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A STATISTICAL PROCEDURE FOR 4 S

ASSESSING TEST DIMENSIONALITY

WILLIAM STOUT .

UNIVERSITY OF ILLINOIS

An important statistical problem Ir psychnlogical test theory ie the devel-
opment of a sound method for determining whether a test which purports to mea-
sure the level of a certain ability is, In reality, significantly contaminated
by the varying levels of one or more other abilities displayed by persons taking
the test. For example, is a test of mathematical ability contaminated by vary-
ing levels of verbal ability displayed by persons taking the test or is a test
of reading ability cofitaminated by varying levels of familiarity with middle-
class American culture displayed by persons taking the test? Because of the
large number of private and governmental organizations routinely using tests to
screen people for the levels of various abilities, this problem of assessing the
dimensionality of a test is of great importance.

The solution will be useful in settings other than psychological testing,
since the problem is one of general interest and should, hence, be an important
addition to the statistical methodology literature. Thus, it seems appropriate
now to give a careful abstract statement of the problem, independent of its psy-
chometric context.

Consider sampling units from a population and applying several treatments
to each sampled unit. Suppose that the outcome of each unit-treatment combina-
tion is either success or failure. Suppose that associated with each unit is a
parameter, § (the ability parameter), which determines the likelihood of each
treatment being successful for that unit. Assume that the dimensionality of 6
Is unknown (the precise mathematical definition of the dimensionality of 6 will
be given below). Thus, for each unit, dichotomous random variables {Ui) are

observed, where I Is the treatment index, Let "treatment characteristic
curves" {P (.))be defined by

P1(9) - P[Ut -lie-e] 1 - Pu t W Olo - e , [1)

the probability of treatment i being successful, given that the sampled unit has
ability 8. It Is assumed that the process of random sampling units induces a
probability distribution on the populatiun of units with associated random vari-
able 6.

Purpose

Described In this paper to an approach to the problem of finding a theoret-
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ically sound and useful procedure for making inferences about the dimensionality
of 0, that Is, more precisely, the dimensionality of the distribution of 0. In
order that this problem be well formulated mathematically, the dimensionality of
needs to be'defined precisely. The definition (Levine, 1981) that is used

depends on the asymptotic behavior of "formula sequences." To define a linear
formula sequence, a linear formula score must first be defined.

Definition of a Linear Formula Score

Given the outcomes (U1, U2, *.., Un ) of n treatments resulting from a sam-

pled unit, a linear formula score is a score of the form

n
n (n)n [2]n - t a i U12

provided that

(n) (n)13
an I 0, 1 a I 3

il

Then, a formula sequence is a sequence of linear formula scores (al,G 2 , ... ,

a, ,.o) such that, referring to Equation 2,

(n) (n+l) .(n+l) (n) 141atI ai , I ai ,

for all i' < n, I < n, and n > 1. The content of Equation 4 is that the contri-
bution of a treatment, say, i, relative to another treatment, say, i' is the
same for all linear formula scores an for which n > i, n > i'. The prototype of

a linear formula score and a formula sequence is the proportion-correct

0n U4/n

i-l

and

n
fuI,(U1 + U 2)12, ..., t Uin, -.. [6)

respectively. Levine's (1981) definition can now be stated (below, Var [XIY]
denotes the variance of X, given Y):

A sequence of dichotomous random variables (UP, U2, *

Un, ...) is d dimensional if there exist d formula se-
ee h(n) (n))

queces(h1 ,(h 1 ,., {h~n)) much that for every
formula sequence { ,b )



-3-

ar Ih(nl)Ih(n) " (n)[

1 [it d  107d

as n a; and, moreover, no smaller d works.

Note that it is the set of observables {UI, U2, ... , Un, ... ) that is d

dimensional. The ability @ is not observable and is known only by inference.
Nonetheless, let it be said that Q Is d dimensional, meaning that a d-dimen-
sional random vector 6 and treatment characteristic curves (PI(.)) (The condi-

tional distributions of the U,'s given 0) can be constructed to specify the

joint probability law of the d-dimensional U 's.

Assessment of Test Dimensionality

As stated above, the dimensionality problem is of particular importance in
the field of psychological testing. In this case, the units are persons.and the
treatments are test items. The function Pi(-) is called the item characteristic

curve for the ith item. The administration of a psychological test is modeled
as a two-stage experiment, the first stage yielding J randomly sampled persons
and the second stage consisting of the administration of I fixed test items (the
test) to each sampled person. In this manner, dichotomous random variables
{Uij); i - 1, 2, ..., I; j - 1, 2, ..., J are generated. The basic statistical

assumptions made are as follows:

1. Experimental independence of persons. The appropriate assumptions
are made concerning the joint distribution of the (Uj I that corre-

spond to the psychometric assumption that persons are randomly sam-
pled from a very large population and that sampled persons respond
to items independently of one another.

2. Local independence of items. The appropriate probabilistic assump-
tions are made concerning the joint distribution of the {UiiI and G

that correspond to the psychometric assumption that for each person,
his or her responses to different items are independent.

Consider again the example of the introductory paragraph, that of a 'mathe-
matics" test. It might be that while e is assumed to be a one-dimensional ran-
dom variable measuring mathematical ability, in reality e is two dimensional
with the first dimension being mathematical ability and the second dimension
being verbal ability. In the case of psychological testing, the most important
statistical problem concerning dimensionality is to test B : d - I vs. A : d >
1. Recently, this author has constructed a statistic to test this hypothesis
and to be further used as an index that estimates the amount of regularity in
the data attributable to the multidimensionality of e.

Illustration

It is rather easy to imagine applications in other fields. As an illustra-
tion, suppose that medical subjects (the units) undergo allergy sensitivity
tests to various environmental substances (each such test is a treatment). Sup-
pose that the result of each test is scored 1 or 0, depending on whether an al- I
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lergic reaction is observed or not. Let different values of the parameter 0 be
assigned to subjects according to each subject's sensitivity. Then, Inferences
about the dimensionality of e become meaningful In attempting to develop a clas-
sIfication scheme for allergies.

Description of the Statistic

A description of the constructed statistic can nov be given. In doing so,
the psychological testing language of items, persons, and so forth, will be
used.

1. The test being administered is split into two subtests of lengths M
and n, respectively. Here, n should be considered as large and M as
possibly not large. Let fn denote the proportion correct on the

second subtest of items M + 1, M + 2, ..., M + n.
2. 10,1) is partitioned into Intervals

UA(k) . [0.1) [8)
k n

such that

aXk{twidth (A~k))) 0 as n- . [9)

For example, let

(k) kk-l i k- 1,2, ... , n% 10)
A n I[]

where IxJ denotes the integer m such that m < x.
3. Persons are nov grouped into categories according to the following

rule: Assign a person tn category (k,n) if for that person

f EA ( k )  k - 1,2, ... , K . ll]
n n n

(Here, Kn denotes the number of categories.) Thus, persons are as-

signed to the same category if they all get about the same propor-
tion correct. This categorization of persons is the only use made

of the second subtest. Let j(k) denote the number of persons In
category (k,n). 

n

4. To construct the test statistic, take the ratio of two variance es-
timators, the denominator estimating a variance that is uninfluenced
by the 'amount" of multidimensionality present and the numerator
estimating a variance that is inflated by the amount of multidimen-
sionality present. The variance estimators are each based upon the
first subtest, i.e., on Items 1, 2, ... , M.

5. Now, fix (kn). That Is, look at the persons in cell k of the



(1) (2) (K)nth partition (A; A; , a. )q KU denoting the nmber of

partition Celle.
K.6. The denominator can nov be constructed. Consider Item an (of the

first subtest, hence, 1 < a < M. let

i (k)
^(k) . n (121
P am n i an12

where U Indicates that correctness of the response of the jth per-

son of cell k to Item m. Let

;2 - Z i(k)(l _-~)/213Pk Slm a

the denominator estimator of variance. Note that persons have been

summed over first, forming j(k) and then items, forming ;2k
(k 2 _ k

7. For the numerator, let g j .be the proportion correct for person

on the first subtest, i.e.,

(k) P1

9 - 1 Umi/ 114]

Let

3 (k)

and

(k)2

a2  U ((k) _ 9 (k) )WJ(k) ,[16]
gk jul

the numerator estimator of variance. Note that items have been sum-

med over first, forming g~k) and then persons, forming &k
ag1

S. For the estimator let

k gk /0Pk *117]
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Thus, for each cell k, a statistic 7k is obtained. he {Fk) are
independent random variables.

The Asymptotic Distribution of IF

In order to use the {Fk ) to make inferences about dimensionality, their

asymptotic distribution is needed. To this end, the author has shown that for
any K cells indexed by 1, 2, 4.., K there exists ck > 0 such that

K F-ki-1

k-1c Zk~lck /[181

Is asymptotically normal with mean zero and variance one [notatioually N(0,1)1
when d - I and, moreover, estimators Ck of ck exist such that

K F k-1 /19k i4 [19]
k=lc

is asymptotically N(0,1) when d - 1. Further, It has been shown that there ex-
ists a number C > 0 and numbers AM,k _ CM such that Fk 4 AM,k in probability for

k - I, 2, ..., K when d > 1. Hence, there exists a valid large sample level a
procedure for testing H : d - I vs. A : d > 1.

It also follows that this procedure (even in the extreme case of K - 1) for an
appropriate choice of MS has asymptotic power one for any fixed alternative,
i.e., any distribution of 0 for which d > 1. The procedure is to reject B if

• a-- z , [201
k-l ck

where Z is the 100 ( - a) percentile of a standard normal distribution.

Discussion

There remain several important theoretical and practical questions that
should be investigated. First, there are clearly several plausible ways of com-
bining the Fk' into a single test statistic and of obtaining the asymptotic

distribution of this test statistic. Three such possibilities are

" k C k

as was shown above;
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where I[AJ denotes the indicator of the event A; and
3. A chi-square like statistic [£k(Ok - Fk)2/gkj based upon the number

of k's such that

,k-I
>z- ZOCk

The author plans to investigate the asymptotic distributions of the second and
third of these statistics as vell.

Second, it is essential to carry out some carefully designed monte carlo
studies to see for what range of test lengths and sample sizes of examinees the
actual distribution of the Fk's is well approximated by the asymptotic distribu-

tion of the Fk's. This is essential because asymptotic distribution theory can-

not by itself guarantee the accuracy of the approximation that it suggests.

Third, the meaningful and practical question is not whether d - 1 but,
rather, whether taking d - I accounts for most of the explainable regularity in
the data. Thus, what is called for is a reformulation of the hypothe3is that
d - 1 and possibly an estimation approach in order to estimate how much of the
explainable regularity is accounted for by taking d - 1. This important practi-
cal concern needs to be dealt with by some combination of a theoretical analysis
and a monte carlo study.

Fourth, some combination of a theoretical analysis and a monte carlo study
is also needed so that some quantitative information is available about the
power of the tests constructed from the F 's.

Fifth, the 'regularity" conditions that were needed on the rate of growth

of the {j(k)) (numbers of persons per cell) as n 4 . in order to establish the
n

asymptotic normality of the Fk's--and, hence, the asymptotic distribution of the

statistics described above--can undoubtedly be improved upon. This would fur-
ther strengthen the case for using the Fk's in actual testing situations. More-

over, it is quite possible that the methods of proof used or the results ob-
tained when abstracted from the present situation involving the F 'S may add to
the general body of knowledge in mathematical statistics.

Sixth, the procedures that are obtained from carrying out the above should

be pilot tested on actual tests and populations.

Seventh, a thorough comparison between these procedures based on the Fk'S

and on any other approaches (such as factor analytic) in the literature must be
made.



Finally, procedures should also be developed for testing H : d - k vs. A :

d > k for fixed k > 2. Although the derivation of the distribution of the Fk'S

under the assumption d - I was surprisingly delicate, it seem clear that an
analogous procedure for this hypothesis testing situation can be found and Its
properties studied.

The author plans to investigate these questions vith the goal of producing
a theoretically sound and practically important statistical approach to the
problem of naking inferences about the underlying dimensionality.
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Chula Vista, CA 90010 Measurement and Evaluation Center
Austin, TI 78703

1 Dr. Lloyd Humphreys
Department Of Psychology 1 Dr. Stephen Kosslyn

University of Illinois 1236 William James Hall

603 East Daniel Street 33 Kirkland St.

Champaign., IL 61120 Cambridge, M 02138

1 Dr. Steven Hunka I Dr. Alan Lesgold

Department of Education Learning R&D Center

University of Alberta University of Pittsburgh

Edmonton, Alberta 3939 O'Hara Street

CANADA Pittsburgh, PA 15260

I Dr. Earl Hunt I Dr. Michael Levine
Dept. of Psychology Bepartrent of Educational Psychology

University of Washington 210 Education Bldg.
Seattle, VA 98105 University o4 Illinois

Champaign, IL 61301

I Dr. Jack Hunter
2122 Coolidge St.
Lansing, NI 41906
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Private Sector Private Sector

I Dr. Charles Lewis I Mr. Robert McKinley
Faculteit Socials Wetanschappen American College Testing Programs
Rijksuniversiteit 6roningen P.O. Ocx 16
Cude loteringestrast 23 Iowa City, IA 52243
97126C Broningen
Netherlands I Dr. Barbara Means

Husan Resources Research Organization

1 Dr. Robert Linn 300 North Washington
College of Education Alexandria, VA 22314

University of Illinois
Urbana, IL 61801 1

Professor Jason Hillman
I Hr. Phillip Livingston Department of Education
Systems and Applied Sciences Corporatio Stone Hall
6811 Kenilworth Avenue Cornell University
Riverdale, RD 20640 Ithaca, NY 14853

1 Dr. Robert Lockman I Dr. Allen Munro
Center for Naval Analysis Behavioral Technology Laboratories
200 North Beauregard St. 1845 Eleia Ave., Fourth Floor
Alexandria, VA 22311 Redondc beach, CA 90277

I Dr. Frederic H. Lord 1 Dr. V. Alan Nice,,aneer
Educational Testing Service University of Oklahoma
Princeton, NJ 00541 Department of Psychology

Oklahoma City, OK 73069
J Dr. James Luesden
Department of Psychology I Dr. Donald A Ncrman
University of Western Australia Cognitive Science, C-015
Nedlands-I.A. 6009 Univ. of California, San Diego
AUSTRALIA La Jolla, CA 92093

1 Dr. Don Lyon I Dr. Melvin R. Novick
P. G. Box 44 356 Lindquist Center for Neasurment
Higley , AZ 85236 University of Iowa

Iowa City, IA 52242
1 Dr. Sary Marco

Stop 31-E I Dr. James Olson
Educational Testing Service WICAT, Inc.
Princeton, NJ 08451 1975 Scuth State Street

Ores, UT 84057
1 Dr. Scott Maxwell

Department of Psychology I Dr. Jesse Orlainsky
University of Notre Dame Institute for Defense Analyses
Notre lame, IN 46556 1901 N. heauregard St.

Alexandria, VA 22311
I Dr. Samuel T. Mayo

Loyola University @f Chicago I Wayne M. Patience
320 North Michigan Avenue American Council on Education
Chicago, IL 60611 6ED Testing Service, Suite 20

One Dupont Cirle, W
Nashington, C 20036
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I Dr. Jams A. Paulson I Lowell Ichoer
Portland State University Psychological & Quantitative
P.C. Bl 751 Foundations
Portland, OR 97207 College of Education

University of Iowa
I Dr. James N. Pellegrino Iowa City, IA 52242
University of California,
Santa Barbara 1 Dr. Kazuo Shigetasu
Dept. of Psychology 7-9-24 Kugenuma-Kaigan
Santa Darabara , CA 93106 Fu~usava 25!

JAPAN
I Dr. Mark D. Reckase
ACT I Dr. Edwin Shirkey
P. 0. Box 168 Department of Psychology
Iowa City, IA 52243 University of Central Florida

Orlando, FL 32916
1 Dr. Thomas Reynolds
University of Texas-Dallas I Dr. William Sims
Marketing Department Center for Naval Analysis
P. 0. tax 699B 200 North Beauregard Street
Richardson, TI 75090 Alexandria, VA 22311

1 Dr. Andrew M. Rose I Dr. Robert Sternberg
American Institutes for Research Dept. of Psychology
1055 Thomas Jefferson St. N Yale University
Washington, DC 20007 Box IIA, Yale Station

New Haven, CT 06520
I Dr. Ernst Z. Rathkopf
Bell Laboratories I Martha Stocking
Murray Hill, NJ 07974 Educational Testing Service

Princeton, NJ 08541
1 Dr. Lawrence Rudner
403 Elm Avenue 1 Dr. Peter Stoloff
Takoma Park, N1 20012 Center for Naval Analysis

200 North Beauregard Street
I Dr. J. Ryan Alexandria, VA 22311

Department of Education
University of South Carolina I David E. Stone, Ph.D.
Columbia, SC 29209 Hazeltine Corporation

7690 Old Springhouse Road
1 Frank L. Schmidt McLean, YA 22102

Department of Psychology
Bldg. 66 1 Dr. William Stout
6eorge Washington University University of Illinois
Washington, KC 20052 Departewt of Mathematics

Urbana, IL 61901
I Dr. Walter Schneider

*Psychology Department I DR. PATRICK SUPPES
*603 E. Daniel INSTITUTE FOR MATHEMATICAL STUDIES IN

Champaign, IL 61320 THE SOCIAL SCIENCES
STANFORD UNIVERSITY
STANFOFD, CA 94305
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Private Sector Private Sector

I Ir. Mariharan Suainathan I Dr. Michael T. Miller
Laboratory of Psychometric and Departemnt of Educational Psychology
Evaluation Research University of lisconsin--Miluaukee

School of Education Milwaukee, 11 53201
University of Massachusetts
Amherst, NA 01003 1 Dr. Brian Waters

HuoRRO

I Dr. Kikuai Tatsuoka 300 North Washington

Computer Based Education Research Lab Alexandria, VA 22314

252 Engineering Research Laboratory
Urbana, IL 61801 1 Dr. David J. kiss

M60 Elliott Hall

I Dr. Maurice Tatsuoka University of Minnesota

220 Education Bldg 75 E. River Road

1310 S. Sixth St. Minneapolis, MN 55455

Champaign, IL 61920
1 Dr. Donald L. Weitzman

I Dr. David Thissen Mitre Corporation

Department of Psychology 1820 Dclley Madison Blvd

University of Kansas McLean, VA 22102

Lawrence, KS 66044
1 Dr. Christopher Wickens

1 Dr. Douglas Toune Department of Psychology

Univ. of So. California University of Illinois

Behavioral Technology Labs Champaign, IL 61920

JIL5 S. Elena Ave.
Redondo Beach, CA 90277 1 Dr. Rand R. Wilcox

University of Southern California

1 Dr. Robert Tsutakawa Department of Psychology

Department of Statistics Los Angeles, C9 90007

University of Missouri
Columbia, MO 65201 1 Berman Military Representative

ATTN: Wolfgang Wildegrube

I Dr. V. R. R. Uppuluri Streitkraefteast

Union Carbide Corporation 3-5300 Bonn 2
Nuclear Division 4000 Drandyuine Street, *
P. 0. Box Y Washington , DC 20016

Oak Ridge, TN 37830
I Dr. Bruce Williams

I Dr. David Vale Department of Educational Psychology

Assessment Systms Corporation University of Illinois

2233 University Avenue Irbana, IL blB01

Suite 310
St. Paul, ON 55114 1 Dr. Wmndy Yen

CTD/McBram Hill

I Dr. Kurt Van Lehn Del Monte Research Park
erox PARC Monterey, CA 93940
3333 Coyote Hill Road
Palo Alto, CA 94304

I Dr. Howard Winer
Divisim of Psychological Studies
Educational Testing Service
Princeton, NJ 08540


