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ASSSUZM of SUI.TZCTE PROBAILMT

Richard 1. Barlow

Operations Research Center
University of California

Berkeley, California 94720

Abstract become even mr* Important and preening in future

The assessment of subjective probability in yeaws.

of great Interest in& risk analysie. Some aids for Row are these probability asessments to be

asen~sing subjective probability are surveyed. mede? It in eay to criticize the current litera-
The connection with statistica~l inference and re- ture concerning probability asessement methodology

cent papers on statistical foundations are dis- and I disagree with many of the methods used.

cused. Emioever, some groups of people have been ease-

1. Introduction ing probability for a long time. Examples are

Recent DOZ and NRC sponsored proj ects have , Odda Makers: "immie the Greek"

involved the aseessmnt of eubjective probability. *Weather forecasters

?or example, the Seismic Safety Margins Research , Actuaries

Progrin at Lawrence Livermore National Laboratory *Seismologists.

concerning nuclear power plant safety Uaa Involved All of us respect the odds assessmanta of "Jiminia

assessing expert opinion relative to the strength the Greek." Wie may have less respect for weather

of critical components (George end Kenaing ).forecasters. A school of mathematical actuaries

Combining expert opinion was necessary due to the is concerned with so-called credibility formilaa.

lack of an experimental data base. These are formalas for determining insurance

IM, Bechtel and others have been interested promiums based on experience as well as subjective

in coal fired electrical power pla~nt availability. juidgenent, e.g. Bahisann, 3 Jevel. 4  Thin school,

Data on rare failure eVentn are again dificult however, sens divided between subjective layeeians

to obtain. Especially In designing a new power and eIMPirical Bayesiene. A proument seismolouist

plant, subjective failure probability asesements has recently assessed the probability of a great

are required. earthquake in the state of California within the
next ten Years to be one-half. In may cases,

* A third area of experimental research where though perhaps not in thin instance, a probability
subjective assessments are required is that of o n-afi edwe h oeatrhsltl

extrapolation procedures for late effects of radi- ofnw led concerningwhe even inoestion.slitl

scion at low doses (P. G. Groer and 1. Z. Barlow2). kold*cnenn h yti usin

The huma health effects of low doses of ionizing 11. Assessmnt Aids

mdiation bae been the subject of much contro- Brmn. do Finetti was on of the earliest
*1 ehsy. A recognition of the Inevitable eubjec- exponents Of subjective probability, lie Ideas

tive assesmmats Involved might have mitigated (cf. do Finatti, 5 Chapter 5) are the basis for
some of th" controversy. such of the current research on probability aeas*-

problms of the above kind are not about to ment aids. Som of the moet promising are:

go awaY. Instead, they wll in all likelihood I. Zinae hfr'inmn an an aid in checking for/ '

'115th spportedprobabilistic coneistency en wel asfrZJ '

*vkspotdby the Air Force office of saise- paigtepoaini oeqaee )
* tife Research under Grsnt APOO.41-0122 and the

Mathemtics and Statistics Division, Lauwrence assessed probabilities;
Livermore National Laboratory.
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2. S oo 'Nq &Raa as aids In encouraging serious (1,) (1.1) (,1)

probability 88eaemUt 55 wel as evozustiu signifying the Bears wa all thee game and the

of assassmaets in term of actual event out- conditioning events of course were aLso true in
comes; this case. The students then use a linear prog-

3. t ds for Cmr Linle 7. a Lndley rean devised by Bob Mau
9 

to determine whether or

not their assessed probabiUtLe8 are consistent.
best references concerned with combining ex- If there est v 0 , ,2, ..., ch

port opinn fh r i
that

Pi" v (1
For the last two years, I have aske my re- ± I Lin

liability clas to aseas their probabilities of then the student's probabilities are consistent
the U.C. leas winin cetain football gaes. (we say he is strictly coherent) If 0

For example. I asked ther probabilitie for the an oe * 0,ta h tdn nol o

(conditilonal.) event that the Bara beat
heret and he has Implicitly assigned probability

Weahington Arzn U 2 -E CLA I F3  E zero to a logialy possible outcome. If no such

a t o 2 1 3 1 v3 w' exist then he is inconsistent (we say he

is incoherent) and should revise his opinion.

In his Ph.D. thesis, Rob Sane
9 

formulated the
herte p " F:I and F1  i the sure problem of detetmining (strict) coherence a a
event. 21 - 1 if the Bears beat Wahington and linear programing problem. This was done in the

31 - 0 otherwise. E2 2 a 1 if the Bears beat context of a two person zero am game Involving

Arizon& and Washington, so that P2  is the con- a Bookie (the probability assessor) and a Bettor

ditional probability they beat Arizona 9t)5 they (his adversary). The Bookie sets fair prices p1

beet Vashinon. Of course the Beaes ually lose i - 1,2, ..., n for one dollar payoffs on event

and we quickly lose interest. gowever, before the

ges are played, the students construct the fol-

loving table of possible outcome: (.'F)' .

The bettor is allowed to make z1  bets on (or

Table I against) the event pairs (RIL? ( ) . The Bookie
charges the Bettor piz dollars for the prLvi-

Implicit P1  P2  P3  leg. If 9F 1 * 0 . the Bookie pays z I dollars

Probabilities ('IF I (Z2 ,F2) (M,F3) to the Bettor. If F1 - 0 , the Bookie refunds

1  (Ei,3,1) (r.l",2L) (231 1) the Bettor his money and the bet is called off.

S (1272) (ZU'F2 2 ) ('32'?32) If I 0 and F 1 , the Bettor receives

nothing. The Rookie's net gain is than

n

W8 (ha "sl) (L8,28) (Z38,138) 1-I (Pi-tgdzP,

which can of course be negative. If the j th out-

) h i o e c d t ome occurs, let the lettor receive yo 
+ 

yj and

( r ) - (2J-2j) (3j# ) . ij ben"
a alo occurs in the jth possible outcome id

I3 - 0 otherwise. For emp le, the first row of y 
+

L (p 1 - 93)y sI' - 0

the table could be
sine it is a zero am gam.

1*1 _ _ _



6 Given pl,p 2 , .... p, consider the problem To obtain a rule reflecting the user's (say

MAXI IX4 o tkutility if he sks@ decision d and outom ki. a farum's) sternslu, let 'dk be the user *
suJc to yo + y + I -~):~

subjec toy+ * (±Eij)zF± 1  0 (may snow) occurs. Given forecast r - (rr,,r 3 )9

3 , 1.2,the user may then calculate

°J. G(r) = afxi I u rk
d k-I k

yj!aj - 12. to determine his bast decision. Note that G(r)

We must also specify Si • 0 , j - 1.2, ... , a i covex In r but not strictly couvez. Let
(the Bettor's probsa.llti.1 an outcomes). Usu- ,

ally, we choose 6, .2 " W 1/u . Let. () 0()

yo be the solution to our problem. Then the

Setor is guaranteed to make at least t ; i.e., for
yo, forecats p

turns out that if yo • 0 , the Bookie is -ncon-

sistent and he should revise his prices ("prob- 0(p) !. 0(r) + ( p - r , G (r))

abilities"). if y * 0 , the Bookie is coherent where (,.) denotes inner product.

and if 0 he is strictly coherent. NO s outcome k occurs and p is the

By using this linar programoing approach, perfect forecast for k ; i.e., Pk ' 1 while
the probability assessor can quickly determine p - 0 for 1 0 k Let

if his probabilities are consistent. h can also Sk(r) - G(p) - G(r) - (p -r , G*(r))

explore the consequeaces of his probability

assessments by performing a sensitivity analysis be out scoring rule. Then in this particular came

with the linear program and its dual. G(p) - max u4,
d

TV. Scorins Rules and

sey can the probability assessor be en- Sk(r) - max udk -uLk (3)

couraged to think carefully about his probability d

n U
assessments? One answer may be the scoring rule. when I uflrk 1 , u13krk for all j .i
For example, suppose a weather forecaster states k-. k-

his probabilities r. . r 2 0 r3  for the events Clearly, (3) is the value co the user of perfect

Information minus the value of information cm-
I Snow Sun tained in r when k occurs. This scoring rule

. E2  E 3 has a property which Savage 1 0 claed prop.&. We

rI r 2  r 3  say tha~t &my storing rL S k W is (Strictly)

Suppose further that the events are carefully proper iff

defined so that they are mtually exclusive and ! 1 ( rkS(q)

exhaustive. The so-ealled trier scoring rule is kaI (t) kuI

n 2  for all forecasts r and q . gee, if you be-
I ± (r 1 i) 2  

(2) lieve r but hedge ad say q , Wu will expect

to receive a worse score than if you are honest
where I if 2 1 ocurs ad 1 0 0 other- asd sy r. Scoring rule (3) is otstrictly

wise. Clearly, scores close to sero are beat, proper. Nlwever, (2) is strictly proper. L. J.

Thi rule has been advocated as a method for Sa e explored in 4eth the use end litepeteAS

snoring weather fareassers. of scoriLg rules s aids In probability aseaeen .

, ,
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He (somewhat loosely) characterized proper and Recently, Basu
13 

wrote the following: "It
strictly proper scoring rules. Eduardo Haim

11 
in is about 12 years now that I finally came to the

his Ph.D. thesis clarified and extended Savage's sad conclusion that most of the statistical meth-

work in several directions, ods that I had learned from pioneers like Karl

V. The Bayesian Paradigm Pearson, Ronald Fisher and Jerzy Neyman and sur-

vey practitioners like Morris Hanson, P. C.
I spent the 1975-76 academic year at Florida Mahalanobia and Frank Yates are logicaly un-

State University in Tallahassee. My purpose was tenble." I believe he is right. Read Beau.
1
4

to complete a book on Statisti Z Reiability

Theoy with Frank Proschan. At the time, I was At the beginning of this talk, I was con-

working on total time on test processes. I saw cerned with the problem of assessing probabilities

this as a way of unifying life test procedures. for seemingly very specialized problems of current

At the same time, I started attending lectures by interest. However, from the Bayesian point of

De Beau on statistical inference. It was view, this seems to be pretty much the problem of

Lehmann's hypothesis testing course and Lehmann's modern statistics. After modeling, the problem of

book was the text. However, I noticed something statistical inference is the assessment and cal-

strange - Beau n'ver opened the book. Re was culation of probabilities. However, this is not

obviously not following it. Instead, he was gL- a trivial problem!

ing a very elegant, measure theoretic treatment As I understand it, some of the main points

of the concepts of sufficiency, ancillarity, and of the Bayesian paradigm are:

invariants. ft was interested in "he concept of 1. All probabilities are subjective. However,

information - what it meant - how it fitted in the calculus of probability is essentially

with contemporary statistics. As he looked at the sane as for fraquentists;

the fundamental ideas, the logic behind their use 2. All probabilities are conditional on current

seemed to evaporate. I was shocked. I didn't information available to the analyst;

like priors. I didn't like Bayesian statistics. 3. Probability is a measure of the analyst's

But after the smoke had cleared, that was all uncertainty about unknown quantities;

that was lafc. 4. Inforvnation is anything which changes the

Borger
12 

at Purdue University has recently analyst's probability distributions about

written a new graduate level test on decision unknown quantities of interest.
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