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Abstract
of
APPROXIMATE SOLUTION FOR A LAMINAR FLOW OVER A FLAT PLATE
WITH SUCTION AND PRESSURE GRADIENT

by

George Francesco D’Amore

Statement of Problem

/ This thesis derives and analyzes an approximate veloci-
ty solution that represents a suction flow over a flat
plate. The solution is derived from the momentum integral
equation in terms of the suction and pressure gradient pa-
rameters. These parameters are adjusted until flow separa-
tion is achieved. Further analysis is done with displace-
ment thickness, momentum thickness, and friction. Other
proven solutions are compared with this analysis. -

Sources of Data

The information was collected through a literature
review of journals, books, and goverment publications. This
included the original studies dated from 1945 to present.
The solutions derived were analyzed through computer graph-
ics and data output.

Conclusions Reached

l# The approximate solution is in good agreement with the
Blasius solution for zero suction and zero pressure gra-
dient. Increasing suction velocity prevents or delays flow
separation, and permits a flow to withstand higher adverse
pressure gradient. The solution is timited to a suction
parameter equal to -2 and consequently an optimum suction
velocity is found. Suction velocity decreases the boundary
layer thickness, and adverse pressure gradient increases the
boundary 1ayer thicknoss.g‘
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of
APPROXIMATE SOLUTION FOR A LAMINAR FLOW OVER A FLAT PLATE
WITH SUCTION AND PRESSURE GRADIENT

by

George Francesco D/Amore

Statement of Problem

This thesis derives and analyzes an approximate veloci-
ty solution that represents a suction flow over a flat
plate. The solution is derived from the momentum integral
equation in terms of the suction and pressure gradient pa-
rameters., These parameters are adijusted unti) flow separa-
tion is achieved. Further analysis is done with displace-
ment thickness, momentum thickness, and friction. Other
proven solutions are compared with this analysis.

Sources of Data

The information was collected through a literature
review of journals, books, and goverment publications. This
included the original studies dated from 1945 to present,
The solutions derived were analyzed through computer graph-
ics and data output.

Conclusions Reached

The approximate solution is in good agreement with the
Blasius solution for zero suction and zero pressure gra-
dient. Increasing suction velocity prevents or delays flow
separation, and permits a flow to withstand higher adverse
pressure gradient, The solution is limited to a suction
parameter equal to -2 and consequently an optimum suction
velocity is found. Suction velocity decreases the boundary
layer thickness, and adverse pressure gradient increases the
boundary layer thickness.
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Chapter 1

Introduction

This thesis derives an approximate solution to study
the effects of suction for flow on a flat plate. Most

available solutions are in terms of either pressure gradient

only, as in the solution proposed by Pohlhausen, or in terms
of suction velocity alone. One purpose of this study is to
derive a velocity profile that is easy to adjust for chang-
ing suction and pressure gradient parameters. Another ob-
Jective of this thesis is to analyze the newly derived
velocity profile and to observe the effects that suction and
pressure gradient have on the approximate velocity profile.
A dimensionless velocity profile is solved in terms of
suction and pressure gradient parameters. Pohlhausen
assumed a fourth order polynomial which is also assumed in
this thesis; however, different boundary conditions are
used. The boundary conditions proposed by Torda are used in
Chapter 3 along with the proposed fourth order polynomial to
solve the approximate velocity profile used throughout this
thesis. The approximate velocity profile is used to analyze
the effects of suction and pressure gradient by observing

displacement thickness, momentum thickness, and shear stress




at the wall.

The flow being analyzed is limited to a steady, two-
dimensional, incompressible, laminar flow. Pressure gra-
dient is limited to the point of separation. Another pur-
pose of this thesis is to observe the movement of separation
profile as suction is applied to the derived velocity pro-
file equation. The entire solution is in dimensionless form
where u /U is restricted to remain between the limits of
zero and one. If u /U“ were to exceed the set limits, the
flow could not be considered a steady flow.

In Chapter 2 the momentum equation is derived with the
suction term; this equation then enables the critical suc-
tion velocity to be computed. The suction velocity needed
to Keep a flow from separating is derived in Chaper 4 by use
of the momentum equation. The derived equations from Chap-
ter 3 (dimensionless velocity profile, displacement thick-
ness, momentum thicKkness, and wal)l shear stress) are com-
pared with the solution of Blasius in Chapter 4 and analyzed
for the different suction and pressure gradient parameters

which are then tabulated and shown graphicaliy,
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CHAPTER 2

Derivation of Boundary Layer Equations with Suction

2.1 Derivation of the Boundary Layer Equations

The Navier-Stokes equations have been the primary equa-

tions for solving fluid flow problems. Prandtl simplified
the Navier-Stokes equations by eliminating some of the terms
to develop the boundary layer equations.

The complete Navier~-Stokes equations for two-dimen-~

sional flow are:

du Jdu ou u 1P azu ezu ezu

— Ft U™ P YV— W = - Y -3 + —~i + 2 (1
at ax dy az Px ox £y, oz

v oV ov oV 1P ezv azv azv
TrtuU—tv—tu— = s m— Y| 5t 5 s — (2)
ot Ix Y 9z Pay: dx oy Jz

The boundary conditions to be satisfied once the boundary
layer equation is derived will be:
at y=98; u=2@8, v=20
at y = 835 u = Uy

Since the flow on the flat plate is a steady flow only
in the two dimensions of x and y, the Navier-Stokes equa-

tions can be simplified because:

u Vv 620 azv ou v
wW— = y— = @ ;—2--—7-9 ;——=—=0
oz 9z oz 9z ot ot




4

The Navier-Stokes equations can be reduced to boundary
layer form by estimating the order of magnitude of each
quantity as proposed by Prandtl. By letting the free stream
velocity U, be the unit of magnitude for velocity, the
terms of the boundary layer equations can be put into non-
dimensional form.i The boundary layer thickness § is

assumed to be very small compared with x:

] v P
W ms— ; v/ =— ; p =—
Uy Up PU,,
x y s
X! m— 3 y/' m— ; § =—
L L L

where L is the boundary length.

For the order of magni tude:
U’ = | since u changes from @8 to U,
v’ = § gsince y changes from 0 to §
x = |
y’ = §
Re = 1 /52

Both u and v are functions of x and y.

As a result of the preceding assumptions, the order of

magni tude of other terms can be determined as follows:

su’ azu'
e | s = |
X’ ax'z

! Superscripts refer to endnotes con page 78.




S
v’ 1 azu’ 1 1
— = - H ® — —
oy’ § sy2  g.s s
v’ azv’ s
_—= H 2=—=$
ox’ ox”’ 1.1
v Y g 1
—_— o — = ] ] — = — = -
dy’ & av'2  g.5 s
With these newly derived terms, Equations 1 and 2 can be
rewritten into non-dimensional form as follows:
ou” du’ P’ 1 2ur 9%
Uy’l— + y/— = - + —_ > + ) (3
axl ayl axl Re éx' ayl
1 1
1.1 §. = (1 -
$ s
For the y direction:
o v’ oP’ 1 azv' azv’
U’/— ¢ Y= & - —-— ¢ — - ¢ ) (9
B} 3¢ Iy’ oy’ Re Ix’ oy’
i
1.8 § .1 s2( ¢ -
s

The order of magni tude of the inertial terms equals the

order of magnitude of the viscous terms in Equations 3 and

4. Since 1 is smaller than 1/§82 in Equation 3, d%u’ /ox<2

can be neglected. The order of magnitude of | /Re is $2.2
As a result Equation 3 becomes the x-direction of Prandtl’s

original boundary-|ayer equation:




‘ 2

: du du 1P 9% u
. U— + v— = = —— ¢ y—
x 3% Pax 3Y2
g Applying the same analysis of Equation 3 to Equation
4, shows that (1 /P)OP /9y = &, which implies that
(1 /P)OP /9y = 8 since § is very small. The final forms ;
for the boundary layer equations are: :
u ou 1oP azu
u— ¢+ y— = = —=— ¢ y—— (&3]
ox Yy Pox ay2
oP
— =g (&)
: oY
j The continuity equation is:
ou Vv
— ¢+ — =8 7
ax L34

Conditions outside the boundary-layer are:

z

u =0 v =08 3 3du /oy = azu /3y

o =0 ; v=20
Applying these conditions to the x-direction momentum equa-
tion, Equation S5, leads to:

Upldy, 7dx) = -(1 /P)dP /dx

Now the revised version of Equation S is:

Ju au dUy ezu
u—-+v—=Um—+v——§ §°))
ox oy dx oY

The boundary conditions are:
at y =98 3 u=8 ,v=a0

at y = § ; u= U,
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The Prandt) equations describe the flow of fluid with-
out the effect of pressure gradient or suction, whereas
Pohihausen solved the problem of boundary layer flow with
variable pressure gradient, but without suction.
Pohlhausen’s approximate method is based on the momentum
equation. The momentum equation is derived from Prandtl’‘s
boundary layer equation and is often referred to as the

von Karman momentum-integral equation.

2.2 Derivation of the Momentum—Integral
Using Prandt)l’s boundary layer equation, Equation 8,
and integrating it with respect to y, from y = 0 at the wall

of the surface to ¥y = ®, yields:

© @
Ju ou dU. v
U— + v— =~ U, — )dy = y — ”
Q X oy dx oy o

The fluid flow also satisfies the equation of continuity:

ou v
ox Yy

By separating the terms algebraically and integrating
each term into the continuity equation, suction Vo €an be

introduced into the equation as follows:

Integrating each term with respect to y yields:




8
%v y§u
—dy = - —dy
X0 4 @ 9x ;
{
yau
v -V = - —dy
y y=08 @ o ;
|
Therefore, the normal velocity component v(y) is:
U
viy) = v(8) - ~—dy (1e)
(7, ox

and v(8) is the velocity at the wall, or as in this case,
v(8) is the suction term. Pohlhausen did not apply suction
and consequently v(8) = @,
In Pohlhausen’s approximate solution the normal velocity
term used in the momentum-integral equation is:
yau
vi(y) = - —dy (11
@ 9%
The shear stress is Known to be 7° = ~p(du /dy) where T° is
shear stress at the wall. To agree with the momentum equa-
tion P and Kk are substituted so that:
v
0
Y
Equation ¢ is rewritten with the substitution of the
new terms, Equations {1 and 12, The variable, y, is the

distance from the surface to a point in the free stream

identified by y = h.>

h Ju ou Ju dU“ To
ye - — —dy = Uy — |dy = ~— «(d
e ox oY Jo 9Y dx [~




Integration by parts is used to resolve the normal

velocity integral. The rule for integration by parts is:

h h h
fmdn = mn -[ ndm
"] (") "]

To define terms, let:

v ou 1T
m = —dy sy dn = —dy s dm = —dy s N = U
Py 9X Y ox

Combining and substituting the terms gives:

h 1) yau yau
—_ —dy |dy = u —dy

at y =0, u=28

at y hy, u = Uy

h du

- u—dy

o ox

Therefore the right side of the above equation becomes:

bc)u h du
Upg | —dy - u—dy
Q ox ? ox

Substituting Expression 14

the momentum equation into-4

(14)

into Equation 13 develops

"y h o Uy T
u— dy - Uw —dy + u—dy - Up—dy = - —
"] 2 dx P

which can be condensed to:
h

du v du,, To
2u—dy = Ug= = Upy—— |dy = - — (19
(") ax ox P
Since U“ = f(x) and u = f(x,y), and:
9 du,, Ju
—C(uly) = y— + Up—
x dx ox




then, Equation 14 can be rewritten as:

h
d B au au r
- 2wt s Sy - w2 ey =2 |dy = -2
Py 9x Jx dx dx P

The above equation is condensed into terms that are more

recognizable as displacement thickness and momentum

thickness:
h
) 2 duy, To
—Culy = U ¢+ —(U, - v |dy = — (1&
o \9ox dx P
1
By definition Sl = displacement thickness, where: ;
@ 5
v
S, = 1 - — |]dy f
i q
S Vo '

After factoring U, out,

(-0
SlU~ =j; (U“ - uidy
Displacement thicKkness is the measure of the necessary
displacement of the potential flow from the surface to
offset the formation of the increasing size of the boundary

layer as distance along the flat plate increases. The

stream lines for the potential filow outside the boundary

layer are deflected a distance Sl. The deflection is due
to the effects of friction near the flat plate. Figure 2.1
shows the definition of displacement thickness where area A
and area B are equal. Also, by definition Sz is equal to

momentum thickness, where:

o
) u
$, = — |1 -—— Jdy
o Yo U
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Figure 2.1

Dispiacement of Potential Flow

The momentum thickness is defined to be the measure of
the loss of momentum in the boundary layer. This is quite
similar to displacement thickness where potential flow is
measured.

The expression & /3x, can be taken outside the integral
in Equation 146, The limit (8, e is independent of x and

the general momentum equation becomes:

d au <
—05,u,71 + —2t5, U, = =2
dx dx p

The general momentum equation is further expanded to:

ds S duy $ T
-—2-+_-2. ——“ 2+_l -_—02
dx Uy \ dx Sy PU_

Pohlhausen used this equation to solve his flow problem with

variable pressure gradient. In this thesis the same problem




12
is solved but with suction. This is done by applying the
suction term to the momentum equation. As seen previously,
Equation 10@ is:y

du

viy) = vw(8) - —dy
Ix

Q
which is then substituted into Equation 9 to solve for the
momen tum equation with suction. It is solved the same way

as the momentum equation without suction. The final solu-

tion is:

d_[guzl *S EU_”.'U g—‘(
2Y { Yo o Vo

dx dx

which is expanded to:

ds du x
UZ—2 + (25, + §0U—2 4 Upvp = -
dx dx P

©

Therefore the momentum equation with suction is:

ds $, [dug $ v 2 ¢
2,2 2\, 1 +--'i-°2 (1?2
dx Um dx ‘2 UQ PUc

The term Vo is the suction velocity (or blowing)
through the wall, By using the momentum equation, Equation
11, the critical suction required to Keep the flow from
separation is found. To have separation, adverse pressure
gradient is necessary. Chapter 3 derives an approximate
velocity profile that is used in the momentum equation in
order to find the suction velocity necessary to prevent
separation. The velocity profile is derived in terms of

suction and pressure Qgradient.




CHAPTER 3

Approximate Solution with Suction

To show the effects of suction on a boundary layer a
method similar to Pohlhausen’s approximate solution is used.
However, according to Torda, Pohlhausen’s boundary condi-
tions created a problem when used with his fourth order
polynomial. A certain suction velocity value caused the
equation to approach infinity which is not realistic in
actual flow. Torda explained that this problem would be
avoided by changing the boundary conditions and the boundary

1ayer equation.6

3.1 PDerivation of the Non-dimensional Velocity Equation

Pohlhausen’s non-dimensional velocity polynomial is:

u
-~ = an + b"2 + c1° + an? (D

Uw

where M is a non-dimensional term defined as y /§. Appen-
dix A explains in detail how Pohlhausen derived the veloc-
ity, displacement thickness, and momentum thickness equa-
tions. The boundary conditions used by Pohlhausen are not
the same as those proposed by Torda. Pohlhausen’s approxi-
mate sojution shows the effects of favorable and adverse

pressure gradient on a flow., Adding suction to the flow

13
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changes the reaction of the flow. Suction from a wall
affects the flow and separation for different values of
adverse pressure. The diverse changes of a flow due to
pressure gradient and suction are shown in Chapter 4.

The boundary conditions used are:
at y =0 (M = @), u =28, Vo = e
at y =6 (M= D, u = U“, U Sy = azu /.)y2 =8
The boundary layer equation from Chapter 2 is:

su 2 1/ aP o2

y— + y— = - —\| — + vV —E (2
X Y P\ ax 3y
Outside the boundary layer u is constant and equal to U, and

Ju /Ix = 8. Also, v is zero causing Equation 2 to become:

19P du,
- - = U — (3
Px dx

Substituting Equation 3 into the boundary layer equation,

Equation 2, yields:

Ju dU. ezu
B3 — = Upg— ¢+ V| — 4)
2
oy dx oy

The derivative of Equation 4 yields another boundary equa-

tion at y = 8:

ézu ésu
) —— Y —
© 2 ay3

The first and second derivatives of Pohlhausen‘’s polynomial,

Equation 1, yield:

1 . TRV IO~
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U 2 3
— = a + 2b%M + 3cM + 4dn (3

L]

2

o u 2

~= = 2b + écf + {(2dM (&)
éﬂz

At vy = § (1 = 1), Equations S and é equal zeroc along the
boundary layer. Velocity u is a constant U~ outside the
boundary layer flow and is a function of y below the bound-
ary layer. Figure 3.1 shows the effects of a velocity pro-
file at the plate surface and at the boundary layer thick-

ness. The profile changes when suction is applied.

‘)

[\,ﬁ
Yo
Yo

— X

Figure 3.1

Velocity Flow Profile
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Substituting the above boundary conditions into Equations S
and é respectively yields:
Ju
— =0 =a + b + 3c + 4d ()]
Yy
ézu
-_E =9 = 2b + é6c + 12d (8
Y

Since u = U°° at y = 8§ (M= 1), Equation 1 becomes:

- = 1= a+b+c +t d 1§
At the wall, where y = @ (M = 9), the derivative of Equation

& becomes:

3
du
— = 6c + 24dM
—_— = A4C (19

Applying the same conditions as those used for Equation 10

to Equations 5 and 6 yields:

— = a (1o

— = 2b (12

The terms in Equation 4 and its derivative are Kept in non-

dimensional form where M = y /$; thus Jdu /oy, 320 /eyz, and

éau /ay3 can be rewritten using the chain rule:
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EYT) Ju M Ju 1
- . (13)
oy My o0 §
2u 3/ eu 1t 1 4% 1 9%y o
—— G — — — -———a——z_
syt ay\ons § IMiy § IN° gy
therefore:
2y 1 4%
—_—-— — (14
ay? 52 i
Su o/t st 1 o 1 o3 am
— R e e c— B - ——— O —— —
oS oy \ % an? §2 anZyy 52 an® oy
therefore:
eau 1 asu
= (15)

oyl §3 an®

Substituting Equations 1! and 12 into Equation 4 solves the
equation in terms the flow of fluid without the effects of
pressure gradient or suction, whereas Pohlihausen solved the
problem of boundary layer flow with variable pressure gra-
dient, but without suction. Inserting Pohlhausen’s approxi-
mate method results of Equations 7 and 8, and the expres-

sions of Equations 13 and 19 into Equation 4 gives:

Vo dUw 1 4
—<Ca) = U,/ + —2-(2b) (16
s dx s

The same procedure is used with the derivative of Equation 4

for Equations 8, 16, 14, and 195,




e e

i8

v v

o
—E(Zb) = —3(6C) 17>
Y Y

The objective now is to combine and rearrange the
equations formed so that the coefficients of Equation 1 can
be solved. The equations to be solved need to be in terms
of suction and pressure gradient. According to Pohlhausen
the dimensionless parameter, N = (82 /V)dU°° /dx, will
account for the pressure change that is involved in fluid
flow. Since dP /dx = (-PUu)dU~ /dx, the dimensionless
parameter N = (-82 /(RUyx) ) dP /dx.7 Consequently Uy is
affected by the pressure change as the flow proceeds.

Iglish theorized the development of suction flow with-
out pressure gradient, and the term he used to account for

8 The terms M and N will be incor-

suction is M = v, 8§ /V.
porated into the newly derived equations of: u /Uw’ shear,
displacement thickness Sl, and momentum thickness 52. To

solve for the terms a, b, ¢, and d, multiply Equation 16 by

3 /%.
——2(3a) = F— ~— + -3(6b) (18
3 $ dx s

Summing Equations 17 and 18 yields:

—3¢(3a + 2b) = 3— — + —36(b + © (1™
$ $ dx s

To put Equation 19 in terms of the coefficients b and c,

multiply Equation 9 by four and subtract Equation 7 from it,
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This will yield:

4 -~ ¢c = 3a + 2b

which is substituted into Equation 19 giving:

Y% Uy dU, 1%
—5(4-c)=3—-—+—36(b*c)
$ $ dx s

From Equation 17, b = 3vc /vos. After substituting coeffi-

cient b into the above equation, coefficient c is solved as:

s dx ‘2
C = ) (20
18v &y Vo
+—  —
4 3 2
VOS $ s

Mul tiplying the numerator and denominator of Equation 20 by

~bs4 /V2 will leave the coefficient c in terms of the suc-
tion parameter M and the pressure gradient parameter N,
3 UpdUy 4, voS4
- ’ ——
§ dx s? v2
C =
1ov? v v \[vos?
32 Z
v $ $ $ v
o
Therefore:
WydUp v 85 av, 252
- +
dx Vz VZ
C =
VoS  vo2$2
18 + +
v V2
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To convert coefficient ¢ into terms of M and N, write:

3N+ aM2
cC = (21

(18 + &M + MZ)

Coefficient b is 3vc /VOS = 3c /M. Substituting Equation
21 into the term for b gives:

3[-3N + 4M]
b= 22>

(18 + &M + MD)

From the expression 4 - ¢ = 3a + b, coefficient a is solved

as?

4 - 2b - ¢

3
Substituting Equations 21 and 22 into the preceding equation

for coefficient a yields:

24 + N + MN
a= (23>

(18 + &M + MD)

To obtain the coefficient d, Equation 7 is used:
9 =a+ 2b + 3c + 4d L))
Again substituting Equations 21 and 22 along with Equation

23 into Equation 7 and solving for the coefficient d yields:

—6 + AN 4+ 2MN - &M - am2
d = > (24)

(18 + M + MD)

Equation 1 is now written in its full and complete form. To

help alleviate the congestion of terms let D = 18 + &M ¢+ Hz.
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u /U, = €240 + 12402 ¢+ aMPn0 4 (6 - e - DD LD

+ (INCs+mn =902 - a3+ 3+ 200H) /0
(25)

Equation 23 expresses the flow for various suction and
pressure gradient parameters. For various values of M and
N, the different separation locations are found. MWhereas,
Pohlhausen‘s equation, derived in Appendix A, shows flow
reactions that are dependent only on variable pressure

gradients.

3.2 Derivation of the Shear Stress Equation

The shear stress at the wall where the flow begins sepa-
ration is zero. Applying the same principle used by

? Pohlhausen and shown in Appendix A leads to:

ou v
-_ = 23 and Tb = _—
Y Y Jo

To Keep the equations in non-dimensional form, Equation 13

is used.
au an U i
—— — = — - = 3
N Y oM s

i =g
After substituting Equation 23 into the above expressions,

the shear stress equation is derived in terms of suction and

pressure gradient as:

TS 24 + &N + MN
- 5 (26
hu, 18 + &M + M
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3.3 PDerivatijon of the Displacement Thickness Equation

Solving for displacement thickness S‘ is a tedious

process because of the inherent multiple computations of

approximate methods. By definition, we Know that:

®
u
81 =J/— 1 -~ — |dy
° Uno

Keeping Sl non-dimensional and using " = y /§, gives:

1 u
‘1 = $l 1 -~— |dn where dN has the limits @8 to 1.
° Uew

Substituting Equation | into the above expression for 81 /%

yields:
s 1 3 a
4 -‘/‘ (1 - Can + bﬂz + c + dn)Hr)dn
$
"]

Integrating Sl /% gives:

2 3 4 S !

= n - - - - 27
o

After expanding the above equation and combining common

b
3

terms, Equation 27 becomes:

$ 1
4 = — (60 - 36a - 28b ~ 15¢c - 12d (28
$ -1

Using Equation 23 the term 38a, yields:
36a = (720 + (86N + 38MN) / D

Using Equation 22 in the term 20b, gQives:
20b = (-{86N + 248M) / D

With the aid of Equation 21 the term 1S5c yields:

X irmnT
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15c = (-4SMN + 68MD / D

and, the last term, 12d, is found with Equation 24,
12d = (=72 + 36N + 24MN - 72M - 364> / D
Taking these four derived terms and substituting them back

into Equation 28 yields the non-dimensional displacement

thickness:
! ! 2
— = ~——(432 ~ 36N - PMN + 192M + 3&MD) (29
$ 48D
where D is (18 + &M + MD,
3.4 Derivation of the Momentum Thickness Equation
The momentum thickness 82 is defined as:
o
u u

$, = — 11 ~-— J]dy
2

1] Uw Uw
Writing 82 into non-dimensional form, Sz /% becomes:
82 ! u u 2
—_ = - - - dn (38
$ /] Uw Uw

Equation 30 is expanded to decrease the mathematical compu-

tations and is rewritten as:

‘2 1 u 1 u 2
-_= —dn - _ dn (3D
s Q U o Uw

The equati‘:m,fjl (uy /U”)dﬂ, has been worked out already and
Q

is equivalent to (i - Equation 29) giving:

2

i
u
-]' ~—dn = (448 + 36N + FMN + 168M + 24M°) / 48D (32)
e Uy
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The second term of Equation 31 is much more invoived
than the first term since Equation 25 is squared. Equation
1 could have been assumed to be a second or third order
polynomial to help ease the numerous calculations, however
accuracy would have been compromised. Schiichting stated
that assuming a polynomial with more than four coefficients
would not increase the accuracy of the approximate solu-
tion.9 It should be noted that Schlichting was referring to
Pohlhausen’s solution of flow. Pohlhausen’s solution does
not involve suction. Equation 25 does include suction along
with pressure gradient.

In reference to Equation | and the second term of
2

Equation 31, (u /U~) s becomes:
u 2
— ) =<¢am2+ abn® + acn? + ad®® + ba® + b2 4 pew®
Um
+ ban® + can? + b + 20 & can” ¢ dan®
é 2.8

+ dbn® + den’ + o4

Collecting terms yields:

2
1]
— | = a%%% & 220613 + 2acn? + 2adn° + b%n? + 2bcn°
U@
+ 2075 + c2n% 4+ 2c9n” + d%08

Integrating the above equation as described in Equation 31

gives:

P




25
176 \? a2n®  pn?  22e%°  adn®  b24°  pend
_ di = + + + + +
2 \ Yo 3 2 S 3 S 3
2ban’ 207 can® 2%\ |}
4 + + +
7 7 4 4 ®
Then after applying the limits, the above equation becomes:
! u 2 aa ab 2ac ad b2 bc
_— dt =2 — ¢ — ¢ — $ —  — ¢ —
o \Ue 3 2 5 3 5 3
26d ¢° cd d°
+ ¢ —p ——— o ——
7 7 4q b4

Collecting terms and simplifying them gives:

1 2

u

— ) dn = (1 /1260) (42022 + 430ab + S84ac
@ \ Yoo

+ 428ad + 252b2 + 428bc + 368bd

2 , 315¢d + 14805

+ 186c¢c
(33
With further collection and simplification of terms Equation

33 becomes:

] 2
u
Jf — dN = (§/1268)L a(4208a + &30b + 564c)
2 \Vo
+ b(420c + 252b) + c(igac)
+ d(148d + 420a + 366b + 315c))

(34
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The terms a, b, ¢, and d which are Equations 23, 22, 21, and
249 respectively are then substituted into Equation 34. This
task is very involved and quite tedious. The work showing
the derivation of $2 /% is further shown in Appendix B.
From Appendix B the momentum thicKness equation is:

$2 2

— = (358444 - 729N + 948MN + 40832M + 12818M° - 612N2
$

- 303N2 + g2aMN - 38MN2 4 7eMSN ¢+ 1872M°

+ 14aMY 7 (12408¢18 + M + MDD (35)




CHAPTER 4

Analysis of Approximate Solution with Suction

4.1 rison of Approxim Jution with Blasius

The previous two chapters went into detail deriving the
necessary equations to analyze suction flow over a flat
plate. It was also necessary to involve the effects of
pressure gradient which adjusts the flow whether suction is
applied or not. The equations in Chapter 3 had two param-
eters that were variable--suction and pressure gradient.

Some of the equations are very long and invoived. To
study the accuracy of this approximate solution for suction
flow, it is necessary to check the approximate method
against proven data given by Blasius and other authors.

Blasius’ data is based on no pressure gradient and no
suction. To compare the thesis solution with the Blasius

solution the integral momentum equation derived in Chapter 2

is used:

ds $.( du 3 v T
—2 2 _ w5, 1), 0 ...J_E
dx Uy \ dx s, U, Py,

Using the same assumptions as Blasius, where there is no
suction or pressure oradient to contend with, the integral

momen tum equation is reduced to a more simple form. For the

2?7
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problem considered, Blasius assumed the free stream velocity
U, to be constant outside the boundary layer and not a func-
tion of x; consequently, dU~ /dx equals zero. The revised
integral momentum equation is:

2
dS, /dx = Tb /PU, (1D

2
In order to solve this equation using the approximate
method, a velocity profile must be assumed which is shown in
Equation 25 from Chapter 3. After applying the conditions

stated above, the velocity profile equation becomes:

u /U, = c24m + 60 /18 (2>

The boundary conditions for this flow are:
y =0 (M= @), u=g@ (f(M = @)

y=§ (=), u=U, M =1

where u /U_ = £CT) = (247 + &0 /18

By definition, shear stress at the surface of the plate

Tb ise
v

‘l'o 2 =ff | — 3
Chd °

Using the chain rule and the expression, 1= y /§, Equation

3 is revised as:

v of
T, = -t — -~
oM o\9 /o

Expanding 16 with the use of the expression, u = U f(W,

yields!:




LIRS on
T, = #|——— - (@

an o \9

o
Substituting Equation 2 into Equation 4 gives the shear

stress at the surface with no suction and no pressure gra-
dient applied. Equation S5 is used later to derive the
coefficient of drag.

To = -By (24 /18 (1 /%) 1&- )]

The objective now is to find the value of § in Equation S

80 it can he substituted into the shear stress equation.
Taking the momentum thickness 82 as specified in Equa-

tion 35 from Chapter 3 and applying to it the conditions of

no suction and no pressure gradient, simplifies the momentum

thickness 52 /78 asg

82 /78 = 8.143 (&

Substituting Equations 5 and 6 into Equation | gives:

d 1 24 §
—(8.143%) = —— - kY — — (7
dx pu 2 ® 18 s

Equation 7 is then rearranged to:

2 d 24 vy,
Up —(8.143%) = — — (8
dx 18 §

Simplifying and integrating Equation 8 yields:

$2 24 vx
0.143 — = — — ¢
2 18 Uy
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Equation ? finally yields the thesis boundary layer thick-
ness § that can be compared with the boundary layer thick-
ness derived by Blasius. The term § is a function of x,
(¢ = §(x))., From Equation 9, $(x) is found as:
s = 4.318 Jvx /U, (18
Blasius’ solution for boundary layer thickness is:
s % 5.8 Jvx /U, €1
As observed when comparing Equations 18 and 11, the Blasius
solution and this thesis solution for boundary layer thick-
ness differ by thirteen percent. The non-dimensional veloc-
ity profile u /U, can be solved by substituting Equation 18
into Equation 2 where M1 = y /8(x). The velocity profile
then becomes:

v 24fy Us 6 [ v 'u, ¥
— g — — & — ——
u, 18 4.318J vx 18 \ 4.318\ vx

where the limits are:

e ¢y J U~ /vyx ¢ 9

Figure 4.1 shows how the approximate velocity profile com-
pares with Blasius. The comparison is close for a no suc-
tion and no pressure gradient flow,

The shear stress at the wall for no suction and no
pressure gradient is found by substituting Equation 18 into

Equation 3 which yields:
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0.0

n

Figure 4,1
Comparison of Thesis and Blasius Velocity Solutions
No Suction, No Pressure Gradient
{=-Thesis

2--Blasius
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T, = By —

° 18/\a.318 Jxv /U,

The above equation then reduces to:

T ™= -8.309 ﬂU“ J U, 7xv (12

Equation 12 is the solution of shear stress by the approxi-
mate method with no suction and no pressure gradient, TB has
a 6.9 percent error when compared to Blasius.

The displacement thickness S‘ is solved in Equation 32

from Chapter 3. Since $ £ is to be compared with Blasius,

1
again the terms M and N are assumed zero. The result is

S‘ = (8.4)$. The term § is equal to 4.318 J Yx /U,.

Substituting £ into the equation for ‘l

‘l = 1,727 J VX /U, (13

The values of ‘l from Blasius’ solution and Equation 13 are

almost exact. The same procedures used to find ‘l’ 15, and

gives:

u /U“ are used to find the momentum thickness ‘2‘ TakKing
Equation 33 from Chapter 3 and assuming no suction and no
pressure gradient then Sz = (0.143)(8). Therefore 82
becomes:
s, = 0.617 Jvx /U, 14
The difference between Equation 14 and Blasius’ solution is
6.8 percent.

Other approximations have been made and compared with
Blasius, but none of the other solutions included suction

and pressure gradient simul taneously. Table 4.2 shows how
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other approximations made by Pohlhausen and Prandt) compared

with Blasius and the proposed approximation of this

thosis.la

Figure 4.2 is a graphical display of Table 4.1.

Figure 4.1 compares Blasius’ solution and the sclution of

this thesis. The thesis solution is quite similar when it

is reduced to a no suction and no pressure gradient

condition.

Blasius Thesis Linear Prandtl Pohlhausen
$¢x) S.0 4.318 3.464 4.64 5.835
s, 1.729 1.72? 1.732 1.748 1.750S
‘2 0.664 0.617 6.577 8.645 6.487
Tg 0.332 0.309 6.288 9.322 6.343
£/(Q) - 1.333 1.0 1.5 2.0
Table 4.1

Comparison of the Integral Momentum Method

and the Blasius Solution

Key for table symbols:

$§(x) = K
‘1 = K
$2 = K
fo = K

$ J Yx /Uy
dvx /Uy
L vx /Uy

s WU d Up 7Cxm

2
3

£7¢(8) = J(u /U") 7N

o
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% Figure 4.2

i Comparison of Velocity Approximate Methods
with the Blasius Solution

No Suction, No Pressure Gradient

1--Thesis

2--Linear Approximation
3--Blasius
4~~Pohlhausen

S~=Prandt)




The coefficient of drag Co is a function of shear

stress and the area of the plate yioldingl‘l

T,(AREAR) 27,

C = - (1%
°  <wapu taREM Ul

Since only one side of the plate is being analyzed, it would
be appropriate to use(L/Z)cD s0 that CD - To /PU.Z. Taking
Equation S and rearranging it to solve for Tb, where suction

and pressure gradient are present, To becomes:

pu? f2a + N+ N
X = 5 €16

° J Re \18 + éM + M

The term, Re, is Reynolds number and it is defined as

Re = U“; /V.

Substituting one-half of Equation 16 into Equation 15 gives:

(@Yo

28 ¢+ 8N + MN 1
CD = 7

18+ &M+ M/ IRe

To compare Equation 17 with the Blasius solution the

terms N and M are equated to zero. Figures 4.3 and 4.4 show
the Blasius and thesis solutions to be equal at M and N
equal to zero. Equation 17 will deviate from the Blasius
solution as the term M is varied. This is shown in Figure
4.3. As suction is increased along with Re, the coefficient
of drag is ltimited by the term M. Figure 4.5 shows that

when M is approximately equal to -3 the co plot reaches its

maximum value.
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/W

/Y7

Re

Figure 4.3
Coefficient of Drag Versus Reynolds

Number with Suction
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10

(3]

Re

Figure 4.4
Coefficient of Drag Versus Reynolds
Number with Suction
Source: J. Kestin, trans., T s by

Hermann Schlichting , é6th rev. ed. (New YorKk: McGraw Hill,
198>, p. 371.
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Figure 4.5

Coefficient of Drag Versus Suction

Parameter for N = @

1--Thesis

2--Edwards
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As negative M further increases the calculated drag
coefficient decreases. For these reasons the solution
developed in this thesis is not valid beyond M = -2.12
Figure 4.5 shows how the coefficient of drag is affected by
the suction term M when pressure gradient is not present.
This thesis agrees exactly with the results presented by
J.B. Edwards in an article on laminar flow.13 The coeffi-~
cient of drag between the two studies begins diverging at
M = -2; therefore the value of M in this thesis is limited
to a value of -2 and greater. Figures 4.3 and 4.4 also
confirm this fact. When Yo /U. = -0.001 at Re = 106,
which is equivalent to M = -1, the two plots agree. When
Re = 105 and Yo /U“ = -0.001, M becomes -8.316. This
comparison is quite reasonable between the graphs only up to
Reynolds number equal to 5 X 106 and for M equivalent to or
greater than -2.

Suction varies with Reynolds number in order to main-
tain & constant suction parameter M. It is observed that
too much suction can be disruptive to a laminar flow. An

optimum suction to Keep a flow laminar for Re = 10" is found

to be v /U, = 1.3 X 16™%. In summary only a small amount
of suction is necessary to Keep a flow laminar that is nor-
mally considered in the non-laminar range (Re > 2.3 ¥ 106)
The necessary Yo /U. that will Keep a flow laminar is

effective as long as it does not exceed M = -2,




ae

The solution deviates at values of M { -2 and does not
reflect a true reaction beyond the limit. Edwards’ equation
was also limited at M = -2, but he was able to overcome that

limitation with another function.

4.2 Syction and Presgsure Gradient at Separation

From Chapter 3 the velocity profile was in the form of:

2 3

u(W = U Can + bAZ ¢ cn® ¢ andh (18

On the right hand side of Equation 18 each coefficient has
the term, D = 18 + M + Hz, in the denominator which is
shown in Equation 25 from Chapter 3. The denominator has no
real roots; the imaginary roots are 3 SJ—:T:14 Conse-
quently Equation 25 will not be infinite for any value of M
where M is a function of suction Vo© Torda observed that
the velocity profile would approach infinity if certain
boundary conditions were used. This also caused the coeffi-
cient a to be independent of suction which meant that the
velocity and separation would not be affected by suction.
Torda later suggested the new boundary conditions used in
Chapter 3. The suggested boundary conditions did correct
the problem of coefficient a approaching infinity caused by
M in the donominator.15

The separation point is located where the wall shear

stress is zero. Shear stress is R(3u 7MW (31 Ay,
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Taking Equation 25 from Chapter 3 and substituting it into

the expression, Ju /oM = 8, yields:

du 24 + 6N + MN
— = @ = <19

an| (18 + &M + MD§

Expanding Equation 17 and solving for N gives:
N = -24 /(6 + M) 28
Equation 20 describes the pressure gradient as a func-
tion of suction where M = v . §{ /v. Pohlhausen’s solution
to a similar flow without syction was N = -12. Torda also
initially derived the separation pressure gradient as
N = -12, but the boundary conditions caused the suction to
be ineffective on the flow and separation. aAppendix C shows
the difference between the solutions of Pohlhausen and this
thesis for separation point,
Table 4.2 lists the pressure gradient at separation for
each suction term M. The term M can also apply to blowing.

Blowing is positive M and suction is negative M.

-2 -1 8 1 2

Table 4.2

Separation Pressure Gradient with Suction

To have separation, adverse pressure gradient must
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exist. As suction increases the fluid flow is able to

remain laminar with more adverse pressure which means that

the separation of flow can be averted or delayed.

Figure 4.6 depicts Pohlhausen’s velocity profile.
Figures 4.7 through 4.9 show the velocity profile of this
thesis as a function of the suction term M and various

values of pressure gradient until separation occurs.

4.3 Separation Velocjty

As a fluid flows over a flat plate, drag will eventual-
1y cause the pressure gradient to become adverse and this
will cause separation to occur. To help prevent or delay
separation, suction is used. It is possible to find the
amount of suction velocity required to keep the flow laminar
and free from separation. Prandt]! was able to find the
velocity of suction that would prevent separation by using
the momentum equation solved in Equation 11, Chapter 2.16
Prandt! used Pohlhausen‘’s velocity profile which is a func-
tion of pressure gradient only. In this thesis to find the
effects of suction velocity and pressure gradient, Equation
25 from Chapter 3 is used for the velocity profile. Table
4.2 shows that with the suction parameter being zero, the
critical pressure gradient at separation is N = -4, Substi-
tuting M = 0 and N = -4 into the velocity profile equation
the revised equation for velocity is:

2 _ ﬂ‘

v /Y, = 2% 21
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Effect of Pressure Gradient on
Velocity Distribution
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Equation 21 is used in the definition of displacement

thickness 81 giving:

1 1
S u 2 4
= = 1 -— |dn = (1 - 29 + 9)dn 22
$ ® U )

Solving Equation 22 yields Sl /8 = 8.5333. To verify the

wrTRerT L T

H above calculations, Equation 29 from Chapter 3 shows the

same results. To find the momentum thicKkness 82, Equation

22 is used in the definition of ‘2 givings

$, M v \2 ! 2 4 4 8
—-[ i dn-f<2n-n-r4n-4n‘+nndn
s e Up Up ®

23

Equation 23 yields 52 = §,1269. To check the thesis
results, Equation 35 from Chapter 3 was compared and gave
the same answer.

As stated and assumed by Prandt] the momentum boundary
layer thickness is assumed constant which means that
d($,) /dx = 6. In a general flow over an arbitrarily
shaped body, the free stream velocity will vary (U.(x)).
It is Known that To /7p = 6 at separation, therefore the
integral momentum equation stated early in this chapter
reduces to:

s du $ v

Uyp \ dx £, U
Solving for the suction velocity yields:

Vo = (26, + § U, /dx <24
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Substituting ‘1 /¢ = 8,5333 and S2 /8 = 8,1269 into
Equation 24 yields:
Vo ™ -8.7871 $dU, /dx (25

Applying the conditions just stated to the original boundary
layer equation, Equation 3 from Chapter 2; and knowing that

the velocity u is not a function of the plate length

R CeigaT

x(du /dx = B8); the revised momentum equation becomes:

EyT] au. azu
VQ — - UO— * V —— [4 26)
2
dy o dx Iy o

As stated earlier in this thesis:

ou ou of du 1

— R = e PR - e

oy M dy on §

Substituting Equation 21 into Equation 26 yields:

du /3y = (U, /840 - an® (27

Taking the partial derivitive of Equation 27 at the plate
surface gives:

<2%u zayDr = acy, s (26

At the surface, vy = 8, (Ju /ay)o = 8., Putting Equations 27

and 28 into Equation 24 and solving for § yields:

§ = 2 J ~vidx /duy 29
Substituting Equation 29 into Equation 25 gives the required
suction velocity that will enable a flow to remain laminar

at the separation point. The result ist

v_= ~-1,374 J -VdU. /7dx% (30)
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Prandtl using Pohlhausen’s separation profile showed
that suction can be used to prevent separation. Howarth’s
separation profile which is more accurate showed at separa-
tion that:

Vo ” -1.607 J ~vduy, /dx 30

Howar th assumed ‘l' ‘2’ and dU, / dx to be constant

and worked the momentum equation with zero suction.l7 The
thesis Equation 30 does agree with Howarth’s Equation 31
qQuite closely, and it is clear that this thesis solution for
a non-suction flow does agree with existing data.

This thesis shows that as suction is increased separa-
tion is delayed. Therefore suction will delay the separa-
tion and Keep the flow laminar until the critical stage of
separation is exceeded. Table 4.3 summarizes the data com-
puted for other various suction values. As the suction
increases the boundary layer thickness increases up to the
point of separation. The increase of adverse pressure grad-
ient for increasing suction explains the increasing boundary
layer thickness at separation. The suction velocity permits
the flow to remain laminar longer thus making the boundary

layer thickness appear to increase.

4.4 Displacement Thickness

In Chapter 3 the displacement thickness ‘l was derived
in terms of suction and pressure gradient. As described

before, ‘l is the mass flow deficit in the boundary layer.




S0
@ @ €)
™ N $, /¢ (Sl + 292) [Kll tK21
] ~4.0 8.3333 8.7871 2.000 -1.3742
-1 -4.8 8.352 8.776 2.190 -1.499
-2 -6.8 6.5 8.7546 2.449 -1.851
Table 4.3

Separation of Flow Data for

Various Suction Velocities

Key for table symbols:
D vy =18, + 28,18dU,, /dx
@ s = [KIJ.‘:de 7dU,
® v = 1K1 Fvdu, /dx

When suction is applied the displacement thicKkness should
decrease since the mass flow essentially has been displaced
closer to the flat plate due to the suction force. The
previous section showed how the velocity flow compared to
Blasius when the suction and pressure Qradient were zeroed
out. Equation 29 from Chapter 3 gives the displacement
thickness as:

$, = (432 - 36N - 9MN + 192M + 36"2) /768D

1

When M and N each equal zero, ‘l = (0.4)51. Substituting
$ = 4.318 vx /U, into the S‘ equation yields:

‘l - 1.727J vx /Uu' This solution is in excellent

i i e
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agreement with Blasius’solution for ‘l' The same proce-
dure is used for various values of the suction parameter M
and the pressure gradient parameter N.

The limits for M and N are shown in Table 4.2. It
serves no purpose to go beyond the separation point; a
steady flow is assumed so that u /U“ is not greater than
one and not less than zero. Figure 4,10 graphically shows
how the displacement thickness decreases as the suction
velocity increases. To counteract the suction force, pres-
sure gradient is adjusted until the pocint of separation is
reached. Increasing adverse pressure gradient will cause
the displacement thickness to increase. Figures 4.11 and
4.12 show how the pressure gradient affects the mass flow
for varying suction parameters. Figures 4.10 through 4.12
are assumed to have the same boundary layer thickness as
Blasius so that the effects of suction and pressure gradient

on a flow can be compared.

4.5 Momentum Thijckness

The separaton profile of a flow can also be analyzed
through momentum flux which is explained by momentum thick-
ness. The flow of a fluid near the surface where the suc-
tion is applied may have insufficient momentum to continue.

The result may be either a stalled flow or a turbulent flow.
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14 the Reynolds number is high enough to Keep the flow
moving, which is normally the case, the flow becomes tu~bu-
lent.

Equation 35 from Chapter 3 is the thesis solution for
momentum thickness., It was shown how closely this solution
compared with the Blasius solution when suction and pressure
gradient were zero. Comparing the thesis solution with
Pohlhausen’s solution showed the solutions to react similarly
when adverse pressure was applied.

Figures 4.13 through 4.15 show the reactions as suction
and pressure gradient change. Increasing pressure gradient
increases the momentum thickness initially, however the
thickness decreases at the hal f-way mark toward separation
pressure gradient. The half-way mark is where the flow
profile changes shape and direction. The momentum thick-
nesses at zero pressure gradient and at separation pressure
gradient approach each other as suction velocity increases.
This indicates that extreme suction (M ¢ -2) can cause a
flow to transition into a turbulent flow. How suction and
Reynolds number affect each other is explained in Section
4.1.

Figures 4.3 and 4.5 show that increasing suction
increases the skin friction which also relates to the causes

of separation.
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The values of Vo /U“ and Reynolds number dictate the value
of M and whether or not the solution is in the laminar
region. Any value of M less than -2 is considered in the
turbulent region. The thesis solution pertains only to
laminar flow. Figures 4.13 through 4.15 show that momentum
thickness is affected by suction flow, and that at the

separation point the momentum thickness deviates very

slightly.




CHAPTER S

Conclusions

The purpose of this thesis was to study suction flow
over a flat plate and to observe the flow reaction with
pressure gradient. The objective was to derive an approxi-
mate velocity profile in terms of pressure gradient and
suction parameters. This was accomplished by using
Pohlhausen’s assumed fourth order polynomial with different
boundary layer conditions later proposed by Torda. The
approximate velocity profile derived in Chapter 3 was used
to further analyze the derived solution.

The approximate velocity profile clearly showed that
suction velocity is benefical in preventing or delaying flow
separation. This thesis solution only applied to smal)
values of suction (v° /U, = 6.002 or less) and to Re = 108
or less. Figures 4.7 through 4.9 amplified the point of how
suction and pressure gradient can manipulate a flow reaction
up to the separation point. In observing the graphs for
drag caused by friction the thesis was less accurate for the
value of M less than -2 which is in the realm of turbulent
filow. The thesis did not address turbulence nor was it

applicable for turbulent flow.

40
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As the suction parameter decreased (more suction added)
the coefficient of drag increased. The combined reactions
of suction and friction helped to delay flow separation.
Suction can force the flow to separate simply because the
momentum of the flow exceeds the viscous force. It was
observed that the iaminar range for Reynolds number extended
as suction velocity was added. Normally the limit for zero
suction, laminar flow is Re = 2.5 X 106. Adding suction
where Yo /U, = .80t would Kkeep the flow laminar for Reynolds

number up to 5 X 106. As the Reynolds number increased to

& less suction, Vg Uy = 1.3 X 1079 , was needed to

16
keep the flow laminar. Adding more suction at this Reynolds
number would cause a non-laminar situation. This shows that

suction does help keep a flow laminar for increasing

Reynolds number but with limitations. This set the limit of
the approximate sclution at M = -2, The figures showing
velocity profile clearly showed that at M = -2 the suction
fiow patterns changed direction which aiso indicates the
same limit to this approximate solution.

The solutions behaved with the predicted patterns for
suction flow and changing pressure gradient within the set
limjits. For comparing the thesis solution with other proven
solutions a common denominator of zero suction was studied.
Pohlhausen showed separation to occur at N = -12, the thesis

at N= -4, The difference is caused by the use of different
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boundary conditions. When Pohlhausen’s conditions were used
the solutions agreed at N = ~12, however the coefficient
used to find separation values eventually equaled infinity.
Consequently different boundary conditions were used to
overcome this as proposed by Torda. The thesis agreed with
Howar th’s prediction for the necessary suction velocity
needed to maintain laminar flow at separation (N= -4), As
suction was added the separation was moved further down-
stream by simply permitting more adverse pressure gradient
to react on the flow.

The reason for using a fourth order polynomial to
approximate the velocity profile was that it would yield a
zero second-derivative at the plate surface which was a
boundary condition. The approximate solution implies that a
defini te boundary layer exists; whereas an exact solution
assumes that the boundary layer extends indefinitey.

The thesis solution has an advantage in that a boundary
jayer can be assumed and the necessary suction and pressure
gradient parameters can be substituted into the equation to
analyze the flow and thickness. Another acdvantage of the
thesis is that the assumed boundary conditions prevented the
velocity profile from going infinite for any suction parame-
ter. The boundary conditions proposed by Pohlhausen caused
the velocity flow to become infinite for M = -6 which is not

a realistic solution, thereby justifying a new set of




63

boundary conditions. |

A problem encountered was the definitions of terms from 1
other studies. A noted difference existed in the use of the |
terms % and M. In this thesis 1= y /$; in other studies
N= y /(28), =y /(J-E—E), or ¥ = 2y /8. Another
difference was with the value for M; the thesis value was
M= (v, /U )J_E;, whereas in other studies
M= (v, /U > {Re /2. another noted problem was that some
exact studies had their graphs and charts based on parame-
ters that were most convenient to their studies, and it was
not possible to duplicate the same parameters due to the
complexity of terms in the approximate solutions. It was

more convenient to compare the thesis approximate solution

with other approximate solutions due to the similarity of
their methods.

The following conclusions are made about the thesis
approximate solution for suction flow:

1. The approximate solution is in good agreement with

Blasius solution when suction and pressure gradient are

zero.

2. At separation the approximate solution agreed with

Howarth’s prediction for a no suction flow.
3. Increasing suction velocity does heip prevent or
delay flow separation. Suction enables the flow to with-

stand higher adverse pressure further downstream where the

?
:
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separation flow pattern is formed. More suction permits
more adverse pressure gradient to react on the flow.

4., The suction velocity required to Keep a flow l1ami-
nar at separation point increased with increasing suction
velocity. The cause for this is that as suction increases
the separation adverse pressure gradient increases.

S. Increasing suction parameter made the velocity
profile fuller but not as full as Pohlhausen’s and other
solutions. The velocity profile reached its maximum full-
ness at M = -2 before reversing the reaction of suction,
thereby makKing the approximation solution limited.

6. Momentum flux shown by the momentum thickness
varied with adverse pressure by initially increasing and

then decreasing as separation flow was reached. Thesis

approximate solution agreed with Pohlhausen’s solution. In-

creasing suction parameter decreases momentum thickness.

7. A possible solution to overcome the cancellation of

a term in the assumed velocity profile equation at M = 8 may

be obtained by assuming a fifth order polynomial instead of

a fourth order polynomial. This may also permit the assumed

profile to be more full.




APPENDIX A

Flow Distribution with Pressure Gradient

Pohlhausen’s approximate method was used to solve the
velocity distribution and was based on von Karman’s momentum
equation. A fourth order polynomial! was assumed by
Pohlhausen to represent the flow; he worked the equation

in non-dimensional form., Pohlhausen’s velocity profile is:

2 3 4
U /Uy = am + bW + cW + d% where M = y /§
The momentum equation from Prandtl for the x-direction is:
no au au, %
u— ¢+ v— = J— + v—3 <
X oy dx oy

Boundary conditions for a steady, two-dimensional flow over
a wall are:

at y= 0 (M= @) u= @, vs=2g,

aty=§ (A= D, u=u, du/dy=o%u /oy’ =8

therefore:

u 2 3

— m a + 2bM + 3cN” + 4dM 2
)4

azu 2

—5 = 2b + écf + 12dM (¢ )]
oY

At vy = § which implies " = |, Equations 2 and 3 become:

-]
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Ju
— = @ = 3 ¢+ 2b + 3c + 4d
oy
ézu
H — =9 =2b+ 6 + 12d
Y4
At y = 8 (M = 8, Equation 3 reduces to ezu/ayz = 2b,
From Equation 1, Uy, (dU, /7dx) = | /pP(dP /dx) and
dP /dx = 8, The term, u~<du“ /dx), equals zero. Conse-
quently 920 /ax2 = @, Substituting the boundary condi-
tions into Equations 1 and 3, Knowing that ezu /ey2 = 2b,
coefficient b becomes zero. Solving Equations 2 and 3
simul taneously yields that a = 2d. At y = § (1= 1), the
equation for u /U. becomes:
u
— = | = 3 +b+c + d
Voo
Since b= 0, the equation is revised to:
1l =3 ¢+ c¢c ¢+ d (& )]
The equation, a = 2d, now is substituted into Equation 4
giving: 1| = 3d + ¢ (S)

Solving Equations 4 and S simul taneocusly yields d = |}
substituting coefficient d into the equation a = 2d, deter-
mines that a = 2, Substituting the coefficients a and d
into Equation 4, solves ¢ = -2, Therefore the coefficients
are defined as:

‘-2, b-e’ C--z, d-‘
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It is Known that separation will occur with adverse

pressure. The condition for separation is:

s

- =8

oy |y=e

To analyze the velocity profile in terms of pressure gra-

dient each of the coefficients (a, b, ¢, d> can be written

in terms of pressure gradient p. Redefining the coeffi-

cients to a‘, b’, ¢‘, and d’ where a’ = 3 + p, b’ = b + p,

c’ = c + p, and d' = d + p; will enable the velocity profile

equation to be solved in terms of the dimensionless coeffi-

cient p. The coefficient p is later solved in terms of the

pressure gradient N where N = (82 /VidUy 7dx. N multi-

plied by a constant is equal to p. Substituting a’- = a ¢+ p

into Equation 2 at vy = 8 (1 = 8) will initiate the steps

to solving the coeficients (a, b, ¢, d in terms of pressure

gradient. Due to separation at the surface, a- = 8., Since

a=2, thenp= -2, At y = §, Equation 2 becomes:

8 = 2b‘ + 3c’ + 4d’ (¢-3)

and Equation 3 becomes:

6 = 2b’ + é6c’ + 12d’ 2

Solving Equations 6 and 7 simul taneocusly, gives:!

8d’ ¢+ 3c’ = @ (8

At y = § (1= [);

u

— = | =pb 4+ )
U@




Solving Equations 7 and 9 together 1eaves:

-2 = 4c’ + 10d’ (18
When Equations 8 and 10 are solved simul taneously, d’ = 3,
Since d’ = d + pand d= |, then p= 2.
Using Equation 16 and the term d‘ = 3, then:
¢’ = -8
Since ¢’ = ¢ + p, which is rewritten as -8 = -2 + p, then:
p = -6
From Equation 9, ¢’ = -8, and 4’ = 3; therefore:
b’ = §
Since b’ = b + p and b= 8, then:
p=2é

At a certain adverse pressure gradient, flow will
separate. To find the pressure gradient, Equation 2 is set
to equal zero. This occurs at the point when shear stress,
which is proportional to Ju /9y, equals zero.
Equation 2 at y = 8 (N1 = @) yields:
U

—-a..’

Y

Since p= -2 and a’ = @ = 3 + p, then:
0= 2 + (-2
By letting N equal the adverse pressure gradient, separation

can be found.

N
a®m 2 ¢—
é




Therefore, N = -12 is the amount of adverse pressure that
will start separation in a flow. The other N-dependent

terms that are associated with coefficients b, ¢, and d are:

N N N
b= -«—~ 3 €= =2 +— 3 d= | - —
2 2 é

Substituting the above terms for coefficents a, b, ¢, and d
into the equation u /U, derives Pohlhausen’s approximate

solution as:

u N
— m2n =200 ¢ 1 o~ (n - 392 4 39 - 99 (1
Ug é

[

By definition the equation, ‘l -j; (1 - u /U~)dy, is
the displacement thickness. Since N1 = y /¢, then dy = £dn,.
Also, u= U, when y = § (M= 1), The displacement

thickness is rewritten as:

| ' u
— = 1t - — }dn (12)
$ ° U

Substituting and integrating Equation {1 into Equation 12

"

Qives:
q 5 1

2 s 2 4 s o

(- -4
By definition, 82 -j; U /U1 - u /U,)dy. Using a similar

substitution for the term dy as was used for ‘1' yields:?




Sz 1 u u
—_— = —_ 1] - — |dn
$ Ouw Uw

Finally, after some tedious algebra and integration:

e




APPENDIX B

Solution of the Momentum Thickness Equation

In finding the value of S2 /% the term u /U. is squared
and integrated. From Chapter 3, Equation 33, the relation
iss

1 \2

u 1

— dan = [;(423; + 438b + 5684c)
P Ue / 1248

+ b(420c + 252b) + c(186¢c)
+ d(146d + 428a +366b + 315:)] (9 9]

The terms a, b, ¢, and d have been derived in Chapter 3
and are defined by Equations 23, 22, 21, and 24 respective-
ly. To help organize the mathematical calculations, Equa-

tion | is subdivided into four parts.

Par ne
Part One solves the following expression:t
a(420a + 630b + 5040 (2
The terms of Part One are expanded as:
420a = (10088 + 25286N + 420MND /D
638b = (-S470N + 7568M> /D

S04c = (~1S12MN + 2016M2) /D

where M = v,§ /v, N = (2 /¥) (dUy, /dx), and

71
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D= 18 + &M + M2

Substituting the expanded terms into Expression 2 gives:

{ 241920 -~ 7568N - 26208MN + 181448M + 48384"12 + 40486N

- 18988N° - &5S2MNZ + 45360MN + 12096M2N + 1808OMN

3

- 3150MNZ + 1892M2NZ  + 7548M2N + 2816&MN 1 / D2

Expression 2 is further reduced by combining similar terms

to give:
{ 2419286 - 15126N + 29232MN + 181446M + 48384M2 - 18900N2

- 9782MN° + 19656M°N - 1892M2NZ% + 2016M°N 1 / D (3

Part Two
Part Two solves the following expression:

b(420c + 252b) )
Expanding the terms of Expression 4 gives:
420c = (-1268MN + 1688M%) /D (%
252b = (-2268N + 3024M) /D &3]

Substituting Equations 5 and é into Expression 4 yields the

result of Part Two which is:

£ 11396MNZ - 38248M°N + 20412N2 - S4432MN + 362886M°
+ 28160M° 1 / D% 7
Part Three

Part Three scolves the expression:

c¢1806¢c)




After expanding and combining similar terms, the solution

for Part Three becomes:

3

N + 2eseM? 1 /D%

t 1628M°N% - a320M

P Four
Part Four is the expansion of the expression:

d(148d + 428a + 366b + 315¢c) &4/

TaKing each term from Expression 9 and expanding it gives:
2

198d = (-180 + 420N + 280MN - 848M - 428M>) /D (18)
4202 = (18680 + 2528N + 420MN) /D (1
360b = (-3248N + 4320M) /D (12>
315¢c = (-945MN + 1268M> /D (13

Substituting Equations 16, (I, 12, and 13 into Expression ~

yields

[ -55440 + 1866N + 1476MN - 20880M - S048MZ ¢ 27720N
- 986NZ - 73MNZ + 18448MN + 2520M°N + 18488MN
- 498M2NZ + 4968MON + 168OMON - S5448M + 1860MN
+ 1470M°N - 20888M° - S048M° - 27720M° + 9BEMN

2 3 2

- 680MNZ + 733M°N - 10448M° - 2520M? 1 /D

After combining all common terms, the expression of Part

Four iss
[ -55448 + 29520N + 32198MN - 76320M - S3648MZ - 9BONZ
- 1339MN°% + 11850M3N - 498M2NZ + 2413MON - 1348eM°

2

-282M* 1 /D C14)
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Adding Expressions 3, 7, 8, and 14 and then multipliying them

by (1 /1248) gives the expanded version of Equation 1:

1 2

u

f —_ dl = [ 186480 + 14408N + &9PBMN + 185120M
e \ Yo

2 2

+ 31832M° + &128% + 30aN2

+ 38M2N% + 111IM9N + asseM®

+ 1266M2N + 36eMY 1 / 12660 ¢ 15)

By definition the momentum thickness equation is:

1 2
s ] u
._2.[ R S N VN
$ (7)) Uw Uw

Since Equation 15 from above and Equation 32 from Chapter 3
are terms in the momentum thickness equation, the new equa-

tion for 82 /% with suction and pressure gradient is:

§, (648 + 3EN + MN + 168M + 24m>)

$ 60 (18 + &M + M)

- [ (186486 + 14408N + S6996MN + 105126M + 3103212

2, 203N2 + 1266M3N + 38MONZ ¢ 11IMON

+ 368MDH 7 (1260¢18 + &M + MDD

+ 1IN

+ 4680M°

After combining similar terms, the non-dimensional form for

the momentum thickness equation becomes:




$

2 = (58464 - 729N + PABMN ¢+ Q40832M ¢+ 1281&M2 ~ S12N°
s
- 383MNZ + &2aM2N - 38M2NZ + 7aMSN + 1872M°
+ 14aY / (1260¢18 + &M + MDD C16)




APPENDIX C

Derivation of Shear Stress

To find separation pressure gradient, Pohlhausen first
derived the shear stress equation and set it equal to zero.
To have separation the shear stress must equal zero. The
shear stress equation is:

du Ju M

T = u{ — -f— — (note: N /dy = | /§)

0
o /o on gy

Taking Equation 11 from Appendix A and substituting it into

the shear stress equation gives:

B

4 N 4
Ty m— —[Upezn - 20° ¢ 1H e—n - am? e 2’ 0]
$ o é °
The above equation reduces to:
[} N
T, == Upl2+— (&)
$ é
Rearranging Equation 1 gives:
s N
—_— 2 ¢ — (-]
FU~ é

Equation 2 is Pohlhausen’s solution for shear stress in
terms of pressure gradient only. Equation 26 from Chapter 3

shows the shear stress as:
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TWo® 24 + 6N + MN
= L)

18 + &M + M2

BU,

Equation 3 is a function of both pressure gradient and
suction. Pohlhausen’s solution is a function of only pres-
sure gradient. To find the pressure gradient at separation
where the shear stress is zero, Equations 2 and 3 are used.
These two equations each equal zero at separation, therefore

their pressure gradients at separation can be found.
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