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A. INTRODUCTION
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One of the most effective ways to save electrical energy is to turn off
or dim electric 1ights whenever possible. Properly designed daylighting can
supplement or, in some cases, completely replace electric 1ighting during the
daylight hours while maintaining the predetermined necessary level of illumination.
Design techniques have been developed to calculate the horizontal illuminance
on the work plane in a room, based on luminous flux being furnished by vertical
openings (windows) or horizontal openings (skylights). This report discusses
. the procedures taken to calculate the average illuminance upon a workplane due to
sloped openings (i.e. skylights in a pitched roof).

The sloped skylight problem is divided into two sections:

1) determination of total external daylight illuminance upon

i
E a sloped surface.
t 2) determination of average illuminance, upon an interior

{ workplane, due to the sloped skylight.

The division of the problem in this way mades it relatively easy to

E develop a simple procedure for calculating the average illuminance on a work- ;
¥gi plane due to skylights located in a pitched roof.
{ :
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B. DETERMINATION OF TOTAL EXTERNAL ILLUMINANCE ON A SLOPED SURFACE

To calculate the external illuminance upon a sloped surface many factors
must be known, such as where the sun is relative to the surface's position,
cloud distribution of the sky (i.e. cloudy-clear), time of the year, and the
angle the sloped surface makes with the earth's surface (a horizontal plane).

Several solar quantities are calculated to determine the sun's position
relative to the surface's position on earth. The cloud distribution of the
sky is picked to be the two extreme cases of completely clear sky and
complietely overcast sky.

Once the above mentioned variables are known the external illuminance

on a sloped surface can be determined for the completely overcast sky and the

completely clear sky cases.

1) Determination of Solar Quantities:
a) Solar Time (Reference 1)

Solar time (ST) is defined as the time based on the apparent angular motion
of the sun across the sky, with solar noon the time the sun crosses the meridian
(Tongitude) of the observer. Solar time does not coincide with the local standard

clock time. It is necessary to convert standard time to solar time by using

Equation la.

ST = Standard Time + aM (1a)

where ST

1}

solar time

aM

1)

correction to solar time in minutes.

aM is given in Equation 1b.

&M = 4(Ler-L o) * ET (1b)

where LST = Standard Meridian for the local time zone.
See Chart 2 of Figure 1 for a listing of Standard
Meridians of Time Zones.

2
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LoC = longitude (degrees west) of site location.

ET

Equation of Time (Reference 2). The function
is depicted in Chart 1 of Figure 1 and can

be calculated by Equation Ic.
ET = 9.87 sin2B - 7.53 cosB - 1.5 sinB (1c)

where B = (n-81)/58 rad: n is the number of the day in the year

and a partial listing of n is given by Table 1.

The equation of time may be read directly from Chart 1 of Figure 1 to get
a crude approximation. For example, on March 21 ET is about -8 minutes.

Table 2 gives the approximate ET's for the two equinoxes and solstices.

TABLE 1

MONTH DAYS IN MONTH* n
JAN 31 i
FEB 28 31 + i
MARCH 3 59 + i
APR 30 90 + i
MAY 31 120 + i
JUNE 30 151 + i
JULY 31 181 + i
AUG 31 212 + i
SEPT 30 243 + i
ocT 3 273 + i
NOV 30 304 + i
DEC 3 334 + i

where i is the day of tne month in question.

*
This table is for the average year of 365 days. For leap year n should be

increased by 1 for the months after FEB.
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Equation of time, min.

Zone
+4
+5
+6
+7

+8

FI1G.

Day number

90 120 150

180 210

240 270 300 330 360

™

1.

Position

Atlantic
Eastern
Central
Mountain

?acific

CHART 1 THE PERIODIC SHIFT FOR THE SOLAR DAY
CHART 2 A LIST OF THE STANDARD MERIDIANS OF TIME ZONES

Month

Standard Meridian
~ {Longitude)

60°
75°
90°
105°

= = E = =

120°

Chart 1

At

Chart 2

Standard Meridians
of Time Zones




b)

horizon, as seen in Figure 2.

Equation 2.
where L

8
where n
c)

south of the projection of the line from sun to site on the horizontal plane, as

shown in Figure 2.

SEASON

SPRING
SUMMER
FALL

WINTER

Solar Altitude Angle

The solar altitude angle is the vertical angle of the sun above the

Solar Azimuth Angle

latitude of the site

plane of the equator.

8 = 23.45°sin(360x

The solar azimuth angle (SAZ) is defined as the angular displacement from

TABLE 2

APPROXIMATE VALUES OF ET

DATE
MARCH 21
JUNE 21
SEPTEMBER 21
DECEMBER 21

The solar altitude (SA) may be found by using

SA = ARCSIN(sinssin(L) -~ cos(L)cosécos{ST x 15°))

the declination angle, which is defined as the angular
position of the sun at solar noon with respect to the

§ can be found by using Equation 3.

284+n)

365

the number of the day in the year (listed in Table 1)

The SAZ may be calculated using Equation 4.

SAZ = ARCSIN[(cosésin(-15°xST)/cosSA)
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2) Illuminance from an Overcast Sky:

a) Overcast Sky Luminance

The International Commission on Illumination (CIE) adopted the Moon and
Spencer formula, given in Equation 5, to represent the luminance distribution

of the completely overcast sky (Reference 3).

where L

[e2]
[}

The sky zenith

b) Overcast Sky Illuminance

sl

L= (Lz/3) [1+2cos6] (5)

sky zenith luminance

Angular distance from zenith to sky element (see Figure 2).
Tuminance is also given by the CIE as Equation 6.

L, = 123 + 8600 sin(sA) £27dela (6)
m

The illuminance on a sloped surface under completely overcast sky

conditions is given in Equation 7 (see Appendix A for derivations of overcast

sky equations)

where EHOC

voc

The completely

*The summation

= Horizontal illuminance for overcast skies

= Vertical illuminance for overcast skies

angle of tilt of sloped surface with respect to earth surface

overcast sky's horizontal illuminance is calculated by Equation 8.

. 2 . 2
3

*
n/2
In Y (m-2¢7)( > - 5 (cos”s, - cos3e])]

3

e = -a.e-

mc (8)

nof =4

[Angles in Radians]

is read as: © is summed from % -a to %—by 8pc increments

ws.r

1
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where L, = zenith luminance for overcast skies
8120, = upper and lower bounds from the zenith (see Figure 3) to
sky element.
¢ = Average angular distance from East to the surface's projected
intersection with the sky sphere (see Figure 4).

¢~ is calculated by Equation 9 (see Appendix B)

3 ¢ = ARCSIN(CTNeAVGCTNu) Radians (9)
where 8 = Average angular distance from zenith to sky element
AVG 6. +8
- (A

The vertical illuminance component of the completely overcast sky is
calculated using Equation 10.
n/2 . 4 . 3 . 3 1 . .
[ ] ) coS¢ [(9]-62) + 3-(s1n 8,-sin ez) - fv(s1n29]-51n262)]]
8= 3 -8

[Angles in Radians]

m
1}
SN

voc ~

(10)

A listing for the overcast sky illuminance (Eoc) is given in Table 3. It

is listed with respect to time of day, day of the year, latitude of site, and

slope of the surface in question.

»
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3) Illuminance from a Clear Sky:

a) Solar Illuminance (Direct Sunlight)

The direct perpendicular (normal to the earth's surface) solar illuminance
is listed in Figure 7-8 of the IES Handbook, 6th ed. (Reference 4), or can be

calculated by Equation 11, which is a polynomial "fit" of Fiqure 7-8.

EpSI = -17.9 + 427.5(SA) - 8.7(SA)2 + 0.086(SA)3 - 0.3306E-3(SA)4 (11)
where SA = Solar altitude in degrees.

The horizontal and vertical solar 111uminah;es are given by Equations 12a and

12b, respectively.

Eysy = EPSIsin(SA) | (12a)

Eysy = EPSICOS(SA) (12b)

The total solar illuminance on a sloped surface with any orientation is

given by Equation 13 (see Appendix C).

ETSI - EHSI cosa + EVSI sina cos(B-SAZ). (13)

where EHSI = horizontal solar jlluminance
EVSI = vertical solar 111um1nanc§.
a = angle of surface tilt
8 = surface orientation with respect to south. A counter-

clockwise direction is positive.

SAZ solar azimuth angle (Equation 4)

b) Clear Sky Luminance

A standardized luminance distribution of clear skies accepted by the CIE

is based on the Kittler equation (angles in radians) (Reference 5).

12
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L=L (J-e"32/c°se)(.91+10e'3Y+.45coszy)

= . (14)
2 pa7(.91410e~3("2-5A), 45c05y)
where L = sky luminance
LZ = zenith luminance

<
#

angular distance from sun to sky element

<D
#

angular distance from zenith to sky element

SA = solar altitude

#

For the clear sky condition, the zenith luminance of Equation 15a is used.

(Reference 6).

L, = 507e2'355A(cd/m2) (15a)

z
The angle y is calculated by Equation 15b.
y = ARCCOS[sinSAcoseAVG-cosSAsineAVGsin(¢AVG-SAZ)] (15b)

91*92)
).

where opyg = 2verage angular distance from zenith to sky element (

(See Figure 4).

©
1

average angular distance from East to sky elements ground
AVG ¢]+¢2
projection ( 7 )(see Figure 4).

c) Clear Sky Illuminance

The total illuminance for a completely clear sky is composed of a sky

luminance component and a solar illuminance component as given by Equation 16.

where EHc = horizontal illuminance due to sky luminance
EVC = yertical illuminance due to sky luminance

s = total solar illuminance (Equation 13)

tilt of the surface

123
[}




EHc is given in Equation 17 while Evc is calculated in Equation 18.

p an [ sinzez-sinzel) %n ( ]

B, = ( L(¢,-4,)] -

HC - 2 - 2 "1

; 9-0,9,inc ¢‘0’¢inc
S /2 sinzez-sinze] -4 +8
L ! . z [( 2 ) Z L(¢2'¢])] (17)
C ) —a’e' =4 ‘4
1 2 inc =4 B’¢inc

n/2 8,-0, sin26]-sin262 2n+8
Ee= I (S—+ 2 ) I L|(cos¢q-cose,)]

0:84nc LLACIL S

n/2 ez-e] sin2e6 -sinZe2 m+B
3 ) I Ll(cosp -cose,)|

0=0,68nc 0=Bs%inc

]
r~1
’ —
N
~—
+
—

n/2 8,-6, sin26]—sin262 T-¢ +8
(55— + 7 ) 1 Ll(cos¢y-coss,)| (18)

9= %--a,e 9=¢"+B104nc

z
>
1)
3
o
—
]

clear sky luminance

upper and lower bounds from the zenith to the sky element

2 (see Figure 4).

9124, = upper and Tower bounds, from East to the sky element's pro-

jection on the earth's surface

¢~ = average angular distance from East to the ground projection
of the surface's intersection with the sky sphere (see Figure 5)
8 = surface orientation with respect to South. A counter-

clockwise direction is positive.
The clear sky illuminance of Equation 16 is tabulated in Tables 4, 5, and 6.

Table 4 contains Ec's for March 21 and September 21 (Spring & Fall), Table 5

T T T T .
e
—

centains Ec's for June 21 (Summer), and Table 6 contains Ec's for December 21
] (Winter). The Ec's are tabulated with respect to the time of day, day of the

14
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year, latitude of the site, slope of the surface, and surface orientation.

The surface's orientation, which is the direction the slope faces, is given in
these tables as the main compass points N,S,E or W. Figure 6 gives a division
of the compass into four quadrants of N,S,E or W to be used for rough approxi-

mations of surface orientation.

15




Figure 5. Division of the four compass points into four quadrants.
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4) Examples:

a) Overcast Sky Example

What is the illuminance on a 15° tilted surface in Boston, Ma., for an
overcast sky on Dec. 21 at 2 pm standard time?

First find solar time: Equation 1. Need site's latitude and longitude, the

standard meridian, and ET, as well as standard time.

42°

Site Lat.

71°

from map
Site Long.

Std Merd. = 75° (chart 2 of Figure 1)
ET = +1 min (Table 2)
Eq. 1:
Solar time = 14:00 + [4(75-71) + 1] = 14:00 + :17
Solar time = 14:17 or 2:17 pm . ‘

Now use 21 Dec column and 15° slope row of Table 3. Interpoliating between 2 pm

and 3 pm to obtain a value for 2:17 pm yields.

Eyc (2:17) = 584.5 ft-c

b) Clear Sky Example (1)

What is the exterior horizontal illuminance for Washington, DC, on June 21
at 10 am Daylight Savings Time under clear sky conditions.

Find solar time: Use Equation 1

Standard Time = 10-1 = 9 am
Site Lat. = 39°
from map
Site Long. = 77°
Std Merd. = 75°
ET = -1 min
Solar time = (9:00) + [4(75-77) + (-1)]
= 9:00 + [-9]

Solar time = 8:51 am

20
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With double interpolation from Table 5, as shown below, the horizontal
illuminance (0° slope) is found to be 7305 ft-c. Note that surface orientation

is not a factor in the horizontal illuminance case.

Solar Time
Lat 8:00 8:51 10: 00
38 5878+ 9277+ ;
39 5880 + 7305 + 9230 |
42 5886+ 9090+

Clear Sky Example (2)

Repeat Example (1) but with a 15° sloped surface with a northern exposure.
Use Table 5 but with a 15° slope and a north orientation. From before, the
solar time is 8:51 am and latitude is 39°. Using double interpolation we find

an exterior illuminance of 6841 ft-c.

North at 15°

Solar Time

Lat 8:00 8:51 10:00
38 5635+ 8540+
39 5647 6841 1+ 8457
42 5684+ 8208 +

Note that for this case that the orientation is very important, it determines

which column to use in Table 5.

21
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C. INTERIOR ILLUMINANCE FROM SLOPED SKYLIGHTS

This section is composed of two parts. First, a calculation procedure,
similar to that in Navy Tech Data Sheet 80-09, but for pitched, rather than
horizontal, skylights, will be presented. Second, a simplifying straight line
equation for calculating room coefficients of utilization will be developed.

The geometry to be considered is shown in Figure 6. It consists of a room
of length ¢, width w and wall height h, with a ceiling sloped at an angle ¢.
Skylights of length a and width b are imbedded in the roof, n per side. It is
assumed that these skylights are perfectly diffusing and have a transmittance
v, a reflectance from their interior side Pq and a dirt depreciation factor
SDD. A procedure to determine the average maintained illuminance on a work
plane 2.5 feet above the floor is desired, assuming the illuminance on the
exterior of the skylights is known.

The procedure will be presented through three work sheets. Worksheet 1
deals with the skylights and asks the user to enter the data described in the
previous paragraph. Worksheet 2 concerns the room. The first six items are
data entries. Items 7-10 involve finding the effective reflectance of the
ceiling cavity at the upper dashed line in Figure 6. This converts the room
interior into a rectangular parallepiped of height h, to which the customary
zonal cavity method of interior lighting design may be applied. The room‘cavity
ratio is calculated and entered in location 9 on Worksheet 2. Then the room
coefficient of utilization is obtained from Table 8 on page 34, a table
to be developed in the next portion of this report. The result is entered in

location 10.

Finally, the last step on Worksheet 2 is the entry of the expected room

surface dirt depreciation (RSDD).

22
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The equations in steps 7 and 8 on Worksheet 2 may be justified as follows:

The weighted average reflectance of the ceiling surface is

A +p
P P A

e
Pav ~ AR (19)

where AS is the skylight area and Ac is the area of the nonskylight portion of

the ceiling. AS and Ac are given by

A = 2nab 5
we (20)
Ac = EE§$ -2nab

rin e

Substituting Equations 20 into Equation 19 yields

- _ 2nab cos¢ _
Pav ~ P¢ ) (pc Ps) (21)

Equation 21 ignores the triangular ends of the ceiling cavity, which are

usually relatively small.

With 2ay calculated, we can proceed to obtain Pec The general form for

the effective cavity reflectance of a non-horizontal ceiling is

OCC = ]‘D (22)

where A is the area of the ceiling cavity and Ao is the area of the ceiling

cavity opening. From Equation 20, Equation 22 is rewritten as

Pec © Jod_ 1-0 (23)
cose (

av

A comment on the two dirt depreciation factors is in order. SDD represents
dirt accumulation on the exterior and interior of the skylights, which will
reduce the transmittance : over time. The authors are not aware of any data on

this factor. It is suggested that, in the absence of such data, a value of .75 be

assumed and that the skylights be cleaned at least once annually.

23
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To determine RSDD, the method in IES Handbook VI, Reference Volume, Chapter 9
may be used, with the skylight interpreted as a direct luminaire. Otherwise
an average value of .90 may be assumed.

We turn next to Worksheet 3, which requires the entry of sky data. The
first four items are self-explanatory. For now, the sky condition is either
overcast or clear, but, in the future, data for other sky conditions, such as
partly cloudy may become available.

Item 5 on Worksheet 3 asks that the illuminance on the tilted skylight be
entered for either of two building orientations. If the walls labeled "12" in
Figure 4 face north and south, the illuminance on the north-facing skylights is
entered in the E] slot and that on the south-facing skylights in the E2 slot.

If the "2" walls face east and west, EI is the illuminance on the east-facing
skylights and E2 is the jlluminance on those skylights facing west. The

values for E] and E2 are taken from the appropriate tables in Section B of this
report.

A11 information for the calculation of average maintained interior
illuminance on the work plane has now been assembled and we turn to Worksheet 4.
The work plane area and skylight area per side are entered. Next the overall
utilization coefficient, which is the product of the skylight transmittance and the
room coefficient of utilization, is calculated and entered. Following this the
overall light loss factor, including both skylight and room surface dirt de-
preciation is calculated and entered. Finally, the desired illuminance is
obtained. The quantity (E]+E2) AS is the luminous flux impinging on the skylights.
(E]+E2)ASKu is the luminous flux impinging on the work plane if all surfaces are
clean. Multiplying this flux by Km gives the average luminous flux over time

reaching the work plane. Division by the work plane area gives the average

maintained work plane illuminance.

24
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A table of room coefficients of utilization for skylights is presented
in Figure 9-76 of IES Handbook VI, Reference Volume. These are given for
ceiling reflectances of 75% and 50% and wall reflectances of 50% and 30%, as
a function of a quantity called Room Ratio (RR). These data may be made a
function of room cavity ratio through the relation

_ 5
RCR = 22 (28)

If the data are plotted against RCR for the various reflectances, four curves

result which are very close to each other and may be approximated by a single

straight line equation as
RCU = -,057RCR+.965 (25)

Use of this equation eliminates the need for calculating °a in Steps

n
adpc

v C

7 and 8 of Worksheet 2.

RCU's from Equation 25, when compared with those in Figure 9-76 in the IES
Handbook, differ by a maximum of 6% in the range 1<RCR<8 and by slightly higher

percentages outside this RCR range,

25
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SLOPED-ROOF SKYLIGHTS

DIAGRAM AND WORKSHEETS

__WoRK PLANE

e N

FIGURE 6

WORKSHEET 1 - SKYLIGHTS

1. Length

2. Width

3.  Number Per Side

4. Dirt Depreciation Factor
5. Transmittance

6. Reflectance

26
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WORKSHEET 2 - ROOM

1. Directions Roof Faces N-S _ , E-W
2. Roof Pitch ¢ = deg.
3. Work Plane Length L= ft.
I 4. Work Plane Width w=__ ft.
5. Room Cavity Height h=__ ft.
6. Room Surface Reflectances
Pc © * P T ST Jap—

7. Average Ceiling Reflectance

a - _ 2nab cos¢
' Pav ~ Pc W2

(pe-0() =

8. Effective Ceiling Cavity Reflectance

S 1
3 o] = =
cc 1 1-p —
' Hoss (—2Y)
E Pav
E 9. Room Cavity Ratio RCR = Sh(w+e) .

1 —_—

10. Room Coefficient of Utilization RCU

11. Dirt Depreciation Factor RSDD

27
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WORKSHEET 3 - SKY ILLUMINANCE

1. Date
2. Time

3. Sky Condition

- 4. Llatitude
ﬁ 5. Skylight Illuminance £, = ft-c
f, Ey = E, or E, E, = ft-c
: E, = E; or E
k
i WORKSHEET 4 - INTERIOR ILLUMINANCE
L 2
F 1 Work Plane Area Awp = WL = ft
s | 2. Skylight Area Per Side A = nab = ft?
f
3. Utilization Coefficient Ku = RCUxt =
i 4. Light Loss Factor K, = SDDxRSDD =
-~ 5. Average Maintained Work Plane I1luminance
‘ (E,+E,)xK xK XA
" 1 72" S _
Ewp = A - ft-C
wp

£y
;!
'..
;
; 29
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D. ROOM COEFFICIENTS OF UTILIZATION FOR SKYLIGHTS IN HORIZONTAL ROOFS

In this section a suggested revision of Table 2 in Navy Tech Data Sheet
80-09 will be presented. New values for the room coefficients of utilization
appearing in this table will be calculated using the procedure in IES Handbook
VI, Reference Volume, pages 9-37 to 9-39. This procedure may be adapted to
skylights as follows:

1. For each skylight, define nine ]10-degree flux zones. Let

n be the zone index, where 1<n<9, with zone 1 adjacent
to the nadir and zone 9 adjacent to the roof.

2. Compute the lumens in each zone from
o = 2nI(cosez—cosa]) (26)

where 8, and 6, are the angles bounding the 10-degree
zone and I is the mid-zone intensity.

3. Determine the total (downward) lumens leaving the skylight.
9
o= 1 ¢, (27)
n=]
4. Separate the total lumens into two parts, those traveling
directly to the walls and those going directly to the work

plane. The fraction of the flux which reaches the work

plane directly is

] 9
where kmn is called a zonal multiplier and is a function of
cavity ratio (m), zone (n), and spacing to mounting height
ratio (S/MH). Zonal multipliers have been published only for

S/MH values of .4, .7 and 1.0. In skylight installations,

the S/MH ratio is often larger. WUith the aid of unpublished
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appear in Table 7 and are valid for room length to width ratios
between 1 and 2 and for an edge ratio of 1/2 (distance from
skylight to wall is one-half distance between skylights).
TABLE 7 ZONAL MULTIPLIERS, S/MH = 1.5 i
Zone
(n) ] 2 3 4 5 6 7 8 9 10
1 1.6 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
2 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
3 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
4 .98 .96 .94 .92 .90 .88 .86 .83 .82 .80
5 .87 .74 .60 .47 .34 .21 .08 0 0 0
6 .82 .64 .48 .32 .18 .06 O 0 0 0
7 .75 .52 .33 .18 .09 .01 O 0 0 0
i 8 .56 .22 .04 O 0 0 0 0 0 0
9 Jd0 0 0 0 0 0 0 0 0
, 5. Obtain the form factor (f). Form factors for various room
N cavity ratios, based on L/W = 1.6, are given in Figure 9-17
E : in the IES Handbook.
b
E : 6. Calculate the room coefficient of utilization from
F‘j o - 2.So]C]C3(1—Dm) X
;;% m(]'ol)(]‘037c0
ko (29)
o

data assembled by R.E. Levin (GTE Sylvania), we have developed

a set of zonal multipliers for an S/MH ratio of 1.5. These

°3C3(C1*C2)] D
(]‘03)C0 ]’03

(1-

31
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where

(1-p)) (1-F)m

(30)

G = 7
2.50](]-1’ )+mf(]-p])
(1-5,)(14)

C L —_—

2 ]+02f
(]'D3)(]+f)

= TR ETO

c =C,+C,+C

] 1 2 3

and P1s Pp and pq are the reflectances of the walls, ceiling
and floor, respectively.
In carrying out this procedure to determine room coefficients of
utilization for skylights, two normalized intensity distributions were assumed
namely,

I =cose, I = cos36 (31)

The first represents a perfectly diffusing skylight, whereas the second is a
more directed distribution. The resulting coefficients of utilization appear
in Tables 8 and 9.
An examination of Tables 8 and 9 shows that the coefficients are con-
3

sistently greater for I = cos”e, for a given RCR, Pe and Py This is because
3

of the greater directivity of the cos”e distribution, i.e. more flux
reaching the work plane directly.

It should not be assumed that either of the intensity distributions in
Equations 31 is typical of a particular skylight. Until intensity
distribution curves for a variety of skylights under a variety of sun angle
and atmospheric conditions become available, it is fruitless to speculate on
what "typical" distributions might be. In the interim, it is suggested that

the cosy (perfectly diffusing) distribution be used as the norm and that

coefficients for that distribution be used (Table 8). Parenthetically, it

32
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should be noted that the coefficients in Table 8 are generally larger than the

corresponding coefficients obtained from Figure 9-76 in the IES Handbook,
which have been used in skylight calculations for a considerable number of

years.
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“w
Pe RCR

50% 30% 10%
80% 0 1.19 1.19 1.19
1 1.05 1.00 0.97
l 2 0.93 0.86 0.81
3 0.83 0.76 0.70
, 4 0.75 0.67 0.60
s 5 0.67 0.59 0.53
3 6 0.62 0.53 0.47
7 0.57 0.49 0.43
-, 8 0.54 0.47 0.41
9 0.53 0.46 0.41
3 10 0.52 0.45 0.40
. 50% 0 1.1 1.1 1.1
1 ] 0.98 0.95 0.92
2 0.87 0.83 0.78
3 0.79 0.73 0.68
: 4 0.7 0.64 0.59
] 5 0.64 0.57 0.52
: 6 0.59 0.52 0.47
X 7 0.55 0.48 0.43
Y 8 0.52 0.46 0.9
| 9 0.51 0.45 0.40
10 0.50 0.44 0.40

20% 0 1.04 1.0 1.0 g
1 0.92 0.90 0.88
2 0.83 0.79 0.76
3 0.75 0.70 0.66

4 0.68 0.62 0.58 |
5 0.61 0.56 0.51

6 0.57 0.51 0.46 '
7 0.53 0.47 0.43

8 0.51 0.45 0.4 !
9 0.50 0.44 0.40
10 0.49 0.44 0.40

TABLE 8 COEFFICIENTS OF UTILIZATION

of = 20%, S/MH = 1.5, T = cos®

34
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fc RCR

50% 30 10% |
80% 0 1.19 1.19 1.19
1 1.1 1.08 1.06
2 1.03 0.99 0.96
, 3 0.97 0.92 0.88
3 0.91 0.86 0.82

| 5 0.86 0.80 0.76 ,
f 6 0.81 0.75 0.71
7 0.76 0.71 0.67
4 8 0.74 0.68 0.65
' 9 0.73 0.68 0.64

] 10 0.72 0.67 0.63 |
. 50% 0 1.1 1.1 1.1
1 1.05 1.03 1.01
2 0.98 0.95 0.93

3 0.93 0.89 0.76 ‘
3 0.88 0.84 0.80
5 0.83 0.79 0.75
, 6 0.79 0.74 0.70
: 7 0.74 0.70 0.66
: 8 0.72 0.68 0.64
i 9 0.71 0.67 0.64
= o 0.71 0.66 0.63

' {
ﬁ D200 0 1.06 1.04 1.04
| | 1 0.99 0.98 0.97
| 2 0.94 0.92 0.90
| 3 0.89 0.87 0.84
a 4 0.85 0.82 0.79
5 0.81 0.77 0.74
6 0.77 0.73 0.70
7 0.73 0.69 0.66
8 0.71 0.67 0.64 f

9 0.70 0.66 0.63
10 0.69 0.66 0.63

TABLE 9 COEFFICIENTS OF UTILIZATION

b = 20%, S/MH = 1.5, [ = cos>
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E. APPENDIX

Derivation of overcast sky equations for illuminance,

Derivation of ¢°.
Derivation of (ETSI)’ total solar illuminance.

Derivation of clear sky equations for illuminance.

|
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A. Derivation of Overcast Sky Equations for Illuminance Due to Sky luminance

1. The horizontal illuminance for a sloped surface under overcast sky

conditions is given by Equation Al.

£ = E

HOC = EHFLAT = EnsTRIP (A1)

where EHFLAT = horizontal illuminance due to overcast sky luminance
of entire sky dome.
EHSTRIP = horizontal illuminance due to overcast sky luminance of

a strip of the sky dome (See Figure Al)
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The portion of horizontal illuminance for each sky element is given by

dEH - LcosedA
r
where dA = (rsine)derde
L
3
. L =3 ;[1+chose]

L _
dE,, =\ 5% }(1+Lcos0) (cososine)deds

By selecting the correct limits of integration EHFLAT and EHSTRIP can be

calculated as follows:

2n e/ . _
EHFLAT = Jo Io (PZ/3(1+2cose)(coses1ne)ded¢

Egprar = (7797 L,
; m=¢" /2 : .
EHSTRIP = J . J \LZ/3(1+2cose)(coses1ne)ded¢
B ¢ TY/Z-Q

which is not in a closed integral form due to ¢~ (see Equat on 9), so by

approximation

HSTRIP L (n-2¢")3"1—7 - 5 (cos
6=n/2-a,einc

£ 3

3
8,-C0S e])]

2. The vertical illuminance is due to the uniform luminance distribution with
respect to ¢. Each 6-ring has constant Juminance all the way around. It is
seen that the only vertical component is due to the strip's non-contribution
(if the sky dome is divided into half with the left of the surface as positive

and right of the surface negative) and is positive.

dE = Lcos;dA
r
where cosz = sinesing
lew 2
dE, =\~§-(1+2cose)sin¢sin pdods

T-6" "2 L, s
Ev = J sin¢j -3 (1+2cose)sin“odeds
¢~ n/2-a

which is approximated by
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L, L2 sin2e,-sin28
. , 4 , .3 . 3 ] 2
EVOC = -% ) ] cosy ((8]-62) t3 (sin 8,-sin 92) -
B-n/z-a.einc

3. The total illuminance under overcast sky conditions is

EOC = EHOC cosa + EVOC sina.

B. Derivation of ¢~

4

rsndsing’

AN

Figure A2
From the representations of Figure A2 we can find ¢~ by:

rcos9 _ rsina
rsinssine” rcosa

tan o =
sing” = ctroectna
or

¢ = arc sin (ctnoctna)

39




R . T T L R PRI S roes

C. Derivation of Total Solar Illuminance

By approximation of the sun as a point source and using the inverse square '
law
£ = Ic25y
d
1 , where y = angular distance between sun and surface normal and is given by
y = cos"(sinSAc03a+cosSAsinacos(B—SAZ)) i
(Reference 5)
ETSI = ;%—(sinSAc05u+cosSAsinacos(B-SAZ) }
I
E = —
PSI d2 |
ETSI = EPSISinSAc05a+EPSIcosSAsinacos(B-SAZ)
But EHSI = EPSIsinSA and EVSI = EPSIcosSA

s Bpgr T EHSICOSQ+EVSISinaCOS(B-SAZ)

D. Derivation of Clear Sky Equations for Illuminance Due to Sky Luminance

. 1. As in the overcast sky case the horizontal illuminance can be calculated by
Ewc = EncrLaT™ EncsTRIp §

: where EHCFLAT = horizontal illuminance due to clear sky luminance of i

! the entire sky dome f

i .
t;{ EHCSTRIP = horizontal illuminance due to clear sky luminance of ;
y - a strip of the sky dome (see Figure A1)

[]

The portion of horizontal illuminance for each sky element is

) LccosodA

HC r2

dt




: -

where dA = (rsine)doerde

) L (1.7 3272058, 0y (914100 3Y+. 450525 )

.279(.91+10e~30"/2-5R), 45¢5n8sp
The clear sky luminance (LC) is an approximation where

Le

y = gREgos[sinSAcoseAvg-cosSAsineavgsin(¢avg-SAZ)]
favg = 12 2
91792

%avg > (see Figure 4)

The harizontal illuminance on a flat surface is

2r
m/2 ‘
EHCFLAT = J f Lcs1necoseded¢
0 o

By using an approximation of Lc and summing by taking small increments, in

first the o then the ¢ direction, the above integral becomes

n/2 sinzez-sinze] 2n
BucrLar = 4 2 Lo U
*“inc o ’¢inc

llhen the surface is not flat the surface's orientation becomes a factor

because the contribution of that part of the sky that is "beneath" the surface's

plane projection to the sky dome is lost. The clear sky luminance is not
uniform with respect to the ¢ direction so the contribution to horizontal

illuminance will vary with orientation of the surface.

The horizontal illuminance due to the strip beneath the surface's plane

projection that intersects the sky dome (see Figure 5) is

T-¢°+8 w/2 '
Eyestrip = 2 ! L sinecosededs
¢+ 1
2
where ¢~ = intersection of sky dome and surface plane projection for each

"ring" of sky elements (see Figure 4)

o
1}

angle of orientation with respect to south and counter-clockwise

direction being positive (see Figure 2)
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The approximate horizontal strip illuminance is

. 2 . 2
: n/2 sin 62-51n e]

estrip =L U 3 )

057 ~%+94nc

The vertical illuminance of the clear sky is

Eyr = E

ve = Evcpos = (Evenes - Evestrip)-

where EVCPOS = positive vertical illuminance component (half of sky dome
without strip).
EVCNEG = negative vertical illuminance component (half of sky
dome with strip).

EVCSTRIP = yertical illuminance due to strip.

The portion of vertical illuminance for each sky element is

Lccosch
ey = ————
r
where cosz = sinesing
dA = (rsine)derde
Lc = sky luminance of clear sky (same as in Appendix D1).

The positive vertical component is then

2n+3 2n

_ Y -
EVCPOS = [ [ Lcs1n¢s1n adod¢

m+8 0
and is approximated by

/2 62-6] sinZe]-sinZO2 2n+8

vePos = _Z (——+ 7 ) i I Ll(coseq-coss,)|.
e-o'einc ¢‘“+8n¢inc

E

The negative vertical component is

+5 7w

2 2
E Lcsin¢sin sdede

w
VCNEG ~ J

g 0
and is approximated by
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m[2 9,8, sin2e, -sin2e,  wis
veneg = L (5—+ 3 ) 1 Ll(cossy-coss,)|.

820:84nc $=Badine

E

The strip vertical component is

n-¢"+8 w/2 2
EvesTrIp = J I L sinssin“ededs
¢$°+8 1/2-a
and is approximated by

n/2 8,-8y  sin28,-sin2e, n-§ +8
Evestrip = L (¢ 3 ) L] (cose,-coss,) |

8 = % -a,9 ¢ =¢’+B’¢inc

3. The total illuminance due to sky luminance of the completely clear sky is

EC = EHc cosa + EVC sino
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