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ASSESSMENT OF SURJECTIVE PROBABILITY"

Richard E. Barlow

Operations Ressarch Center
University of Californis
Berkaley, California 94720

Abstract

The assessment of subjective probability is
of great intazest in risk analysis. Some aids for
assessing subjective probability are surveyed.

The connection with statiscical inference and re~
cent papers on statistical foundations are dis-
cussed.

I. Introduction

Recent DOE and NRC spongored projects have
iavolved the assessusnt of subjective probabilicy.
For exampls, the Seismic Safety Margins Research
Program at Lavrence Livermore Nationsl Laboratory

coucarning auclear pover plant safety has involved
assessing expert opinion relative to the stremgth
of critical components (George and mml).
Combining axpert opiniou was necessary due to the
lack of an experimental data base.

EPRI, Bachtel and othars have been interestced
in coal fired electrical power plant availabilicy.
Data on rare failure events are again difficult
to obtain. Especially in designing a nsw power
plant, subjective failure probability assessaents
sre requirad.

A third area of experimental research vhere
subjective assessments ara required {s that of
extrapolation procedures for late effects of radi-
stion ac lov doses (P. G. Groer and R. E. Barlowd).
The human health sffects of low doses of {onizing
radiation have been the subject of much contro-
versy. A recogaition of tha inevitable subjec~
tive assessments involved might have mitigated
soma of this coantroversy.

Problems of the above kind are not about to
g0 svay. Iastead, they will in all likalihood

*work supported by the Alr Force Office of Scien-
tific Research under Grant AFOSR~81-0122 and the
Machematics sud Statistics Division, Lawrence
Livermore Natiocnal Laberatory.
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becoma even more important and pressing in future
years.

How sre these probability assessments to be
mada? It is essy to criticize the current litera-
ture concarning probability assessment methodology
snd I disagree with many of the nethods used.
However, some groups of people have been assess-
ing probability for a long time. Examples are

¢ Odds Makers: "Jimmie the Greek"
¢ Weather Forecasters

¢ Actuaries

* Seismologists.

All of us respect the odds assessments of "Jimie
the Greek." Wa may have less raspect for weather
forscasters. A school of mathemstical actuariass
is concerned with so-called credibility formulas.
These are formilas for determining insurance
premiums based on experience as well as subjective
judgement, a.g3. lﬂhllann.3 .!c\vll.ll..6 This school,
however, seems divided between subjective Bayesians
and empirical Bayesians. A prouinent seismologist
has recently sssessed the probability of a great
earthquake in the state of California within the
next ten years to be oune-half. In many cases,
though perhaps not in this {nstance, a probability
of one~half is used vhen the forscaster has little
knovledge concerning the event in quastion.

I1. Asgegsment Aids
Bruno da Finectt! vas one of the earliest
exponents of subjective probability. His ideas
(ct. de uu::t.’ Chapter 5) are the basis for
such of the current research oan probabilicy assass-
mant aids. Some of the most promising are:

1. [inear Programwing as an aid ia checking for
probabilistic consistency as well as for

ploring the prodabilistic consequances o
assessed probsbilicies;
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2. Scoring Rules as aids in encouraging serious
probability sssessment as well as evaluation
of assessments in terms of actual event out-

comes;

3. Methods for Cambining Expert Opinion. Lindley
et u..,° undhy7 and undllys are some of the
best references concerned with combining ex-
pert opiniom.

III. Linear Programming

Tor the last two years, [ have asked ay re-
liability class to assess their probabilities of
the U.C. Besrs wimning certain football games.
For example, I asked their probabilities for the
(conditional) event that the Bears beat

Washington Arizona | 7, =E; UCLA | Py =L,

! Lin AR

Pq 17] P:

vhere p, = P(E, | F;] and P, 1s the sure
event. !1 e 1 4{f the Bears beat Washington and
!1 = 0 otherwise. 821'2 = 1 1f the Bears best
Arizona and Washington, so that Py is the con-
ditional probability they beat Arizoma givem they
beat Washington. Of course the Bears usually lose
and ve quickly lose interest. However, before the
gaaes ars played, the students comstruct the fol-
lowing table of possible ocutcomes:

Table I

Iaplicic Py P2 P3
Probsbilities\ (E,,F,) (2,,F,) (B5,F5)
v (By2:713)  (BgyeFpp)  (Byy.735)
vs (R1g:718)  (BageFyg)  (Byqufig)

The j‘h possible outcoms corrasponds to the pairs:
(l’.j"lj) » (‘210'21) [} (‘310,31> . !ij =1 if
'1. also occurs in the j‘h possible outcome and
l“ e 0 otherwise. Por example, the first row of
the table could be

1,1 1.1 1,.1)

signifying the Bears von all chess games and the
conditioning events of course were also trus in
this case. The students then use a linesr prog-
ram devised by Bod m’ to deteraine wvhether or
not their sssessed probabilitie; ars coamsistent.
If chere exist v;>0,j-1,2, vees 8 such
that

Z s Z Ty w
then the scudent’s probabilities are consistent
(ve say he 1.- strictly coherent). If v; >0,
and some vj-o , then the scudeat {3 only co-
herent and he has implicitly assigned probability
zero to a logically possible outcome. If no such
v;'s exisc, thea he is iaconsistent (ve sey he
{s incoherent) and should revise his opinion.

In his Ph.D. thestis, Bob Nau® formulated the
problem of determining (strict) coherence as a
linear programming problem. This was done in the ‘
context of & two persomn zerc sus geme ianvolving
a Bookis (the probability sssessor) and a Bettor ‘
(his adversary). The Bookie sets fair prices Py
i{=12, ..., a for ome dollar payoffs on event
pairs

®).2)) ceen (BLF) .

The bdettor is allowed to make L7 bats oa (or
against) the event pairs (!1.21) « The Bookie
charges the Bettor P2y dollars for the privi-
lege. If !t!'i = 1 , the Bookie pays z, dollars
to the Bettor. If !'1 e 0 , the Bookie refunds
the Battor his money and the bet is called off.

It 't =0 and r‘ = 1 , the Bettor receives
nothing. The 3ookie's net gain is chen

a
(p, ~B2.7, ,
121 1 =%

which can of course be negative. If the jﬂ' out=
coms occurs, let the Bettor receive s + ’5 and
hence

Nt yj +* 1.21 (p’_ "u”u‘z -0

since it is & zero sum gams.
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¢ Given PysPye o0 Py v consider the problem
Maximizae Yo a
subject to y_ + g+ 121 (o = !tj)'itij

§=1312, ..., 0,

a
le. Fit
’j g =152, ..., = .

Ve must also specify lj >0,351=1,2, ..., »
(the Bettor's proba:ilities on outcomes).
tily. ve choose 8, = By=.eom8 = 1/m . Let
Yo be the solution to our prodlea. 'rhcn the
Battor 1is guum:«d to make at least y° . It
turns out that if y > 0 , the Bookie iz t{ncou-
sistent and he ahou].d revise his prices ("prob-
.buiuu") ¢4 y « 0 , the Bookie is coherent
and 1if y < 0 he is strictly coherent.

By using this linear programming approach,
- the probability assessor can quickly determine
if his probabilities are consistent. He can also
explore the consequences of his probability
. sssessments by performing a sensitivity analysis
with the linear program and its dual.

Scoring Rules

How can the probability be en~
couraged to think carefully about his probability
assessments? One ansver axy be the scoring rule.
For example, suppose a weather forscaster states
his probabilities By 0Ty Ty for the events

Usu~

Iv.

Rain Snow Sun
5 E E,
% T2 3

Suppose further that the events are carefully
defined so that they are mutually exclusive and

exhaustive. The so-called Brier scoring ruls is
Z (r, -2,) 2 (2)
{=1

vhere l’.-l iz z‘ occurs and !‘-0 ocher-
vigse. Clearly, scores close to zero ars best.
This rule has been advocsted ss a mathod for
scoring westher forecastars.

B S T P A
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To obtain & rule reflecting the user's (ssy
a farmar's) concerns, lat Uy be the user's
utility if he makes decision d and cutcoms k
(say snow) occurs. Given forscast r = ('1"2"3)'
the user say then calculste

G(r) = maximum 3 [Ty
4 ke OKE

to> determine his best decision. Note that G(r)
is convex in r but not strictly couvex. Lat

") = (G](¥)s vers G
be a subgradient to G st r ; i.s., for all
forecasts p
G(p) 26(x) +(p~-r, ¢'))
vhere (+,*) denotes inner product.

Yow suppose outcoms k occurs and p is the
perfect forecast for k ; e 1 while
pi-o for L{¥k. Let

i.e., Py
$,(5) = G(p) = 6(x) ~(p-r, C ()

be our scoring ruls. Then in this particular case

G(p) = -:x Y
and
sk(:) - oax ug - U (3)
d
) I 4
when u 2> for all j $ 4.
kel K T jk Ty

Clearly, (3) s :hc vu.u to the user of perfect
information minus the value of information con~

tained in r when k occurs. This scoring ruls
has a property vhich Smnnm called proper. We
say that any scoring rule Sk(z) 4s (strictly)

proper {ff
‘X‘ ( ‘Z‘ (q)
28 (r) < .S (q
o 5L S

for all forecasts r and ¢ . Hemce, if you be-
lieve r but hedge and say q , you will expect
to receive a worse score than if you are homest
and say r . Scoring rule (3) is wet strictly
proper. HNowever, (2) is strictly proper. L. J.
s«qcm axploved {n depth the use and jropacties
of scoring tules as aids 12 probability assesemant.

o . y-arpl
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He (somewhat loosely) characterized proper and
strictly proper scoring rules. Eduardo Haiull in
his Ph.D. thesis clarified and extended Savage's

work in several directions.

V. The Bayesian Paradigm

I spent the 1975-76 academic year at Florida
State University in Tallahassee. My purpose was
to complete a book on Statistical Reliability
Theory with Frank Proschan. At the time, I was
working on total time on test processes. I saw
this as a way of unifying life test procedures.
At the sate time, I started attending lectures by
Dev Basu on statistical inference. It was
Lehmann’'s hypothesis testing course and Lehmann's
book was the text. However, I noticed something
strange - Basu n>ver opened the book. He vas
obviously not following it. Instead, he was giv-
ing a very elegant, measure theoretic treatment
of the concepts of sufficiency, ancillarity, and
invariance. WHe was interested in ~he coacept of
information - what it meant - how it fitted in
with contemporary statistics. As he looked at
the fundamental ideas, the logic behind their use
seemed to evaporate. I was shocked. I didmn't
like priors. I didn't like Bayesian statistics.
But after the smoke had cleared, that was all
that was left.

lorgcrlz at Purdue University has recently
written a new graduate level test on decision
theory. In his preface, he says that he had in-
tended to adopt a neutral position vis-a-vis the
various statistical approaches. However, in the
course of writing the book, he turned into a
rabid Bayesian. He says "There was no single
cause for this conversion; just a gradual reali-
zation that things seemed to ultimately make
sense only when looked at from the Bayesian view~
poinc."

Basu loves counterexamples. He is like an
art critic in che field of statistical inferences.
He would find a counterexample to the Bayesian
approach if he could. So far, he has failed in
this respect.
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Recently, Basu ~ wrote the following: "It
is about 12 years now that I finally came to the
sad conclusion that most of the statistical meth-
ods that I had learned from pioneers like Karl
Pearson, Ronald Fisher and Jerzy Neyman snd sur-
vey practitioners like Morris Hanson, P. C.
Mahalanobis and Frank Yates are logically un-

tenable.” I believe he is right. Read Baau.la

At the beginning of this talk, I was con-
cerned with the problem of assessing probabilities
for seemingly very specialized problems of curreat
interest. However, from the Bayesian point of
view, this seems to be pretty much the problem of
modern statistics. After modeling, the problem of
statistical inference is the assessment and cal-
culation of probabilities. However, this is not
a trivial problem!

As 1 understand it, some of the main points
of the Bayesian paradigm are:

1. All probabilities are subjective. However,
the calculus of probability is essentially
the same as for frequentists;

2. All probabilities are conditional on current
information available to the analyst;

3. Probability is a measure of the analyst's
uncertainty about unknown quantities;

4. Information is anything which changes the
analyst's probability distributions about
unknown quantities of interest.
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