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To Orthogonal v2 v F-Rectangles

for All Even v

A. S. Hedayat
Department of Mathematics, Statistics and Computer Science
University of Illinois at Chicago, Illinois 60680, U.S.A.

and

W. T. Federer

Ithaca, New York 114853, U.S.A.

It i shwn ow o cnstucta pair of orthogonal v/2 by 2v rectangles for

al ee v.Also, iisshown ho oconstruct a set of t pairwise orthog-

ona v/ by2v -retanlesforalleve v orwhich a set of t pairidse

orthgonl Ltinsquares of order v exists. Some situations where these

desgnsareuseful in practice are indicated.

Let V (1, , v) be a set of v distinct symbols. A k xb array filled

with the elements of V is said to be an F-rectangle if

(i) Every element of V appears the same number of times,

rbk/v, in the array,

(ii) The appearance of each element in each row and colum

isas uniform as possible.

Note thtcondition (ii) indicates that if ks v, no element of V appears

more than once in each column, and if b a tv, each element of V appears t

times in each row.
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Definition. Let F1 and F2 be two kx b F-rectangles. Then we say F1 is

orthogonal to F2 (denoted by F, ± F2) if upon superposition of F1 on F2

every element of V in F1 appears the same number of times with every ele-

ment of V in F2 .

Example. Let V = (l,2,3,4]; then, the following F1, F2 and F3 are pairwise

orthogonal 2 x 8 F-rectangles.

F1  F2
112 13 14 3 4 1 21 2 31 4 3 12 11

2 11 1 3 4 2 1 3 1 2 1 3

F

S1 2 3 4 2 1 4 3

4 2 1 1 1 3 .4 1

We shall now prove the following theorem.

Theorem 1. There e~dsts a pair of orthogonal (v/2) x 2v F-rectangles for

all even v.

The proof is by construction. Construct a (v/2) x v F-rectangle, A,

based on V with 1, 2, .. , v/2 as its entries in the first column and fill

the remaining cells cyclically. Construct another (v/2) x v F-rectangle, B,

based on V with (v/2) +1, ( /2) +2, .., v as its entries in the first col-

, .I unn and fill the remaining cells cyclically. Construct another (v/2) x v

F-rectangle, C, based on V with the odd numbers among 1, 2, ., v as its

entries in the first colum and fill the remaining cells cyclically. Then,

and P]
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form a pair of orthogonal (v/2) x 2v F-rectangles. It is obvious that F1

and F2 are F-rectangles. The fact that they are orthogonal foflows from

(a) the cyclic construction of A, B and C and (b) the property that each

element of V in F2 appears once with the element 1 in F1 .

Example. Let V = (1,2,3,4,5,61 . Then,

1 2 3 4 5 6 4 5 6 1 2 3 1 2 3 4 5 6

A = 2 3 4 5 6 1, B = 5 6 1 2 3 , and C= 3 4 5 6 1 2.

3 4 5 6 1 2 6 1 2 3 4 5 5 6 1 2 34

Now form F1 = and = as

I 15646~3~3I56l23$56Fi=23156- 56F231, F = 1 5 1 3 4 6

31234 5 6 4 5 631 2 0 562 4 5 12 3 5
Fl- 2 3 4 5 6015 6 C) 3 4, F2, 3 4. 5 6 1 3 (.® 6 1. 2 .

The concept of orthogonal F-rectangles is closely related to the concept

of orthogonal Latin squares. One such relation in the context of this note

is indicated below.

Theorem 2. For v even the existence of t pairwise orthogonal Latin squares

of order v implies the existence of t pairwise orthogonal (v/2)x 2v F-

rectangles.

The proof is by construction. If L1h, L2, ... , Lt} is a set of pairwise

orthogonal Latin squares of order v (even), then split Li into halves as

.,



and let Fi = T. Then clearly (F 1 , F2 , . Ft] forms the required

set of pairwise (v/2) x 2v F-rectangles.

Remark. Theorem 2 cannot be used when v =2 and 6 since there is no pair

of orthogonal Latin squares of order 2 and 6. Also, Theorem 2 requires the

construction of orthogonal Latin squares, which is not easy for v= 2(mod 1).

If one is interested only in a pair of orthogonal (v/2)x 2v F-rectangles

then Theorem 1 is useful and easy to implement for all even orders including

v=6. For v=2 one mayuse

F 1 = 1 21[] and F2 = 1j2 2

to obtain F1 I F2 .

This class of experiment designs has usefulness in many areas of experi-

mentation. In a variety of situations, it may be undesirable, or even
A

impossible, to have as many treatment periods as there are treatments, but

it ii relatively easy to obtain more individuals or organizations for the

experiment. For example, in a study of diet and aerobic dance exercise, it

was undesirable to subject each individual to more than three exercise-diet

*treatments, but it was relatively easy, and desirable, to obtain 36 individ-

uals for the study for the six diet-exercise treatments. It is necessary

to have a class of individuals, 36 here, for aerobic dancing. It was con-

sidered essential to have every treatment follow every other treatment and

vice versa. The above example for v u6 and the 36 sequences from F1 and F2

* .4 forms such a changeover design. Some situations where these experiment

* designs may be useftl arc:

(i) In marketing and other experiments where the 2v sampling units

(indiviftals, organizations, etc.) are used for v/2 tim periods

for two sets of v treatments,

S, .-



(ii) In changeover experiments with 14v sequences and v/2 periods

balanced for residual effects of v treatments,

(iii) in surveys where the order of the v questions (sensitive or

otherwise) is to be in a balanced arrangement for residual

effects for each set of 4iv individuals and each individual

answers v/2 questions.

I.*
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