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SIGNAL DETECTION: GAUSSIAN AND NON-GAUSSIAN

MOEL ITH NUISANCE AA M

1. J.BllS LL .

On~e d.Ciio problem ectiae ix sigSaJ detection Is the sit=.-

tion in which the law (L) of the process in the pure noise (PM)

Aess is knoaw" -'e0',l (i@, L s L), a in the noise Plus signal

(N ~ ) ga~L ji 's, "88a th.,data consists of N obseomtionso

*XN Of 04e pwqcsss ., For this -situation stadad oodness-of-

-at e:(G-0-F) detast*"',,su* :a hos* bUsed _on the K*moorov-Smir.V

and Cramr-von Hises, statistics cmi be usqd.

amevomiders bere '.ate"Awi*s of the, above, prOblem to the case Wiere

the ywo mewe lee is .kwup to sow nuisance paramters. The detectors

"I all basd 04 tbe se#l statisvtical iwois# ,N-S-N) wichld ise dis,-

trihqitedA 11-0100,tly qf the minimal sufficient. statistics (N-S-SE-

and together with-th an5, conttute a om -toae (me.) im'i of

(RM?. The N-S-N1 and Its --04,90 for several c0mam prmos

an pes~aed i Sesiei2.

Lilliefers (1947, 1969) bps developed procedure for the normal and

expeueftial eases~ whm aasaao puams wre present by~ using the

Ibis work was supportd by the office of Naval Resen&c through
Grant Is.-NO004-O-C-0206.
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mexiuI, likelihood estimate of the distribution function. For the

Kolsogorov-Smirnov statistic Srinivasan (1970) has developed similar

procedures based on the Rao-Blackwell estimate of distribution function.

Their results are presented in Section 3 along with extensions to the

unifom distribution done by Choi (1980). Also, results for the normal

case when the mean is known and the only nuisance parameter is the

variance, are presented.

" Section 4 illustrates, how several other comon detection procedures

can be applied to the H-S-N when there arte nuisance parameters. The

types of procedures applied therein include (a) G-O-F (e.g., Cramer-

voui-lises), (b) classical (e.g., F-statistic), and (c) -o-paametric

(e.g., sign-rank statistics).

The use of extrtneods statistical noise '(E-S-N) in detection

procedures is introduced in Section S. E-S-N is a simulatod siple

with known law L0 belonging to the same family as L. Iy applying

the inverse of the WfY one obtains, under P, a sIle with law LO -

04te can then apply standard detectors for this known distibutie. The

section concludes with a table of the inverse of the IMY ftr several

stochastic process models of interest.

- Finally, in Section 6 all of the above mentioned detection techni-

ques ae applied to coquter generated data sets of five different

processes. In addition, the technique wre applied to two real data

sets consisting of interarrival times of epileptic seizures for two

epileptic females.

"r 'L's" T, ; .,, ,, ' ,, , .. .... . ., • ,, . . . . ,: . , . . . . .... , _ . . ... ,.. . . .. . - ,, ,..... .......
l4. !.. - i I .. . 4i. -l m h ~ ~ i d -, - .4 .4 m mm .



2, Statistical Preliminaries: Maximal Statistical Noise (.-S-N).

M,.any decision procedures are based on the minimal sufficient

statistic (-S-S). This is particularly so when the inference is centered

on the value of a parameter. However, in this paper one is rimarily

concerned with inference in the presence of nuisance parameters. Hence,

the need to utilize something other than the -S-S. This other quantity

* will be called the maximal statistical noise (US-O.

Definition 2.1 - Lot S( X) be the K-S-S for data X - (XI , ... ,

where the law, L, of the time series is an element of the family '.

Further, let 5(X) [ N(X), S(X)] be a traunsformation which is 1-1

a.e. and where N(X) and S(X) are statistically indevendent. Then

(a) N(X) is called M-S-N, i.e., maximal statistical noise; and
"F

8(b) (X) is called the BDT, the basic :data transformation.
nF

Exwyle 2.1 - me Poisson Proces, HPP)

Let [N(t): t > 0] be a HPP, i.e., homogeneous Poisson Process. Let

(T and (Wn) be the associated interarrival time and waiting time

series, respectively. If one views the data as X - (if, ..., ), then

one has
(a) M-S-S: sex)- an

(b) M-S-N tE(X) ( 2 .."F11 n
£N N N

- C(c) SOT: 8qe) IM [N(),()].

lxale 2.2 - (Wiener-Levy Process, WLP)

Let W(t) = j(t) + o*(t), where [W*(t): t > 0] is a Wiener-Levy'

~I.--- -: ; - .... .- . -. - - ,-. *. - . ... . .. - .. , - . . . . . , .. ' . - . . .".' " . ,., '. ,., , . ,
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(IL) precess satisfyingS (1). B(V*(t)Jl 0; (ii) Coy W1(s), N*(t))

min (s,t); (iii) it Is Gaussan. Let ur w(rA). i.e., oe sm1es

at times, At 2A# UP, .. , an I 0 (Xi I .. X,,) As"ere * Z -

He"o x~ ... are 1.14 N(SA, Ah);l

* N 2 N1
N-S-S: S~~ .X IY S1  hreX4 1  S2~ -I C

SDT: S(p SO)

Case It. lt) 10

He", X10 sees y r ".id (00 aA)~

W"-: S(X) VI .09y2;dw

-c r a(X ) with c(U)S1 if U>0 sAd .

2

and Tr Xi



[One should note here that if "a" is a nondegenerate random variable,

then {W(t)) is non-Gaussian, but many of the detections techniques

for Gaussian models still apply.]

3uamle 2.3 - (Uniform Renewal Process, UP)

Let U1, -.. , 1P be i.i.d. U(0,6) be the interarrival times of a

(URP) point process. Then one has

M-S-S: S(U - U();

-S-N: NP(U) a (R, V), where

... cu) ,- v. r!L ... , ]
I~~ UN) and VMx,-s

Exale 2.4 - (Non-_h on nefs P.isson Process, IIPP)

Let [N*(t): t > 0] be a tPP whose man fnction is known up to a

mltiplicative (nuisance) parameter a, i.e., 1*(t) a a 1 0(t), and

let. * (W, ..W1 be the waiting time data.

Now form M(t) * N*[ (t)]. Then (M(t)] is a HPP with man function

u(t) - at and waiting times W - (W10 ..., gN) where W r u l 0ot).

Hence, one has
_+

I~c~ionForM-S-S: ; : : I

S(,V%110 (W*)*)

U-S-N: P1(W) a (V1 .. ,V ) with Vr 13 -VN 1)1 i -.. tit o,,

IDT: a(W) [N- ) S(,N)J.

',! s. -. . , - .- s- - - - - - - - - - - - - .. . . . . .: + . .e l

. . . . . . . . . . . . . ..
- .. . ~ .. % - - -.. ,- -. .. I
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lhs sttistics in the examples above imvlve the follwiun distributions.

Definition 2.2 - (ftsic Distributions)

(1) If x 1, ... , are i.i.d F(.), Continuous, one says

[1X I) " I(Xk)) R - V(k).

(2) If UI ... ,U k  are i.i.d. U(0,1) then

m 1

w [uol), .., U(k)] a- U-O-SO1).

Lo() Lt XI, ..., Xk be i.i.d. N(U,o2), then

I .. S, ] X- --- S-N(k). whero
x KX

• k 2
Ia d 1

(4), If P(V< z), sk, 0 < z 1, then onesays V'Pw(k).

Those processes sad statistics A" su~mrized in Table 2.1 below.

V

C E W . :; . -..-. *. ....... . . .- '-.. -. :. . . ... . .-.----... .- . . . .. -. -' ...-...... -.. . ,. .... .-..,'
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(viii) G*(e;z) • U(O,Y(n))

G**(6;z) z = , 0 < z < Yen),

I when Z > Y(n).

Then,

(1) D= sup IF(k)(z) - , 'v K - S(k), i.e., has the K-S distribution
z

for a random sample of size k (See Birnbaum, 1952).

(2) D2 = sup IF k  - ,(X;z)l n, LLEX(k) if V. Ex-x (X) (See Lilliefors, 1970).
z

(3) D.3 Z sup - G_ ;z)I SREX(k) if G = ExD (X) (See Srinivasan, 1970).
z

(4) D4 - sup IF k)(z) - G(1;a2,z)I " LLGA(k) if G - N(i,CY2 ) (See Lilliefors,
z y

(1969).

(5) Ds a sup I k)(z) - G(, a2;z)j I SRGA(k) if G; - N(,c, 2 ) (Seez

Srinivasan, 1970).

(6) D6 = sup Ip(k)() - G* (8;z)l "v CHL(k), if C - 1COe) (See Choi, 1980

z y

and Table A.).

(7) D7 = sUP Ik)(z) - G * (e;z)I -- CHS(k), if C - "(o,e) (See Choi, 1980
z*

in which it is proved that D7 AU (=-y-)K - S(k - 1).)

The last six statistics are useful when the form of G is known,

but the value of the (nuisance) parameter Is unknown. These are based on

the works of Lilliefors (1967, 1969), Srinivasan (1970), and Choi (1980).
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who give the relevant tables. S. M. Lee computed an improved version of

Choi's original table. It is Table A.1 of the apoendix.

The utilization of these statistics for the detection models of this

paper can be suumarized in the table below, where usage of randomized

noise is indicated. This conceot will be defined in the next section.

Table 3.1. GOF Statistics

Stochastic GOF Use of
*-" Process Statistics Randomized Noise

URP CHL, CHS, K-S Yes, with K-S

WLPL LLGA, SRA Yes, with K-S
Mut) -=it

WLP LILE, SRLE Yes, with K-S
IC 0 (See discussion below)

HPP LLEX, SREX, K-S Yes, with K-S
iv_. ut) A ,t

* NHPP LLEX, SREX, K-S Yes, with K-S
!. M(t) =ciio(t)

The GOF statistic for the. WLP with p(t) - 0 has not been studied

by the above named authors. However, one can derive the appropriate

statistic in a manner parallel to those of Lilliefors, Srinivasan and Choi.

*,4- !:" , T . * _: 4 -,' .% ,'- '- '- '. ". - "- " - " . " .- * - .* . . " . " - - . . .• . . . ." ... . .' . ... . - - '" ' "

doWm r mm ma.
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* The Lilliefors idea is to replace the unknown parameter by its ME

(maximum likelihood estimate) in the distribution function. Srinivasan's

approach is quite different but sometimes asymptotically equivalent. His

idea is to replace the empirical distribution function F ( k ) ( - ) by its
y

Tao-Blackwell estimate. (See e.g., Bickel and Doksum, 1977).

Definition 3.2. k2 1/2
Let (1) G(ci;z) = *(z& [y f ); and

I - 1/2 F(k-ll; X - z2)(N-1) for <z<
r iG ) 4CZ)I r

G~~z 1if z > k x2
11I~~ ifz>

with G(a;z) * G(a;-z) a I for all z.

Here F(mr;.) is the cdf of Fisher's F-statistic with a and r degrees

of freedom.

Further define

A

(3) D8 a SUP IFa(z) - (aY;z) I LILSk) if

G a N(O, 02 ); and

(4) D 9 -SUP IF y(zM - G.-Olz 1%, SRLEMk if
z

G a N(O,a )

Tables for these two statistics are given in the appendix.

It can be proved that the K-S statistic is a function of the N-S-S

when the parameters are comletely specified. The other eight statis-

tics above satisfy a different property.

" - ' " ", ,' . ' : .'' . ., ' -' - ,i, . ' - -. . . : . _ . ... : . :
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Proposition 3.1 - The GOF statistics in (2) - (7) of Def. 3.1

and. (3) - (4) of Def. 3.2 are functions of the data solely through

their respective M-S-MIs (The proof will only be given in 2 cases.)

A 2
Proof for G(M.a2;z)

sup (z -Y) z sup (w V'I f--I1 (-V-Iv~

S~Y
" where vr r S

y

Proof for GO;:-)

1u z k-i
ku I ej (z-Y -1.(1--

O'zCkY I

""r - r r,)

'~ ~~~<~ I rsp€ ( z)l

where Vr * -

4. Generalized Randomized R k Procedures

In order to avoid certain problems with distributions of statistics

of interest, Durbin (1961), Sell and Doksum (1965) and others introduced

- extraneous noise into the decision procedures.

'.4
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Example 4.1 - Let Z= (Z., ..., Z )be i.i.d. with dontinuous

cdf F(.). Let 9 u (tt "... C) be i.i.d. * and independent of the
data Z. Now define C,. ( ..,Ell whore is a permutation of C

PW OU N rF N f
satisfying -*C(R(Zk)), i.e., I c(C - C;) c(Zk- Z). ,Bellrl 1

and Doksum (1965) then prove that C. Consequently,

1 N1 1
_ C(R(Z)) - - (R(Zl) P- N(O,,-. u1 1NI

In order to formalize and generalize this procedure, one needs the

following definitions.

Definition 4.1 - Lot (r1, .. , rN) be some per,-tation of the

integers 1, ... , N, and let V (Vl, ... , vN) be an N-vector. T*

is called the randomized rank transformation (RRT),. when

Tr,, v1, ... , N) M ( ,v), . VCr)), - ', i.e.,v'
N r I vNN N1 "4%

is apemtation of v such that I c(v(rk) - s) a r.. fbr I < k < N.

B esides the RRT defined above, the procedure in Ex. 4.1 involves an

interchange of MSS's. For that oxaiple the 1SS's are the order statistics.

Definition 4.2 - Lot X- (X1, ..., X ) nd C = (C1, ...,

be independent initial segments of time series with laws L and L*,

respectively, both in the family A' of distributions. Lot 8(X) * {N(X),

s(X)) be the SOT and ' , s-x (X), S(M)). Then, if is the original

data,

,J.
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(1) C is called extraneous statistical noise, ESN, and

(2) ' is called randomized statistical noise, RSN.

(Note: L* is chosen to be convenient and tractable.)

The principal result in this direction follows from

LeMa 4.1 - Let Y.(YIP ... , YN) have law L e Q'; and

(a) N N(Y);

d d
(b) S ' SM. Then 8 (Nit S Y.

Adapting the work of Durbin (1961), one has the exale below.

Eaule. 4.2 - (WLP with t(t) a lit)

Lot X !x (XI,*. XN) be asin Ex. 2.2 and let C( 1,., .)be

i.i.d * and independent of X. On has then that

X__ XN X(1) 8(X a , S)S and
,S , Sx(2) .'1 € ,~***** ... , sx , ,s' . €l, ... , Ca), were

x f

d
(3) C' ., and sup IPz) ) - *(z)l ". - sNS .

An example for non-homogeneous Poisson processes is as follow:

,, *+v.,+,:.. . ; ... ..'. -,+ . - - - - . ---,--. . • ,. .rr
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Exaple 4.3 - (NPP with p(t) - at t))

As in Ex. 2.4, let V - (N1, ..., WN) be the waiting times. Then

S .(W) (V. + %) 1 - - Now, choose

w* N N N

C" (Cl, E.N)  to be the waiting time of a HPP with X a 2.5, and

independent of W. If~2

Further, lot CW,- (%N() s(,)), i.e., Cr r

., ,"v&.1

N N

Then C ;and (2,2 2m.

One completes this section with a table of for the relevant

stochastic processes.

-I

_I'

F'I.
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6. Muherical Exa~les

To illustrate the use of the detectors listed in the previous sections,

data sets from five stochastic processes were couputer generated. The

five processes are:

(1) KPP with rate parameter A = S.

(2) NHPP with man function (t) = aUO(t)

where oaMt) t 2 + t and a S.

(3) WLP, the Wiener-Levy' process with mean frnction

a(t) -0 and a2  5, A- 2.

(4) WLPL. the Wiener-Levy' process with mean function

U(t) Bt where 8 S, = 5 and As 2.

(S) URP with 0 .S.

In each case the number of observations is 20. The waiting times

for the five data sets are listed and plotted in Figures 6.1 to 6.S.

Each data set was used with its respective pure noise type of

detectors as well as with one alternative group of detectors. The false

alarm rate (FAR) was set at .01 for all the tests. The results are

shown in Tables 6.1 to 6.5.

In addition to the simulated data, two real data sets consisting of

- interarrival tims of epileptic seizures was obtained from Choi (1980).

The first data set, denoted Epilepsy I, contains 30 observations on

-n eight year old epileptic feale recorded from 9:00 AN to 9:00 PH.

Tho other data set, Epilepsy II, contains 20 observations on a twelve

LI
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year old epileptic female recorded from 7:02 AN to 7:02 PH. The waiting

times are listed and plotted in Figures 6.1 to 6.7 of the appendix.

All S sets of detectors were applied to the Epilepsy I data and

the HPP and NHPP detectors were applied to the Eilepsy II data with

PAR .01. The results are shown in Tables 6.1 to 6.5 of the appendix.

'9.

4

I

','I
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APPENDIX

.Graphs, Tables and Numerical Examples.
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Waiting Times for HPP Data Figure 6.3.
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Waiting Time for Epilepsy I Data (sacs.) Figure 6.5.
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Wafting Times for URP Data Figure 6.7.
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Table A.2 Critical Values of D8,LILE(k) (See Section 3)

X2 .01 .05 .10 .15 .20 .25 .30
i i

2 0.8369 0.8202 0.7968 0.7697 0.7393 0.7062 0.6700
3 0.7975 0.7217 0.6566 0.5992 0.5507 0.5294 0.5107
4 0.7335 0.6210 0.5650 0.5289 0.4985 0.4701 0.4426
5 0.6603 0.5665 0.5074 0.4695 0.4403 0.4182 0.3969
6 0.6071 0.5140 0.4639 0.4289 0.4002 0.3790 0.3615
7 0.5663 0.4766 0.4288 0.3994 0.3752 0.3534 0.3355
8 0.5337 0.4497 0.4048 0.3739 0.3511 0.3322 0.3159
9 0.5048 0.4250 0.3823 0.3530 0.3318 0.3137 0.2981

10 0.4772 0.4005 0.3609 0.3351 0.3145 0.2978 0.2825
" 11 0.4659 0.3866 0.3458 0.3201 0.2999 0.2836 0.2695

12 0.4438 0.3709 0.3318 0.3069 0.2886 0.2725 0.2586
13 0.4278 0.3577 0.3198k 0.2964 0.2774 0.2622 0.2491
14 0.4095 0.3411 0.3067 0.2838 0.2656 0.2513 0.2387
15 0.3973 0.3310 0.2974 0.2753 0.2589 0.2450 0.2328
16 0.3872 0.3215 0.2875 0.2674 0.2513 0.2374 0.2261
17 0.3769 0.3130 0.2819 0.2599 0.2439 0.2301 0.2186
18 0.3690 0.3024 0.2712 0.2511 0.23S6 0.2226 0.2115
19 0.3567 0.2966 0.2655 0.2455 0.2311 0.2183 0.2078
20 0.3479 0.2896 0.2598 0.2408 0.2260 0.2137 0.2029
21 0.3369 0.2820 0.2521 0.2333 0.2193 0.2075 0.1973
22 0.3344 0.2781 0.2473 0.2284 0.2141 0.2023 0.1927
23 0.3189 0.2704 0.2415 0.2233 0.2097 0.1986 0.1,888
24 0.3172 0.2627 0.2361 0.2183 0.2048 0.1938 0.1847
25 0.3082 0.258 0.2306 0.2139 0.2015 0.1906 0.1809
26 0.3054 0.2551 0.2266 0.2095 0.1968 0.1863 0.1774
27 0.3016 0.2500 0.2244 0.2076 0.1943 0.1838 0.1750
28 0.2903 0.2444 0.2189 0.2031 0.1906 0.1803 0.1718
29 0.2897 0.2416 0.2169 0.2001 0.1879 0.1782 0.1689
30 0.2843 0.2356 0.2121 0.1975 0.1853 0.1748 0.1662

(Table computed by S. M. Lee. 20,000 repetitions)
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