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SUMMARY 4

The six degrees of freedom dynamic equations of
aircraft motion have been documented in this Memorandum for
use in aircraft simulations at ARL. Earth axes are chosen
for the integration of the force guations, and body axes for
the integration of the moment equations. The use of quaternions :
to calculate aircraft altitude and associated direction cosines g
is described. This Memorandum also contains a brief description
of an atomspheric data subroutine for use in aircraft simulation.
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1.  INTRODUCTION

In August 1981, a research program was initiated at ARL,
under Royal Australian Navy sponsorship, to study the dynamic
behaviour of V/STOL aircraft. The study will be based on a six
degrees of freedom simulation of a military jet V/STOL aircraft,
programmed using the Advanced Continuous Simulation Language (ACSL)*
on the ARL DEC System-10 computer.

Important aspects of the simulation are the derivation of
the basic dynamic ecuations of aircraft motion, and the selection
: of suitable reference axes systems. Based on current practice,
earth axes were chosen for the integration of the foirce equations,
and body axes for the integration of the moment eguations. In
addition, the quaternion parameters were chosen for the calculation
of the Euler angles.

This Memorandum provides a documentation of the basic six
degrees of freedom dynamic equations of motion for 1ise in aircraft
simulations. The axes systems used in the set of equations are
defined in section 2, while section 3 discusses the selection of
axes systems for integration. The use of quaternions in determining
aircraft attitude and performing axes transformations is dealt with
in sections 4 and 5 respectively. The equations of motion are
derived and listed in section 6, and summarized in figure 2. Section
7 provides a brief note on the source of atmospheric data and lists
the atmospheric models which have been incorporated.

2. DEFINITION OF AXES SYSTEMS USED IN THE SET OF EQUATIONS

All axes systems are assumed to be orthogonal, right-
handed triads, and are shown in figure 1.

2.1 Earth Axes (XE,YE,ZE)
The origin is at a point fixed on the earth's surface,
typically at the runway threshold and on the centreline {( ¢).
The X-axis points North; the Y-axis East; and the Z-axis l"govm'
toward the centre of the earth. It is assumed that the earth is
flat and non-rotating, such that the earth axes are regarded as an
inertial frame.

* Mitchell & Gauthier Associates, Inc.
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2.2 Body Axes (XB.YB,ZB)

Body axes are fixed on the aircraft with the origin located
at the aircraft centre of gravity. The aircraft is assumed to be
rigid, with the X-axis parallel to the horizontal fuselage reference
line and pointing 'forward’'; the Y-axis pointing to starboard (right);
and the Z-axis 'downward'.

2.3 Stabillsy Axes (XS,YS.ZS)

Stability axes are a special set of body axes used primarily
in the study of small disturbances from a steady reference flight
condition. Aerodynamic data are frequently presented in stability
axes. These axes are displaced from the body frame by the angle of
attack, &, such that the X-axis in the steady-state is aligned with
the projection of the relative wind vector on the aircraft plane
of symmetry; the Y-axis points to starboard; and the Z-axis
‘downward*.

2.4 Air-Path Axes (xw'YW'Z”)

Air-path axes differ from body axes by the angle of attack,
a, and the angle of sideslip, B. The transformation from body to
air-path axes is accomplished as shown in figure 1, by first pitching
through -a, to coincide with the stability axes, and then yawing
through B. The origin is located at the aircraft centre of gravity
and the X-axis is aligned with the relative wind vector.

Note: When the wind velocity components are zero, the air-path
axes coincide with the flight-path axes as defined by Fogarty and

Howe [3]. Etkin [2) refers to the air-path axes as the air-trajectory
reference frame (or wind axes).

3. SELECTION OF AXES FOR INTEGRATION OF EQUATIONS

There are good reasons to use mixed axes systems when
studying the many measurements and observations of vehicle motion.
The various options are discussed by Etkin [2; and other authors,
such as Fogarty and Howe {3}, and McFarland {[5).

3.1 Force Equations

In recent years there has becen a trend away from the use
of body axes for ctue computation and integration of force equations.
Flight-path axes do have definite benefits in terms of computer
scaling and computation sreed {3). However, where these factors
are not of over-riding importance, the selection of earth axes is
becoming quite common.




For the proposed V/STOL aircraft studies, the earth axes
system was selected for the computation and integration of the
translational equations of motion for the following reasons:

(i) it gives commonality with the axes system chosen by both
RAE Bedford and NASA Ames in their simulation programs
{1,51;

(ii) it is the logical choice for modelling an aircraft operating
from a moving ship, since there is a need to refer the
forces and motion of both vehicles to a common reference
frame; and

(iii) it avoids the complications which exists with other axes
systems when considering the presence of winds and
turbulence, as highlighted by McFarland (5].

3.2 Moment Egquations

The body axes system is the natural choice for the solution
of the rotational equations of motion because of the important
advantage o f constant moments of inertia when calculating the
moments and angular motion of the aircraft.

4. AIRCRAFT ATTITUDE DETERMINATION

The attitude of an aircraft is defined in terms of the
traditional Euler anqgles, ¥ (heading angle), 6 (pitch attitude),
and ¢ (roll, or ‘bank' angle). In order to avoid the problems
associated with the singularity in the Euler ‘rate'’ equations,
which occurs when 8=%90°, quaternion components (7] or direction
cosines may be used in the integration step.

Quaternion components were chosen for the following
reasons:

(i) their time derivatives are always finite and continuous,
whereas those of the Euler angles possess singularities;

(ii) the computations remain accurate as 6 approaches 90°;

(iii) it is a four parameter method consisting of four integrations
with one constraint equation, whereas direction cosines,
in principle, require nine integrations and six constraint
equations.

The quaternion components are expressible in terms of Euler
angles as follows:
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cosd/2 cosb/2 cosy/2 sin¢/2 sin6/2 siny/2

sin¢/2 cos8/2 cosy/2 ~ cosd/2 sin0/2 siny/2

T, = cosd/2 sin8/2 cosY/2 + sind/2 cosb/2 siny/2

2
13 = cos$/2 cosB/2 siny/2 - siné¢/2 sin®/2 cosy/2
The quaternion component time derivatives are given by,
Ty = - 1/2 (P-r1 + QTz + RT3)
11 = 1/2 (Pto - Qr3 + th)
(2)
T, = 1/2 (pr3 + Qro - Rtl)
t3 = - 1/2 (P‘r2 - Qtl - RTO)

where P,Q,R are angular velocity components about body axes, and

a a a 3 =
T + T + 12 + 13 1 (3)

Failure to normalize the quaternion components at each iteration can
result ir the integration becoming unstable.

-1 | 2%t Totl.l
3 3
[ To +T32-1/2 ]

Eul2r angles may be derived from the quaternion components
by using the following relationships,
"M (4)
canl H
3.
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| [(Ty247,2-1/2) 34 (1 1 4147,) 314 (L 3+L,2] (s)

can-l 1.71‘2 + ToTaJ
a 3
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The initial Euler angles are used to determine the initial
quaternion components, which are in turn used to calculate the direction
cosine parameters for use in axes transformation computations. The
quaternion components are updated at each iteration, using equation
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(2) , such that the direction cosines are recalculated for use in
the equations of motion, while the Euler angles are calculated as
cutput data only.

5. AXES TRANSFORMATION

Transformation of a set of variables from body axes to
earth axes (or vice-versa) is conveniently achieved by use of direction
cosines [6], which are obtained in terms of the quaternion components
by the following relationships,

= ) 2) -
L1 2 (10 + 11 ) 1
L2 = 2 (1112 + 1013)
L3 = 2 (1113 - 1012)
Ml = 2 (1112 - 1013)

= 2 2) -
M2 2 (To + 12 ) 1 (7)
My = 2 (1,75 4 TT))
Ny = 2 (T3 1 TTy)
N, = 27,73 - TpTy)

= 2 2y o
N3 2 (10 + T3 ) 1

6. EQUATIONS OF MOTION

Figure 2 is a summary of the overall six degrees of freedom
dynamic equations for the case of a flat earth.

The aerodynamic force components are frequently computed
along stability axes, and the propulsive force components are usually
supplied in body axes. The resolutes along stability axes are:

Fxs = xP cosa + ZP sina + XA
FYs = YP + YA (8)
Fzs = zP cosa - XP sina + ZA




The total force components in earth axes are obtained by
the transformation of the forces in stability axes, using direction
cosines, and the addition of the gravitational force component, as
shovn by equation (9). 'g' is assumed constant such that the
calculated altitude in figure 2 is the geopotential height, as used
in standard atmosphere calculations.

s

F . si + M - i
v = (Llcosa + Ilsxna) Fxs mlFYs + (Nlcosa L151na) FZS
FYE = (chosa + stxna) Fxs + MZFYS + (Nzcosa - Lzsznu) Fzs (9)
FZE = (Lscosa + N3sxna) Fxs + M3FYS + (N3cosu - L3sxna) FZS + 9
T The components of acceleration with respect to the earth
E are obtained simply from the dynamic equations:
Vg = Fye/™
‘. = o
}EE FYE/m (10)
Yoe = Fpp/m

where r is the aircraft mass, and virtual mass effects are ignored.

The velocity components of the aircraft relative to the
earth are obtained from the direct integration of equation (10).
The components of the wind velocity relative to the ground are then
added, giving the velocity components of the aircraft relative to
the air mass;

N NE WN
VE = VEE - vWE (11)
Yo = Yo ~ Vwp

The components of the aircraft velocity vector relative to
the air, in body axes, are derived using equations (7) and (11),
as shown by equation (12).

v 4
u, = (L1 N) + (T2 VE) + (L3 VD)

B
vB = (M1 vN) + (M2 VE) + (M3 vD) (12)
wB = (N1 VN) + (N2 VE) + (n3 vD)

.
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The resultant velocity (or True Airspeed) of the aircraft

is then:
1/2
= 2 a oI )
VTAS (uB * oVt o+ 1) (13)
The anigles of attack, a, and sideslip, B, are also
deterrined using equations (12) to (15);
a = t:an.1 [ﬂ FAS) ]' in the range #180° (14)
B" BY S
-1 172 .
= 2 2 . °
B tan [ VB/(UB + WB ) ] ; in the range 390 (15)
-1 -
or B = sin [VB/VTASJ (16)

Time derivatives of these angles are reguired in the
aerodynamic force and moment calculations. Adequate estimates can
be obtained from polynomial fits to the current values and those
from a few preceeding time steps. Tomlinson [8] uses a quadratic fit
to estimate a and 8.

e.q. G(t) = aft-2At) - 4a(t-At) + 3a(t) (17)
20t

Flight-path parameters are derived directly from the earth
axes velocity vector components using equations (18) to (20):

Ground speed,

1/2
= 2 2
VGR (Vts'E + VEE ) (18) i
Flight-path angle,
-1
Y = tan [~VDE/VGR] (19)
Angle of track, east of north
-1 .
X = tan [VER/VHE] (20)

The positional coordinates of the aircraft's centre of
gravity are derived by intecrating the earth axes velocity vector
comy:onents:

Distance travelled iorth,

X = VNE (21)

Distance travelled East,

Y = Vg (22)
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Altitude,

ALT = -y (23)

The additional parameter of aircraft range is calculated
using the definition:

R, = (x? + yz)l/2 (24)

Linear accelerations at the aircraft's centre of gravity
(in units of 'g’), are calculated by transforming the linear
accelerations in earth axes (eauation (10)) to body axes, using
equation (7), and dividing by 'g’'. Linear accelerations at the
pilot's head and elsewhere (e.qg. for accelerometers) can then be
derived as required by the user.

6.2 Moment Equations

The total moments acting on an aircraft consist of aerc
dynamic and powerplant conponents. The powerplant components whi
include gyroscopic moments due to powerplant rotors, and thrust

alignment moments, are normally given in body axes.

The aerodynamic

moments are, like the aerodynamic forces, frequently given in stability

axes [3). If the aerodynamic moments are given in body axes, the
simplification of equation (25) is obvious (i.e. set a=0).

L = L cosa -~V sina + I,

A A P
M = MA+“P (25)
N = L i + I

A sina lA cosa + NP

If it is assumed that the aircraft has a rlane of symmetry,
such that the products of inertia I and I arc zero, then the body

axes angular accelerations can be cgfculateéyby using equation (26).

e

= L.C1+ ::.C2 + (P.c3 + R.Cl) Q
0 = U.Cg + (R3-P3) C_ + R.P.C, (26)
R = n.ce + L.C2 + (P.C9 ~ R.C3) Q




Co = Ixx Typ T Ix?

¢, = Izz/c0

¢, = I,,/c,

C3 = C Uyy ~ Iyy + 15
€4 = G Uyy m I5) = Clyp
Cs = Iy

6 = Cslxz

C, = Cg (1, -1.)

e = Ixx/Co

Cg = Cg Tyx = Iyy) * STy

The constants CO to C9 are evaluated during initialization.

The aircraft angular velocity components may then be
obtained by intearating equation (26).

7. ATHOSFPHERIC DATA

Arbient atmos~heric temperature (Tamb), pressure (Pamb),
and density (p), are obtained as a function of altitude from a
subroutine version of the proqram, ATMOS.PHH.

ATMOS.PHH calculates the variation of a*mospheric pioperties
with altitude and has an altitude rance from zero to 100,000 feet.
There are six options available to the user; selection being made
by setting the flac "KEYAIR" in accordance with Table 1.

ATH0S.PHH can be easily modified to calculate temperature/
pressure/density ratios, tach number and sgpeed of sound if required.
The criteria required to calculate the ARDU Tropical Atmosphere are
those presented by Kipp (4].

e e e "S- RS = - TS e




TABLE 1:

ATIIOSPHERC OPTIONS OF ATHOS.PHH

5 KEYAIR

ATIMOSPHERE

DATA REQUIRED

1(default)
2

1

ICAO Standard Atmosphere

ICAO Sea Level conditions at
all tires

Off-standard ICAO

ARDU Tropical Atmosphere

ARDU Sea Lzvel conditions at
all tires

Off~-Standard ARDU

ALT

ALT,TDAY,QNH,
HAFR

ALT

7, TDAY ,QNH,
HAFR

8. CORCLUSION

The basic six deqrees of freedor: dynamic equations of
aircraft motion have becen documerted in
aircraft simulations at ARL. The earth axes system was selected for
the inteqration of the force equations,
the inteqgration of the roment equations.
been used to calculate Euler angles and
for calculating atmospheric variables has been provided.

this remorandum for use in

and the body axes system for
Quaternion components have
direction cosines.

A routine
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VNE'VEE'VDE

TAS

Y

w

N 'sz 'VWD

NOTATION

altitude (rt, m)

inertia constants

applied forces in earth axes (lbf, N)

applied rorces in stability axes (lbf, N)
gravitational constant (32.174 ft/s2, 9.81 m/s3)

height of the airfield reference point above
MSL (ft, m)

moments and product of inertia (1b ft2, Kg m3)
flag to select desired atmosphere in ATMOS.PHH
total moments (ft-1bf, N-m)

aerodynamic moments (ft-lbf, N-m)

powerplant moments (ft~1bf, N-m)

direction cosines

mean sea level

aircraft mass (lb, Xg)

ambient atmospheric pressure (1lbf/ft2, N/m2)

anqular velocity components about body axes
(rad/s)

airfield pressure altitude above MSL (millibars)
aircraft range (ft, m)

centreline of runway threshold

ambient atmosrheric temperature (C)

ambient air temperature at airfield reference
point (C)

body axes velocity components (ft/s, m/s)
aircraft around speed (ft/s, m/s)

comnonents of airspeed in earth axes (north,
east, down) (ft/s, m/s)

components of velocity relative to earth
(ft/SI m/s)

true airspeed (ft/s, m/s)

components of total wind velocity relative to
earth (£+/s, m/s)

aircraft weiqght i.e. W = mg (1lbf, N)

.../cont.




Subscripts
amb

n w mw X

[

WN ¥ B’ WD

A dot over a variable denotes the first derivative with respect to

time.

NOTATION (CONT.)

aerodynamic forces (drag, sideforce, lift)
(1bf, 1)

body axes reference frame

earth axes reference frame

propulsive forces (1bf, ™)

stability axes reference frame

air-path axes reference frame

positional coordinates (ft, m)

anale of attack (rad.)

angle of sideslip (rad.)

flight-path angle, or 'angle of climb' (rad.)

control surface deflections: aileron, elevator
rudder (rad.)

Euler angles of pitch, roll (bank) and yaw ;
(heading) (rad.)

air density (1b/ft3, Kg/m3)
quaternion components

angle of track, east of north (rad.)

ambient

aerodynamic contribution
body axes

earth axes i
powerplant contribution
stability axes

air-path axes

North, East and Downwards wind wvelocity

3 "
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—_— ~J—
Yp F
—_—] Fyg = Yp + Y, Ys Jﬂ Fyg = (Lycosa + Nysina) Fyg + MyFyg
Zp FZS
—_— .
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Lys | M| Ny a
XA YA ZA a
Body Axes
. Moments
a a o, 9 h
= La L=Lpcosa—N, sina+Llp L P = LCy+N.Cy+(PCy#
VT Computation of o i ]
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B perodynamic Forces M, M . .
L el M=M, +M, ————3 Q= MCg +(R° —P°) Gg 4
&.T 3 and Moments
{Stability Axes} L_’ _N__,,
P,Q, R N =L, sina+N, cosa+Np R = NCg+L.C,+(PCq+
Control Surface
Displacements 52l Be P & Lp I Mp T Np
Propulision Moments
P| o] R : L = 207" * 7'
Up-dated Normalized ]
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0 0 2 2 T " 0
—_— ] 7, =t 1 ) e = 2(7y7y —Tql
fg = —2Pr +Qry + Rig) N ! 2 3 Ly = 20773 T‘
% : o 0T N n M, = 2(ry7,— g
—_— “2(P.7q —Q.7, = R.7 e 0 2
DR Z(P.:O 0-13 . R;zj . - - . ]
™ : 1N - My = 2(7g  + 73}
—_— ol f, = HIP + Q- Riy) et e R :
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Axes Earth Axes

Forces Velocity Components
) Fxs *+ MyFyg + (N, cosa — L, sina) Fpg Fxe Ve = Fxg /m VNE
S
F . V
)Fxs + MyFyg + (Njcosa — Lysina) F 5 YE I Ve = Ry /m EE
Fze Y
. o I DE
) Fxg + M3Fyg + (Njcosa — Lysina) Fpg + W Vpeg = Fzeg /m :
Wind Velocity
Components
P Q R Viwn | Ve | Vo A
Body Axes P
Angular Rates
\Y
[.C, +N.C, + (P.C, + R.C,) Q P Vy = Vag -V VNE NE| « v,
, 1 2% (PG a = N NE WN . o NE
' - Q Vee Ve
.Cs + (R* —P*) G + R.P.C, — Ve = Vgg —Vae — Ve
R Vbe VoEe
.Cg +L.C, + (P.Cg —R.C;) Q - Vb = Vpe - Vao < ALt T —Vpe
VN[ Vel Vo
. VN Ug = (LyViy ) *+ (LoVg ) * (L3Vp !
Aircraft —3 BTN 27E 370
o8 — Velocity Components v
trectiona Relative to Air E
Cosines It Vo = (MyVy )+ (MoVE D = M3V
L = 2(703 +7.|2) -1 L1_3 v = tan’! [LQ/L,] VD
vt Wg = (NjVy ) + (NjVE ) + (NgVp !
L, = 2nT;+773) M
3 . 2 . 3
Ly = 20773 —fp7y) [ 0 = tan"'[-Ly/(L T+ L)) %] Body Axes e[ Ve| W + * *
I Velocity Liz IM 5 IN,
My, = 2(ny7 073 3
! 2708 b e y Components
B s s ¢ = tan’' [M;/N,]
My = 2(1g°+ 7,0) =1 : e
My = 2(7,7 74) v 0 o Vias= (Ug™ + Vg +Wg i~
= 7 +7p
3 2'3 1 M,, Mz
Ni = 2nTgrion ) - Euler Angles a = tan’" Wy Ug|
N2 = 2(727'3 —ToT‘, N]' Nz
2 2 - N NI
N3 = 2(7p" +75°) -1 B = tan” [Vg (Ug™ +Wg™) '
|
OCK DIAGRAM OF COMBINED EARTH AXES/BODY AXES SYSTEM (FLAT EARTH)
FOR AIRCRAFT MOTION.
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Vor = (Vngi * Vee2)” Var

§ —= Ground Speed
-é ) - i ) b
e Ve Vs —= Flight-Path Angle
| \
o= tant Ve Ve | —3= Angle of Track
Aircraft’s
Positional
Coordinates
x VnE x
2
RG (X" +y- )
Y Ve —
R
ALt v G
A 2
Aur T ~Voe Range

bVE ) + (L3Vp

L Ve ) + (NgVp )
+'-143 *’W 3 INy;
‘ N \V}
+ W) S 3w True Airspeed
o
Ug| —3= Angle of Attack

-3 Angle of Sidesiip
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RAN Research Laboratory

Library
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Navy Office

Navy Scientific Adviser

RAN Ajircraft Maintenance and Flight Trials Unit
Directorate of Haval Aircraft Engineering
Directorate of Naval Aviation Policy
Superintendent, Aircraft Mainrtenance and Repair
Directorate of Naval Ship Design

Army Office

Army Scientific adviser

Engireering Development Establishment, Library

Royal Military College Library

US Army Research, Levelopment and Standardisation Group

Air Force Office

Air Force Scientific Adviser
Aircraft Research & Development Unit
Scientific Flight Group
Library
Technical Division Library
Director General Aircraft Engineering-Air Force
Director General Operational Requirements-Air Force
HQ Operational Command
HQ Support Command [SENGSC]
RAAF Academy, Point Cook

Government Aircraft Fzctories

Manager
Library

Department of Science & Technology

Bureau of Meteorology, Library

Department of Aviation

Library
Flying Operations and Airworthiness Division

Statutory & State Authorities and Industry

Trans-Australia Airlines, Library

Qantas Airways Limited

Ansett Airlines of Australia, Library

Commonwealth Aircraft Corporation, Library

Hawker de Havilland Aust. Pty. Ltd., Bankstown, Library
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Universities and Colledaes

Adelaide
Flinders
Latrobe
Melbourne
tlonash
Newcastle
Sydney
J.8.W.,

Queensland
Tasmania

lestern Australia
R.:i.I.T.

SPARES (15 copies)

TOTAL (103 copies)

Barr Smith Library
Library

Library

Engineering Library
Harqgrave Library
Library
Enqinecering Library

vhysical Science Library
Professor D.R. Archer, Aeronautical Engineering

Library
Engineering Library

Library

Library

T. Stokes, Civil & Aeronautical Engineering
N, l.ileshkin, Aeronautical Engineering

I. Herszberqg, AReronautical Zngineering
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