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I. INTRODUCTION

The Analytic Sciences Corporation (TASC) recently performed a study (see
Reference 1) for MICOM on the implementation of a strapdown inertial updated
midcourse guidance scheme for application to Short Range Air Defense type
missiles. Part of this effort involved design of an Extended Kalman Filter
(EKF) to process the radar measurement data received from a "quiet radar,”
i.e., track on scan radar, as it scans a target. The target system dynamic
model was assumed to be linear in a rectangular coordinate system and the
target state vector was defined as

x=(x, 5, 2, io i’ is %, ¥ 2), (1

where (x, y, z) denote position, (X, ¥, z) denote velocity, and (¥, ¥, %)
denote acceleration. Since the target accelerations cannot be directly
measured, they are modeled as first—-order Markov processes given by the dif-
ferential equations

X = AR + uy

T o gy iwy L 2)
T hgf + Wy |
where Ay, Ay, A; are specified bandwidths (nominally equal and 2 0) and

Wx, Wy, Wy are white Gaussian noise processes with zero means and specified
spectral densities.

The dynamic system model for the target tracking filter which processes
the radar measurement data was given (see Reference 1) as

x=Fx +w 3)

wvhere F i8 a time-invariant 9x9 matrix and w is the systeﬁ process noise vec-
tor. Expressing equation (3) in expanded form results in

x 100 x 0 ) "
¥ o |lo1o 0 y 0 ]
z 001 z 0 ;
% 1 0 0 X 0 ]
g = (o0 0 0 1 o y 0 . (4) i
¥ 0 0 1 z 0 G
b 4 “Ax 0 O x Wy ]
*

y ) 0 0 Ay O ¥ vy )
.Y

Z| 0 0 -\ ¥ ) .
L zJ z 4
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In order to obtain a solution for x from Equation (3) an expression must be
found for the system state transition matrix defined by

P = erAt’ (5)

where At is the time interval (assumed to be constant) between measurements
and F is defined as in Equation (4).

There are several methods (see Reference 2) which may be used to evaluate
a matrix exponential of the form eFt. The two more commonly used are:
(a) expansion of eFt into a power series in t ag

2 3 n
el’t-1+r:+-§r—§l+§: + +§i§)+ , (6)

and (b) the lLaplace transform method whereby eFt is found as
eFt o L-1{(sI - F)~1). | Q)

As the order of the F matrix increases, the computations involved in obtaining
an exact evaluation of eFt using Equation ;7) become extremely burdensome. As
a consequence, TASC chose to approximate e At py using the first two terms of
a power series expansion in At, i.e.,

eFAt = T + FAt, (8)
which is very simple to calculate.

An exact expression will be developed, in this report, for the 9-state
target model state transition matrix defined by Equation (5))with the matrix F
of Equation (4). In the process, another method (based on the LaGrange-
Sylvester interpolation polynomial (see References 2 and 3) which can be used
to evaluate el’t, and which enables one to arrive at an exact expression for
eFt without requiring matrix inversion, will be illustrated.

I1. MATHEMATICAL BACKGROUND

The method to be used in evaluating eFt will be presented in this section,
and an example will be worked to i{llustrate application of this method in com-
parison with the Laplace transform method. First though, some terms which
must be defined are as follows:

(a) Annihilating Polynomial: An annihilating polynomial of a square
matrix F is a scalar polynomial f(A) for which f(F) = 0.

(b) Monic Polynomial: A monic polynomial is a scalar polynomial
£(A) = cAK + cAk"1 + ... + ¢ in which ¢4 = 1.

(c¢) Minimal Polynomial: A minimal polynomial of a matrix F is the monic
annihilating polynomial of least degree.

(d) Spectrum: The spectrum of a matrix F 1is the set of characteristic
values of F, {.e., the gset of all scalars A for which F-AI is not invertible.
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A function f(\A) is said to be defined on the spectrum of a matrix F if the
values of the function f(A) on the spectrum of F exist, i.e., if the m numbers

fOn), £, — , £ Dy k=1, 2, — , 8
have meaning, where s is the number of distinct characteristic values of F and
my is the multiplicity of the k-th characteristic value in the minimal poly-

nomial (see Reference 3).

The Lagrange-Sylvester interpolation polynomial for a function f(1\)
defined on the spectrum of a matrix F is a polynomial r(\) defined as

s ok 31
r(A) = ¥ ( Ioagyh - ) >Yk(1)' ®
k=1 ‘j=1
where
ay = L dj'l(fm (3=1,2 —, ms k=1, 2, —, 5), (10)
] (F~1)! d)‘j—l ¥ (\) A =y y & ’ ’ s ’ ’

¥ (A) is the minimal polynomial of F with the Ay term removed, and r(A)
satisfies the conditions r(Ag) = £(Ax), r'(Ak) =£'(A\g), ~—, L) (ay) =

f(mknl)(Kk), (k =1, 2, —, 8). The polynomial r(A) assumes the same values
on the spectrum of F as does f(\) and one has f(F) = r(F).

If the equation for the coefficients (Equation (10)) is expanded and
substituted into Equation (9), Equation (9) can be expressed (see Reference 3)
in the form

L ED
M) = 1T T vdeg) (11)
k=1 j=1

where the o j (\) represent polynomials in A, of degree less than m, which are
completely determined when ¥(A) 18 given and are independent of the choice of
f(A\). Equation (11) can be rewritten to obtain the fundamental formula for
f(F) (see Reference 3):

8T (D)
£€(F) = 1 1 £ 0%y (12)
k=1 j=1

where ij = ¢kg(F) (=1, 2, ~—, my; k=1, 2, ——, S). As for the

¢ 3(\) terms of Equation (11), the Zy; matrices are completely determined by F
ana are independent of the choice of é(k). The ij matrices are called (see
Reference 3) the components of the given matrix F.

There are several methods by which the Zy; matrices can be evaluated.
The one which will be illustrated here is the method whereby certain simple
polynomials for f(A) are successively substituted into the fundamental formula
given by Equation (12). From the linear equations so generated the
Zy 4 matrices can be determined. For comparison, the Laplace transformation
method for finding eFt will also be illustrated.

5
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Example 1: Lagrange-Sylvester Method

Suppose one wishes to find an expression for eFt where F 1is given as

0 1 0
F= 10 0 1]. (13)
2 =5 4

For this given matrix F ome has A(A) = ¥(\) = (A-1)2 (A-2), thus, Ap = 1,
A2 =2, m =2and my = 1. Checking to see that f(A) = el is defined on the
spectrum of F it is seen that, for the root A\; = 1 with m; = 2,

f(A1) = et exists and

£f'(\1) = et exists.

Also, for A\ = 2 with my = 1 it is seen that f(Ay) = e2! exists. Hence,
f(\) = ert 1{g defined on the spectrum of F.

Next, making use of Equation (12), f(F) can be written as
£(F) = eFt = £(1)237 + £'(1)212 + £(2)29; (14)

and the components of F can be determined as follows. First, take r(A) to be
r(A) = (A~1)2. For this choice of r(\), one has

(F) = (F-1)2 = 2. (15)
If one next takes r(\) as r(A) = (A-1)(A-2) then one has
r(F) = (F-1)(F-2I) = (-1) 212
and, therefore,
Zyp = - (F-I)(P-2I) . (16)
Finally, take r(A) as r(A) = 1. In this case, one has
£(F) = I =21; +29
and Z3; is found to be
Zyp =1 -2 = I - (F-I)2. (17)

If Equation (15), (16) and (17) are substituted into Equation (14), the
resultant expression for eft is found as

eft = ehltzu + tekltzlz + ekthZI

= [I~(P-I)2])et ~ [(F-I)(F-2I)]tet + (P~-I)2 e2t (18)
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Performing the matrix multiplication indicated in Equation (18) will result in
the following expression for eFt:

0 2 -1 2 3 1 1 -2 1

efFt = ]2 5 2]et -] 2 -3 1 [tet+ |2 -4 2 |e2t

-4 8 -3 2 -3 1 4 -8 &4
-2tet + e2t (2+3t)et ~ 22t (-1-t)et + 2t
= | (~2-2t)et + 2e2t  (5+3t)et - 4e2t (-2-t)elt + 202t |. (19)

(~4-2t)et + 4e2t  (8+3t)et - 8e2t  (-3-t)el + 4elt

Example 2: Laplace Transform Method

To evaluate eFt using the Laplace transform method given by Equation (7),
the sequence of operations to be performed would be as follows. First, form
the matrix (sI-~F) as

s -1 0
(sI~F) = 0 ) -1 .
-2 5 s—~4

The determinant of (sI-F) is A(s) = (s—-l)2 (s—2). The matrix inverse,
(sI—F)'l, must next be calculated and is found to be

82 -~ 4g + 5 s~4 1
(sI-F)~1 = ?::I;%?::E; s(s-4) s | . (20)
28 -58 + 2 82

The expression for eft 1g calculated by taking the inverse Laplace transform
of each term of (sI-F)~l. If Equation (20) is expanded using partial frac—
tions, the result is given by

[ 2 1 3 2 2 1 1 17
- ——— e —— — — - - - —
(s-1)2 g-2 (s~1)2 s-1 -2 ( (s-1)2 -1 s—Z)
2 2 2 3 5 4 1 2 2
1-F)"1 =|- - + + - - - + 21
(s1-F) (s-1)2  8-1 82 (s-1)2 -1 -2 ( D2 -1 e
S S S S +8_8(__1 3 4
(s--l)2 s-1 s-2 (s--l)2 s-1 s-2 (s—-l)2 s-1 g-2
L -

and taking the inverse Laplace transform of each term then gives the final
expression for eFt as
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~2te” + o2t (3t+2)et - 2e2t  (~t-1)et + e2t
eFt = | (-2t-2)et + 2e2t  (3t+5)et - 4edt  (~t-2)et + 22t |, (22)
(-2t-4)et + 4e2t (3t+8)et - 8e2t  (~t-3)et + 4elt
Comparing Equations (22) and (19), it is seen that both approaches result in
the same answer; however, evaluation of eFt using the Laplace transform method
involves more of a computation burden than does the method using matrix com—
ponents, even for a 3x3 matrix.

ITI. TARGET MODEL STATE TRANSITION MATRIX EVALUATION

A. Introduction

In this section the matrix expomential ept, with F as defined in
Equation (4), will be evaluated to obtain an exact expression for the target
state transition matrix for several different combinations of Ay, s Az The
first step in the process is to evaluate the determinant of (F-AI) as

~AL | I 0
Ir—xd = | 0 -1 1
“AxA O 0
0 0 0 —Xy-k 0
E 0 0 =Ag—A
= AS[A3 + (ethg A2 + (AghyFAghztAghz)A + Aghghy]e (23)

The characteristic values, therefore, are given by
AL = A2 =A3 = A4 =A5 = Ag = 0, A7 = ~Ag, Ag = Ay, Ag = ~Az. (24)

The next step is to determine the minimal polynomial of F. The minimal poly-
nomial of a matrix will contain each of the distinct characteristic values of
the matrix with a multiplicity not greater than each root has in the charac-
teristic polynomial. The candidate choices for the minimal polynomial of F
are thus: .

(MAg) WAy ) (AL
(MAg) (WFAy) (AR )2
l}

| (25)

t
(MAg) (MFAg) (A+hZ)AE

and the actual minimal polynomial will depend on the values chosen for Axs

Ays Age
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B. Case With Ay, xy, Az Positive, Unequal
Using each of the expressions in Equation (25) in turn, Y(F) is eval-
uvated to determine which expression will result in ¥(F) = 0. Upon performing
this procedure, the minimal polynomial (for the A's of this section) is found
to be
¥(\) = xz(x+xx)(x+my)(x+xz). (26)
The fundamental formula for f(F), as given by Equation (12), will therefore be
f(F) = £(A1)211 + £' (AN 1)Z12 + £(N3)Z9; + £(A3)Z31 + £(N4)Z4)
= £(0)211 + £1(0)Z12 + £(~Ay)221 + £(-Ay)Z31 + £(-Az)Z41- (27)
For £(\) = eM one has £(F) = eFt so that, using Equation (27),
eft = &M%z + teh102y + 22y + M2y + Mizy
= (Z11+t212) + e MXPzg + e M2y + e M2tz (28)
The components of F can now be found by choosing simple polynomials for r(A).
This process is illustrated in the following steps for
r(A) = r(A1)Z1) + r'(A1)212 + v(A2)Z921 + v(A3)Z31 + r(A4)Z41-
1. (M) = A(RAL) (AHAg) (AR Z)
' (A) = A3+ 30 gIAZ + 200 Ay A gA AN + Aghyh,
F(PHALI) (FRASI)(FHA,I) = (0)Z7; AxhyrzZ12 + (0)2y7 + (0)Z3; +
(0)z41

212 = x;%;i; [F(FAXD) (FAAST) (FiA,I)] 9

2. (M) = (M) (M) (AR )
£'(A) = A2 + 200 gIN + (AghyFrghzHhghz)
(FAAI)(FRAyI)(FAZI) = AxAyhzZ11 + (Aghy*AxhztAghz)Z12

+(0)Z91 + (0)Z23; + (0)24

- Ay Ay zHAgh
Z11 = (AxAgrz) 1[1 -( x y)\x;:y:z Y z)F](F+xx1)(F+xyI)(F+sz) (30)

3. r(A) = ARG (M)
r'(A) = N2 + 200N + Agh,

F(PAyT) (FHA,1) = AghpZ12 + [A3xH (g N2 g Axhghz 1221

1
Zg) = [-x3x+(xy+mz)x2x—xxxyxz]"1F[? ok (F+Kx1)](F**yl)(p+kzlzgl)

9
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4. T(N) = N(AH L) (AHN)

r'(A) = 32 + 2(Aghh)AHRgA,

R~ 13
L

. F(FARI)(FAZI) = Agh;Z12+(~Ay) [A25=(Agth o)Ay +hgh 23]

24 = [—x3y+(xx+xz)x2y+mxxyxz]"1F[(F+xx1)(p+xzr)-

1
(i;)(r+xx1)(pwxyx)(p+xzr)] (32)

5. (M) = A (AHry)

L]
IOWIN-_4 P

r'(A) = A2 + 2y )M gy

F(FALD) (FAGI) = AphyZ12 + (=Az) [A22~(Axthy)AzHAxhy]Z41

Z4 = [—x3z+(xx+xy)x22—xxxyxz]-lp[(p+xx1)(p+xy1) -

L SEARAENLNEEE - < R
L‘L‘g'_l

1 -
, (K;)(F+ x;)(p+xy1)(p+xzri]. (33)
5 , )
If Equatious (29) tarougl. (33) are now substituted into Equation (28) the
desired expression for eFt will be obtained as

eFt = (Xxiykz)(p+xx1)(v+xyx)(F+xzx) +
o xt
[—x3x+(xy+xz)x2x-xxxyxz]
e—kyt
[-A3g+ (A2 A 25-A A gA 2 ]
“Agt
e

A3+ g2 -A A gA 5 ]

" S L T e aTTaT v
PV DR D PO Y

F(FHAyI)(F#A,I) +

F(FHAI) (P, 1) +

F(FHAxI)(F+AgI) -

+ +
(AxAyhz)? N B A U VS TC T VE W O

(A4 (A A3 g-Agh A 2y |

TV N LT
PO ) e A g .

[xxxy+xxx,+xyxz ot e Mxt

b

s

)

F(FHA D) (FRAGI) (FHA,I) . 34
[—x4z+(xx+x,)x3z-xxxyxzzl] (P (FyD(ERD oh

Equation (34) seems formidable; however, if specific values are substituted
for Ay, xy, Az the coefficient terms simplify. Equation (34) mainly involves
several combinations of matrix multiplication. However, for the general case
indicated in Equation (34), when the matrix multiplications are performed and
the terms are combined as indicated, the resulting exact expression for the
state transition matrix (for the A's of this section) is as shown in Equation
(35).
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0

12 A (B0 +4 -]

0 0 0 00 O

14

0
u.?TmAnxnfxﬁ.:?‘xxlauxlv?
(A X (Pah O 4% v
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C. Case With Ax, Ay, Az Positive, Equal g
For the case where Ax = Ay = Az, the minimal polynomial of F is found -

to be U
(M) = A2 (AH\y) (36) '

and the fundamental formula for f(F), as given by Equation (12), 1is as
follows,

f(F) = £(A1)211 + £'(A\1)212 + £(N2)291
= £(0)21) + £'(0)219 + £(~Ag)Z9o1. (37)

If one again chooses f(A) = e*t then one has f(F) = eFt so that, using
Equation (37)

eFt = 201 + tZ1, + e MXbz,. (38)
The components of F can be found by using the same procedure as in paragraph

B, with r(A) given as r(A) = r(A1)Z11 + r'(A1)Z12 + r(A2)Z9). Proceeding
as in paragraph B above, one has the following results.

1. r(A) =1
r'(\) =0 }i
I=2y +2y (39) 5

2. T(A) = AOWHA) g’
£'(A) = 2h + Ay N

F(F+A\gI) = 213 (40) B

3. r(\) = A2
r'(A) = 27
F2 = 29 (41)

From steps (1) and (3), Zj] may be found to be

zy = 1 -~ F2. (42)

1f Equations (ao% through (42) are substituted into Equation (38), the -
expression for eft will be obtained as

Lo, AR .
VY . JURARRY . S
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"th

eft = 1 - F2 + F2¢ + Ft + e "Xtp2

- I+ (e Mxtie-1)F2 + Rt (43)

When Equation (43) is expanded, the resultant matrix expression for eFt (for
the A's of this paragraph) is as follows,

~ -
1 0 0|t O Of|la 0 O

01 0/]0 t 0|0 a O

eft = 0 01 00 Db O (44)

c 0 O

0 0 0 c O

L 0 0 ¢

where
a=t~1+e st (45)
b= (-t + (1~ MxEy, (46)
: ~Axt 2

e o= i+ (e MxEL12 + (ApmD)Agt. (47)

D. Case With One Root Zero; Remaining Roots Positive, Unequal

To begin this paragraph, assume that Ay = O and that Ay and A, are
positive, unequal. Based on this assumption tKe minimal polynomial of F is
found to be

T(A) = A3 (M) (A ,). (48)
For the conditions of this paragraph, the fundamental formula for f(F) is

£(F) = £(~Ay)271) + £(0)Z31 + £'(0)Z32 + £7(0)293 + f(-Az)23; (49)
and eFt will be given by

eft = e—)‘xtzu + Z91 + tZog + t2223 + e-)\ch31. (50)

The components of F are again found by the same procedure used in
paragraphs B and C where, in this paragraph, r(\A) is given by
r(\) = r(-Ag)Z11 + r(0)Z91 + r'(0)Z92 + r"(0)223 + r(~Az)273),

1. ©(A) = A3(Ahy)

13
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2.

4,

S.

r'(A) = a3 + n2

(M) = 1222 + A

FB(F+KxI) - 'K3z(Kx“xz)z31

1
Zqy ® = —— . (FA4r_F3
A A (A h2) (FHAF)

r(A) = A3
r'(\) = a2

r"(A) = 6\

TP = A3,25) - 3,29

1 1
23] = = [ == )3 + o (F44AP3
1 <k3x) K3x(xx'kz) ¢ =P

r(A) =1
r'(A) = r"(A) =0

I =217 +29) +23

z I1-2 z I+ e *_<x3x—x3z)<f4+xxr3)
2 11 =3 AMx \A3a3, N\ A,
r(A) = A2

r'(A) = 2\
"(A) = 2
F2 = A2,21) + 2233 + 12,23

223 = W(F2-22,2,1-22,23))

Ay tA 1
- 1p[r +<#>p3 N
Ax"z }‘sz

r(A) = A(AHAR) (AR ,)

(M) = A2 + 200N + Agh,

£"(A) = 6A + 2(AgHhz)

F(FHAZLY(FRA,T) = A\ h, 229 + 2(Ayth;)293

20r o - (32 N4 N thghg A2, .
22 "_szxfz *

A22,

(51)

(52)

(53)

(54)

(55)

LA Sed Bl okl

BN B Y PR

Lo .
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If Equations (51% through (55) are substituted into Equation (50), the
desired expression for eft (for the A's of this paragraph) is given in matrix
form as shown in Equation (56).

(100]coo0 ar 2 ~bA g+t 2 0 0 ]
o10foto 0 e 0
oo1loot 0 0 ar2,-b)+1pt2

100! -ar3,+bA2, -1, t2+t 0 0
eft =i 0 JOo10 0 t 0 (56)
001 0 0 —an3+bA2,-1pn, 24+t
ardg-bA3+1PA2, t2-A 4l O 0
0 0 0 1 0
0 0 ar%,-bA3,+1HA2, 621 e+
where -
e Mxt <X2x+xxxz+x2;) (xx+xz > £2 e hat
a= + - t + -
A (AxAz) A3, A22, Az AZ(AxAz)

Age Mxt . (x3x+x2xxz+xxx22+x3z _ <x2x+xxxz+xzz -
k3x(Kx”Kz) K3xksz xzxkzz

Mtz \ 5 Age Mzt
te » e——
LR A3, (g Az)

For a case where Ay = 0, with ky, Az positive, unequal, the minimal
polynomial of F is

2(F)= A3(MAg) (MR Z) (57)
and the fundamental formula for f(F) is given by
f(F) = £(0)213 + £'(0)212 +£7(0)Z213 + f(—)\y)ZZI + f(-Az)231 . (58)

In a similar fashion, for A, = 0 and A, Ay positive, unequal, the minimal
polynomial of F is

T(A) = A3 g) (Mrg) (59)
and the fundamental formula for f(F) is given by
£(F) = f(-Ag)21) + £(-Ay)Z21 + £(0)23) + £'(0)Z232 + £"(0)Z33 . (60)

The expressions for eFt corresponding to Equations (58) and (60) are given in
Equations (61) and (62), respectively.

15
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G o00|e0o0]|1pe2 0 0 i
0100t 0 ar2y-bArg+lie2 0
oo1loo 0 0 ar2,-bA,+1/t2

10 t 0 0
- -ar3 1pe2
eft 0 [010] 0 -andpraZy-lpedagte 0
00 0 0 —aAn3, 4002, -1pt2n +t
1 0 0
0 0 0 arnb -bAIAEA2 A el
y ATy My Yy 0
b pp3.4852
N 0 0 aky-ba3 A2 -Ap e
where
1 \fe Myt ehet 2 Ay A ANy
e e t AL yHAyAz 2
as= Ry N A "oz )t t 33 ,
ALY A3, Mgz \MAZ, A3ga3d,
. Age Myt xye""zt + (A2 A2 Mg 402, .
= - S R Alls Jbi AR 4 1Y
Mygrz) A0 Az)  \2AgA, A2A2,
(x3y+x2yxz+xyx22+x3z>
)‘3y}‘3z
100/to0 ar2,-brg+lpt2 0 0]
010|0¢ 0 ahZy-bAy+lAt2 0
oo1|oo 0 0 lpe2
10 ~aA 3, +bA2 -1 24t 0 0
efFt =l 0 Jo1 0 ~ar3g+bA2 Lo e 2et 0
00 0 0 t
4 a3 4L
Al BRI A t4l 0 0
0 0 0 arb,-pr3 +£3u

- 0 0 1]

where
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1 \fe A=t e—)‘yt) . t2 Axthy |+ A2 g hy+A2
Mg\ Ay gy W22, A3

y

Aye Age VE (2.2 x2x+xxxx+x2%)t .
AeOxhg)  Adp0grg) 20y, A2aA2,

342 2.3
. (f A2 A 24 ;)
CELHN

~Agt

E. Case With One Root Zero; Remaining Roots Positive, Equal

For a case with, for instance, Mx = 0, Ay = Az > 0, the minimal poly-
nomial of F is found to be

T(A) = A(ky) (63)
and the fundamental formula for f(F) is thus given by

£(F) - £(0)211 + £'(0)Z12 + £7(0)Z13 + £(~Ay)Z2]- (64)
The expression for eft is, therefore, given as

eFt = 217 + tZyp + t2213 + e VizZy (65)
and the components of F can be found as follows:

1. r(A) =23

r'(A) = N2 ; r"(A) = 6A

F3 = 'X3y221
221 = - (Ly)r'?' (66)

2. t(A) = A2(My)
£'(A) = A2+ DGk 5 r(N) = 6h + 2y

F2(FHAyI) = 20213

2,3 = (5%?)r2(pwmy1) (67)
3. r(A\) =1

r'(A) = r"(A) =0

I =271 +29n

17
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211 =1 +<$—)r3 (68)
y

4., r(\) = K(M'ky)
r'(A) =2 + Ay 3 (X)) = 2

F(FHAyl) = Ay212 + 2213
- (L - (2-\p2 )
Z12 (Xy)F(F+hyI) (kzy)F (FHAyI) (69)

1f one substitutes Equations (66) through (69) into Equation (65), the desired
matrix expression for eFt can be written as shown in Equation (70).

100t 00 |Llpe2 0 0 7
o10/oto]o lpt2-ary 0
oo1|loot]| o 0 lpt2-ary
100 ¢t 0 0
eft = 0 |010]| 0 t-lherg+ar?y 0 (70)
~1pe2 2
oo1]o 0 t-1pt2hg+ar2y
1 0 0
0 o |0 1ayeeAZ-ad 0
yt\ymar’y
0 0 1-A t+£3%2 ~an3
| ytrz  y RNy
where .
1 L 2 Mt N
a=33 -2 -3 - -
My Ty Ty Ty 5
If one has a case with A, = 0, Ax = Ay > 0, then eFt is as shown in Y

Equation (71).

]
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vd v
»

[ i i )

100fto00 3 ~a\x 0 0
¢2
o10|octo] 0 L 0
2
001{00¢t 0 0 =
e2
100 t- s hgtar?y 0 0
Ft 2
eft = 0 010 0 t= 5 Axtarsy 0
001 0 0 t
t25 .3
l-kxti—kz x~a\ 7y 0 0
t2.2 .3
Y 0 0 I-Axti5—héx-akx 0
- 0 4] 1
where
1 t 2 e Mt
ST BT M WY B
My Ay y v

For a case with

(71)

Ay = 0, Ay =Xz > 0, eFt will be as shown in Equation (72).

100{to00O 3~ ~aky 0 0
2
o10loco 0 = 0
2
001j00¢t 0 0 7 ~akx
tz 2
100} t- g Aygtarly 0 0
eft =} o 010 0 t 0
)
001 0 0 t- s-hytardy
t2.5 .3
1-Agtihiy-ardy 0 0
0 0 0 1 0
t2 5 3
B 0 0 1—xxt4——A2 x~a\ x_
19
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IV. CONCLUSIONS

In order to verify the expressions developed for eft in Section III, a

computer program was written which would integrate the target equations (2), v
for an arbitrary set of initial conditions and A's and for w = O, to generate 1
time histories of target position, velocity and acceleration along the x, y, ]
z axes. A listing of the program is presented in Appendix A. Using this
program, data was generated for each of the cases considered in Section III.
Table 1 1ists the target state initial conditions and the values used for Ay,

and A, for each computer rumn case. The target state transition matrix from
Section III, which corresponds to each of the cases listed in Table 1, was
then used to generate target state data for comparison with the computer out-

wt.

A representative set of data indicating the results of the comparison is
presented in Figures 1 through 12. This data represents the target position,
for each of the cases in Table 1, for both the computer solution and the state
transition matrix solution. As can be seen, the data output matches in each
instance and the state transition matrix expressions in Section III are
verified.

M 'A'.."A_'_n_‘_“;"" ;"A;J-l_.;v LS

TABLE 1. TEST RUN CONDITIONS

Case Ax xy Az Paragraph K
1 1. 1. 1. c p
L

2 3- 2. 10 B j
3 2. 0. 1. D 3
6 0. 1. 1. E ;

NOTE: Target state initial conditions in each case were
as follows:

x(0) = 100. y(0) = 200. z(0) = 2000.
%(0) = 2000. 7(0) = 400. 2(0) = 300.
%(0) = 300. $(0) = -2000. ¥(0) = 700.
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APPENDIX A

DIGITAL SIMULATION PROGRAM

A listing of the digital simulation program which was used to integrate
the differential equations describing the target acceleration components,
Equation (2), in order to provide time histories of target position, velocity
and acceleration components is presented in this Appendix. The simulation
permits target state initial conditions and values for A4, ky, Az to be varied
by the user and uses an external line-printer plot routine to provide data )
plot outputs.
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. FREAD Tl AL POSITION, JELOCTIT¢. ACTELERATION 708 x ¢ v,

“~RADUIN - END=241) X:Zr. XiZY, g1 "

FEAD: IR, . i) X(S x4 R

- CEAD . IF. e XiT . X{(8)- v T .
. SimE s o .
. Ny =Y b

o = sl ' :

. READ LAMBEDA AKX, AY. tKZ ' '

: READ' IF. ¢  awks. AKY, AnT ; J . .
- ol LONTINUE ' .
: iF «TImE GE 22 2y G0 To
» = M
20 1CC wuTia = 1,4
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X T = i=rli kg T

Dx(Br=xt
DX{9)=x "

- GO TO (30. &2, 3C. 4G, . KUTTA

CONT INGE
. IF (RUT7a a1 L ea 7
CONTINUE
3 TIME = Ti7% « % &[T
47 CONT INUE
. & CaLl Riune
IF (wunNT
WRITE 4. &
. el FORMAT (Zx.
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WRITE (&, 2000 TIME, X(1), X(2), X(3)
200 FORMAT(2X.4(G12. 6, 2X))
WRITE (4, 205)X14), X{(5). X(&)
WRITE(&6, 205)X(7), X(8). X(9)
205 FORMAT (2X, 3(612. 6, 2X))
199 CONTINUE
KOUNT1=HOUNT1+1
IF(KOUNT! EQ. MKOUNT) KOUNT1=0

XY 7 "SR EREPERLALIUND Ny ¥

G0 TO 1000
21 CONTINUE

G0 TO 511t :

241 STOP i

4

END

SUBROUTINE RUNK
COMMON X(9), DX(9), KUTTA, DT, NX
DIMENSION XA(9), DXA()
60 TO (10, 30. 50, 70), KUTTA
10 DO 20 I = 1.NX
XACL) = X(ID
DXA(I) = DT# DX(I)

20 X(I) = X(1) + OS#DXA(I)
RETURN

30 TDT = 2 « DT
HDT = .5 # DT

DO 40 I = 1,NX
DXA(I) = DXA(I) + TDT # DX(I)

40 X(I) = XA(I) + HDT # DX<(I)
RETURN
50 DO 60 I = 1,NX

VDT = DT # DX(I)
DXA(I) = DXA{(I) + 2 = VDT

60 X(I) = XA(1) + VDT
RETURN

70 DO 80 I = 1,NX

80 X¢I) = XA(I1) + (DXA(I) + DT » DX<(I,:1/&.
RETURN
END
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