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classical system in v-dimensions, 7 , contzining charges
decay faster than (diltancc)"“* v) 2 ?h::. the charge cloud
lnxroundinz:pa:ticlol:has:no-unltipolc moments of ordcr1ﬁst
Tais yietds {+2 sum rulew with L =@ wn joe docay 18
exponential. This»qxtond:-p:evious~rosult:régé 425}
rules and also goneralizna.thunvto systems containing tixed
dipoles (or higher multipoles).. Some consequences are described..
I. Introduction | I\
" We study v-dimensional, VZzZ , classical charged systems
described by correlation functions satisfying the equilibrium BGY
(stationary BBGKY) hierarchy. We proved earlier [f,Z] that if
the eorrelationc hase-good.clustering'behavior'then the net
charge, dipole-and.quadropole moments ot the density engnndcred
by spectiyinsithe»positions-ot‘sny n-particles, must vanish. We
c::fled: the resulting conditions on the (7v+41) th correlation
function the £=0, 1,2 sum rules. Only the _{ =0 sum rule
seems to be generally known. This is the only nontrivial one for
n.=41 in a homogenous system wl.:ere: it is called the electroneu-
trality condition. For inhomogenous < ng or for ~»1 >4 the
£ = 4,27 sun rules are zlso relevant sua useful [3,4].

m origin of tho sum rules lies in the long range natun
of the COuloub torcet. 'l'htr m unl.ﬁected by any finite mgc
1ntoructionc, e.g- hsnd.coroa, between the particles. They ex-
press the faet_that.corrulaxion- cannot decay "faster" than the

total, i.e. direct plus induced, interactions. Indeed the
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arguments show that systems with power law potentisls, e.g.
m-:d-_.ronoa,"'have similar power law decay of the correlations
[;I.- ¥What is remarkable about Coulomb systems, 1.e. resl
matter, is that correlations can and.often do decay much faster
thnn any power law. Exponential or faster decay can be proven
rigorously in oﬁe dimension, for a one component plasma in v = 2
at p e*=z2. (4] and at high temperatures and low densities in
all dimensions [5]. Exponential decay of correlations is in
fact expected to hold generally in the fluid phase of charged
systems—an expectation based on experiment, computer simulation
and tpproximte'theories [67. .

In this note we extend our p:evions results for Z<2
to arbitrary Az whenever the correlations decay faster tl;an

n- (‘(*y)' then the charge daizsity lin. the vicinity of any 'parti-
cles contains no smultipoles of order lIess or equal to [ . In
particular, exponential decay implies an infimite pumber of such
sum rules. Another exte;:sion of aur're'sults is the inclusion of
particles with permanent dipoles (or higher multipoles) in the
charged system (pure dipoles are known not to screem). |
IT. Uuult:

dipoles moving in the whole) -dimensional space K" or in & re-
stricted domain g defined by appropriate walls. The particles
of species ¢ carry a charge €y and a permanent dipole moment
of strength ol,, ; for some « , al-t or/and @4 can be zero.

Ve denote by . and «w respectively the position of the particle

¥e constder a mixture of charged pt}:ticln and permanent -
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.and the orientation of its dipole moment o =dew , and use
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the notation § = C*# e, w )"_~ . sad

- [ frwr | [dei-z

The particles are subject to the action of external
forces and intersct by two-body forces of the form

Feg 8.) = Rlun)+ E4.:8)<F, (i) d

The ﬁnite. range p;tt E | includes in particular strong local
repulsion or hard core and F,: consists of charge-charge,
charge-dipole and d.ipol.e—dipole terms. The external forces can 5
include & fixed charge deusity in D, e.g. jollimm {2]. Ve assume
that the dielectric constmt € is the same inside and outside D

) ik L

and set ¢=41 . The case of different dielectric mdia. will be
treated elsewhere, c.f. [4].

We denote by ,0( z‘) , lﬂ/ P 2. ),~-- the singlet demsities,
the pair correlation functions, etc.... and introduce the truncated ,
(Ursell) functions '

£, gz) -mz £)-LIR) P 0

Pls, 32 ?,) Fre,_e& Y,) -/’f?z f(fzi’,) =£08:)0(8:8) (3)
-f(") f(tt g¢)+zf(&.)ﬂfa)F(&) --,

As usual the equilibrium F at tempuriture T~ =
are assumed to satisfy the stationary BBGKY-equations (2]
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RTwp) = F Flgy; 7;'
R T % FPl8:) = Fl8.) + f"z Flfz 2) % 1) -
*?TV:-F”?- 5)3[’:”1) + F{ff» L) Pl s)

""f‘lf F(8:,8)[P2e 8 8)-,0(3»),0/,1?:)’_ D)

where F(§,) represents the total sverage force on psrticle 1.

Ve shall always assume that the truncated correlation
functions are abaolutely integrable,
| 7, . A = .
f’lgz.llﬂ (g, - g,,)/<5~f , "I 5

Moment Relations

Let la AR TR fm ) be the excess particle density

of species o given that there are particles of species g, --- %w

ak Kg, - 1A

P88~ 8)= [ﬂr: 8- &) Pl %) — Pl5) )
+Z d1g59.)
vhere sz,z, -J‘««J/A-»Mm-w) - The (f,m) moment

-rohtto:r cxpruus the fact that M (¥; m) the multipole moment
‘tensor of order A due to P8l g, -- f.. ) Tenisbes, EISeT A

Ll

Tiw
x, LN
1.% B N

M(L,m) = [dg T 08) LIS 1802 ), ™

b
Tolg)= €2, Ti¥g)= €anrduw®, " 0g) = e, 22
| wrtewbn?) - L@t +dy wer)dt S aesh-e¥




. Ie:]:no write out more upncitcly the M(l»l) -«»mw*. T
thotunumdmmmmmmphm (ocey

C— ) D

e PRI Sy ‘w,om)
ffﬁk-“'rxr-‘f,’wﬁ““*““"&) f pin] =1 -

] .

Yhere /8) 1ixthe £ 4 order Legendre polynomial, 6 is !
the nglcbom r and.gx, and ;z =0 .

_ ¥We now state our main results. -
Theorem: Let O SRy vz z2 3 contsin an open v-dimensional
cone in which the asymptotic densitios of charged pu-ticles do not
sll vanish. If the correlations satisfy the condition

[ 1*"*"’,0?‘/& PP Gt e

for W 6’0, h = ‘IRA"/‘;I, -‘,j =(Il‘-'k}l -&:z,--.“*i |

thea all the moments ML, n'), £<L , n'c
. We sketch the pr;df of M (13 1)=0 tor a system of
pure charges in v = 3. ;l'_he general case is similar.

Proof:. Combining (3) and (4) gives

{’{21 /D,zz)fF(f Zz)ffslg,)dg -‘T ‘,‘(t‘& l
_[Frty+ Fg: )Pl 8.)-[FlE: ) fancerdy
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1n S, Lesma I mzot[z] -m,umce),tw:tuummm

of (10) dacays: faster taam /% l""““’ ac [Rel—> 0. oIS yields MO0

v—awzata ool LTI TE473E 4 T Proceeding by inductiong

iet us assume that

o intRy (R) (718.)=0, #=1,-- &2
Mm(’hi)zfdze'l’h" )’ (J A Il <4

mxs),",m are the sphcziczl ha.rmonies. ' | |
The mltf.pol& explnaion of the Coulomb potontia.l gives

the :Lctentitr ' )
. ‘ 4{,
(._”Jz 9%---«& m )fdg o r Plels.)
'k A
(1177‘/2#“) 2 % (Y ()t,_)/ln[ ) M, (A;2)

One can therefore lubt::ct in the integrand on the left hand
side of (10) the [-:L first terms of the Taylor expansion of the
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{r_wl Pf!i&‘;) abouf’g . Lemms 1 6£ (2] impneo then

34"“;';.,,{ (T;—:-’-'p.i L. /Olg e r’s .. ﬁ /ﬂrt/gz =0

s

Taking the scalar product of the above equation with Ji;, and

using (11) yields

(ﬁ:t M {j t)=0
-Jy 4

m= (12)

. . ~ '
for anx open jet of unit vectors >4 , and hence H [ 4 ) :!;)-‘-0 .

ITITI. Discussion .
As already mentioned in the introduction there is a wide

- range of physical conditions in which systems containing free

charges are—expected and in some cases are provemx to cluster ex-
pomentially fast. ' In these-circumstances the shielding of fixed
dnrgol. is perfcct—the excess particle dona:l.ty' carries no multi-
pole mnts of any order. This was indeed verified explicitely
by Jancovict [4] for the ¥Vr2 OCP st peez

It would seem useful and it may even be important to
take this fact into account when coastructing approximate theories
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otpn-u :luicldts., nxmm dtc. Itm Mhu
& patr correlation mmou. obtm mum mm _
thoozy. e.8- mlc, m. udmtl to obt.:l‘.n. htom sbout o
thor higher ordu- eomhtim, u 'ouubc necessary for obtain-
ing ucrc-ﬂold. d:utrtbutm ﬁr - pn-s then one should only
use coanstructions wh:l.ch mpoct. thof m rules. 8:l._n11n- caution
needs to be used in dorivtnc :pprox:lnte integral equations for
the pair correlation by making some clousure ansatz in the BGY
hierarchy. In this comnection it is ia interesting to. cbserve
tlut the Totsuji-Ichimurs eonvolution approximation [7 ] usually
considered for the hommou OC? bm; remdﬂy extended to the
genersl case =

et T 4, 7,,,) P . 8. /“lrs z, )//”A) + /’rz;ea)/"& Ll
£, 8) T8 L )JAR) + P Pt )t sy

u3)

does indeed ss: "2y Mllti)-“n _'wheaever Hll:L) mo.




This is perhaps not surprising since (i3) is correct to first order

in the plasma coupling parameter but may be responéible for the
good results one obta.ins with this approximation (7] and should
be preserved in modifications designed to improve its short dis-
tance behavior.

Systems with Walls
It appears, rather surprisingly, that when 40' is equal to

the half-space, i.e. et > d, then correlations "parallel to the
wall" decay like ri-l"" . This can be verified expliéitely for the
OCP in v = 2 at 862 = 2 and perturbationally in the general

case [4]. An extension of our theorem shows that this is sufficient
tor the £ = 0 sum rule but not tor L >0 [8]. Indeed we argue
[3,8] that stronger decay which would imply the A =1 sum rule

would have some very unphysical consequences.
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