C
1764. DATA PAII3 .14159Z65358979324001

178". c
1766. lF(INdIZ*LE.O) 60 TO 10
17f,?. C
176pm. C INITIALIZATION.
1769. C
1770. CHAOS x UNIFjRD(1N12l)
1771. RFIUk"
177?. C
177T. 10 CONTINUE
1174. A = UNIFRDot)

177".IMINIZ.NE.J) (6O TO 20
1776. a umifiRD(o)
177'P. C
177P. C GAUSSIAN RANDOM NUMBER BY POLAR METHOD
1779. C
1780. CHAOS = SQRT(-2.DOODLOG(A))dDCOS(PAIAB)
17 1. C
178?. RETURN
178!. 20 CONTINUE
1784. C
178'. C UNIFOR14 RANDOM NUMBER IN (0,1)
1786. C
1787. CHAOS z A
17811. C
1189. C CAUCHY RANDOM NUMBER BY1 INVERSE TRANSFORMATION
179t3. C
1791. IFtIkIZeEQ.(-l)) C14AOS a DSIN(PAI0A3IDCOS(PAI.A)
179?. C
179!. C UNIFORM4 RANDOM NUMbER IN C-19+1)
1794. C
1795. JfII.Q(Z)CHAOS a2.DO'A-I.DO

1796. C
V7. RETURN

1799. DOUBLE PRECISION FUNCTION UNIFRO(INIZ)
lace. C
1801. C UNIFOD GENERATES TH4E RANDOM NUMBERS UNIFORMLY DISTRIOUTES JU (0,1)
180?. E EXPLOITING THOSE GENERATED BY ALKkUtT WITH A FURTHER RANDOMIZAT :0W
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1803. L If THE INPUT PARAMETER 1IIZ IS NOl 0
.1804. C THE RANDOM NUMbED GENERATOR IS tINTIALIZEt
1805. C
1806. DOU6LE PRECISION A'oBEX
1807. DOUbLE PI4ECISION X0,PPO.PIPr2tRI,R2
1808. DOUIFLE PRECISION IINV
1809. C
1810. DIMENSION X(61)
Ifll. C
1812. DATA NREM/61d.NRpIIOO/1)
1813. DATA A,0,CJ1-3 .500, 5.59 C -2.0DI
Isis.. DATA FINVI3o50-5l
Iris. DATA ]REM/01
181(10 DATA P013.Dj.PI ,PZ/1.DO.3.DOV ,R1.mR2Io.ZSD OO.75D01

1818. IE(IkIZekE*.Ofp.IRiM.EQ.0) 60 10 10)
1819. C
1820. In IREM
1821. X0 = 110)
ip22. C
1821. C hOkLINEARIZATION Of X0 10 AVOID LONG-DJ5JANCC LlINEAR *ELATION6iHTF.
1824. c
1825. IF(%0.GE.FJNV)R0 00(.D~..0
1826. C
1827. C UPDATE A COMPONENT Of 'THE WECTOR X
182P. C
1829. CALL ALKkUT(kQEM*X.,IREM)
1830. C
1831. C . AND FURTHER RANDOMIZE
1J3W. C
1833. UNRFUD a oSMDD(KO.1410.1050)
1834. C
1835. R ETURN
1836. C
18,37. E INITIALIZATION 0f THE AAkDlOM NUMBER GENERATOR
1838. C
1p39. IC CONTINUE

P~41 p PO-1.0ScJ0BLE (FLOAT ILARS( IN1Z)-4100-0)
1842. 0 23 X x 19NREP

1843. C
1844. P aC*P*C8*Psh)

1
W

4
. C

1846. C
. 47. 1r(K) r. 4?(a2-R)CP-P1)l(P2-PI)
184P. 2 C' CONTINUE
1849. C
185r. IEN
1851. C,
185;'. DO 30 a u .1.RIP

1854. CALL ALKNUT(NRLael.JRIN)
1855. c
1856. 30 CONTINUE
18 57 . C

1859. C
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t1t60. k F UR 4

SUEROVTlkE ALKUI(hRE"q,X,IRFM)

I1P64. C UPDATES THE C0MPONtNT IREP Of THE IhREPI-VECTOR X jJTN A RANDOMN Up8ER
186 C UNIFORMLY DJST*IdBUJD IN (0,1) BY MEANS OF THE AL6001TI1M
I a t 6 C Of MITCHELL-MORE, "ObL51Eb AS SUGGESTED 81 BRENT, OU07ED IN
1867. C J).k.KNUTH* THE ART OF COM4PUTER PROGRAFRMIANGs SECOND E&ITION,
186P. C S(C' ND vfOLuMEf SEMINU~fiRICAL ALGORITH"iMS ADDISON-WESIJY
I~t.Q. c Pus. CO., READING I 198)), Pp. 26-?8.

SE71. OU6LE PRECISION X
1 h??7. C
18711. DIMENSION AfWRkM)
1184 4. C
1875. DATA ow2495
1876. C
1277. IF(IAEM.hf.O) 6O TO) 10
187R. C

I.E1 jQ.IRE" NREM
1S~fl.11 NNE"-wi

1881. 12 NAEM-N2
198?. C

IR8. I CONTINUE
18&84. C

Ig(IR&M OMOD4x(11)*x(12),1.o03)
Ie p6 . C

1887.~ IRE t.Ob(IRCMlhiffEX)

1889. 1? 1MOD(I2,NftEMl

va ro I RETURN
189?.Em

119'. SUbROUTIkF GAIJSOV(11,W)
3 9A. C
I R 9 C (iNERAIFS A RANDOM ViC TOR SAMPLE FROM AN R-DIMt ElSIONAL
1 hv9 0 E NCkMAL LJSIRIIJUTION4

li97 C

I eq% . OUP~LE PRECISIONW ,Xg,,
1099. DOQULE PRECISION ChAOS
i196c.
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3.- APPLICAZIONE DELL'ALGORITMO ALL'ANALISI CONFORMAZIONALE

L'algoritmo .escritto nel paragrafo 2 6 stato concepi-

to un uso del tutto generale.

Per lo studio delle posizioni di equilibria delle mo-

lecole nel caso di geometria di valenza rigida, la funzio-

ne da minimizzare 6 l'energia conformazionale

E( *)=E( 1 m)

in cui gli argomenti 0 .0 sono gli angoli di torsione

liberi.

El calcolo effettivo di EC 0 ) viene effettuato come se-

gue.

Dati gli angoli 0 ..- 0 m si calcola direttamente il

contributo torsionale alla energia E(O ), le coordinate car-

tesiane degli atomi e successivamente i potenziali elettrostatici

e cqielli di Lennard--,Jones tra coppie di atomi non legati nel-

la conformazione in oggetto. La energia E( 0 ) ottenuta

come somxna delle energie torsionale, elettrostatica e di

Lennard -Jones.

Nella Figura 1 & descritto schematicamente ii diagramma

di flusso relativo agli algor-'tmi di calcolo.

Come esemplo di applicazione del nuovo algoritmo, consi

deiiamo il fra eno 3i DNA) di clesossiribosir-rrcnofosfato mostrato

in Figura 2, che nel seguito indicheremo con la sigla SPS

(Suigar-Phosphate-Sugar). Per questo frammento Matsuoka, Tosi

e Clementi calcoldrono, con un metodo quantomeccanico ab-ini

tio(.4.i le energie di cento conformazioni ottenute varian-

do qii anli di rotazione interna c , , -,Y e man
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Una sinqola prova arrestata (al termine di un perio-

do di osservazione, e dopo aver eliminato la traiettoria peg

giore) se tutti i valori finali della f nelle rimanenti

traiettorie risultano - entro tolleranze nurneriche, ed even--

tualmente in punti finali diversi -uguali tra loro (arresto

"uniforme").

La prova in ogni caso arrestata, alla fine di un pe-,

riodo di osservazione, se si 6 raggiunto un dato numero mas-

sirno di periodi di osservazione.

La prova 6 considerata un successo soltanto nel caso

di un arresto uniforme su un valore finale che sia (rumerica

mente) uguale al pi~i basso valore trovato per f dall'inizio

deli' algoritmo.

Le prove sono ripetute cambiando i valori di alcuni pa-

rarnetri, e l'intero algoritmo &arrestato, al termine di una

prova, se si raggiunge un dato numero di arresti uniformi

tutti al livello del migliore valore di f trovato, o in ogni

caso se si raggiunge un dato nuinero rnassimo di prove.

L'algoritmo considera di aver trovato ii minimo globale

se si e avuto almeno un arresto uniforme al livello del mi-

gliore valore trovato per f.
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in cui h k &Ia iunghezza del passo di integrazione temporale,

t k =o+ hi+ h 2+ ... + h kl rk e u ksono due vettori aleatori in

n.-dimensioni scelti ii primo da una distribuzione uniforme

sulla sfera unitaria e il secondo da una distribuzione gaus-

siana standard, e I k 6 una approssimazione a differenze fi-

nite della derivata direzionale nella direzione r k*

L'algoritno considera un numero fisso di traiettorie

generate dalla (2), che si sviluppano (sirultaneamente ma

indipendentemente una dall'altra), a partire dalle stesse

condizioni iniziali, durante un "periodo di osservazione"

in cui il coefficiente di rumore di ogni traiettoria & mante

nuto costante, mentre h e ii passo A~x usato per calcola-
k k

re I k sono aggiustati automat icamente per ciascuna traietto-

ria.

Al termine di ogni periodo di osservazione le traietto-

rie sono confrontate, una di esse viene scartata, tutte le

altre continuano imperturbate nel periodo di osservazione

seguente, e una di esse e prescelta per dare luogo a una "di

ramazione", e cio& a una seconda continuazione della stessa

traiettonia, che differisce dalla prima solo per i valori

iniziali di e &x, ma che si considera avere la stessa

t'storia passata" della prima.

Il numero totale di traiettorie simultanee rimane per-

ci6 invariato, e la seconda continuazione prende - dal punto

di vista del programna di calcolo - il posto della traietto-

ria scartata.

L'insieme delle traiettorie simultanee & considerato

come una singoLa "prova", e l'algonitmo compieto un insie

me di prove ripetute.
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L'equazione (1) si pu6 considerare come caso limite del

l'equazione (del 20 ordine) di Langevin, quando si trascura

ii termine inerziale._I

L'uso dell'equazione (1) suggerito dal comportamento

per t molto grande, del processo aleatoric x(t) soluzione

dell'equazione (1) con c costante, a partire da un punto

iniziale x O: si ha infatti che - sono ipotesi molto poco re-

strittive sulla funzione f -la densitA di probabilit5 di

x(t) all' istante t tende ,per t ->-,a una densitc! di

probabilita limite
2

-- f(x)

p(x)= A e C

indipendentemente dal punto iniziale x0 (A 6 una costante

di normalizzazione), che risulta tanto pia concentrata intor

no ai minimi globali di f quanto minore e e , fino a diven-

tare, nel limite per c > 0, una somma pesata di delta

di Dirac centrate sui minimi globali (p. es. in una dimensio

ne (N = 1) se f (x) ha due minimi globali a e b la densitA

p(x) tende, per £ - 0, alla densitA

y 6(x- a) + (1- y) 6 (x -b)

ove y = 1 + v-07 7 essendo a f"(a) >0 e B8 f"(b)> 0).

De'to Ul punto iniziale x e la discretizzazione usata per

la (1) ha la forina

(2) k~ - h k 171k Lk + Etk)W k k ,,,.

. S.. . . . . . . . . . ... .
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2.- DESCRIZIONE DELL'ALGORITMO PER LA RICERCA DEL MINIM

GLOBALE

L'algoritmo di minimizzazione globale adottato, che si

basa sul metodo proposto da F. Aluffi-Pentini, V. Parisi, e

F. Zirilli in [ 1 3,~descritto in dettaglia in [ 2 ~,mentre la

sua traduzione in un insieme di sottoprogranmri FORTRAN in [31.

Il metodo ricerca un punto di ininimo globale-di una fun

zione f(x) = f(x1 , x 2 ' . .. , x n) di n variabili reali, seguen

do le traiettorie generate da una opportuna discretizzazione

numerica dell'equazione differenziale stocastica.

(1) dx =- vf dt + £ dw

La partire da una condizione iniziale x(O) = x I essendo

vf ii gradiente di f(x), w(t) un processo stocastico di Wie

ner standardizzato a n dimrensioni, e c un coefficiente posi

tivo ("coefficiente di rumore") che consideriaino varianile

nel tempo.

L'equazione (1) - generalmente considerata con c co-

stante - 6 nota come equazione di Smoluchowski e Kramers,

ed 6 usata p. es. nello studio della diffusione degli atomi-

nei cristalli, o nello studio di certe reazioni chimiche.

In queste applicazioni 1'equazione (1) rappresenta una

diffusione attraverso barriere di potenziale sotto Pazione

di una forza aleatoria Cdw, essendo f ii potenziale e
2kT

E . ove k & la costante di Boltzmann, T la tempera-

tura assoluta, e m un coefficiente di massa.
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potuto colmare tale lacuna grazie all'applicazione di un nuc

vo metodo, ispirato alla termodinamica statistica, con il

quale il minima globale ottenuto numericamente seguendo

le traiettorie di un sistema di equazioni differenziali sto-

cast iche.

Nel paragrafo 2 viene descritto il metodo di minimizza-

zione globale adottato, nel paragrafo 3 il metodo viene ap-

plicato allo studio dell'energia conformazionale delle mole-

cole ed in particolare si considera un esempio; nel paragra-

fo 4 vengono tratte alcune semplici conclusioni.
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prietA di raggiungere un minimo locale, che spesso ii piai

p vicino al punto da cui si intraprende la minimizzazione, e

di non poter fornire quindi alcuna garanzia che l'energia

della conformazione finale trovata. sia la piai bassa. possibi-

le per la molecola in questione.

L'unico modo che, in linea. di principio, assicura il

raggiungirnento del cosiddetto ininimo globale 6 l'esplorazio-

ne "a tappeto" dell'iperspazio conformazionale: una possibi-

litA puramente teorica, in quanto il numero di valutazioni

della funzione E~x ) che dovrebbero essere eseguiti richiede

rebbe tempi di calcolo proibitivamente elevati.

Questo discorso vale anche se si mantiene rigida la geo

metria di valenza Clunghezze di legame ed angoli di valenza

costanti) e ci si limita all'esplorazione del sottospazio

torsionale: si consideri ad esempio che, per una molecola

nella quale l1energia E(x) dipende da cinque angoli di rota-

zione interna una esplorazione sufficientemente accurata da

poter sperare di trovare tutti i possibili minimi richiede

che 1'energia sia calcolata ad intervalli angolari di al piu'

150 per ogni legame ruotato: questo comporta il calcolo del-

l'energia in circa 8 x 10 6punti dell'iperspazio conforma-

zionale. Se gli atomi contenuti nella molecola sono qualche

decina il numero di valutazioni di funzioni di E, ed i temn-

pi di calcolo, anche su elaboratori (scalari) di notevole

potenza, sono proibitivi. La conclusione che ne consegue

& che non Z, possibile trovare in modo diretto ii minimo glo-

bale delle funzioni di energia potenziale intramolecolare.

Come verr& mostrato in questa comunicazione, abbiamo
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1.- INTRODUZIONE

Uno dei problemi piai importanti nello studio teorico

delle proprietA molecolari & costituito dalla ricerca delle

strutture pia~ stabili di una molecola. Tali strutture corrn-

spondono ai punti dell'iperspazio conformazionale, definito

dal vettore delle coordinate interne x= (x1, x2 .. , x36

(dove N il numero di atomi contenuti nella molecola), nei

quali I'energia potenziale intramolecolare E~x) 6 minima.

Tutti questi punti sono caratterizzati dall'annullamento del

le derivate parziali prime di E, e dal fatto che la matrice

delle derivate parziali seconde sia una matrice non negativa;

detta matrice determina, attraverso la legge di distribuzio-

Une di Boltzmann, la popolazione degli stati conformaziona-

Ii intorno al minimo.

Tra i vani mmnmi della funzione E(x) nell'iperspazio

conformazionale di maggiore interesse in chimica o biolo-

gia il minimo o i minimi globali cio& i punti x* tali che

per ogni x sia:

L E(X*) ~.E(x)

Data l'elevata complessitA del problema, la ricerca dei

minimi globali della funzione di energia potenziale non puo

essere eseguita per ,ia analitica e nichiede l'impiego di

procedimenti nurnerici. Esistono numerosi programrui di calco-

lo per la minimizzazione di funzioni; ma, indipendentemente

dalle loro caratteristiche peculiani e dalle condizioni ot-

timalidi applicabilitA, essi sono contraddistinti dalla pro-
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APPENDIX A7

Ricerca di conformazioni dli minima energia potenziale intramo-

* .xoc':'are mediante 'in nuovo metodo di minimizzazione globale

*(Search for nniri,.m mr- int ramo lecular-po tent ial patterns by means

* of .I new method for global minimization)
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imFTNS ACM/A.F ILESAPPL[,TPII.fILESAMPLE
FYN lORIA 02112195-22:02(G,)

1. C
2. C MAIN PROGRAM (SAMPLE VERSION)

~. C CALLS SlIGMA VIA THE DRIVER SUBROUTINE S 161MAl0 ~.COUPLE PRECISION X*09XIN,,NIN

7. LIMENS IOk

~. C TEST PR~ksL[M DATA

11. L PRO~iLfM DIMENSION
* N 2

14/.. C INITIAL POINT

x1cl) 0.0
1?.' C ~ b

1R. C SET INPUl PARAMETERS
Jr. NSUC =3
20. IPkINT

22?. C CALL DRIVER SUbROUTINE SICORAI
i' .CALL SIGMA1(N.XO0hISU(VIPRIkTXNMIN,FPNNNFEV.IOUT)

24. C
2K STOP

26. END

27. DOUPLE PRECISION FUNCTION FUNCI (N,X)
- . -'Ut

20. C CCMPUIES THE VALUE AT X OF THE SIX-HUMP CAMEL FUNC-TION
if, . c

31.COUPE PRE1CISION -,XX.1Y
37. DIMENSION K(N)

74V = 9(2)*X(2)

FUNCI a * X30-.D)XX40)X+(~l2

T7. RETURN



56. C

57. STOP

59. END

to. bOU1PLE PRECISiON fUNCTION FUNC14NX)
61. C
6?. C COMPUTES THE FUNCTION WALUES Of TEST-PROBi.E" bPROB
63. C BV CALLING THE SUBROUTINE GLGNTf

65. DOUBLE PRECISION 1
66. DOUE9L[ PRECISION F
67. DIMENsION X(Nt)
6F. c
69. COMMON /IUNJ NPROe
7rl. C
71. CALL GLOMTl4NPEOB.N$,X,1)
7?. FUNCU 3; 1
7'. C
74. RETURN
75. END

1 41
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uFTN*S ACMiA.FILITESTTPFS.F LkTEST

#iN IOR1A 0211?Ji5-22:02(0,)
1. C
?. C (ALGORlThM SIGMA)

C MAIN PRO4a:AM (TST ViRSIO )
4. C (CALL SIGMA VIA THE DRIVER SIGMA1

DOUBLE PRECISION FMJNXO,XNAXGLXMI|NXgNqNL
7.
.. C COMPON AkEA TO PASS TEST-PROBLEM NUMBER NPROB
9. C TO THE FUNCTION FUNCT WHICH WILL COMPUTE

1. E THE FUNCIION VALUES OF TESfF-PROBLEM NPROB
11. C B CALLING THE TEST-PROfLEM COLLECTION SUBROUTINE SLONI
1?. C

-". COMMON IJUNI NPROB
14. C
I!. C 10 INIAL POINT
1. C XMIN FINAL kSTIIAT( Of GLOBAL MINIMUM
1?. C XMINGL, XMAXGL MUST OE DIMENSIONED HERE IN ON&ER 10 CALL
1,. C THE PRE-EXISTIJM6 SUBROWIINE 6LOMIP.

011..EMNSION XOIC0)A4MIlOO) ,EMINGL(loo).XMAXGL(100)[ 2n(. c
[.1 f. CONT INUE

[' 2. c

2". C INPUT PROBLEM NUMBER
24. WRITE(692 0 )

-5. 20 FORMAT(/I/JI4 1 H INPUT PROBLEM NUMBER (I TO 37, 0 STOP))
26. READ(5,30)NPBOU

27. 3C FORMAT(12)
2.. -R 1. VRITE(6 Ae)NPROB
29. 40 FORPAT(IjI18H PROBLEM NUMBER 1 I|2111111)
.30. C
31. C TERMINATE OR CONTINUE
3?. I(NPROB.EQ.GO)GO T 50
33. C
34. C CALL GLOMIP TO GET PROBLEM DIMENSION N AND INITIAL POINT 10
35. C NOTE THAT GLOMIP RETURNS ALSO THE BOUNDARIES XMINGL , XMAIGL
36. C OF THE OBSERVATION REGION (NOT NEEDFD HERE)
37. CALL GLOMIP(NPROB.NeXQXMINGLXNAXGL)

• " . C

39. C SF NSUC SO AS TO HAVE GOOD CHANCES, WITHOUT PRON|IIIVE
4. C COMPUTATIONAL EFFORT
• 1. NSUC = 5
4?. C
4.. C SFT IPRINi SO AS TO HAVE A MODERATE OUTPUT
.,4. IPRINT 0 0

-
6. C CALL DRIVER SUBROUTINE SIGMAI

41. CALL SIGMA1(NkONSUCIP&INTtXNININFNE VelOUT)
4'. C

4.. C GO TO THE NEXT PROBLEM
50. GO TO 10

5". C END OF TEST PROBLEMS

5,. so CONTINUE
- 54 WRITE(6,60)

60 FORMAT(/22H END OF TESIT PROBLEMS j)

40

,.. . . . .. . . . . . . . . . . . . . . .



1901. DIMENSION4 N(N)

1901. WN = (N.1)12
190'. C
1905. 00 2L0 1 .hk

1 19CA. 11 = 14h-I
1 190 7. C
1 1908. 10C CONTINUE
1 1909. X zCHAOS (-2)
1 191oj. V CHAOS(-2)

1 1911. R z X*U*Vlbv
1 1912. C
1 19'.f(R.Gr.l.Do) 6.0 TO to
1 1,9,4 C
1 1915. R m bSQRT(?.*D0DOO R)IR)
1 1916. C

1 1917. W(I) e
1 191! wCII) O
1 19 19 : C
1 1921). 2C CON7INUE -

1 1921. C
192?. RETURN
192'. END

1924. SUBROUTINE UNITRV(N,W)

1925. C
1926. C GENERATES A RANDO)M VECIOR UNIIORKLT O11ERIBUIEU
1927. C ON THE UNIT SPHERE.

192F. C
1929. DOUELE PRECISION WqWW
1930. C
1931. DIMENSION w(N)
1932. C
1933. CALL GAUSRV(N.W)
1934. mw = 0.D0
1935. C
193e 0O 10 1 I'm

1 1937. Ww s WW&)A
1 1938. IV' CONTIkUE

1939. WW s .D3/DSQR1(hiw)

194n. C
1941. 00 20 1 a ION

1 194?. W(l) a W6W( I)
1 1943. 20 CONTINUE
1 1944. C

1945. RETURN
1946. END

END fIN 4145 IBANK 3605 DBANK 14797 COMMON

39



9.

tenendo la geometria di valenza costante (con le lunghezze

di legarne e gli angoli di valenza risultanti dalla analisi
[6]

cristallografica della citosina-3'-fosfato ).Mediante un pro

cedirnento di best-fit con tali energie fu trovata una fun-

zione di potenziale (abbreviata TCM dalle iniziali degli au-

tori del rif.[5t, costituita da un'espressione di Lennard-Jo

nes per le energie di interazione fra atomi non legati e da

un 'espressione di Pitzer per le energie torsionali intrinse-

The:

E(s) 4--- -+ -K (1 + cos 3) o. _
>j~ rij rij12  i=l 2 (0i

dove i *sono gi angoli di torsione y , ., CL E espressi in radia-

* ti e drve la somma r 6 estesa alle coppie di atorni non ler-
i >j3

-. ti e dove si e assunto nullo ii contributo elettrostatico.

I valori numerici dei parametri A, B e K sono riporta

ti nella Tabella 1 del rif.[7]. Si osservi che gli ossigeni

del gruppo PO hanno ii coefficiente attrattivo A sensibi'-
4

mente piai elevato, e ii coefficiente repulsivo B sensibilmen

te piai basso, degli altri ossigeni: corrispondentemente tan

to l'ascissa quanto l'ordinata del punto di minimo della c,.ir

va energia-distanza sono nettamente inferiori nel primo caso
0 0 -

*che nel secondo 2,04 A contro 2,72 A e -10,59 KJmoI con-

tro -0,61 KJmol ).C'& quindi da aspettarsi che ii potenzia

le TCM tenda a favorire strutture stabilizzate da legami di

idroqeno intramolecolari. Ed infatti I'applicazione del nuo-

ye mptodo cott ad u n mirurno globale ,rappresenta-

to in Fiqura 2 (con 176,20, =180,0', =122,10,



10..

-10

B=-96,70 ,y 55,60, E -94,0 KJmol ),caratterizzato da

0 
0

contatti H(C3') ... 06 1,75 A, H(C2') ... 03 =1,82 A,

H(C21) ... 05' 2,47 A. Si osservi che un procedimento di ri

*cerca "diretta" dei minimi di pi~l bassa energia aveva porta

to all'individuazione di due conformazioni di bassa energia,

*la prima con E =.-750 , 1800, c, 700, 8 = -1100,

y=550, E = -91,9 KJmol-' e la seconda con E = 1700,

S=180', 0' = 1150, B =-1000,-. 550, E = -90,4 KJmolJ' . Il minimo

globale ottenuto tramite ii metodo qui usato costituisce un

*guadagno energetico di 3,6 KJmolV'.



4.- CONCLUSIONI

L'uso di un nuovo algoritmo di minirnizzazione delle fun

zioni di energia potenziale intramolecolare, l~a cui concezio

ne si distacca radicalmente da quella dei rnetodi finora pro-

posti, pone una serie di problemi ai quali solo l'espressio-

ne acquisita attraverso l'applicazione ad un elevato nurnero

* di casi potrci dare una risposta. completa. Ci limitiamo qui

* ad indicarne i principali.

Data la natura non deterministica del nuovo algoritmo

l~a probabilitai di individuare il minimo globale tende ad 1

al tendere all'infinito del numero di valutazioni della fun-

zione, e, di conseguenza, nel. tempo di calcolo necessario

alla lora esecuzione. Per tenere conto di questa peculiari,,

del programna, L possibile decidere a priori quante vol-

si vuole che un lancio finisca nel medesimo minima prima che

questo possa essere considerato come ii minimo globale. Quan

* to pi~i elevato & questo numero, tanto pi6i l~a probabilitA di

* aver trovato il minimo globale si avvicina alla certez-.

Nel nostro esempio esso & stato posto uguale a 5.

Un altro punto di notevole importanza & Ilaccuratezza

ottenibile nella valutazione del punta di minima energia.

Proprio perch6 il suo scopo essenziale & l'individuazione

* del punto di minima globale, ii programma non raggiunge il

grado di accuratezza raggiunto da altri metodi di minimizza-

zione, tanto che opportuno,quando si sia individuato il.

minim0, appl icare ,in metodo pi~i rapido di miniiwizzazione locale,

ad os. un ri--odo a conv.ergenza quadrat ica, qua le q'jello di Newtoi--Raphson,
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